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Preface

The study of convex functions as an original mathematical discipline began around the turn
of the last century with the work of Jensen [47] (the french translation is [48]), Hermite
[28], and Holder [45], to mention just some of decisive figures. In [48], Jensen obtained his
famous inequality for convex functions. One of his principal motivation was to extend the
arithmetic and geometric mean inequality. Jensen’s inequality is the basic of important in-
equalities in mathematics (for example, Holder’s and Minkowski’s inequalities), and it has
many applications. Among such disciplines is the theory of means, which uses Jensen’s
inequality as an indispensable tool. A great deal of attention has been devoted to Jensen’s
inequality, its various generalizations, extensions and variants have appeared in the litera-
ture, and the subject is growing rapidly.

Specifically, a number of attempts have been made to refine Jensen’s inequality, namely
to solve the problem of determining expressions between the left hand side and the right
hand side of Jensen’s inequality. Motivated by these investigations, our book aims to col-
lect results about refinements of Jensen’s inequality; to provide methods of constructing
refinements of Jensen’s inequality, with emphasis on the combinatorial improvements; con-
formation of old results from new points of view and insights; to define quasi-arithmetic
and mixed symmetric means corresponding to the introduced refinements; to generate
Cauchy means by using the refinements and the notion of exponential convexity; to study
the monotonicity all of these means. It was not our intention to collect all known results in
the topic, we wanted to give such an overview which would open the way and inspire for
further exploration.

To help the reader, basic facts and conditions are occasionally repeated.

The book consists of nine chapters. In the first four chapters we essentially deal with
the refinements of the discrete Jensen’s inequality. In the fifth chapter refinements for the
integral Jensen’s inequality are given. The sixth chapter contains mean value theorems and
their applications to Cauchy means via nontrivial classes of exponentially convex func-
tions. Refinements of Holder’s and Minkowski’s inequalities are found in the seventh
chapter. Refinements for operator convex functions are considered in the eighth chapter.
Finally, the ninth chapter is about refinements of determinental inequalities of Jensen’s
type.

While writing this book, L. Horvath was supported by Hungarian National Founda-
tions for Scientific Research Grant No. K101217, K. A. Khan was supported by Higher
Education Commission Pakistan and Abdus Salam School of Mathematical Sciences, GC
University Lahore, Pakistan whereas J. Pecari¢ was supported by the University of Zagreb,
Croatia under the Research Grant VIF 5.12.2.1.






Notation

X:=y x is defined by this equation
N:={0,1,...} setof natural numbers

Ni:={l,...}  setof positive integers

R set of real numbers

Intervals in R are denoted by [a,b), [a,b), (a,b] and (a,b).

[a] the largest natural number that does not exceed @ € R
R” n-dimensional Euclidean space

.U, N, \ set theoretic symbols

0 the empty set

P(X) power set of a set X

|X| number of elements of a set X

Functions from a set X into a set Y are denoted by f : X — Y or by x — f(x) (x € X).

fog composition of the function g with the function f

id the indentity function of a proper set

c(I) space of continuous functions on an interval /

C*(I) space of two times continuously differentiable functions on an interval /
A° interior of the set A

S(I) class of all self-adjoint bounded operators on a complex Hilbert space

whose spectra are contained in an interval [ C R

Sp(A) spectrum of a bounded operator A on on a complex Hilbert space
Moy, set of positive definite matrices of order m

|M| determinant of a square matrix M

M(j) submatrix of a square matrix M obtained by deleting the j* row

and column of M
Mk principal submatrix of a square matrix M formed by taking
the first £ rows and columns of M

BBF class of Bellman-Bergstrom-Fan functionals
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Chapter

Introduction

1.1 Convex Functions

Convex functions are very important in the theory of inequalities. The foundations of the
theory of convex functions are due to the Danish mathematician and engineer J. L. W. V.
Jensen (1859 — 1925).

The natural domain of the different type of convex functions is a convex set in a real
vector space V: we say that the subset C C V is convex if the segment

{Axi+(1=A)xp | A €][0,1]}

is a subset of C for every x1,x; € C.

The convex sets in R exactly the intervals.

Investigation of means under the action of functions is an interesting task. The sim-
plest case which deals with the arithmetic mean leads to the mid-convex (or the J-convex)
functions.

J-convex function [69, p.5]: Let V be a real vector space, and C C V be a convex set. A
function f : C — R is called convex in the or mid-convex if

f(m-;m) Sf(xl);—f(xz)

(1.1)

forall x;,x, € C.
A J-convex function f is called strictly J-convex if for all pairs of points (x;,x2) €
C x C, x| # xp, strict inequality holds in (1.1).
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Convex function [69, p.1]: Let V be a real vector space, and C C V be a convex set. A
function f: C — R is called convex if

FAxi+ (1=A)x2) <Af(x1) +(1-2)f(x2) (1.2)

holds for all x;,x; € Cand A € [0,1].
f is called strictly convex if strict inequality holds in (1.2) for x; # x; and A € (0,1). If the
inequality in (1.2) is reversed, then f is called concave function. If it is strict for all x; # x,
and A € (0,1), then f is called strictly concave.

Some characterization of convex functions of a real variable can be found in the fol-
lowing three results.

Theorem 1.1 [63]Let [ C R be an interval. Then f : 1 — R is convex, if and only if
(x5 —22) f(x1) + (%1 —x3) f(x2) + (x2 —x1) f(x3) = 0 (1.3)

holds for every x1,x2,x3 € I such that x| < x» < x3. Further, f is strictly convex if and only
if > is replaced by > in (1.3).

A relation between convex and J-convex functions is as follows.

Theorem 1.2 (J. L. W. V. JENSEN [63, P.10]) If f: I — R is continuous on the interval
I C R, then f is convex if and only if f is convex in the Jensen sense.

Next, we give the second derivative test for convexity of a function.

Theorem 1.3 Ler I C R be an open interval, and f : I — R be a function such that f"
exits on 1. Then f is convex if and only if " (x) >0 (x €I). If f""(x) > 0 (x €1), then f is
strictly convex on the interval.

J-log-convex function [46]: Let V be a real vector space, and C C V be a convex set. A
function f : C — (0,%0) is called log-convex in the Jensen sense if logof is J-convex, that
is

(M52 < st st

for all x;,x, € C.
Log-convex function [69, p.7]: Let V be a real vector space, and C C V be a convex set.
A function f : C — (0,%0) is called log-convex if logof is convex, that is

FOxi+(1=2)x) < f*a)f' (),
holds for all x;,x; € Cand all A € [0, 1].

Lemma 1.1 ([70]) Let V be a real vector space, and C C 'V be a convex set. Then a
Sunction f : C — (0,00) is log-convex in the Jensen sense if and only if the relation

X1 +x2

v2f(x1)+2vwf( )+w2f(x2)20

holds for each real v,w and x1,x; € C.
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We denote xj;) > ... > x|, the components of a vector X = (x1,...,X,) € R" arranged
in decreasing order. We say that a vector x = (x1,...,x,) € R" is majorized by a vector
y=1,--,yn) ER" (x <y) if

k

k
X< Yy, 1<k<n

i=1 i=1
with equality for k = n (see [56]). Then the binary relation < over R” is reflexive and
transitive, i.e. a preorder.

Schur-convex function [56]: Let D C R". A function f : D — R is called Schur-convex
if x <y implies f(x) < f(y) for all x,y € D.

The following known result is proved in [56].

Theorem 1.4 Let D C R” be a symmetric convex set with nonempty interior D°, and

f D — R be a continuous function. If f is differentiable on D°, then f is Schur convex
(Schur concave) on D if and only if f is symmetric and

af(x) Jdf(x

() (2420 3400

8x1 B 8x2 )EO(SO)

forallx =(xy,...,x,) € D°.

In view of applications in different parts of mathematics the Jensen’s inequalities are
especially noteworthy, as well as useful.
We begin with the discrete version of the Jensen’s inequality:

Theorem 1.5 Discrete Jensen’s inequality[69, p.43]: (a) Let V be a real vector space,
and C C 'V be a convex set, and f : C — R be a convex function. Then
1 & 1 &
f szixi < — pif(xi) (1.4)
n =1 n =1
holds, where x; € C (i=1,...,n) and p; (i =1,...,n) are nonnegative real numbers, with
P, =37, pi > 0. If f is strictly convex and the p;’s are positive, then inequality (1.4) is
strict unless Xy =xp = ... = Xy.
(b)If f : C — Ris a J-convex function, and the p;’s are rational numbers (i=1,...,n),
then (1.4) also holds.
The integral version of the Jensen’s inequality is as follows:
Theorem 1.6 Integral Jensen’s inequality[26]: Let (Q,<7 1) be a finite measure space
with u(Q) >0, and g : Q — R is a u-integrable function taking values in an interval
I CR. Then m J gdu lies in I, and for every convex function f : I — R the composition
Q

fogis measurable. Further, if f o g is u-integrable, then

1 : 1 :
S “(Q)Q/gu SM(Q)Q/fgu (1.5)

In case when f is strictly convex on I equality is satisfied in (1.5) if and only if g is
constant U-almost everywhere on Q.
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1.2 Interpolations of Jensen’s Inequality

We start with the following interpolation of the discrete Jensen’s inequality based on sam-
ples without repetitions given by Pecari¢ and Volenec in 1988 (see [73]).

Theorem 1.7 Let C be a convex subset of a real vector space V, and let f : C — R be a
mid-convex function. If x = (x1,...,x,) € C", and

1 it iy
fin=tia )=y %S () asksn a9

k) 1<ii<..<ix<n

then
1 L

f ;in :fm,,g...gfkﬂ,,gfkﬂg...gfl,n:ZZf(xi), 1<k<n—1. (1.7)
i=1 i=1

The weighted version of the above theorem is given by Pecaric.

Theorem 1.8 ([66]) Let C be a convex subset of a real vector space V, and let f: C — R
be a convex function. Suppose X = (x1,...,x,) € C", andp = (p1, ..., pn) is a positive n-tuple
such that ¥ pi = 1. Fork=1,...,n define

k

k ,;1 PijXi;
fkl,n:fkl,n(xap) =N 2 (pr) Fki . (1.8)

(’/:7%) 1<ij<..<ix<n

2 Pi;
j=1
Then for 1 <k<n-—1
n 1 1 1 1 n
f(zpixi) = fn,n <. s fk+1,n < fk,n <. s f],n = Zpif(xi)' (1.9)
i=1 i=1

The following interpolation of the discrete Jensen’s inequality based on samples with
repetitions is given by Pecari¢ and Svrtan in 1998 (see [71]).

Theorem 1.9 [71] Let C be a convex subset of a real vector space V, and let f : C — R
be a mid-convex function. If x = (x1,...,x,) € C", and

> f(xiﬁ',;“’*), k>1,

(n+£71) 1< <..<ig<n

f;,n = ﬁc,n (X) =

then

1& 1
(;2)@) <fk+1n<fkn_~~~§ l,n:_z.f(xi)' (1.10)

i=1
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The weighted version of the above theorem causes motivation for many authors and it
can be found in [60, p.8].

Theorem 1.10 Let C be a convex subset of a real vector space V, and let f : C — R be
a convex function. Suppose X = (x1,...,x,) € C", and p = (p1, ..., pn) is a positive n-tuple
such that ¥ pi = 1. Then

Zpl-xl <. k+1n—fkn§ <f1n Zpif(xi)v (L.11)

i=1
where
k

Y Pi;Xi
1 k = J
R ) (Zp,,> P kzn a2

k—1 ) 1Si<..<ig<n 2 pi;
Jj=1
Remark 1.1 If f is a concave function then the inequalities (1.9) and (1.11) are reversed.
If p; (i=1,...,n) are rational numbers, then (1.9) and (1.11) are also valid for mid-
convex functions.

An important consequence of the discrete Jensen’s inequality for mid-convex functions
is the following Key Lemma from [71].

Lemma 1.2 Ler C be a convex subset of real linear space V, f : C — R be a mid-convex
function, and x = (x1,...,x,) € C". Then

if(xl+...+fj+...+xn), (1.13)

where £; means that x; is omitted.
Proof. Apply the discrete Jensen’s inequality for mid-convex functions to

D= (1/(n—1)) (61 + oo F Ry oo+ 20)

n n i
and use the identity Y, x; = 3 X0, O
i=1 i=1
Unified treatment for samples with and without repetitions: Assume f:C — R is a
mid-convex function defined on a convex set C in areal linear space V, and x = (x1,...,x,) €
C". LetM = {1 2" ... n™} beafixed multisethaving m; =: v;(M) > 1 elements equal
to j, for 1 < j <n. Ny(M) denotes the k-th rank number of M (the number of subsets of M
containing exactly k elements). For every nonempty submultiset I C M, x; := Y, x;, and ||
iel
means the number of elements in /. Now, define the M-dominated k-sample mean of f by

fkn fkn( = 1<k<mi+...+my,.

ICM
7=k

The following Proposition makes a unified treatment of Theorems 1.7 and 1.9.
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Proposition 1.1 Under the previous assumptions, we have

1 1 1
Nept M), = Y f<k+1 J>sﬁ D qf(le) (1.14)

JCM,|J|=k+1 ICM |I|=k
foreveryl <k <my+...4+my, wherec;:= Y (vj(I)+1).
1<j<n
vj(l)<mj

Proof. By applying Lemma 1.2 to the terms of the middle sum in (1.14), we have
> f( ; J)SL > Zf( xJ\{z})
JCM |J|=k+1 k+1 k+1 JCM |J|=k+1 jE]
Then, the right hand side can be rewritten as
1 1
o7 (),
where ¢ can be calculated in the following way: let
Ar:={JCM|J=T1d{j} forsome | < j<n},

where W means the multiset sum, and for J € A; let ¢; (J) be the number of all elements j
of J such that I = J\ {j}; then

] = ZCI(J): 2 (Vj(l)+1).
JEA; 1<j<n
vj(1)<mj

The proof is complete. O

Now we show that Theorems 1.7 and 1.9 are special cases of Proposition 1.1.

Corollary 1.1 Let C be a convex subset of a real vector space V, and let f: C — R be a
mid-convex function. If X = (x1,...,x,) € C", then the following refinements of the Jensen’s
inequality hold:

a)

n

f (% in> =fan <o <firta<fin < < fin= %Z.f(xi)v

b)
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Proof. (a) We take M to be the following multiset (actually a set): M := {1,...,n}. In
this case v;(M) =1 (1 < j <n), and

2 f< ><Z)fk’n’ k=1,...,n—1.
1M |I|=k

By (1.14), this implies that

1 1
(k—T— 1>fk+1,n < 1 Y af (le)

ICM,|T|=k

1 n n
= k—f——l(nik) <k)fk,n (k—i—l)fk’n’ k=1,...,n—1,

finishes the proof of the first claim.
(b) Let the integers k > 1 and [ > k+ 1 be fixed, and let M be the following multiset:
M :={1' ... ,n'} (the multiplicity of jis [ for 1 < j < n). Then

+k—
f( )z(” )f,,, k=1,...,1.
ICME\:I\ =k k ‘

This yields by (1.14)

+k 1 1
(Z+ l)f"“ Serr, 2 f (%x'>

ICM.|I|=k

e (" Y= ()i

fk+1,n§fk,nv k> 1.

and therefore

The following result is given in [20]:

Theorem 1.11 Ler C be a convex subset of a real vector space V, and let f : C — R
be a convex function. Suppose x = (x1,...,x,) € C", and p = (p1, ..., pn) is a nonnegative
n-tuple such that ¥} pi = 1. If

1 X
o= Fin(x.p) = 2 Piy - plkf<z2xij>, k=1, (1.15)
. j=1

then

n
ZM o S ftn S fin S S fia= Ypif (), k=1 (1.16)
i=1



8 1 INTRODUCTION

The next result comes from [19] and [74] ( see also Theorem 3.36 in [69, p.97]).

Theorem 1.12 Let I C R be an interval, f : 1 — R be a convex function, ¢ be an increas-
1

ing function on [0, 1] such that [do(x) =1, and u : [0,1] — I be o-integrable. If fou is
0

also o-integrable, then

0 k1 5 i—1
& k

< kf (E Zlu(xl')> 'Edc(x’) s

o L 2 2 (1.17)
< f(zZ M(Xt)) 1 do(x;)

[0,1)2 i=1 i=1

1
< ({f(u(x))d(’(x),

for all positive integers k.

1.3 Quotients for samples without repetitions

Let I C R be an interval, and f : I — R. Consider the following notations: for x; € [
(1<i<n)

X o= (s Xn); f(X) 2= (F(a), 0 f ()
1

arithmetic mean: A(x) := = (x| + - +x,);
geometric mean: G(x) := W/xy---x, (I C[0,0)).
Then the discrete Jensen’s inequality for equal weights is

f(AKX)) SA(f(x)), (1.18)

where f : 1 — R is a convex function, and x € I". The inequality is clearly reversed if
f : I — Ris concave function.
In this context, (1.7) can be written as

JAX) =fun <o < firtn < fin-- < fia=A(f(x), 1<k<n—1.  (L.19)

In 2003, Tang and Wen [76] obtained the following inequalities which contain (1.19):
Forall 1 <r < j <s <i<n, the following refinement holds:

fr,s,n > 2 fr,s,i > 2 fr,s,s > 2 fr,j,j > 2 fr,r,r = 07 (120)
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Frsm = <”) (’:) (fr— o)

Equality conditions are also considered.
In 2008, Gao and Wen [22] obtained the following results in this direction:

where

Theorem 1.13 Let I CR be aninterval. If f: I — R, a=(ay,...,a,),b=(by,...,b,) €
I"(n>2)and

Hay < <ap<b, <...<bj,a1+by < <a,+by,

(ii) f(t) > 0,1 (r) >0, f'(t) >0, f(tr) <O foreveryt €1,

then

JA@) _ funl®) __fena®) _fial®) __fiala) _AG@)

FA®))  fun(b) " fer1a(B) T fin(b) = fia(d)  A(f(b))’
(1.21)

The inequalities are reversed for f"(t) <0, f"(t) > 0 (t €I). Equality signs hold if and
onlyifay=---=a,and by =--- = b,.

Moreover, Wen and Wang [82] considered some inequalities for linear combinations
involving f ,.

Another type of generalization is due to Wen [80]: Let I C R be an interval, and let
f: I — R be twice continuously differentiable such that f” is convex. Then

f%Dﬂ@)S%gé?lSl g%ﬁf%m}+AQW@»+f%A@», (1.22)
where LAGS) 43

T3AR) —A2(x)’
Jf@]=A(f(x) - fARX), T[] :=AKX)-A%(x).

In [81] an other kind of interesting inequalities, centering about the topic of refinements
involving quotients of two functions, are given.

Theorem 1.14 Let the functions

fila,b] = (0,%0),8 : [a,b] — (0,e°)
satisfying
g"(1)

o )} < a5

If f"(t) > 0 for eacht € [a,b], then for any x € |a,b]", we have the following inequali-
ties of Jensen-Pecari¢-Svrtan-Fan (Abbreviated as J-P-S-F) type:

FA®) _ funlAR) __ furra(AK)
§AN) @A) © T giriaAN)

(1.23)
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) AalA®) _AGK)
8rn(A(X)) g1a(A(x))  Alg(x))
If f"(t) <0 for each t € [a,b], then the above inequalities are reversed. In each case, the
sign of the equality holding throughout if and only if x; = - - - = Xx,.

Proof of Theorem 1.14: To prove Theorem 1.14, we set
o= (a,....0); Q:={ac0,1]"|oy+ -+ a, =1},

1 S¢(o,x)
Sr(or,x) := ] Y, flouxi +--+awx;,):  F(a):=log Sg(a,x);

iy ein

n n
u,(x) = ogxg, + 00X, + 2 OXi ;5 Vi(X) = o Xg, + 00X, + 2 OjiXi; . (1.24)
j=3 j=3
Here and in the sequel x € [a,b]", o0 € Q,, i = (i1,...,in), and let i;---i, and i3+ - iy
denote the possible permutations of N, = {1,...,n} and the possible permutations of N, \
{i1,i2}, respectively.
We start with two lemmas.

Lemma 1.3 Under the hypotheses of Theorem 1.14, there exist & and & between u;(X)
and vi(X) such that

JF JF o f// éi Ui (X)—vj(X 2
() (o)t 3y Gl

(&) Splax)
% (1 & sg<a,x>> :

(1.25)

Proof. Note the following identities:

Sf(Ol,X) = % > > f(a]xil +-+ anxi,,)

i3+ip 1<iy#ip<n

Ly 3 [fu®)-fmE):

i3-ip 1<i|<ip<n

similarly,
Slex =5 % 3 [80at0) g0
7o L (6 0) + f (5 ()] = 525 If (i (%)) + f (i (x))]
= i " (i (%) 4 xip 7 (i(%))] = P f” (i (%)) 43, f7 (vi(%))]
= [ (wi(x)) = f" (vi(3))] (xiy —x3,);
similarly,

7 18 (ui(x)) + f (i (x))] = 55 [8 (i(x)) + 5 (v(x)]

o

= [¢' (ui(x)) — &" (i (x))] (xiy —xiy)-
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Thus
(e — o) (P = 2522
=LY 2 [ x) = 0ax)] (o — o) (xi, —xiy)
i3ip 1<i1<ir<n
= iEin 1<il§i2<n [f (ui(x)) = " (vi(x))] (s (x) — vi(x))s
similarly,

S, (0, x dS, (0, x
(061—062)(—5(5 ) _ S(ai ))

=LY 3 ¢ w(x) — g (%)) ((x) — vi(x)).

i3-ip 1<i1<ip<n

Based on the above facts, we have

d d
(e — ) (%5522 — F5?

Sjl-y(a.x) _ 35{9-(0(,)() asg(aﬁ B asg(a,x)
_ . o o _ o )
= (al OQ) Sr(ox) Sg(0,x)

_ 1 [ (i (%)) = f' (vi (%)) ] (i (%) =i (x))
" isgin 19'1%'29:{ Syl
_ [& (i(x) =g/ (vi(x))] (i (x) —vi(x)) }

Sg(o,x)

[ (%)) " (%))} (s () i (%))
Sf(OC,X)

=X X
W i 1<i <ir<n

g (ui(x)—g' (vi(x)) Sp(ax)
X (1 T ()= (wi(x)) Sg(%")) ’

By Lagrange’s mean-value theorem, there exists & between u;(x) and v;(x) such that
f (%) = £ (ni(x)) = " (&) (i (%) = vi(x)).

By Cauchy’s mean-value theorem, there exists & between u;(x) and v;(x) such that

¢ ((x) — ¢ (m(x) _ ¢"(&")
()~ (a(x) &)

Finally

=Ly 3
T in 1<i <ir<n
g n(x)~g' (i(x)) Sr(@x)
X(l PN =7 m(x) sg<a,x>> 2 |
(&) (uy(x)—vy (x (&) S X
R L ) X(l—ﬁwgi*;sﬁix))

i3-ip 1<i)<ip<n

The proof of Lemma 1.3 has been finished. o
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Lemma 1.4 Let the conditions of Theorem 1.14 be satisfied.
(I)If f"'(t) > 0 for each t € [a,b], then F is a Schur-convex function on Q.
(I) If f"(¢t) <0 for eacht € |a,b], then F is a Schur-concave function on .

