


162 6 GEOMETRIC MEAN

(P1) Consistency with scalars. If Ay,--- ,A, mutually commute for i =1,--- n, then
Gln,t)(Ay,--+,A,) = HAi'[n]i7
i=1

where {t[n);} is defined by (6.7) and (6.8).
(P2) Joint homogeneity. For o >0
G[n7t](alAl7 Tty anAn) = G[n7t](al7 ) aﬂ)G[n7t] (A17 e 7An)

_ Haf["]iG[n,t](Al, LA,
i=1

where {t[n|;} is defined by (6.7) and (6.8).

(P3) Monotonicity. The mapping (Ay,--- ,A,) — Gln,t](Ay, -+ ,Ay) is monotone, i.e. if
A;j > Bjfori=1,--- n, then

Gln,t)(A1, - ,An) > Gln,t](By,- - ,By).

(P4) Congruence invariance. For every invertible operator T

Gln,|(T*A\T, -\ T*A,T) = T*Gn,1)(Ar,- -+, An)T.
(P5) Joint concavity. The mapping (Ay,--- ,An) — G[n,t](Ay,- -+ ,Ay) is jointly concave:

G[n7t](2 A‘iAliy' o 7zliAni) 2 ZliG[nvt](Aliv'“ 7Ani)7
i=1 i=1

i= = i=1

where A; > 0 with 3| A; = 1.

(P6) Self-duality.
Gln,t](Ay,--+ ,Ap) = Gn,t] (AT, -, A, )7

(P7) The arithmetic-geometric-harmonic mean inequality holds:

H[}’lJ](Al,' o 7An) S G[n7t](Al7"' 7An) SA[nJ](Alf o 7An)' (AGH)

Proof. The properties (P1)-(P7) can be easily proved by induction and the fact that they
are known to be true for n = 2. To illustrate that we prove (P7). We know that the result is
true for n = 2. Now let us assume it is true for n and prove it for n + 1.

r+1 r r
ATV = Gln((4))20) < Al (AT 1)

1

< Aln,1](AV) ) =AY

1

for i =1,---,n+ 1. Therefore, as r — oo, we have G[n+ 1,t](Ay, - ,Apt1) < Aln+
1,t](Ay,--- ,Apy1). By (P6), we have the left-hand side of (P7). O
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6.3 The Kantorovich type inequality

First of all, we show a converse of the weighted arithmetic-geometric mean inequality of n
operators, which is an improvement of Theorem 6.1 for n > 3:

Theorem 6.6 For any positive integer n > 2, let A1,As,- -+ ,A, be positive invertible op-
erators on a Hilbert space H such that 0 < mly < A; < Mly fori=1,2,--- ,n and some
scalars 0 < m < M. Then

(M +m)?

A[}’l,l‘](Ah"' 7An) S aMm

Gln,t)(Ay, -+ ,A,)

for0 <t <1

Remark 6.3 In the case of t = %, we have

At +An _ (M +m)?

Aq,- L Ay). 1
< S GlA LA (6.13)

Forn =3, the constant in (6.13) coincides with one in Theorem 6.1. For n > 4, the constant

in (6.13) is less than one in Theorem 6.1.

To prove Theorem 6.6, we need the following lemma.

Lemma 6.9 Let @ be a positive linear mapping on the algebra B(H) of all bounded
linear operators on a Hilbert space H such that ®(Iy) = Iy. Then

(M +m)? _

o(a) < S pa!) !

for all positive operators A such that mly <A < My for some scalars M > m > 0.
Proof. Since t~! < M _ _L forall t € [m, M], we have

D(A) < (M +m)l — MmD(A)

- 7(]‘”'”)2c1>(A—1)—1 - <M+m DA M@(A)%)z

AMm 2vVMm
(M +m)2 —1\—1
< —P(A .
- 4Mm ( )

O

Proof of Theorem 6.6. Let a mapping¥ : B(H)®---®&B(H)— B(H)®---®B(H) be
defined by

Al 0 l[l’l]]Al-l-"-—f—l[n]nAn 0

0 A, 0 l[l’l]]Al =+ ---—l—t[n]nAn
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where {#[n];} is defined by (6.7). Then ¥ is a positive linear mapping such that ¥ (1) = 1.
Since
IH 0 A1 0 IH 0

0 IH 0 An 0 IH

it follows from Lemma 6.9 that

A0 2 Al 0
Y (MAm)”,
4Mm
0 A, 0 Al
and hence
(M +m)?

Aln,t](Ar,- ,Ap) < Hin,t|(A1,- - ,Ap).

4Mm
By (P7) in Theorem 6.5 we have the desired inequality

(M +m)?

<
Aln,t](Ay, -, A,) < M

Gn,t)(Ay, - ,Ay).

O
By using Theorem 6.6 and the weighted arithmetic-geometric mean inequality, we ob-
tain a weighted version of Greub-Rheinboldt inequality of n operators:

Theorem 6.7 For any positive integer n > 2, let A1,As,- -+ ,A, be positive invertible op-
erators on a Hilbert space H such that mly <A; < Mly fori=1,2,--- ,nand some scalars
0<m<M. Thenfor0<t<1

(M +m)?

1)y ., i <
<A1xvx> <A2x,x> <Anx7x> — 4Mm

(Gn,t)(A1,Az, -+ ,Ap)x,X)
holds for all x € H, where {t[n];} is defined by (6.7) and (6.8).
Proof. For 0 <t < 1, we have
(A, ) (Ao, x) 2 (A x ) < f[n] (A, x) + -+ £[n] (A, x)
= (A[n,t](Ay,- - ,An)x,x)

(M +m)?

<
— 4Mm

(G[n,1)(A1,Az, -+ ,Ap)x,X)
forallx € H. o

Remark 6.4 Ifwe putt = % in Theorem 6.7, then t[n); = %for alli=1,--- ,n. Therefore,
we have an improvement of Theorem 6.2 for n > 4.
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6.4 The Specht type inequality

We recall a 2-operators version of the Specht theorem (Theorem 6.3): If A; and A, are
positive invertible operators such that mly < Aj,A> < My for some scalars 0 < m < M,
then

(1—1)A1+1A; <S(h)A; #, Ay forallr € [0,1],

where h = % Actually, the Specht ratio is the upper bound of the arithmetic mean by the
geometric one for positive numbers. We show a noncommutative version of the Specht
theorem of n operators. For this, we state the following lemma.

Lemma 6.10 Let A, Ay, - ,A, be positive invertible operators such that mly < A; <
Ml for some scalars 0 <m <M andi=1,2,--- ,nand o1, 00, - , 0y positive numbers
with ¥ 0; = 1. Puth =2 Then

QA+ A+ -+ oA, < S(h) exp(OQ logA; + oplogAy+---+ o IOgA,,) ,
where S(h) is the Specht ratio defined by (2.35).

Proof. Put A = diag(Ay,---,A,) and y = (,/0oqx, - ,\/Ox)T for every unit vector x.
By Theorem 2.14, we have

(Ay,y) < S(h) exp(logA y,y)
since mlg < A < MIy. Therefore, it follows from Jensen’s inequality that

(A + -+ -+ 0 Ap)x,x) = (Ay,y) < S(h) exp(logA y,y)

<z o;logA;x, x>

xp(oq logAy + -+ o log A, )x, x)
for every unit vector x € H and hence we have

A+ 4 0,A, < S(h) exp(0q10gA| 4 + o, logA,) .

By virtue of Lemma 6.10, we have the following theorem.

Theorem 6.8 For any positive integer n > 3, let Ay,--- , A, be positive invertible opera-
tors such that mly < A; < Mly fori=1,2,--- ,nand some scalars 0 <m < M. Put h = %
Then for 0 <t < 1

Aln,t](Ay, -+ ,An) < S(h)? G[n,t](Ay, -+ ,Ay).
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Proof. By Lemma 6.10, it follows that
Aln,t)(AY, -+ A1) < S(h) exp (A[n,1](logAT !, logA, ).
Taking inverse, we have
Hn,t](Ay,-++,Ay) > S(h) " exp(A[n,f](logA;,--- ,logA,))
and this implies
Aln,t](Ar,--- ,An) < S(h) exp(A[n,t](logAy,--- ,logAy))
< S(h)* Hln.1](Ar, - ,An).
Therefore, we have

Aln,t](Ar,---,A,) <

and we have this theorem. O

By using Theorem 6.8 and the weighted arithmetic-geometric mean inequality, we ob-
tain another n operators version of Grueb-Rheinboldt inequality:

Theorem 6.9 For any positive integer n > 3, let Ay, -+ ,A, be positive invertible opera-
tors on a Hilbert space H such that 0 < mly <A; < Mly fori=1,--- ,n and some scalars
0<m<M. Puth="22 Then

(A1x7x)t[nh (A2x7x)t[n]2 T (Anxvx)l[n]n < S(h)z(G[nvt] (Alv T 7An)x7x)

for all x € H, where {t[n];} is defined by (6.7) and (6.8).

6.5 The Golden-Thompson-Segal inequality

For the construction of nonlinear relativistic quantum fields, Segal proved that
H+K H_K
™2 < fle™e™ .

Also, motivated by quantum statistical mechanics, Golden, Symanzik and Thompson in-
dependently proved that
Tr e K < Ty el K

holds for Hermitian matrices H and K. This inequality is called Golden-Thompson trace
inequality.



6.5 THE GOLDEN-THOMPSON-SEGAL INEQUALITY 167

In the final section, we discuss the Golden-Thompson-Segal type inequalities for the
operator norm. Ando and Hiai gave a lower bound on |[e "X in terms of the geometric
mean: For two self-adjoint operators H and K and o € [0, 1],

1
[ (7" #o ePX) 7 || < [l ek (6.14)

holds for all p > 0 and the left-hand side of (6.14) converges to the right-hand side as p | 0.

Hiai and Petz showed the following geometric mean version of the Lie-Trotter formula:
If A and B are positive invertible and 7 € [0, 1], then

lim (Ap #, Bp)% _ e(l—t)logA+tlogB.
p—0
We firstly show an n-variable version of the Lie-Trotter formula for the weighted geo-
metric mean:

Lemma 6.11 Ler A|,A,,--- A, be positive invertible operators such that mly < A; <
Mly fori=1,--- ,n and some scalars 0 < m < M, and let Ay,--- , A, € [0,1] such that

1
" 1 Ai = 1. Then Gln,t](A],--- ,AD)? uniformly converges to the chaotically geometric
mean eA[n.l](logAl."-,logA,,) aspo.

Proof. It follows that for each A; > 0 such that Y | A; = 1,
0<log Y AA; — Y AilogA; <logS(h).
i=1 i=1
In particular, we have
0 <logA[n,t](A1, - ,Ay) — Aln,t](logAy,--- ,logA,) <logS(h).
Replacing A; by A for p > 0,
0 <logAln,t|(AY,--- ,AP) — A[n,t](logAf,-- - ,logA?) < logS(h")

and hence

0 <logAln,1](AY,--- Aﬁ)i —Aln,t](logAy,--- ,logA,) < logS(h”)%.

1 1
Since S(h?)? — 1 as p | 0, it follows that A[n,t](Af,--- ,A})? uniformly converges to the
chaotically geometric mean eA[l(logdr+logdn) 55 1 | 0.
On the other hand, since

0 <logA[n,t)(A;",- A, ") —Aln,t](logA[ -+ logA, ) <logS(h™'),
it follows from S(h~!) = S(h) that

0> logH|[n,t|(A1, -+ ,Ay) —Aln,t](logAy,- - ,logA,) > —logS(h)
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and this implies
0 > logH|n,t](A7,- 7Aﬁ,’)% —Aln,t](logAy,--- ,logA,) > —logS(hp)%

1
forall p > 0. Hence H|n,t](A7, - ,A})? uniformly converges to the chaotically geometric
mean eA["J](lOgAlv"' JlogAn) as p l 0.
By arithmetic-geometric-harmonic mean inequality, we have

==

1
10gH[”7t] (A[177 T 7Af;)% < 10gG["7t] (A11)7 e 7A{;); < logA[n7t] (A11)7 e 7A{;)
for all p > 0 and hence we have this lemma. O

1
For the case of n = 2, Ando and Hiai are showed that the norm |[(A} # AD)7|| is
monotone increasing for p > 0. For n > 3, we have the following result.

Lemma 6.12 Let A; be positive invertible operators such that mly < A; < Mly for i =
1,---,n and some scalars 0 <m < M. Put h = % Then for each0 < g < p

S G4 AL
< Gl (A, AD T < ST (|Gln.t] (AT, AL
where S(h) is defined by (2.35).
Proof. By the arithmetic-geometric mean inequality, it follows that for each 0 < g < p

q g q g
G[n7t](A1p7 7Alf) SA[nJ](Alp? 7Alf
< Aln,t](Ay,---,An)? by concavity of 17 and 0 < % <1
2
<S(h) 7 Gln.)(Ar, - An) b

The last inequality follows from Theorem 6.8 and the Lowner-Heinz theorem. Replacing
A; by A?, we have

<k

2
G[n7t](A(117"' 7AZ) < S(hp)’_?G[nJ](AIff'- 7Aﬁ) .
Also,

<k

2
Gl (A7, AT < S(P)T Gt (A", A;7)

n

and hence
_ 2

G[nvt](A{IIf" 7Af§) 2 S(hp) P G[nvt](Azljv'“ 7A£z))%'
Therefore we have for all g > 0
2 1
S(h?)"7 ||Gn,2] (AT, -+, AD)7 |
1 o 2 ) 1
<|IGln,1J(AT, -, AD) e[| < S(h") 7 ||Gn,1](AT, - ,AR) 7 ||
O

By Lemma 6.12, we show n-variable versions of a complement of the Golden-Thom-
pson-Segal type inequality due to Ando and Hiai:
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Theorem 6.10 Let Hy,H,,-- ,H, be self-adjoint operators such that mly < H; < Mly
fori=1,--- nand some scalars m < M. Then

_2
S(er0m) Gl t) (P P )7
2

< eI ) < 5 (V)T Gl )P (6.15)

for all p > 0 and the both-hand sides of (6.15) converge to the middle-hand side as p | 0,
where the Specht ratio S(h) is defined by (2.35).

Proof. If we replace A; by e in Lemma 6.12, then it follows that
_2 .
S(er0m) Gl r)(erh e )|
2

1 5 1
< HG[HJ](G']le“ 7ean)a|| < S(ep(M—m))' HG[nJ](ePHh--- 7ePHn)p [

for all 0 < g < p. Hence we have (6.15) as g | 0 by Lemma 6.11.

The latter part of this theorem follows from S (e”(M _’")) " —lasp|o. o

6.6 Notes

For our exposition we have used Ando-Li-Mathias [13], Yamazaki [292], J.I. Fujii-M.
Fujii-Nakamura-Pecari¢-Seo [60] and J.1. Fujii-M. Fujii-Seo [63].






Chapter

Differential Geometry of
Operators

In this chapter, we study some differential-geometrical structure of operators. The space of
positive invertible operators of a unital C*-algebra has the natural structure of a reductive
homogenous manifold with a Finsler metric. Then a pair of points A and B can be joined
by a unique geodesic A # B for ¢ € [0,1] and we consider estimates of the upper bounds
for the difference between the geodesic and extended interpolational paths by terms of the
spectra of positive operators.

7.1 Introduction

We recall the Kubo-Ando theory of operator means [165]: A mapping (A,B) — A ¢ B
in the cone of positive invertible operators is called an operator mean if the following
conditions are satisfied:

Monotonicity A<CandB<DimplyAocB<CoD.
Upper continuity A, Aand B, | Bimply A, 6B, | Ao B.

Transformer inequality T*(AoB)T < (T*AT)o(T*BT) for all operator 7.

171
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Normalized condition AocA=A.

In [124, Chapter 5], several inequalities associated with operator means are discussed.
For example, the bound f in the inequality

®(A 01 B) > 0®(A) 0, D(B) + fD(A)

is determined, where A and B are positive invertible operators on a Hilbert space H, 01,0,
are two operator means with not affine representing functions, @ is a unital positive linear
mapping and o > 0 is a given real constant.

We observe the weighted arithmetic mean V,, and the weighted geometric mean #,,
for a € [0, 1], defined by

1

AVyB:i=(1—0)A+aB and A#y B:=A2(A 2BA"2)%AZ,
respectively. Like the numerical case, the arithmetic-geometric mean inequality holds:
A#,B<AVyB forall o € [0,1]. (7.1)

In [124, Corollary 5.36] it is obtained the following converse inequality of the arithme-
tic-geometric mean inequality (7.1): Let A and B be positive invertible operators satisfying
0<mily <A< Mlygand 0 < myly <B < M,Iy. Then

AVy B—A#y B<max{l —o+am—m*1—a+aM—M*}A,

where m = 72 and M = %—f
Tominaga [280] showed the another converse of (7.1) for the arithmetic mean and
the geometric one: Let A and B be positive operators on a Hilbert space H satisfying

mly < A,B < Iy for some scalars 0 < m < M. Then (like the numerical case)
AVy B—A#y B<hL(m,M)logS(h) forall a € [0,1],

where h = 2 the logarithmic mean L(m, M) is defined by (2.41) and the Specht ratio S(/)
is defined by (2.35).

7.2 Interpolational paths

Let o7 be a unital C*-algebra, .7 (resp. /") be the set of all positive invertible (resp. self-
adjoint) operators of .. Following an excellent work due to Corach, Porta and Recht [37,
38], @77 is a real analytic open submanifold of .7 and its tangent space (727 "), at any

A € /7 is naturally identified to .7”. For each A € &7, the norm || X||4 = HA_%XA_% Il
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X € (T /™), defined a Finslar structure on the tangent bundle 7«7 . Forevery A,B € &/,
there is a unique geodesic joining A and B:

Yap(t) =A# B forz € [0,1].

As usual, the length of a smooth curve yin &/ is defined by

1
1) = [ 150
and the geodesic distance between A and B in &/ is
d(A,B) =inf{l(y) : yjoins A and B}.

Then it follows that . .
d(A,B) = |[log(A"2BA™ 2 )],

also see [14]. It is a general fact that (&7, d) is a complete metric space.

J.1.Fujii [55] showed that if the manifold .7 has a metric L,(X) = || X|| (resp. L, (X) =
|[A='XA~1|)) on the tangent space T.o7*, the geodecis and the distance from A to B for
A,B € &/ are given by

AV, B=(1—-1t)A+tB and di(A,B)=|B—A|
(resp. AL B=((1-1A"' +B ) and  dj(AB)=|lA" —B|.)
The paths of means m; = #,,V,; and !, satisfy the following interpolationality [89]:

(Amy B) my (Amg B)=Amg_ B

ptiq

for0 < p,q,t <1.

We next recall an interpolational path for symmetric operator means. Following after
[89, 96], for a symmetric mean &, a parametrized operator mean oy is called an interpola-
tional path for o if it satisfies

(1) AcyB=A, A0y, B=Ac BandA 0| B=B,
(2) Ao,B)o (Ao, B)=A Orig B,
(3) the mapping ¢t — A o; B is norm continuous for each A and B.

Typical examples of symmetric means are so-called power means:
1
1 1 H
1+ (A 2BA 2)"
Am, B=A? (%) AT forre(—1,1]

and their interpolational paths from A to B via A m, B are given as follows: For each
re[—1,1]

A=

AmmBzA%(1—t+r(A—%BA—%)r) AT forre0,1].
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In particular, Am; B=AV, B,Amy, B=A# BandAm_;;, B=A; B.
Here we consider them in a general setting: For positive invertible operators A and B,
an extended path A m,; B is defined as

1
Amy, B=A? (1 —t+t(A’%BA’%)’> "A?  forallreRands € [0,1].
The representing function f;, for m,; is given by

fm(é)z1m,-.z€=(1—t+t§")% for & > 0.

Notice that A m,; B for r ¢ [—1,1] is no longer an operator mean, but we list some proper-
ties of interpolational paths m,, and the representing function f,;, also see [62].

Since every function f,,(&) is strictly increasing and strictly convex (resp. strictly
concave) for r > 1 (resp. r < 1), it follows that an extended path A m,,, B foreach € (0,1)
is nondecreasing and norm continuous for r € R: For r <

Amy; B<Amg,; B.

Moreover, it is also interpolational for all » € R. In particular, the transposition formula
holds:
Bmy A=Am. _; B. (7.2)

For the sake of convenience, we prepare the following notation: For ky > k; >0, re R
andt € [0,1]

_ frilka) = fra(k)
T hkhk

and b(r,t) _ szr.t (kllc) — ilfr.t (kz) ) (7.3)
2 — K1

a(rt)

We investigate estimates of the upper bounds for the difference between extended in-
terpolational paths:

Lemma 7.1 Let A and B be positive invertible operators such that kiA < B < kA for
some scalars 0 < k; < ky. Then forr <sandt € (0,1)

0<Amg;B—Am,;; B<SBA if r<l1 (7.4)
and
0<Amy; B—Am,;B<fBA if r>1 (7.5)
hold for
B=PB(rst.kikr) = max {f,(§)—a(rt)§—b(nt)}
ki <E<ky
and

B =B (st kike) = max {a(s,)E+b(s,1) = ful)),

where a,b are defined by (7.3).
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Proof. Suppose that r < 1. If we put C :A_%BA‘%, then we have ky Iy > C > kily > 0.
Since f; (&) is concave for r < 1, it follows from the definition of 3 that

B = f(8) —a(rt)s —=b(rt) = foi(S) — frs(§)  forall & € [k, ko],

and hence

ﬁIH > fs,t (C) - frJ (C)
This fact implies
BA > AZf, (C)A? — A f,,(C)A% = A my, B—Amy, B,

which gives the desired result (7.4). Conversely, if r > 1, then f;, (&) is convex for 1 <r <s
and (7.5) follows from the same way. O

Remark 7.1 The constant B = B(s,rt,k,k;) and ﬁ, = ﬁ,(smt?kl ,k2) in Lemma 7.1 can
be written explicitly as

) (1) (ratr= 1) T <o) m<tsi
h= Ssa(ky) = fre(ky) if &<k
fou(ka) — fri(k2) if k<&

et () (et 1) T b km<Ei<h

fs,t (kl) _fr,t(kl) lf él S kl
fou(k2) — fri(k2) if k<§&

By Lemma 7.1, we obtain estimates of the upper bounds for the difference between the
geodesic A #, B and extended interpolational paths:

Theorem 7.1 Let A and B be positive invertible operators such that kiA < B < kA for
some scalars 0 < k; < k. Then for eacht € (0,1)

0<Amy; B—A# B<B(0,s,1,ki,k2)A for s>0 (7.6)

and
0<A# B—Amy B<B(r,0,t,k k)A for r <0, (7.7)

where B is defined by Remark 7.1.



176 7 DIFFERENTIAL GEOMETRY OF OPERATORS

As special cases of Theorem 7.1, we obtain an estimate of the upper bound for the
difference between the geodesic A #; B and the arithmetic interpolational paths A V; B, the
harmonic one A !; B:

Theorem 7.2 Let A and B be positive invertible operators such that k\A < B < kA for
some scalars 0 < k; < k. Then for eacht € (0,1)

0<AV,B—A# B<max{l —t+tkj —K,1—t+thky—K5}A

and
0 SA#[ B—A ![ B S B(_I,O,t,kl,kz)A,
where
B(_1707t7k17k2) =
1—1¢
(1 =0)ky+1) (1 —t)ka +1)

(((1 —t)ki+1)((1 —t)k2+t)ﬁ —k1k2>
if K< ((A=ki+t)(1-ka+1) <k

= k . —t
@—T;kﬂ_t if k< ((1-0ki+1)((1-nk+1)
t 1

if kK> ((1=0ki+1)((1-1)ka+1).

A
U (U =0)ky +1

Proof. If we put r =0 and s = 1 in (7.6) of Theorem 7.1 , then f;,(§) =1 —¢+¢& and
r_
Jor (&) =E&". Since a(0,t) = 2_12 , the condition f], (k2) < a(0,1) < f1, (k1) is equivalent

to a(0,7) = t. Therefore we have

K-k
l—t+thky— K, if 2—L<i
ko — ki
- 1 —t+thy =K if ktz_kt1>t
— — i .
1 1 kz — kl i
Similarly, we have the latter part of this theorem by using (7.7) in Theorem 7.1. O

Next, we show estimates of the lower bounds of the ratio for extended interpolational
paths:

Lemma 7.2 Let A and B be positive invertible operators such that kiA < B < kA for
some scalars 0 < k; < ky. Then forr <sandt € (0,1)

Amy B> oA mg; B if r<l1
and )

Amy; B> o Amg; B if r>1
hold for

o = ofrs,t,ki,ky) = min
k1 <&<ky

a(r,t)E +b(rt) }
f5.(8)
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and

o L R©
o =o (r,s,t,kl,kz)—klgggkz{m}’

where a,b are defined by (7.3).
Proof. Suppose that r < 1. Since f;,(&) is concave for r < 1, it follows that

Ful&) _ a(n0)E +b(r)
@) @ 2

and hence f,(&) > afs; (&) on [ky,kz]. Therefore we have

>

Amyy B=A%f,,(A"2BA"2)A? > aA? f;,(A"2BA"2)A? = oA my, B.

Similarly, since f;,(&) is convex for 1 < r < s, the latter part follows from the same way.
O

Remark 7.2 The constant o = o(r,s,t,ky,ky) and o = Oc,(r,s,t,kl,kz) in Lemma 7.2
can be written explicitly as follows: In the case of s > 1,

fr,t(kl) frJ(kZ)}
fsalk) foa(ka) )

/ .
o=uo Zmll’l{

In the case of s < 1,

%‘Lb(ﬁ’) ki <& <k
(1—1+1E)s
NFw s
o R
st = (1)
ngslt_)é%igbl(it) if k<& <k
‘NEw o kss
oy sonze
ey = (L)
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By Lemma 7.2, we have the following theorem.

Theorem 7.3 Let A and B be positive invertible operators such that k\A < B < kA for
some scalars 0 < ky < k. Then for eacht € (0,1)

K i
A#, B> min L 2 AV,B
1—t+thy" 1 —t+th
and
A!IBZOC(—I,O,I,kl,kz)A#[B
holds for
1—t
(kako) if ki <1<k
(1 =t)ky+12) (1 —t)kp +1)
kl—l
o(—1,0,t,k k) =< —2 if 1<k
( 1k2) (1=1)ky+1 yolsh
ki~
_— if  ky <1.
(L—=1)ky+1 ks

7.3 Velocity vector of extended paths

Kamei and Fujii [67, 68] defined the relative operator entropy S(A|B), for positive invert-
ible operators A and B, by

S(A|B) = A? (logA_%BA_%)A%,

which is a relative version of the operator entropy —AlogA considered by Nakamura-
Umegaki [238]. The relative operator entropy S(A|B) is exactly the velocity vector J4 5(0)
of the geodesic A #; Batt =0:

. A# B—A#yB .
S(A|B):tlg%lfo = 7a,8(0).

In [153], Kamei analogously generalizes the relative operator entropy: For each r € R

Anpy B—Amyg B
S,(A|B) = lim 21 0
t—0 1 ’

which is considered as the right differential coefficient at # = 0 of the extended path A m,; B.
By the fact that

Hm(l—rﬂa)%—l e

t—0 t r
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it follows that

S-(A|B) = forreR
r
and the representing function is
fr(&)=(E" =1)/r
In particular,
AV,B—-A
&Mwﬁd%——L——zB—A
1—
So(A[B) = S(A|B)
Al B—A
54mwyﬂ%—l———=A—mr%.
11—

Since f,(&) is monotone increasing on r € R, the velocity vectors S.(A|B) is monotone
increasing on r € R:

r<s implies Sr(A|B) < Ss(A|B).

The left differentiable coefficient of A m,; B atr=11is —S.(B|A):

. Amy;B—Am, B
lim i =

—S,(B|A).
1—1 t—1 (Bl4)
If B > A, then the velocity vectors of extended paths at# = 0, 1 are positive:

S:(A|B) >0 and —Sr(B|A) > 0.

For the sake of convenience, we prepare the following notation:

frlka) = fr(k1) _kafi(k) = kifr(k2)
ky —ky N ky — Ky

a(r) = and b(r) (7.8)
forO < ky <kpand r € R.
We investigate estimates of the upper bounds for the difference between velocity vec-

tors of extended interpolational paths.

Lemma 7.3 Let A and B be positive invertible operators such that kiA < B < kA for
some scalars 0 < ky < kp. Then forr <s

S(AIB)—S,(AIB)<YA  ifr<s<l, (7.9)

-1 K-1k-1 k-1
&wm—&wm<mm{l - -2 -2
N

r N r

}A ifr<1<s (7.10)

and )
S(AIB)—S/(AIB)<yA  if1<r<s
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hold for
Y= Y(r7s7k17k2) = max {fs(é) _a(r)é _b(r)}

ki <E<ky

and
Y =7 (rskik) = Jmax {a(©)8 +6() - £},
where a,b are defined by (7.8).

Proof. Suppose that r < 1. If we putC :A‘%BA‘%, then we have 0 < k1Iy < C < kyly.
Since f,(&) is concave for r < 1, it follows that

[(8) = £ (&) < fs(§) —a(r)g —b(r) <y

and hence we have the desired result (7.9) and (7.10). The remainder parts follow from the
same way. O

Remark 7.3 The constant y = y(r,s,ki,k2) and y, = }/'(r7s7k1,k2) in Lemma 7.3 can be
written explicitly as

a(r)s1 —b(r)—; if ki <a(r)v <k
K—1 k-1
y=4 =2 : if ka<a(r)e
ki—1 F—1
1A k2 ()
s r
and
r—l r l . 1
a(s)~1+b(s)+— if ki <a(s)™1 <k
r r
/ K—1 k-1
Y = —2s -2 if kzéa(s)%
k-1 k-1
it S if qua(s)ﬁ
s r

By Lemma 7.3, we obtain estimates of the upper bound for the difference between the
velocity vectors S(A|B) and S,(A|B) of the extended interpolational paths A m,, B ats = 0:

Theorem 7.4 Let A and B be positive invertible operators such that k\A < B < kA for
some scalars O < k; < kp. Then

Ss(AIB)—S(A|B)<yA  for 0<s5<1

and

\ N

k-1 k-1
SS(A|B)—S(A|B)§max{ 1" logky, -2 —long}A for 1<s
N S
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where
1 —s (logky —logk; \ ™1 klogks —kilogky 1
N kz—kl kz—kl N
1
logks — logky \ =1
7ok (RERE) T,
Y= =
k-1 logks — loghk; \ =T
1
K1 logks — logky \ +1
E v o= (PRE)

7.4 o-operator divergence

The concept of o-divergence plays an important role in the information geometry.

Let (X,<7, 1) be a measure space, where U is a finite or a o-finite measure on (X, /)
and let assume that P and Q are two (probability) measures on (X, .<7) such that P < 1,
Q < u are absolutely continuous with respect to a measure U, e.g. i =P+ Q and that
p= g—P and g = % the (densities) Radon-Nikodym derivative of P and Q with respect to
. Following [5], the basic asymmetric o-divergence is defined as follows: For positive
valued measurable functions p and ¢, and & € R

Dapla) = 1 [{15200)+ 5 %40~ p(a) a0 F* Jaule) (@),
(7.11)

D-1(plla) = Drlallp)i= [ {atw) - )+ ployiog 2 Yoo

If we put# = 4% in (7.11), then

Dupllg) = s [{0 =000 +190~p0)' g Jaule) (1 £0.1)

From the viewpoint of this, Fujii [53] defined the following operator version of ¢-diver-
gence in the differential geometry: For positive invertible operators A and B,

1

Da(A,B) = m

(AVy B—A#y B) O<a<l).



182 7 DIFFERENTIAL GEOMETRY OF OPERATORS

In particular,

D (A,B):= li%rllDa(A7B) =lim (
o

oll

A—B B#_,A—B
o o(l—a)
—=A—B—S(B|A)

B—A A#,B—A
Do(A,B) :=1imDy(A,B) = lim( - )
ol0 ol0

l-a ol-o)
=B—A—S(A|B).

By definition, ¢-operator divergence is considered as the difference between the arith-
metic and the geometric interpolational paths. In particular, for the case o = 1/2, it follows
that o-operator divergence coincides with by four times the difference of the geometric
mean and the arithmetic mean. For the case of density operators, it coincides with a rela-
tive entropy introduced by Beravkin and Staszewski [20] in C*-algebra setting.

Also we have the following different interpretation of ¢-operator divergence.

Theorem 7.5 The o-operator divergence is the difference between two velocity vectors
S1(A|B) and S¢(A|B): Foreach oo € (0,1)

1
Dy (A,B) = 1

T (Si1a18) = Sa(alB))

_ é (51(B|A) —~ Sl—oc(B|A)> :

We investigate estimates of the upper bounds for a-operator divergence:

Theorem 7.6 Let A and B be positive invertible operators such that kiA < B < kyA for
some scalars 0 < ky < kp. Then a-operator divergence is positive and for every operator
mean p and o € (0,1) _

(BA) p (BB) > Do (A,B) >0

holds for
B~ ma l—o+oki—kf 1—o+ak,—kS
= max
a(l-a) 7 a(l—a)
5 — max o+ (1—a)k' =k o+ (1—a)k ' —k¥! .
ol — o) ’ ol —o)

Proof. Since A Vg B> A #, B (0 < a < 1), it follows that a-operator divergence
is positive, that is, Dy (A,B) > 0. On the other hand, it follows from Theorem 7.2 that
BA>Dy(A,B) >0.Since AVy B—A#4 B=BV,_o A—B#,_q Aby (7.2), we applied
B,A and 1 — ot in Theorem 7.2 to obtain the constant § = (0,1,1 — o, ky k) such that
BB > Dy(A,B) > 0 because ky Ip <AL kl_lB. Therefore we have for every operator mean

p
(BA) p (BB) > Du(4.B) p Da(A,B) = Du(A,B) > 0.