Proof. We first affirm that Case (I) is true as follow. One can easily see that Q, is
a symmetric convex set, and F () is a symmetric function on Q, and it has continuous
partial derivatives. By Theorem 1.4, we need to prove that F satisfies

JF (o) OJF(a)
ap— o ——————= 120, aeQ,. 1.26
(o4 2)<aal T ) n (1.26)
Equality is valid if and only if oy = 0 or x; = --- = x;,. In the following, we shall apply

the identity (1.25) in Lemma 1.3. Note that x € [a,b]", a € Q,,, for any i = (i|,...,i,), we
have

l/li(X) = 01X + -+ 0y, € [a b]
flonxi +- -+ oxi,)  f(wi(x)) {f(f)}

= < sup t

8 (al-xil + e + an‘xin) 8 (Mi (X)) t€ a b]

Se(a,x) = ,IL; Y flonxi + -+ ox;,)
ll -in
(qul'l +---+O€,lxl-n)

g(alxil +e A0y, )

Zn'E

i1+in

Snll > Sup]{ggg}g(alxil+"'+O‘nxi,l)

g(onxiy + -+ O, )

irint€la,b
_ i}
= sup Sq(0,x),
t€la,b) { 8 } ¢
or, equivalently,
-1
Se(@:X) S| {@} — inf {@} (1.27)
Sf(OC,X) t€la,b) g<t) 1€fa,b] (t)
Combining (1.27) with the following inequality
8"(&") { 8" (1) }
< < sup (1.28)
FE) T vefap LA ()
and the hypotheses of Theorem 1.14, we obtain that
1 _ &G Splax) o "(él ) Sy(ax)
Ji(&") Sg(ax) = F7(&T) | Selax)
1, t
>1— {’i//l }/ ,x;
8" (1)
>1_ sup L . a0
fe[““{ e }/ ot {563
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This implies by the identity (1.25), and by the nonnegativity of f”, that (1.26) is satisfied.
So F is a Schur-convex function on &,. Let us now turn to the conclusion (II) of our
lemma. From the above argument for (I) we know that the inequalities (1.27-1.28) still
hold. Using (1.25), and f”(x) < 0, the converse of (1.26) can be obtained. Thus, F is a
Schur-concave function on Q,,. From the argument, we obtain that equality is valid if and
only if oy = o or x; = --- = x,,. This completes the proof of Lemma 1.4. O

Proof of Theorem 1.14 We only prove the first assertion, that is, the inequalities (1.23)
hold if f”(¢) > 0 for each ¢ € [a,b], the second assertion can be proved by an analogous
procedure. Define

Clearly, o[k] € Q,,k=1,2,...,n,and alk+ 1] < alk], k= 1,2,...,n— 1. By Lemma
1.4, for any x € [a,b]", F is a Schur-convex function on Q,,. Using the definition of Schur-
convex functions, we have

F(alk+1]) <F(alk]),k=1,2,....,n— 1.

Combining this result with the definition of F(a), it follows that the inequalities (1.23)
hold. By the argument of Lemma 1.4 and the fact of which o[k] strictly majorizes o[k + 1],
the sign of equality holding throughoutif and only if x| = - - - =x,,. So the proof of Theorem
1.14 is complete.

1.3.1 New Proof of Theorem 1.13

We can prove Theorem 1.13 in a similar way by introducing for o:= (o,...,0) € Q,
andx € [".

Splox) =4 ¥ flouxi +-+opx,)=m X ¥ flouxi -+ ox,)

i1+in i3+in 1<i £ <n

=LY ¥ [fx)-fx)

i3-ip 1<i)<ip<n

and 5H( )
rlo,a

F =1 .

(o) :=log S/ (o,b)

To prove that F(¢t) is Schur-convex it is enough to show that (see Theorem 1.4)

(o1 — ) <8F(¢x) _ 8F(¢x)>

(9051 (9052
_ 1 [/ (@) =/ (vi(@))] (i(a) —vi(a)) . [/ (b)) = (vi(D))] (i (b) =i (b))
oo i3;in 1<i1§<:i2<n{ Sy(e.a) Sy(ab) =0

(1.29)
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for every o€ Q,. This proof is different from the original one, we don’t use the mean
value theorem.
Since f(¢) > 0and f'(r) > 0 foreveryt € I

1 1
> 0. 1.30
Si(a) = S(ab) (130)

From (1.24), we have
ui(a) —vi(a) = au(ai, —ai,) + o (ai, — ai,)

and
ui(b) —vi(b) = i (bi; — biy) + a2 (biy — byy).

Therefore, by (i) in Theorem 1.13
(ui(a) = vi(a))® > (i(b) — vi(b))*. (1.31)

It is easy to check by using (i) that for 1 <ij <i, <n
(2) uj(a) = vj(a) implies u;(b) = vi(b),

(b) uj(a) < vi(a) implies ui(a) < vj(a) <

) <

Vi

i(b

Vi ( ) < ui(b),
Ui ( ) < Vi(b).
), then

(c) vi(a) < u;(a) implies vi(a) < u;(a
If either (b) or (c) holds, and u;(b) #
(a

fui(@) —f'(i(@) _ f'd) - f' (i (b))
ui(a )*Vl( — w(b)—n(b)

since f’ is a concave function. Combining (1.30), (1.31) and (1.32) we get (1.29).
Now, we can continue as in the proof of Theorem 1.14.

(1.32)

1.4 Applications of Quotient inequalities

In this section some applications of Theorem 1.14 are given from [81].
Letx = (x1,...,x,) be a positive n-tuples. The Dresher mean of order k (k=1,2,...,n)

of x is defined by
17
1<i <Z< < z:1)611
B e P#4q
hy > X
[Dpg(X)]y.,, = i< i (, ! ’)
P k,n ’ n
o (50 (i)
1 I<ip<-<ip<n \ j=1 j=1
7 eXp - 7 P=q
3 X
1<iy <-<ip<n \j=1 7
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Especially, D, 4(X) := [Dp4(X)]1,, is the Dresher mean of x (see [11]), and

xl _l’_..._*_xin Z)
[Doo(X)];,, = ( I1 17) =: [GAX]y.,,,

1<ii<--<ix<n k

X Tty

[Dr1(X)], = I1 (w) |

1<ij<--<ix<n

D11 (x)],, = (™ »..xnxn)m
[DO’O(X)]I,H = G(X)
[Dpg(x)],, =Ax)

Write

1

p(l=p)\ r—a
D(p,q) = (q“ q)) Pia.

Py P4

As a corollary of Theorem 1.14, we have

Corollary 1.2 Let x € (0,%)", and 22X < p(p. g).

min{x}

(I)If p>0,g>0,and p+q <1, then

AX) = [Dpg(X)]nn >+ > [Dpg(®)es 1 > [Dpg(¥)]in (1.33)
2...Z[Dp’q(x)]]7n:[D (X)) >G(kx), 1<k<n-—1.

(II)If p> 1 and q > 1, then
AX) = [Dpg(®)an < -+ < Dp gkt 10 < [Ppg(X)in (1.34)

< S Dpg(X)in=1[Dpg(x)], 1<k<n-—1.
In each case, the sign of equality holds throughout if and only if x; = --- = xy,.

Proof. We only prove case (I), that is inequalities (1.33) hold, because case (II) can be
proved with the same method. Since [D), 4(X)lin = [Dy,p(X)]k, is continuous of (p,q), we
can assume that 0 < g < p < 1. Now we take [a,b] = [min{x},max{x}], f: [a,b] — (0,0),
f(@t)=1tP and g : [a,b] — (0,%0), g(¢) = 19. We verify that the conditions of Theorem 1.14
are satisfied. First, we notice that

q(g—1)972
El p(p—1)r=2
a(l—
p =
a.b]
1

f”

s {5
(s ;

()
(1)
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. g(t) . - -

£V ng LAY — par

ant {5 = )
ByO<g<p<l,pt+q<l,p(1-p)—q(l—q)=(p—q)(1—p—q)>0,wehave

1
1— P—q
p( p)] o1

q(1—q)

D(p.q) = [

g'(t)
f(2)

} < inb] {ﬂ} = Maqu <P e max{x} <D{p,q},
t€la,

ZSEZ{%]{ F0) ) 7 p(i=p) min{x}

f'@)=pp—1"2<0,1€a,b].
Thus, by Theorem 1.14, the reverse (1.23) holds. In other words, we have

A(X) = [Dpg(X)]nn = -+ 2 [Dp.g(X)]ks1.0 = [Dpg(X)]in
> > [Dp’q(x)]u, = [Dp,q(x)]'

Second, by using results of [64]:

D, 4(X) > Dys(x) < max{p,q} > max{r,s}, and min{p,q} > min{r,s}

and p > 0,g > 0, therefore D,, ;,(x) > G(x). This completes the proof of (1.33). O

Remark 1.2 From Corollary 1.2 and

lim  D(p,q) = lim  D(p,q) = oo,

p—0t,g—0t p—1tg—1t

we can obtain some interesting inequalities (see [71]) : If x € (0,0)", then for 1 <k <
n—1

A(X) > -+ 2 [GAX]gyy, > [GAX]y, > -+ > G(x), (1.35)
AX) < S D))y, S D)), < < D)), (1.36)
and the sign of equality holds throughout if and only if x| = --- = Xx;,.

Remark 1.3 Since (1.33) implies the following inequality

A(x)z[igzg]pqu(x), p:q>0, p+qg<l,

by Corollary 1.2 and the definition of the Riemann integral, we have: If p > 0, > 0,
and p + ¢ < 1, the function f : [a, B] — (0,e0) is continuous, and it satisfies the condition

max {f()}

t€(op]
m <D(p,q),

tela,p
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then 1
B B r=q B
[ fdt J frdt J1n fdt
@ > | ¢ > ¢ 1.37
B —a - ff d - exp ﬁ —a 9 ( )
ddt
o
where we define
B = B = B
[ frdr [ frdr [ f7n fdr
| || e
J fadt J fadt J frat
o o o

when p =gq.
One of the integral analogues of (1.23) is the following inequality (1.38).

Corollary 1.3 Under the hypotheses of Theorem 1.14, let E C R™ be a bounded closed
domain with m-dimensional volume |E| =1, and let ¢ : E — [a,b] be a Riemann integrable
Sunction. If f"(t) > 0 for every t € [a,b], then

(fe)_froe
< .
g(gtb) B Eng(Z)

If f"(t) < O foreveryt € [a,b], then inequality (1.38) is reversed.

(1.38)

Proof. In fact, the hypotheses of Corollary 1.3 imply that the functions ¢ : E — R, fo¢ :
E —R,go¢: E — Rareintegrable, on the other hand, Theorem 1.14 implies the inequality

fAEW) _AG),W)
$(Alxw) = Alg(0, W)’

Vx € [a,b]" (1.39)

where . ;
we (0,1)", Zwizl, A(x,w) :szixi.
i=1 i=1

Let T = {AE,,...,AE,} be a partition of E, and let

T|| = .
Tl llggmgg%i{l\u v}

be the ‘norm’ of the partition 7', where ||ju—v|| is the length of the vector u — v. Pick any
E € AE; X --- X AE,, then by (1.39) we get

7(/9) |
19 @) Al )
S0 1Mo s@@@)w) = o A0@)w)  Jgoer

E E
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where
n
w=([AE1[,....|AE,]) € (0,1)", D |AE| = 1,9(&) € [a,b]".
i=1
Therefore (1.38) holds from (1.40). This ends the proof. O

Corollary 1.4 (see [79]) Ifx € (0,%]", then

A(x) oS [GAX]g 11 [GAXy. S>>
A(l*X) N N [GA;I*X]kH,n B [GA;I*X]k,n B -

G(x)
G(1-x)’

1<k<n-—1,

(1.41)
where 1 —x: = (1 —xy,...,1 —xy,), and the sign of equality holds throughout if and only
l"f‘xl ==Xy

Proof. Tt goes without saying that, for each x € (0,1/2]", we can always find a €
(0,1/2) such that x € [a,1/2]". In Theorem 1.14, we take f : [a,1/2] — (0,00), f(z) =
",0<r<l1;g:[a,1/2] — (0,0),g(t) = (1 —1)",0 < r < 1. We verify that the conditions
of Theorem 1.14 are satisfied as follows:

sup { }: sup {
t€|a, 5 tela, 3

=1 (1-0)""?2

g
f@0)

From the above we have

g"(t)
f(2)

el { } = e {%}

It is easy to see that f”(t) = r(r— 1)t"~> < 0 forall ¢ € [a, 3]. By now, our verification
procedure has been finished. Thus the inverse inequalities (1.23) are true, that is, we have

1 1
i1 (x) Ir Jin (x) Ir _
{m] = [m} yk=1,...,n—1. (1.42)

Passing the limit as » — 0 in (1.42), we can obtain (1.41). By the same argument as in
Theorem 1.14, we can derive the sign of equality in (1.41) holding throughout if and only
if x; = --- = x,,. This ends the proof. ]
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1.5 Application to Mixed Symmetric Means

Let I C R be an interval, and n € N . The function M : I" — R is called a mean if
inf{xy,....xn } <M(x1,...,%,) < sup{x,....xn},

for all n-tuples (xy,...,x,) € I".

The mean M(xy,...,x,) is called a strict mean if these inequalities are strict unless
X1 = ... = Xp.
The mean M(xy,...,x,) is called symmetric mean if

M (X1, .oy Xn) = M(xi, .. X))

for any permutation (iy,...,i,) of (1,...,n).

Examples of means and symmetric means for positive real numbers are given in [12]. The

following famous notion is given in the fascinating and ground-breaking book [26, p. 13].
Quasi-arithmetic Means: Let / C R be an interval, x = (x1,...,x,) €I",p= (p1,.-,Pn)

be a positive n-tuples such that P := Y" | p;, and let ¢ : I — R be a continuous and strictly

monotone function. The quasi-arithmetic means associated to ¢ are defined by

B 1 n
My(X,p) =My (X1, ..., X3 P1s oy Pn) 1= @ 1 <;2p,~(p(xi)> . (1.43)
i=1

Particularly, by choosing ¢ (x) = x" if r # 0, and ¢ (x) = log(x) if r = 0, we have
Power means: Forn € Ny, letx = (xq,...,x,) and p = (py, ..., pn) be positive n-tuples
such that P := Y | p;. The well known power means of order r € R are defined by

r

n
(%2 Pix;) ) r#ov
M (X,p) = My (X1, e, X3 Py ey Pn) = =1y (1.44)

P
ln'[xPi r=0.
i=1 ! ’

Ifp= (,ll, ...,%), My (x,p) and M,(x,p) will be written as M, (x) and M, (x), respec-
tively.

Now we give some means defined by integrals.

Integral means: Let (X,.o7, 1) be a measure space with 0 < u(X) < e, I C R be
an interval, ¢ : I — R be a continuous and strictly monotone function, and u : X —I be a
measurable function such that ¢ o« is p-integrable. The integral ¢-means are defined by

My (u,pt) == ¢! ﬁx/q)(u(x))du (x)
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Integral power means: Let (X, .47, 1) be a measure space with 0 < it (X) < e, r € R,
and u : X —R be a positive measurable function such that u” is u-integrable, if r # 0, and
logou is p-integrable, if r = 0. Then the integral power means of order r are defined by
(see [5]):

7

s (())du()), P40,
e exp( log (W) du (9)) . r=0.

The power means are monotone in nature: if s,7 € R and s < r, then

(1.45)

MS‘(va) S MV(va)'

The same property holds for integral power means.

In cases s = —1, s = 0 and s = 1 the power means are well-known as weighted har-
monic, geometric and arithmetic means H(x,p), G(x,p) and A(x,p) respectively, satisfy-
ing the order as follows

H(x,p) < G(x,p) <A(x,p).

About means see [13].

The history of mixed means is as old as the great C. F. Gauss (1777 - 1855) who rep-
resented the limit in the algorithm of the arithmetic-geometric mean by an elliptic integral
[14]. The Jensen’s inequality is much fertile to study about mixed means thats why our
aim in this work is to emphasis on the refinements of Jensen’s inequality.

Now, leaning on Theorems 1.8, 1.10, and 1.11, we introduce some new quasi-arithmetic
and mixed symmetric means, and study their monotonicity.

First, we define quasi-arithmetic means with respect to (1.8) as follows: Let I C R be
an interval, X = (x1,...,x,) € I", p= (p1, ..., pn) be a positive n-tuples such that 3", p; =1,
and let i, g : I — R be continuous and strictly monotone functions. For 1 < k < n, let

1 k ,Z‘]p‘J (xlj)
My (x,pik)i=h"" [ o Y <2pij>hog1 g )
(k71) 1<ii<..<ig<n \j=1 2 Pij
j=1

From Theorem 1.8 we get the following result.
Corollary 1.5 ([52]) Monotonicity properties of means (1.46):
My(x,p) = M}, (x,p, 1) > ... > M} (x,p,k) > M} ,(x,p,k+1) (1.47)

> 2 Mill,g(x’p’n) = Mg(X,p),

if either f = hog™! is convex and h is increasing, or f =hog™
decreasing;

Uis concave and h is

(X p) (X P, ) <. =< Mg,lr,h(xvpvk) SMgl,h(X7p7k+ 1)
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<. < M;,h(xapan) = Mh(xap)

if either f = goh™' is convex and g is decreasing, or f = goh™' is concave and g is
increasing.

Proof. First, we can apply Theorem 1.8 to the function hog~! and the n-tuples

(g(x1),...,g (xn)), then we can apply &~ to the inequality coming from (1.9). This gives
(1.47). A similar argument can be apply to prove the second inequality. O

We introduce the following mixed symmetric means: Let x = (xy,...,x,) and p =
(p1,--.,pn) be a positive n-tuples such that 37| p; = 1. Define for | <k <n
Msl,t (Xv p7 k)

k s
ﬁ > > Pi; Mts(xil7"'xik;pi17~"pik) ) 57&07
(kfl) 1<ii<..<ip<n \ j=1

(1.48)

(gm_) G-D
P
11 (Ml(-xi|7"'-xik;pi17"'pik)) = ) s=0.

1<ij<..<ig<n

The monotonicity of these means is also a consequence of Theorem 1.8.

Corollary 1.6 ([52]) Lets,t € R such that s <t, and let x and p be positive n-tuples such
that ¥, pi = 1. Then we have

M, (x,p) = M/ (x,p,1) > ... > M/ (x,p,k) > My (x,p,k+1) (1.49)

> .2 M,I’S(X,p,i’l) - MY(va)v
and
My(x,p) = M, (x,p, 1) < ... <M, (x,p,k) < My, (x,p,k+1) (1.50)

<< Ms!,t(xvpvn) = Mf(xvp)'

Proof. Let s,¢ € R such that s <1, if 5,7 # 0, then we set f(x) = x%, x;, = X in (1.9)
and raising the power %, we get (1.49). Similarly we set f(x) = x7, Xi; = x’ij in (1.9) and
raising the power %, we get (1.50).

When s = 0 or t = 0, we get the required results by taking limit. O

Next, we define the quasi-arithmetic means with respect to (1.12) as follows: Let I C
R be an interval, x = (xy,...,x,) € I", p = (p1,...,pn) be a positive n-tuples such that

Y pi=1,andleth,g: I — R be continuous and strictly monotone functions. For k > 1,
let

Mj; (x,p,k)
k
k X piglxi;) 1.51
T~ T T 6 % Ia) E=s ) D
() 1<i<T<ign \ 217 S i,

By applying Theorem 1.10, we have the following corollary.
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Corollary 1.7 ([52]) Monotonicity properties of means (1.51):
My(x,p) = M o (x,,1) > .. > Mj (%, p,k) > Mj ,(X,p,k+1) > ... > M(x.p)

1

if either f = hog™! is convex and h is increasing, or f = hog~! is concave and h is

decreasing;
Mg(X7p) :Mgz,h(x7p7 1) <..< Méh(xvpvk) < Mlzz,g(xvpvk+ 1) <..< Mh(xvp)

if either f = goh™' is convex and g is decreasing, or f = goh™' is concave and g is
increasing.

We introduce the mixed symmetric means related to (1.12) as follows: For k > 1,define

Msz,l (Xv pvk)

k s
1 £ .
(CONEIN (-1 EEE ) R
- 155 S =
1
k (n+ffl)
ZIPij) k=t

I1 (Ml(xil’“'xik;pil7"'pik)) <j: , s=0.

1<i1<..<iy<n

(1.52)

Corollary 1.8 ([52]) Lets,t € R such that s <t, and let x and p be positive n-tuples such
that ¥\, pi = 1. Then we have

M;(x,p) :Mtz,s(x,p, H>..> Mig(x,p,k) > Mig(x,p,k—i— 1) > ... > M(x,p),
Mi(x,p) = M7, (x,p,1) < ... < M7, (x,p,k) < M., (x,p,k+1) < ... < M, (x,p).

Further quasi-arithmetic means are coming from (1.15): Let I C R be an interval, x =
(X15.e0sxn) €', p = (p1, ..., pn) be a positive n-tuples such that Y, p; = 1, and let h, g :
I — R be continuous and strictly monotone functions. For k£ > 1, define

M,ig(x,p,k) =h! ( i pil...pikhog’1 (% Ek:g(xij)>> . (1.53)
il semip=1 j=1
Theorem 1.11 implies the following result.
Corollary 1.9 ([52]) Monotonicity properties of means (1.53):
My (x,p) > MZ’g(x,p, 1)>..> Mg’g(x,p,k) > Mg,g(x,p,k—i— 1) > ... > M,(x,p)

1

if either f = hog™! is convex and h is increasing, or f =hog™' is concave and h is

decreasing;
Mg (x,p) < M;h(x,p,l) <..< M;)h(x,p,k) < M;h(x,p,k—i— 1) <...< My(x,p)

if either f = goh™! is convex and g is decreasing, or f = goh™' is concave and g is
increasing.
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The mixed symmetric means with positive weights related to (1.15) are

1
n k s
2 (H]pi]) Mls ('xi17""xik) ) s#07

M3, (x,p,k) := <""“"""' = k> 1.

k
n IT pi;

I (M, (xil,...,xik))<f1 ]), s=0,
Corollary 1.10 ([52]) Let s,t € R such that s < t, and let x and p be positive n-tuples
such that 3| p; = 1. Then we have
M;(x,p) > Mgs(x,p,l) > > Mgs(x,p,k) > Mgs(x,p,k—i— 1) >...> M(x,p),
My(x,p) < M3 (x,p, 1) < .. < M, (x,p,k) < M, (x,p.k+ 1) < ... < Mi(x,p).

Finally, we define some integral means with respect to (1.17) as follows: Let / C R be
an interval, h,g : I — R be continuous and strictly monotone functions, and ¢ be an in-

1

creasing function on [0, 1] such that [ do(x) = 1. Further, letu : [0,1] — I be a measurable
0

function such that 7o u and g ou are o-integrable. For k > 1, introduce

k

1‘ 1 P
My (u,0.k) :=h"" /..../hogfl (%zllg(u(xi))> [Jdo@) |- (1.54)
0 0 =

i=1
Theorem 1.12 implies the following result.
Corollary 1.11 ([52]) Monotonicity properties of means (1.54):
My (u,0) =M (1,0,1) > ... > My (u,0,k) > My ,(u,0,k+1) > ... > Mg (u,0)

1 1

where f =hog™ is concave and h is de-

creasing;

is convex and h is increasing, or f =hog~

Mg (1,0) = My ,(1,0,1) < ... < Mg, (u,0,k) < My, (u,0,k+1) < ... < My (u,0)

where f = goh™' is convex and g is decreasing, or f = goh™' is concave and g is in-
creasing.

The mixed symmetric means with positive weights related to

1 . '
//f (% 2u(x,~)> [Tdot), k>1 (1.55)
o b i—1 i=1
are defined as:
1 1 k s
(Of....OfMt‘"(u(xl),...,u(xk)) HdO'(x,-)> , s#0,
exp ((Oj....b}logM, (u(xr), .o u(xg)) ﬁ dO'(xi))) , s=0.

Mil(u,a,k) =
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Corollary 1.12 ([52]) Let s,t € R such that s < t. Then we have
M; (u,0) = M} (u,0,1) > ... > M} (u,0,k) > M} (u,0,k+1) > ... > M, (u,0), (1.56)
M, (u,0) =M}, (u,0,1) < ... <M, (u,0,k) <M, (u,0,k+1) < ... <M, (u,0). (1.57)

Remark 1.4 In fact unweighted version of these results were proved in [6], but it has
been mentioned in Remark 2.14 of [6] that the same is valid for the weighted case. In
[52], not only results for weighted mixed symmetric means are given, but the exponential
convexity of some expressions coming from (1.8), (1.12), (1.15) and (1.17) is also proved
by using the convex functions ¢ : (0,o0) — R and ¢ : R — [0, ), defined by

S(Sxfn , s#0,1;

@s(x) := ¢ —log(x) , s=0;
xlog(x), s=1,

1 sx .
=e s#0
(x):= 52 ’ ’
(PS() {%Xz, S:O.