If we put @ — 0, 1 in Theorem 7.6, then we have the following corollary.
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Corollary 7.1 Let A and B be positive invertible operators such that ky\A < B < kA for
some scalars 0 < k; < ky. Then for every operator mean p

(BA) p (BB) = Do(A,B) = S1(A[B) — So(A|B)

holds for B = max{k; — 1 —logky,k» — 1 —logk, } and B =max{1—k;' —k, 'loghks,1—
k' =k 'ogk } and

(BA) p (BB) > D1(A,B) = S1(B|A) — So(BIA)

holds for B = max{1l —k,' —k, 'logks,1 —k; ' +k; 'logki} and B = max{k; — 1 +
logky,ky — 1 —logk, }.

7.5 Notes

For our exposition we have used J.I. Fujii-Micié-Pecari¢-Seo [71], Kamei-J.I. Fujii [67, 68]
and J.I. Fujii [53]. Further study may be seen in [55, 56].






Chapter

Mercer’s Type Inequality

This chapter devotes some properties of Mercer’s type inequalities. A variant of Jensen’s
operator inequality for convex functions, which is a generalization of Mercer’s result, is
proved. We show a monotonicity property for Mercer’s power means for operators and a
comparison theorem for quasi-arithmetic means for operators.

8.1 Classical version

Leta <x; <xp <--- <x, <b and let w;,1 <i < n, be nonnegative weights such that
>, w; = 1. Then Jensen’s inequality asserts:

Theorem 8.1 If f is convex on [a,b], then

f(Z Wixi> < Y wif (xi). (8.1)
i=1 i=1

Proof. Refer to [124, Theorem 1.1] for the proof. O

The following theorem is a variant of Jensen’s inequality (8.1).

185
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Theorem 8.2 [f f is convex on [a,b], then

i=1

f(a-i-b—iwz'xz') < fla)+ f(b) - iwif(xi)'
i=1

Proof. 1f we put y; = a+ b — x;, then a+ b = x; +y;, so that the pairs a,b and x;,y;
possess the same mid-point. Since there exists A € [0, 1] that

xi=Aa+(l—=A)b, yi=(l—A)a+Ab forl <i<n,

it follows from (8.1) twice that

and hence we have
fla+b—xi) < fla)+ f(b)— f(xi) forl<i<n. (8.2)
Therefore it follows that
n n
f a—l—b—Zw,x,- =f Zwi(a+b—xi)
i=1 i=1

< iwif(a—i—b—xi) by (8.1)
i=1

< S W@+ £ () —F(x)] by B2)
=1

ﬂ®+ﬂm—imﬂm-

d

Let A,G and H be the arithmetic, geometric and harmonic means of the positive num-
bers 0 < x; <x <--- <x, formed with the positive weights w; whose sum is unity. Since
(b—1)(t — a) is non-negative for 0 < a <r < b, division by 7 gives

b
at+b—t> aT (with equality if and only if r = a or t = b).

Putt = x; fori = 1,2,...,n. Forming the arithmetic mean on the left and geometric mean
on the right derives the following inequality:

ab
b—A> —. 8.3
a+ z2 5 (8.3)
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Making the substitutions @ — a~!, b — b~!, x; — x; ! in it and taking inverses extends

(8.3) to
ab —1 —1 7!
—A> — > —
at+b—A> 7(51 +b H )

With r > 0, we substitute a — a”, b — b", x; — x! in this and then raise all three members
1
to the power .. We get
1

(ar+br_iwix;'> >%><a"—|—b’_iwml> .

i=1 i=1

Now introducing the notation
1

0O,(a,b,x) = (ar +b =Y w,-xf) for all real r #£ 0,
i=1

these last inequalities read
0,(a,b,x) > Qo(a,b,x) > Q_,(a,b,x) for r > 0, (8.4)

where b
. a
Qo(a7b7x) = llil(l)Qr(%bﬁC) = E

This consideration leads us to formulate the following theorem.
Theorem 8.3 Let +o0o > 1> 5> —oo. Then
b> 0:(a,b,x) > Qs(a,b,x) > a. (8.5)

Proof. There are three cases which remain to be considered:

@ r>s>0, (b) 0>r>s, and (c) r>0>s.

Once these are proved it is a simple matter to verify that

.liril O,(a,b,x)=b and lim 0O,(a,b,x) =a,

giving the upper and lower bounds in the theorem.

The cases (b) and (c) follow easily from (a) and (8.4) above. So let us suppose the truth
of case (a) for the moment and dispose of these other cases first.

(a) reads

1 1

n r n s

(ar+br—2wixf> > <a5+bs—2wixf> for r>s>0.
i=1 i=1

If we make the substitutionsa —a !, b — b1, x; — xi’1 in this and then invert both sides

it reads

n N
(a_r +b7"— z wixi_’>
i=1

_1
s

n
< (a_s +b 7 — ZWixl._S) for —r<—-s5<0.
i=1

1
-
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Writing r = —p and s = —q this reads
Qq(a,b,x) > Qp(a,b,x) for 0>¢g>p

which is case (b).

The case (c) where r > 0 > s has two subcases namely |r| > |s| and |s| > |r|.

The former follows by noting that Q,(a,b,x) > Q_(a,b,x) > Q(a,b,x) by virtue of
(a) and (8.4). The latter follows since Q,(a,b,x) > O_,(a,b,x) > Q_s(a,b,x) by virtue of
(8.4) and (b). So the cases (b) and (c) have been dealt with.

It now remains to give the proof of case (a). If we put f(r) =¢* for @ > 1 in Theo-
rem 8.2, then we have

1
n o n
aa+ba—2wix?‘ > a—|—b—2w,~xi for o >1.
i=1 i=1

Putting o = ¢, making the substitutions a — a*,b — b*,x; — x; and then raising each side

1
to the power , we get (a). O

8.2 Operator version

In this section, we show an extension of Theorem 8.2 to self-adjoint operators on a Hilbert
space. We use this result to prove a monotonicity property of power means of Mercer’s
type. Moreover, we consider quasi-arithmetic means in the same way.

First of all, we recall that an operator version of Theorem 8.1 (Jensen’s inequality) is
true [124, Theorem 1.3]:

Theorem 8.4 Let Ay,...,A, € B(H) be self-adjoint operators with mly < A; < Mly for
some scalars m < M and let xy,...x, € H satisfy ¥, |xi||> = 1. If f € C([m,M)) is
convex, then
f(Z <Aixi7xi>> < Y f(A)xi,xi).
i=1 i=1
The following theorem stands for a geometrical property of convexity and is frequently
useful.

Theorem 8.5 Let Ay, ..., A, € B(H) be self-adjoint operators with mly < A; < MIy for
some scalars m < M and let xy,...x, € H satisfy ¥, |xi||> = 1. If f € C([m,M)) is
convex, then

n M — 2}(”;1 <Al~xl~7xl~>f(m) n S (Aixi, xi) —m

—m M—m

> (f (Ai)xi,xi) <

i=1

f(M).
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Proof. Since f is convex on [m,M], we have

M —1 t—m
f(m)—l—M_mf(M) forallz € [m,M].

f <

Since mly <A; <Mly fori=1,...,nand Y| (x;,x;) = 1, it follows that m < Y7 | (Aix;,x;)
< M. Using the functional calculus, we have this theorem. O

The following theorem is an operator vertion of Mercer’s inequality.

Theorem 8.6 Let Ay, ..., A, € B(H) be self-adjoint operators with mly < A; < Mly for
some scalars m < M and let xy, . ..x, € H satisfy ¥"_, |xi||> = L. If f € C([m,M)) is convex,
then we have the following variant of Jensen’s inequality

f <m M 21 <A,»x,-,x,»>> < F(m)+f(M)— 21 (F (A ). (8.6)
In fact, to be more specific, we have the following series of inequalities
f (m +M— i <Aixi,xi>>
i=1
< i(f(mIH + Mly — A;) xi,Xi) (8.7)

M =37 (Aixi,xi)
M—m

Y1 (Aixi,xi) —m
M—m

IN

f(M)+ f(m)

n

< f(m)+ (M) =Y (f (Ai)xi,x:).

i=1
If a function f is concave, then the inequalities (8.6) and (8.7) are reversed.
Proof. From the conditions m (x;,x;) < (Aix;,x;) < M (x;,x;) for all i =1,...,n and
> {xi,x;) = 1, by summing it follows that m < ¥ | (A;x;,x;) <M and hence, m < m +
M — Z?:l (A,-x,-,xi> S M.

Since f is continuous and convex, the same is also true for the function g : [m,M] — R
defined by g(r) = f(m+M —1t), t € [m,M]. By Theorem 8.4,

d

i.e. f<m+M— i (Aixhxi)) < i<f (mly + Mly —Ai)xi7xl~>.
i=1

i=1

n

<Aixi,xi>> <> (g(Ai)xi,xi),

M=

1 i=1
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Applying Theorem 8.5 to g and then to f, we have

<f (mIH +Mly —Ai)xi,xi>

e

Il
—_

M- ¥, (Awi.xi) S (A xi) —m

< M g(m)+ U —m g (M)
M =Y (A, xi) Y (Aixi, xi) —m
- M f(M)+ - f(m)
— X (A, x; o (Aix,xg) —
= fmyt oy - | MR AR ) BB

<f(m 2< ) XiyXi ).

The last statement follows immediately from the fact that if f is concave then — f is convex.
O

Next, we consider an operator version of power means of Mercer’s type.

LetA = (Aj,...,A,), where A; € B(H) are self-adjoint operators with mly < A; < My
for some scalars 0 < m < M, and X = (x1,...,x,), where x; € H satisfy Y7 | (x;,x;) = 1.
We define, for any r € R

n 1

[m’+Mr—z<A{x,»,x,»>] o, r#0,
M, (A,x) := =l

n
exp(]ogm+]0gM— 2<(logAi)xi,xi>) , r=0.
i=1

Observe that, since 0 < m (x;,x;) < (Aix;,x;) <M {(x;,x;) and Y7 (x;,x;) = 1, then

0<m <Y (Ajxi,x;) <M" forallr>0,
z=1

0<M < zAx“xlim" forall r <0,

logm 2 (logA;)xi,x;) <logM.

Hence, M, (A, X) is well defined.
Furthermore, we define, for any r,s € R

1
s

[i<(mr1H+Mr1H—A )thxlﬂ 7 F£0,5 40,

=

—

1
r

R(r5,A,x) == exp(z<1ogm1H+Mf1H AD)

;

1

xz7xz>) ) r#0,5=0

(exp(s(logm) Iy + (logM) Iy — logAi)xhxiﬂ ', r=0,s#0,

-

I
MR
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M =S, . S.—m S}—
. . 0 0
[Mr—m’ mr—m "] r#0.s£0,

M-S, Sy—m"
S(r,s,A,x) 1= exp(Mr_mr -logM+Mr_mr ~10gm) , r#0,5s=0,

logM) — , —(1 14
|:(0g ) So M So (Ogm) 'm.\:| 7 },_:()’5,7é()7
logM —logm logM —logm

where S, = X7 | (Alx;,x;) and So = Y7, ((logA;) xi,x;). It is easy to see that R(r,s,A,X)
and S(r,s,A,x) are also well defined.

Theorem 8.7 Ifr,s € R, r <, then
M, (A,x) < My(A,x).

Furthermore,

M, (A,x) < R(r,5,A,x) < S(r,5,A,x) < My(A,X). (8.8)

Proof. STEP 1: Assume 0 < r <.
In this case we have 0 < m"Iy <A} <M"Iy (i=1,...,n). Applying Theorem 8.6 to the
continuous convex function f(r) = ¢ (note that + > 1 here) and replacing A;, m and M
with A7, m" and M", respectively, we have

s

n r
m +M — z (Athxi)}
i=1

n )
< 2 <(mrIH +M'Iy —A;')7 x,-,x,->
i=1

M — lr'lzl <Az'rxi7xi>Ms_|_ :1:1 <Airxi7xi> -m"
- M"—m" M —m"
n
<m'+M° = (Ajxi,xi),
i=1

S

or

N

[Mr(A,x)r < [R(nsA,x)T < [stsax] < {MS(AJ)]S.

Since s > 0, this gives (8.8).

STEP 2: Assume r < s < 0.

In this case we have 0 < M"Iy < Al <m'Iy (i=1,...,n). Applying Theorem 8.6 to the
continuous concave function (1) = 17 (note that 0 < % < 1 here) and replacing A;, m and
M with A}, M" and m", respectively, we have
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M +m"— z (Athxi)}
i=1

>

-

Il
~ -

<(M"IH Iy — ALY xl-,xi>

3

MS

-2 <A{xi,xi>ms+ i1 (Afxi xi) —M”
mr _Mr mr _Mr
n
>M +m’— 2 (Afxi,x;)
pay}
or
S

[Mr(A,x)r > [R(ns,A,x)r > [s(rs.Ax)] 2 {MS(AJ)]S.
Since s < 0, this gives (8.8).
STEP 3: Assume r < 0 <s.

In this case we have 0 < M"Iy <Al <m'Iy (i=1,...,n). Applying Theorem 8.6 to
the continuous convex function f() =¥ (note that 2 < 0 here) and proceeding in the same
way as in STEP 1, we obtain (8.8).

STEP 4: Assume r < 0,5 =0.

In this case we have 0 < M"Iy <A} <m'Iy (i=1,...,n). Applying Theorem 8.6 to
the continuous convex function f(¢) = %logt (note that % < 0 here) and replacing A;, m
and M with A7, M" and m’, respectively, we have

=

1 .
< 2 <;10g (M'Iy+m'ly —Af)x,-,x,->

~ =

m"— ¥ (Afxi,xi) logm + i1 (Afxi xi) —M”
m'— M’ m"— M’

-logM

<logM +logm— Y ((logA;) x;,x;)
i=1

or

logﬂ,(Ax) <logR(r,0,A,x) <logS(r,0,A,x) < log[%(Ax).

This gives (8.8) for s = 0.
STEP 5: Assume r =0,s > 0.

We have (logm) Iy <logA; < (logM)Iy (i=1,...,n). Applying Theorem 8.6 to the
continuous convex function f(¢) = exp (st) and replacing A;, m and M with logA;, logm
and logM, respectively, we have
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exp (s (logm+ logM — i ((logAi)xhxi)))
i=1

n

z exp (s ((logm) Iy + (logM) Iy —logA;)) x;,x;)

S

- 10gM—Zi:1 ((logAi)xi,xi>MS+ i—1 {(logA;) x;, x;) — logm
logM —logm logM —logm
n
<m'+M° = (Ajxi,x;)
i=1
or ~ S S S ~ S
[MO(A,X)} < [R(o,s,A,x)} < [S(o,s,A,x)} < [MS(A,X)] .

Since s > 0, this gives (8.8) for » = 0. O

Next, we consider quasi-arithmetic means of Mercer’s type.

Let A = (Ay,...,A,), where A; € B(H) are self-adjoint operators with mly <A; < My
for some scalars m < M, and X = (x1,...,x,), where x; € H satisfy " | (x;,x;) = 1. Let
¢,y € C([m,M)]) be strictly monotonic functions on an interval [m,M]. We define

g (%)= 0™ (p om)+ 0 00) - S (45,

Observe that, smce mly <A; <My and Y| (x;,x;) = 1, then

)< 2 )X, xi) < @(M) if ¢ is increasing,

z D) xi,xi) < @(m) if @ is decreasing.
Hence, M(p (A, x) is well defined.

Theorem 8.8 Under the above hypotheses,

-1

(i) if either wo @~ is convex and v is strictly increasing, or yo @~ is concave and y

is strictly decreasing, then

My (A,x) < My (A,X). (8.9)
In fact, to be more specific, we have the following series of inequalities
M(P (A7X)
<y <2<(w<p1) (o (m)ln+o (M)l —¢ (Al-)>xi,xi>> (8.10)
i=1
1 (oM) -3 (o (A)xixi) o Ei (@ (A xi) — @ (m) )
<vt (B e von+ By

S Ml[/ (A7X)7
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(i) if either wo @~ is concave and s is strictly increasing, or yo @~ is convex and y

is strictly decreasing, then the reverse inequalities of (8.9) and (8.10) hold.

Proof. Suppose that yo @~! is convex. If in Theorem 8.6 we let f = yo @~ ! and
replace A;, m and M with ¢ (A;), ¢ (m) and ¢ (M), respectively, then we obtain

(yoo™) (fp (m)+ @ (M) — Z (@ (Ai)xux»)

i=1

< i ((woo ™) (@(m)In+ ¢ (M) Iy — ¢ (Ai)xi,xi) 8.11)

i=1

@ (M) -3, (@ (Ai)xi,x;)
¢ (M) — ¢ (m)

n

<y (m)+ (M) = Y (w(A)x.x).

i=1

1 (@ (Ai) xi,xi) — @ (m)
@ (M) — o (m)

v (M) +

v (m)

Ifyo qf1 is concave then we obtain the reverse of inequalities (8.11).

If v is strictly increasing, then the inverse function y~! is also strictly increasing, so
that (8.11) implies (8.10). If  is strictly decreasing, then the inverse function y~! is also
strictly decreasing, so that in this case the reverse of (8.11) implies (8.10). Analogously, we
get the reverse of (8.10) in the cases when yo ¢! is convex and v is strictly decreasing,
or yo @~ !is concave and  is strictly increasing. O

8.3 Operator version with mappings

Assume that (®y,...,D,) is an n—tuple of positive linear mappings ®@; : B(H) — B(K),
i=1,....n. YL ®;i(Iy) = Ix, we say that (Dy,...,D,) is unital.

We have the following generalization of discrete Jensen’s operator inequality.

Theorem 8.9 Let (Ay,...,A,) be an n—tuple of self-adjoint operators in B (H) with spec-
tra in [m,M] for some scalars m < M, and let (®1,...,®,) be a unital n—tuple positive
linear mappings ®; : B(H) — B(K), i = 1,...,n. If f is an operator convex function on
[m,M], then

! (2 dm-(Al-)) <3 O (F(A)). (8.12)
i=1 i=1

Proof. Using continuity of f, ®; and uniform approximation of self-adjoint operators
by simple operators using decomposition of unit we can assume thatA; =3 ;¢ #; je; j where
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I; are finite sets and {e; ;} jej, are decompositions of unit, i = 1,...,n. We have

(o) oSz ) (£ zm)
- (22\/¢ (61,11 Dl e,,>

i=1jel;

\ A

Z @;(ei ;) f(ti,j)\/ Pilei)

)
_iz ) Bler) = 3OS

€l;

The second proof: We use the idea from [81] (also compare to [221]). If f is operator
convex in I = [0, 1] and f(0) <0, we can suppose, with no loss of generality, that it is non-
positive. Then there is a connection ¢ such that —f(r) =¢ 6 (1 —t). We use the following
properties of a connection o

(i) ®(AoB) < ®(A) o D(B) for a positive linear mapping @ and positive operators A

and B ([15]).
(ii) (subadd1t1v1ty)2 1AioBi< (X A;) o (X1, Bi) for positive n—tuples (Ay,...,A,)
and (By,...,Bxs) ([81]).
We obtain

< iq)i(Al')O'(Di(lH—Ai) < (iq)i(Ai)> o (iq)i(IH_Ai)>
i i=1

Consider now an arbitrary operator convex function f defined on [0,1]. The function
f(x) = f(x) — f(0) satisfies the previous conditions, so (8.12) becomes

f (id),-(A,»)) < iq%(f(Ai))Jrf(O) (IK_iq)i(]H)>~ (8.13)
i=1 i=1

i=1

By setting g(x) = f((B — a)x+ a) one may reduce the statement for operator convex
functions defined on an arbitrary interval [a, ] to operator convex functions defined on
the interval [0, 1]. O

We show a variant of Jensen’s operator inequality which is an extension of Theorem 8.2
and Theorem 8.6 to self-adjoint operators and positive linear mappings.
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Theorem 8.10 Ler (Ay,...,A,) be n—tuple of self-adjoint operators in B(H) with spec-
tra in [m,M] for some scalars m < M, and let (®y,...,®,) be a unital n—tuple positive
linear mappings ®; : B(H) — B(K), i = 1,...,n. If f € C([m,M]) is convex on [m,M],
then

n

fQ@+Mk—z®mm)<fWﬂywmak—i¢mﬂm» (8.14)
=1 i=1

=

In fact, to be more specific, the following series of inequalities holds

i=1
- MlIx — Y D (A)
- M—m

f (mIK + Mg — iq)i (A,))

lr-':l q)i (A,) — mIK
M—m

< Fm)Ig+ (M) I — S @i (f (A7)
=1

f(M)+

f(m) (8.15)

If a function f is concave, then inequalities (8.14) and (8.15) are reversed.

Proof. Since f is continuous and convex, the same is also true for the function g :
[m,M] — R defined by g(z) = f(m+ M —1t), t € [m,M]. Hence, the following inequalities

(M) ) and g(0) < (M)

1) <
DR
hold for every z € [m,M] (see e.g. [249, p. 2]).

Since mly < A; < Mly fori=1,...,n and Y} ®; (Iy) = I, it follows that mlg <
>t Di(A;) < MIg. Now, using the functional calculus we have

g(i@WM>Szgﬂ“&*””gwn+M*‘zg¢””gw>
=1

M—m M—m

or

f (mIK + Mg — iq)i (Ai)>
=1

- Y i (A) —mig Mg — Y7 @; (A;)

< SR f () + 1 () (8.16)
Mg — " ®; (A; LD (A;) —ml
— )+ 0 e | ML) ) L AD )
On the other hand, we also have
Ai—mIH MIH—Ai
fAi) < ﬂf(M) M —m f(m)
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Applying positive linear mappings ®@; and summing, it follows that

- S Di(A) —mIg
- M—m

MlIg -3 ®;(Ai)
M—m

n

Y @i (f(Ai) f(M)+ f(m). (8.17)
i=1

Using inequalities (8.16) and (8.17), we obtain desired inequalities (8.14) and (8.15).
The last statement follows immediately from the fact that if ¢ is concave then —¢ is

convex. O

We consider Mercer’s power means for positive linear mappings.

Let A = (Ay,...,A,) be an n—tuple of positive invertible operators in B(H) with
Sp (A;) C [m,M] for some scalars 0 < m < M, and let ® = (®y,...,D,) be a unital n—tuple
positive linear mappings @; : B(H) — B(K), i =1,...,n. We define, for any r € R

m'Ix+M'Ix — Y, @; (A])
i=1

exp((1ogm) Iy + (log M) I — . @ l0g (47) ), =0
i=1

; r#0,

M, (A, ®) := (8.18)

Observe that, since 0 < mly <A; < Mly and ¥ | ®; (In) = Ik, then
0<m'Ix <Y ®;(A]) < MIx forall r >0,
i=1
n
0<M'Ix <Y ®i(A]) < m'Ix forall r <0,
i=1
(logm)Ix < Y ®@;(log(A;)) < (logM) Ix.
i=1
Hence, M, (A, ®) is well defined.
Furthermore, we define a constant A (m, M, p) for 0 < m < M and p € R as follows:

(o ap L) _ P ("M —MPm) ((1—p)(M—m) : O
( | 7p> ( ( ) , P#0,

MM, = =) (47— )\ bt
T S M\  M-m ox m(1+logM) —M(1+logm) _0
m)  logM —logm M—m P

We remark that A(m,M,0) = lim,_oA(m,M, p) by using Theorem 2.17.
We show a monotonicity property of Mercer’s power means for positive linear map-
pings and investigate a complementary domain to Mercer’s power means.

Theorem 8.11 Letr,s € R, r <s.
(i) If either r < —1 or s > 1, then

M,(A, @) < My(A,®). (8.19)
(ii) If =1 <rand s < 1, then

M (A, ®) < A(m,M,s) - Ms(A,®). (8.20)
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Proof. (i) STEP 1: Suppose that 0 < r < sand s > 1. ,
Applying the inequality (8.14) to the convex function f (1) = 17 (note that 2 > 1 here)
and replacing A;, m and M with A}, m" and M", respectively, we have

s

n n
m'Ix+MIg—Y @ (A])| <m'Ix+M'Ix— Y @;(A]). (8.21)
i=1 i=1

Raising both sides to the power % (O < % < l), it follows from the Lowner-Heinz theorem
(Theorem 3.1) that (8.19) holds.
STEP 2: Suppose that r < 0 and s > 1.

Applying the inequality (8.14) to the convex function f(r) = ¢+ (note that 2 <0 here)
and proceeding in the same way as in STEP 1, we have that (8.19) holds.
STEP 3: Suppose that r =0 and s > 1.

Applying the inequality (8.14) to the convex function f(z) = exp(s-¢) and replacing
A;, m and M with log (A;), logm and log M, respectively, we have

exp (s((logm)bH— (logM) Ix — iq)i (log (A,))))
i=1

n
< exp(slogm)Ix +exp(slogM) Ix — > ®; (exp(slog (A,)))
i=1
n
=m'lx+MIx — Y, @; (A) (8.22)

i=1
or s s
{MO(A@)} < [MS(A@)} .

Raising both sides to the power % (O < % < l), it follows from the Lowner-Heinz theorem

that (8.19) holds for r = 0.
STEP 4: Suppose that ¥ < —1 and s > 7.

The inequality (8.19) follows from the above cases replacing A;, r and s by Al._l, —s
and —r, respectively, and using the equality M_ (A’l,tl)) = My(A,®)"!, where A~! =
(A7l oA,

(i) STEP 1: Suppose that 0 < r < s < 1.

In the same way as in (i) STEP 1 we obtain inequality (8.21). Observe that, since
m'lx <Y, @; (AY) < MPI, it follows that m*Ix < m'Ix + M°Ix — 37 @; (AY) < M°Ix.
Raising both sides of (8.21) to the power % (% > l), it follows from Theorem 4.3 (i) that

- 1\ ~
M,(A,®) <K (mS,MS, —) M (A, ®@).
N

STEP 2: Suppose that 0 =r < s < 1.
In the same way as in (i) STEP 3 we obtain inequality (8.22). With the same observa-
tion as in (i) STEP 1 and raising both sides of (8.22) to the power 1 (1 > 1), it follows
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from Theorem 4.3 (i) that

Mo(A,®) <K (mM 1) M(A,®).
S

STEP 3: Suppose that —1 < r < s < 0.

The proof follows from (ii) STEP 1 replacing A;, r and s by Afl, —s and —r, respec-
tively, and using the equality K (M,m, p) = K (m,M, p) (see [96, p. 77]).
STEP 4: Suppose that —1 < r <s=0.

Applying the inequality (8.14) to the convex function f(r) = %logt and replacing A;,
m and M with A7, M" and m", respectively, we obtain

i=1

=

1 n n
—log (m’IK +M'Ig =Y Di(A] )) < (logm)Ix + (logM)Ix — Y ®;(log(A;).
i=1

Observing that both sides have spectra in [logm,logM], it follows from Theorem 4.7 that
(8.20) holds for s = 0.
STEP 5: Suppose that —1 <r <0 <s< 1.

In the same way as in (i) STEP 2 we obtain inequality (8.21). With the same observa-
tion as in (if) STEP 1 it follows from Theorem 4.3 (i) that

M, (A, ®) <K <mM l) M(A,®).
S

Furthermore, we define S(r,s,A,®) for A, ® as in (8.18) and r,s € R as follows:

- 1
M"]K—Sr s S,—mrIK 5 B
Mr—mrM_'—Mr—mrm} , r#0,s £0,
L i MrIK—Sr Sr—mrIK -
S(r,s,A, @) := exp( s logM + Y logm) , r#0,s=0, (823)
- 1
logM) Ix — ! — (1 Ix (|*
(ogM) Ik = So, s, So—(logm) I ) F=0.5£0,
| logM —logm logM —logm

where S, =YL | @; (A7) and Sp = X1 ®; (log (A;)). It is easy to see that S(r,s,A,®) is
well defined.

If we use inequalities (8.15) instead of the inequality (8.14), then we have the following
results.

Theorem 8.12 Letr,s € R, r <s.
(i) If s > 1, then

M,(A,®) < S(r,5,A,®) < M,(A, D). (8.24)
If r < —1, then _ _
M,(A,®) < S(s,1,A, @) < My(A,®). (8.25)
(i) If =1 <rands <1, then
1 _ _
‘M, (A, @) < S(r,5,A,®) < A(m,M,s) - M;(A,®). (8.26)

A(m,M,s)
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Proof. (i) STEP 1: Suppose that 0 < r < sand s > 1.

Applying inequalities (8.15) to the convex function f (1) = ¢+ (note that 2 > 1 here) and
replacing A;, m and M with A}, m" and M", respectively, we have

r r - r ' M'Ix — S, s Sp—m'lg s
mIK+MIK—;d)i(Ai)) S Mt
<m'lg +MIxk =y i (A]). (8.27)

i=1

Raising these inequalities to the power % (O < % < l), it follows from the Lowner-Heinz
theorem that the desired inequality (8.24) holds.

STEP 2: Suppose that r < 0 and s > 1.

Applying inequalities (8.15) to the convex function f(z) =+ (note that 2 < Ohere) and
proceeding in the same way as in STEP 1, we obtain the desired inequality (8.24).
STEP 3: Suppose that r =0 and s > 1.

Applying inequalities (8.15) to the convex function f(r) = exp(s-¢) and replacing A;,
m and M with logA;, logm and log M, respectively, we have

exp (s((logm)bH— (logM) Iy — iq)i (log (A,))))
i=1

logM)Ix — S So— (1 I
<7(0g I 0. exp(slogM) + 2 ——= K logm)Ix

. 1
~ logM —logm logM —logm exp (slogm)

< exp(slogm) Ik +exp(slogM) Ix — Y @; (exp(slog (Al)))
i=1

=m'lx+M°'Ix — Y ; (A}) (8.28)
i=1

or

[MO(A,Q)T < 5(0,5,A,®@)]° < [ﬂY(A,CI))T.

Raising these inequalities to the power % (0 < % < 1), it follows from the Lowner-Heinz
theorem that (8.24) holds for r = 0.

STEP 4: Suppose that ¥ < —1 and s > 7.
The proof of (8.25) follows using the same way as in the above cases.

(ii) STEP 1: Suppose that 0 < r < s < 1.

In the same way as in (i) STEP 1 we obtain inequalities (8.27). Observe that, since
mIx <Y @ (A) < M'Ix and m’Ix < Y7 ®;(A}) < M'Ix, it follows that m*Ix <
Mgk +MIg -3 ®; (A;')]% < MPIx and m*lx < m*lx + M°Ix — Y @; (A}) < M¥Ik.
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Raising inequalities (8.27) to the power % (% > 1), it follows from Theorem 4.3 (i) that

!
K(m“}M“',—)
s

. . 1
< |:M'IK—S;« 'M.\'_'_S”_m'IK -":l s

m'Ix+M'Ix =Y, @; (A]))
i=1

Mr_mr Mr_mrm

<K<mS7MS,1)
s

which gives the desired inequality (8.26).
STEP 2: Suppose that 0 =r < s < 1.

In the same way as in (i) STEP 3 we obtain inequalities (8.28). Observe that, since
(logm) Ix< (logm) Ix + (logM) Ix — ¥}, @; (log (A;)) < (logM) Ix and m*Ix <Y} | D; (AS)
< MPlIg, it follows that

m'lx + M*Ix — ) @i (A)

i=1

)

m'Ix < exp (s ((logm)IK + (logM) Ix — Y, @; (log (AJ))) < Ml
i=1
and m*lx < m’Ix + M°*Ix — ¥, @; (A}) < M°Ik. Raising inequalities (8.28) to the power
1(1 > 1), it follows from Theorem 4.3 (i) that (8.26) holds for r = 0.
STEP 3: Suppose that —1 <r < s <0.

Applying reversed inequalities (8.15) to the concave function f(r) =1+ (note that 0 <
§ < 1 here) and replacing A;, m and M with A7, m" and M", respectively, we obtain reversed
(8.27). With the same observation as in STEP 1 it follows that (8.26) holds.

STEP 4: Suppose that —1 < r <s=0.

Applying inequalities (8.15) to the convex function f() = L log# (note that 1 < 0 here)

and replacing A;, m and M with A}, m" and M", respectively, we obtain

1 n
- log (mrIK + Mg — z D, (Af))
i=1
M'Ix — S, Sy—m"

< ———" logM

- Mr — mr Og + Mr — mr
n

< (logm)Ix + (logM) Ix — Y, @; (log (A;)) .
i=1

-logm

Now, it follows from Theorem 4.7 that
logM—1 e logM—1 v;
S(e"g —Ogm) M,(A,®) < S(,0,A, ®) gs(e‘)g —Ogm) Mo(A, ®),

which gives (8.26) holds for s = 0.
STEP 5: Suppose that —1 <r <0 <s < 1.

Applying inequalities (8.15) to the convex function f(¢) = ¢+ (note that + < 0 here)
and replacing A;, m and M with A7, m" and M", respectively, we obtain inequalities (8.27).
Proceeding in the same way as in STEP 1, we obtain (8.26). O
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Remark 8.1 Since obviously S(r,r,A,®) = M,(A,®), inequalities in Theorem 8.12 (i)
give us

S(r,rn A, @) < S(r,s,A, @) < S(s,5,A, D), r<s,s>1

and

S(r,r, A, ®) < S(s,n,A,®) < S(s,5,A,®), r<s, r<—1.

An open problem is to give list of inequalities comparing “mixed means” S(r,s, A, ®) in
remaining cases.

Finally, we consider quasi-arithmetic means of Mercer’s type for positive linear map-
pings.

Let A and @ be as in the previous context and m < M. Let @, y € C([m,M]) be strictly
monotonic functions on an interval [m,M]. We define

My (A, ®) =o' (90 (m)Ix + @ (M) Ix — Z @; (¢ (Ai))> : (8.29)
i=1

It is easy to see that M(p (A, ®) is well defined.

Theorem 8.13 Under the above hypotheses,

(i) if either wo @~ is convex and wy~" is operator monotone, or yo ¢~ is concave
and —y~ is operator monotone, then

My (A, @) <My (A,®). (8.30)
In fact, to be more specific, we have the following series of inequalities

My (A, ®)

(M) Ik — 3L, Pi(@(A)
=V ( o0t —om) Y™

Di (¢ (Ai)) — ¢ (m) Ik ll/(m)) 831)

i=1
T e —em)

< My (A,®).

(i) if either wo @~ is concave and w=" is operator monotone, or yo @~ is convex
and —y~ is operator monotone, then inequalities (8.30) and (8.31) are reversed.

1 1

Proof. Suppose that yo ¢~ is convex. If in Theorem 8.10 we let f = yo ¢~ and
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replace A;, m and M with ¢ (4;), ¢ (m) and ¢ (M), respectively, then we obtain

(woo™) (fp(m)lw @ (M)Ix - i‘Di(‘P(AO))
i=1

o M)Ix — 3L, Pi(p(A))
- o (M) —¢@(m

)
1 Pi(@A)) —em)lx (oo
+ o (V) — ¢ () (woo™') (¢ (m))

(yoo") (o (M)

< (yoo ") (em)Ik+ (yoo ") (¢(M))Ik— iq)i (woo™) (0(4)))

or

v (qfl ((p(m)lK +o(M)Ix — Z D; (¢ (fh-))))
i=1

o (M) I — S0 ®i(9(A) Lo —omie
ST e YT T ey Y™
<wy(m)Ix+y(M)Ix — ;q)i(W(Ai))~ (8.32)

Ifyo qf1 is concave then we obtain the reverse of inequalities (8.32).

If l//’l is operator monotone, then (8.32) implies (8.31). If — l//’l is operator monotone,
then the reverse of (8.32) implies (8.31). Analogously, we get the reverse of (8.31) in the
cases when o ¢~ ! is convex and —y~! is operator monotone, or y o ¢! is concave and
v~ is operator monotone. |

8.4 Chaotic order version

LetA = (Ay,...,A,) be an n—tuple of positive invertible operators in B (H) with Sp (A;) C
[m, M] for some scalars 0 < m < M, and let ® = (®y,...,®D,) be a unital n—tuple positive
linear mappings ®; : B(H) — B(K), i = 1,...,n. We recall that we define the r-th power
operator mean for r € R as

1
-

(iq <A5>> , r#0,
M,(A,®):={ \i=l (8.33)

'n q),' (log (Al))> s r= 0

exp
i=1
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The ordering among these means is given in Chapter 9. Here we discuss the chaotic
ordering among them: the chaotic order A > B for A, B > 0 means logA > logB, also see
3.4.

The following theorems are generalizations of the theorems in [124, p.135, 136].

Theorem 8.14 [fr,s € R, r <s, then
M (A, D) < My(A, D).

Proof. STEP 1: Assume 0 < r < s. Applying Theorem 8.9 to the operator concave
function f(r) =5 (note that 0 < ¢ <1 here) and replacing A; with A} we have

(i@ (Ai-'))S >3 @ (7).
=1 E

i=1

=

Since the function f(¢) = logt is operator monotone and r > 0, it follows that

1 L 1 L
—log (Z D; (A§)> > —log (Z @; (Af)> ;
$ i=1 r i=1

ie. logM, (A, ®) < logM(A,®).

STEP 2: Assume r < s < 0. Applying Theorem 8.9 to the operator concave function
f(t) =17 (note that 0 < 2 < 1 here) and replacing A; with A} we have

Since s < 0, it follows that

Liog (z @, (Af)> < Liog (z @, (Af>> 7
r i=1 § i=1

ie. logM, (A, ®) <logM,(A, D).

STEP 3: Assume r < 0 = 5. Applying Theorem 8.9 to the operator convex function f(¢) =
% logt? (note that % < 0 here) and replacing A; with A7 we have

1 n n
~log (2 ; (Af)> < Y Dilog(A)),
i=1 i=1
ie. logM,(A,®) <logMy(A,®D).

STEP 4: Assume r = 0 < s. Applying Theorem 8.9 to the operator concave function
f(t) = Llogt and replacing A; with A we have

s

élog (iq)i (Af)> > iq)i (log (A7),
i=1 i=1
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ie. logMp(A,®@) < logM,(A, D).
STEP 5: Assume r < 0 < s. From STEP 3 and STEP 4 it follows that
logM, (A, ®) <logMy(A,®) < logM(A,D). |
To prove the following theorem, we need the following lemma.

Lemma 8.1 Let (Ay,...,A,) be an n—tuple of self-adjoint operators in B (H ) with spectra
in [m,M| for some scalars 0 <m <M, and (®@y,...,D,) be a unital n—tuple positive linear
mappings ®;: B(H) — B(K), i=1,...,n. Denote h = % Then

n 4 n 4
(05) (Z q)i(Ai)> <Y d(AN) <oy (Z q)i(Ai)>
-1

i=1

o

i=1

for
K(h,p) if p<Oorl<p,
o =
! 1 if 0<p<l,
K(h,p)™' if p<—lor2<p,
o = 1 if —1>p<0or1<p<2,

K(h,p) if 0<p<l,
where the generalized Kantorovich constant K(m,M, p) is defined by (2.29).

Proof. This lemma is proved in a similar way as [124, Lemma 4.13] using converses
of Jensen’s inequality. ]

Theorem 8.15 [fr,s € R, r <, then
A(h,r,s) " M(A, ®) < M,(A, ®), (8.34)
where the generalized Specht ratio A (h,r,s) cf. [124, eq. (2.97)] for h > 0 is defined as

1

K(h'}%)’ if r<s, rs#0,
sgn(p)
A(h,rs) = eloghﬁ » (8.35)
—_— if r=0<s=p,orr=p<s=0.
WP

Proof. STEP 1: Assume 0 < r <s. Then 0 < m’Ix < Y | ®@; (A}) < M*Ix. Applying
Lemma 8.1 with p = £ (0 < p < 1) and replacing A; with A we obtain

K(hsg) (écbi (Af))

Since the function f(¢) = logt is operator monotone and r > 0, we have

r
s

<Y @i (A)).
=1

i=1

log K(h-‘gf)%(icbi(A‘;'))F <log<i<bi(A?)>F7
§ i=1
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i.e.
log (A (h,r,s)*lM‘.(A,@)) < logM, (A, ®). (8.36)

Since A (h,s,r) = A(h, r,s)_1 (see [124, p. 87]), (8.34) follows from (8.36).
STEP 2: Assume r < s < 0. Then, 0 < M"Ix <37 | ®; (A]) <m'Ix. Applying Lemma 8.1
with p = % (0 < p < 1) and replacing A; with A} we obtain

K(h",f> id),»(Af) ;Siq)i(A}?)~
"7 \i=1 i=1

Since s < 0, we have

1

=

tog | K (.2)" (iﬂbi (A{)> > log (i @ (Af)> :
r i=1 i=1
ie.
log (A(h,r,s) M- (A, ®@)) > logM(A,®). (8.37)

Now, (8.34) follows from (8.37).
STEP 3: Assume r <0 <s. If0<-—r<sorO0<s<-—r,weletp=7:orp=7in
Lemma 8.1 (—1 < p < 0), respectively. Then we obtain

s

Yoy <k () (gcpi (Af))

or
n ] s n ) r
Yo <k (i) (Z @ (A;>>
i=1 i=1
So we have
logM, (A, ®) > log (A (h,r,s)”! MY(A,<I>))
or

logM;(A,®) <log(A(h,r,s) M. (A, ®)).
STEP 4: Assume r =0 < s. If r — 0 in (8.36), then
log (A (h707s)_1MS(A7<I))) < logMo(A, ®).
STEP 5: Assume » < s =0. If s — 0 in (8.37), then
logMy(A, @) <log(A(h,r,0) M, (A, ®)).
|

Next, we consider the chaotic ordering among Mercer’s power operator means defined
by (8.18).
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Theorem 8.16 [fr,s € R, r <s, then
M,(A,®) < M(A, D).
Proof. Analogously to the proof of Theorem 8.14, but using Theorem 8.10 instead of
Theorem 8.9. O

Now, we define, for any r,s € R

s

iqa,-([(mer)zH_A;'ﬁ) : r#0,5 40,

n

R(r,s,A,®) := < exp (Z D; <log[(mf+Mr)1H —Aj]

i=1

)) L r£05=0, (838)

n

2 (exps[(logmM) Iz —logA;])

’ VZO,S#O,

and S(r,5,A, @) by (8.23). It is easy to see that R(r,s, A, @) is well defined and also notice
that R(r,r, A, ®) = S(r,r,A,®) = M, (A, ®) (including r = 0).

Theorem 8.17 Letr,s € R, r <s.
(i) If r > O, then

M.(A,®) < S(s,r,A,®) < R(s,,A,®) < M;(A, D). (8.39)
(i) If s <0, then

M, (A, ®) < R(r,5,A,®) < S(r,5,A,®) < M;(A,®). (8.40)
(iii) If r <0 < s, then

M. (A,®) < R(r,0,A,®) < S(r,0,A,®) < My(A, D)
< 8(s,0,A,®) < R(5,0,A,®) < M(A,®). (8.41)

Proof. (i) STEP 1: Assume 0 < r < s. Applying Theorem 8.10 to the operator concave
function f () = t5 (note that 0 < £ < 1 here) and replacing A;, m and M with A, m* and
M?® we have

((m“'—l—M“')IK—ZCDi(Af)) > Yo, (((m-"+MS)1H—A~;)§)
i=1 i=1
M*Ix — S Sy —m’Ix
> M > M1 D; (
- M —-m +M-"—m 2 (' o 1_21

Since the function f(¢) = logr is operator monotone and r > 0, it follows that (8.39) holds.
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STEP 2: Assume r =0 < s. Applying Theorem 8.10 to the operator concave function
f(t) = %logt and replacing A;, m and M with Af, m* and M* we have

%10g<(m“'+M“')IK—i(D,~( ) ZCD( log ((m" +M*) Iy — A))

i=1
Ss

MoIx— S —ml L
> ﬁ logM + rm{( logm > (logmM) Ix — ZI(D[ (log (A))),

which gives (8.39) for r = 0.
(ii) STEP 1: Assume r < s < 0. Applying Theorem 8.10 to the operator concave

function f () = t7 (note that 0 < > < 1 here) and replacing A;, m and M with A7, m" and
M" we have

((wmﬂm—iqx (Alf))r > iqx(((mwa)zH—A;ﬁ)

MIx—S, o S—mlg |
> M > M) D (
- M —-m" +Mr—m m 2 (m+ K lzi

Since s < 0, it follows that (8.40) holds.
STEP 2: Assume r < 0 =s. Applying Theorem 8.10 to the operator convex function
f()= % logt (note that % < 0 here) and replacing A;, m and M with A}, m" and M" we have

%log<(m"—|—M")IK—id),-( ) Zd)( log ((m —|—Mr)IH—Af))

i=1
M'Ix — S, Sy —
< mlogM—f— rlogm < (logmM) Ix — ,ziq) (log(A))),
which gives (8.40) for s = 0.
(iii) Assume r < 0 < s. The desired inequality (8.41) follows set s = 0 in (ii) and r =0
in (i). O

Remark 8.2 If we define by M,(B) = (m"1 +M'"1 — B’) (Mercer’s mean for positive
invertible operator B with Sp(B)C[m, M), 0<m<M) and by M,(A)=(M,(A}),...,M.(A,))
(for n—tuple A of positive invertible operators), we can write:

M,(A, @) = M,(M:(A, ®))

R(r,5,A,®) = My(M.(A),®),

so we can describe inequalities in Theorem 8.17 as mixed mean inequalities. One can also
ask the question: What is the complete set of inequalities among mixed means M, (M (A), @),

M; (M (A, ®)), M,(M;(A,®)) and Ms;(M,(A), ®) under the chaotic order? One part of the
answer is in Theorem 8.16 and Theorem 8.17.
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8.5 Refinements

In this section, we give a refinement of Mercer’s inequality for operator convex functions.
We use that result to refine monotonicity properties of power means of Mercer’s type for
operators. Finally, we consider related quasi-arithmetic means for operators.

Theorem 8.18 Ler (Ay,...,A,) be an n—tuple of self-adjoint operators in B(H) with
spectra in [m, M| for some scalars 0 < m <M, and (®@1,...,D,) be a unital n—tuple posi-
tive linear mappings ®; : B(H) — B(K), i=1,...,n. If f € C([m,M)]) is operator convex,
then we have the following series of inequalities

f (mIK—I—MIK— iq)i (A,)) < iq)i (f(mIH—I—MIH —A,’))
i=1 i=1

o MIg =S & (4)

= M—

< Fm)Ig+ (M) I — S @i (F (A7)
i=1

4 2= ® (Ai) —mlg
M—m

f(M) f(m) (8.42)

If a function f is operator concave, then the inequalities (8.42) are reversed.

Proof. The proof of this theorem is quite similar to the proof of Theorem 8.6. We omit
the details. ]

We give applications to the ordering among Mercer’s power operator means defined by
(8.18).

Let R(r,s,A,®) and S(r,s,A,®) are defined by (8.38) and (8.23), respectively. To
simplify notations, in what follows we will write M,, R(r,s), S(r,s) instead of M,(A,®),
R(r,s,A,®@), S(r,s,A,®), respectively.

Figure 8.1 illustrates regions (i) — (vii) which determine the seven cases occurring in
Theorem 8.19.

Theorem 8.19 Lerr,s € R, r <s.
(i) If 1 <'r, then

M (A, ®) < S(s,r,A,®) <R(s,r,A,®) < M(A,®). (8.43)
(ii) If s < —1, then
M, (A, ®) <R(r,s,A,®) < S(r,5,A,®) < M(A, ). (8.44)

(iii) If r < —1,s > 1, then
Mr(Avq)) SR(}’,—],A,@) SS(}’,—],A,(I))
<

< M_ (A, ®) < S(1,—1,A,®) <R(1,—1,A,®)
< My(A,®) < S(s,1,A,®) <R(s,1,A,®) (8.45)
< Mi(A,®).
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(iif) (vi) iv)|(v)|  (7)
1
(vii) (vi)i(vi)
(vii)

(vii) - (vif) 1z 1 r

-1/2 =
(v)

44
(i7)

Figure 8.1: Regions (i) — (vii)

(iv) If § <r<1<s, then

M. (A, ®) <R(r,1,A,®) < S(r,1,A,®)
< Mi(A, @) < S5(s,1,A,®@) < R(s,1,A, @) (8.46)
< Mi(A,®).

(V) Ifr<—1<s<—1 then

Mo(A,®) < R(r,—1,A,®) < S(r,—1,A,®)
< M_i(A,®) < S(s,—1,A,®) <R(s,—1,A,®) (8.47)
< My(A,®).

(Vi) If—1<r<is>1;0r—s<r<s<l1, then

< C(m,M,r)S(s,r,A, @) < C(m,M,r)zR(SJ,A,(I))
< C(m,M,r)’ My(A, ®). (8.48)

(vii) If r< —1,-1 <s<1l;or—1<r<s<-—r then

M.(A,®) (m,M,s)R(r,s,A,®) < C(m,M,s)*S(r,s,A,®)

<cC
< C(mM,s)* My(A, ®). (8.49)
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__ Proof. To simplify notations, in this proof we will write M., R(r,s), S(r,s) instead of
M. (A, @), R(r,s,A, @), S(r,s,A, D), respectively.

(i) Supposethat 1 <r<s.
Applying inequalities (8.42) to the operator concave function f(¢) = 15 (note that 0 <
? < 1 here) and replacing A;, m and M with Aj, m* and M?, respectively, we have

[Aﬂ "> R(s, 1)) > [S(s,0)] > [Aﬂ (8.50)

Raising these inequalities to the power %, by the Lowner-Heinz theorem it follows that
(8.43) holds.

(ii) Suppose that r <s < —1. _
Applying inequalities (8.43)to A~! = (Afl, ...,A;!) and observing that M_,.(A~!, @)
. -1 - ~ -1
- {M,.(A,tb)}  M_y(A!, @) = {MY(AJI))} L S(—r—5,A"L @) = [S(r,s5,A,®)] ",
R(—r,—s,A” @) = R(r,s,A,®)]"", we have

(2, <Is0rn0) ! < RGw) < [12]

Hence, (8.44) holds.

(iii) Suppose that r < —1 and s > 1.
Applying inequalities (8.42) to the operator convex function f(z) =¢~! we have

[Ml]il <R, -D] ' <[S(1,-1)]7' < [M_l}—l

Hence, N B
M_; <S(1,-1) <R(l,—1) < M.

Ifweletr=1in(8.43)and s = —1in (8.43) then it follows that[ql <S(s,1)<R(s,1) < 1\71_Y
and M, <R(r,—1)<S(r,—1) <M_, holds. Hence, (8.45) holds.
(iv) Suppose that § <r<1<s.

Applying inequalities (8.42) to the operator convex function (1) = t7 and replacing
A;, mand M with A7, m" and M", respectively, we have

Mr SR(I’,I) SS(}’,I) SMI

If we let r = 1 in (8.43) then it follows that (8.46) holds.

(v) Supposethatr < —1<s< —3.

Applying inequalities (8.46) to A1 = (A;!,...,A, 1) and following analogous arguing
as in (ii), we obtain (8.47).
(vi)

STEP 1: Suppose that 0 < r < %,1 <s.

In the same way as in (i) we obtain that (8.50) holds in this case. Raising (8.50) to the
power L, by Theorem 4.3 (i) it follows that (8.48) holds.
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STEP 2: Suppose that —1 <r < 0,1 <s.
Applying inequalities (8.42) to the operator convex function f(¢) = t5 and replacing
A;, m and M with A}, m* and M?, respectively, we have

{MS} ' < [R(s,r)]" <[S(s,r)]" < []Vlr} r.

Raising these inequalities to the power %, by Theorem 4.3 (ii) it follows that (8.48) holds
(since K (M,m,p) = K (m,M, p) by [124, p. 77]).

STEP 3: Suppose that 0 <r<s<land -1 < —s<r<0.

In the same way as in STEP 1 and STEP 2, we have (8.48).

STEP 4: Suppose that 0 =r <s.

Applying inequalities (8.42) to the operator concave function (1) = % logt and replac-
ing A;, m and M with A, m* and M°, respectively, we obtain

logM; > logR (s,0) > logS (s,0) > log M.

By using Theorem 4.7, it follows that (8.48) holds for r = 0.

(vii) Suppose that r < —17—% <s<lior—1<r<s<-r.
Applying inequalities (8.48) to A™! = (A, !,...,A;’!) and following analogous arguing
as in (ii), we obtain (8.49). O

Remark 8.3 Besides these results in Theorem 8.19, one can prove in the same way that
forr<s<2rs>1

M, (A,®) < R(r,s,A,®) < S(r,5,A,®) < M;(A, D),
and forr <s < %r,r< —1
M, (A, ®) < S(s,r,A,®) < R(s,1,A,®) < M;(A, D)

also hold, but to include these cases in the figure we should compare sequences of inequal-
ities in common regions (see Remark 8.4).

Remark 8.4 If we define by M,(A,®) = (X1, (I)i(Af))% (the weighted power mean),
by M,(B) = (m"1 +M"1 — Br)% (Mercer’s mean for positive invertible operator B with
Sp(B) C [m,M], 0 <m < M) and by Mr(A) = (M;(A1),...,M:(Ay)) (for an n—tuple A of
positive invertible operators), we can write:
Mr(A7(I>) = Mr(Mr'(A7(I>))a
R(r.s,A,®) = My(M,(A),®),
so one can describe inequalities in Theorem 8.19 as mixed mean inequalities. We can also
state the following open problem: What is the complete set of inequalities among mixed

means M,(Ms(A),®), My(M.(A,®)), M,(M(A,®)) and My(M,(A),®)? Some special
cases are given in Theorem 8.19 and Remark 8.3. Also, it is easy to see that

M, (M,(A,®)) < My(M,(A, ®))
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reduces to monotonicity property of Mercer’s means, and that in some cases,
M,(M,(A, ®@)) < My(M, (A, ®))

reduces to inequalities between (Y1 ®;(A7))*/" and Y| D(A?).

Finally, we consider quasi-arithmetic means of Mercer’s type defined by (8.29).

Theorem 8.20 Ler A and ® be as in the previous context and m < M. Let @,y €
C ([m,M)) be strictly monotonic functions on an interval [m,M].

(i) If either wo @~ is operator convex and w=' is operator monotone, or yo ¢~ is
operator concave and —y~ is operator monotone, then

M(p(A7<I))
<y! (icbi((wow‘l)(w( M+ (M)l — (A ) (8.51)
i=1
(M) IS @ilp(A) S (0 (A) —omlk
sV ( o) —om YT T Y ))
< My (A, ®)

(ii) If either wo @~ is operator concave and y~' is operator monotone, or yo ¢!
is operator convex and —y ™' is operator monotone, then the reverse inequalities
(8.51) hold.

Proof. The proof is quite similar to the proof of Theorem 8.8 and we omit the details.
O

Theorem 8.21 Under the hypotheses of Theorem 8.20, we have

(i) if either @ is operator concave and ¢~ is operator monotone or ¢ is operator

convex and — @~ is operator monotone, and either y is operator convex and y~"
is operator monotone or ¥ is operator concave and —y~! is operator monotone,



214 8 MERCER’S TYPE INEQUALITY

then

M(P (A7(I>)
<o (MIK_Z:‘IIG)I' (A;)

(M) +

M—m

D (A;) —ml
M—m LBl mK"P(m)>

M=

i=1

< M (A, ®) (8.52)
<y ! (i@i(l[/(mIH +MIH—A,-))>
=1
MIg — 3, ®@; (A " ®;(A;) —ml
sw‘l( K ZEL DAy ) 4 Za DA (m))
< My (A, ®).

(ii) if either @ is operator convex and ¢~ is operator monotone or ¢ is operator con-

cave and — @~ is operator monotone, and either y is operator concave and y~" is
operator monotone or \ is operator convex and —y ' is operator monotone, then
the reverse inequalities (8.52) hold.

Proof. Suppose that ¢ is operator concave and ¢! is operator monotone, and  is
operator convex and y~! is operator monotone. By Theorem 8.18, we have

0} (mIK + Mg — iq)i (Ai)>

i=1

=

> q)i((p(mIH+MIH—Ai))
i=1

S MIg -7 | D; (A)) )

= M —

> (m) Ik + o (M) Ig— S @ (0 (A).
=1

L 2 ® (Ai) —mlg
M—m

(M) p(m)

Since ¢! is operator monotone, it follows that

My (A, ®)

1 (MIg =3, D (A;
ot (M Bamia)

(M) +

<¢! (iq)i((/’ (mly +Mly —Ai))>
i=1

SMI (Avq))
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Also, by Theorem 8.18, we have
% <le +MIg — Y (Ai)>
i=1
n
<Y @i (y (mly + My — A)))
i=1

- MlIx — Y D (A)
< o

<y(m)Ig+wy(M)Ix— iq)i (v (A)).
=1

;»1:1 q),' (A,) —mIK )
M—m

y(M)+ y(m)

Since y~! is operator monotone, it follows that

M, (A, ®)

<y! (i D; (v (mly + My —Ai))>
=1

1 (MIg =1 ®;(A)) "D (A) —mlg
< 1 i=1 1 v, M i=1 *1i i .
<yt (MR DA )
< My (A,®).
Hence, we have inequalities (8.52). In remaining cases the proof is analogous. o

Remark 8.5 Results given in this chapter we can generalize for continuous fields of op-
erators, similarly to how it was done for Jensen’s inequality in Chapter 9.

8.6 Notes

For our exposition we have used Mercer [183, 184, 185], Matkovié-Pecari¢ [176, 177] and
Matkovié-Pecarié-I. Peri¢ [178, 179].






Chapter

Jensen’s Operator Inequality

In this chapter, we give a general formulation of Jensen’s operator inequality for some
non-unital fields of positive linear mappings, and we consider different types of converse
inequalities. We discuss the ordering among power functions in a general setting. As an
application we get the order among power means and some comparison theorems for quasi-
arithmetic means. We also give a refined calculation of bounds in converses of Jensen’s
operator inequality.

9.1 Continuous fields of operators

Let T be a locally compact Hausdorff space, and let .« be a C*-algebra of operators on a
Hilbert space H. We say that a field (x; );cr of operators in <7 is continuous if the function
t — x; is norm continuous on 7. If in addition u is a bounded Radon measure on 7" and the
function # — ||x;|| is integrable, then we can form the Bochner integral [ x; dpi(t), which
is the unique element in .« such that

0 ( / deu(t)> = [ o) du)

for every linear functional ¢ in the norm dual v, cf. [137, Section 4.1].
Assume furthermore that there is a field (®, ), of positive linear mappings @, : &/ —
A from o to another C*-algebra % of operators on a Hilbert space K. We say that such

217
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a field is continuous if the function ¢ — @, (x) is continuous for every x € «7. If the C*-
algebras are unital and the field 1 — @, (1) is integrable with integral equals 1, we say that
(D,),er is unital.

Theorem 9.1 Let f:J — R be an operator convex function defined on an interval J,
and let o/ and P be unital C*-algebras. If (®;);er is a unital field of positive linear
mappings O, : of — B defined on a locally compact Hausdorff space T with a bounded
Radon measure L, then the inequality

f(A@@mmm)sA@qm»wm ©.1

holds for every bounded continuous field (x;);cr of self-adjoint elements in < with spectra
contained in J.

Proof. We first note that the function 7 +— @, (x;) € & is continuous and bounded,
hence integrable with respect to the bounded Radon measure (. We may organize the set
CB(T, <) of bounded continuous functions on 7' with values in .27 as a normed involutive
algebra by applying the point-wise operations and setting

| )eer || = su;) [yl (V1 )ier € CB(T, ),
te

and it is not difficult to verify that the norm is already complete and satisfy the C*-identity.
In fact, this is a standard construction in C*-algebra theory. It follows that f((x;)er) =
(f(x:))rer. We then consider the mapping

n: CB(T, /) — M(B) C B(K)

defined by setting
7 ((aer) = [ @) du(),

and note that it is a unital positive linear mapping. Setting x = (x;);er € CB(T, <), we use
the Davis-Choi-Jensen inequality to obtain

f(m(()er)) = f(r(x) < 7(f(x) =7 (f((0)er)) = 7 ((F())er)

but this is just the statement of the theorem. o

In the following theorem we give a converse of Jensen’s inequality (9.1). For a function

f: [m,M] — R we use the standard notation:

M) — M — M
oy~ LD ) MEn) —mf(), 02
' M—m ‘ M—m

Theorem 9.2 Let (x;);er be a bounded continuous field of self-adjoint elements in a uni-
tal C*-algebra <f with spectra in [m,M) defined on a locally compact Hausdorff space T
equipped with a bounded Radon measure |1, and let (®,),cr be a unital field of positive lin-
ear mappings @, : o/ — B from o to another unital C*—algebra B. Let f,g: m,M] — R
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and F : U XV — R be functions such that f ([m,M]) C U, g ([m,M]) CV and F is bounded.
If F is operator monotone in the first variable and f is convex in the interval [m,M), then

an, (x;))du () (/ob, x,)d (¢ )}g quMF[afz+Bf,g(z)} 1. (93

In the dual case (when f is concave) the opposite inequality holds in (9.3) with inf instead
of sup.

Proof. For convex f the inequality f(z) < oz + By holds for every z € [m,M]. Thus,
by using functional calculus, f(x;) < ayx; 4+ Byl for every r € T. Applying the positive
linear mappings @, and integrating, we obtain

[ @ () dute) < oy [ @)au( + B

Now, using operator monotonicity of F(+,v), we obtain

[/@, F0a)) du (1) (/d),x, dut )]
<F |:O£f/TCD,(x,)du(l‘)+ﬁf17g (/T@(Xz)du(t))]

< sup F[chz—l—ﬁf?g(z)] 1.
m<z<M

0O

Numerous applications of the previous theorem can be given. For example, we give
generalizations of some results from [281].

Theorem 9.3 Let (A;)icr be a continuous field of positive operators on a Hilbert space H
defined on a locally compact Hausdorff space T equipped with a bounded Radon measure
. We assume the spectra are in [m,M] for some 0 < m < M. Let furthermore (x;)icT be
a continuous field of vectors in H such that [y ||x.||>dp(¢) = 1. Then for any 2 >0, p > 1
and g > 1 we have

1/q
(frmwon®) " 2 [ jau) < crmdp). ©8

where the constant

s

<

*I—A), 0<A< % e (5-1)

(M

L
Chm,M,p,q) ={ =1 (m) By @p(i) g < % (5
q op op q q
m (m571 —l) , %mpG_I) <A
q

and oy, and B, are the constants oy and By associated with the function f(z) = z.
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Proof. Applying Theorem 9.2 for the functions
f2) =27, Fu,v) = u'/9— A,

and unital fields of positive linear mappings @, : B(H) — C defined by setting @, (A;) =
(Aix;,x;) for t € T, the problem is reduced to determine sup,,,y, H(z) where H(z) =

(0pz+Bp) /1 — 2z O

Applying Theorem 9.3 we obtain the following result with the r—geometric mean
A#,B.

Corollary 9.1 Ler (A;)er and (B;);er be continuous fields of positive invertible opera-
tors on a Hilbert space H defined on a locally compact Hausdorff space T equipped with
a bounded Radon measure |l such that

milg <A, <Mly and moly < B, < MIy

forallt € T for some 0 <my < My and 0 < my < My. Then forany A >0,s>1, p>1
and any continuous field (x;);cr of vectors in H such that [ ||x,||*dp(¢) = 1 we have

/p 1/q
(farssion) " ( [ietnman)) 4 | @47 v)aut)
o s 03
<C )H;/S?#?&p Mg7
My my”

where the constant C is defined in Theorem 9.3 and 1/p+1/q=1.

Proof. By using Theorem 9.3 we obtain for any A > 0, for any continuous field (C; ),er
of positive operators with mIy < C; < MIy and a square integrable continuous field (y; );er
of vectors in H the inequality

( / <c;y,,y,>du<z>) v ( / <y,,yt>du<r>)l/q—a [ (o aute

< C(/%7m7M7s7p)/T<yz7yz>du(f)'

(9.6)

_ _ 1/s
Set now C; = (B, i2ppg-a/ 2) and y, = BY?x, fort € T in (9.6) and observe that

p/s 1/s MP/S
et < (B A R) T < i
mi” m3’

By using the definition of the 1/s—geometric mean and rearranging (9.6) we obtain

(/ <Af’x,,xt>du<r>)l/p (/ <B?xz,xt>du<r>)l/q—x JREE

ols bl p/s Mp/.\'
meoM q moMy q
S C (lng/w mg/S 75717) fT<letvxl>d:u(t) S C <A7Mg/s7 mg/s 8, P M27

which gives (9.5). O
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In the present context we may obtain results of the Li-Mathias type by using Theo-
rem 9.2 and the following result which is a simple consequence of Theorem 9.1.

Theorem 9.4 Let (x;);cr be a bounded continuous field of self-adjoint elements in a
unital C*—algebra <7 defined on a locally compact Hausdorff space T equipped with a
bounded Radon measure |1. We assume the spectra are in [m,M). Let furthermore (®;);cr
be a unital field of positive linear mappings O, : o/ — B from &/ to another unital
C*—algebra B. Let f,g: [m,M] —Rand F : U x V — R be functions such that f ([m,M]) C
U, g([m,M]) CV and F is bounded. If F is operator monotone in the first variable and f
is operator convex in the interval [m,M], then

Ucp, Fu)) du(r) (/cp, () dpe (1) )]>m££MF[f() gL (9.7

In the dual case (when f is operator concave) the opposite inequality holds in (9.7) with
sup instead of inf.

We also give generalizations of some results from [46].

Theorem 9.5 Ler f be a convex function on [0,) and let || - || be a normalized unitarily
invariant norm on B(H) for some finite dimensional Hilbert space H. Let (®;);cr be a
unital field of positive linear mappings ®, : B(H) — B(K), where K is a Hilbert space,
defined on a locally compact Hausdorff space T equipped with a bounded Radon measure
W. Then for every continuous field of positive operators (A;);eT we have

[@dranaua < s +/f'A’”At| SUAA) =7 O) gy, (4, a1,

Especially, for f(0) <0, the inequality
f 14:11)

/ @, (f(Ar))dur) An)du(r). 9.8)
1Al
is valid.

Proof. Since f is a convex function, f(x) < =X f(m) + £ f(M) for every x €
[m,M], m <M. Since || - || is normalized and unitarily invariant, we have 0 < A; < ||A;||Iy
and thus 1A — A A

H — ¢ 1
flA) < == FO) + == /(A
t A Al

for every t € T. Applying positive linear mappings and integrating we obtain

/T(Dt(f(At))dﬂ(t)Sf(O) {IK /q]fA/t*ﬁ } FUIAD

(Dz (A)du(z) (9.9

1Al
" £(lAND - £(0)
/(Dz (A;))du(r) < (0 +/ I‘A T @; (Ar)dp(r).
t
Note that since [} (IT\rfoﬁ)d“( )< Jr %du (1) = Ix, we obtain, for f(0) <0, inequal-

ity (9.8) from (9.9). O
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Remark 9.1 Setting T = {1} the inequality (9.8) gives

AL o
Al

(f(A)) < (A).
Furthermore, setting that @ is the identical mapping, we get the inequality f(||Al]) >
lf(A)|| obtained in [46] under the assumption that f is a non-negative convex function

with £(0) =0

Related inequalities may be obtained by using subdifferentials. If f : R — R is a convex
function and [m, M] is a closed bounded real interval, then a subdifferential function of f
on [m,M] is any function [ : [m,M] — R such that

1(x) € [/L(x), fr )], x€(mM),

where f’ and f) are the one-sides derivatives of f and I(m) = f_(m) and [(M) = f’ (M).
Since this functions are Borel measurable, we may use the Borel functional calculus. Sub-
differential function for concave functions is defined in analogous way.

Theorem 9.6 Let (x;);cr be a bounded continuous field of self-adjoint elements in a uni-
tal C*-algebra <f with spectra in [m,M) defined on a locally compact Hausdorff space T
equipped with a bounded Radon measure |1, and let (®,);er be a unital field of positive
linear mappings ®, : of — B from <f to another unital C*-algebra B. If f : [m,M] — R
is a convex function then

W+ 1(y (/cp, (v)du (1) ) /cp, () due (1) o
< 1= [ @) du(0)+ [ @i(1(u)n)du(r)

for every x,y € [m,M], where [ is the subdifferential of f on [m,M]. In the dual case (f is
concave) the opposite inequality holds in (9.10).