Mean value theorems are also given together with the corresponding monotone means of
Cauchy type. In [6] these classes are used to prove the log-convexity (not the exponential
convexity) of positive linear functionals.

Remark 1.5 In 1998, T. Hara et al. introduced some unweighted mixed means and
proved their monotonicity property (see [25]). The Hamy’s symmetric function (see [25,
54]) has interesting properties and it has been studied by many authors (see [9, 15, 16, 23,
49, 54]). Tt generates some mixed symmetric means without weights, named as Hamy’s
means. For a positive integer r, the r-th order Hamy’s Mean is a special case of the mixed
symmetric (arithmetic-geometric or geometric-arithmetic) mean given by Mitrinovié¢ and
Pecari¢ in 1988 [58].



Chapter

Refinements of Jensen’s
Inequality

A method to refine the well known discrete Jensen’s inequality is developed in [32], and a
parameter dependent refinement of the discrete Jensen’s inequality is proved in [33]. Mixed
symmetric means are constructed with respect to these refinements and the monotonicity
of them is studied. We also apply the new exponential convexity method as illustrated in
[68], to the functionals obtained from the refinement results of [32] and [33]. In this way
we are able to generalize the results given in [37] as well as given in [6]. The results of this
chapter are given in [40], [51] and [53].

Throughout the text P(X) denotes the power set of a set X, |X| means the number of
elements in X, and for any nonnegative integer d let

PyX):={Y cX||¥| =d}.

2.1 A Refinement of the Discrete Jensen’s
Inequality

A refinement of the discrete Jensen’s inequality is given in [44]. The following notations
are also introduced in [44]:

25
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(A1): Letu > 1 and v > 2 be fixed integers. Define the functions

Svw {1, .., u}’ — {1,..u}", 1<w<y,

St o — P (1),

and
T, P({1,...u}") Hp({l,...,u}vfl)
by
Sy (i15eesiv) = (i1 eyl Lyl 1y es b))y 1 <w <,
v
(it esiv) = (J {Suw(itsosiv)
w=1
and
U Sulitsesiv), 1 #0,
T,(I) :={ (irsiv)el
9, , 1=0,

where () means the empty set.
Further, introduce the functions

oy {l,.. u} =N, 1<i<u,
defined by
04, (i1, ..., iy) := Number of occurrences of iin the sequence (i1, ..., iy).
Foreach I € P({1,...,u}"), let

o= 2 Otw(i],...,iv), 1 <i<u.
(i|,...,l'v)€[

It is easy to observe from the construction of the functions S,,,, S,, T, and o,; that they do
not depend essentially on u, so u is not marked in the notations.
(%) The following considerations concern a subset I; of {1, ...,n}k satisfying

opi>1, 1<i<n, 2.1)

where n > 1 and k > 2 are fixed integers.
Next, we proceed inductively to define the sets [; C {1,...,n}' (k—1>1>1) by

I[,] = Tl(ll), k > l > 2.

By (2.1), I = {1,...,n} and this implies that oy, ; = 1 for 1 <i < n. From (2.1) again, we
have oy, ; > 1 (k—1>1>1,1 <i<n).Itis evident that

ho )bt g=i <i< 22
oni(j) = o i j#i’ 1<i<n. (2.2)
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For every k > [ > 2 and for any (ji,...,j;—1) € I, let

Hy (i Ji-1)
= {((il,...,il),m) S [l X {1,,1} | S[7m(i1,...,il) = (jl,...,jlfl)}.
Using these sets we define the functions #;, ; : I; — N (k > [ > 1) inductively by
tlk,k(ila---»ik) =1, (i],...,ik) cly; 2.3)
tlk,lfl(jlv"ﬂjlfl) = 2 ] (il,...,il). 2.4)
((15esig)m) €Hy (1 eesfi—1)

In the sequel we need the following hypotheses:
(A7) Let V be areal vector space, C C V be a convex set, X := (x1,...,x,) € C", and let

n
p := (p1,..., pn) be a positive n-tuples such that ¥, p; = 1.
=1

i=
() Let f: C — R be a convex function.

(J5) Let f : C — R be a mid-convex function, and py, ..., p, be rational numbers.
We introduce some special expressions, which will be important in our results.
Forany k> 1> 1 set

Lo ;I iy Vs
A =Ay(x,p)= X (E a%) M= (2.5)
(ityip) €L \s=1 1" Pis
: 5 lOCII‘LS
and associate to each k— 1 > [ > 1 the number
Apy = A (I, X,p)
Lo
. . [ . ; Ot]lfiY Xis . (2'6)
::m )y t’kJ(ll’“'»ll)(z #)f %
(i,ip) €D s=1 k" 3 G
s=1 Tkots

Now we are in a position to formulate the following interpolatory result by Horvéth
and Pecaric:

Theorem 2.1 ([44]) Assume that (7)), (7€) and either (76) or (%) are satisfied.
Then

n n
f (2 Pﬁh’) <Apk SAppor < oo SApp Ay = Y pif(xi). 2.7

i=1 i=1

If f is a concave function then the inequalities in (2.7) are reversed.
Under the conditions of Theorem 2.1, we have
Yl (f) = Yl (famalvlkvxvp) ::Ak,m _Ak,l Z 07 k—1 Z [>m Z 17

n
Y2 (f) = Y2 (f, 1,1k, X, p) ::Ak,l_f(ZlPixi) >0, k—1>1>1.
i=

The following result is also given in [44].
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Theorem 2.2 ([44]) Assume that (74), (A4 ) and either () or (765) are satisfied. Also
suppose |Hy, (jis-.., ji—1)| = Bi—1 for any (ji,...,ji—1) € -y (k>1>2). Then

A=A =

[
1 zpixxix
> ( pis>f e . k>1>1, (2.8)
s=1 .

i|,...,i])€]]

n
l|Il|(

and thus

n n
f (2 Prxr> <Ak SA1jo1 S SApp <A = Y prf(x). (2.9)

r=1 r=1
If f is a concave function then the inequalities in (2.9) are reversed.

Under the conditions of the previous theorem, we have from (2.9) that

Y3 (f)
Y4 (f) = Y4 (f, Ik, X, p) 1=Az,l—f<§]1?rxr) >0, k>1>1.

r=

Y} (f,]k,X,p) ZZAm’m*AlJZO, k>1>m> 1,

To prove the previous results we begin with a deeper property of the function, ;.
Lemma 2.1 If(74)) is satisfied, then
(i) =og i (k=1)!, 1<i<n. (2.10)
Proof. For a fixed 1 <i < n we first prove by induction on [ that

2 Oll!,'(l'],...,i[)[]k’l(il,...,l'l) (211)

(i15si1) €L

. OC[k’i, if =k
oy i(k—1)(k=2)...l, if k—1>1>1

If [ =k, then (2.1) and (2.3) give (2.11). Suppose then that [ (k > > 2) is an integer for
which (2.11) holds. By (2.4)

D 1=t a1y Jie1)

(J1seesdi—1)€L 1

= > -1i(J1s- -5 Ji-1)

2 tlk,l<i17"'7i1)
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From this and the definition of S; , (1 <m <) it follows

2 Q—1,i(Jrs- s Ji—)tg =115 Ji—1) = 2

(J1seesdi—1) €L -1 (J1sesdi—1)€L 1

OCI’,'(I'] yeeny il)tlk,l(il yeeny il)
{Gseevsit)m) €Hy (o1 lim 1}

+ D (ei(in,. i) = 1)ty (it 0p)

{((tseensiy) ) EHY (it sevesfi—1)lim=1}

2 ((l — Otl,,'(il,...,il)) Otl,,'(il,... 7il)tlk,l(i17---ail)

0y, i) (eui(in,. .. i) = 1)ty (i, 00)
:(171) 2 al,i(il7---7il)tlk,l(i17~~~7il)7

(i|,...,i1)€[l

and therefore the induction hypothesis shows that

D 1 ji-O)ta—1 (s Jie1)

= Ot[k,,'(k— 1) ...l(l —1).
(2.11) for [ = 1, taking into consideration (2.2), implies (2.10). The proof is complete.

O
In Theorem 2.2 our arguments depend on the following lemma.
Lemma 2.2 Assume (74). If
\Hy (1, i=1)| = Bio, for all (i, ji—1) €y, k=122, (2.12)
then
(a)Br1=1 ‘—“ (k>12>2).
D)ty 1(ry- s di) = Bi-1---Br = (l+1)% ((J1seeosdt) €L k=1 >12>1).
(C) oy = a],,n =...= Ol[l,l (k > l Z 1)
(d oy =" (k>1>1).
(e)
l
Y DigXs
Aer = A1 = > <2p,y> Si; . k>1>1
| l| l], 7 E[l s=1 2 Di
s=1 !
NIlfpr=...=pn= E’ then
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Proof. (a) By the definition of Hy, (ji,...,ji—1)

Z \Hy (i, di-)| =1L], k>1>2.

Consequently, (2.12) yields (a).
(b) We prove this by induction on [, the case [ = k being

tg—1(J1s o Ji—1) = Y ty(it, .- ik)

=B-1,  Uts--esdi—1) € 1.

Let! (k—1>1>2) be an integer such that the result holds. Then

a1, jim1) i= Y ty (i, oip)
(1 seensiy);m)EHL (1 yeensfi—1)
= D Be1---Br=|HyGro-ojim1)| Beor - By
(i1 seesig)sm)€Hy (1 eensji—1)
=B1---BiBi-1-

The second equality in (b) comes from (a).
(c) Part (b) and (2.10) show that

() =B Bi=oy i (k—1)!, 1<i<n,

and thus oy, , = ... = oy 1. It follows from (b) and (2.11) that
> ailiny it i ni) =Bt B Y, (i)

:ﬁk,]...ﬁla[l,i:OC]k,i(k—l)(k—Z)...l, k—lZlZl, lgign,

giving
og(k—1)(k=2)...1
Bi1---Bi ’
and this implies the result fork—1>1> 1.

(d) It is an easy consequence of (c).
(e) Using the definition of Ax; (k—1>1> 1), then (b), (¢) and (d), we get

k—1>1>1

oy i =

> I’is. Xs
1 ! Pi s=1 O
A= 77— tr (i, ... : ‘
i >, i, Jz)(E, : )f

!

Zpivxs
_ 1 | ! | P
pirres e L GUDL T D) <1pls>f '

| l| (i1y-sif) €l \S5=
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i

Y DiXs
_ kI l S
7lak |[l| ' 2 21713' f [
(11,....,ll)€[l s=1 2 piv
s=1
l
; / leisxs
l (i1yeensip) €l \5=1 2 Pi
s=1

Similarly, the definition of A;; (k> 1 > 1), (c) and (d) insures that

1
Di
l . 2 0‘1125 s
All — 2 Pis f s=1
; k
(i1yeensip) €l \5=1 a’]vls 2 Dig
ay i
s=1
l
1 [ 2 PigXs
— s=1
=% X pi | F |
(1 yeees], s=1
(i15e-nip) €L \S Zpix
s=1

Y <Y11pix>f

l|Il| ( ....,l'l)E]] =

(f) This is a special case of (e).
The proof is now complete.

Remark 2.1 Assume (%)). Lemma 2.2 shows that (2.12) implies 0y := ¢y, , =
(k>1>1). The converse of this is not true in general, as it is seen by easy examples.

The following lemma will be fundamental.

Lemma 2.3 Assume that (74), (76) and either (76) or () are satisfied. Then

A <Agr1, k>12>2.

=000
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Proof. Assume (J3), (1) and (2%). We prove first that Ay , < A 4—;. Since

k
Pis .
k oy, i 0 Ls
Di s=1 ks
Ak = :
’ . 2 Z a i f k .
(i1 s EL, \5=1 THhols D Dig
s=1 s
k
- 3 (¥
(i seeip) €l \5=1 Oy i
k
Piy  DPim Dig X — Pim

. . . 1 . ]
1 alk‘ls alk‘lm s—1 alk,tg s alk,tm m

k - <
f 2 — : & . ;

m=1 (k—l) zk: _Pis _Pis _ _Pinm

S—1 oy is s—1 Xy is A sim
and
Dis _ _DPim
ar i ap i
—1 Tits Jotm
S—k >0, 1<m<k,
k—1)y 2
(k=1 % £
and
. Pis  _Pim
ap s ap i
s—1 Misis kotm . .
2 —_— | =1, (H»---»lk) €I,

ko
m=1 (k*l) z _Dig

s=1 Heis

the discrete Jensen’s inequality for convex functions (see Theorem 1.5) implies

k
Pis _ Pin
k k T
Di s=1 "l kotm
Arp < —_— _ 2.13
ws X |\ X)X A (2.13)
(i1yesip) €L, \5=1 "hls ) m=1 (k*l) D Dis
= O is
s=1
k
2 Pis _ _Pim X
o2 i T gy 1
gl ko, . 1 X
3 Pis _ Pim_ (i1 ik ) EL
s—=1 Yois  Hpim
Dis Pim
k k o Nis A
2 2—pix _ Pin f s=1 His 0 Mim
~ . k
m=1 \s=1 a’kvls a’k#m Dis _ _DPim

—1 O is Oy im
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In light of the meaning of #;, ; 1, this yields

1 . .
Apr < —1 D thx—1(J15 -+ Jk—1)
(J1eesdk—1) €l
k=1
P
k=1 ) a,”- s
Pjg s=1 ks
X ) S =Agk-1-
s=1 a[ka]s Pjs

s=1 Hieds

Suppose now that k —1 > [ > 2. By an argument analogous to that employed in the
first part we have that

A < m ' 2 (tlk,l(il;---il)

Dig xj, — Dim

l
X
i 2 _Pis Diy, f sgl Upeis ™15 g™
- . )
m=1 \s= 1alkalv a’ka‘m ! Dis  _Pim

1 Yol Oy im

§=

and therefore the definitions of the set Hy,(ji,...,j;—1) and the function 7, ;_; give

1
Ay < —m8 ———
M=) 11—1)
2 2 t[k,l(ilv"'ail)
(Jtsesdi=1) €l (1 ensiy) m)EHy (15 sf1-1)
-1
Djs .
< P Z @ .
D o U e _ =Ari-1,
s=1 ksJs 2 Pjs
s=1 Oy

and this completes the proof in the considered case.

We turn now to the other case: assume (74)), (#4) and (%%). Since the numbers
ay.i (1 <i<n) are integers the proof is entirely similar as above (the discrete Jensen’s
inequality for mid-convex functions can be applied in (2.13)).

The proof is now complete. |

After these preliminaries we arrive to the proof of Theorem 2.1.
Proof. Assume (749), (7¢1) and (J43).
Since

k
Dig

n k p 21 Iqu Ly

1 A
Y= ¥ |yl
r=1 (itseip) €l | s=1 Phosls Pis

s=1 Heis
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k .
> (2 L ) =1,
(itsip)€le \o=1 Hxis

and

ko
2 st. Xi.
; s pi s=1 Heij
f zpr.Xr S 2 2 o f X :Ak,ka (214)
r=1 (i1somsig) €L \s=1 Mi:ls ¥ Dis
= Yiis

which proves the first inequality in (2.7).
The inequalities
Ak SApp—1 < ... S App <Ap

can be obtained from Lemma 2.3.
It remains only to show that

n

A1 =, prf(x) (2.15)

r=1
By the definition of Ay

1 )
Ap1 = mé’lk,l(ﬂ%ﬂxs},

[k,S

and therefore Lemma 2.1 insures (2.15).

If (%), (74) and (%%) are satisfied, then we can prove as before, since the numbers
oy, i (1 <i < n) are integers, and since the discrete Jensen’s inequality for mid-convex
functions can be used in (2.14).

The proof of the theorem is complete. g

Proof of Theorem 2.2: It follows from Theorem 2.1 by applying Lemma 2.2 (e).

2.1.1 Examples and Mixed Symmetric Means Related to
Theorem 2.1

In the following two examples (J#]) and either (%) or (%%) will be assumed. They
originated from [44].

Example 2.1 Let
bi={(i0) € {1,...nf [ ilin} (2.16)

The notation #; |i means that i; divides i5. Since i|i (i =1,...,n), (%) holds. In this case

op ;i = [E} +d(i), i=1,...,n,
1
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where [ﬂ is the largest natural number that does not exceed %, and d(i) denotes the number
of positive divisors of i. By Theorem 2.1 , we have

f (i prxr> < 2 Pi + Py
r=1 (i],iz)elz |:Z_::| +d(ll) |:%:| +d(l2)
Piy Piy

plraan ™ " Telra ™| &
f [1}+m1 +[2][:; 2 SZprf(xr).
pEmanTEIVG

consist of all sequences (iy,...,i;) in which the number of occurrences of i € {1,...,n} is
¢i (i=1,...,n). Evidently, (%) is satisfied. A simple calculation shows that

n
k!
L seesCim15,Ci— L,Cig 15y ” _ . L
Ik*lzupcl' Ci—1,Ci—1,Cit 1, ,Cn, aIk,i*ﬁCi; l—l,...,n,
. Cl:...Cp-
i=1
and
I k—1 (il,... ,l'kfl) =k,
it (iy,....0_1) € Pcla---vci—laCi*laCi+17---70n7 i=1,...,n,
and

where

Ap—1=

To introduce some new means corresponding to the expressions (2.5) and (2.6), we
need the following two additional hypotheses:
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n
(A43) Letx := (x1,...,x,) and p := (py,..., pn) be positive n-tuples such that Y, p; = 1.
i=1

(A4) Let J C R be an interval, X := (xq,...,X,) € J", let p:= (p1,..., px) be a positive
n

n-tuples such that Y, p; =1, and let i, g : / — R be continuous and strictly monotone
i=1
functions.

Assume (77)) and (J73). The power means of order r € R corresponding to il ==
(it,...,i1) €L (I =1,...,k) are given as:

Pis .r
Pis
oy i s
s=1 "kts

i - y r 7& Oa
Pig
o
A + ._ s=1 s
Mr<1kal ) - Mr<1kal 7X7p) - 1
! Pig
sZ1 Hyis

1 Pig ’
(H 2, s ) , r=0.
s=1

For 1,y € R we introduce the mixed symmetric means with positive weights as follows:

1

n
ko .
1 [-k ; 2 ; (El %) (MY(Ik’lk))n‘| » N 7é 0,
My (I kx,p) = { LF=(inieh \s= ( . ) (2.17)
N
H (MY(Ikvlk)) s=1 ots ) n= 07
lk*(ll‘...,ik)GIk
andfork—1>1>1
M}],V(I/ﬂlvxvp) ,
i n
1 .l pi ] n
=1 7 E tl,l(l)(z S. ) M([ alap) 7”#07
e, 2 w8 8 e "

1
NE L) k=1).1d
I1 (MY(Ik,i17 p))llk‘l(l )(El i |

i'=(iy,...,ij) €]}

0.

=
I

We deduce the monotonicity of these means from Theorem 2.1 as follows.
Corollary 2.1 ([37]) Assume (74) and (75). Let 1, ¥ € R such that < 'y. Then
My (x,p) =My (I, 1.%,9) > ... > My (I k,X,p) = My (x,p),  (2.19)

and
My (x,p) =My (I, 1,x,p) < ... < My (I k,x,p) < My (x,p), (2.20)

where M, (x,p) is the power mean of order r € R (see 1.44).
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Proof. Assume 1, v # 0. To obtain (2.19), we can apply Theorem 2.1 to the function
flx) = X (x > 0) and the n-tuples (x],...,x7) to get the analogue of (2.7) and raising
the power 2. (2.20) can be proved in a similar way by using f(x) = X7 (x >0) and
(!X and raising the power %

When n =0 or y =0, we get the required results by taking limit. O

Assume () and (4). Then we define the quasi-arithmetic means with respect to
(2.5) and (2.6) as follows:

k
k Di ) allj,:.yisg( ’S)
My (lokxp)i=h" | Y [ Y hog ! [ S | [, @21
' (i1senip) €L \5=1 Oy i PDis
s=1 Hiois
andfork—1>1>1
M]’ll7g(lk7k7x7p)
2 a8 (2.22)
_ 7,1 1 sz —1 Ty ols
II:(ll,...7ll)E]] o z Ot]klsiy

The monotonicity of these generalized means is obtained in the next corollary.

Corollary 2.2 ([37]) Assume (%) and (74). Then
My (x,p) = M, (I, 1,%,p) > ... > M, (I, k, X, p) > M, (x,p), (2.23)

1 1

if either ho g~ " is convex and h is increasing or ho g~ " is concave and h is decreasing;

(X p) ([ka 1,X p) <. < M ([kvkvxvp) S Mh (Xap) ) (224)

if either goh™' is convex and g is decreasing or goh™' is concave and g is increasing.
My, (x,p) and M, (X,p) are the quasi-arithmetic means associated to h and g, respectively
(see (1.43).

Proof. First, we can apply Theorem 2.1 to the function hog~! and the n-tuples
(g(x1),...,g(x,)), then we can apply 2~ to the inequality coming from (2.7). This gives

. . similar argument gives (2. .gon -, X1)y...,11(X,)) an ~‘can be used. O
(2.23). A similar arg gives (2.24): goh™", (h(x1),...,h(x,)) and g~ can be used

Based on Examples 2.1 and 2.2, we can generate concrete means (see [37]). We just
consider Example 2.1.

Example 2.3 ([37]) Let I, be the set defined in (2.16).
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If (4) holds, then (2.17) gives forn, y € R

2 n

Pig 2N\ 1

1 (iz(igz)eh (szl [%]*d("s)) (M1, )) ) 170

My (5,2,x,p) = ( i ) ,
M (M1, 2) V) g =0

i2=(i1,ir)€h

while if (/43) is satisfied, then (2.21) gives
M},,g (127 27X7p)

MN
=

o)
OQ\

o

—p! 2

(i1,i)€h \s=1 [ }-l—d(ls) % £ piy_
2 i

2.1.2 Examples and Mixed Symmetric Means Related to
Theorem 2.2

Throughout the following four examples (7]) and either (#3) or (%%) will be assumed.

They come from [44].

The first example shows that Theorem 2.2 contains Theorem 1.8.
Example 2.4 Let
L= {(il,...,ik) e{l,....n¥¥ il <... <ik}, 1 <k<n.

Then oy, ;=1 (i=1,...,n) ensuring (%) with k = n. It is easy to check that T (Iy) = Iy_
(k=2,....n), |Ik| = (}) (k=1,...,n), and forevery k =2,...,n

|H[k(j17'-'7jkfl)| :l’l—(k— 1)7 (jla"'?jkfl) eIk*la

and therefore, thanks to Theorem 2.2,

k
Y DiXi,
Ay = =L | k=1,
o (1) 1<'<2<'< (2%) S 7 o
k—1) 1<ii<..<ix<n \s=1 zpis
s=1
and
n n
FUY x| Ak SAkcipr1 <o <Asp <AL =Y, pef(xe).
=1 r=1

The next example illustrates that Theorem 1.10 is a special case of Theorem 2.2.
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Example 2.5 Let
L= {(il,...,ik) e {1,....n}¥ i g...gik}, k> 1.

Obviously, o, ; > 1 (i=1,...,n), and therefore (7)) is satisfied. It is not hard to see that

Telly) =Ly (k=2,...), || = (""7"") (k=1,...), and foreach [ = 2,... ,k

|H]](j1,---7j[71)|:n, (jla"'?jlfl)ellfl-

Consequently, by applying Theorem 2.2, we deduce that

k
| k 2 Pici
App = =~ D pis | f Si,{i , k>1,
s=1

("5 1< <

- 2 Pi
s=1
and
n n
f <2prxr> <... SAk,k <... §Ak,1 = zpr.f(xr)~
r=1 r=1
Forpi=...=p,= ,ll Theorem 1.11 is contained in the next example.