Proof. Since f is convex we have f(x) > f(y) +1(y)(x —y) for every x,y € [m,M]. By
using the functional calculus it then follows that f(x;) > f(y)1+1(y)(x; —y1) fort € T.
Applying the positive linear mappings @, and integrating, LHS of (9.10) follows. The RHS
of (9.10) follows similarly by using the functional calculus in the variable y. O

Numerous inequalities can be obtained from (9.10). For example, LHS of (9.10) may
be used to obtain an estimation from below in the sense of Theorem 9.2. Namely, the
following theorem holds.

Theorem 9.7 Let (x;);er be a bounded continuous field of self-adjoint elements in a uni-
tal C*-algebra <f with spectra in [m,M) defined on a locally compact Hausdorff space T
equipped with a bounded Radon measure |1, and let (®;);cr be a unital field of positive li-
near mappings @, : &/ — P from of to another unital C*-algebra A. Let f,g : [m,M] — R
and F : U xV — R be functions such that f ([m,M]) C U, g([m,M]) C V, F is bounded, f
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is convex and f(y) +1(y)(t —y) € U for every y,t € [m,M| where [ is the subdifferential of
f on [m,M]. If F is operator monotone in the first variable, then

Pl Lot auo.e ([ @iaun)] > inr, Firo)+i0)c- ).
T T m<z<M
(9.11)
for everyy € [m,M|. In the dual case (when f is concave) the opposite inequality holds in
(9.11) with sup instead of inf.

Using LHS of (9.10) we can give generalizations of some dual results from [46].

Theorem 9.8 Let (x;),cr be a bounded continuous field of positive elements in a unital
C*-algebra <7 defined on a locally compact Hausdor{f space T equipped with a bounded
Radon measure |, and let (®,);cr be a unital field of positive linear mappings ®,: o — %
from <f to another unital C*-algebra 2 acting on a finite dimensional Hilbert space K. Let
I - || be unitarily invariant norm on B(K) and let f: [0,00) — R be an increasing function.

(1) If|[1|| = 1 and f is convex with f(0) < O then

£ (1 f @ a1 ) <1 [ @tstauo. ©.12)
() 1 Jy () dua(r) < | @, () ()| and £ is concave then

ot <7 (1 [ @l ©.13)

Proof. Since f(0) <0 and f is increasing we have [(y)y — f(v) > 0 and I(y) > 0. From
(9.10) and the triangle inequality we have

)] ] @) au@ < | [ () + 0y —r0).

Now (9.12) follows by setting y = || /7 D;(x;)du(z)||. Inequality (9.13) follows imme-
diately from the assumptions and from the dual case of LHS in (9.10) by setting y =

| S @ (xe) dpe (1) - O
Finally, to illustrate how RHS of (9.10) works, we set

oo Lz @ (l0a)x ) dp (o) |
[ Jr @ (10x)) du ()|

and obtain a Slater type inequality

[ (st auto) S.f(

Il Jr ﬂI>z(l(36z)xt)du(t)ll> 1
Il Jr @i (1 (xe)) d(2)

under the condition
Jr @ (1 (x)xe) dp () < Jr @ (10xr)) du(t)
| J7 @ (L (x ) ) dpe (o) || = (] S @e(10xe)) A (1)
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9.2 Non-unital fields of positive linear mappings

In this section we observe one type of non-unital fields of positive linear mappings, which
is a generalization of the results obtained in previous section.

Let T be a locally compact Hausdorff space with a bounded Radon measure . For
convenience, we use the abbreviation Fy[.<7, %] for the set of all fields (®;);er of positive
linear mappings @, : &/ — Z from a unital C*—algebra < to another unital C*—algebra
2, such that the field r — @, (1) is integrable with [, ®;(1)du(r) = k1 for some positive
scalar k.

Let @ be a normalized positive linear mapping on B(H ) and f an operator convex func-
tion on an interval J. We recall that Jensen’s inequality asserts that f(®(A)) < ®(f(A))
holds for every self-adjoint operator A on a Hilbert space H whose the spectrum is con-
tained in J. But if ®(1) = k1, for some positive scalar k, then f(®(A)) £ P(f(A)). Really,
let @ : M, (M,(C)) — M; (M3(C)) be a positive linear mapping defined by

o(AO0Y_(A+B 0O
0B) =\ 0 A+B

for A, B € My(C). Then ®(I) = 2I. Let f(t) =>. Then f is the operator convex function.

Put
11 20
A—<11> and B_<01)'
We have
A0 A0
(o(5)) -2 (53))
105 00 6200 4300
_ 5500 ~[2300] _[3200 %0
o 00105 0062 | 10043 ’
0055 0023 0032

But, the following theorem is equivalent to Theorem 9.1.

Theorem 9.9 Let f:J — R be an operator convex function defined on an interval J, and
let o/ and % be unital C*-algebras. Let T be a locally compact Hausdorff space with a
bounded Radon measure | If a field (®; )ier € Pi[of , B, then the inequality

fG/Tcp,(x,)du(t)) < %/chz(f(x:))du(r) (©.14)

holds for every bounded continuous field (x;);er of self-adjoint elements in </ with spectra
contained in J. In the dual case (when f is operator concave) the opposite inequality holds
in (9.14).
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In the present context we may obtain results of the Li-Mathias type, which is a genera-
lization of Theorem 9.2.

Theorem 9.10 Let &7 and P be unital C*-algebras. Let (x;),cr be a bounded continuous
field of self-adjoint elements in o/ with spectra in [m,M] defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure (L. Furthermore, let (®;);cr €
Pt , B and f : [m,M] — R, g: [km,kM] — R and F : U x V — R be functions such
that (kf) ([m,M]) C U, g([km,kM]) C V and F is bounded. Let {conx.} (resp. {conc.})
denotes the set of operator convex (resp. operator concave) functions defined on [m,M]. If
F is operator monotone in the first variable, then

inf F [k-hl (%Z) ,g(z)] 1< Ffp® (F(n))du(t).g (fy @ (x)dpe (1))

km<z<kM
1
sup F [k-hz (—z) ,g(z)} 1
km<z<kM k

holds for every hy € {conx.}, hy < f and hy € {conc.}, hy > f.

(9.15)

IN

Proof. We prove only RHS of (9.15). Let iy be operator concave function on [m, M|
such that f(z) < hy(z) for every z € [m,M]. Thus, by using the functional calculus, f(x;) <
hy(x;) forevery r € T. Applying the positive linear mappings @, and integrating, we obtain

@ reau < [ @ ha()an).

Furthermore, by using Theorem 9.9, we have

[t au) <o (1 [ 00t auo))

and it follows that /T &, (f(x,))du(r) <k-hs (% /T CD,(x,)d/.t(t)) . Since m®; (1) < P, (x;)

<M (1), it follows that km1 < [ @, (x;)du(r) < kM 1. Using operator monotonicity of
F(-,v), we obtain

F[/T(Dz (f(x))du(z),g (/Tq)t(xt)d”(’)ﬂ
<F {k-hQ (%/TCID,(x,)du(t)) 7g</Tth(Xz)dﬂ(’)>]

1
< sup F {k-hz (—z) ,g(z)} 1.
km<z<kM k
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Remark 9.2 Purting F(u,v) = u—v and F(u,v) = u~"?vu="/? in Theorem 9.10, we ob-
tain that

. 1
it {m (2) ~s@} 1= @G0 s [ otmo)
1
< sup {k~h2(—z)—g(2)}1
km<z<kM k

holds and if in addition g(t) > 0 for all t € [m,M| then

inf khl @, (x,)d @, (f(x))d
T ) /rw < oty auts

k-h z
 an 0 (o)
km<z<kM

holds for every hy € {conx.}, hy < f and hy € {conc.}, h, > f.

Applying RHS of (9.15) for a convex function f (or LHS of (9.15) for a concave func-
tion f) we obtain the following theorem (compare with Theorem 9.2).

Theorem 9.11 Let (x;)ier and (®;)ier be as in Theorem 9.10. Let f : m,M] — R, g:
[km,kM] — R and F : U xV — R be functions such that (kf) ([m,M]) C U, g ([km,kM]) C
V and F is bounded. If F' is operator monotone in the first variable and f is convex in the
interval [m,M], then

{/ D, (f(x;))du(r) (/ D, (x; )dp(t )} < sup F[chz+ﬁfk,g(z)] 1. (9.16)
km<z<kM

In the dual case (when f is concave) the opposite inequality holds in (9.16) with inf instead

of sup.

Proof. We prove only the convex case. For convex f the inequality f(z) < opz+ By
holds for every z € [m,M]. Thus, by putting &(z) = gz + By in RHS of (9.15) we obtain
(9.16). O

Numerous applications of the previous theorem can be given. Namely, applying Theo-
rem 9.11 for the function F (u,v) = u — Av, we obtain the following result.

Corollary 9.2 Let (x;)ier and (D;)ier be as in Theorem 9.10. If f : [m,M] — R is convex
in the interval [m,M] and g : [km,kM| — R, then for any A € R

[ (e aui <ig ( / q)t(xt)dﬂ(f)> e ©.17)

where
C= sup {Otfz—kﬁfk—lg(z)}.

km<z<kM
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If furthermore Ag is strictly convex differentiable, then the constant C = C(m,M, f,g,k, 1)
can be written more precisely as

C = ayzo+ Brk — Ag(0),

where
g op/2) if Ag'(km) <oy < Ag'(kM),
20 =1 km if Ag'(km)> oy,
kM if Ag'(kM) < o.

In the dual case (when f is concave and Ag is strictly concave differentiable) the oppo-
site inequality holds in (9.17) with min instead of max with the opposite condition while
determining 7.

Remark 9.3 We assume that (x; )t and (®;);er are as in Theorem 9.10. If f : [m,M] —
R is convex and Ag : [km,kM] — R is strictly concave differentiable, then the constant
C=C(m,M,f,g,k,A) in (9.17) can be written more precisely as

oo | orkM+ Brk—Ag(kM) if o —Aag, >0,
| apkm Bk —Aglkm) if o — Aoy <0,

where
(kM) — g(km)

kM — km

Setting @, (A;) = (Asx;,x;) forx, € H and ¢ € T in Corollary 9.2 and Remark 9.3 give a
generalization of all results from [96, Section 2.4]. For example, we obtain the following
two corollaries.

Ok =

Corollary 9.3 Ler (A;)icr be a continuous field of positive operators on a Hilbert space
H defined on a locally compact Hausdorff space T equipped with a bounded Radon mea-
sure lL. We assume the spectra are in [m,M] for some 0 < m < M. Let furthermore (X;);er
be a continuous field of vectors in H such that [y ||x;||?du(t) = k for some scalar k > 0.
Then for any real A,q,p

/T (APxy ) dp (1) — A ( /T (Atxt,x,>du(t))q <c, 9.18)

where the constant C = C(A,m,M,p,q,k) is

(& B koif agmit< 22 < agma!
(g—1) /'L_q + By if Agm S-S q )

C=19 kMP — A (kM) if k‘;‘_fl > AgMé, (9.19)
km? — A (km)4 if k(;cfl < Agmi!,

in the case Ag(q—1) > 0and p € R\ (0,1)
or

kMP —A(kM)?  if o, — Ak9 o, >0,

kmP — A(km)? if o, — AkT oy, <0,
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inthe case Aq(q—1) <0and p € R\ (0,1). In the dual case: Lq(q—1) <0and p € (0,1)
the opposite inequality holds in (9.18) with the opposite condition while determining the
constant C in (9.19). But in the dual case: Aq(q—1) >0 and p € (0,1) the opposite
inequality holds in (9.18) with the opposite condition while determining the constant C in
(9.20).

Constants oy, and B, in the terms above are the constants oy and By associated with
the function f(z) = z%.

Corollary 9.4 Ler (A;)icr and (x;)er be as in Corollary 9.3. Then for any real number
r # 0 we have

/T (exp (A 1, )L (1) — exp (r /T (A,x,,x,)d/,t(t)) <c, 9.21)

/T (exp (rAd) x,3)dp (1) < Cy exp (r /T (A,x,,x,}du(t)) , 9.22)

where constants C; = Cy(r,m,M k) and C; = Cy(r,m,M k) are

= log< ) + kB if re™ <o <reM,
Ci = (kMa+kf—e™  if re'™ < g

kmot + kf — ™™ if re’m > o

%ek’ﬂ /o if kre™ < a <kre™,
Cy = | kell—H)m if kre' > a,

kell=0rM i peM < @,

Constants o and [ in the terms above are the constants of and By associated with the
Junction f(z) = e'*.

By using subdifferentials we can give an estimation from below in the sense of The-
orem 9.11 (compare with Theorem 9.6). It follows from Theorem 9.10 applying LHS of
(9.15) for a convex function f (or RHS of (9.15) for a concave function f).

Theorem 9.12 Let (x;);er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with spectra in [m,M] defined on a locally compact Hausdorff space
T equipped with a bounded Radon measure [. Let (®;)ier € P/, HB). Furthermore, let
fimM]—=R g:kmkM] —Rand F :U xV — R be functions such that (kf) ([m,M]) C
U, g([km,kM]) C V, F is bounded and f(y)+1(y)(t —y) € U for every y,t € [m,M] where
1 is the subdifferential of f. If F is operator monotone in the first variable and f is convex

on [m,M|, then
[/@, Fx)) du() (/d)w du(r )} 023)
> inf  F[f()k+1()(z—yk),g(2)]1

km<z<kM
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holds for every y € [m,M]. In the dual case (when f is concave) the opposite inequality
holds in (9.23) with sup instead of inf.

Proof. We prove only the convex case. Since f is convex we have f(z) > f(y) +
1(y)(z—y) for every z,y € [m,M]. Thus, by putting h;(z) = f(y) +1(y)(z—y) in LHS of
(9.15) we obtain (9.23). O

Though f(z) = logz is operator concave, Jensen’s inequality @ (f(x)) < f(®(x)) does
not hold in the case of non-unital ®. However, as applications of Corollary 9.2 and Theo-
rem 9.12, we obtain the following corollary.

Corollary 9.5 Ler (x;)cr and (®;)ier be as in Theorem 9.12 for 0 < m < M. Then

< /T @, (log(x,)) du (1) — log ( /T (D,(x,)du(t)) <ol (9.24)

where constants C; = Cy(m,M k) and C; = Cy(m,M k) are

KB +log(e/Lim M) if Jm < L(m,M) < kM,
¢ = {log (M"—1 /k) if kM < L(m,M),

log (mk—1 /k) if km > L(m,M),

log L(m’i‘gkkl) + L(IZ’M) if m<kL(m,M) <M
G = {log (M"—1 /k) if kL(m,M) > M,

log (mk—1 /k) if kL(m,M) <m,

and the logarithmic mean L(m,M), B is the constant B associated with the function f(z) =
logz.

Proof. We set f(z) = g(z) = logz in Corollary 9.2. Then we obtain the lower bound
C| when we determine . r<ni£1kM (az+kPB —logz).
M=z

Next, we shall obtain the upper bound C>. We set F(u,v) = u—vand f(z) = g(z) = logz
in Theorem 9.12. We obtain

@ toetu)) o)~ e [ 1))
< max{log (%) + %Jog (ek)lfM) + k7M} 1

for every y € [m,M], since h(z) = klogy + /%(z — ky) —logz is a convex function and it
implies that

max  h(z) = max {h(km),h(kM)}.

km<z<kM
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Now, if m < kL(m,M) < M, then we choose y = kL(m,M). In this case we have
h(km) = h(kM). But, if m > kL(m,M), then it follows 0 < k < 1, which implies that
max {h(km),h(kM)} = h(km) for every y € [m,M]. In this case we choose y = m, since
yk k

h(y) =log < o ) + s an increasing function in [m,M]. If M < kL(m,M), then the
y

proof is similar to above. O

By using subdifferentials, we also give generalizations of Theorem 9.6.

Theorem 9.13 Let (x;),er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with spectra in [m,M] defined on a locally compact Hausdorff space
T equipped with a bounded Radon measure (L, and let (®; )ier € P [/, B). If the fieldt —
@, (1) is integrable with [ ®,(1)du(t) = k1 for some positive scalar k and f : [m,M] — R
is a convex function then

WKL+ 1(y (/d),x, du(r) yk1> /d), () du (1) 025
< FkL=x [ @,(160)du(0)+ [ @1 du (o) ’

for every x,y € [m,M|, where [ is the subdifferential of f. In the dual case (f is concave)
the reverse inequality is valid in (9.25).

Remark 9.4 In the case (®;);cr € Pi[</ , B) we may obtain analogues results as in The-
orems 9.5 and 9.8. The interested reader may be read the details in [202].

9.3 Ratio type inequalities with power functions

In this section we consider the ratio type ordering among the following power functions of
operators:

Fy(x,®) (/ @, (x) du(r ))l/r, rc R\{0} (9.26)

under these conditions: (x;),cr is a bounded continuous field of positive operators in a
unital C*-algebra <7 with spectra in [m, M] for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure y, and (®;),cr €
Py [% ’ B ]

As an application, we consider a generalization of the weighted power means of ope-
rators:

M,(x,®) = (/kqn, () d (¢ ))l/r, reR\{0} 9.27)

under the same conditions as above.
We need some previous results given in the following three lemmas.
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Lemma 9.1 Let (x;);er be a bounded continuous field of positive operators in a unital
C*-algebra </ with spectra in [m,M] for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure (L, and let (®;);er €
Pt B).

If 0<p<l1, then

p
/ @, (xf) dp(r) <k'7 ( / P, (xt)dw)) : (9.28)
T T
If —1<p<0 or 1<p<2, thenthereverse inequalityis valid in (9.28).

Proof. We obtain this lemma by applying Theorem 9.9 for the function f(z) =z and
using the proposition that it is an operator concave function for 0 < p < 1 and an operator
convex one for -1 < p <Oand 1 < p <2. ]

Lemma 9.2 Assume that the conditions of Lemma 9.1 hold.
If 0<p<l1, then

kK'"PK(m,M,p) (/T d),(x,)du(t))p < /Tth () du(r) <&'P (/T q),(x,)du(t)y,

(9.29)
if —1<p<0 or 1<p<2, then

K- I’(/@,x,du ) /ob, ) d(r) < K'PK (m,M, p) (/GI),xzdu())p,

(9.30)
if p<—1 or p>2 then

KPR (mM, p)~ (/@,xtdu ) /ob, ) du(r)

< k'"PK(m,M, p) (/Tcp,(x[)du(t)>p7 o

where K(m,M, p) is the generalized Kantorovich constant by (2.29).

Proof. We obtain this lemma by applying Corollary 9.2 for the function f(z) = g(z) =
zP and choosing A such that C = 0. a

We shall need some properties of the generalized Specht ratio A(h, r,s) (see (8.35) and
Figure 9.1).

Lemma 9.3 Let M >m >0, r € R and

__r(h=h") W —h o =
A(l’lﬂ’,l)_ (l_r)(hr_l) ((r—l)(h—l)) ' "=

B

(i) A function A(r) = A(h,r,1) is strictly decreasing for all r € R,
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A&

i

1/h

Figure 9.1: Function A(r) = A(h,r, 1)

(ii) lin}A(hm7 1)=1 and l.in(l)A(hJ’, 1) =S(h),
where the Specht ratio S(h) is defined by (2.35).

(iii) limA(h,r,1)=1/h and  lim A(h,r,1)=h.
F—o0 J——oo
Proof.

(i) We write A(r) = A (r) - A2 (r), where

= V(hr—h) N hr_h —1/;-
Ay(r) = oD -1 Mo (r) = (7@—1)(}1—1)) . (9.32)

By using differential calculus we shall prove that a function A is strictly decreasing
for all » # 0, 1. We have

LA (r) = m (W = 1) (W —h) — (r—1)rk’(h — 1)logh)

— (h (h lhrloglhz f( ) (933)

where f(r) = % (r— 1)r. Stationary points of the function f are 0, 0.5,
1 and it is a strictly decreasing function on (—e=,0) U (0.5, 1) and strictly increasing

n (0,0.5)U (1,e0). Also, f(0) = f(1) =0. So, f(r) >0 for all » #0,1. (More
exactly, f"(r) = log 2 (W —h'=") imply that the function f” is strictly increasing

n (0.5,e0) and strlctly decreasing on (—e,0.5). It follows that f'(r) < 0 for r €
(—vo, 0) (0.5,1) and f’(r) > 0 for r € (0,0.5) U (1,°)) Now, using (9.33) we have
that Al( ) < 0 forall r # 0, 1 and it follows that A; is strictly decreasing function.

Further, in the case of a function A; in (9.32), we obtain

—1/r
d o -1 W' —h
arha(r) = (r— 1)/ 2(h"—h) ((r—l)(h—l))
x [r(r—1)h"logh—r(h" —h)+ (r—1)(h" h)log(#)]
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By using differential calculus we can prove that a function
. —1)(h—1
r— r(r— )i logh— r(h" —h)+ (r— 1)(h" — h) log (7“ ) >>

is positive for all r # 0,1. So %Az(r) < 0 for all » # 0,1 and it follows that A; is

strictly decreasing function.

(ii) Using the definition of the generalized Specht ratio (8.35), we have A(h,r1) =
K(h",1/r) if r # 0. Now, we have K(h,1) = 1 by using Theorem 2.12 and
lin(l)K(hr7 1/r) = S(h) by using Theorem 2.17.

(iii) We have by L'Hospital’s theorem

. log((r—=1)(h—1)/(K —h)) . 1 h'logh
lim = lim (r—l_ hr_h>——logh.

F—s00 r r—so0

So

. o W=k ((r=Dh=D\Y
Nim A1 1) = lim =+ 27— ( W —h =e =1/

Similarly, we obtain lim A(h,r,1) = h.
y— —o0

Now, we give the ratio type ordering among power functions.

Theorem 9.14 Let (x;),cr be a bounded continuous field of positive operators in a unital
C*-algebra of with spectra in [m,M| for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure (L, and let (®;);er €
P[<f , B). Let regions (i) — (V) be as in Figure 9.2.

If (r,s) in (i), then

ki Alh,r,s) "' Fy(x,®) < Fo(x,®) <k'n Fy(x,®),

if (r,s) in (ii) or (iii), then
k5 Alh,r,s)”! Fy(x,®) < Fo(x,®) <k’ A(h,r,s) Fy(x,®),

if (r,s) in (iv), then

kw Alhys, 1) A(h,rs) ! Fy(x,®) < F(x, ®)

<k'm min{A(h,r,1),A(h,s,1)A(h,r,5)} Fs(x,®),
if (r,s) in (V) or (iv); or (V)1, then
k7 A(h,s, 1) Ak, r,s) "' Fy(x,®) < F(x,®) <k A(h,s,1) Fy(x,®),

where A(h,r,s), rs # 0 is defined by (8.35).
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s
A
(N (ii) | (i/
1
r<s,sé&(-1,1), r& (-1,1)
> D (i) | or 1/2€rs1s's
(iv) NS or r<-1< s<-1/2,
(iif) ) (i) | s=1,-1<r<1/2,r#0,
: ----; ------ »r (iii)| r<-1,-1/2<s<1,s8#0,
-1 = 1/2
(iv)| -s<r<s/2,r#0,0<s £ 1,
8} +-1/2
S (iv),] r€s<2r0<s <1,
(i) e (V) | H2<s €-r,s#0, -1€r<0,
(V),| 2s€£r<s, -1<r<0.

Figure 9.2: Regions in the (r,s)-plain

Proof. This theorem follows from Lemma 9.2 by putting p = s/r or p = r/s and then
using the Lowner-Heinz theorem, Theorem 4.3 and Lemma 9.3. We give the proof for the
sake of completeness.

We put p = s/r in Lemma 9.2 and replace x; by x;. Applying the Lowner-Heinz
inequality if s > 1 or s < —1 and using that K(m’,M",s/r)l/‘Y = K(M’,m’,s/r)l/‘Y =
A(h,r,s), we obtain:

(@)If r<s<-—1 or 1<s<-—r or 0<r<s<2r,s>1, then

k5 Fr(x,®) < Fy(x,®) < k' A(h,r,s) Fr(x, ®). (9.34)
b)If 0<—r<s,s>1 or 0<2r<s,s>1, then
k5 A(h,r,s) "' Fi(x,®) < Fy(x,®) < k7 A(h,r,5) Fp(x,®). (9.35)
Applying Theorem 4.3 if —1 < s < 1 and using that K (km*,kM*,1/s) = K (m*,M*,1/s)
= A(h,s, 1), we obtain:
(O)If r<s,—1<s<0 or s<—-r,0<s<1 or 0<r<s<2rs<1, then
k5 Ah,s,1) 7! Fo(x,®) < Fy(x,®) < k7 Ah,s5,1) A(h, 1, 5) Fo(x, ®). (9.36)
(d)If 0<—r<s<1 or 0<2r<s<1I, then
k5 A(h,s, 1) A(h,r,5) ! Fo(x,®) < Fy(x,®
( 7) (h,1,5)7" Fr(x, @) < Fi(x, @) ©.37)
<k A(h,s,1)A(h,r,s) F.(x, D).
Similarly, putting p = r/s in Lemma 9.2 and replace x; by x{, we obtain:

(a)If 1<r<s or —s<r<-—1 or 2s<r<s<0,r<-—1, then

K5 A(h,1,5) " Fy(x,®) < Fo(x,®) < k' Fy(x,®). (9.38)
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b)) If r<—s<0,r<—1 or r<2s<0,r<-—1, then
k5 A(h,r,s) "' Fy(x,®@) < F(x,®) <k v A(h,r,5) Fy(x, ®). (9.39)
(e)If r<s,0<r<1 or —s<r,—1<r<0 or 2s<r<s<0,r>—1, then
k5 A(h,r, 1) Ak, rs) ™! Fy(x, @) < Fo(x,®) < k7 A(h,r,1) Fy(x, ®). (9.40)
(d)If —1<r<—-s<0 or —1<r<2s<0, then
k5 Ah,r,1) 7' A(h,r,5) 7! Fy(x, @) < Fr(x,®)

R (9.41)
<k A(h,r,D)A(h,r,5s) Fy(x, ®).

Now, we have that in cases (a) and (a;) the inequality (9.34) holds and in cases (b)
and (b)) the inequality (9.35) holds. If we put r = 1 in RHS of (9.38) for 1 < r < s then

we obtain s
/kcl), ) du () (/kcl), x,)du()) . ifs> 1L

Next, applying LHS of (9.34) for s =1 and 0 < r < s < 2r, we have

1/r
(/ kq)t Xt dIJ, ) / q)[ x, d[l

The assumption s > 1 implies

1/r 1/s
(/ kq)l xt)d[l( ) / CD[ X[ dIJ, (/ CD[ XI dIJ, ) (942)

for 1/2 <r <1 <s. Similarly, putting s = —1 in LHS of (9.34) forr <s < —land r = —1
in RHS of (9.38) for 2s < r < s < 0, we can obtain that (9.42) holds for r < —1 <s < —1/2.
Consequently, we obtain that (9.34) holds in the region (i) and (9.35) holds in the regions
(ii) and (iii).
In remainder cases we can choose better bounds. In the region (iv) inequalities (9.37)
and (9.40) hold. Now, by Lemma 9.3 we have
A(h,r, 1) > A(h,s, 1) if r <s, (9.43)

and we get
A(h,s, 1)_1A(h7r7s)_1 > A(hml)_lA(hms)_1

It follows that k5 A(h,s,1) ' A(h,r,s)~" is a better lower bound. The upper bound is equal
k5 -min{A(h,r,1),A(h,s,1)A(h,r,s)}.

In the region (v) inequalities (9.36) and (9.41) hold. We have that k5 A(h,s, 1) 'A(h,r,s) 7!
is a better lower bound, since (9.43) holds. The upper bound is equal

k5 -min{A(h,s,1),A(h,r, DA(h,r,8)} = k' - A(h,s,1),
since (9.43) holds and A(h,r,s) > 1 by (2.32).
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In the regions (iv); and (v); inequalities (9.36) and (9.40) hold. Analogously to the
case above we obtain that the bounds in the inequality (9.36) are better. O

Finally, we give the ratio type ordering among means (9.27).

Corollary 9.6 Let (x;),cr be a bounded continuous field of positive operators in a unital
C*-algebra &/ with spectra in [m,M] for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure [, and let (®;);er €
P[<f , B). Let regions (i) — (V) be as in Figure 9.2.

If (r,s) in (i), then

A(h,r,5) ™" M(x, @) < M, (x,®) < M,(x,®),
if (r,s) in (ii) or (iii), then
A(h,r,5) "t M(x,®) < M, (x,®) < A(h,r,s) My(x, D),
if (r,s) in (iv), then

A(h,s,1) 7 A(h,1r,5) 71 My(x, @) < M, (x, D)
S min{A(h,r, l)aA(hvsv I)A(harvs)} MY(X7(I>)5

if (r,s) in (v) or (iv)| or (V)1, then
A(h,s, 1) AR, 1, s) ™1 My(x, @) < M, (x,®) < A(h,s,1) My(x,®),
where A(h,r,s), rs # 0, is defined by (8.35).

Proof. 1t is sufficient to multiply each inequality in Theorem 9.14 by k~1/". O

9.4 Difference type inequalities with power functions

In this section we consider the difference type ordering among the power functions (9.26).
As an application, we consider the weighted power means (9.27).
We need some previous results given in the following two lemmas.

Lemma 9.4 Let (x;),er be a bounded continuous field of positive operators in a unital
C*-algebra o/ with spectra in [m,M|] for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure (L, and let (®;);er €
Pt | B).

If 0<p<l1, then

o, [ @)+ 45,1 < [ @i <k ([omaun) . o
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if —1<p<0 or 1<p<2, then

1 p
K'-p ( /T @z(xz)dﬂ(t)) < /T @, (x)du(r) < a /T D, (x)du(r) +kBpl,  (9.45)
if p<—1 or p>2, then

p ! [ () k(- 1< [ @P)auin) < @ [ @)+t
(9.46)
foreveryy € [m,M|. Constants o, and B, are the constants o, and By associated with the
function f(z) = zP.

Proof. RHS of (9.44) and LHS of (9.45) are proven in Lemma 9.1. LHS of (9.44) and
RHS of (9.45) and (9.46) follow from Corollary 9.2 for f(z) = z', g(z) =z and A = 0.
LHS of (9.46) follows from LHS of (9.25) in Theorem 9.13 putting f(y) = y” and I(y) =

pyP~ L ]
Remark 9.5 Setting y = (Ocp/p)l/(p_l) € [m,M)] the inequality (9.46) gives
op Jr @ ()d(t) + k(1= p) (0 /p)" "1 < Jy. @y (o )dpa (1)
< op Jp Pi(x)dp(r) +kBy1

forp<—lorp>2.
Furthermore, setting y =m ory = M gives

pm? ! fr @ () (1) + k(1 — p)mP1 < [ @y (x]')dp(r)
<ot [7Pr(x)dp(t) +kBpl (9.47)

or

pMP [ @ (x)dp () + k(1 — p)MPL < [ @ (x7')du(r)
<oy [ (x)du(r) + kBy1. (9.48)

We remark that the operator in LHS of (9.47) is positive for p > 2, since

0 < kmP1 < pmP~1 [ ®,(x,)du(t) + k(1 — p)mP1
< k(pm?~'M + (1 —p)mP)1 < kMP1 (9.49)

and the operator in LHS of (9.48) is positive for p < —1, since

0 < kMP1 < pMP~! [ ®,(x,)du(t) + k(1 — p)MP1
<k(pMP~'m+ (1 — p)MP)1 < kmP1. (9.50)

(We have the inequality pm?~'M 4 (1 — p)mP < MP in RHS of (9.49) and pMP~'m +
(1 — p)MP < mP in RHS of (9.50) by using Bernoulli’s inequality.)
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L(m,M) InS(M/m)

-V

m-M

Figure 9.3: Function C(r) = C(m",M",1/r)

We shall need some properties of the Kantorovich constant for the difference C(m, M, p)
(see (2.38) and Figure 9.3).

Lemma 9.5 Let M >m >0, reRand

1— M — 1/(1=r) Mm—mM
Cm" M",1/r):= “(r m. _’_m.im.
r M —m’ M" —m"

(i) A function C(r) =C(m",M",1/r) is strictly decreasing for all r € R,
(ii) liiI}C(m’7Mr, 1/r)=0 and ;iir(l)C(m’,M’, 1/r)=L(m,M)logS(M/m),
where L(m,M) is the logarithmic mean and the Specht ratio S(h) is defined by (2.35).
(iii) }LI?OC(m",Mr, 1/r)=m—M and rEIPmC(mr,Mr, 1/r)=M—m.

Proof.

(i) We have by a differential calculation

d
—C
dr ()
M—m \"Y) i logm — M logM 1 r(M —m)
= rﬁ r r + IOg r r
M —m r(Mr—m") r(l—r) Mr—m

M"'m" (M —m)log(m/M)
(Mr _ mr)2

Both of functions

m'"logm — M"logM 1 M —m"

r(M"—m") + r(r—1) log r(M —m)

V=

and
M'm" (M —m)log(m/M)
(Mr _ mr)Z

r—

are negative for all r # 0, 1. So %C(r) < 0 and the function C is strictly decreasing.
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(ii) We have by L’Hospital’s theorem

MlogM — mlogm

log (r(M —m)/(M" —m")) _

ELH} 1—r - M—m ’
S0
lim l—r (r M—m )Ml_r} — (.o 1+(MlogM—mlogm)/(M=m) _
r—1 r M" —m"
Abo M M W —h M
. "m—m' . r—
iy e

Then, lin} C(m",M",1/r) = 0. Using Theorem 2.24, we have
lir%C(m",M",p/r) = L(m” ,MP)logS(h?) forallpeRandh=M/m,
r—!

so we obtain lin(l)C(mﬂM'} 1/r)=L(m,M)logS(M/m).

(iii) We have by L’Hospital’s theorem

I M — M"—m" Mm—m"M
lim UM =m) /(M =m') o Mimem My
F—o0 1—7r r—o  M" —m"
" 1/(1=r)
1- M— I
lim — (r—" — ].eloeM — .
r—eo M"—m"
Also,
. Mm—m'M . h"—h M
lim ———— = limm =m, h=—>1.
r—oo  M" —m’" F—>oc0 hr—l m

Then, lim C(m",M",1/r) =m—M.
F—00

Similarly, we obtain lim C(m",M",1/r) =M —m.

Also, we need the following function order of positive operators.

Theorem 9.15 Ler A, B be positive operators in Z(H).
IfA > B > 0 and the spectrum Sp(B) C [m,M] for some scalars 0 < m < M, then

AP+ C(m,M,p)1 > B forall p>1.
But, if A > B > 0 and the spectrum Sp(A) C [m,M], 0 < m < M, then
BP +C(m,M,p)1 > A?  forall p<-—I,

where the Kantorovich constant for the difference C(m,M, p) is defined by (2.38).
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Proof. Refer to [191, Corollary 1] for the proof. O

Now, we give the the difference type ordering among power functions.

Theorem 9.16 Let (x;),cr be a bounded continuous field of positive operators in a unital
C*-algebra o/ with spectra in [m,M|] for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure (L, and let (®;);er €
P[<f , B). Let regions (1)1 — (V)1 be as in Figure 9.2.

Then
01 < Fy(x,®) — F(x,®) < (11, (9.51)
where constants C; = Cy(m,M,s,r,k) and C; = Cy(m,M,s,r,k) are
Cr — Kk if (rs)in @)y or (il); or (iii);;
b Ay + min {C(s5),Cr(r)} if (r,s)in @iv) or (v) or (iv); or (V)1;

(ks —kM"ym if (rs)in (),
Dy, if (rs)in (i),
Dy, if (rs)in (i)

G = ~ . o
max {Dk—Ck(s)7 (kl/s kl/r m Cr(r } if (rs)in (iv);
max {Dy — Ce(r), (kS = kY m—Ci(s)},  if (ns) in (v);
(kl/s _kl/r)m - mln{ck( )7 (S)}v lf (r,s) in (iV)l or (V)l-

A constant Zk = Zk(m7M7 r,s) is

Z _ 1/s M 1— s1l/s g 1/r M’ 1— rl/r
. 912[%ﬁ]{k [OM° + (1— 0)m’]/* — K\/"[oM" + (1 — 0)m] }

a constant Dy = lNDk(m,M7 r,s) is

- 1
5kzmin{(ks—k )mksm(sM —m —I—l) —k:M},
rm”

Dy = Dy(m,M,r,s) = —5k(M,m,s,r) and the Kantorovich constant for the difference
Ci(p) = Ci(m,M, p) is defined by (2.38).

Proof. This theorem follows from Lemma 9.4 by putting p = s/r or p = r/s and then
using the Lowner-Heinz theorem, Theorem 9.15 and Lemma 9.5. We give the proof for
the sake of completeness.

By Lemma 9.4 by putting p = s/r or p = r/s and then using the Léwner-Heinz in-
equality and Theorem 9.15 we have the following inequalities.

(@)If r<s<-—1 or 1<s<-r or 0<r<s<2r,s>1, then

(kl/‘ kl/')ml < (k = —1) (X, ®) < F(x,®) — F(x, ®)

1/s B (9.52)
( /@, ) du (e )+kB1> CF(x,®) < Al
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b)If 0<—r<s,s>1 or 0<2r<s,s>1, then

_ /s
m(ém / (I),(x;')d/.t(t)—i—k:l) ~F(x,®) < Fy(x,®) — Fy(x,®)
1/s ~
( /q>, X d,u()+k[31) _F(x,®) < Al
()ffr<s,—1<s<0 or s<—-r,0<s<1 or 0<r<s<2rs<1,then

(K5 =K7Y m—Culs) ) 1< (K7 = 1) Fu(x,®) — Cels)1
< Fy(x,®@) — F(x, D)

l/s -
( /cp, &)du i )+kB1> — F(x,®) + Ci(s)1 < (Ae+Culs)) 1.
(d)If 0<—r<s<l1 or 0<2r<s<1I, then
s r—s \*
m(;mr/TCD,(x;' d,u(t)—i—k—l) — F(x,®) — Ci(s)1
< Fy(x,®) — F(x,®)
l/s -
( /cp, &)du i )+kB1> — F(x,®) + Ci(s)1 < (Aet+Culs)) 1.

Moreover, we can obtain the following inequalities:
(a)If 1<r<s or —s<r<-1 or 2s<r<s<0,r<-—1, then

_ N\
Ak1za(x,<1>)—(& /T ®,(c)du(r) +kBl) > Fy(x,®) — Fo(x,®)

> (1 —k%) Fi(x,®) > (k”“'—k”’) ml.
b)) If r<—s<0,r<—1 or r<2s<0,r<-—1, then
1/r
Al > Fy(x, @) — (/q +kB1> > Fy(x,®) — F,(x,®)

o 1/r
> r@) - (S [ oot 1)
T

(c)Ifr<s,0<r<1 or—s<r,—1<r<0 or 2s<r<s<0,r>—1,then

~ 1/r
(Ae+Ci(r)1 > Fy(x,®) — ( /op, )i )+k[31> 4G
> Fy(x,®) — F(x, ®)

z(l—k%) L(x, @) — ()1>((kl/s_kl/f)m—ck(r))L

241

(9.53)

(9.54)

(9.55)

(9.56)

(9.57)

(9.58)
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(d)If —1<r<—-s<0 or —1<r<2s<0, then

~ 1/r
(Ar+Cu())1 > Fy(x,®) — ( /cpt V(i )+kB1) G
> F(x,®) — F,(x,®)

. 1/r
ZFY(X,cp)_M(fM—S/ d),(xt‘)du(t)+kul) — G(r)1,
N T N

where we denote

~ M“ ms -~ MM — M —m" __ MSm" —M"m*
o = mr7 B - M —m’" ) o= ms I B - MS—m® )

C (km* ,kM®,1/s) = k'S C(m® 7Ms7l/s):Ck(s)7

zeTy €T

Ay = max{kl/‘ (&14—[3)1/‘ kl/rzl/r} — ma—x{kl/.\'zl/.\'_kl/r (&Z_'_E)l/r}’

and i and 7:2 denote the closed intervals joining m" to M" and m® to M?, respectively.
We will determine lower bounds in LHS of () and (d), in RHS of (b;) and (d;).
For LHS of (9.53) we can obtain

s r—s \*
m (;mr/d),(x,r)du(t)+k—1> — F(x, D)
T

(9.59)
> minc7, {kom (sm~rz 41— 2)V kit b = DA,

Really, using substitution z = rm" (x — %), finding the minimum of the function i(z) =
kYsm (Em~rz+ = ‘)1/S k'/rz1/7 on Ty is equivalent to ﬁnding the minimum of 4 (x) =
K 5m (s(x — 7))1/‘ — kY (r(x— %))l/r onT = (L4114 1M The domain of 7 is
S=[1,c0) forr>00rS=[L,1)forr<0. Wehave h{(x) =k'/m(1—s) (s(x— %))1/5_2—
Krm(1-r) (r(x—1)) V72 Ifr<lands>1 then K} (x)<0, since k'/*m(1—s) (s(x—1)) 1/s=2

<0<kYrm(1—r) (r(x— %))1/%2. It follows that h; is concave on S for < 1 and s > 1.
In this case we obtain

1 1 1 1M ~

mink(z) = minh; (x) = min{h1 ( ) hy ( + ——) } = Dy. (9.60)
€Ty xeT r rm"

If 1 <r <s, then we have lim_,; A (x) = —kl/"m(¥)% < 0, limy_e iy (x) = —oo. If

Xo > % is the stationary point of the function &j, then h;(xo) is the maximum value,

since 1 (x) = k¥ m (s(xo— 1)) 7 (rxo — 1)) T (r = s)(xo + 1 — ) < 0. Tt follows
that (9.60) is also true in this case.
So in the case (b) we obtain:

Dl < Fy(x,®@) — Fr(x,®) < Al (9.61)



9.4 DIFFERENCE TYPE INEQUALITIES WITH POWER FUNCTIONS 243

and in the case (d) we obtain:
([)k . Ck(s)) 1< Fy(x,®) — F(x,®) < (Zk n Ck(s)) 1. (9.62)

Similarly, for the RHS of (9.57) we obtain

r S—r 1/)'
A - (S [ @ aun +1 1)
N T s

1/
> min {kl/le/s —KVm (fM—ShL 1— ’) } 1
S

N

zeTh
1/r
= min {kl/sm —KYm (fﬂ +1- f) 7 (kl/s _ kl/r) M} 1
SM.\ s
=Dy1.

So in the case (b1) we obtain:
Dyl < Fy(x,®) — F(x,®) < Al (9.63)
and in the case (d;) we obtain:
(D — Cu(r) 1 < Fy(x, @) — Fo(x, @) < (Zk + Ck(r)) 1. 9.64)

Finally, we can obtain desired bounds C; and C, in (9.51), taking into account that
(9.52) holds in the region (i)1, (9.61) holds in (ii){, (9.63) holds in (iii);, (9.62) and (9.58)
hold in (iv), (9.54) and (9.64) hold in (v), (9.54) and (9.58) hold in (iv); and (v);. O

Finally, we give the difference type ordering among means (9.27).

Corollary 9.7 Let (x;),cr be a bounded continuous field of positive operators in a unital
C*-algebra of with spectra in [m,M| for some scalars 0 < m < M, defined on a locally
compact Hausdorff space T equipped with a bounded Radon measure (L, and let (®;);er €
P[<f , B). Let regions (i) — (V) be as in Figure 9.2.
If (r,s) in (i), then

0 S M\'(qu)) —M,.(X,(b) S AI,

if (r,s) in (ii), then

M l/s ~
(m (5—+1—5> —M>1<Ms(x,<p)—Mr(x,q>)<A1,
r
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if (r,s) in (iv), then

max{m (fﬁmi,r + r;rs) W —M— C(m*,M*,1/s),—C (m",M", l/r)} 1
< M(x, @) — M,(x,®@) < (A+C(m*,M*,1/5))1,
if (r,;s) in (v) or (iv) or (V)1, then
—C(m*,M*,1/5)1 < M(x,®) — M,(x,®@) < (A+C(m*,M°,1/5))1,
where a constant A = A(m,M, r,s) is

A — s _ s1l/s r o rl/r
A erél[%ﬁ]{[OM (1= 0)m Y — oM + (1 — 0)m'] }

and the Kantorovich constant for the difference C(n,N, p) is defined by (2.38).

Proof. This corollary follows from Theorem 9.16 putting k = 1, and then replac-
ing @, by %d),, t € T. Finally we choose a better bounds using that C(m",M",1/r) >

1
C(m*,M?,1/s) holds for r < s by (9.43) and Dy = D, = m (sMr””r + 1) * — M, since

rm”

1
[ (ffmi,’+(1—§))“ holds by (9.49) and (9.50). .

9.5 AQuasi-arithmetic means

In this section we give the order among the following generalized quasi-arithmetic operator
means

Molx®) =97 ( [ L0 (0t au). 965

under these conditions (x;);cr is a bounded continuous field of positive operators in a uni-
tal C*-algebra &7 with spectra in [m, M| for some scalars m < M, (®,),er € P[P
and @ € €'[m,M] is a strictly monotone function.

We denote M, (x, @) shortly with My,. It is easy to see that the mean M,, is well defined.

As a special case of (9.65), we may consider the power operator mean (9.27), which is
studied in Sections 9.3 and 9.4.

First, we study the monotonicity of quasi-arithmetic means.

Theorem 9.17 Let (x;)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65). Let yr, ¢ € €[m,M)] be strictly monotone functions.
If one of the following conditions
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(i) wo @ lisoperator convex and w=! is operator monotone,

(i’) wo @ !is operator concave and —y~" is operator monotone

is satisfied, then
My < M,y,. (9.66)

If one of the following conditions
(ii) wo @~ is operator concave and w=' is operator monotone,
(i) wo @~ is operator convex and —y~' is operator monotone

is satisfied, then the reverse inequality is valid in (9.66).

Proof. We prove only the case (i). If we put f = yo ¢! in Theorem 9.9 and replace
x; with @(x;), then we obtain

yoo (/kd» (p(x))du(r) ) / ®, (y(x))du (o). 9.67)

Since y~! is operator monotone, it follows that

o ([ p e otnan) < vt ([ o).

which is the desired inequality (9.66). |

We can give the following generalization of the previous theorem.

Corollary 9.8 Ler (x;)ier, (Dr)ier be as in the definition of the quasi-arithmetic mean
(9.65). Let y, ¢ € €m,M] be strictly monotone functions and F : [m,M] x [m,M] — R be
a bounded and operator monotone function in its first variable, such that F(z,z) = C for
all z € [m,M].

If one of the following conditions

(i) wo @ lisoperator convex and w=! is operator monotone,

(") wo @~ lis operator concave and —y~" is operator monotone

is satisfied, then
F [My,M,] > C1. (9.68)

If one of the following conditions
(ii) wo @~ !is operator concave and w~! is operator monotone,

(i) wo @~ !is operator convex and —y~! is operator monotone,

is satisfied, then the reverse inequality is valid in (9.68).
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Proof. Suppose (i) or (i’). Then by Theorem 9.17 we have M, < My,. Using assump-
tions about function F, it follows

F [My,My| > F [My,My] > inf, Flz2l=CL.

In the remaining cases the proof is essentially the same as in previous cases. O

Theorem 9.18 Let (x/)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65) and v, ¢ € €[m, M| be strictly monotone functions.

(i) If o~ is operator convex and w=' is operator concave, then

(ii) If ' is operator concave and w=' is operator convex then the reverse inequality
is valid in (9.69).

Proof. We prove only the case (i): Using Theorem 9.9 for a operator convex function
U on [@m, ou], we have

M(p— _1< /q)[ x, dIJ, ) /q)l Xt d[l M17

which gives LHS of (9.69). Similarly, since y~! is operator concave on J = [y, W], we
have

o

1 1
M= foaun < v (¢ [ @tvau ) =y,
T k Jr
which gives RHS of (9.69). O

Theorem 9.19 Let (x;)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65) and y, ¢ € €[m, M| be strictly monotone functions. Then

My =My for all (x;)ier, (®r)rer

if and only if
¢o=Ay+B for some real numbers A # 0 and B.

Proof. The case ¢ =Ay+B = My =M, is obvious.
My=My = ¢=Ay+B: Let

—1< /d), (o)) dpe )) _1( /q), () due )>

for all (x; );er and (@ )ser. Setting y, = @(x;) € B(H), ¢l <y, < @y1, we obtain

Yo~ (/kd), ye)du(t ):/% (woo ™' (n))du()
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for all (y;)er and (®;),er. M. D. Choi showed in [35, Theorem 2.5] that if ® : &7/ — A
is a positive linear mapping, f is a non-affine operator convex function on (—a,a), and
S(D(x)) = D(f(x)) for all Hermitian x in C*-algebra .7 with spectra in (—a,a), then @ is
a C*-homomorphism. Similarly as above, in our case we can obtain that yo ¢! is affine,
ie. wo@ !(u) =Au+ B for some real numbers A # 0 and B, which gives the desired
connection: y(v) =A@(v)+ B. O

Using properties of operator monotone or operator convex functions we can obtain
some corollaries of Theorems 9.17 and 9.18. E.g. we have the following corollary.

Corollary 9.9 Ler (x;)ier, (Dr)ier be as in the definition of the quasi-arithmetic mean
(9.65) and 0 <m < M. Let ¢ and y be continuous strictly monotone functions from [0, o)
into itself.

If one of the following conditions

(i) wo o' and w=! are operator monotone,
(ii) @ oyl is operator convex, oo y=1(0) =0 and y~" is operator monotone

is satisfied, then
My <M <M,.

Specially, if one of the following conditions
(ii) w~!is operator monotone,
(i) w~!is operator convex and ¢(0) =0,

is satisfied, then
Ml S MW'

Proof. This theorem follows directly from Theorem 9.17.
We prove only the case (i). We use the statement: a bounded below function f €
C([a,°)) is operator monotone iff f is operator concave and we apply Theorem 9.17-(ii).
O

Example 9.1 If we put ¢(t) =1t", w(t) =1t or ¢(t) =1*, w(t) =1" in Theorem 9.17 and
Theorem 9.18, then we obtain (cf. Corollary 9.6)

M, (x,®) < M;(x, D)
foreitherr <s,r& (—1,1),s¢ (—1,1)or1/2<r<1<sorr<-1<s<-1/2.

Next, we study the difference and ratio type inequalities among quasi-arithmetic means.
With that in mind, we shall prove the following general result.

Theorem 9.20 Let (x;)ier, (@ )ier be as in the definition of the quasi-arithmetic mean
(9.65). Let y, ¢ € €[m,M] be strictly monotone functions and let F : [m,M] x [m,M] — R
be a bounded and operator monotone function in its first variable.

If one of the following conditions
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Ujs convex and 14/*l is operator monotone,

(i) yoo
(i) wo o !isconcave and —y~" is operator monotone

is satisfied, then

F[My,My| < sup F [y~ (Oy(m)+(1—60)y(M),¢~" (6p(m)+ (1—6)p(M)))] 1.

0<6<1
(9.70)
If one of the following conditions

Vis concave and y=' is operator monotone,

(ii) yoo~

Vis convex and —y~" is operator monotone

(i) yoo-
is satisfied, then the opposite inequality is valid in (9.70) with inf instead of sup.

Proof. We prove only the case (i). Since f € €’[m,M] is convex then

M—z z—m
<
f@) < = f(m

holds for any z € [m,M]. Replacing f by wo ¢!, and z by ¢(z) and introducing the
notation @, = min{@(m), p(M)}, @y = max{@(m), (M)}, we have
(Z) < Pm — (P(Z)

— Z)— m
y(z) < —Zyog 1(<pm)+u

op! , forany z € [m,M].
Prt — O o —ogn VOO (o) Y2 € M

Thus, replacing z by x; for ¢ € T, applying the positive linear mappings %@, and inte-
grating, we obtain that

1 1- [ 1@ d
[ evisnau) < PEAESORDED, g,
r Ovt = Pm 9.71)
ld), t d - m1 .
n Jrz ((P(X)_) u(t)—o wo(p_l((pM)
(PM (Pm
holds, since [; 1 ®; (1)du(r) = 1. We denote briefly
o 001 J; 1 (p(x)) du(r) 072)

¢(M) —(m)

Since 0 < @(M)1— [ 1 D, (@(x))du(t) < (@(M) — @(m))1 holds for a increasing func-
tion ¢ or (¢(M) — @(m))1 < @(M)1 — [ 1 D, (¢(x;))du(¢) < 0 holds for a decreasing
function ¢, then 0 < B < 1 holds for any monotone function ¢. It is easy to check that the
inequality (9.71) becomes

/ L0, (y(x)du(1) < By(m) + (1 BYy(M).
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Next, applying an operator monotone function y~! to the above inequality, we obtain

My =y ( 1o <w<xz>>du<z>) <y (By(m) + (1- B)y(M)).

Also, using (9.72), we can write

M=o ([ @ lpt)au()) = ot (Bp(m) + (1~ B)o(h0).

Finally using operator monotonicity of F(-,v), we have
F [My,M,]
<F[y ' By(m)+(1-B)y(M)), ¢~ (Bo(m)+(1-B)p(M))]

< sup F v (0y(m)+(1-0)y(M), 9" (6¢(m) +(1-6)p(M)))] 1,

which is the desired inequality (9.70). O

Remark 9.6 We can obtain similar inequalities as in Theorem 9.20 when F : [m,M] X
[m,M] — R is a bounded and operator monotone function in its second variable.

If the function F in Theorem 9.20 has the form F (u,v) = u—vand F (u,v) = v~/ 2uy=1/2
(v > 0), we obtain the difference and ratio type inequalities.

Corollary 9.10 Let (x;)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65) and let y, @ € € [m,M] be strictly monotone functions.
If one of the following conditions

(i) wo @ lis convex and y~" is operator monotone,

(ii) wo @ !is concave and —y~" is operator monotone

is satisfied, then
My < Mg+ max {y~" (Bw(M)+ (1 - 0)y(m)) — ¢~ (09(M) + (1 - 6)p(m)}

If in addition @ > 0 on [m,M), then

If one of the following conditions

Vis concave and y=' is operator monotone,

(i) yoo~

Vis convex and —y~" is operator monotone

(i) yoo-

is satisfied, then the opposite inequalities are valid with min instead of max.
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We will give a complementary result to (i) or (i’) of Theorem 9.17 under the assump-
tion that yo ¢! is operator convex and y~! is not operator monotone. In the following
theorem we give a general result.

Theorem 9.21 Let (x;)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65). Let y, ¢ € €[m,M] be strictly monotone functions and F : [m,M] x [m,M] — R be
a bounded and operator monotone function in its first variable.

If one of the following conditions

Uis operator convex and w~" is increasing convex,

(i) yoo~

(i’) wo o~ !is operator concave and w~" is decreasing convex,

is satisfied, then

F [My,My] < OiléglF [OM+(1—0)m,y ' (Oy(M)+ (1-0)y(m))]1.  (9.73)

If one of the following conditions

Vis operator convex and w~" is decreasing concave,

(i) oo~
(ii*) wo @~ is operator concave and w~" is increasing concave,
is satisfied, then the opposite inequality is valid in (9.73) with inf instead of sup.

Proof. We prove only the case (i): If we put f = yo ¢@~! in Theorem 9.9 and replace
x; with @(x;), then we obtain (see (9.67))

v(My) < y(My) (9.74)

Since y~! is increasing, then y(m)1 < y(M,) < y(M)1, and also since y~! is convex
we have

My = v~ (y(My))

M—m
< —————  (y(My) — w(m)1) +ml by convexity of y !
W(M) _ W(m) (W( <P) W( ) ) y y 'Y
M—m
< My)—w(m)l)+ml by increase of ¥ and (9.74).

Now, operator monotonicity of F(-,v) give

F[Mg,My] < F LV( M=m

—_— —y(m m -1
s (W) = yn)t) £y (w(0ty)|

_Mom ) emy!
: ‘I/(m)ilzlgw(M)F{W(M)—l[/(m) (2= w(m))+m,y (Z)] 1

= sup F[0M+(1—0)m,y™ (0w (M) + (1~ 0)y(m)] 1.

which is the desired inequality (9.73). o
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Remark 9.7 Similar to Corollary 9.10, by using Theorem 9.21 we have the following
results.
Let one of the following conditions

Uis operator convex and w~" is increasing convex,

(i) yoo~

Vis operator concave and w~" is decreasing convex

(") yoo
be satisfied. Then

My < Ml,,+or£g;<1 {oM+(1—0)m—y ' (Oy(M)+(1—60)y(m))} 1,

and if, additionally, v > 0 on [m,M|, then

oM+ (1—0)m
M < ‘2‘5‘2‘1{w—l(ew<M>+<1—e>w<m>>} My

Let one of the following conditions

Vis operator convex and w=! is decreasing concave,

(i) yoo~

Vis operator concave and y=' is increasing concave

(i) yoo-

be satisfied. Then the opposite inequalities are valid with min instead of max.

In the following theorem we give the complementary result to the one given in the
above remark.

Theorem 9.22 Let (x;)ier, (@, )ier be as in the definition of the quasi-arithmetic mean
(9.65) and y, @ € €m, M) be strictly monotone functions.

(i) wo @~ lisoperator convex and w~" is decreasing convex,

(i’) wo @ !is operator concave and w~" is increasing convex

be satisfied. Then

M¢SA%+&%%{MW+U—GwhwfwmﬂM%MI—mWMM}L (9.75)

and if, additionally, v > 0 on [m,M), then

OM+ (1 —60)m
My = 3%?{w1<9wm0+41—9m4m»}ﬂ%- (9.76)

Let one of the following conditions

Uis operator convex and w~! is increasing concave,

(i) yoo~

Vis operator concave and w~" is decreasing concave

(i) yoo-
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be satisfied. Then the opposite inequality is valid in (9.75) with min instead of max.
If, additionally, w > 0 on [m,M], then the opposite inequality is valid in (9.76) with
min instead of max.

Proof. We prove only the case (i): Since yo ¢! is operator convex, then y(My) <
y(My) holds. Next, for every unit vector x € H we have

<M(Px7x>

— (v oy (Mp)x,x)

>y (y(My)x, x) by convexity of y !

>yl (y(My)x,x) by decrease of y~! and operator convexity yo ¢!

m—M

> (Myx,x) — max z—m —|—w‘1m —w‘lz}

My w<M><z<w<m>{w1(m)—w1(M>( ) " “
by convexity of y~! and using the Mond-Pe¢ari¢ method
= (Myx,3) — max {OM+(1—0)m—y~ Oy (M) + (1 - 0)w(m))

and hence we have the desired inequality (9.75).
Similarly, we can check that (9.76) holds. O

We will give a complementary result to Theorem 9.18. In the following theorem we
give a general result.

Theorem 9.23 Let (x;)ier, (®@;)ier be as in the definition of the quasi-arithmetic mean
(9.65) and y, ¢ € €[m,M] be strictly monotone functions and F : [m,M] x [m,M] — R be
a bounded and operator monotone function in its first variable.

(i) If 9! is operator convex and w~" is concave, then

F[Mgy,My) < OS;EIF [OM+ (1 —0)m,y ' (Oy(M)+ (1—0)y(m))] 1. (9.77)

(ii) If o' is convex and y~' is operator concave, then

F[My,My) > OgigfglF [OM+(1—0)m, @ ' (0p(M)+ (1—0)p(m))] 1. (9.78)

Proof. We prove only the case (i): Using LHS of (9.69) for an operator convex function
¢! and then operator monotonicity of F(-,v) we have

FMg, My] < F[My,My].
If we put v =1 the identity function and replace ¢ by v in (9.70), we obtain

F [My,My] < Oil(-l)glF [OM + (1 —0)m,y~ ' (Oy(M)+(1—6)y(m))] 1.

Combining two above inequalities we have the desired inequality. O
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Corollary 9.11 Let (x;)ier, (®;)icr be as in the definition of the quasi-arithmetic mean
(9.65) and v, ¢ € €m, M) be strictly monotone functions.
If 9! is convex and ™! is concave, then
My < My (9.79)
+ Jmax {oM+(1—6)m— v (Oy(M)+ (1 - 6)y(m))}1

+ max {@~' (0@(M)+(1-0)p(m) — M —(1-0)m} 1,

and if, additionally, @ > and y > 0 on [m,M], then
OM+(1—60)m
M, <
0= ‘<“5‘i‘1{w—1<ew(M>+<1—e>w<m>>}

¢ ' (09(M)+(1-6)p(m))
{ OM +(1—0)m } My.

(9.80)

X max
0<6<1

Proof. If we put F(u,v) = u—v and ¢ = t in (9.77), then for any concave function y !
we have

My =My < max {6M+(1—0)m—y ' (Oy(M)+(1-0)y(m)} 1.

Similarly, if we put y = 1 in (9.78), then for any convex function ¢! we have

My —My > 021321 {oM+(1—-0)m—@ ' (6p(M)+(1—0)¢p(m))} 1.

Combining two above inequalities we have the inequality (9.79).
We have (9.80) by a similar method. O

If we use conversions of Jensen’s inequality (9.1), we obtain the following two corol-
laries.

Corollary 9.12 Let (x,)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65) and y, @ € €[m,M) be strictly monotone functions. Let y o ¢~ be convex (resp.
concave).

(i) If w=! is operator monotone and operator subadditive (resp. operator superaddi-
tive) on R, then

My <My+y'(B)1 (resp. My > My +y '(B)1), (9.81)

(i) if =y~ is operator monotone and operator subadditive (resp. operator superaddi-
tive) on R, then the reverse inequality is valid in (9.73),

(ii) if y~! is operator monotone and operator superadditive (resp. operator subaddi-
tive) on R, then

My <Mp—@ '(=B)1  (resp. My >My—o¢ ' (—B)1), (9.82)
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(ii’) if —w ! is operator monotone and operator superadditive (resp. operator subaddi-
tive) on R, then the reverse inequality is valid in (9.81),

where

B= Jnax, {6y (M)+(1—60)y(m)—yop ' (Bp(M)+(1-0)p(m))}  (9.83)

(resp. B= min {6y(M)+(1—8)y(m)—woo~ (0p(M)+(1-6)p(m))}.)

0<6<1

Proof. We prove the case (i) only and when y o ¢! is convex: Putting F(u,v) = u —v
and f = g = wo¢@ ! in Theorem 9.11, we have:

wi,) = [ 20 (woo (o)) () S wou (p(Mg) +B1. O34
where

(w0
ﬁ B (Pmlglaﬁ@M{ (P(M) - (P(m)

which gives (9.83). Since y~! is operator monotone and subadditive on R, then by using
(9.84) we obtain

(2= On)+Wop (gn) — o 90_1(2)}

My <y~ (y(My) +B1) < My + v (B)L.
O

Corollary 9.13 Let (x,)ier, (®;)ier be as in the definition of the quasi-arithmetic mean
(9.65) and y, ¢ € €|m,M] be strictly monotone functions. Let yo ¢! be convex and
vy >0 (resp. y <0)on [m,M].

(i) If y~! is operator monotone and operator submultiplicative on R, then

My <y~ (o) My, (9.85)

(i) if —y~lis operator monotone and operator submultiplicative on R, then the reverse
inequality is valid in (9.85),

(ii) if w~! is operator monotone and operator supermultiplicative on R, then

My [Wﬁl(afl)]_lev (9.86)

IN

(ii*) if —w~ ! is operator monotone and operator supermultiplicative on R, then the re-
verse inequality is valid in (9.86),

where

o — max { Oy M)+ (1-6)y(m) } 9.87)

o<6<1 (Yoo ! (0p(M)+(1—6)p(m))

o Oy(M)+ (1 — 0)y(m)
(’“”' “—o%ﬂl{ww1<e<p<M>+<1—9><p<m>>}' )
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Proof. The proof is essentially the same as that of Corollary 9.12 and we omit details.
O

Remark 9.8 We note that if wo ¢! is a concave function, we can obtain similar inequa-
lities as in Corollary 9.13. We use the same way as we did in Corollary 9.12.

E.g. if w > 0 (resp. w < 0) on [m,M] is operator monotone and operator supermultiplica-
tive on R, then

~1
My >y~ (o) My,
with min instead of max in (9.87).
Example 9.2 If we put ¢(t) =t* and y(t) =1t in inequalities involving the complemen-
tary order among quasi-arithmetic means, we can obtain the complementary order among

power means.
E.g. using Corollary 9.10, we obtain that (compare with Theorem 9.14)

V/(OM"+ (1 —6)m")
/(OMS + (1 —0)m?)

M(x,®) < k7 max
0<6<1

}M,(x,d))
holds forr <s,s > 1 orr <s < —1, where

o { /(OM+ (1 — 0)m’") } _ Alhrs)

V(OMS + (1—0)m?)

is the generalized Specht ratio defined by (9.3), i.e.

s~ (Y () e

=

9.6 Some better bounds

In this section we study converses of a generalized Jensen’s inequality for a continuous
field of self-adjoint operators, a unital field of positive linear mappings and real values
continuous convex functions. We obtain some better bounds than the ones calculated in
Section 9.1 and a series of papers in which these inequalities are studied. As an application,
we provide a refined calculation of bounds in the case of power functions.

In the following theorem we give a general form of converses of Jensen’s inequality
which give a better bound than the one in Theorem 9.2.
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Theorem 9.24 Let (x;);er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra <7 with the spectra in [m,M], m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure L, and let (®;);er be a unital
field of positive linear mappings ®, : o/ — 9B from < to another unital C*—algebra 4.
Let my and My, m, < My, be the bounds of the self-adjoint element x = [ ®;(x;)du(t) and
fila,b] =R, g:[m,My] =R, F:U xV — R, where f([a,b]) CU, g([my,M,]) CV and
F be bounded.
If f is convex and F is operator monotone in the first variable, then

[/cbt £q))due) (/cbtxt )du(r) )}<c111<<c11<7 (9.88)

where constants Cy, = C\(F, f,g,m,M,my,M,) and C = C(F, f,g,m,M) are

N = = Y]
= sup  {F[pf(m)+(1—p)f(M),g(pm+(1—p)M)]},

M—Mx M—myx
Wm <SPS

C:= sup {F[M__;f(M)-i-AZ/I__m f(M)7g(Z)]}

m<z<M M m
= Oil;gl{F[pf(m) +(1=p)f(M), g(pm+(1—p)M)]}.

If f is concave, then the opposite inequality holds in (9.88) with inf instead of sup in
bounds C; and C.

Proof. We prove only the convex case. Since m®;(1y) < @;(x,) < M®;(1y) and
J7 @ (1g)du () = 1x, then mlg < [ ®;(x;)du(r) < M1g. Next, since m, and My, are the
bounds of the operator [, @, (x;)du(r) it follows that [m,,M,] C [m,M].

By using convexity of f and functional calculus, we obtain

M1y —x; x; —m],
Jrotrtnaut) < [ o (M o+ 2 an) ) e
_ M= [0 ) du() —mik
_ Ml S @) ) S0

Using operator monotonicity of u — F (u,v) and boundedness of F, it follows

[/@t F0))du (1) (/d),x, du(r )}

MIK—qu)t(xl)d.u( )f(m)—|— qu)l(xt)d'u(t) _lef(M)7g(/Tq)t(Xt)d,u(t))]

M—m M—m
M—z z—m
= mxil;EMx{F [M—mf(m)+ M_mf(M),g(z)] }IK

< sup {F |32 pn) = ron).660)|

m<z<M M—m

<r|
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Remark 9.9 We can obtain an inequality similar to the one in Theorem 9.24 in the case
when (D; )it is a non-unit field of positive linear mappings, i.e. when [; @,(1)du(r) =k1
for some positive scalar k. Then,

F[/Tcpt(f(xt))dy(t)7g</Tth(xz)dﬂ(l))]
<o (e[ S ron )] 1

kmy <z<kMy M—m M

< s {F|SEE )+ S 00 60| f

km<z<kM M—m M—

This means that we obtain a better upper bound than the one given in Theorem 9.11.