Example 2.6 Let
Le={1,....n}*, k>1

Trivially, oy, ; > 1 (i = 1,...,n), hence (J%) holds. It is evident that Tj.(ly) = I (k=
2,...), || =nf (k=1,...),and forevery [ =2,... k

|Hy (tseie)| =0 Girseeodien) €41,

and so Theorem 2.2 leads to

k
S§=
Ak,k:knﬁ > (21%)}” — | k=1
(il,....lk)GIk s=1 2 Dis
s=1
and
n n
f <2prxr> <L SAg < <AL= Y pef(x), k> L
r=1 r=1
Especially, for py =...=p, = ,ll we find from Lemma 2.2 (f) that
A== f(x“—i_ XIk>, k=1,...;n
(ll,...,ik)GIk k

The final example is the next:
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Example 2.7 For 1 <k <nletI; consist of all sequences (i, ..., i) of k distinct numbers
from {1,...,n}. Then og,; > 1 (i =1,...,n), hence (%) is valid. It is immediate that
Ti(L) =Ly (k=2,....,n), || =n(n—1)...(n—k+1) (k=1,...,n), and for each k =
2,...,n

|H[k<j17"'7jkfl)| = (I’L— (k_ 1))k7 (jla"'ajkfl) S Ik*l-
and from them, on account of Theorem 2.2, follows

kn(n—1)...(n—k+1)

Ak =

and
n n
f Zprxr <Apn < SAe <... <A = Zprf(xr)-
r=1 r=1
Ifwesetpy=...=p,= }l,then

Xiy 4+ ... Xi
Apx = -k k=1,...,n.
kk nn—1)...(n—k+1) Z>€Ik'f< k )’ ool

Now we introduce some means corresponding to (2.8).

Assume (%), (#43), and suppose also that [Hj, (j1 ..., ji—1)| = Bi—1 forany (ji,...,ji—1) €
Loy (k>1>2).

The power means of order r € R corresponding to i := (iy,...,i;) € (I =1,... k)
has the form

1
3 PpisX
x:Il ) r#()?
l I ! Y pig
Mr(1l7i ) = Mr(]k,i ) = Mr(ll,i 7X,p) = s=1 ll
Y Pig
i s=1
<Hxiy”’3‘> , r=0.
s=1

Now, for 1,y € R and k > [ > 1 we introduce the mixed symmetric means with positive
weights related to (2.8) as follows:

1

, (2.25)
I (My(I,1)) <“§‘pi‘y> ; n =0.



2.2 A REFINEMENT OF THE DISCRETE JENSEN’S INEQUALITY 41

Corollary 2.3 ([37]) Assume () and (763). Suppose further that |Hy, (ji,..., ji—1)| =
Bi—1forany (j1,....ji—1) €L_1 (k>1>2). Let 1, ¥ € R such that 1 <y. Then
My (x,p) =My, (I,x,p) > ... > M, (I,x,p) > My (x,p),
and
My (x,p) =M, ,(I,x,p) < ... <My (I,x,p) < My (x,p),
where M, (X,p) is the power mean of order r € R (see 1.44).
Proof. Similar to the proof of Corollary 2.1. O

Assume (/) and (). Suppose further that |Hj,(ji,...,ji_1)| = Bi_1 for any
(J1yeeesi—1) €1 (k>1>2). We define for k > [ > 1 the quasi-arithmetic means with
respect to (2.8) as follows:

[
" I 2 Pig(xi)
Mj; o(I1,%,p) == ™" I > (2 m) hog ' | =—— | |. @26
[ s=1 2 .
s:lpl‘y

Corollary 2.4 ([37]) Assume (%) and (54). Suppose further that |Hy, (ji,..., ji—1)| =
Bi—1 for any (ji,...,ji—1) € -1 (k>12>2). Then
M, (va) = M/%,g(ll 7X7p) > 2 Mi%,g(lkvxvp) > M, (va) )

1 1

where either ho g~ is convex and h is increasing orho g~

M, (va) :Mé,h(lhxap) <. < Mé,h([k’x’p) <M, (va)’

where either g o h™ ' is convex and g is decreasing or g o h™ ' is concave and g is increasing.
M, (x,p) and M, (X,p) are the quasi-arithmetic means associated to h and g, respectively
(see (1.43).

Proof. Similar to the proof of Corollary 2.2. O

is concave and h is decreasing;

We illustrate these means with an example coming from Example 2.6.

Example 2.8 ([37]) Consider the set I; defined in Example 2.6.
If (773) holds, then (2.25) leads to

1

n

k

[k—,;. oz (zlpis) (Myuk,ik))”] N #0,
1=(iy,....ig ) €l \5=

M%,y(lkvxvp) =

I (My(lk»i"))(‘:' " , n=0,

ik:(i| ,....,l'k)Elk

and if (%%) is satisfied, then (2.26) gives

k
| k gl pig(xi)
Mj; (I, x,p) =h"" ok T D (2 Pi.;)hogl —

iK=(i1,...,ig ) €L \5=1 Zpiy
s=1
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2.2 A New Treatment of Discrete Jensen’s Inequality

The aim of this chapter is to give such a generalization of Theorem 2.1 and Theorem 2.2
which shows the essence the methods employed in a lot of known results and unifies them.
In this chapter we also use the conditions (77]), (773) and (753):
(#4) Let V be a real vector space, C C V be a convex set, X := (x1,...,x,) € C", and let
n
p := (p1,...,pn) be a positive n-tuples such that >, p; = 1.
i—1

=

(J8) Let f: C — R be a convex function.

(%22) Let f : C — R be a mid-convex function, and p, ..., p, be rational numbers.
We need the following two additional hypotheses:

(J3) Let Sy,...,S, be finite, pairwise disjoint and nonempty sets, let

and let ¢ be a function from S into R such that

c(s)>0, seS, and Zc(s)zl, j=1,...,n. (2.27)

SGSj
Let the function 7: S — {1,...,n} be defined by
t(s):=j, if seS;

(%) Suppose o/ C P(S) is a partition of S into pairwise disjoint and nonempty sets.
Let
k:=max{|A||A € o},

and let
g ={Aed||A|=1}, 1=1,... .k
k
Then 7 (I =1,...,k— 1) may be the empty set, and |S| = Y, [|<].
=1
Hereinafter, the empty sum is taken to be zero.

Theorem 2.3 ([32]) (a) Assume (741), (765), (744) and (753). Then

n n
f (2 ijj> <N SN £ SN SN =Y, pif(xg), (2.28)
=1 =

where
Nk = Nk (Sacv'daxap)

k ZA c($)Pr(s)Xe(s)
= (2 C(S)pm)) | 5—— : (2.29)
Acd) sEA

3 c($)Pa(s)

SEA



2.2 A NEW TREATMENT OF DISCRETE JENSEN’S INEQUALITY 43

and for every 1 < m < k— 1 the number Ny_,, is given by

Nkfm = Nkfm (Sacv'daxap)

m k m!
-E(2 (Zerew)), 5 (=07

) gBC(S)Pr(s)xr(s)
f S

2.30
Y, c(8)Pa(s) (230
sEB

22 ((Zeom

Aedl) \ BEP_p,(A) seB

(b) Suppose (JA), (75), (H4) and (H2). If the numbers c(s) (s € S) are rational, then the
inequality (2.28) remains true.

Under the conditions of Theorem 2.3

YS(f):YS(famal»X»P) =Ny —N 20, 1<m<I<k,
n
Yo (f) =Y6(f,1,X,p) := Nz—f<'2]l7jxj> >0, 1<I<k
=
The following application of Theorem 2.3 leads to a generalization of Theorem 2.1.

Theorem 2.4 Letn > 1 and k > 1 be fixed integers, and let I, C {1,...,n}* such that

opi>1, 1<i<n,

where oy ; means the number of occurrences of i in the sequences (i, ...,ix) € Ir. For
j=1,...,nwe introduce the sets
Sj:{((llv7lk)7l)|(llvalk)elk7 lglgkv ll:]} (231)

n
Let ¢ be a positive function on S := J S; such that
j=1

oo (i, i), ) =1, j=1,...,n (2.32)

((il ,....,l'k),l)ESj

(a) Assume that (7¢1) and (74;) are satisfied. Then

n n
f(ZPj%’) SN SNt €. <N <N =Y, pif (), (2.33)
j=1 j=1

where the numbers Ni_,, (0 <m <k — 1) can be written in the following forms:

k
1241 ((lla ) l)pl]xll
Nk:: ' 2 <2C l17 -1 )pll>f 7k ) (234)
(i1 5emsig ) EIg =1 D C((ll, i ) l)Pl]

=1
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and for every 1 <m <k—1

m!
Newm e S |
" (k=) (k=m) (itvit) el | 1<l<<l_m<k
k—m
k—m x> C((lla s )alj)pijjxilj
(2 c((it,--in) 1) piy )f kam : (2.35)

2 C((lla 7 ) l)pll
j=1

(b) If (#4) and () are satisfied and the numbers ¢ ((i1,...,i),1) (((it,...,i),l) €S)
are rational, then the inequality (2.33) remains true.

An immediate consequence of the previous result is Theorem 2.1: choosing

1 1

i) ]) = e — it ((i1,..i0),0) €S,
c((iry- i) 1) 5] alk,jl ((i1,--50k) 1) €5

we can check easily that the inequalities (2.33) corresponds to the inequalities (2.7).

By using Theorem 2.2, some extensions of Theorem 1.8 and Theorem 1.10 have been
obtained in Example 2.4 and in Example 2.5. Theorem 2.4 generalizes all these results:
apply it to either

Ik::{(il,...,ik)e{l,...,n}k|i1 <...<ik}, 1<k<n,

or
I ::{(il,...,ik)G{l,...,n}k|i1 g...gik}, 1<k

We confine here our attention to the proof of Theorem 2.3 (a), so we shall suppose the
conditions (J4), (743) and (743), (7%5). It is easy to verify that the following results and
their proofs remain valid under the hypotheses of Theorem 2.3 (b) (Theorem 1.5 (b) can
be applied in place of Theorem 1.5 (a)).

Lemma 2.4 [If(JA), (765), (7¢4) and (F65) are satisfied, then

f (2 ijj> < Ny
j=1

Proof. Since {S},...,S,} and o are partitions of S into pairwise disjoint and nonempty
sets, it comes from the definition of the function 7 that

2 =3, (2 c<s>> pixi= Y <2c<s>pf<s>xf<s)>
2

Jj=1 \s€S; Acs/ \s€EA
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= i < 629{ (% 5)Pe(s)Xa(s )>> : (2.36)

Therefore, recalling that the numbers p; (j = 1,...,n) and c(s) (s € S) are positive, we
have
n k gAC( 8)Pr(s)X(s)
S
Y= | X || Xelpay —2 o : (237)
j=1 I=1 \Aca \ \s€A SeAC

Similar reasoning as above leads to

z(zd @c(s)pw))é (sezAc(s)pT) z(z )

n
Then, using Y p; =1 and (2.27) we get
j=1

k
2 ( > <ZC(S)pT<s>>> =1. (2.38)
I=1 \Acw| \s€A

It now follows from (2.37), (2.38) and Theorem 1.5 (a) that

n k 2 c($)Pe(s et
f (2 ijj) <Y X <2 C(S)Pr(s)>f Ye— ;
=1 =1 \ Aczy \ \sea Y c(s)pe

SEA

as was being claimed. O
Lemma 2.5 If (7741), (76), (4) and (F5) are satisfied, and A € <), where 2 <[ <k,

then
; ‘EAC(S)PT(‘Y)XTM ) ]
gAC(S)pT(S) “(-1DZ C(S)pr(s)

SEA

EZBC () P(s)%x(s)
: W |l —— .
BeP,Z,I(A) (%}C(S)p ( )> XGZBC(S)PT(S)

Proof. A simple calculation confirms that

EAC(S)PT(S)XT(S) 5 ( YGZBC() Xe(s)

> C(S)p‘t'(s) BeP,_1(A) (l - l)sgAC(s)pT(S)

SEA

gBC(S) (s) Z c($)Pe(s)Xe(s)
= 3 : . (2.39)
BeP,%(A) (1— 1)S§AC(S)PT(s) SE,BC( $)Px(s)
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ZBC ($)P(s)
NS _ 17
w2 \ DT O,

SEA

Since

the result follows from (2.39) and Theorem 1.5 (a).
The proof is complete. O

Proof of Theorem 2.3 (a).
Proof. The definition of the number N; shows that

C (k—1)!
= g ( g;{[ (g;ic(s)pr(s)f(xr(s)))) + m

sgBC( ) XT( )
.AEZJZ{I{ Beg.:(A) <se§1396(S)pT(s>> ! %BC( s)Pr

k-1
(2 (2" 8)Pr(s)f (Xr(s) >> + ) <ZC(S)Pr(s)f(xr(s>)>
=1 \Aea] \s€A Aca) \s€EA
k
2(2{(% 8)Pe(s)f(x r())))-

Ni =Y pif(x;)
=1

follows by an argument entirely similar to that for (2.36).
So according to Lemma 2.4 only the task of confirming the inequalities

Therefore

Ne <Nt €0 SNy <. SN <N (2.40)
remains.
To this end, we suppose first that &7, = &7 and thus &/} = ... = @_; = 0. By Lemma
2.5
eZAC( $)Pr(s)Xe(s)
Ne= Y || Xe@pay | f ‘— (2.41)
Acr, \ \sed Y c(s)pe
SEA
<3 ([Ze 1
< c(s)Pr(s
Aca SEA ) (k - 1) gAC(S)pT(S)

5 (2 o ) EBC(S)PT(S)XT(S)
BeP,_1(A) SEBC P / ZBC(S)pT(S)

NS
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1 EBC () Pr(s)%x(s)
- mAeszk B€P§| ) (.sGZJRC(S)pT(S>> ! Y c(s)Pa(s) '

sEB
= Ni—1,
Suppose then that 1 <m < k— 2. By applying Lemma 2.5 again, we have

m!

Nie—m = (k— 1)(k—_m) (242)
EBC(S)PT(S)XT(S)
.Aezdk BGPE,,(A) (seZBC(S)pT(S)> / SgBC(S)Pr(s)

m!

S =D (=m)

1
.Aezdk <B€P§,X(A) ((lggc(s)l%(s)> (k—m—1) Y c(s)pes)

seB
ECC () P(s)Xe(s)
2o ()
m!
Tk k—m) (k—m— 1)A§Z{k (BE%(A)
sgcc (8)Pr(s)%2(s)
2 o eom) (B3] )
(m+1)!

(k=1)...(k—m)(k—m—1)

ECC(S)PT(S>XT(S)
'Ag;fk cepk,z,,;,l(A) <s§c6(s)p7(s)>f Y, c(5)P(s)

seC
=Nem-1-

Together with (2.41) this gives (2.40) in the considered special case.
In the general case we can majorize the members

EZA () Pr(s)Xe(s)
(s ||, 2<i<k
Aezxzfl (s%\C(S)p ( >> ! hy C(s)p‘r(s)

SEA
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in (2.29) exactly as Ny in (2.41). Similarly, the argument employed in the proof of the
inequality Ny_,; < Ni_,;—1 in (2.42) can be extended to estimate the members

m!

(—1)...(I—m)

seEB

Y, c(5)Pa(s) 7

seB

Y, ¢(8)Pr(s)¥a(s)
> > (2 C(S)Pr(s)> f
Acd \ BEP,_,(A) seB
3<i<k 1<m<I—2

in (2.30). Now (2.40) follow from these facts.

The proof is complete. |
Proof of Theorem 2.4.
Proof. 1t is obvious that the sets Sy, ...,S, and the function ¢ defined in the theorem

satisfy the condition (.773). In this case
T((iryee o), ) =10, ((i1,...,0x),l) €S.
The condition (743) is also fulfilled if
o ={{((ir,.--ix), 1) | I=1,...0k} | (i, ix) € It }.

Then o =« and & =0 (I =1,...,k—1).
The result can be obtained by an application of Theorem 2.3 in this environment. O

2.2.1 Examples and Mixed Symmetric Means Related to
Theorem 2.3

Now we apply Theorem 2.3 to some special situations which correspond to some recent
results.

Example 2.9 Let n, r be fixed integers, where n > 3, and 1 < r < n— 2. In this example,
foreveryi=1,2,...,n and for every / =0, 1,...,r the integer i 4/ will be identified with
the uniquely determined integer j from {1,...,n} for which

[+i=j (modn). (2.43)
Introducing the notation
D:={l,...,n} x{0,...,r},

let for every j € {1,...,n}

Si=={@,0)eD]i+l=j (modn)}J{j}
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n
and let o7 C P(S) (S:= U ;) contain the following sets:
j=1

Ai={(i,)eD|l=0,....,r}, i=1,...,n
and
A:={1,...,n}.
Let ¢ be a positive function on S such that
Y c@il)+c()=1, j=1,....n
(i1)es;

A patient verification shows that the sets Sy, ...,S,, the partition .7 and the function ¢

defined above satisfy the conditions (773) and (J73),
t(i,l)=i+1, (i,l)€D,

(by the agreement (see (2.43)), i+ [ is identified with j)

t(j)=Jj, j=1....n,
ISi|=r+2, j=1,....n,

and
Al =r+1, i=1,....,n, |A]l=n.

Now we suppose that (#7) and either (J%3) or (%%) are satisfied and in the latter case
the numbers ¢ (i,) ((i,l) € D) and ¢(j) (j = 1,...,n) are rational. Then by Theorem 2.3

Er‘, c(i,1) pivixivi
)f N

=0
r

i=1 =0

f<2pjxj> <N, = <Zc(i»l)l?i+z
j=1 i EOC(I'J)PM

n . i—1 i n
+ (2 C(J)Pj) 55— < X pify). (2.44)

Jj=1 > c(j)p; =1

j=1
Let m > 2 be an integer. In case
1
_ = i—=1
p] n7 .] I 7”7
1 m—1
= l)eD =— j=1
C(l7 ) m(r+1)7 (l7 )G ) C(J) m J ) 7n7

1 & 1 & XitXip1+ .o+ Xigr
- )<
f( 2xj> B 1f< r+1



50 2 REFINEMENTS OF JENSEN’S INEQUALITY

cmoly (% Zx,-> <1 3 £(x)), (2.45)

which is an essential part of Theorem 2.1 in [85]. Really, in that theorem a sequence of
inequalities (similar to (1.10)) has been proved. On the one hand (2.44) generalizes (2.45),
on the other hand the sequence of inequalities in (2.28) is different from that in (2.45).

Example 2.10 Let n and k be fixed positive integers. Let
D := {(il,...,in) S {1,...,]{}" | i4...+iy, =n+k—1},
and for each j = 1,...,n, denote S; the set
Sj:=Dx{j}.
For every (iy,...,in) € D designate by Ay....i,) the set
A(ih...,in) = {((i],...,in),l) | = 1,...,11}.
It is obvious that S; (j = 1,...,n) and A; _; ((i1,...,in) € D) are decompositions of

n
S:= | §; into pairwise disjoint and nonempty sets, respectively. Let ¢ be a function on §
j=1

such that
C((il7"'7in)7j)>07 ((ilv"'vin)vj)ES
and
N el(,-ein), )=1, j=1,....n (2.46)
(i],....,i,l)ED

In summary we have that the conditions (7#3) and (%) are valid, and
T((i1yeeesin), ) =17, ((G1,---y0n),J) €S.

Now we suppose that (#7) and either (#3) or (%22) are satisfied and in the latter case the
numbers ¢ ((i1,...,ix),J) (((i1,...,in),j) € S) are rational. Then by Theorem 2.3

f(ipjxj <N, = 2 ((ic((ilv---ain)’l)pl>
j Jin)ED

Elc((il,...,in),l)plxl n
1= < ijf(xj)- (2.47)
lzlc((il7"'7in)71)pl J=1
If we set 1
pPj= Ev j=1 1,
and .
lj
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then (2.46) holds, since by some combinatorial considerations

n+k—2
pi= ("1,
.

. n+k—1/n+k—-2 n+k—1 .
2 ljzi = k_l y ]:1,...,}1.

n n—1

and

In this situation (2.47) can therefore be expressed thus

1 & 1 1 &
f(; zxj> < (;HT 2 f(nJrk lexl> < ;j;f(xj)» (2.48)

j=1 k—1 ) (i1 ye-rsin)ED

which inequality is contained in Theorem 1 of [86]. The inequality (2.48) is placed in a
more general framework in [86], but the treatment of (2.48) is different from our approach.
Theorem 2.3 generalizes (2.48) and (2.28) gives a new sequence of inequalities even in the
considered special case.

We remind the conditions (.773) and (%%)
(A43) Letx:= (x1,...,x,) and p := (p1, ..., pn) be positive n-tuples such that 2 pi=1.
i=1
(%) Let J C R be an interval, x := (x1,..0yxn) € J", let p := (py, ..., pn) be a positive
n
n-tuples such that Y, p; =1, and let i, g : / — R be continuous and strictly monotone
i=1
functions.
Assume (7743), (#43) and (753).
First, we define the power means of order r € R correspondingto A € &7 (I =1,... k)
as follows:

1
z C(S)pr(s)x.r[ s r
(YEAZ (5‘)])1(?)(») ) ) r 7& 0;
M(A) = Mo(A,S e, x,p) = \ s ) (2.49)
Z c(s)py
(Hx ZPT() p(),r:O.
sEA (s

Let n,y € R. Now, we define the mixed symmetric means corresponding to (2.29) and
(2.30) as follows:

M, |
= <I§1 (Aezm«sgf() )M"(A))>>n»n#0,
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andforl1 <m<k-—1

(Sc;sz m,x,p)

m ﬁ
) ( ) (z c(8) Py >+
I=1 \Acw] \s€A

k )
) ((l 1 m'l m) ) (s)pr(s)) M37<B))>>
[=m+1 A€ BeP, ml seB

if 1 # 0 and for n = 0, we have

Mrll Y(S7C7"Q{7kimvxvp) = ﬁ ( H (H xc(i)pT(s)>> X
’ Aco \SEA

=1

I
—
Z

(I—l).rfl.!(l—m)
k < X c(s)p (s)>
1 1 1 (MY(B)) sep T
I=m+1 Aed) \ BEP,_,(A)

The monotonicity of these mixed symmetric means is a consequence of Theorem 2.3.
Corollary 2.5 Assume (743), () and (7). Let 1, ¥ € R such that 1 < y. Then
My (x,p) < M,l,’y(S,c,,sz%,k,x,p) <...< M)],’n(S,C,,Qf, 1,x,p) = My(x,p),
and
My (x,p) = M}}m (S,¢,47,1,x,p) < .... < M,%,Y(S,c,,sz%,k,x,p) < My(x,p).

Proof. The proof is similar to the proof of Corollary 2.1. We can apply Theorem 2.3
instead of Theorem 2.1. ]

Assume (J4), (#4) and (#4). Then we define the generalized means with respect to
(2.29) and (2.30) as follows:

M} (S,c, o k 5l $ oo ZAC(S)I)T(S)g(XT(x)>
,Cy K, X, =n c(s ° sea L rwETEe)) ’
h,g( P) El A'Ezs?fz (sgA (s)Pe ) & %AC(S)PT(S)

andfor1 <m<k-—1
M}lg(S,c,,Q%,k—m,x,p) =

m k
) ( ) <2 C(S)pr(s)h(x‘r(s)))> + X (%

=1 \Acw| \scA l=m+1

-1
h s s (2 ()0 )h S il

x o(s ¢ | Tz

AEh \ BEP_n(A) \ \seB 2 cb)pe)

The monotonicity of the generalized means is given in the next corollary.
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Corollary 2.6 Assume (73) and ()-(74). Then
M, (x,p) < Mﬁ,g(S,c,,;z%,k,x,p) <...< Mé’g(S,c,,sz%, 1,x,p) = M;(x,p),

1

if either ho g~ ' is convex and h is strictly increasing or ho g~ ' is concave and h is strictly

decreasing;

My(x,p) = M}y (S, ¢, , 1,%,p) < ... <M (S, ¢, 7, k,x,p) < My(x,p),
if either g o h™ ' is convex and g is strictly decreasing or g o h™' is concave and g is strictly
increasing.

Proof. The proof is similar to the proof of Corollary 2.2. We can apply Theorem 2.3
instead of Theorem 2.1. |

We illustrate the means defined above by a concrete example based on Theorem 2.4.
Further interesting means can be derived from Example 2.9 and Example 2.10.