We recall that the following generalization of Jensen’s inequality (9.1) holds. If f is
an operator convex function on [m,M] and Ag < f on [m,M] for some function g and real
number A, then

0< [ @ () aute) g ( / CDz(Xz)du(t)>-

In the following we consider the difference type converses of the above inequality.

We introduce some abbreviations. Let f : [m,M] — R, m < M, be a convex or a concave
function. We denote a linear function through (m, f(m)) and (M, f(M)) by f[‘rﬁ‘_‘;‘,”, ie.

M-z
T M-—m

z—m
M_mf(M)7 ze€R

£ (2) flm) +

and the slope and the intercept by ¢ty and Sy as in (9.2).

The following Theorem 9.25 and Corollary 9.14 are refinements of [124, Theorem 2.4].

Theorem 9.25 Let (x;),er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with the spectra in [m,M|, m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure L, and let (®;);er be a unital
field of positive linear mappings ®, : &/ — 9B from < to another unital C*—algebra A.
Let my and My, my < My, be the bounds of x = [; @,(x,)du(t) and f : m,M] - R, g:
[my, My] — R be continuous functions.

If f is convex, then

/Tqa,(f(xt))du(t)—Ag(/Tdn,(xt)du(t)) SmEIZaSXMX{OCfZ—FBf—/'Lg(Z)}lK (9.89)

holds and the bound in RHS of (9.89) exists for any m,M,m, and M.
If f is concave, then the reverse inequality with min instead of max is valid in (9.89).
The bound in RHS of this inequality exists for any m,M,m, and M.
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Proof. We put F(u,v) =u—Av, A € R in Theorem 9.24. A function z — oz + fBf —
Ag(z) is continuous on [my, My], so the global extremes exist. O

In the following corollary we give a way of determining the bounds placed in Theo-
rem 9.25.

Corollary 9.14 Let (x;)ier, (D))er, A, f and g be as in Theorem 9.25.

(i) Let A <0.
If f is convex and g is convex, then
fowtnan-te( [omawn) a0
holds with
Cr = max {f (ms) = Ag(m), fiky (M) = Ag(Mo)}. (99D)

But, if f is convex and g is concave, then the inequality (9.90) holds with
flo g (m)—Ag(my) if Ag'(2) > ay for every z€ (my,M,),
Co = il (@) —Ag(z) i Agl(z0) < ap < Agl(z0) for some 20 € (my, My),
S0 (M) ~Ag(My)  if Agh(2) < oy for every 2€ (me,M,).
(9.92)

If f is concave and g is convex, then

it < [ @(/()) ) —Ag( / ¢z(xz)du(t>> 9.93)

holds with c, which equals the right side in (9.92) with reverse inequality signs.

But, if f is concave and g is concave, then the inequality (9.93) holds with c) which
equals the right side in (9.91) with min instead of max.

(ii) Let A > 0.
If f is convex and g is convex, then the inequality (9.90) holds with C,, defined by

(9.92). But if f is convex and g is concave, then (9.90) holds with C,, defined by
(9.91).

If f is concave and g is convex, then the inequality (9.93) holds with c; which equals
the right side in (9.91) with min instead of max. But, if f is concave and g is concave,
then (9.93) holds with c) which equals the right side in (9.92) with reverse inequality
signs.

Proof. (i): We prove only the cases when f is convex. If g is convex (resp. concave)
we apply Proposition 9.2 (resp. Proposition 9.1) on the convex (resp. concave) function
hy = f[ﬁnhf;m (z) — Ag(z), and get (9.91) (resp. (9.92)).

In the remaining cases the proof is essentially the same as in the above cases. O

Corollary 9.14 applied on the functions f(z) = z” and g(z) = z4 gives the following
corollary, which is a refinement of [124, Corollary 2.6].
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Corollary 9.15 Let (x;)ier, (D;)ier and x be as in Theorem 9.25, and additionally let
operators x; be strictly positive with the spectra in [m,M), where 0 < m < M.

(i) Let 2 <0,
pr7q € (_0070] U [1700)’ then
/ @, (") du (1) ( / @, () du (1 ) <CI (9.94)
holds with
q = max{ot,pmx + ﬁ;p — lmz, oyp M, + ﬁtp - )LM)[C]} . (9.95)

If p € (—=,0) and q € (0,1), then the inequality (9.94) holds with

Oyp My + Brp — Amd if(lq/oc,p)l/(l_q) < my,
q = pr +A‘(q_1) (A, q/atp)q/(liq) ifmx < (l q/(x,p)l/ﬂfq) < an (996)
atpr+ﬁzl’ _}LM;C] lf (}Lq/aﬂ,)l/(l_‘” > M,.

Ifp€(0,1) and g € (—o0,0), then

clIK</CD, ydp (1) (/ @, (x)du () ) (9.97)

holds with ¢, which equals the right side in (9.96).

If p,q € [0, 1], then the inequality (9.97) holds with ¢ which equals the right side in
(9.95) with min instead of max.

(ii) Let A > 0.

If p,q € (—=0,0) U (1,00), then (9.94) holds with C; defined by (9.96). But, if p €
(—o0,0]U[1,+o0) and q € [0, 1], then (9.94) holds with C; defined by (9.95).

Ifpe0,1] and g € (—o0,0]U[1,20), then (9.97) holds with ¢ which equals the right
side in (9.95) with min instead of max. But, if p € (0,1) and g € (0,1), then (9.97)
holds with ¢, which equals the right side in (9.96).

Using Theorem 9.25 and Corollary 9.14 with g = f and A = 1 we have the following
theorem.

Theorem 9.26 Let (x;),er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with the spectra in [m,M|, m < M, defined on a locally compact
Hausdorf{f space T equipped with a bounded Radon measure L, and let (®;);er be a unital
field of positive linear mappings ®; : o/ — A from < to another unital C*—algebra A.
Let my and My, my < My, be the bounds of x = [ ®;(x;)dp(t) and f : [m,M] — R be a
continuous function.
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If f is convex, then

0</d), FOe))du(r) (/ D, (x, ) du(r >§ max {f[‘,'fl’f&](z)—f(z)}llg (9.98)

my <z<My

holds and the bound in RHS of (9.98) exists for any m,M,m, and M.
The value of the constant

C=C(f,m,M,m;,M,) = max {fﬁ,’,’% (2) —f(Z)}

my <z<My
can be determined as follows
Sl (m) = f(ms) i £(2) > o for every z€ (my,My),
C =2 firsn(@0)—f(z0) if & (z0) < 0 < gy (20) for some z0€ (me,My),  (9.99)
S5 (M)~ FM) if 8.(2) < 0y for every 2€ (my,My).

If f is concave, then the reverse inequality with min instead of max is valid in (9.98).
The bound in this inequality exists for any m,M,m, and M. The value of the constant

c=alfmMomo by = min {0 ()~ £(2)}

my <z<My
can be determined as in the right side in (9.99) with reverse inequality signs.

If f is a strictly convex differentiable function on [m,, M,], then we obtain the following
corollary of Theorem 9.26. This is a refinement of [124, Corollary 2.16].

Corollary 9.16 Ler (x;)ier, (®;)ier and x be as in Theorem 9.26. Let f : [m,M] — R be
a continuous function. If f is strictly convex differentiable on [my,My|, then

o</d>, Fx))due) (/@ %) du (e )s(asz+ﬁf—f(zo>)1K, (9.100)

where
my if f(mx) o7
=3 f""(ay) if fm)<oy Sf(Mx% (9.101)
M, if f'(My) <oy

The global upper bound is C(m,M, f) = o 20+ Br — f(20), where zo = (') "1(0) €
(m,M). The upper bound in RHS of (9.100) is better than the global upper bound provided
that either f'(my) > o or f'(My) < ay.

In the dual case, when f is strictly concave differentiable on [my, M), then the reverse
inequality is valid in (9.100), with zo which equals the right side in (9.101) with reverse
inequality signs. The global lower bound is defined as the global upper bound in the convex
case. The lower bound in the reverse inequality in (9.100) is better than the global lower
bound provided that either f'(my) < oy or f'(My) > ay.
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Proof. We prove only the cases when f is strictly convex differentiable on [m,, M,].
The inequality (9.100) follows from Theorem 9.26 by using the differential calculus. Since
h(z) = orz+ By — f(z) is a continuous strictly concave function on [m, M], then there is
exactly one point zg € [m,M] which achieves the global maximum. If neither of these
points is in the interval [my,M,], then the global maximum in [my,M,] is less than the
global maximum in [m, M]. O

Using Corollary 9.15 with ¢ = p, A = 1 or applying Corollary 9.16 we have the fol-
lowing corollary, which is a refinement of [124, Corollary 2.18].

Corollary 9.17 Let (x;)ier, (D;)er and x be as in Theorem 9.26, and additionally let
operators x; be strictly positive with the spectra in [m,M|], where 0 < m < M. Then

P _
O</CD, ) du(t) (/ D, (x;)du(r )) < C(my,My,m,M,p)lx < C(m,M,p)lx
Jor p & (0,1), and
0>/q)t x)du(r) (/ D, (x,)du(r ) > c(my, My,m,M,p)lg > C(m,M,p)1g

for p € (0,1), where

o g+ B —mP if pmPTt > oy,
Cme,Me,m, M, p) =< C(m,M, p) if pmt™' <o <pMPTY, (9.102)
Oy My + B —MPif pMP™! < ayp,

and c(my,My,m, M, p) equals the right side in (9.102) with reverse inequality signs. The
constant C(m,M, p) is defined by (2.38).

In the same way in the following we consider the ratio type converses of Jensen’s
inequality. The following Theorem 9.27 and Corollary 9.18 are refinements of [124, The-
orem 2.9].

Theorem 9.27 Let (x;);er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with the spectra in [m,M|, m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure L, and let (®;);er be a unital
field of positive linear mappings @, : o7 — A from < to another unital C*—algebra 4.
Let my and My, my < My, be the bounds of x = [ ®;(x;)dp(t) and f : [m,M] — R be a
continuous function and g : [my,My] — R be a strictly positive continuous function.

If f is convex, then

/ d):(f(xz))du(t)smxrgggMX{af”Bf } ( [ @tau ) (9.103)

holds and the bound in RHS of (9.103) exists for any m,M,m, and M.
If f is concave, then the reverse inequality with min instead of max is valid in (9.103).
The bound in RHS of this inequality exists for any m,M,m, and M.
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Proof. We put F(u,v) = y"2uv=? in Theorem 9.24.

A function z — af;g )ﬂf is continuous on [my, M,], so the global extremes exist. O

Remark 9.10 If f is convex and g is strictly negative on [my, M), then the inequality with
min instead of max is valid in (9.103). If f is concave and g is strictly negative on [my, M,],
then the reverse inequality is valid in (9.103).

In the following corollary, we give a way of determining the bounds placed in Theo-
rem 9.27.

Corollary 9.18 Let (x;)ier, (®r)ier, A, f and g be as in Theorem 9.27. Additionally, let
f[%’OM] and g be strictly positive on [my, My].
If f is convex and g is convex, then

/q)’(f(x’))d”(’><cé’</ ‘Dz(Xz)du(t)> (9.104)
T T
holds with
‘f[i"h%] (mx) . / O(fg(z)
W if &~ (z) > m for every z€ (my, M),
C= W lf /(Z ) < M < /(Z )forsomez e(m M) (9105)
) S G S 8) orsome oS )
T M) oyg(z)
M if g.(z) < m for every z€ (my, My).

If f is convex and g is concave, then the inequality (9.104) holds with

C= : )= : 9.106
max{ 2 m) (V) ( )
If f is concave and g is convex, then
/CDz(f(Xz))du(t) > cg(/ d):(x,)dy(t)) (9.107)
T T

holds with ¢ which equals the right side in (9.106) with min instead of max.
If f is concave and g is concave, then the inequality (9.107) holds with ¢ which equals
the right side in (9.105) with reverse inequality signs.

Proof. We prove only the cases when f is convex. If g is convex (resp. concave) we
cho

apply Proposition 9.3 (resp. Proposition 9.5) on the ratio function A(z) = f[,,;,(wz])(z) with the

convex (resp. concave) denominator g, and so we get (9.105) (resp. (9.106)). O

Corollary 9.18 applied on the functions f(z) = z” and g(z) = z4 gives the following
corollary, which is a refinement of [124, Corollary 2.11].
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Corollary 9.19 Let (x;)ier, (P;)ier and x be as in Theorem 9.27, and additionally let
operators x; be strictly positive with the spectra in [m,M), where 0 < m < M.

prvq € (_°°70)U(15°°)’ then

q
[o)aui <c ( / q>t<x,>du<r>) 9.108)
holds with
Oyp qu—i— ﬁ[l’ lf q & S »
my 1—qow
D - D q D
o= P (ﬂ G ) if my < _a Pr < M,, (9.109)
l—gq\ q PBr 1—q o
O4p Mx:— ﬁ;ﬂ lf q ﬁ[l’ > Mx.
M l—q O4p

If p € (—o0,0]U[1,0) and g € [0,1], then the inequality (9.108) holds with

Oypmiy + Pyr Oy My + Brp
C* = max , .
{ mi M

(9.110)

Ifp€0,1] and g € (—o=,0]U[1,00), then

/@t xP)du(r) (/ @, (x;)du(t ) (9.111)

holds with c;, which equals the right side in (9.110) with min instead of max.
If p,q € (0,1), then the inequality (9.111) holds with ¢* which equals the right side in
(9.109).

Using Theorem 9.27, Proposition 9.4 and 9.6 with g = f we have the following theo-
rem.

Theorem 9.28 Let (x;);er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with the spectra in [m,M|, m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure L, and let (®;);er be a unital
field of positive linear mappings @, : o/ — B from < to another unital C*—algebra A.
Let my and My, my < M, be the bounds of x = [ ®;(x,)du(z). let f: [m,M] — R be a
continuous function and strictly positive on [my, My|.

If f is convex, then

ch()
/d), (%)) du(r) < myrgza%{ i } (/@, x)du(t ) 9.112)

holds and the bound in RHS of (9.112) exists for any m,M,m, and M.
The value of the constant

cho
= Clrmmmotn) = s, {557 )
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can be determined as follows:

fi,}lm (my)
% 1)z % Jorevery 2 m M)
G ) S @) orf(z0) _ . (9.113)
Y TGy S g, S Sk Jorsome o€ (me M), C
Tinon (M)
[;24] ) if fi(2) < 703?—1@[; Jor every z€ (my, My).

If f is concave, then the reverse inequality with min instead of max is valid in (9.112).
The bound in this inequality exists for any m,M,m, and M. The value of the constant

cho z
c=c(f,m,M,m,,M,) :== min {f[m‘M]()}

f2)
can be determined as in the right side in (9.112) with reverse inequality signs.

Remark 9.11 If f is convex and strictly negative on [my,My|, then the inequality with
min instead of max is valid in (9.112). If f is concave and strictly negative on [my,My],
then the reverse inequality is valid in (9.112).

If f is a strictly convex differentiable function on [m,, M,], then we obtain the following
corollary of Theorem 9.28. This is a refinement of [124, Corollary 2.10].

Corollary 9.20 Ler (x;)ier, (Dr)ier and x be as in Theorem 9.28. Let f : [m,M] — R
be a continuous function and f(m), f(M) > 0. If f is strictly positive and strictly convex
twice differentiable on [my, M), then

[ otrtant < (%) f( / (Dt(xt)dﬂ(f)> NCRIES

where zo € (my, My) is defined as the unique solution of oy f(z) = (ctyz+ By) f'(z) provided
(agmo+ By) f/(ma) Flme) < i < (0 My -+ By)f (M) (M), otherwise so is defined as
my or My provided oy < (otpmy+ By) f'(my) / f(my) or oy = (M + By) f' (M) / f (M),
respectively.

The global upper bound is C(m,M, f) = (ayz0 + Br)/f(z0), where zo € (m,M) is
defined as the unique solution of o f(z) = (orz+ Br)f'(z). The upper bound in RHS
of (9.114) is better than the global upper bound provided that either o < (0fmy +

Br) S (me) [ f(my) or oy = (M +Br) f' (My) /.f (M)

In the dual case, when f is positive and strictly concave differentiable on [my, M,],
then the reverse inequality is valid in (9.114), with zo is defined as in (9.114) with re-
verse inequality signs. The global lower bound is defined as the global upper bound
in the convex case. The lower bound in the reverse inequality in (9.114) is better than
the global lower bound provided that either oy > (oymy + ) f'(my)/ f(my) or o <

(oM + By) f' (M) [ f (M)
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Proof. We prove only the cases when f is strictly convex differentiable on [m,, M,].
The inequality (9.114) follows from Theorem 9.28 by using the differential calculus.

Next, we puth(z) = (0trz+ Br)/f(z). Then k' (z) = H(z)/f(z)*, where H(z) = 0y f(z) —
(orz+ Br)f'(z). Due to the strict convexity of f on [my, M| and since f(m), f(M) > 0,
it follows that H'(z) = — (o z+ Br)f” (z) < 0. Hence H(z) is decreasing on [m,M,]. If
H(my)H(M,) < 0, then the minimum value of the function 4 on [m,, M,] is attained in zo
which is the unique solution of the equation H(z) = 0. Otherwise, if H (m,)H (M) > 0,
then this minimum value is attained in m, or M, according to H(m,) < 0 or H(M,) > 0.

Since h(z) = (arz+ Br)/f(z) is a continuous function on [m, M], then the global max-
imum in [my, M,] is less than the global maximum in [m, M]. ad

Using Corollary 9.19 with ¢ = p or applying Corollary 9.20 we have the following
corollary, which is a refinement of [124, Corollary 2.12].

Corollary 9.21 Let (x;)ier, (P;)ier and x be as in Theorem 9.28, and additionally let
operators x; be strictly positive with the spectra in [m,M|], where 0 < m < M. Then

[ @6 dte) < Romem. b, p) ( / d»(x,)du(r))p
P
< K(m.M.p) ( / ¢z(xz)du(t>>

Jor p & (0,1), and

p

/T @, (<) dpa () > k(my, My,m, M, p) ( / q>t<xt>du<r>)
p
> K(m,M.p) ( [ (x:)du(t))

for p € (0,1), where

Oyp my + .
tl’mxipﬁt” if pBw/my > (1—p)aow,

X

K(my,My,m,M,p) =< K(m,M,p) if pBw/my<(1—p)ow <pPir/Mc, (9.115)

o4p M + .
WTpﬁW if pBir /My < (1—p)oyr,

and I;(mx,Mx,m,M,p) equals the right side in (9.115) with reverse inequality signs.
K(m,M,p) is the Kantorovich constant defined by (2.29).

Remark 9.12 We can obtain similar inequalities to above in the case when (®;)cr is a
field of positive linear mappings such that [ ®;(1)du(t) = k1 for some positive scalar k.
The details are left to the interested reader:
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9.7 Appendix

In appendix of this section we give the calculation of extreme values of a difference or ratio
function y = h(z), of a linear function y = kx +1 and a continuous convex or concave func-
tion y = g(x) on a closed interval. The basic facts about the convex and concave functions
can be found e.g. in books [239, 249].

We first examine two cases for the difference.

Proposition 9.1 Let g : [a,b] — R be a continuous function and let h(z) = kz+1— g(2)
be a difference function. If g is convex, then

min A(z) = min{h(a), h(b)} (9.116)

a<z<b
and
h(a)  if g (2) >k foreveryz € (a,b),
argzaé(bh(z) =< h(z0) if g (z0) <k <g\ (20) for some zg € (a,b), 9.117)
h(b)  if g (z) <k foreveryze (a,b).

Additionally, if g is strictly convex and h is not monotone, then a unique number zo €

(a,b) exists so that
h(zo0) = h(z). 9.118

(20) = max h(z) (9.118)
Proof. A function y = h(z) is continuously concave because it is the sum of two con-
tinuous concave functions y = kz+1/ and y = —g(z). Since a function % is lower bounded
by the chord line through endpoints P,(a,h(a)) and P,(b,h(b)), then (9.116) holds. Next,
(9.117) follows from the global maximum property for concave functions. With additional
assumptions the equality (9.118) follows from the strict concavity of A. O

Proposition 9.2 Let g : [a,b] — R be a continuous function and let h(z) = kz+1 — g(2)
be a difference function. If g is concave, then

max h(z) = max{h(a), h(b)}

a<z<b

and
h(a)  if g (2) <k foreveryz€ (a,b),
. B v
nin h(z) = h(zo) if g,
h(b)  if g (z) =k foreveryz € (a,b).

Additionally, if g is strictly concave and h is not monotone, then a unique number
20 € (a,b) exists so that

(
(

20) <k <g' (z0) for some zy € (a,b),

h(zo) = min h(z).

a<z<b
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Proof. The proof is essentially the same as the one in Proposition 9.1. O

‘We now examine four cases for the ratio.

Proposition 9.3 Let g : [a,b] — R be either a strictly positive or strictly negative contin-
uous function and let h(z) = (kz+1)/g(z) be a ratio function with strictly positive numer-
ator. If g is convex, then

min A(z) = min{k(a), h(b)} (9.119)

a<z<b

and

_ kg(ZO) /
argzzz(bh 7) =14 h(zo) if g (z0) < E— < ¢ (z0) for some zo € (a,b),  (9.120)
. kg(z)
h ' () < )
(b) ifgi(a)< ot forevery z € (a,b)

Additionally, if g is strictly convex and h is not monotone, then a unique number zo €
(a,b) exists so that
h(zo) = max h(z). (9.121)

a<z<b

Proof.  Maximum value: A function y = h(z) is continuous on [a,b] because it is
the ratio of two continuous functions. Then there exists zo € [a,b] such that h(zy) =
max,<,<»h(z). Also, since g is convex, then g’ (z) and g, (z) exist and g’ (z) < &, (z)
on (a,b). Then 7’_ and /. exist and

kg(z) — (kz+1) g% (2)
(g(2))?

First we observe the case when / is not monotone on [, b]. Then there exists zg € (a,b)
such that /1(z9) = max,<,<ph(z). So for every z € (a,b) we have
(kz+1)/g(z) < (kzo+1)/g(z0) (because h(zp) is maximum),
(kz+1) g(z0) < (kz+1)g(x) +kg(z) (0—2)
(kz41) ug(z) (z0 —2) < (kz+1) (g(z0) — &(2)) < kg(z) (20 —z) (because g is convex),

e (z) =

<
< because g > 0 or g < 0),

g (2) < pg(z) <kglz)/(kz+1) for a < z < zg and g, (z) > pe(z) > kg(z)/(kz+1) for
b >z > z9, where [14(z) is a subdifferential of the function g in z, i.e. U (z) € [¢" (2),&. (z)].
So

W (z)>0 fora<z<z and W, (z) <0 forb>z>z. (9.122)

It follows that for each number 7y at which the function 4 has the global maximum on [a, ]
the conditione g’ (z0) < kg(z0)/(kzo +1) < g’ (z0) is valid.

In the case when £ is monotonically decreasing on [a, b], we have
max,<,<ph(z) =h(a)and i’_(z) <Oforall z € (a,b), which imply that g’_(z) > kg(z)/(kz+
I) for every z € (a,b). In the same way we can observe the case when & is monotonically
increasing.
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With additional assumptions it follows by using (9.122) that the function £ is strictly
increasing on (a, zo] and strictly decreasing on [z9,5). Hence the equality (9.121) is valid.

Minimum value: There does not exist zg € (a,b) at which the function £ has the global
minimum. Indeed, if 4 is not a monotone function on [a,b], it follows by using (9.122)
that & is increasing on (a,zo] and decreasing on [zo,b), where zg € (a,b) is the point at
which the function % has the global maximum. It follows that the function 4 does not have
a global minimum on (a,b), and consequently (9.119) is valid. O

Similarly to Proposition 9.3 we obtain the following result.

Proposition 9.4 Let g : [a,b] — R be either a strictly positive or strictly negative con-
tinuous function and let h(z) = (kz+1)/g(z) be a ratio function with a strictly negative
numerator. If g is convex, then the equality (9.119) is valid with max instead of min, and
the equality (9.120) is valid with min instead of max .

Additionally, if g is strictly convex and h is not monotone, then the equality (9.121) is
valid with min instead of max.

Proposition 9.5 Let g : [a,b] — R be either a strictly positive or strictly negative con-
tinuous function and let h(z) = (kz+1)/g(z) be a ratio function with a strictly positive
numerator. If g is concave, then

max h(z) = max{h(a),h(b)}. (9.123)

a<z<bh

and

kg(z

~—

h(a) if g (z) <

koo 11 < g (z0) for some zo € (a,b),  (9.124)

h(b) if g (z) > ]]ngE:)l for every z € (a,b).

min h(z) = ¢ h(zo) if g (z0) <

Additionally, if g is strictly concave and h is not monotone, then a unique number
20 € (a,b) exists so that

h(zp) = min h(z). 9.125
(z0) = min h(z) ©.125)
Proof. The proof is the same as the one in Proposition 9.3. O

Similarly to the above proposition we obtain the following result.

Proposition 9.6 Let g : [a,b] — R be either a strictly positive or strictly negative con-
tinuous function and let h(z) = (kz+1)/g(z) be a ratio function with a strictly negative
numerator. If g is concave, then the equality (9.123) is valid with min instead of max, and
the equality (9.124) is valid with max instead of min.

Additionally, if g is strictly concave and h is not monotone, then the equality (9.125) is
valid with max instead of min .
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9.8 Notes

A version of Jensen’s operator inequality and its converses for a bounded continuous field
self-adjoint elements in C*-algebra and a unital field of positive linear mappings is firstly
discussed by Hansen, Pecari¢ and I. Peri¢ [135] based on [137] by Hansen and Pederson.
A generalization of the previous results on non-unital fields of positive linear mappings
is presented by Mici¢, Pecari¢ and Seo [202]. The results in Sections 9.3 and 9.4 for
power operator means are given by Mici¢, and Pecari¢ [193]. A version of these results
is presented in Sections 9.5 for quasi-arithmetic means, which is based on the results of
Micié, Pecari¢ and Seo [203, 204]. Results with some better bounds in Section 9.6 are
given by Mi¢ié, Pavi¢ and Pecarié¢ [189].






Chapter 10

Jensen’s Operator Inequality
Without Operator Convexity

In this chapter, we study Jensen’s operator inequality without operator convexity. We ob-
serve this inequality for an n—tuples of self-adjoint operators, a unital n—tuples of positive
linear mappings and a general convex function with conditions on the operators bounds.
In the present context, we also study an extension and a refinement of Jensen’s operator
inequality. As an application we give the order among quasi-arithmetic operator means.

10.1 Jensen’s operator inequality with
a general convex function

In this section we give our main result about Jensen’s operator inequality without oper-
ator convexity. We give this inequality with conditions on the bounds of the operators
(defined by (1.2)), but for a general convex function. We also study monotonicity of quasi-
arithmetic operator means under the same conditions.

Suppose that J is an arbitrary interval in R.

We recall that operator convexity plays an essential role in the Davis-Choi-Jensen in-
equality: f(P(A)) < P(f(A)). In fact, this inequality will be false if we replace an oper-
ator convex function by a general convex function (see the example given by M.D. Choi

271
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in [35]). Furthermore, if f : J — R be an operator convex function, then the generalized
discrete Jensen’s operator inequality (8.12):

f (2 q>,»<A,->> <3 i(f(A)) )
=1 =1

holds for every n—tuple (Aj,...,A,) of self-adjoint operators in B(H) with spectra in J
and every unital n—tuple (®,...,D,) of positive linear mappings ®; : B(H) — B(K),
i=1,...,n, (Ge. (Dy,...,D,)issuch that ' | O;(Iy) = Ix).

Next we observe an example when the above Jensen’s inequality is valid for some
non-operator convex function.

Example 10.1 It appears that the above inequality will be false if we replace the operator
convex function by a general convex function. For example, we define mappings ®,,®; :
M;3(C) — My (C) by @1 ((aij)1<i,j<3) = 3(aij)1<i,j<2 P2 = P1. Then @) (13) + Do (I3) = L.

D I
101 100

A1=21001 and A,=2(000],
111 000

then
@utan+ @) = (7 0) # (30 39) =@ (4D + @2 (49).
Given the above, there is no relation between (®1(A1)+®,(A2))* and @, (A} +
o, (Ag) under the operator order. We observe that in the above case the following
stands A =D (A1)+ P2 (A2) = (
4.49396), [my,M>] = [0,2], i.e.
(ma,My) C [my, M| U [my, M)

: 8) and [ma,My] = [0,2], [m1,M] C [~ 1.60388,

similarly as in Figure 10.1.a).

) i
—14 0 1 150 0
Al = 0o —2 -1 and A,=1|020 |,
1 —-1-1 0 015
then

L —
(@1(A1) +@2(A2))" = (})6 8) < (8_92623 52f7) =@ (A]) + @, (A3).

So we have that an inequality of type (&) now is valid. In the above case the fol-
1

lowing stands A = ®; (A;) + @3 (As) = ((2) 8) and [my,My] = 0,0.5], [my, My] C

[—14.077,—0.328566], [m, M>] = [2,15], i.e.

(mA,MA)ﬂ[ml,Ml]:(Z) and (mA,MA)ﬂ[mz,Mz]:(Z).
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similarly as in Figure 10.1.D).

—e-—-0-0-———0-0————6—— ——e-—o————— oo ———o-
my m; my M, M, M, m, M, M, M, M, M,

a) b)

Figure 10.1: Spectral conditions for a convex function f

It is no coincidence that the inequality (é) is valid in Example 10.1-II). In the following
theorem we prove a general result when Jensen’s operator inequality holds for convex
functions.

Theorem 10.1 Ler (Ay,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i =1,...,n. Let (®y,...,®,) be an n—tuple of positive
linear mappings ®; : B(H) — B(K), i =1,...,n, such that Y ®;(Ig) = Ix. If

(ma,Mp) N [mi,M;] =0 fori=1,...,n, (10.1)

where my and My, ma < My, are the bounds of the self-adjoint operator A =Y, ®;(A;),
i=1
then

f (i@(&')) < i@i (f(A) (10.2)
i=1 i=1

holds for every continuous convex function f : J — R provided that the interval J contains
all mi,M,-.
If f : J — R is concave, then the reverse inequality is valid in (10.2).

Proof. We prove only the case when f is a convex function.

If we denote m = min{my,...,m,} and M = max{M,,...,M,}, then [m,M] C I and
mly <A; <Mly,i=1,...,n. It follows mlxg <Y!  ®;(A;) < MIg. Therefore [my,My] C
[m,M] C 1.

a) Letmy < M. Since f is convex on [my,M,], then

My —t 1 —my

f) < f(ma)+

= M —ma JMa), 1€ [ma, My, (10.3)

MA — Ny

but since f is convex on [m;, M;] and since (ma,My) N [m;,M;] = 0, then
My —t

f(t) = = f(ma) +

T Mp—my’ My —my

t_
A (M), re[mM) fori=1,...n.  (10.4)
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Since mulx < X! | ®i(A;) < Malk, then by using functional calculus, it follows from
(10.3)

(Zq) ) Mali~ 2 PlA) p,,, ) B PlAD = malle iy 1 5)

My —my My —my

On the other hand, since m;lgy < A; < M;ly, i =1,...,n, then by using functional cal-
culus, it follows from (10.4)

MAIH—A,' A,’—mAIH

f(Al)z f(mA)+ f(MA)7 i=1,....n

My —my My —mg

Applying a positive linear mapping @; and summing, we obtain

Zq) MAIK i Di(A)) 21 Pi(Ai) —myl
My — my My —my

f(ma) + f(My), (10.6)

since ' | @;(Iy) = Ix. Combining the two inequalities (10.5) and (10.6), we have the
desired inequality (10.2).

b) Letmy = M. Since f is convex on [m, M], we have
f(t) > f(ma)+1(ma)(t —my) foreveryt € [m,M], (10.7)

where [ is the subdifferential of f. Since mly < A; < Mly, i = 1,...,n, then by using

functional calculus, applying a positive linear mapping ®; and summing, we obtain from
(10.7)

n

Zq)i(f( ))>f(mA IK+Z mA (2(1) mAIK>.

i=1
Since mulx = Y1 Di(A;), it follows

iq)i (f(Ai) = f(ma)lg = f (i (Di(Ai)> :
i=1 i=1

which is the desired inequality (10.2). o

We have the following obvious corollary of Theorem 10.1 with the convex combination
of operators A;, i =1,...,n

Corollary 10.1 Let (Ay,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with
the bounds m; and M, mi <M;, i=1,...,n. Let (0y,...,0y) be an n—tuple of nonnegative
real numbers such that 3} o = 1. If

(ma,Mp) N [mj,M;) =0 fori=1,.

n
where my and My, my < My, are the bounds of A = Y, 04A;, then

i=1

f (Z W‘i) < Z oif(A;) (10.8)
i=1 i=1
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holds for every continuous convex function f : J — R provided that the interval J contains
all mi,M,-.

Proof. We apply Theorem 10.1 for positive linear mappings ®; : B(H) — B(H) deter-
mined by ®; : B— o;B,i=1,...,n. O

In the present context we can study the monotonicity of the discrete version of quasi-
arithmetic mean (9.65) defined as follows

M(P(Avq)7n) = (pil (i @, ((P(Al))> ) (10.9)
i=1

where (Ay,...,A,) is an n—tuple of self-adjoint operators in B(H) with spectra in J,
(®y,...,D,) is a unital n—tuple of positive linear mappings ®@; : B(H) — B(K) and ¢ :
J — R is a continuous strictly monotone function.

Example 10.2 Theorem 9.17 will not true if we replace the operator convex function
by a general convex function in (9.66). Indeed, we put for T = {1,2}, ¢@(t) = /t and
W = 1 (the identity function) in (10.9) (yo @~ '(t) =13 is not operator convex) and we
define mappings ®1,®;, : My(C) — M,(C) by ®1(B) = ®,(B) = %Bfor B € M (C) (then
Qi (L) +Do(L) =D). If

34 14 36 28
A= (14 6) and Az = (28 36)’
then

Myr(A,@,2) = (@1 (VA7) + @, (‘3/[‘_2))3

(L3N 131} _ (3520
T\2\11 2\13 “\2015)
35 21

01
M(A,®,2) —M%/(A,dD,Z) = (1 20) Z?0.
Given the above, there is no relation between M, (A, ®,2) and M 3,(A,®,2) under the ope-
rator order. For the bounds of Ay, Ay and the mean Mé/(A,dD,Z) the following stands
[m1,M;] C [0.2,39.8], [ma,M>] = [8,64] and [m,M| C [2.63,47.37|, respectively. We ob-
serve that in the above case the following stands

(m,M)N[m,M]#0, (and (m,M)N[my,M,]#0.)

In the case when (m,M)N[my,M,] =0 and (m,M) N [my,M] =0 for some A and A, then
the relation M 3/ (A,®,2) < M (A, ®@,2) holds according to Theorem 10.2.
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In the next theorem we will examine the order among quasi-arithmetic means without
operator convexity in Theorem 9.17 when T = {1,...,n} and k = 1.

Theorem 10.2 Let (Ay,...,A,) and (®y,...,Dy) be as in the definition of the quasi-
arithmetic mean (10.9). Let m; and M;, m; < M; be the bounds of A;, i = 1,...,n. Let
0,y : J — R be continuous strictly monotone functions on an interval J which contains all
m;,M;. Let mg and My, my < My, be the bounds of the mean My (A, ®,n), such that

(m¢7M¢)ﬁ[mi,Mi]:0 fori=1,...,n. (10.10)
If one of the following conditions
(i) wo~is convex and y~! is operator monotone,

(i’) woo@~lisconcave and —y~" is operator monotone

is satisfied, then
My (A, ®,n) < My (A, ®,n). (10.11)

If one of the following conditions
(ii) wo@~!is concave and w~" is operator monotone,

(ii*) wo @ 'is convex and —y~! is operator monotone

is satisfied, then the reverse inequality is valid in (10.11).

Proof. We prove the case (i) only. Suppose that ¢ is a strictly increasing function.
Since mily <A; <Mily,i=1,...,n,and melx < My(A,®,n) < Mylk, then

Then,
(m(p,M(p) N[mi,M;]=0 fori=1,...,n

implies
(@(mg), 0(My)) N[@(mi),0(M;)] =0  fori=1,....n. (10.12)
Replacing A; by ¢(A;) in (10.2) and taking into account (10.12), we obtain

f(icbi(MAi))) < iq)i(f((p(Ai))) (10.13)
i=1 i=1

for every convex function f : J/ — R on an interval J which contains all [@(m;), o(M;)] =
©([mi,M;]). Also, if @ is strictly decreasing, then we check that (10.13) holds for convex
f:J — RonJ which contains all [¢(M;), ¢(m;)] = @([m;, Mj]).
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Putting f = wo ¢! in (10.13), we obtain
yoo! (Z q)i((P(Ai))> <D Di(y(A)).
i=1 i=1

Applying an operator monotone function y~! on the above inequality, we get the desired
inequality (10.11). ]

We can give the following version of Corollary 9.8 without operator convexity and
operator concavity.

Corollary 10.2 Let the assumptions of Theorem 10.2 hold. Let F : J xJ — R be a
bounded and operator monotone function in its first variable, such that F(t,t) = C for
allt € [mg,My).

If one of the following conditions

Uis convex and 14/*l is operator monotone,

(i) oo~

Vis concave and —y~" is operator monotone

() oo~
is satisfied, then
F [My(A,®,n),My(A,®,n)] > Clx. (10.14)
(ii) wo@~lis concave and w~" is operator monotone,
(i) wo@~lis convex and —y~" is operator monotone

is satisfied, then the reverse inequality is valid in (10.14).

Proof. The proof is the same as the one of Corollary 9.8 and we omit it. O
Now, we will examine the order among quasi-arithmetic means (10.9) without operator
convexity and operator concavity in Theorem 9.18.

Corollary 10.3 Ler (Ay,...,A,) and (®y,...,D,) be as in the definition of the quasi-
arithmetic mean (10.9). Let m; and M;, m; < M; be the bounds of A;, i = 1,...,n. Let
¢,y :J — R be continuous strictly monotone functions on an interval J which contains all
m;,M; and My be generated by the identity function on J.

(i) If my and My, my < My, are the bounds of My(A,®,n), such that
(mg,Mp)N[mi,M;] =0  fori=1,....n (10.15)

Ujs convex, then

and @~

My (A, ®,n) < My (A, ®,n). (10.16)

(ii) If (10.15) is satisfied and @ =" is concave, then the reverse inequality is valid in
(10.16).
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(iii) If (10.15) is satisfied and (p’1 is convex, and if my and My, my < My, are the bounds
of My (A, ®,n), such that

(mV,7MV,)ﬁ[mi7Mi]:0 fori=1,...,n
and y~! is concave, then

My(A,®@,n) < M;(A,®,n) < My(A,®,n). (10.17)

Proof. (i) — (ii): Putting w = M in Theorem 10.2(i) and (ii), we obtain (10.16) and its
reverse inequality, respectively.

(iii): Replacing y by ¢ in (ii) and combining this with (i), we obtain the desired
inequality (10.17). O

Remark 10.1 Results given in the previous section we can generalize for continuous
fields of operators. E.g. the continuous version of Theorem 10.1 is given below (see also
Theorem 10.7 in Section 10.5).

Let (x;)ier be a bounded continuous field of self-adjoint elements in an unital C*-
algebra o7 defined on a locally compact Hausdorff space T equipped with a bounded
Radon measure |. Let m; and M;, m; < M, be the bounds of x;, t € T. Let (¢ );er be an
unital field of positive linear mappings ¢, : &/ — 2B from <f to another unital C*—algebra
B. Let

(my, My) N [my, M;] = 0, teT,

where my and My, my < M, are the bounds of the operatorx = [ ¢ (x;)du(t). If f : J — R
is a continuous convex function provided that the interval J contains all m,,M;, then

f ( / ¢z(xt)du(t>> < [otrta)ant) (10.18)

If f is concave, the reverse inequality is valid in (10.18).

10.2 Order among power means

The operator power mean M, (A, ®) defined by (8.33) is a special case of the quasi-arithme-
tic mean (10.9). As a continuation of our previous considerations about the order among
quasi-arithmetic operator means, in this section we observe the order among operator
power means.

We recall the known result as follows (see Example 9.1).
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Corollary 10.4 Ler A = (Ay,...,A,) be an n—tuple of positive invertible operators in
B(H) with Sp (A;) C [m,M] for some scalars 0 < m < M, and let ® = (®,...,D,) be a
unital n—tuple positive linear mappings ®; : B(H) — B(K), i=1,...,n.

Ifeitherr<s,r& (—1,1),sZ (—1,1)or1/2<r<1<sorr<—1<s<—1/2(see
Figure 10.1.a), then

M, (A, ®) < M,(A, ®). (10.19)
, s .
y /
1 447 T
ja
4 B " i 0 %
-1/2 -1/2
14 i
a) OPERATOR CONVEXITY b) WITHOUT OPERATOR CONVEXITY

Figure 10.2: Regions for the order among power means

Remark 10.2 Corollary 10.4 is not valid if r,s are not in the regions (1)-(2) in Fig-
ure 10.2.a) (see Example 10.2).

Applying Theorem 10.2 we obtain that (10.19) holds in a broader region (see Fig-
ure 10.2.b).

Corollary 10.5 Let (Ay,...,A,) and (®y,...,D,) be as in Corollary 10.4. Let m; and M;,
0 < m; < M; be the bounds of A;, i =1,...,n.
If one of the following conditions
(i) r<s,s>1lorr<s<-—1(Figure 10.2.b(1),(2),(4)) and
(m[r],M[r])ﬂ[mi,Mi]:@, i=1,...,n,
where m" and MU, ml"l < MU are the bounds of M, (A, ®),
(ii) r<s,r<—lorl <r<s(Figure 10.2.b(1),(3),(5)) and

(m[s],M[S])ﬁ[mi,Mi]:@7 i=1,...,n,

where mi and M), mbl < MV are the bounds of My(A, ®),
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is satisfied, then
M, (A, ®) < M,(A,®). (10.20)

Proof. We prove the case (i) only. We put @(¢) =" and y(¢) =¢* forz > 0.

Then wo @' (1) =¢*/" is concave for r < s, s <0 and r # 0. Since —y ' (1) = —t'/* is
operator monotone for s < —1 and (m'l, M) N [m;, M;] = 0 is satisfied, then by applying
Theorem 10.2-(i”) we obtain (10.20) for r < s < —1.

But, yo @ (1) =°/" is convex for r < s, s > 0 and r # 0. Since y~'(r) = '/ is
operator monotone for s > 1, then by applying Theorem 10.2-(i) we obtain (10.20) for
r<s,s>1,r#0.

If r=0ands > 1, we put ¢(¢) = logt and w(¢) =%, > 0. Since yo ¢~ !(t) = exp(st)
is convex, then similarly as above we obtain the desired inequality.

In the case (ii) we put @(¢) = ¢* and y(¢) =" for r > 0 and we use the same technique
as in the case (i). O

() a)  WITHOUT CONDITION ON SPECTRA:
=1, if r,sin(1),(2),(3)

A
s 1/r . .
% A=K(h',r/s) ", if rsin(4), (5)

¢ -1/r . .

<& A=K(h,r) , if r,sin(6)
. » -1/ . )

W 0 42 1 r A=K(h,s) s, if rsin(7)

-2

b)  WITH CONDITION ON SPECTRA:
A=1, if r,sin(1),(2), (4)or (1), (3), (5)
1/

~1/: -
A=K(hys) “orA=K(hyr) L if rsin(6), (7)

Figure 10.3: Regions for the order M, (A, ®) < AM;(A,®)

Figure 10.3 shows regions (1),(2),(3) in which the monotonicity of the power mean
(&) holds true and regions (1)-(5) which this holds true with the condition on spectra. In
the next theorem we observe the order among power operator means with the condition on
spectra in regions (6) and (7) in Figure 10.3.

Theorem 10.3 Let (Ay,...,A,) and (®y,...,®,) be as in Corollary 10.4. Let m; and M,
0 <m; < M; be bounds of Aj, i=1,...,n. Let ;s € (—1,1), r <s (Figure 10.3 (6),(7)).

(i) 1f
(! M) A M) =0, i=1,....n,

where ml" and M, ml"l < MU are bounds of M, (A, ®), then

M.(A,®) <C(h" s)M(A, @), BT =ml/ml. (10.21)
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(i) 1f
(m, M) A M) =0, i=1,...n,

where ml) and MV, mis) < MV are bounds of My(A, ®), then

M.(A,®) <C(hY M, (A, @), B =Mmb/mb. (10.22)

The constant C(h, p), h > 0, is a generalization of the Specht ratio (2.35) defined as follows

1
h—h? (1) B _
(1f§7)(hﬁ21) <<p hlp)ﬁh l)) ", ifp#O0andh#1,
) %’ ifp=0andh+#1,
1 ifh=1.

In order to prove Theorem 10.3, we need the operator order given in the following
theorem.

Theorem 10.4 Self-adjoint operators A,B € B(H) with Sp(A) C [ma,M] where 0 <
my < My satisfy the following implication:

A<B = é&'< S(eM/‘*m")eB
where S(h) is the Specht ratio defined by (2.35).

Proof. Refer to [124, Corollary 8.24] for the proof. O

Proof of Theorem 10.3. We prove the case (i) only.
a) Let ml"l < MU,

- Suppose that 0 < r < s < 1. Since milg <A; < Mily,i=1,...,n, and m[r]IK <
M, (A, ®) < Mk, then

mily <A <M!ly, i=1,...,n, (10.23)
() I < T s (A7) < (M) (10.24)
Then,
(m[r],M["]) N[mi,M;]=0 fori=1,...,n
implies

(™ (MY YA [ml M) =0 fori=1,...,n. (10.25)

Putting f() = ¢*/", which is convex, in Theorem 10.1 and replacing A; by A}, we

obtain
n s/r
(Z q)i(A{)> <
i=1

@; (AY). (10.26)

IM-
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Now, applying Theorem 4.3 for p = % > 1 and using that

. s/r
1 < <z¢,-<A;>> < My (1027

i=1

we obtain
M (A, ®) < K ((ml) (M) 1/5) My(A, ®), (10.28)

which gives the desired inequality by using K ((ml)*, (MI")*,1/s5) = C(hl")5).

- Suppose that —1 <r <0 < s < 1. Then the reverse inequality is valid in (10.23)

and (10.24). It follows that
(M"Y (Y [MEm) =0 fori=1,....n (10.29)
holds. Putting f(¢) = ¢*/", which is convex, in Theorem 10.1 and replacing A; by

A’, we again obtain (10.26). Now, applying Theorem 4.3 for p = % > 1 and since
(10.27) holds, then we obtain again (10.28).

- Suppose that —1 <r < s < 0. Then the reverse inequality is valid in (10.23) and

(10.24). Tt follows that (10.29) holds. Putting f(¢) = 5/", which is concave, in
Theorem 10.1 and replacing A; by A}, we obtain that the reverse inequality holds
in (10.26). Now, applying Theorem 4.3 for p = % < —1 and using that reverse
inequalities is valid in (10.27), then we obtain

M (A, ®) < K((MU), (m")*,1/5) My(A, ®).

Since K (MI)*, (ml)*,1/5) = K ((m!)*, (M), 1/5) we get again the desired in-
equality.

- Suppose that 0 = r < s < 1. Putting the operator concave function f(r) = %logt in

reverse of Jensen’s operator inequality given in Theorem 9.1 and replace A; by A?,
we obtain
log(Mo(A, ®@)) < log(M(A, ®)).

The spectrum of log(Mo(A,®)) is contained in [logm!® 1og M!)], and then after use
Theorem 10.4 we get

[0]

Mo(A,®) < S M—,l M,(A,®@) = C(h,0) M,(A, @),
ml0l

which is the desired inequality.

- Suppose that —1 < r < s=0. Putting the operator convex function f(z) = %logt in

Jensen’s operator inequality given in Theorem 9.1 and replace A; by A}, we obtain

log(M,(A,®@)) <log(My(A,®)).
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The spectrum of log(Mr(AKI))) is contained in [logm[’],logM["]]. Then applying
Theorem 10.4 we get

1
M,(A,®) <5 (M— 1) Mo(A,®) = C(h",0) Mo (A, ),

mll’
which is the desired inequality.
b) Let ml"l — MU in inequalities
M, (A, ®) < K ((m)* (M) 1/5) My(A, @),

Ml
or My(A,®@) <S| — | M;(A,®).

Since K (m*,M*,1/s) = K(m7M7s)7l/'Y and lim, .y K (m,M,s) = 1 for all s € R;
lim;,_; S(h) = 1, we obtain the desired inequalities in the case ml") = MU, a

Remark 10.3 The constant C(h[r] ,8) in RHS of (10.21) in Theorem 10.3 is not worse than
the constants in RHS of the inequalities in Corollary 9.6, i.e. if r,;s € (—1,1), r <s, then

C(h!",s) <min{A(h,s,1),A(h,s,1)-A(h,r,s),A(h,r, 1)},

where h") = MU /ml b = M/m and mV" and MU, mll < MU are bounds of M. (A, ®),
such that (m[r]7M[’]) N[mi,M;]=0,i=1,...,nand

m=min{my,...,my,}, M = max{M,,...,My}.

Indeed, we should just use the following properties of the function (h,s) — C(h,s) =
A(h,s,1).

(rl)  C(h,s) is strictly increasing in the first variable for h > 1 and s < 1 by [124, Theo-
rem 2.62 (i)],

(12)  C(h,s) is strictly decreasing in the second variable for h > 1 and s € R by Lemma 9.3.
So, let r,s € (—1,1), r < s. Since [ml'), M| C [m,M], it follows by (rl) that
c(hl sy = A(h" 5,1) < A(n,s,1);

since A(h,r,s) > 1, then
C(h",s) < Alh,s,1)-Alh,r,s);
and it follows by (r2) that

C(h"s) < c(h,r) < A(h,1,1).

The three inequalities above give the desired relation.

Similarly, we can observe that the constant C (h[“'] ,r) in RHS of (10.22) in Theorem 10.3
is not worse than the constants in RHS of the inequalities in Corollary 9.6.
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10.3 Extension of Jensen’s operator inequality
without operator convexity

In this section, we give an extension of Jensen’s operator inequality without operator con-
vexity. As an application of this result, we give an extension of our previous results for a
version of the quasi-arithmetic mean (10.9) with an n—tuple of positive linear mappings
which is non-unital.

In Theorem 10.1 we prove that Jensen’s operator inequality holds for every continuous
convex function and for every n—tuple of self-adjoint operators (Aj,...,A,), for every
n—tuple of positive linear mappings (@, ..., ®,) in the case when the interval with bounds
of the operator A =Y | @;(A;) has no intersection points with the interval with bounds of
the operator A; foreachi = 1,...,n, i.e. when

(ma,Mp) N [m,-,M,-] =0 fori=1,...,n,

where my and My, my < My, are the bounds of A, and m; and M;, m; < M;, are the bounds
of Aii=1,...,n.

It is interesting to consider the case when (ma, M) N [m;,M;] = 0 is valid for several
i€{l,...,n},butnotforall i =1,...,n. We study it in the following theorem.

Theorem 10.5 Let (Ay,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i =1,...,n. Let (®y,...,®,) be an n—tuple of positive
linear mappings ®; : B(H) — B(K), such that Y.} ®;(Iy) = Ix. For 1 <n| < n, we denote
m=min{my,...,my, }, M =max{M,..., My, } and 3" | ®;(I) = a I, Y1 Pilln) =
B Ik, where o, >0, a+p = 1. If

(m,M)N[m;,M;] =0  for i=n;+1,...,n,

and one of two equalities

1 ni 1 n n
=Y OA) =5 Y Di(A) =D Di(A)
o5 B it i=1
is valid, then
LS o(ra)) < Yot <+ Y difan) (1030)
aig i=1 B i

holds for every continuous convex function f : J — R provided that the interval J contains
allmi,M;,i=1,...,n,.
If f - J — Ris concave, then the reverse inequality is valid in (10.30).

Proof. We prove only the case when f is a convex function.
Let us denote

AzanlQi(Af), B > @A),  C=Y @A)
o5 B .
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It is easy to verify that A=Bor B=C or A = C impliesA =B =C.

a) Letm < M. Since f is convex on [m,M] and [m;,M;] C [m,M] fori=1,...,n;, then

M— _
FO) < T flm) + T (M), 1€ M) fori=1,...m,  (1031)
but since f is convex on all [m;,M;] and (m,M) N [m;,M;] = 0 for i = n; + 1,.
then
F) > M2 )4 L2 f(M), t € M fori=my + 1 (1032)
i} “M—m m M—m 5 m;, V1 ori=nq N (B .
Since mily < A; < M;ily,i=1,...,ny, it follows from (10.31)
MIH —Al‘ A,’ — mIH .
A < ——— —f(M), =1,...,nq.
Fla) < =)+ S ), =1
Applying a positive linear mapping ®; and summing, we obtain
al MocIK > Di(A)) > ®i(A;) — malg
D; ( M
> SELIEED fm) 4 SEL O ),
since 21;1 D;(Iy) = oldk. 1t follows
1 & MIK A A—mlg
— D D;( M). 10.33
Z o )+ = (M) (10.33)
Similarly to (10.33) in the case m;ly < A; < Milg,i=n1+1,...,n, it follows from
(10.32)
| MlIx —B B —mlg
= @; (f(Ai)) = f(m)+ f(M). (10.34)
B i=§+l M—m M—m
Combining (10.33) and (10.34) and taking into account that A = B, we obtain
1 ¢
—2@ 2 D; ( (10.35)
i=n1+1
It follows
1 ny ] ﬁ nj
o 2O = X Bilf(A)) + ) 2 Pilf(A) (bya+p=1)
=1 i=1
ny n
< D Oi(f(A))+ D, Di(f(A)) (by (10.35))
i=1 i=nj+1
= zq)i(f(At
a n n
2% () + Y @i(f(A) (by (10.35))
ﬁ i=ny+1 i=nj+1
l n
- z ;(f (bya+p=1)
ﬁl ni+1
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which gives the desired double inequality (10.30).

b) Let m = M. Since [m;,M;] C [m,M] for i =1,...,ny, then A; = mly and f(A;) =
f(m)Ig fori=1,...,n;. It follows

éi@%ﬁm@ and éZQUMM=ﬂmk~ (10.36)
i=1 i=1

On the other hand, since f is convex on J, we have
f@t) > f(m)+1(m)(t —m) foreveryrel, (10.37)

where [ is the subdifferential of f. Replacing t by A; fori =n; +1,...,n, applying
@, and summing, we obtain from (10.37) and (10.36)

LS @) > flmix+1(m) (1 > @(A»—mzK)
ﬁi=nl+l ﬁi:”l""l

- St = 5 3.0 (4).

So (10.35) holds again. The remaining part of the proof is the same as in the case a).
O

Remark 10.4 We obtain the equivalent inequality to the one in Theorem 10.5 in the case
when Y| ®;(Iy) = Ik, for some positive scalar y. If o.+ B =y and one of two equalities

1 ny 1 n 1 n
_ D;(A;) == D;(Aj) = — D;(A;
a; (A7) ﬁizg‘ﬂ (Ai) yl; (Ai)
is valid, then
l ny l n 1 n
— zq)i(f(Ai)) < - zq)i(f(Ai)) <=z z cDi(f(At))
o Y3 Bt

holds for every continuous convex function f.

Remark 10.5 Let the assumptions of Theorem 10.5 be valid.

(1) We observe that the following inequality

AL S o))<t 3 era,
ﬁ B i=n;+1

i=ny+1

holds for every continuous convex function f : J — R.
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Indeed, by the assumptions of Theorem 10.5 we have

mody < iq)i(f(Ai)) <Moly and éiq)i(Ai) == > ®iA)
i=1 i=1

=
o
K
=

which implies
n
1
mly < Y =®i(f(A) < Mly.
i=n;+1 B
Also (m,M) N [m;,M;] =0 fori=ny+1,....nand 3, ., %d),-(ly) = Ix hold. So we can
apply Theorem 10.1 on operators Ay 41, ...,A, and mappings %@i and obtain the desired

inequality.

(2) We denote by me and Mc the bounds of C =Y ®;(A;). If (mc,Mc) N [mi, M;] = 0,
i=1,...,n1 or f is an operator convex function on [m,M)|, then the double inequality
(10.30) can be extended from the left side if we use Jensen’s operator inequality in Theo-
rem 9.9

/ (z cm(m)) = f (é "zlcbi(Al-))
i=1 i=1

S 0(/4)) < SO < 5 3 @lFA))

1 &
o5

IN

Example 10.3 If neither assumptions (mc,Mc) N [mi,M;] =0, i = 1,...,n; nor f is op-
erator convex in Remark 10.5 (2) is satisfied and if 1 < ny < n, then (10.30) can not be
extended by Jensen’s operator inequality, since it is not valid. Indeed, for ny = 2 we define
mappings ®,®; : M3(C) — M,(C) by q)l((aij)lgi7j§3) = %(aij)lﬁl}jSZ’ Dy = Dy. Then
@\ (1) + D) = ab. If

101 100
A =2(001]| and Ay=2[000],
111 000
then
4
1 1 1 (16 0\ , 1 (8040\ 1 o1 4
(aq)l(Al)‘f' acbz(Az)) =4 (0 0) r <40 24) =0 (ah) + P (A3)

for every oo € (0,1). We observe that f(t) = t* is not operator convex and (mc,Mc) N
20
1

[mi, Mi) #0, since C=A= G @1 (A1) + 5 P2(42) = 5 (O 0) s Ime. Mc] =[0,2/ ], [mi,M]
C [~1.60388,4.49396] and [ma,M,] = [0,2].

With respect to Remark 10.4, we obtain the following obvious corollary of Theo-
rem 10.5.
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Corollary 10.6 Let (Ay,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i = 1,...,n. For some 1 < n; < n, we denote m =
min{my,...,m, }, M =max{M,,...,M,, }. Let (p1,...,pn) be an n—tuple of non-negative
numbers, such that 0 < 1| pi =Pn, <Pn= 21 pi- If

(m,M)N[m;,M;] =0  for i=n;+1,...,n,

and one of two equalities

1o 12
P_nuglpiAi: EizzipiA Po— Pn, ; %f’ ’
is valid, then
1o 12
p—nlizzlpif(Ai) < p—n;pif(Ai P %lpf (10.38)

holds for every continuous convex function f : J — R provided that the interval J contains
allmi,M;,i=1,...,n
If f : J — R is concave, then the reverse inequality is valid in (10.38).

By applying Corollary 10.6 we obtain the following special case of Theorem 10.1.

Corollary 10.7 Let (Ay,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; <M;, i=1,...,n. Let (0,...,0y) be an n—tuple of nonnegative
real numbers such that Y}, o; = 1. If

(ma,Mp) N [mi,M;] =0 fori=1,...,n, (10.39)

n
where my and My, my < My, are the bounds of A = Y, 04A;, then

i=

f (2 al-Al) <Y (A (10.40)
i=1 i=1

holds for every continuous convex function f : J — R provided that the interval J contains
all mi,M,-.

Proof.  'We prove only the convex case. We define (n+ 1)—tuple of operators
(Bl,... 7Bn+l)a B; € B(H), by Bj=A= 27:1 oiAijand Bi=A;_|,i=2,...,n+ 1. Then
mp, = my, M)_l}1 = M} are the bounds of B{ and mp; = m;_1, MB,- = M;_ are the ones of B;,
i=2,...,n+1. Also, we define (n+ 1)—tuple of non-negative numbers (py,...,pn+1) by

n+1
pir=1landp;j=04_1,i=2,...,n+ 1. Then Y, p; =2 and by using (10.39) we have
i=1

(mBl,MBl)ﬂ [mBi7MBi] =0, fori=2,...,n+1. (10.41)



10.4 EXTENSION OF ORDER AMONG QUASI-ARITHMETIC MEANS 289

Since
n+1 n+1
Zp,B BH—Zp,B _Za,A +Za, i = 2By,
then
n+l n+1
p1B = ZP:B = ZPL i (10.42)

Taking into account (10.41) and (10.42), we can apply Corollary 10.6 for ny = 1 and B;, p;
as above, and we get

n+1 n+1

pif(B1) <3 ZPz ) < Y pif(Bi
i=

which gives the desired inequality (10.40). O

10.4 Extension of order among quasi-arithmetic
means

In this section we study an application of Theorem 10.5 to the quasi-arithmetic mean with

weight. For a subset {A, ,...,A,,} of {4;,...,A,} we denote the quasi-arithmetic mean
by
2
My(7,A,®@,p1.p2) ( D Di( ) (10.43)
YiZ D1

where (Ap,,...,Ap,) are self-adjoint operators in B(H ) with the spectra inJ, (®,,,...,Pp,)
are positive linear mappings ®@; : B(H) — B(K) such that 32 » @illy) =vIg, and @ : J —
R is a continuous strictly monotone function.

The following theorem is an extension of Theorem 10.2.

Theorem 10.6 Let (Ay,...,A,) be an n-tuple of self-adjoint operators in B(H) with the
spectra in J, (®y,...,D,) be an n-tuple of positive linear mappings ®; : B(H) — B(K)
such that Y} ®i(Iy) = Ix. Let m;j and M;, m; < M; be the bounds of A;, i =1,...,n. Let
¢,y : J — R be continuous strictly monotone functions on an interval J which contains
all my,M;. For 1 <ny < n, we denote m = min{my, ... ,my, }, M = max{M,,...,M,, } and
Z?qu)i(lH) ok, i n1+1q)(IH) ﬁ][(, where OC,B >0, OC+B=1. Let

(m,M)N[mj,M;] =0  for i=n;+1,...,n,
and one of two equalities
My (o, A, ®@,1,n1) = My(1,A,®,1,n) =My(B,A,®,n;+1,n) (10.44)
be valid.
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If one of the following conditions

Vis convex and w~" is operator monotone,

(i) yoo~
(i) wo o !isconcave and —y~" is operator monotone
is satisfied, then
My (o, A, ®@,1,n;) < My(1,A,®,1,n) <My(B,A,®,n+1,n). (10.45)
If one of the following conditions
(ii) wo@~!is concave and y~" is operator monotone,

Vis convex and —y~" is operator monotone

(i) yoo~
is satisfied, then the reverse inequality is valid in (10.45).

Proof. We prove the case (i) only. Suppose that @ is a strictly increasing function.
Since mly <A; <Mly,i=1,...,n;, implies ¢(m)Ix < ¢(A;) < @(M)Ik, then

(m,M)N[mj,M;] =0  for i=n;+1,...,n

implies
(o(m),o(M))N[@(m;),(M;)] =0 fori=n;+1,...,n. (10.46)
Also, by using (10.44), we have
1 & " 1 &
— Y Di(p(A)) = Y Pi(p(A)) =z D, Pi(p(A).
o5 -1 Bt

Taking into account (10.46) and the above double equality, we obtain by Theorem 10.5

XA
i=1 i

1

M=

O (floA) <~ 3 Bi(f(pA)) (1047
i=ni+1

1

for every continuous convex function f :J — R on an interval J which contains all

[(p(mi)7 ¢(Ml)] = go([mhMi])’ i=1,....n
Also, if ¢ is strictly decreasing, then we check that (10.47) holds for convex f : J — R
on J which contains all [Q(M;), @ (m;)] = @([mi, M]).

Putting f = wo ¢! in (10.47), we obtain

G I OWA) S TOWA) <5 T Bilvia)).
; i=1 i=m +1

Applying an operator monotone function y~! on the above double inequality, we obtain
the desired inequality (10.45). o
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Remark 10.6 Let the assumptions of Theorem 10.6 be valid.

(1) We observe that if one of the following conditions
(i) wo @ lis convex and y~' is operator monotone,
(ii) wo @~ !is concave and —y~" is operator monotone,
is satisfied, then the following obvious inequality (see Remark 10.5 (1))
My(B, A, ®,n1+1,n) <My (B,A,®,n +1,n)

holds.
(2) We denote by my and My the bounds of My(1,A,®,1,n). If (mg,My) N [m;,M;] = 0,
i=1,...,ny, and one of two following conditions

Vis convex and w~" is operator monotone,

(i) yoo~
(ii) wo@~lis concave and —y~" is operator monotone,

Vis operator convex and w~=" is operator monotone,

(i) yoo~
(i) wo @~ is operator concave and —y~! is operator monotone,

is satisfied (see Theorem 9.17), then the double inequality (10.45) can be extended from
the left side as follows

M(p(l,A,(I),l,n) ZM(p(l,A,(I),l,nl)
< My(o, A, ®@,1,n1) < My(1,A,®,1,n) < My(B,A,®,n+1,n).

(3) Ifneither assumptions (my,My) N [m;,M;] =0, i=1,...,n; nor yo @~ is operator
convex (or operator concave) is satisfied and if | <ny < n, then (10.45) can not be extended
from the left side by My (1,A,®,1,ny) as above. It is easy to check it with a counterexample
similarly to Example 10.2.

We now give some particular results of interest that can be derived from Theorem 10.6.

Corollary 10.8 Let (Ay,...,A,) and (®y,...,Dy), mi, M;, m, M, o and B be as in Theo-
rem 10.6. Let J be an interval which contains all m;, M; and

(m,M)N[mi,M;] =0  for i=n;+1,...,n.
If one of two equalities
My (o, A, ®,1,n1) =My(1,A,®,1,n) =My(B,A,®,n;+1,n)
is valid, then

1 &

ai;q’i(Ai)S Di(A) < = > DilA) (10.48)

1 B i=n;+1

-

1
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holds for every continuous strictly monotone function ¢ : J — R such that ¢~ is convex
on J. But, if 9! is concave, then the reverse inequality is valid in (10.48).
On the other hand, if one of two equalities

1 ny n 1 n
=D Di(A) =Y ®i(A) =5 Y, Di(A)
o3 -1 Bt
is valid, then
Mq(0, A, ®,1,n1) < My(1,A,®,1,n) < Mp(B,A,®,n; +1,n) (10.49)

holds for every continuous strictly monotone function ¢ : J — R such that one of the fol-
lowing conditions

(i) @ is convex and ¢~ is operator monotone,

1

(i) @ is concave and — @~ is operator monotone

is satisfied.
But, if one of the following conditions

(ii) @ is concave and ¢~ is operator monotone,
(ii’) @ is convex and — @~ is operator monotone,
is satisfied, then the reverse inequality is valid in (10.49).

Proof. The proof of (10.48) follows from Theorem 10.6 by replacing v with the iden-
tity function, while the proof of (10.49) follows from the same theorem by replacing ¢

with the identity function and y with ¢. o
As a special case of the quasi-arithmetic mean (10.43) we can study the weighted power
mean as follows. For a subset {A,,,...,A,,} of {A,...,A,} we denote this mean by
e . 1/r
SpIL ZICHN I re R\{0},
Visp

MV(Y7A7¢7plvp2) =

exp ()l/ ﬁ D; (log(Ai))> , r=20,

I=p1

where (A,,,...,A,,) are strictly positive operators, (®,,,...,®,,) are positive linear map-
pings ®; : B(H) — B(K) such that 32 ®@i(In) = vIx.
We obtain the following corollary by applying Theorem 10.6 to the above mean.