Example 2.11 As in Theorem 2.4 let n > 1 and k > 1 be fixed integers, and let I;, C
{1,... ,n}k such that
opi>1, 1<i<n,

where oy, ; means the number of occurrences of i in all the sequences i:= (i,...,i;) from

Ii. For j=1,...,n we introduce the sets
Sy = {1y i) 1) | reoil) €0y 1<I<k, iy =}

n
Let ¢ be a positive function on § := |J S; such that
j=1

D c((ity..,ip),)=1, j=1,....n.

((il ,....,l'k),l)ESj

In the proof of the theorem we have seen that the condition (73) is fulfilled if
o ={{((i1,--»ix), )| I=1,....k} | (i1,-.-,ix) € I }.

In this case % = ./ and & =0 (I =1,...,k—1).
(a) Assume (73). For 1 <m <k—1 let

T = {(11,...,1,(,,,,) L 1<l < <y < k}.
We give the analogue of the power means defined in (2.49). For r € R and i* € I;

Mr(lkacvik) = Mr([k,C,ik,X,p)
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and forr e R, i* € [ and K" € J;_,,

Mr(1k7c7ik7lk7n1) = Mr(lk7c7ik7lk7m7x7p)

k—m . T
.Zlc((ll, ..,lk),lj)p,-[jxf]v
=
k—m . ) r # 07
Y c((ireit) ) Py
= =1 J
1
k—m C((ll ----- lk)alj)f’il_ imt?((ll ----- i) ])p’l
I1 X L , r=0,
h 1
J=1

Now let 1,7 € R. The mixed symmetric means corresponding to (2.34) and (2.35) can
be written as

M};J/(Ikvcakaxvp)

k n
( 2 (ZC((ilv---aik)vl)pil) Myn([kvcaik)> ’n#oa
(i1 yeensig) €L \I=1
Y c((i1yei) L) pi
I | Myl e,i)= , n=0,

andforl <m<k-—1
M}],y([kvcak_ Wl,X,p)

1
(kfl).n.l.!(kfm) ) !

(i1 yeemsip) €I

= k—m ’
( Y ((2 c((il,...,ik),lj)p,-I)M;'(Ik,c,ik,lk'"))))
1<l <..<lp_p,<k j=1 J

if n # 0, and for n = 0, we have
M} (I, ¢,k —mx,p) :=

3 (i
I I (My(]k,c,ik,lkfm)) <j:1

(i yeemip) €L | 10 <. <<k
(b) Assume (%%). The generalized means with respect to (2.34) and (2.35) can be
written as

My, (I c.k) = My, o (I, ¢ kX, p) :=

k

1 koo . L[ 2 i Dpis )
h~ 2 <zC((l],...,lk)J)pil)hog = 7
(i1l ) €D =1 s C((ih....,ik),l)p,-[

=1
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andforl <m<k-—1
Mé,g(lka Cvk —mxX, p) =

hfl
k—m . . =
2 2 C((llv"'vlk))lj)pilv ]’lOg k—m
1<l <..<lppm<k \ \ =1 ! _Zlc((il7---7ik>alj)l7ilj
j=

Remark 2.2 By choosing

. . 1 1 . . .
C((lla---vlk)al):m:al i if ((llv---alk)vl)esj
J ko

in the previous example, we have the means defined in (2.17), (2.18), (2.21) and (2.22) as
special cases. Thus we have some extensions of these means.

Remark 2.3 Results about mixed symmetric means and generalized means similar to
Corollary 2.5 and Corollary 2.6 can be given for Example 2.11 as a special case.

2.3 Parameter Dependent Refinement of Discrete
Jensen’s inequality

Now we consider parameter dependent refinement of discrete Jensen’s inequality given by
L. Horvath recently [33]. Generalizations of these results can be found in [35].

We need the following hypotheses ((.73) and (%22) have already been introduced ear-
lier):

(%21) Let V be a real vector space, C C V be a convex set, X := (x1,...,X,) € C", and let

n
p := (p1,...,pn) be a nonnegative n-tuples such that Y, p; = 1.
i=1

=
(J8) Let f : C — R be a convex function.
(745) Let f : C — R be a mid-convex function, and py,..., p, be rational numbers.

Theorem 2.5 Assume either (J4-74), and in this case let A > 1, or (74-6), and in
this case let A > 1 be a rational number. We introduce the sets

J

n
Sk::{(il,...,i,,)eN”| Zij:k}, keN,
=1

and for k € N define the numbers
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n )Li' .
=1 Y K (i /Vf'pj> f L B . (2:50)
L i\ —

Then
<2p1x1> =C(A) <Ci(A) < --SCk(A)S---SZij(xj)-

Remark 2.4 (a) It follows from the definition of Sy that Sy C {0,...,k}" (k € N).
(b) It is easy to see that

Ck(1)=f<2p,~x,>, keN. (2.51)

We establish two convergence theorems.

Theorem 2.6 Suppose (4 -6), and let . > 1. If X is a normed space and f is contin-
uous, then
(a) For every fixed A > 1

lim Ce(2) = ¥, pif (x))-
j=1

(b) The function A — Cr(A) (A > 1) is continuous for every k € N.

The proof of Theorem 2.6 (a) requires a lemma (see Lemma 2.7) which is interesting
in its own right. Probability theoretical technique will be used to handle this problem.

Remark 2.5 In the previous theorem it suffices to consider the case when (J4-74) and
A > 1 are satisfied. Really, if f is mid-convex and continuous, then convex.
By (2.51)

li C
om i <2 p,x,)

We come now to the second convergence theorem.

Theorem 2.7 Suppose (H-6) and A > 1. For each fixed k € N,

lim C(A) = ilpjf(xj)
=

D00
Suppose (%;i -76) and A > 1. Theorem 2.5 implies

Y7 (f) = Y7 (f,m, lXp)‘:Cm(l) G(A) =

0, 0<ZIl<m,
Y5 (f) =Ys(f .k AXP)—Zp,f(x,) Ci(A)>0, 0<k.
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2.3.1 Some lemmas and the proofs of Theorem 2.5-2.7

Lemma 2.6 Letk € Nand (iy,...,in) € Spy1 be fixed. If we set

ity i) i={j€{l,...,n}|i; #0},

then
Z k! _ (k+1)!
Jeeltin) PUIS FERRI (RS DL FENY N i) i)
n
Proof. The lowest common denominatoris ij!...i,!. Combined with 3 i; = k+ 1 the
j=1
result follows. O

The proof of Theorem 2.5.

Proof. (a) We separate the proof of this part of the theorem into three steps. Let A > 1
be fixed.

I. Since Sp = {(0,...,0)}

" ,:ZIIAOPJXJ'
Co(A) = (2 A%) fl = =7 (
j=1 3 A%,
=1

n
D pm) :
=

II. Next, we prove that Ct(A) < Gy 1(A) (k€ N).
It is easy to check that for every (i1, ...,i,) € Sk

Y Alipixj+A—=1)Apy ¥ Alipj+ (A —1)Alp
= =

=

n . ] ’ n .

3 Alipj+(A—=1)Alp Y Alip;
j=1 j=1
With the help of discrete Jensen’s inquality this yields that

n . n . .
> Alipjx; o [ 2 AP +H(A—1)ANp
j=1 1 j=1

< )

n N “n+A—1 n .

2 Allpj =1 2 Allpj

= =1

f

s Alipixi+ (A —1)A"px
=1

f —
Y Alipj+ (A —1)Alp
j=1
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Consequently,
1

GA) L ——— . ;
(n+A— 1) (i.,...,%)esk it dn

3 Aipjx; + (1) Al prg

> (2/1‘719; (A— 1)/1”pl>f = .52
=1

=1 > Alipi+ (A —1)Alp,
=1

By Lemma 2.6, it is easy to see that the right hand side of (2.52) can be written in the form

no_.
1 '21 VP
- - Alip =
k+1 2 y i (2 > n X
(n+A-1) (if yoonsin) €Sk 1 ir! Zl;ij
j=
which is just Cgy1(A).
III. Finally, we prove that
n
2 xj), keNy. (2.53)

It follows from the discrete Jensen’s inequality that

G —— ¥ ( ,zmp,fx,)>
nj

(n+A—=1)" . e

S KU
:(nu_l 2<(112 o ~W>ij<x;>’ keN,.  (@54)

..... i)es e tn

The multinomial theorem shows that

k! . k .
D —A=(n+A-1)", 1<j<n,
(i1enin) €St 1L n
hence (2.54) implies (2.53). O

The proof of Theorem 2.6 (a) is based on the following interesting result. The o-
algebra of Borel subsets of R" is denoted by %8".

Lemma 2.7 Let py,...,p, be a discrete distribution with n > 2, and let A > 1. Let | €
{1,...,n} be fixed. e; denotes the vector in R" that has Os in all coordinate positions
except the Ith, where it has a 1. Let qy,...,q, be also a discrete distribution such that
q;>0(1<j<n)and

ql>max(ql,...ql,l,qlﬂ,...,qn). (2.55)
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If
n
g: {(tl,...,tn)ER"|tj>0(lSjgn), thl}HR

j=1

is a bounded function for which

7 :=limg
€
exists in R, and p; > 0, then
k! ; ; Al Adn
im Y ———gl . g AN [ (2.56)
k—oo . - 11!...1,,! n i: n i:
(i1 ) ESk Y Alip; Y Alip;
j=1 j=1
Proof. To prove the result we can obviously suppose that/ = 1.
For the sake of clarity we shall denote the element (iy,...,i,) of Si by (i1, ink)
(ke N4).
Let & = (Eix, .-+, &) (k€ NL) be a (R", 2")-random variable on a probability space
(Q,.«, P) such that & has multinomial distribution of order k and with parameters g1, . . . , G-

A fundamental theorem of the statistics (see [18] Theorem 5.4.13), which is based on the
multidimensional Central Limit Theorem and the Cochran-Fisher theorem, implies that

limP<2 (éfk kq’) <t>Fn1(t), teR, (2.57)

koo \ i21 kq;

where F,,_| means the distribution function of the Chi-squared distribution () >-distribution)
with n — 1 degrees of freedom.

Choose 0 < € < 1. Since F,_ is continuous, and strictly increasing on (0,°), there
exists a unique z; > 0 such that

anl(tg) =1—¢.
Define
ik 2
1 : (_ B q,)
Sti= < (ks i) € Sk | Zki <te
Jj=1 q]
The definition of the set S ,1 shows that
k!
ﬁqlfk gk =P ((Eiky- - &) € S) (2.58)

(i1k>e- ik ) ES}

gjk

= i (__q1)2<t6 P<2M<t&->

4j j=1 kq;
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kg,
=1—e+05(k), keNy, (2.59)
where, by (2.57)
lim 5 (k) = 0. (2.60)
For j = 1,...,n construct the sequences (I]{)kzl by
P L Ljk . . 1
L =1, if T 9j| = maxq 5T =g | Gikyeooyink) €Sp ¢, keN,. (2.61)
We claim that )
IJ
lim £ =¢;, 1<j<n (2.62)

k—c0

Fix 1 < j <n. If (2.62) is false, then (2.61) yields that we can find a positive number p, a
strictly increasing sequence (k ),>1, and points

(itkys- - »ink,) € Sp, W ENy (2.63)
such that )
i
J_ku —4qj > P, uec N+7
3

and therefore

I

T i

k>
4j 4j

— 00 as U — oo,

contrary to (2.63).
Let

q:=max(q2,...,qn)-
It follows from (2.55) that

1
Y= 3 (g1—q) >0. (2.64)

By (2.61) and (2.62), we can find an integer ky such that for each k > ky

J

<
X =

_qj <’}/7 (ilka"'vink)e‘sl]cv 1§]§n

J
Ik
k

Thus for every k > k,

i ij . . .
1k >q1—yand1—k<qj+y, 2<j<n, (llk,--wlnk)ES/lv

k k
and hence we get from (2.64) that

in—ip>ky 2<ji<n, (itky- - ing) €Sty k> ky (2.65)
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We can see that
ih—ijg—ooask —oo, 2<j<n, (ig,...,in) €S). (2.66)

Now, set §7 := S; \ S} (k € N.), and consider the sequences

k! i ) Altkp A ink
| P * Uk I 1 pn
a= Y il g ;
(ilkv"'vink)esjlc T 2 ).l]kpj 2 A’l]kpj
j=1 j=1
and
k! i ) Altkp A ink
2 P * Uk I 1 pn
agi= Y il g ;
(ilkv"'vink)esz T 2 ).l]kpj 2 A’l]kpj
j=1 j=1

where k € N. The sum of these sequences is just the studied sequence in (2.56). Since
p1 > 0, we obtain from (2.66) that

A’ilkpl

lim ———— =1, (itks- - »ink) € S, (2.67)
> Alkp;
j=1
and )
Ak
lim ——PL —0, 2<i<n, (itg....im) €S (2.68)

k—o0 n )'l i
Zl *pj
j=

According to (2.65), the convergence is uniform for all the possible sequences in (2.67)
and (2.68), hence for every £ > 0 we can find an integer k¢, > ky such that for all k > kg,

Alikp, Alnkp,,

-6 <g <ti+e, (i in) €S (2.69)

n

S alkp; 5 Alp
j=1 j=1
Bringing in (2.58-2.59), we find that
P((Eiks--- Em) €SF) =€ —8e(k), keN,
and therefore, thanks to (2.58-2.59), (2.69) and the boundedness of g (|g| < m)
(1= e+ 3(0) (11— &) — (¢~ 5(k))m < al +a?

<(1—e+0k)(t1+e)+(e—0k)m, k>ke.
Consequently, by (2.60)

(1—¢€)(t1—¢€)—em< ligninf (aj +a}) < limsup (a} +az)

k—so0
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<(I—¢)(n+e&)+em,

and this proves the convergence claim (2.56).

The proof is now complete. |
The proof of Theorem 2.6.
Proof. (a) We have only to observe that for every fixed 1 <[/ <n
> )Lijpjxj
) 1 k! ; j=1
khmik 2 - ').’p,f — | =puf). (2.70)
= (A= D Shes, 1! $ Aiip,
j=1
The case p; = 0 is trivial.
To prove the case p; > 0, define the function
n
g% (1, tn) ER"1;>0(1<j<n), Dtj=1,—R
j=1
by
n
g(ll,...,tn) ZZf ZIij .
j=1
Consequently, the limit in (2.70) can be written in the form
k! 1 E ( 1 )"ll( A )"1
lim - -
kHwPl(il".',%)esk11!...1,1! (nJr).l) n+A—1 n+A—1
( 1 )"lﬂ ( 1 )f"g Alpy A"
— e — n . )t n .
Al nHASU T S £ a0p,
j=1 j=1
Now we can apply Lemma 2.7 with
1 A
i=—, 1< < j#1, and g = ——
q] n_i_x_l? _.]_nv J?éaan CIl n—f—)L—l
and
limg = f(x;), 1<I1<n.
€
(b) Elementary considerations show this part of the theorem.

The proof is complete.

The proof of Theorem 2.7.
Proof. The discrete Jensen’s inequality confirms that f is bounded on the set

n n
G::{ tix;eClt;>0 (1<j<n), thzl}.
j=1 j=1



2.3 PARAMETER DEPENDENT REFINEMENT OF DISCRETE JENSEN’S... 63

It is elementary that for every (ij,...,i,) € Sk
Al L, ifiy =k
lim —~—— — TR <<
A= (A —1) 0, if i <k

By the definition of the set S, (0,...,0,k,0,...,0) (the vector has Os in all coordinate
positions except the [th) is the only element of Sy for which i; =k (1 <1 <n). By using
the boundedness of f on G, the previous assumptions imply the result, bringing the proof
to an end. O

Suppose either (%%-%”2), and in this case let A > 1, or (%21-%22) and in this case let
A > 1 be a rational number. First, we give three special cases of (2.50).
@k=1,neNy:

3 pjxj+ (A= 1) pixi

7# n - | =t
Cl(l)*n_’_l_l;(l#»(ﬂ. Dpi)f I
b keN,n=2:
! o (* ' —i Alpixi + A% pyxy
G(A)=———= X ) (A p+2 < - . >
k( ) (A'+1)ki§%)(l)( p P2>f Alp1+lk”p2
©) p1 :-..:pn‘:%

1 K noo ~§i:1/1ijxj
GA)=——— Y — 7.(2“)]” S

k
n(n+A—1) G, Jqes, 10t

Assume further that f is strictly convex (strictly mid-convex). Then it comes from the
third part of the proof of Theorem 2.5 that

Ci(A) < Y pif(xj), keN, (2.71)
j=1

if not all x; are equal.
Iftpr=...=py:= % and f is strictly convex (strictly mid-convex), then the analysis
of the proof of Theorem 2.5 shows that

j=1

f (%ixj> :CO(A,) <C1(A,) <...<Ck(l) <...<%§n:f(x]'), ke N,
j=1

whenever not all x; are equal.
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If the inequality (2.71) holds, X is a normed space and f is continuous (see Remark
2.5), then Theorem 2.6 (b) and Theorem 2.7 insure that the range of the function A — Ci (1)

(k € N1 ) is the interval
[f(ZPj%'), ijf(xj)l.
=1 j=1

Conjecture 2.1 Suppose either (J4-76), and in this case let A > 1, or (F4-75) and in
this case let A > 1 be a rational number. The function . — Cr(A) (A > 1) is increasing
for every k € N.

2.3.2 Applications to Mixed Symmetric Means

We define some new quasi-arithmetic means and study their monotonicity and conver-
gence.
(#3) LetJ C Rbe aninterval, x := (x1,...,x,) €J", letp:= (p1,..., py) be anonegative
n
n-tuples such that Y p; =1, and let &, g : J/ — R be continuous and strictly monotone
i=1
functions. Assume A > 1.
We define the quasi-arithmetic means with respect to (2.50) by

1 k noo
D (2 Alip j> (2.72)
j=1

!
7]{ . .
(n+2A—1)" i Fhes, 1! in!

Mh,g(kvj'vxvp) = hil (

We now prove the monotonicity of these means and give limit formulas.

Proposition 2.1 Assume (3). Then
(a)
Mgy (X,p) = My g(0,A,x,p) < ... <My o(k,A,x,p) < ... < My(x,p), keN,

1

if either ho g~ ' is convex and h is increasing or ho g~ is concave and h is decreasing.

(b)
Mgy (X,p) = My g(0,A,X,p) > ... > M o(k,A,X,p) > ... > My(x,p), k€N,

1

if either ho g~ ' is convex and h is decreasing or ho g~ ' is concave and h is increasing.

(¢) Moreover; in both cases

]llm Mh7g(k,)L,X,p) - Mh(xap)

for each fixed A > 1, and
lim Mj, (k,A,x,p) = Mj(x,p)

A—soo

for each fixed k € N .
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Proof. Theorem 2.5 can be applied to the function o g™, if it is convex (—hog™!, if
it is concave) and the n-tuples (g(x1),...,g(x,)), then upon taking 2~!, we get (a) and (b).
(c) comes from Theorem 2.6 (a) and Theorem 2.7. O

As a special case we consider the following example.

Example 2.12 If J := (0,0), h :=In and g(x) := x (x € (0,%0)), then by Proposition 2.1
(b), we have the following inequality: for every x; >0 (1 < j<n),A >1,and k € N,

no. P BTy & ra s 2 )pr]
X (ntA—1)K t=tne
> Alipjx;
Enl x> =1 > T+
2. PiXj = I1 . N ij ’
=1 (i€ X Alip; =
j=1

which gives a sharpened version of the arithmetic mean - geometric mean inequality

n . ki lin! z Al i
i: n(n+/1 1) l n! =1
E A IXj

—_
=

> Hx]%
j=1

Supported by the power means we can introduce mixed symmetric means correspond
to (2.50) under the condition

(A43) Letx:= (x1,...,x,) and p := (p1, ..., pn) be positive n-tuples such that Z pi=1.
i=1
Assume (743), and let A > 1, and k € N. We define the mixed symmetric means with

respect to (2.50) by

MYJ(kaAwX;p)
1 k! R
= 2 - - lepj)
<(”+)L_1) (i1, es, it in! (jl
1
Al Ain
‘]MlY X1 »Xns 1.?1 yees Th p ,
2 )LlJpj 2 )L,ljpj
J= j=

if 5,7 € R and s # 0, and

<n+/1 l)klll ln (Z A'jpf)
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where t € R.
The monotonicity and the convergence of the previous means are studied in the next
result.

Proposition 2.2 Assume (753), let A > 1, and k € N. Suppose s, t € R such that s < t.
Then
(a)

M (x,p) = My, (0,A) > ... > My, (k,A) > ... > My(x,p), keN.
(b) In case of s, t #0
Jim My (k.2 x,) = M, (x,p)
for each fixed A > 1, and
)}iLI:QMSJ(k,/l,x,p) = M;(x,p)

for each fixed k € N.

Proof. Assume s, t # 0. Then Proposition 2.1 (b) can be applied with g, /1 : (0,0) — R,
g(x) :=x" and h(x) :=x*. If s = 0 or r = 0, the result follows by taking limit. a



Chapter

Further Refinements of
Jensen’s Inequality

The expression f;_’n given in Theorem 1.9 can be written as follows

1 1&
Nk Y f (; lex]-).
(") h Tk =1

jE 5 1<j<n

fk,n =
i

Inspired by this interpretation of ﬁm (x), Xiao, Srivastava and Zhang have obtained the
following result:

Theorem 3.1 (see [86]) Let C be a convex subset of a real vector space X, and {xy,...,xn}
be a finite subset of C, where n > 1 is fixed. If f : C — R is a mid-convex function, and

1 1 n
Fini= — 2 f 72@)@) , keNy, (3.1)
(nJl;flz) i1+ Hip=ntk—1 n+k—1 =
ijelNy;  1<j<n
then
(a)
1 S 1 n
FloXx | =Fins o S <Fuin <. < 3 f ().
Jj=1 “
(b)

Fk,ngfk,n; k6N+-

67
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The limit of the constructed increasing sequence is also determined. We recall this
result too:

Theorem 3.2 (see [86]) Let C be a convex subset of a real vector space X, and {x, ..., x, }
be a finite subset of C, where n > 1 is fixed. Suppose f : C — R is a mid-convex function.
Define the function g on the set

n—1
Eni{(I],...,l‘n])GRnl|ztj§1, thO,jl,...,nl} 3.2)
=

by

n—1 n—1
g(ll,...,lnfl) IZf(leXj—l— (1 — th>xn> .
j=1

j=1
If g is integrable over E,, then

klim Fk,n :Izim kal = (n— 1)!/g(l‘1,...,tn,1)dl‘1 codt, .
E"

In Theorem 3.1 and 3.2 the discrete uniform distribution is used. Recently, Horvith
has discussed in [34] some new weighted versions of Theorem 3.1 and 3.2 for convex and
mid-convex functions.

A method has been developed to refine the discrete Jensen’s inequality by Horvéth
given in Section 2.2. The results given in Section 2.2 include those considered in Section
2.1, but the method can not be applied to solve the present problem (details are given in
[33]). In Section 2.3, a different approach led to a parameter dependent refinement, whose
construction is similar to (3.1) in Theorem 3.1. However, the treatment of the problem in
Section 2.3 is totally different from that in [86].

First, we give the generalization of Theorem 3.1. Moreover, we compare the expres-
sions F ka,n and Gy, (see 3.3).

The following conditions will be used:

(A7) Let V be a real vector space, C C V be a convex set, X := (xp,...,x,) € C", and let
p :=(p1,...,pn) be a positive n-tuples such that §n‘, pi= 1.

i=1
(4) Let V be a real vector space, C C V be a convex set, X := (X1,.,Xn) € C", and let

n
p := (p1,..., pu) be a nonnegative n-tuples such that Y, p; = 1.
i=1
(%fg) Let f : C — R be a convex function.
(74%) Let f : C — R be a mid-convex function, and py,..., p, be rational numbers.

Theorem 3.3 Assume (4 ) and either (78) or (75). Define

Gk,n = Gk,n (X,p)

1 n ) 1 n .
= 2 <lepj>f m lepjxj' , keN;. (3.3)
( k—1 )i1+...+i,,:n+k71 j=1 > ijpj =l
;N 1<j<n j=1
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Then
(a)
n n
f (2 pjxj> =Gy <. <Gp<Grin < ... < Y pif(xj).
j=1

(b)
Fk,n < Gk,nv ke N+.

(c¢) If the numbers py, ..., p, are positive, then

Gin < fen, kENL.

so Gy, is the weighted form of Fy .
Next, we extend Theorem 3.2.

Theorem 3.4 Assume (7¢1) and (7), where n > 2. Define the function h on the set E,
(see 3.2) by

h(tl,...,tn,1)2 3.4)

1 n—1 n—1
/ n—1 n—1 .thpjxj+ - th Pnin
Y tipj+ (1 -3 fj) pn V! =
= =1

(a) The function h is convex on E,, and it is Riemann integrable over E,,.

(b)

Il
. 3
i
<
S
~.

+
/N
P
\

~. S
I\l
<
N—
=
N—

lim Gy, = lim f2, = n! /h(n veestyr)dty . dt,_ .
k—oo ’ k—oo” 7
Ell

Xiao, Srivastava and Zhang seems to have regarded it as evident that the proof of The-
orem 3.2 is valid for every integral concept. What does integrable mean in Theorem 3.2?
The proof of Theorem 3.4 actually uses the Riemann integrability of / over E,,, but then f
is essentially convex as the following result shows.

For a fixed subset {xi,...,x,} of C, only the restriction of f to the set

n n
sz{zotjxjeﬂ Yo=1, 0‘12071'21»---»”}
j=1 j=1

is important in Theorem 3.3 and 3.4.
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Lemma 3.1 Assume (J4) and (%), where n > 2. If the function h in (3.4) is Riemann
integrable over E,, then f is convex on the set

n n
ﬁ:Z{Zajxj€C| doi=1, ij>0»j=1»---»”}-
= =

3.1 Preliminary results and the proofs

Lemma 3.2 Let py,...,p, be a discrete distribution with positive p;’s (1 < j <n), and
let q1,...,qn be another discrete distribution. Then there is a discrete distribution ty, ... t,
such that ;
iDi .
———=gqi;, i=1,...,n 3.5)
2 1P

Jj=

Proof. At this proof the Perron-Frobenius theory comes into play (see [57]).
Suppose g; > 0 (1 < j < n). Consider the n x n matrix

q1 q1 ---
q2 q2 ---

qn 4n - -

q1
q2

qn

n
Since A is positive and Y, g; = 1, the Perron-Frobenius eigenvalue of A is 1. Then there
=1

Jj=

exists an eigenvector (vi,...,v,) of A corresponding to the eigenvalue 1 such that v; > 0
(1 < j<n). It follows that (vy,...,v,) is a positive solution of the system of equations
X
nl =qi, i=1,...,n. (3.6)
D X
j=1

It is easy to see that we can abandon the supplementary hypothesis on ¢; (1 < j <n):
if g; >0 (1 < j < n), then (3.6) has a nonnegative solution (v,...,v,) different from

(0,...,0). In this case

(V_l
P

is a solution of (3.5). We have from this that
1 v

n 3
Yi Pi
=17

ti =

Vi )
Pn

i=1,...,n
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is appropriate.
The proof is complete. O

Proof of Theorem 3.3 We introduce the following set:

n
Sk’ni{(i],...,in)ENi|2ijn+k1}, ke Ny,

Jj=1

(a) Since Sy, ={(1,...,1)}

f(z vav> =G
v=1

Gk,n < Gk+1,na ke N+-

Next, we prove that

Let k € N be fixed. First we note that

n+k—1 - n+k k
k—1 o k Jn+k’

and therefore

implies

(ilv----,l'n>esk+l‘" u=1

n 1 n
: Zivpv f 7 zivpvxv

Y iypy V=l
v=1
By introducing
ju::iu_lv lea"'ana (ila"'ain)ESkJr],n?

we have that

1 1 L&
Gk+1,n:@n—+k( > (vzljvpv+pu>

k—1 Jseeosn) €Sk | U=

1 n
f —> <2jvpvxv+puxu> . (3.7)

n
( levpv+pu =1
=
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It is easy to observe that

n n n
2 Ju (2 jvpvJFPu) = (n+k) 2 Jvpvs (J1se-vyin) € Skns (3.8)
u=1 v=1

v=1
and

n n n
Zju <2jvpvxv+puxu> = (nJFk) Zjvpvxw (jl?"'vjn) € Sk,n- (3.9)

u=1 v=1 v=1

With the help of the discrete Jensen’s inequality (either for convex or mid convex func-
tion) (3.7), (3.8) and (3.9) yield

1 1 n
Girin 2 T )y (n+k) Y, jvpv
(nk—l ) ntk (J15e+2Jn) ESkn v=1

1 n . n .
fl— > (2 JoPvxy +puxu>

(n+k) 21 Jvpy =t \v=l

y=

n 1 n
= ntk—1 2 (2 ijv) = 2 JvovXy | = G-

( k—1 ) (jla----,jn)esk,n v=1 2 ijV v=1
v=I

It remained to prove that

n

Gk,n < 2 pvf(xv), ke N..

v=1

We can apply the discrete Jensen’s inequality (either for convex or mid convex func-
tion) again, which insures

n 1 n
Gin = ) 2 <Zivpv>f i 2 P
k=1 ) (i1,0in) €S \v=1 Y, iypy v=1

v=1

2 zn: ivpvf (xv)

(n+k71) )
k—1 (i1 52e05in) €Sy V=1

= ntk—1 2 ' 2 ivp\)f(xv)7 ke N+.
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Since the set Sy, has ("Zﬁz) elements

1 " n+k—1
v f () = e ( )pvf (xv)
s, 2 e 2 e

n
= zpvf(xv)a keN;.
v=1

(b) Let m;(j) be the unique integer from {1,...,n} for which

m(j)=i+j—1 (modn), ij=1,...,n.

Then the functions 7; (i = 1,...,n) are permutations of the numbers 1,...,n. Clearly,
n
,leﬂi(j) =1 (i = 1, . ,n), and 7'1,',(]) = ﬂj(i) (i,j = 1,...,}1).
j=
Fix k € N,.. The previous establishments imply
S 5 (3 o
Fk,n = k—2 lvxv
(n;:fl ) (il,...,ln)GSk,, n+k 1 v=1 \u=1
1 1 1
) 2 f< — 2 (2 Py (v ’va>> = ntk—2
(nkfl ) (i15-3in) Sk ntk—1, (nkfl )
1 n n pT[
2 f I’l-i-k—lz Zp”u ZWZ n u . (310)
(il 7---7i11)esk.n u=1 2 pn-u
Noting that

2<mew>2mnwh
u=1

= w=1

the discrete Jensen’s inequality (either for convex or mid convex function) can be applied

in (3.10), and we get
1

(") (n+k—1)

Fk,n <

n n . n Py iy
Y X | XZruminf| X nL).x"

(it srrnin) €S u=1 | w=1 =1 % Pryw)iw
w=1
1 1 & n ) n Pr(v) iy
= k-1 ; 2 2 2 Dy (w) lwf 2 n Xy
( k ) u=1 (ilv---vin)esk.nwzl v=1 2 pﬂ:u(w)iw
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Since m, (u=1,...,n) is a permutation of the numbers 1,...,n, and 7, (S ) = Sk, (u =

1,...,n) we can see that for every fixed u € {1,...,n}

Pr,(v)lv
n Ay

M=

Y D Puwinf

(il 7---7i11)esk.n w=1

%

1 2] Pt (w)lw

w=

n 1 n
= 2 (2 ivpv) f n 2 Iy PyXy

(ila“':ill)esk,)l v=1 2 ivpv v=1
v=I

(c) Fix k € N,.. By the definition of Gy,

1 no 1 o
Gryin = T 2 (2 lvPv) f n 2 Ly Py Xy
( k ) (ilv---vi")esk+1.11 v=1 2 ivpv v=1
v=1

1 s (i(iv—l)pv—i-il’v)

v=I

=1 v=1

1 n n
(iV —1)pyx, + 2 PvXy
v

1 n
= ntk 2 <2ijV+1>
v=1

( k ) j1+---+jn:k

JrelN: 1<i<n
n .

1 n 21 JvPvXy n
Sl | Dip s+ X
21 Jvpy+1 =1 21 JvDv v=1

V= V=

In this situation the discrete Jensen’s inequality (either for convex or mid convex func-

tion) implies that

Giyin <
e
n 1 n n
2 Zjvpv = Zjvpvxv +f vaxv
Jit+.+jn=k v=1 D Jupy v=1 v=1
v=1

7eNs i<i<n
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1

n 1 n
= Ttk 2 <2jvpv>f n '
( k ) JitFjn=k \v=1 zljvpv v=1

V=

qeN: 1<i<n

(n+k 1) .
NCos (2“ )

From this, by means of Theorem 3.1, we get
1 (n+k 1)
Grevin < ( n+k (H' ntk—1 ))
N )

n 1 n
2 2 v | | -—— 2 JvPvXy | = B
i Tk A= S jupy i1
qeNy 1<i<n

Combining this and (a) yields finally
Gin < Gry1n < By k€N

The proof is complete.

75

O

Proof of Theorem 3.4 (a) E, is obviously a convex set, and by using the convexity of
f, some elementary computation shows that % is convex. Since f is bounded on the convex

set

n n
{206ij€)(|2de1, o >0, j:l,...,n},
=1 =1

h is bounded too. The convexity of & implies that it is continuous on the interior of E,. The
previous two establishments, together with the fact that the measure of the boundary of E,,

is 0, yield that & is Riemann integrable over E,,.
(b) Fix k€ N.
By the definition of Gy ,, elementary considerations show that

1 n . 1 n .
Gin = =7 > (2 lej) fl = Xiipx;
=

( k—1 )i1+...+i,,:n+k71
ije +5 1<j<n

Y ijpj =]
=1
| (n+k_2)n72
=n.
Kkt 1).. (ntk—3)
k kH1—ip k+2—(i1+i0p) n+k—2—(ij+...+iy_2)

DYDY 2

. A1
( +k— 2 i1=1 ip=1 i3=1 ip—1=1
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(o (-3t

n—1 . n—1 .
oo ij
.21 k=T PiXi T (1 - '21 n+k1> PnXn

j=

n—1 i n—1 i
.§1n+l£flpj+ 1721n+kl Pn

j=

f

Since 4 is Riemann integrable, the result for the sequence (Gk,n) follows from this and
from

i—1 i i

i=1

=1,...,k.
nJrku<n+k71<n+k727 B

Similarly, according to the definition of By ,, we have

1 L 1 <
Bk,n:m ' )y Yipi | | X iipixi

k—1 i+ tip=k \Jj=I Y ijpji=l
;eN: 1<j<n j=1
_ k=(i1+...+ip—2)
(k+1)n 1 k k—ijp k—(ij+iz)
=n! 2 2 2 2
(k+1)(n+k71) k+1 " lll =0ip=0 i3=0 in—1=0

n—1 . n—1,;.
n—1 - nel : > kpjxj+ 1— P2 IJ PnXn
lj lj j=1 j=1
(2;1’1‘*’(1_2;)%)]” , ,
=1 1 = n=l,.
/ Z’,ﬁpﬁ(lZ%)pn
Jj=1 Jj=l
By taking into account the Riemann integrability of 4 and

i i Q41
<lc L i=0,... .k
k+1 "k Sk+1 !

we have the result for the sequence (Bk7,,).

Proof of Lemma 3.1 Let

p:=min{py,...,ps}.

Then p > 0 and

n—1 n—1
thijr (1 — th) pn>p, (t1,...,ty—1) € Ep.
j=1 j=1
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Therefore, recalling the definition of &

1
<;h(l1,...,ln,1), (tlv---’fn—l)EEn- (3.11)

By Lemma 3.2, the function

1 pi

n—1 n—1
Xtipjt+ | 1= Xt pn
j=1 j=1

n—1
1— 2 tj | Pn
In—1Pn—1 j=1

n—1 7;171 n—1
lejpj-l- 1 - 210’ Pn Zlfjpj-F 1= Zlfj Pn
J= J= J=

(I],...,l‘nfl) —

)

ey

maps E, onto the set

n
{(ocl,...,ocn)eR"| Yoaj=1, o;>0, jl,...,n},
=1

Jj=

and hence (3.11) and the Riemann integrability of & over E, (h is bounded on E,) show
that f is bounded above on H. _
Since f is mid-convex, the function £ defined on E,, by

_ n—1 n—1
h(ll,...,tnfl) ::f<2tjxj~+ (1 - th> xn)
=1

j=1

is also mid-convex on E,. Because f is bounded above on H, & is bounded above on E,,.
These two properties of &, together with the Bernstein-Doetsch theorem (see [55]) give that
h is convex on the interior of Ej,, and therefore f is convex on H.

The proof is complete. |
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3.2 Applications to Mixed means

As an application we introduce some new quasi-arithmetic means and study their mono-
tonicity and convergence.
(#43) LetJ C R be an interval, x := (xq,...,x,) € J", let p := (py,..., pn) be a nonnega-
n
tive n-tuples such that Y, p; =1, and let 4, g : / — R be continuous and strictly monotone
i=1

functions.

Definition 3.1 Assume (/43). We define the quasi-arithmetic means with respect to (3.3)

by
1 1 L
Mpg(kxp)i=h"" | e Y ijp; (3.12)
( k—1 )i1+--.+in:n+k71 j=1
ij€N+; 1<j<n
1 1 <
(hog ™) | —— X ipigl) | |- keN.
X ipj =t
=

‘We now prove the monotonicity of the means (3.12) and give limit formulas.

Proposition 3.1 Assume (4). Then
(a)

Mg(x,p) = My o(1,x,p) < ... <My (k,x,p) < ... <My(x,p), k€N,

if either ho g~ ' is convex and h is increasing or ho g~

(b)

Mg(x,p) = My (1,X,p) > ... > My (k,x,p) > ... > My(x,p), k€N,

is concave and h is decreasing.

if either ho g~ ' is convex and h is decreasing or ho g~

(c) Moreover; in both cases

is concave and h is increasing.

klith,g(k7XaP) = 11171 n!/h(tl,...,tnfl)dt] dty |,
Ey

where the function h is defined on the set E,, (see 3.2) by

n—1 n—1
h(ty,... th1) = <ijpj+ (1 - 20’) Pn) (hog™")
j=1

j=1
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Proof. Theorem 3.3 (a) can be applied to the function o g~ !, if it is convex (—hog~!,
if it is concave) and the n-tuples (g(x1),...,g(x,)), then upon taking 2~!, we get (a) and
(b). (¢) comes from Theorem 3.4 (b). O

As a special case we consider the following example.

Example 3.1 If I := (0,0), h :=In and g(x) :=x (x € (0,0)), then by Proposition 3.1
(b), we have the following sharpened version of the weighted arithmetic mean - geometric
mean inequality: for every x; >0 (1 < j <n)and k € N

1 LA
_(n+k—l> jzl LjpPj

n
0 2 py ) e .
. j= pj
D P> I1 T = 11x
j=1 i1+...+ip=n+k—1 2 l/P/ j=1
ijEN+; 1<j<n 17
Moreover, by Proposition 3.1 (c)
| n
n . (H‘]f;k]l) 2 jPj
X ipjxj |\
. j=1
lim m
k—so0 . - .
i1+ tip=n+k—1 2 ijpj
;eNL 1gj<n j=1

= exp n!/l/l(tl,...,t,,,l)dtl coodt, R
En

where the function h is defined on the set E,, (see 3.2) by

n—1
l’l(l‘], - 1 <2tjpj <lztj> pn>
=1
1 n—1 n—1
.In ztjijjJr 1= D), t; | puxn

n—1 n—1 j=1 j=1

ztijJr 1- th Pn

j=1 =1
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Popoviciu Type Inequalities

In 1965 T. Popoviciu [67] has introduced a characterization of the convex functions of one
real variable, relating the arithmetic mean of its values and the values taken at the barycen-
ters of certain subfamilies of the given family of points. The inequality of Popoviciu as
given by Vasi¢ and Stankovic¢ in [77] (see also [69, p.173]) can be written in the following
form:

Theorem 4.1 Suppose that the conditions of Theorem 1.8 are satisfied. Then for n > 3
and2 <k<n-—1

N

k—
fl n(x p) f;z n(x p) (41)

fia(x.p) <

n—1
where fkl’n (x,p) is given by (1.8).

Corollary 4.1 ([52]) Let I C R be an interval, x € I", p be a positive n-tuples such that
Yt pi=1 andlet h, g : 1 — R be continuous and strictly monotone functions such that
hog™!is convex. We set xi; = g(x;;) and f = hog™Vin (4.1)to get

—k
-1

(ML (x,p3K) < (M. p) + - (M (x.p)).

S

Corollary 4.2 ([52]) Lets,t € R suchthat s <t, and let x and p be positive n-tuples such
that ¥\, pi = 1. Then we have

—k
—1

M. (x,p) + k—lM’(x p), (4.2)

M; ((x,p;k) <X I

N

81
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M, (x, p;k) > %Mi (x,p) + %MS (x,p), (4.3)
where M, (x,p;k) means M{,(x,p;k) in (1.48).
Proof. Let s,t € R such that s <t, if 5,7 # 0, then we set f(x) = x5, Xi; = xfj in (4.1) to
obtain (4.2) and we set f(x) = X, Xi; = xi.j in (4.1) to obtain (4.3).
When s = 0 or t = 0, we get the required results by taking limit. O

Remark 4.1 The unweighted versions of (1.48) and (1.46) were introduced in [58] with
their monotone property. Hence Corollary 1.6, Corollary 1.5, Corollary 4.2 and Corollary
4.1 are weighted versions of corresponding results given in [58].

4.1 Generalization of Popoviciu’s Inequality

Consider the Green function G : [, 8] % [0, ] — R defined as
o
G(t,s) = _(ng)(tfa) t S s S ﬁ (44)

The function G is convex and continuous w.r.t s and due to symmetry also w.r.t ¢.
For any function € C*([at, B]), we have

_ B—x x—a
7ﬁ—ah(a)+ﬁ—a

where the function G is defined in (4.4) (see [84]).

It is assumed in Theorem 4.1 that p; (i = 1,...,n) are positive real numbers. Now we
give the generalization of that result for real values of p; (i = 1,...,n) with ¥ p; = 1
using the Green function defined in (4.4).

h(B)+ / sy (s)ds, 45)

o

h(x)

Theorem 4.2 ([53]) LetnkeN, n>3,2<k<n-—1, [a,f] CR, x = (x1,...,%,) €
[e, B]", p= (P1s ..., Pn) be areal n-tuple such thatZI;-:lPij #Oforanyl <ij <..<ix<n

k
2 DpijXi;
and ¥, pi = 1. Also let = Ll [a, B] forany 1 < iy < ... < iy < n. Then the following

Jj=1
Statements are equl Valent.'

(i) For every continuous convex function f : [o, f] — R

—k k—1
Fen(%,B) € T frn (% D) 4+ = fon (X, D). (4.6)
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where

k
k ]Z‘lplfxlj
fk,n(xap) = 2 2 Pi; X
(kfl) 1<ij<..<ip<n \j=1 2 pz]

=1

(ii) For all s € [o, B]

n—k k—1
Gk,n(xvsvp) S n— lGl,n(X7Sap) + nTlG’lJl(X7sap)a (47)
where
Gk,n(xvsvp)

k
| k jzlpisz'j
::m 2 Zpij G % S s lgkgnv
k—

1) 1<iy<..<ix<n \ j=1

for the function G : o, B] X [0, B] — R defined in (4.4).
Moreover; the statements (i) and (ii) are also equivalent if we change the sign of inequality
in both (4.6) and (4.7).

Proof. (1)=(ii): Let (i) be valid. Since the function G(-,s) (s € [e, B]) is also continu-
ous and convex, (4.7) is a special case of (4.6).

(ii)=-(i): Let f : [, 8] — R be a convex function such that f € C?([e, 8]) and (ii) holds.
Then, we can represent f in the form (4.5). Now by means of some simple calculations we
can write

%f ( p)+ fnn(xp) fk,n(X»P)
( 4.8)

_11( ln X S»P)+%Gn,n(X»S»P) _Gk,n(xvsvp))f//(s)ds

I
Q%m

By the convexity of £, we have f” (s) > 0 for all s € [a, B]. Hence, if for every s € [ct, B],
(4.7) is valid, then it follows that for every convex function f : [ct, ] — R, with f €
C*([a, B]), (4.6) is valid.
Here we can eliminate the differentiability condition due to the fact that it is possible to
approximate uniformly a continuous convex function by convex polynomials [69, p.172].
Analogous to the above proof we can give the proof of the last part of our theorem. O

Remark 4.2 Note that in the case when p is a positive n-tuple, the inequality (4.6) gives
4.1).

Remark 4.3 Considern,ke N,n>3,2<k<n—1,[0,B] CR,x= (x1,...,x,) € [, B]",
p = (p1,...,pn) be a real n—tuple such that 2’;:1 pi; #0 forany 1 <i; <...<iy <nand

]ZI Pi; xzj

JEI pi

Y, pi = 1. Also assume that € lo,B] forany 1 <ij < ..<ip<n.
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If for all s € [or, B] the inequality (4.7) holds then from the above theorem we have

n—k k—1
Yg(f) = Yg(f,x,p) = mfl,n(xap) + mfn,n(xvp) _fk,n(xap) > 0.
Further, we give an extension of the inequality (6.4) in [69, p.174] by Popoviciu.

Theorem 4.3 ([53]) Letn,keN,n>3,2<k<n—1,a>0 x= (x,....x,) € (0,a]"
such that Y7 x; < a. If f: (0,a] — R is a function such that x — fsc—x), x € (0,d] is convex,
then

—k k—1
Fen(%) € 22 fin () + - fra (%), (4.9)

where
1

k
(1) 15i1<2<tk§nf (121 xij) .

Proof. For k =2 and n = 3 the result follows from inequality (6.4) in [69, p.174]. For
(n,k) # (3,2) the result comes from the case (n,k) = (3,2) and from Theorem 6.9 in [69,
p.176]. 0

fk,n (X) =

By analyzing the proofs of Theorem 6.5 and Theorem 6.9 in [69, p.174], we can give
another version of the previous result.

Theorem 4.4 LetnkeN, n>32<k<n—1a>0, x=(x,....x) € (0,a]" such
that ' 1 xi <a. Let 0 < a < 11312 xi. If f:(0,a] — R is a function such that x — fi—x),
I<n

x € [a,a] is convex, then (4.9) also holds.

Remark 4.4 Under the conditions of either Theorem 4.3 or Theorem 4.4

n—=k

W) = Wlkx,f) =

k—1
fia(x) + nTlfn,n(X) — fien(x) 2 0. (4.10)

4.2 Popoviciu Inequality for 2D-Convex Functions

The refinement of (4.1) is given in [63], while in [62] the integral form has been estab-
lished. In [53] the generalization of Theorem 4.1 is given for real values of weights p;’s by
using the Green function associated to second order differential operator with homogenous
boundary conditions. Motivated by Hlawka’s inequality (see [30]), in 2010, Bencze et al.
extented the Popoviciu’s inequality for functions of several variables [8]. For this purpose
they introduced a new concept of convex function, namely 2D-convex function. Every
2D-convex function is convex in the usual sense, but there are convex functions which are
not 2D-convex.
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Definition 4.1 Let U be a convex subset of a real linear space V. A function f : U — R
is called 2D-convex if it verifies the inequality

2 élpijxij 3
(C3) : > (2 ptj> =< '21 pif(xi)

1<i)<ip <3 \ j=I > pi. =
=

3
3 ;I piXi

+ (Z] Pi) fl1= ;
i=

3
X pi
i=1

forall x1,xy,x3 € U and p1,p2,p3 > 0, with p1 + p>+ p3 > 0.

For more than three points the 2D analogue of Jensen’s inequality is given in [8] as
follows.

Theorem 4.5 [f f: U — R is a 2D-convex function then

n

—k k—1
(Ck,n) : fk,n(xyp) < 1 fl ,n(Xyp) + nTlﬁz,n (va)v

n—

k
k E] PijXi;
> pi; | f ;
j=1

(,,,1) 1<i i< £
k—1) 1<ii<..<ix<n '2] pi;
=

where

Jin(x,p) :=

and x = (xX1,...,x) €U, n >3, k€{2,...,n}, andp = (p1, ..., pn) is a positive tuple.