Corollary 10.9 Let (Ay,...,A,) be an n—tuple of strictly positive operators in B(H)
and (®@y,...,D,) be an n—tuple of positive linear mappings ®; : B(H) — B(K) such that
Y Di(Ig) = Ik. Let mj and M;, 0 < m; < M; be the bounds of A;, i=1,...,n. For1<
ny < n, we denote m = min{my,...,my, }, M =max{M,..., My, } and 3}, ®i(Iy) = aIx,
Y @;(Ig) = B I, where o, >0, oo+ 3 = 1.
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(i) Ifeitherr <s, s > 1l orr<s< —1 and also one of two equalities
M (0, A, ®, 1,n)=M(1,A,®, 1,n) =M, (B,A,®,n +1,n) (10.50)
is valid, then

MY(a7A7(b7 l,i’ll) S MY(17A7(I>7 lvn) S MY(B7A7¢7nl + lvn) (1051)

(il) Ifeither r <s, r < —1lor 1 <r<sand also one of two equalities
MY(a7A7(I>7 1,7’11) :MY(lvAvq)v lvn) = MY(B7A7¢7n1 + 17”)
is valid, then

M.(a, A, @,1,n1) > M,(1,A,®,1,n) > M(B,A,®,n +1,n). (10.52)

Proof. We take @(¢) =" and y(r) =1° or ¢(¢) =¢* and y(¢) =¢" fort > 0 and apply
Theorem 10.6. We omit the details. |

10.5 Refinements

In this section we present a refinement of Jensen’s inequality (10.18) and a refined the
general form of its converses (9.88).
For convenience we introduce the abbreviation

(10.53)

7(m, M) = f(m) + £(M) —2f (’“M) |

2
where f: [m,M] — R, m < M, is a continue function. It is obvious that, if f is convex

(resp. concave) then 67 > 0 (resp. 8y < 0).
To obtain our results we need the following three lemmas.

Lemma 10.1 Let f be a convex function on an interval J, m,M € J and py,p; € [0,1]
such that py + p> = 1. Then

2
< pif(m)+ p2f(M) — f(pim+ p2M). (10.54)

min{py, po} | f(m)+f(M) =2f (”H'Mﬂ

Proof. These results follows from [208, Theorem 1, p. 717] for n = 2 and replacing x;
and x, with m and M, respectively. ]
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Lemma 10.2 Let x be a bounded self-adjoint elements in a unital C*-algebra < of oper-
ators on some Hilbert space H. If the spectrum of x is in [m,M], for some scalars m < M,

then
M1y — —ml,
F (@) < S f )+ = (M) — 8y (m, M) (10.55)

holds for every continuous convex function f : [m,M] — R, where 6;(m,M) is defined by
(10.53) and

__11 1 m+M
R S L Y S )

If f is concave, then the reverse inequality is valid in (10.55).

1.

Proof. We prove the convex case only. By using (10.54) we get

f(pim~+paM) < p1f(m)+ p2f(M) —min{py, pr}6¢(m,M) (10.56)

for every pi,p2 € [0,1] such that p; + p, = 1. Let functions py,ps : [m,M] — [0,1] be
defined by

M-z z—m

S M-—-m’
Than for any z € [m,M] we can write

P1(2)

£ =1 (gt =0 ) = (10 o)

M—m
By using (10.56) we get
M-z z—m
< M)—7z6 M 10.57
F@) < 4 fm) < (M)~ 287 (m, M), (1057)
where
. 1 1 m+M
T2 M-m|C T2 |
since
. M-z z—m 1 1 m+M
min , =-— z— .
M—-—m M—m 2 M-—m 2
Finally by utilizing the functional calculus to (10.57) we obtain the desired inequality
(10.55). O

In the following lemma we present an improvement of the Mond-Pecari¢ method.

Lemma 10.3 Ler (x;);er be a bounded continuous field of self-adjoint elements in an
unital C*-algebra </ with the spectra in [m,M], m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure |t and (D;);cr be an unital
field of positive linear mappings @, : o/ — A from < to another unital C*—algebra A.
Then

/Td%(f(xt))dﬂ(f) < Off/T@t(Xr)du(tHﬁflK—(SffS af/Tq)t(xt)dﬂ(t)+ﬁ(j’11(l)(58)
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for every continuous convex function f : [m,M| — R, where 8y = 6¢(m,M) is defined by
(10.53),

m+M
2

1H|> du(r) (10.59)

If f is concave, then the reverse ineq_uality is valid in (10.58).

Mf(m) —mf(M)
M

and of = (the same as in Chapter 9).

Proof. We prove the convex case only. Since Sp(x;) C [m,M], then by utilizing the
functional calculus to (10.57) in Lemma 10.2, we obtain

M — x; Xp—m -
< _
F) < T )+ S (M)~ 8y (m, M),
where
~ 11 1 m—l—M1
T T [T T2

Applying a positive linear mapping @, integrating and using that [ ®,(1y)du(r) = Ix,
we get the first inequality in (10.58), since

- 1 1 +M -
/Tcp, &) du(r) = EIK_M/T(D‘ <|x,—m - 1H|> du(r) =%

Also, mly <x; <M1y, t € T, implies [; @ (|Jx — 2% 15]) du(r) < Y521k, Tt follows
X > 0. Then the second inequality in (10.58) holds, since 67x > 0. O

Now, we present a refinement of Jensen’s inequality.

Theorem 10.7 Let (x;),er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra o7 defined on a locally compact Hausdorff space T equipped with a
bounded Radon measure |L. Let m, and M,, m; < M,, be the bounds of x;, t € T. Let
(D, )ier be a unital field of positive linear mappings ®; : o/ — B from </ to another
unital C*—algebra . Let

(me,My) N [my,M;] =0, teT, and m<M,

where my and My, my < My, be the bounds of the operator x = [ ®;(x;)d(t) and
T

a=sup{M;: M; <my,t €T}, b=inf{m:m >M.t€T}.

If f 1 J — R is a continuous convex function provided that the interval J contains all m;, M;,
then

f( / d)z(xz)du(t)) < [ @) du(o) — 8@ M < [ @ () duls) (10.60)



296 10 JENSEN’S OPERATOR INEQUALITY WITHOUT OPERATOR CONVEXITY

holds, where 8;(m,M) is defined by (10.53),

1

1
S — — 1
2K M—-m K

(10.61)

m+M
o
2

and m € [a,my], M € [My,b], m < M, are arbitrary numbers. If f is concave, then the
reverse inequality is valid in (10.60).

Proof. We prove only the convex case. Since x = [ @ (x;)dp(r) € # is the self-
adjoint elements such that mlg < m g < [7 D (x;)dp(t) < Mg < M1k and f is convex
on [, M] C J, then by Lemma 10.2 we obtain

f(M) — 6%,

(10.62)
where 8y = 5f(m,]l71) and X are defined by (10.53) and (10.61), respectively. On the
other hand, since (my, M) N [m;,M;] = @ implies (m,M) N [m;,M,] = @ and f is convex
on [my, M,], then

(/cp, (x1) du()) Ml — Jr @) dp(t) o Jr ®il) dp(e) — i

M—m M—m

M lH Xt mlH

) = 2 )+

——f(M), rteT.
Applying a positive linear mapping ®;, integrating and adding —6/X, we obtain

Mg [y () du(t) @) d(r) g

D, du(t)—8x> _ m — o)
[ @ (rx)) o) =8y =HILR B ) 4 2T K (35,
(10.63)
Combining two inequalities (10.62) and (10.63), we have LHS of (10.60). Also, since
0y > 0 and X > 0, we have RHS of (10.60). O

Finally, we present a refinement of (9.88).

Theorem 10.8 Ler (x;)icr, (®r)ier, m,M, 6¢(m,M), X, of and By be as in Lemma 10.3.
Let my and My, my < My, be the bounds of the operator x = [ ®,(x;)du(t), and ms be the
T

lower bound of the operator X.
Let f:[m,M] =R, g:[my,M,] =R, F:UxV —R, where f([m,M]) CU, g([my,M]) C
V and F be bounded. If f is convex and F is operator monotone in the first variable, then

[/cp, Fu)) dp(e) /cbl x)du(r ))]

<F {afx—l—ﬁf_ 8¢ (m,M)x, g(/TﬂD,(x,)du(t))] (10.64)
< sup Flogz+Br—8p(m,M)mz,g(2)] Ik < sup F[oyz+Br.g(z)] 1k
my<T<My My <z<My

If f is concave, then the opposite inequalities are valid in (10.64) with inf instead of sup.
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Proof. We only prove the case when f is convex. Then &¢(m,M) > 0 implies 0 <
Or(m,M) myz 1x < 67(m,M) X. By using (10.58) it follows

/Td>t(f(x,))du(z) < oypx+Pr—8¢(m,M) X < apx+ By — 6p(m,M) mzlx < opx + By

Taking into account operator monotonicity of F'(-,v) in the first variable, we obtain (10.64).
O

Example 10.4 We give examples for the matrix cases and T = {1,2}. We put F(u,v) =
u—v, f(t) = t* which is convex but not operator convex, and g = f. As a special case of
(10.64), we have

@) (X{) + Do (X3) < (O1(X1) +D2(X2)) +Ch— 8, (m, M)X < (@ (X)) +P2(X2))* +Ch,
(10.65)
where

C= max z

— M*—m* Mm* — mM* 4
me<z<My | M—m M—m “

Also, we define mappings @1, D, : M3(C) — M>(C): ®i((aij)i<ij<3) = %(aij)lgl“jgz,
Dy =Py,

1) First, we observe an example without the spectra condition. Then we obtain a refined
inequality (10.65), but Jensen’s inequality doesn’t hold.

101 100 L0
If x,=2(001| and X,=2[000], zhenx:2<00>
111 000

and m; = —1.604, M| =4.494, my =0, M, =2, m = —1.604, M = 4.494 (rounded to
three decimal places). We have

(@1(X)) + @2(X))* = (106 8) Z (ig ;2) =&y (X{') + Dy (X3)

10 24) = @1 (6F) 2 ()

(111 742 39.327

and

< =@y (X7) + D (X5) +ChL — 86X

39.327 142.858

243 758

< = (@) (X)) + P2(X2))* +Ch,

227. 758)
~0.097 0.2092

II) Next, we observe an example with the spectra condition. Then we obtain a series of
inequalities involving the refined Jensen’s inequality:

since C = 227.758, 8y = 405.762, X = ( 0.325 _0'097)

(@1 (X1) + D2(X2))* < Dy (X) + D2(X) — 8/(m, M)X < Dy (X]) + D (X3)
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and its converse (10.65).

-4 1 1 5 -1 -1 1 /10
IfXi=11 —2—-1|andXp=|—-1 2 1 |, thenX = 3 (0 0)
1 -1 -1 -1 1 3

and my = —4.866, M| = —0.345, my = 1.345, M, = 5.866, m = —4.866, M = 5.8606,
a = —0.345, b = 1.345 and we put m = a, M = b (rounded to three decimal places). We
have

(0 0625 8) —(@1(X) + Da(Xa))*
< (63922? 11_72?526> = @1 (X}) + @2 (X)) — §f(a,b)X
< (642152 11285§> = @1 (X}) + @ (X3)
() )
< (872 T 872?409) = (®1(X1) + D2(X2))* +Ch,
e (5 ) - (35 250

and C = 872.409 .

10.6 Notes

The idea of Jensen’s inequality without operator convexity is given by Mici¢, Pavi¢ and
Pecari¢ [187]. The application on the power operator means is presented in [188]. Ex-
tensions of the previous results are given by the same authors in [190]. A refinement of
Jensen’s inequality and its converses based on research by Micié, Pecari¢ and J. Peric is
presented in Section 10.5. The interested reader can find additional results in [186, 194,
195, 196].



Chapter 1 1

Bohr’s Inequality

The classical inequality of Bohr says that |a + b|*> < p|a|® + g|b|? for all scalars a, b and
p, g >0with 1/p+1/g= 1. The equality holds if and only if (p — 1)a = b.

In this chapter, we observe some operator versions of Bohr’s inequality. Using a gen-
eral result involving matrix ordering, we derive several inequalities of Bohr’s type. Fur-
thermore, we present an approach to Bohr’s inequality based on a generalization of the
parallelogram theorem with absolute values of operators. Finally, applying Jensen’s oper-
ator inequality we get a generalization of Bohr’s inequality.

11.1  Bohr’s inequalities for operators

Let H be a complex separable Hilbert space and B(H ) the algebra of all bounded operators
on H. The absolute value of A € B(H) is denoted by |A| = (A*A)'/2.
The classical inequality of Bohr [24] says that

la+b[* < pla® +q|b)?
for all scalars a, b and p, ¢ > 0 with 1/p+ 1/q = 1. The equality holds if and only if

(p—1Da=h.
For this, Hirzallah [145] proposed an operator version of Bohr’s inequality:

299
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Theorem 11.1 If A and B are operators on a Hilbert space, and q > p > 0 satisfy 1 /p+

1/g=1, then
[A=BI>+|(p—1)A+B|> < plA[* +4|B.
Afterwards, several authors have presented generalizations of Bohr’s inequality.
Theorem 11.2 IfA,B € B(H), %—i— i =l,andl1<p<2ie g>p>1,then
(i) [A=BP+|(p—1)A+B]> < plAP +4q|BJ,
(i) |A—Bl>+|A+(¢—1)B]> > p|A]* +4q|B*.
On the other hand, if p < 1, then
(iii) |[A—BP+|(p—1)A+B> > plAP +q|B|*.
Theorem 11.3 IfA,B € B(H) and |ot| > |B], then

|A—B|2+#' |B|A+|a|B'2 < (1+%> AP + (1+%) B2

We note that it unifies the following inequalities:

(i) If a > |B| = —PB, then
2
< <1+|%|) AP+ <1+%) |BJ.

|A—B|2+‘|%|A+B

(ii) If 0 < o < —f, then

’ < <1+%) AP+ <1+|%|) |BJ%.

|A—B?+ %AJFB

Next we state Bohr’s inequalities for multi-operators.

Theorem 11.4 Suppose thatA; € B(H), andr; > 1 fori=1,2,--- ;nwith Y, rl =1. Then
i=1"

n

XA

i=1

2
n
S zri|Ai|2'
i=1

In other words, it says that K (z) = |z|* satisfies Jensen’s (operator) inequality:

K (itl’ Al') < iti K(A))
i=1 i=1

n
holds for #;,--- ,¢, >0 with Y} t; = 1.
i=1

=
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11.2 Matrix approach to Bohr’s inequalities

In this section, we present an approach to Bohr’s inequalities by the use of the matrix order.
For this, we introduce two notations: For x = (x,---,x,) € R", we define an n x n
matrix A(x) = x*x = (x;x;) and D(x) = diag(xy, - ,x,).

Theorem 11.5 If A(a) + A(b) < D(c) for a,b,c € R", then

n n 2 n
Y ai; N bidi| <Y cilAil?
izl i=1 i=1

Sor arbitrary n-tuple (A;) in B(H). Incidentally, the statement is correct even if the order
is replaced by the reverse.

2
+

Proof. We define a positive mapping @ of B(H)" to B(H) by
CD(X) = (AT . A:)X T(Al o 'An)7

where - denotes the transpose operation. Since A(a) = (ay,---,a,)! (a1, - ,a,), we have

®(A(a)) = (éaiAi)*(éaiAi) - \éaiAi)27

so that
n 2 n 2 n 2
Y aidi| +| X oAl =@ (A@)+A®)) < D) = Y cildil.
i=1 i=1 i=1
The additional part is easily shown by the same way. O

The meaning of Theorem 11.5 will be well explained in the following theorem.

Theorem 11.6 Lerr € R.

1
() If 0<t<1, then |A:FB|2+|tAiB|2§(1+t)|A|2+(1+;>|B|2.

1
(i) If 1>1ort <0, then m;m%ﬂm13F20+ﬂmF+O+?Mm?

Proof. We apply Theorem 11.5 to a = (1,F1), b= (t,£1) and ¢ = (1 +1,1+ 1/1).
Then we consider the order between corresponding matrices:

(141 0 1 F1 e AN S|
=) )G sl

Since det(T') =0, T is positive semidefinite (resp. negative semidefinite) if 0 <7 < 1 (resp.
t>1lort<0). O
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Remark 11.1 Iz is important that all of theorems cited in Section 11.1 follow from Theo-
rem 11.6 easily. For instance, for (i) and (iii) of Theorem 11.2, we take t = p — 1. For (ii),
we take t = q — 1 and permute A and B. Also, Theorem 11.3 follows taking t = |B|/|c|.

As another application of Theorem 11.5, we give a proof of Theorem 11.4.

Proof of Theorem 11.4. We check the order between the corresponding matrices D =
diag(ry,---,r,) and C = (¢;j) where ¢;; = 1. All principal minors of D — C are nonnegative
and it follows that C < D. Really, for natural numbers k < n, put D, = diag(r,-1 S ,r,-k),
Cr = (cij) with ¢;j=1,i,j=1,...,k and Ry = 2(;:1 1/ri; where 1 <r; <--- <y <n.
Then

det(Dy — Cx) = (ri; - -+ -1, )(1 —=Rx) > 0 for arbitrary k < n.
Hence we have the conclusion by Theorem 11.5. O

In the remainder, we cite additional results obtained by Theorem 11.5.
Corollary 11.1 Ifa= (a1,a2), b= (b1,by) and p = (p1, p2) satisfy
pi>ai+bi, pr>a+b3, (p1—(ai+b])(p2— (@ +D3)) > (@az+bibs)?,

then
la1A 4 aB|* + |b1A +byB)? < p1|A]> + p2| B)?

holds all A,B € B(H).
Proof. Since the assumption of the above is nothing but the matrix inequality A(a) +

A(b) < D(p), Theorem 11.5 implies the conclusion. O

2
Finally, we remark the monotonicity of the operator function F(a) =

n
Y ai A;
i1

Corollary 11.2 For a fixed n-tuple (A;) in B(H), the operator function F (a) =

n 2
by aiAi’
i=1
fora=(ay,--- ,ay,) is order preserving, that is,

if Ala) <A(b), then F(a)<F(b).

Proof. We prove this putting F(a) = ®(a*a), where @ is a positive linear mapping as
in the proof of Theorem 11.5. O

Corollary 11.3 If a = (ay,az,a3) and b = (b1, by, b3) satisfy |a;| < |b;| fori=1,2,3 and
aibj = a;b; for i # j, then F(a) < F(b).

Proof. 1t follows from assumptions that if i # [ and j # k, then

ajaj— bibj a;ay — bibk

ajaj—bib; qag—biby |~ aibj(aiby = biar) + ajbe(bia = aiby) = 0.

This means that all 2nd principal minors of A(b) — A(a) are zero. It follows that det(A(b) —
A(a)) = 0. Since the diagonal elements satisfy |a;| < |b;| for i = 1,2,3, we have the matrix
inequality A(a) < A(b). Now it is sufficient to apply Corollary 11.2. O
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11.3 Generalized parallelogram law for operators

Next we give another approach to Bohr’s inequality. In our frame, the following general-
ization of the parallelogram law easily implies Theorem 11.6 which covers many previous
results as discussed in the preceding section.
Theorem 11.7 If A and B are operators on a Hilbert space andt # 0, then
1 1
|A+B*+ —lea — B> = (1+1)|A*+ (1 + ;) |B|?.
Proof. 1t is easily checked that
1
|A+B* + —leA —BJ?
2 2 * * 2 1 2 * *
= |A|°+|B|"+A"B+ B*A+1|A] +?|B| —A"B—B"A
1
= (1+1)AP+ (1+;) |B|?.
O

Remark 11.2 We immediately obtain Theorem 11.6 by noting the condition of t in Theo-
rem 11.7. This means that Theorems 11.1 and 11.2 also follow from Theorem 11.7 .

Next we extend Theorem 11.7 for several operators.

n
Theorem 11.8 Suppose that A; € B(H) and r; > 1 with ¥, L =1 fori=1,2,...,n. Then
i=1"

1
\/ rj v ri
Proof. We show it by the induction on n. Note that it is true for n = 2 by Theorem

11.7, because it is expressed as follows: Let A; € B(H) and r; > 1 for i = 1,2 satisfying
%—!—% = 1. Then

r r
rlAL 472 As P — A+ AP = ' —A — [ 24,
\V V i

Now suppose that it is true for n = k, then we take Ay, --- ,Apyy €B(H) and ry, -+ 1y > 1

2

n n
SrlAlP-1Y A=Y,
1<i<j<n

i=1 i=1

2

k+1 1 1 k
satisfying Z — = 1. Here we put 7, = r; (1 — —) fori=1,--- ,kand B= Y A; for
i=1 i Tk+1 i=1
ko1
convenience, then r{ > 1 and Z 7 = 1. Hence we have
i=1"i
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) 2

Z”i|Ai|2_

i=1

k+1

2 A
i=1

2

k
Y Ai+Agsi

k
=Y rilAil? + 1A | -
= i=1

i=1

1) & 1 Zk . .
= (1 - —> 2 rilAil? = 1B + (ripr = DlAga P+ — 3nilAil* = B'Ag1 — Afy B
T+l / i=1 Tk+1 21

k k
/ i
- ( Y Al |B|2> + 3 AP B Ay — A B (et — DAl
i=1 i—1 Tk+1
= z ’QA,'— /QAJ-
1<i<j<kl V Ti Ti
= Z /ﬁAi_ /QA].
1<i<j<k |V 7J Ti

2k k

ri Tt

+ 3 ——|Ai = B* g1 —Aj B+ Y, A
o1 Tk i=1 i

k+1 2

2
+2

Ti Tk+1
Ai—/ Ajr1
1 Tk+1 Ti

[r; P
1<i<j<k+11V 7j Ti
Therefore, the required equality holds for all n € N. O

Remark 11.3 Theorem 11.4 is an easy consequence of Theorem 11.8.

Incidentally, we note that the condition r; > 1 in Theorem 11.8 is not necessary. As a
matter of fact, we can show the following.

n
Corollary 11.4 Let A; € B(H) and r; # 0 fori =1,2,....,n with ¥, L =1. Then
i=1"
2

zzﬁ

1<i<j<n i

n 2

27‘,’|Ai|2—
1

=

-
LA—A,
rj

n
A
i=1

11.4 The Dunkl-Williams inequality

Dunkl and Williams showed that

x oy | A=yl
[l I el =+l
for every nonzero element x,y in a normed linear space.
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Pecari¢ and Raji¢ gave the following refinement: For every nonzero element x,y in a
normed linear space X

L_LH<

V2 =3[P+ 2(0xl — IyID*
Iyl

max{ x|, [y[|}

Furthermore they generalized it to an operator inequality as follow:
Theorem 11.9 Let A,B € B(H) be operators where |A| and |B| are invertible, and let
pog>lwithi4+1=1.
P a
2
AlAIT! —BIBI*I’ < |AI7! (plA — B +4(1A] - [B])?) [A] .
The equality holds if and only if

p(A=B)A[" =g B (A"~ [B"").

Very recently, Saito-Tominaga improved Theorem 11.9 without the assumption of the
invertibility of the absolute value of operators.

Theorem 11.10 Ler A, B € B(H) be operators with polar decompositions A = U|A| and
B=V|B|, and let p,q > 1 with 11—7—|— é = 1. Then

2
(W =v)Al|" < pla—BP+q(a]-1B]).
The equality holds if and only if

p((A—B)=qV (|B|—|A|]) and V'V >U"U.

In this section, we consider the Dunkl-Williams inequality for operators as an applica-
tion of generalized parallelogram law of operators in Theorem 11.7:

1 1
|A—B|*+ ?|tA+B|2 =(1+1)AP*+ (1 + ;> |B|?

for any nonzerot € R.
The following lemma follows from it easily.

Lemma 11.1 Let A,B € B(H) be operators with polar decompositions A = U|A| and
B =V|B|. Then for eacht >0

1
|A—BP* < (1+1)|A* + (1 + ?> |B|?.

The equality holds for t if and only if tA+ B = 0.
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We prepare another lemma.

Lemma 11.2 Let A,B € B(H) be operators with polar decompositions A = U|A| and
B=V|B|andt > 0. Ift(A— B) + V(JA| — |B|) = 0 is satisfied, then

t|A—B* < |A]*— B[,

and so |A| > |B| and U*U > V*V.
In addition, if U*U = V*V, then t|A — B|> = |A|> — |B|>.

Proof. Since tA — (14 1)B = —V|A| by the assumption, we have
[tA— (14 1)B|> = |A[V*VIA].
Adding ¢|A|> — (¢ + 1)|B|? to both sides, it follows that
11+ 1)[A=BP? = [AV*VIA| +1[AP — .+ 1)|B] < (e +1) (AP~ [B).

so that
0<rlA—B><|A]*—|B%.

Hence it follows that |A| > |B| and U*U > V*V. Moreover, if U*U = V*V is assumed,
then V*V]A| = |A| and so
tlA—BP? = AP~ |BJ.

O

The following theorem is proved by the lemmas cited above, and it changes to Theo-
rem 11.10 by takingr =p — 1.

Theorem 11.11 Ler A, B € B(H) be operators with polar decompositions A = U|A| and
B=V|B|, andt > 0. Then

-V < G+ 0l-BE+ (147 ) (A= B

The equality holds if and only if
t(A—B)=V(|B|—|A]) and V'V =U'U.

Proof. We replace A and B in Lemma 11.1 by A — B and V(|A| — |B|), respectively.
Then we have the required inequality, and the condition for which the equality holds is that

t(A—B)=V(|B|—|A]) and V'V =U"U.

The latter in above is equivalent to |A|V*V|A| = |A|?, that is, V*V > U*U. By the help of
Lemma 11.2, it becomes V*V = U*U. O
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Lemma 11.3 Let A,B € B(H) be operators with polar decompositions A = U|A| and
B=V|B|, andt > 0. Suppose that V*V = U*U. Then

1(A—B) =V(|B|—|A])

if and only if
|A|=|B|+t/A—Bland A— B=—-V|A—B].

Proof. Lett(A— B) = —V(|A| — |B|). It follows from Lemma 11.2 that
A~ B| = ||4] - |BI| = |4 - 18]
and moreover
A—B= ;V(|B| — A = —; tVIA—B|=-V]|A—B|.
Conversely, let |A| — |B| =t|A — B| and A — B= —V|A — B|. Then
t(A—B)+V(|A| - |B|) = —tV|A—B| +1V|A—B| = 0.
O

Lemma 11.4 Let A,B € B(H) be operators with polar decompositions A = U|A| and

B=V|B|, andt > 0. Suppose that V*V = U*U. Ift(A — B) =V (|B| — |A|), then
|B||A —B| + A~ B||B| = (1 —1)|A - B[>.
Proof. Put C = A — B. The preceding lemma ensures that

t|C| = |B+C|—|B|and C = —V|C]|.

Then it follows that
|B+C| = |B|+1]C],
and that
B'C=—BV|C| = =(|B[V*V)|C| = —|BJ|C|.
Hence we have
[B+CI* = (B~ |C|)* and |B+C|* = (|B| +1|C])?,

so that

(t+1)(IBIIC +[Cl|B]) = (1 —1)|CP,
which is equivalent to the conclusion. g

Theorem 11.12 Let A, B € B(H) be operators with polar decompositions A = U |A| and
B =V|B|, and C = A — B = W|C]| the polar decomposition of C. Assume that the equality

(U -V)A|]> = (1+1)]A— B+ (1 + ;) (14| - |B))*.

holds for some t > 0.
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(1) Ift > 1, then A=B.

(2) If0<t <1, then

2 2
A:B(I—:W*W) and |A|:|B|(+1—W W)

and the converse is true.

Proof. The preceding lemma leads us the fact that if positive operators S and 7 satisfy
ST 4 TS = rS? for some r € R, then

i §=0 ifr<o, and (i) Sand T commute ifr>0.

(Since ST = STS —tS7 is self-adjoint, S*> commutes with T and so does S.) Thus we apply
itforS=|A—B||C|, T=|Blandr=1-—1.

(1) Since r =1—1 <0, we first suppose that r < 0. Then S = |A — B| =0, that is, A = B,
as desired. Next we suppose r = 0. Then S = |C| commutes with 7 = |B| and so ST = 0.
Hence we have |C|V*V = 0. Moreover, since C = —V|C| by Lemma 11.3, it follows that
|C|? = |C|V*V|C| =0, ie. C=0.

(2) We apply (ii). Namely we have
|B||Cl = [Cl|B| = ICI2
so that
BIC| =V|B||C| = —VIClz——CICI —AICI——BICI
It implies that
Alc| = 21<1+T>B|C| ﬂmq

and so

AW W—#BWW

Therefore we have
% * t+1 2 .
A=AW'W+A(I-W'W) = ﬁBW W+B(I-W'W) = I+ﬁWW .

For the second equality, it suffices to show that W*W commutes with |B| because

2 2t
I——W'W|=1+—WW
1—1¢ 1—1¢
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is easily seen. For this commutativity, we note that C =A — B = %BW*W by the first
equality, C = —V|C| by Lemma 11.3, and V*V > W*W by W*W < sup{V*V,U*U} and
V*V =U*U. So we prove that

1—1¢ 11—t 11—t

BIW*W =V*BW'W = ———V*C=—V"V|C| = —|C]|.
B - vvicl = el

Incidentally the converse implication in (2) is as follows: We first note that the second
equality assures the commutativity of |B| and W*W. Next it follows that
2t .
Al = |B| = —1— [BW'W

and )
t
VIA|-B=V(|A|—|B|) = —:BW*W =—t(A—B)

by the first equality. Hence we have
(U-V)A|=A-V|A|=A+t(A—B)—B=(1+t)(A—B)

and so )
(U =W)|Al|" = (1 +1)*|A-B.
On the other hand, since

2 \?
(|A| - |B])* = (E) B*BW*W =1*|A — BJ?
we have |
(1+0)]A =B+ (1+-)(1A] - [B])*
1
- ((1+z)+ (1+;)z2> A~ B> = (1+1)A - BP,
which completes the proof. |

11.5 From Jensen’s inequality to Bohr’s inequality

As an application of Jensen’s inequality, in this section we consider a generalization of
Bohr’s inequality. Namely Jensen’s inequality implies Bohr’s inequality even in the opera-
tor case.

For this, we first target the following inequality which is an extension of Bohr’s in-
equality, precisely, it is a multiple version of Bohr’s inequality in the case r = 2:
Ifr>1landay,---,a, >0, then

n
3
i=1

r—1 2

r nooo1
<(Xa7) Ralar
i=1 i=1

forall z;,---,z, € C.
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We note that it follows from Holder inequality. Actually, p = -5 and g = r are conju-
gate, i.e. % + Ll] = 1. We here set

Q=

— 1 )
uj=a; , wi=u; "z (121727...7,1)

and apply them to Holder inequality. Then we have
n r n

nooy n p L L noo p—1.n
ZZi' = ZLtiwi < (z |ui|p) (Z|wi|‘1) = (Zail”) Zai|zi|r.
i=1 i=1 i=1 i=1 i=1 i=1

Now we propose its operator extension. For the sake of convenience, we recall Jensen’s
inequality (see also Remark 10.1 with conditions on spectra) for our use below:

Let f be an operator convex function on an interval J, let T be a locally compact Haus-
dorff space with a bounded Radon measure U, and let </ and B be unital C*-algebras. If
(W )ser is a unital field of positive linear mappings of </ to 9B, then

f( / w:(x:)du(t)) < [w(re)aut)

holds for bounded continuous fields (x;);er of self-adjoint elements in </ whose spectra
are contained in J.

Theorem 11.13 Let T be a locally compact Hausdorff space with a bounded Radon
measure U, and let o7 and B be unital C*-algebras. If 1 <r <2, a:T — R is a bounded
continuous positive function and (¢, ),er is a field of positive linear mappings ¢, : o/ — B
satisfying

[at ™6 du) < [ awyrdui, (1L1)
T T

then

r—1

r 1
(faman) < (faran)  [avoupann a2
holds for all continuous fields (x;);er of positive elements in < .
1
Proof. We set y; = Ma(t)ﬁq),, where M = /a(t)ﬁdu(t) > 0. Then we have
T

/ y;(1)du(r) < 1. By a routine way, we may assume that / v, (1)du(r) = 1. Since
T T

f(t) =1" is operator convex for 1 < r < 2, then we applying Jensen’s inequality cited
above and obtain

(/3™ 06du0) < [ Lo wau

TM

for every bounded continuous fields (% );er of positive elements in 7. Replacing %, by
a(r)~"/(1=")x, the above inequality can be written as

(/T ¢t(x;)dﬂ(t)>’ SM"*I/Ta(t)q)t(xtr)du(t)

which is the desired inequality. O
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Remark 11.4 We can obtain the inequality in a broader region for r under conditions on
spectra. Let

(me, M) N [a(@) O my a()V/ M) =0,  teT,

where my and My, my < My, be the bounds of x = [ ¢;(x;)d(t) and my and My, m; < M,
be the bounds of x;, t € T. If the condition (11.1) is valid, then the inequality (11.2) holds
Sor every r € (—eo,0)U(1,00).

The following corollary is a discrete version of Theorem 11.13.

Corollary 11.5 If 1 < r <2, ay, -+ ,a, > 0 and positive linear mappings ¢y,--- , ¢, on
B(H) satisfy

zaqu)l 72@.1 7
i=1
then

(S o) < (Zmal”)" Sani)
>

For a typical positive linear mapping ¢ (A) = X*AX for some X, the preceding corollary
is written as follows:

Corollary 11.6 If1 <r<2,anday, - ,a, > 0and Xy, -+ ,X, in B(H) satisfy

n 1 n 1

T y* =
Nal "X Xi <Y al 1,
i=1 i=1

then
n - noo1 \y—1n
(z Xi*AiXi) < (z al-lfr) ZaiXi*Al-rX,-
i=1 i=1 i=1

holds for positive operators Ay,--- ,A, > 0 on H.

11.6 Notes

The original inequality of Bohr [24] was established for scalars in 1929. Hirzallah [145]
posed an operator version of it. Afterwards, Cheung-Pecari¢ [32], Zhang [295] and sev-
eral authors have considered extensions of Bohr’s inequality for operators. Very recently,
such study has been done by Abramovich-Bari¢-Pecari¢ [1], and Fujii-Zuo [105], in which
matrix order method is proposed.



312 11 BOHR’S INEQUALITY

The Dunkl-Williams inequality in a normed space was established in [47]. Pecari¢-
Raji¢ [250] presented an operator version of it, which was generalized by Saito-Tominaga
[256]. Moreover it was discussed in [39] from the viewpoint of generalized parallelogram
law for operators. Such operator versions are regarded as applications of Bohr operator
inequality.

The results in 8.6 depend on [232], in which Jensen’s inequality we used is appeared
in [135].
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