In [8] the proof is given by mathematical induction. But here we prove Theorem 4.5
as a consequence of a more general result given by Vasi¢ and Adamovié [1]. After some
modification the result of Vasi¢ and Adamovic¢ [67] (see also [69, p.176]) is given as fol-
lows:

Consider D as a commutative additive semigroup and let £ C D be a non-empty set
satisfy the condition:

n k
ai€cEfori=1,..,nand ¥ a; €E= ¥ a;; € Eforl <ij <..<i<n
i=1 j=1

Further, suppose that G be a commutative additive group with total order (< is a total
order, satisfiesa < b = a+c < b+c;a,b,c € G).

Theorem 4.6 Forany giveng:E — Gand2 <k <n, let

n—k k—1
(Pk,n) : gk,n(a) < —gl,n(a) + —gn,n(a)a

n—1 n—1
where
1

gk,n(a) :gk,n(aly-"aan) = ﬁ 2 8 (2 aij>7
k—1

1<i|<..<ix<n j=1
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and a € E", §n‘, a; € E. Then
=1
a) (P»3) implies (Py),
b) For (k,n) # (2,3) (Pin) implies (P»3) if D contains additive identity ‘0’, 0 € E and
f(0)=0.

To apply Theorem 4.6, we make use of scheme introduced by Popoviciu in [67] (see
also [69, p.179)).

Let L be a real linear space and U be a convex set in L. Define a semi-group structure
on L x (0,00) (= D). The operation "+ is defined by

X+
X+Y=(x,p)+(np) = <u,p+q) ; X, YeD.

P+q

Obviously this operation is commutative and associative, also

n
Xi,.Xa EE= Y X, €E,
i=1
where E = U x (0,e0).
If f:U — Risa2D-convex and g : E — R is defined by

g(X)=pf(x); X=(x,p)€E,

then (Pk’n) becomes (Ck’n).
Hence by applying Theorem 4.6 (a), we get Theorem 4.5.

Remark 4.5 As0 < L,soif 0 € U and f(0) = 0, then from Theorem 4.6 (b) we have the
converse of Theorem 4.5.



Chapter

Refinements Including
Integral Jensen’s Inequality

The following refinement of the discrete Jensen’s inequality is proved in [20].

Theorem 5.1 Let C be a convex subset of a real vector space V, and let f :C — R

be a convex function. If ry,...,ry are nonnegative numbers with ry + ...+ ry = 1, and
Vi,...,Vx €V, then
k k
Vi, —i—...—l—vi’ )
XYl < Y ror f| ——— 5.1
~ ) n+1
1= I yeens l,H,l—l

IN
M~
:\
:\

L,
N =
=
+
eRE

+
=
Q
IN

k
Zr,'f(v,')., n>1.
i=1

Next result is taken from [17].

Theorem 5.2 Let C be a convex subset of a real vector space V, and let f:C — R be

a convex function. Let ry,...,r; be nonnegative numbers with ri + ...+ r, = 1, and let
Vi,.. oy Vi €V If p1, ..., pn are nonnegative numbers with p1 + ...+ p, =1, then
k k
Vip ...tV
f (Z riv,'> < 2 Fiy - Tinf (”T”) (5.2)
i=1 i1 yeein=1

k
< 2 Fiy o T f(P1vip 4 paviy) < Zr,'f(v,'), 1<n<k.
' i=1

87
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Inspired by (5.1) and (5.2), Horvath [31] established some new inequalities in a mea-
sure theoretical setting. We have some refinements of the classical Jensen’s inequality from
the results.

We need some facts from measure and integration theory from [31] (see also [29]).

Let the index set T be either {1,...,n} withn € N, or N,.

Suppose we are given a family {A; | i € T} of non-empty sets. If S is a non-empty
subset of T', then the projection mapping prg : X Aj — X A;is defined by associating with

i€T i€S
every point of x A; its restriction to S. We write for short pr’! for pr{Ti} ieT=A{1,...,n})
i€T
and pri” for pr{Ti} (ie T=N,). Similarly, if T =N, then pr{° , means pr{T1 ‘‘‘‘‘ K (ke Ny).

Consider the probability spaces (Y;, %, Vi), i € T. The product of these spaces is de-

noted by (Y7, 27 ,vT), ie YT := x ¥; and %7 is the smallest o-algebra in ¥ such that
i€T

each pr{Ti} is 7 — %; measurable (i € T). If T = {1,...,n}, then v7 is the only measure

on A" which satisfies

vI(By x ... x B,) = v{(B1)...va(By)

for every B; € %;. If T = N, then v is the unique measure on %’ such that the im-
age measure of v/ under the projection mapping pr{  is the product of the measures
Vi,...,Vk (k € Ny). We observe that (YT,,%’T,VT) is also a probability space. The n-fold
(n > 1or n =oo) product of the probability spaces (X,<7,u) is denoted by (X", o/, u™).
We suppose that the p-integrability of a function g : X — R over X implies the measura-
bility of g.

Theorem 5.3 ([31]) Let I C R be an interval, and let f : 1 — R be a convex function.
Let (Y;,B;,v;), i € T :={1,...,n} be probability spaces, and u; : Y; — I be a vj-integrable
function overY; (i € T). Assume py, ..., p, are nonnegative numbers such that ¥} | p; = 1.
If fou; is vi-integrable over Y; (i € T), then

n

1 Ypi /Midvi < /f <2Piui()’i)>dVT(y17~-~7yn) < Zpi/fouidvi- (5.3)
i 7 o i=1 =l

i=1

The next theorem corresponds to the asymptotic behavior of the sequence

1 n
/ f (; > m(yi)) avitm (i), neNy, (5.4)
n}

y il i=1
in some cases. (5.4) corresponds to the middle member of (5.3).

Theorem 5.4 ([31]) LetI C R be an interval, and let f : I — R be a convex and bounded
function. Let (Y;,B;,v;), i € Ny be probability spaces and u;: Y; — I be a square V;-
integrable function over Y;(i € N ) such that

/uidvi = /uldvl, i€N+, (5.5)
Y Y
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and

s

~.

1

1

5 [uiav; < (5.6)
Yi

Then

n—oo

1 n
lim f (; 2%‘()’1‘)) dvilmh iy oy = f /MldV1
i-1
{1,....n}

yil B 'l

The following result corresponds to (5.1) and (5.2).

Theorem 5.5 ([31]) Let I C R be an interval and let f : I — R be a convex function. Let
(X,A, 1) be probability space, u : X — I be a u-integrable function over X such that fou
is p-integrable over X. Assume py, ..., p, are nonnegative numbers such that 3} | p; = 1.
Then

(a)
£ [uan | < f(imu@»)du"(xl,...,xn)s foudy. 5.7)
Jr) < (2 /
(b)
n+1
(S o
xn+1 i=1
/f( xl)>d.u /f(ZP: xt>d.u X1yeeey X )
Xn i=1 Xn

(c) If f is bounded, then

lim_ f( Yulx ) (xtves) = f | [ udn
; —1

b% X

Suppose V := R and C := [ in Theorem 5.1 and Theorem 5.2. Then the inequalities
(5.1) and (5.2) can be obtained easily from the inequalities in Theorem 5.3 and Theorem
5.5, but Theorem 5.3 and Theorem 5.5 are in more general settings.

An application: As an application, we give some discrete inequalities.

Let I C R be an interval, and let f : I — R be a convex function on /. Suppose Y; :=
{1,...,ki} (i€ Ny), % is the power set of ¥; (i € N, ), and v;({j}) :==r;; >0 (i € N4,

ki
j=1,....k)suchthat ¥ r;; =1 (i € Ny). Letui(j) :=vij €I (i € Ny, j=1,....k;).
j=1



90 5 REFINEMENTS INCLUDING INTEGRAL JENSEN’S INEQUALITY

Suppose that for a fixed n € N, py,...,p, are nonnegative numbers with p; +... +
pn = 1. Now inequality (5.3) gives that

n ki n
f <2Pi (2 rijVij>> < 2 f <2pivij,-> Fljy - Tujy (5.9)
=1 \j=1 (jtseemsjn) €Y ok \i=1
<2pl<21rljf vlj))

=1
which generalizes (5.2) (except the second member).
If f is bounded on I and

Zrijvij:m, ieN,, (5.10)
j=1

and

8

1 (&
E (_er,-jv%j> < oo, (5.11)
j=

then it comes from Theorem 5.4 that

. 1
lim > =2 vii | rijeTnjy = fm).
e S S L

1

Especially, suppose f := —1In, p; >0 (i=1,...,n),r;; >0and v;; >0 (i e Ny, j =
,---,ki). Then (5.9) yields that

n ki n T1jy - Tnjn
—In (2171(2 rijVij>> <—In 11 <2piviji>
i=1 Jj=1 (s )Ey{l ..... n}
n k; . pi
< —In H vl;’
i=1 j=1

which shows the next inequality

n ki n rljl...rnjn
D pi (2 thVu> > (2 mw,;-) (5.12)
j=1 i=1

=1 (j17---7jn)€Y{l ..... n}

(1))

Further, if there are positive numbers a and b such that

1

a<v;;<bh, ieNy, j=1,....k,
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and (5.10) holds (obviously, (5.11) satisfies too), then

PN
Jim 11 (; 2%—) = m. (5.13)
(1 seerjn) €Y L} i=1

In order to proof the results as transparent as possible, we begin some preparatory
lemmas. First, we investigate the integrability properties of some functions.

Lemma 5.1 Ler I C R be an interval, and let f : I — R be a convex function on I. Let
(Y:, %, vi), i € T :={1,...,n} be probability spaces, and let the function u; : Y; — I be
vi-integrable over Y; (i=1,...,n).

(a) The function u; o pri is v! -integrable over YT, and

/uioprf’dvT:/uidvi, i=1,...,n. (5.14)
YT Y;

(b) If f ou; is also vi-integrable over Y; (i =1,...,n), then the function

fo<2p,-(u,»opr7)>, where p;>0 (i=1,....n), Y pi=1 (5.15)

i=1
is v1 -integrable over YT .

Proof. (a) Since the image measure of v/ under the mapping priisvi (i=1,...,n),
and u; is v;-integrable over ¥; (i = 1,...,n), we therefore get from the connection between
v -integrals and v;-integrals that u; o pr!* is v7 -integrable over Y7 (i=1,...,n), and (5.14)
holds.

(b) Since the range of u; is a subset of I (i = 1,...,n), the properties of the numbers
P1,--.,Ppnin (5.15) imply that the range of the function

n

ZPi(utOPV?)

i=1

is a subset of / too. Thus the domain of the function (5.15)is Y7

The function f, being convex on I, is lower semicontinuous on /, and therefore f is
measurable on /.

The measurability of the function (5.15) now follows from the above statements.

Let a be a fixed interior point of /. Now the convexity of f on I insures that

f@) = fla)+ fi(a)(t—a), 1€l

where f! (a) denotes the right-hand derivative of f at a. Using the previous inequality, and
the convexity of f again, we have

fla)+ fi(a) <_§nllpiui(yt)—a> <f (ip%(%)) (5.16)

< iptf(ui(yt))a 01y ovn) € YT

i=1
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By what has already been proved in (a) the lower bound for the function (5.15) in (5.16)
is v7-integrable over Y. The condition on f o u; ensures that u; can be replaced by f ou;
in (a), and thus the upper bound for the function (5.15) in (5.16) is vT-integrable over YT
too. These and the inequality (5.16), together with the measurability of the function (5.15)
on YT imply the v -integrability of the function (5.15) on Y7

The proof is now complete. |

We derive an analog of Lemma 5.1 for a sequence of probability spaces.

Lemma 5.2 Let I C R be a bounded interval, and let f : I — R be a convex and bounded
function on I. Let (Y;,%;,v;), i € T := N be probability spaces, and let the function
u; - Y; — I be vi-integrable over Y; (i € N.).

(a) The function u; o pr;” is vT.integrable over YT, and

/uiopr;»x’dvr = /uidvi, ieN;.
YT Y;

(b) If f o is also vi-integrable over Y; (i € N.), then for everyn € Ni

[ e (1 > uio pr:") ' = [ fo (1 Zuioprf‘> dvit-t, (5.17)
niZ iz

yT yil...n}

Proof. (a) We argue as in the proof of Lemma 5.1 (a).
(b) According to Lemma 5.1 (b), the function

1 & ,
fo (lelluiopr§>

v -integrals and vi!-"}-integrals gives (5.17).
The result is completely proved. O

The next result is simple to prove but useful.
Lemma 5.3 Let (X, o/, 1) be a probability space, and let u : X" — R be a u"-integrable

function.

(a) Let m be a permutation of the numbers 1,...,n, and let the mapping T : X" — X"
be defined by

T<x1a e 7xn) = (xn(l)v s axn:(n))'
Then the function uo T is u"-integrable on X" and

/MOTd[.Ln = /udu".

xXn )'(n
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(b) If 1 <i<n,then

/udu": / /u(xl,...,xn)du(x,-) d,unfl(xl,...,xi,l,xiﬂ,...,xn).

Xn xn—1 X

Proof. (a) Let T(u") be the image of u" under the mapping 7. Since T(u") = u", the
result follows from the connection between u"-integrals and 7'(u")-integrals.
(b) We have only to apply (a) and the Fubini’s theorem. O

The last result that we discuss corresponds to the laws of large numbers.
Lemma 5.4 Let I C R be an interval, and let p : I — R be a function on I, which is
continuous at every interior point of I, and bounded on I.

(a) Let (Y;,%;,vi), i € T := N, be probability spaces, and let u; : Y; — I be a square
vi-integrable function over Y; (i € N.) such that

/u,'dV,'Z /uldvl, iEN+,

Y; r
and
S 5 [ v <o (5.18)
=11 7
Then

n—oo

ylle - Y

. 1 &
lim p (; 2“1’()’1‘)) dv{l"""l}(yl,...,y,l) =p /uldw
{1,...n}

(b) Let (X, </, 1) be a probability space, and let u: X — I be a l-integrable function
over X. Then

. I &
lim [ p (; 2u(x,)> du"(xy,...,xp) =p /udu
i=1

n—oo
Xn X

Proof. (a) Since u; is a square v;-integrable function over Y;, u; is v;-integrable over
Y; (i € Ni). From Lemma 5.2 (a) we obtain that u; o pri> and u? o pre° (i € N.) are v7-
integrable over Y7, and

/uioprfdvT :/u,-dv,»:/uldvl, (519)
YT Y n

and
/ o predvt = / W2dv,. (5.20)
YT Y;
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If V(u; o pry”) means the variance of the random variable u; o pri° (i € N.), then by using
(5.19), (5.20) and (5.18), we have that

. o 1
——tr = 2 > /uizd\/i— /uldvl < oo,

It is easy to verify that the random variables u; o pr;° (i € N, ) are independent. Now, Kol-
mogorov’s criterion (see [7]) implies that the sequence (u; o pr{”); eN, of random variables
obeys the strong law of large numbers, that is

1 n
lim — 2 ujopr; = /uldvl vT -almost everywhere on V& (5.21)
e

Yy

If [uydvy is an interior point of 7, then the continuity of p at [u;dv; and (5.21) yield
r Y
that

1 n

lim po (— Y ui oprf) =p /uldvl vl -almost everywhereon Y7.  (5.22)

noee niz
Yy

Suppose / uidv is either the left-hand endpoint or the right-hand endpoint of /. In
i
either case
u; = /uldvl v;-almost everywhereon ¥; i€ N4,
Yy
hence
ujopr; = /uldvl vT -almost everywhereon Y7, ie N,
n
and this justifies (5.22).

Since p is bounded on I, it follows from (5.22) and Lebesgue’s convergence theorem
that

1 n
lim [ po (—2u,~opr§°> avl =p /uldvl \
nee iz

YT ]

thus we can apply Lemma 5.2 (b).

(b) In this case the proof of (a) also works if instead of Kolmogorov’s criterion Kol-
mogorov’s law of large numbers (see [7]) is used, since the random variables u o pr;”
(i € N, ) are independent, v7 -integrable over Y7, and identically distributed.

The whole theorem is proved. O
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Proof of Theorem 5.3 By Lemma 5.1 (a) and (b), the functions

Y pi(uiopr!) and fo (2Pt(uiopr7)>

i=1 i=1

are v’ -integrable over Y7. An application of the integral form of Jensen’s inequality (see
Theorem 1.6) yields that

S pifuioprt) | dv” o (S pitwoprt) JavT )
f z<i21p( p)>dv S/(f <'1p( P))d">

YT !

The first inequality in (5.3) follows from this, by (5.14).
It remains to prove the second inequality in (5.3). By Lemma 5.1 (a) (replaced u; by
fou;), the function f o (u;0 pr?) is v! -integrable over Y7 (i =1,...,n), and

/fo (ujo pr)dv’ = /fouidvi.
;7 ;
Applying this and taking account of the convexity of f on I, we calculate

/f(ipi%‘()’i)) dv’ (yi,...,yn) S/ipi.f(ui(yi))dVT(yl,---,yn)
yT i=1 yT i=1

M=

i=1

pl-/fou,»dv,-,
Y;

and this completes the proof. m]

Proof of Theorem 5.4 This is an immediate consequence of Lemma 5.2 (b), since f is
continuous at every interior point of /. ]

Proof of Theorem 5.5 (a) This is an immediate consequence of Theorem 5.3.
(b) Since f is convex on /

/ 1 n+1 o
f u(xi) d»u’n ()C],...,X +l)
ntl5 ’

xn+l
1 n+1 1 .
- / f n+1 2 n 2 u(x;) | Jdu" (X1, X0g1)
xn+l i=1 je{l,...n+1}\{i}
- S u(x; XlyennsXptl)-
n+ LI\ e g

xn+l
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By the Fubini’s theorem (see Lemma 5.3 (b)), the right-hand side of the previous inequality
can be written in the form

n+1
n+1 / /( > (xj)>du(x,-) AW (X1 X1 Xi s 5 Xt 1)
M je(t ot 1\ {i}

X)l .....

s

(xj)> d[.t"(xl,. vy X1y X1y e e 7-xn+1)
" jequ.. +1}\{}

/ ( Zu xl>du X1,- xn),
X"

confirming the first inequality in Theorem 5.5 (b).
Finally, we prove the second inequality in Theorem 5.5 (b). Let 7;(j) (i,j =1,...,n)
be the unique number from {1,...,n} for which
mi(j)=i+j—1 (mod n),

Then the functions 7; (i =1,...,n) are permutations of the numbers 1
n

,le”i(j) =1 (i: 1,...

j=

,n), and 7'L','(j) = ﬂj(i), iLhj=1,...,n.
The convexity of f on I implies that

/f (%iu(x,)) d:un(xlw"vxn) (5.23)

iLj=1,...,n.

.,n. Clearly,

i=1

It follows from Lemma 5.3 (a) that

/f (2 pn:j(i)u(xi)> d“n(xl e 7xn)
PN

/ (21% xz>du Xloooxn), (G=1,....n).
Xn

This fact and (5.23) yields the result, bringing the proof to an end

(c) It comes from Lemma 5.4 (b), since f is continuous at every interior point of /



5 REFINEMENTS INCLUDING INTEGRAL JENSEN’S INEQUALITY 97

Remark 5.1 From Theorem 5.3, we can write

Yio(f) = Yio(f,pu) := il Ptyffouidw— If (ilpiui(Yi))dVT(Yh---a)’n) >0,
= f yT =

Y1 (f) =Yu(f,pu) = ff(Z piui(y i))dVT(YIa---»Yn)_f<§:1pii[uidvi> >0,
yT i=1 1= f]

l

le(f):le(f,p, ) szffoudvz f(Z sz”dvz> >0,

where u:= (uy,...,up).
From Theorem 5.5 (a), we can write

Vi) = Yiatr )= [ 1 ( & pa) ) s f ( fudu) =0
Tia(f) = Yra(Fopote) im ffoudv—ff(zp, (x >)du"<x1,.,xn>z

xn i=1

Yis(f) = Yis(f ) = | foudv— (.Xfudu) >0,

Remark 5.2 The first inequality in Theorem 5.5 (b) provides the generalization of Theo-
rem 1.12 which is utilized in [6] to give the log-convexity and in [52] to give exponential
convexity for two classes of convex functions stated in Remark 1.4.

5.0.1 Mixed Symmetric Means Related to Theorems (5.3-5.5)

We need the following condition:
(%) Let (Y;, %B:,vi) be probability spaces, and let u;: ¥; =R be a measurable function
(i=1,...,n). Suppose p = (p1,..., pn) is @ nonnegative n-tuples such that 3}, p; = 1.
The product of the probability spaces (Y;, %;,v;) is denoted by (Y7r, 2% vTn),
Assume (), and let u; be positive (i =1,...,n). By using (1.44) and (1.45), we
define weighted power means and mixed symmetric means as follows:
For every (y1,...,y,) € YT

MY (Ml,.-.,lln,l)) (yl)"'vy”) = MY (M] (yl)v"'vun (yn) 7p) .

Let r,s € R, and suppose u; is v;-integrable if s # 0, and logou; is v;-integrable if s =0
(i=1,...,n). Then define

1
an)) ) V#O,

P (ui,vi), r=0.

(i
Mr,s (Mh Mmp i=1
13

Let r,s € R, and suppose u; and u} are v;-integrable if s,r # 0, and logouy; is v;-
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integrable if eithers =0orr=0 (i =1,...,n). Then define

1
([ Myr (u]7'~'7u117p)dVT"> , r?é(),
Mr,s (Ml,...,un,p) = yTn

exp(f long(ul,...,un,p)dvT’l>, r=0.
Y

Tn

(5.24)

We can establish the relations among these means as an application of Theorem 5.3. It also
follows that the integrals in (5.24) are finite.

Corollary 5.1 Assume (), and let w:= (uy,...,u,) be positive. Let r,s € R, and sup-
pose u; and uj are V;-integrable if s,r # 0, and logou; is v;-integrable if either s = 0 or
r=0(=1,...,n). If s <r, then we have

My, (u,p) < Mys (u,p) < M, (u,p), (5.25)

Mr,r (ll, p) > ]qs,r (U,P) > MS‘,S (U,P) . (5.26)

Proof. If r,;s # 0, we set f(x) = x5 (x> 0), u; =u;* in (5.3) and raising to the power %,

then we get (5.25). Similarly, we set f(x) = x7 (x > 0), u; =u;" in (5.3) and raising to the
power %, then we get (5.26).
When s = 0 or r = 0, we get the required results by taking limit. O

Corollary 5.2 Ler (Y;,%;,v:), i € Ny be probability spaces, and suppose u; : Y; — R
(i € N.) are positive and measurable functions with a common upper bound. Let 0 < s <r.
If
/ufdvi = /u{dvl, ieNg,

Y; Y
then
.~ 1 ~
lim Mr,s ULyeeoyUn,— :M_y(M],V]),
n—oo n
1 1 1
where o denotes the n-tuples (;, ety 7;)'
If
/ufdvi = /l/lqdvl, ieNy,
Y; )

n—oo

.= 1 ~
lim M, , ey Uy =M, (u,vy).

Proof. u is obviously vj-integrable for all 7 > 0 (i € N). We can apply Theorem 5.4
taking into account the proof of Corollary 5.1. O

We also need the following hypothesis:
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(24) Let J C R be an interval, and let &, g : J — R be continuous and strictly monotone
functions.
Assume (7%) and (5%7), and let u;: ¥; —J (i = 1,...,n). Then quasi-arithmetic means can
be defined as follows:

For every (yi,...,yn) € YT

Mg (M],...,Mn,p) (yl7"'7y”) = Mg (Ml (y]),...,btn (yn)vp)

Let g ou; be v;-integrable (i = 1,...,n). Then define

Mg(”ly JUn,P) = Zp,/goudv,

Let g ou; and hou; be v;-integrable (i = 1,...,n). Then define

Mg (11, oot p) = ! /h(Mg(ul,...,un,p))dvT" . (5.27)

Tn

The monotonicity of these means are described in the next result. We have that the
integral in (5.27) is finite too.

Corollary 5.3 Assume (%) and (%), and let u;:Y; —J (i=1,...,n). Suppose gou;
and hou; are vi-integrable (i = 1,...,n). If either ho g~ ' is convex and h is increasing, or
hog~'is concave and h is decreasing, then

My (t1, ety P) < My g (1o tiny ) < My, (1, s, P) (5.28)

while if either g o h™" is convex and g is decreasing, or go h™ is concave and g is increas-
ing, then

1\7Ih (t1y.eeytin,p) > ]l7lg,h (1, .o n, P) > My (ug, ..., 1y, P). (5.29)

Proof. By exchanging f for hog™! and u; for gou; in (5.3) and applying 2~!, we

obtain (5.28). We also exchange f for g o h~! and u; for hou; in (5.3) and apply g~ (5.29)
is obtained. ]

Corollary 5.4 Assume (5%7). Let (Y;,%;,v;), i € Ny be probability spaces, and suppose
u; : Y; — J (i € Ny) are measurable functions.

(a) Suppose that either ho g~ is bounded and convex and h is increasing, or ho g™\ is
bounded and concave and h is decreasing. If gou; is square vi-integrable (i € N), and

/goudv,—/gouldvl, ie Ny,
Y Y
and
1
—Z/gou dv; < oo,
Y

i

™M

~.

1
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then
1 _
llth ooy Uy = Mg (ur,vi).

n—oo

(b) Suppose that either goh™" is bounded and convex and g is increasing, or goh™! is
bounded and concave and g is decreasing. If hou; is square vi-integrable (i € N.), and

/houidvi:/houldvl, ieN,,

Y )

and

|

2 3 / (hou;) d Vi < oo,

i=1! ¥,
then

1 ~
’}gl;loMgh ULy ooy Uy = =My, (ur,vr).
Proof. Apply Theorem 5.4 taking into account the proof of Corollary 5.3. O

We consider the special case of (%) when the measure spaces (V;,.%;,v;) are equal.
(%) Let (X,.o/, 1) be a probability space, and u : X — R be a measurable function.
Suppose p = (pi, ..., pn) is a nonnegative n-tuples such that 37 | p; = 1.
_ In this case simplified notations will be used to the introduced means: for example,
M, (u,p) means M, (u,...,u,p).

Corollary 5.5 Assume (), and let u be positive. Let r,s € R, and suppose u® and u” are
u-integrable if s,r # 0, and logou is u-integrable if either s =0 or r = 0. If s <r, then
we have

M (u,1t) < My (u,p) < M, (u, 1),

and

Mr(”».u) ZMs,r< aP) ( nu)
Proof. Apply Theorem 5.5 (a) and follow the proof of Corollary 5.1. O

Corollary 5.6 Under the conditions Corollary 5.5, we have

~ 1 ~ 1 ~

Mr,s u’n+1 SMr,s M»H SMr,s (u,p),
. 1 ~ 1 ~
MS,F M,n—H ZMS,}” M,H ZMSJ (M,p)

Proof. Apply Theorem 5.5 (b) and follow the proof of Corollary 5.1. O

and
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Corollary 5.7 Let (X, ,u) be a probability space, and let u: X — R be a positive,
measurable and bounded function. If 0 < s <, then

. iy 1 " 7
lim Mr’s (M, H) = M; (“mu) )

n—oo

~ 1 ~
lim M, (u, —) =M, (u,u).
n—oo n

Proof. Apply Theorem 5.5 (c) and follow the proof of Corollary 5.1. O
Corollary 5.8 Assume (%) and (74), and let u:X —J. Suppose gou and hou are

u-integrable. If either ho g~ ' is convex and h is increasing, or ho g~ is concave and h is
decreasing, then

Mg (uhu) < Mh,g (M,p) < Mh (u,u),

while if either g o h™ is convex and g is decreasing, or go h™ is concave and g is increas-
ing, then

Mh (uhl’,’) 2 Mg,h (l/l,p) 2 Mg (M”LL) .

Proof. Apply Theorem 5.5 (a) and follow the proof of Corollary 5.3. O

Corollary 5.9 Assume (%) and (), and let u:X —J. Suppose gou and hou are
u-integrable. If either ho g~" is convex and h is increasing, or ho g~ is concave and h is

decreasing, then
~ 1 _ 1 ~
My | u, nrl <Mpg | u, 0 < Mg (u,p),

while if either g o h™ is convex and g is decreasing, or go h™ is concave and g is increas-

ing, then
~ 1 ~ 1 ~
Mg,h u’n—+1 ZMg,h M»H ZMg,h (u,p)

Proof. Apply Theorem 5.5 (b) and follow the proof of Corollary 5.3. O

Corollary 5.10 Let (X, .o/, 1) be a probability space, and let u : X — R be a measurable
function. Assume (). If either ho g™ is bounded and convex and h is increasing, or
hog~'is bounded and concave and h is decreasing, then

tim 4y, (1, L) = 4, (u, )
nLn:l-a h.g uan - gua.ua

while if either goh™" is bounded and convex and g is increasing, or goh™" is bounded and
concave and g is decreasing, then

~ 1 ~
lim Mg,h (M, H) =M, (M,,LL) .

n—oo

Proof. Apply Theorem 5.5 (c) and follow the proof of Corollary 5.3. O
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5.1 New Refinement of Classical Jensen’s
Inequality

Consider t: = (11,...,t,—1), where #; € [0,1] (n > 2). Then the following interpolation of
the classical discrete Jensen’s inequality was proved by Pecarié:

Theorem 5.6 ([65]) Let C be a convex subset of a real vector space V, and let f : C — R
be a convex function. Suppose x = (x1,...,x,) € C", and p = (p1,...,Pn) is a nonnegative
n-tuple such that Y}, p; = 1. Define

Fok = Fuxk(X,p,t, f) =

n n k—1 _
Y 'leil "'pikf (xil (1 —l‘l) + leij(l —tj+1)t1...tj +xt1...tk>;
j=

i1=1 1=

_ n
fork=1,....n—1, where x = Y, pixi. Then
i=1

=

n
f ('21 Pixi) <fr < fu2 <o < funa1 <
iz

n
<

B

n n—2
.leil...pinf (x,-l(l 7[1) + leij(l 7tj+])t]...l‘j er,-,ltl...tn])
j=

1 =

I

n
< Z] pif(xi).
i=
We generalize this result for integrals.

Theorem 5.7 ([51]) LetI C R be an interval and let f : I — R be a convex function. Let
(X,A, 1) be probability space, u: X — I be a p-integrable function over X such that f ou
is u-integrable over X. We define
k=1 .
Qn’kiif f((l 7[])14()“) + 2 (1 7tj+1)l‘1 ...tju(xj) +t1...tk12)d,u (x1 s ...xk),
Xk =

where u: = [udu andt; € [0,1]i=1,..n— 1. Then
X

f(){ud:u) S Qn,l S Qn,2 S S Qn,nfl S

< LA —tl)u(xl)#fi?(l e ) (X)) & et ) YA (51 )
n j:

< [foudu.
X
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Proof. By using the integral Jensen’s inequality and integrate with respect to u, we
have:

[ foudn =

-
Xf"<(1 —tl)f(u(xl))+j§] (U=t 0 )0t () A1ty (1)) )™ (1 )
> [ (1= n)utn) + E L=ty )) 0ot ju () 11ty 100 )AL (X1 )
> [ A+ 5 (0 () 0t 5,
>

> [S((1=n)ulxr) +nu)dpux) > f(J udu).

Remark 5.3 From Theorem 5.6, we write
Yi6(f) = Yi6(f,x,p,t) := Z pif(xi)—

n n

Y o X pipePinf (i (1—=11) + 2 xz]( —tjp )it Xt 1)

=1 i=I

>0,

Y‘17(.](‘) = Y17<f,X,p,t) = .glpif(xl') _fn,k > 07 k= 1,...,7’1— 17

Y]S(f 18(faxap’t) 3:fn,k_f(2 szz) 207 kzl,...,l’l,—l,
i=1
Yio(f) = Yio(f,x,p,t) :=
n n n—2
'21 2 p,l pi,,f(xil(lftl)‘i’ 'zlxij(l7tj+l)tl-~-tj+xi,,t1-~-tnfl)
1= : Jj=

-f ( > plxl) 0.
From Theorem 5.7 we write
Ya2o(f) = Yoo(f,tu) := [ foudu—
X

xn
>0,

YZl(f) :YZ](f,t,l/l) = ffoud;u’ 7Qn,k Z 07 k= 17"'7’17 17
X

Yoo (f) = Yoo(f.tu) := Q,,7k—f(/udu) >0, k=1,...,n—1,

X

f f((l 7[])M(X1) +"i?(1 *l‘jJrl)l‘l...tju()Cj) +t1...t,,,1u(xn))du"(x1,...xn)
j=
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Y23(f) = Yo3(f tu) : 22

X{l f((l )u(xl ) —+ j§1 (1 — tj+])t] ...tju(xj) + 1 ...tn,lu(xn))du"(xl s ...xn)

—f(Judu) > 0.
X

5.1.1 Mixed Symmetric Means Related to Theorem 5.7

(%) Let (X, 7, 1u) be a probability space, and u : X — R be a measurable function. Let
t:=(t1,...,0n—1), where z; € [0,1] (n > 2).

Assume (J%43), and let u be positive. Then associated to the core term of Theorem 5.7,
we define mixed means as follows:

Let s € R, and suppose u® is pu-integrable if s # 0, and logou is u-integrable if s = 0.
Fork = 1,...,n— 1 and for every (xi,...,x;) € X*

M (u, t,k) (xq,...,x¢) ==

1

s

k—1 ~
((1 —tl)us(xl) + 2 (1 —tj+1)t1...tju5(xj) +t1...lkM§(u,,LL)> , 8 #£0,

J=1

(I —11)logu(x;)+

exp | k! ~ , s=0.
' 1(17t1+l) tjlogu(xj)thl tkIOgMo(u,M)
j:

Letr,s € R, and suppose u* and u” are u-integrable if s,r # 0, and log ou is y-integrable
if either s =0 orr=0. Fork=1,...,n— 1 define

(f M?(u,t;k)du"> : r#0,
M, s(n,k,u,t) = \X*

exp (f long(u,t;k)d,uk> , r=0.

Xk
Corollary 5.11 ([51]) Assume (7%). Letr,s € R, and suppose u® and u” are u-integrable
if s,r #0, and logou is u-integrable if either s =0 orr=0. If s <r, then

M (u, 1) < Mys(n,1,u,t) < ..o < Myg(non—1,u,t) < My (u,t) < M (u, 1),

and
]l7lr(u,,u) < ]l7lsfr(n, Liut)<..< Mg,r(n,nf Liut) < ]l7lsfr(u, t) <M ( Ju).
Proof. Apply Theorem 5.7 and follow the proof of Corollary 5.1. O
We need

(%) Let J C R be an interval, and let &, g : J — R be continuous and strictly monotone
functions.
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Assume (%) and (247). Then using Q) x from Theorem 5.7, we define the generalized
means as follows:
Let g ou be u-integrable. For k = 1,...,n — 1 and for every (xq,...,x) € X*

Mg (u,t,k) :=

gfl <(] —tl)g(u(xl))—l—kil (1 —th)tl...tjg(u(xj))+t1...tkg(]\7lg(u))> .

j=1

Let gou and hou be u-integrable. Fork=1,....n—1
th(nkut /h (u,t,k))du* |,

Corollary 5.12 ([51]) Assume (543) and (7). Suppose g ou and hou are U-integrable.
If either ho g™ is convex and h is increasing, or ho g~ is concave and h is decreasing,
then

My (u, 1) < M g(n, L, t) < oo < My g(n,n— 1u,t) < My o (u,t) < My (u, 1),

while if either g o h™ ! is convex and g is decreasing, or g o h™ ' is concave and g is increas-
ing, then

Mh(u,u) < Mg,h(n, Lut)<..< Mg,h(n,n —1,u,t) < 1\7Ig7h(u,t) < 1\7Ig(u,,u).

Proof. Apply Theorem 5.7 and follow the proof of Corollary 5.3. O

Remark 5.4 Similarly to Corollary 5.11 and Corollary 5.12, we can give the results for
Theorem 5.6 and those will be special cases of Corollary 5.11 and Corollary 5.12 with
discrete measure.

5.2 Another Refinement of integral form of Jensen’s
Inequality

For the results from integration theory see [29].
We consider the following conditions:

(Cy) Let (X, o, u) be a o-finite measure space such that u(X) > 0.
The integrable functions are considered to be measurable.

(Cy) Let ¢ be a positive function on X such that [ odu = 1.
X
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In this case the measure P defined on <7 by
P(A) = / odu
A

is a probability measure having density ¢ with respect to . An ./-measurable function
g : X — R is P-integrable if and only if g¢ is u-integrable, and the relationship between

the P- and u-integrals is
/ gdP = / godu.
X

X

(C3) Let k > 2 be a fixed integer.
The o-algebra in X* generated by the projection mappings pry, : X — X (m=1,... k)
Prm (X1, X)) = X

is denoted by 7%, p* means the product measure on .7*: this measure is uniquely (u is
o-finite) specified by
UEAL X XA = (A (A, Aned, m=1,... k

We shall also use the following projection mappings: for m = 1,...,k define pr” : X¥ —
kal by
Pr™ (X1, k) = (X0 e e e X 15 Xt Ly e+« 5 Xk ) -

For every Q € &% and for all m = 1,.. .,k the sets

Qm,x = {(xl,...,xm,l,xmﬂ,...,xk) GXk71 |

(X1, s X 1, X, Xt 15 -+ -5 %) € QF
and
Ot oot 1ot = AXEX | (X151, X, Xt 15 - - - X)) € O
are called x-sections of Q (x € X) and (X1,...,Xu—1,%u+1,..-,X)-sections of Q

(X1, s Xm—15Xms15- - -, Xx) € X¥71), respectively. We note that the sets Oy, lie in &/¥ !,
while Qxl seeoXm—15%mA4-15-+ Xk € A .

(Cy) Let S € o7% such that
(1)
k
prm(S) €/, m=1,...k and | prm(S)=X, (5.30)
m=1
and
(ii)
k
I(x):= 2 Btk (Smx) €10,00[, x€X,

m=1



5.2 ANOTHER REFINEMENT OF INTEGRAL FORM OF JENSEN’S INEQUALITY 107

where f,. .. By are fixed positive numbers.

We stress that the first condition in (5.30) is necessary. For example, there exists a
Borel set in R? whose image under the first projection map is not a Borel set in R (see
[50]). The function [ is /-measurable.

Under the conditions (C;)-(Cy4) we introduce the functions y : X — ]0, ]

o Bio(v)

Y (xex) = Y

12:11 l(xj)

and y': XK1 10,00 (i=1,...,k)

: S B (x))
l[/l XlgooosXim13Xig1yeeey Xg) i = ] /
( i i+ ) jg l(xj)

J#i

Since

v is o/*-measurable. Similarly, y' (i = 1,...,k) is &/*~!-measurable.
(Cs) Suppose pr(S) € %1 (m=1,...,k).
Theorem 5.8 Assume (Cy)-(Cs). Let f: X — R be a P-integrable function taking values

in an interval I C R, and let q be a convex function on I such that qo f is P-integrable.
Then

(a)

a| [rap| =a| [ rodu | <n
X b

o 1 S Bio(x))
'_S/CI(W(M,...,xk) 2 Jl(xj)j f(Xj)> W(th.’Xk)duk(x““’x}{)

=1

< /(qof)wdu = /CJOfdP
X X
(b) If (Cs) is also satisfied, then

1 k
al [rar) =al [roan| <mzni =% [
X X rs)
1 S Bio(x))
S . . i J J X
H( x"""xhl’x’“’""xk)q y! (th,xtfl,xm,--ka)jgl l(x;) S)

J#i
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kfl(

i
L4 (-xla"'vxiflaxilea"'7xk) d.u x17---,xi717xi+17---’xk)

< [@eoredu= [ qofar.
X

X

By applying the method used in the proof of the preceding theorem, it is possible to
obtain a chain of refinements of the form

q /f(PdH < Np < N S---§N2§N1=/(qof)(0dﬂ»
X X

but some measurability problems crop up and it is not so easy to construct the expressions
N; (i=k—2,...,2). These difficulties disappear entirely if S := X. In this case we have

Theorem 5.9 Assume (Cy)-(C3), and let i (X) < oo. If f : X — R is a P-integrable func-
tion taking values in an interval I C R, and q is a convex function on I such that go f is
P-integrable, then

a| [rap| =a| [ rodu
X X

< SN SN <M= [(go)edu= [qofdp k1,
X

X
where
k
L o))
Ny = —1 | 4 — Z(l)(xj)dnu (xla 7xk)a k>1
kp(X) A Ekj(p(x]) j=1

Applications: The following special situations show the force of our results: they ex-
tend and generalize some earlier results; new refinements of the discrete Jensen’s inequality
can be constructed; the integral version of known discrete inequalities can be derived.

k
1. Suppose (X,.o7, ) is a probability space, ¢(x) ;=1 (x € X),S:=X*, and ¥ B, =

m=

1
1. Then (C)-(Cs) are satisfied. Suppose also that f: X — R is a u-integrable function
taking values in an interval / C R, and ¢ is a convex function on [/ such that go f is
u-integrable. In this case Theorem 5.8 (a) gives Theorem 5.5 (a):

k
a| [fan| < /q(jzlﬁjf(x»)duk<x1,...,xk)sl/ (g0 f)d. (5.31)

X Xk X
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If B, = % (m=1,...,k) also holds, then Theorem 5.5 (b) comes from Theorem 5.8 (b):

. 1 k+1
/ <k+1 Zf Xj )dﬂk+ (X15 s Xkg1) (5.32)
Xk+1
k
/ ( 2 ) xl,...,xk), kZl
xk =

We can see that Theorem 5.8 much more general than (5.31) even if u is a probability
measure. Moreover, Theorem 5.8 (b) makes it possible to obtain a chain of refinements in

(5.31):
k ' 1
X/fdu g/g(j}%ﬁ;f(@)) Ap (x5 %) < k—1)

Xk

k k
1 _
2 lfﬁl / 1_ﬁ Zﬁ]f(xj) d“’k l(x17~~~7xi717xi+17"'7xk)
i—1 . i =1
X J#i

< [ (o pdu

X

2. Let X :=[a,b] C R (a < b). The set of the Borel subsets of R (R¥) is denoted by %
. A means the Lebesgue measure on %. Let g : [a,b] — R be a convex function.
B*). A he Lebesg A. L b]—Rb functi
The classical Hermite-Hadamard inequality (see [24]) says:

q(a;b> =po a/CI< );q<b)'

‘We can obtain the following refinement of the left hand side of the Hermite-Hadamard
inequality:

Corollary 5.13 Lez S C [a,b]* be a Borel set such that

k
prm(S)€B, m=1,...,k and Uprm(S):[a,b],

m=1
and

k
= 2 BaAk1 (Smx) >0, x€la,b],

m=1
a+b
)

where B, >0 (m=1,....k).
Then
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1 Bixj k
S./CI((ba)w(x],...,xk) 2 l(xj)> WXy x) du” (X1, xg) (5.33)

s =1
b
<! /
“b—a. 9
a
Proof. We can apply Theorem 5.8 (a) to the pair of functions @, f : [a,b] = R, ¢ (x) =
7= and f (x) =x. O

k
IfS= [a,b]k and Y [, = 1, then we have from (5.33) and Theorem 5.8 (b) one of the

m=1
main results in [87] as a special case:

q<a;b) (b la) / (iﬁjxj> dlk R

la,b)*

k 1-B; 1 k
Z—ﬁ / q T@,glﬁjxj

= (b—
=1 ( ) [a.b)! Jj#i

) b

< .

)_b—a/q
a

Another concrete example can be constructed for (5.33) by using Corollary 5.15.

k-1
AL (X1y e Xi 1, X 1y -5 Xk

3. In the following results we consider noteworthy proper subsets of R¥.
(a) Letz, w € R, z <w, and let m > 1 be an integer. The simplex S, is defined by

ST = {1, xm) ER™ [2<x < < x Sw)

Let X := [a,b] C R (a < b), and u be a finite measure on the trace o-algebra [a,b] N %
such that u([a,b]) > 0. Suppose ¢ : [a,b] — R is a positive function such that [ @du =1.

[a,b]
Fix an integer k > 2, and let B, >0 (m=1,...,k).
Choose S := Sﬁ\b. Then
Sta=S80 Sie=S" Sma=Sp I xSEM 2<m<k—1,
once the appropriate identification of R¥~! with R/~! x R~/ (2 < j<k-—1) has been
made. Therefore

k
()= 3 Buu™ ! (S b (S55m) >0, xefab),
m=1
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where u? (89,) = u° (Sfc’,b> := 1. Thus

v, _ 2": Bio(x))

k
LS Bt (St ko (84 7)
We can see that under the above assumptions (C;)-(Cy4) are satisfied, so Theorem 5.8

can be applied:

Corollary 5.14 If f : [a,b] — R is a P-integrable function taking values in an interval
I C R, and q is a convex function on I such that qo f is P-integrable, then

[ sar | =a| [ rodu

[a,b] [a,b]

I : Bio () f(x))
: /q £ Bio(x;) 2 £ j ]1 k— k— 539
S y e J=1 S B S”fx m Sx m
j= 1 2 ﬁ un= 1 (Sm I)#k m (St;IT) =1 M ( J ) ,LL ( jvb )

m=1

k , .
3 R ap (1o )
j=1 él Bm.um 1 (Sm l) “k m (Sk m)

< / (gof)pdu = / go fdP.
[a.b) [a.b)
Specifically, if u = A, we have

I(x) ZBm( 11) xj—a)mfl(b—x,)k " x€lab].

When ) =... = f; = B, this says

I(x) = (kﬁl)! (b—a)", xela,b],

and in this case we have the inequality for the cube [a, b]k

b
[soir | < o [a| S owirts)
a N
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k
@ (x)dA* (xi,. »k)W /f] ¥Z‘P(xj)f(xj)

k 4
(bt Zl o (x;) /<!
=

TM»

b

k
-3 @(x)dA* (a1, - xe) g/(qofypdx.
j=1

a

Next, we show that inequality (5.34) extends Theorem 1.9, a well known discrete in-
equality to an integral form. Similar results are quite rare in the literature (see [31]). We
give Theorem 1.9 again:

Theorem C. Let I be an interval in R, and let g : 1 — R be a convex function. If vy,...,v, €
I, then for each k > 1

1 & 1 Vi, + ...V 1 &
al=dvi| <o D ,&%) <= qv). (5.35)
nig ( X ) 1<i<..<ix<n i=1

Let X :=[l,n]CR (n>11s an integer), and let u be the measure on the trace o-

S

algebra [1,n] N2 defined by u := 2 lsm, where &, is the unit mass atm (m =1,...,n).
=1

Suppose ¢(x) :=1 (x € [1,n]), k > 2 is a fixed integer, and f3,, = 1 (m=1,...,k).
Some easy combinatorial considerations yield that for every x € [1,n] and m=1,....k

50 = g (2 (A

where [x] is the largest natural number that does not exceed x. Therefore

1 /n+k—1
I(X)F< k—1 >, )CE[I,I’[]

Now, if I is an interval in R, g : I — R is a convex function, and f : [1,n] — R defined
by

0, elsewhere
then (5.35) follows immediately from (5.34).

(b) Let m > 1 be an integer, let z € R™, and let » > 0. The open ball of radius r centered
at the point z is denoted by B, (z,r).
Consider the measure space (Ja,b[,#,A) (a < b). Suppose ¢ : |a,b[ — R is a positive
b

function such that [ @dA = 1. Fix an integer k > 2, and let 3,, > 0 (m = 1,...,k). Choose
a

a+b a+b\ b—a
simm (220,220 o),
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Then forall x € Ja,b[andm =1,...,k

s,,,,kal((“;b,...,“;b), (bx)(xa)>.

Consequently
k-1 kel
109 =k 2 (BT - -a)'s xelas,

where
(k— 1)” = (k—l)(k—?))...&'k,l

2, kisodd
Ep—1 = .

and

1, kiseven

According to this, for all (xi,...,x;) € |a,b

k
W (X1, Xg) = = = 2

It is not hard to check that (C;)-(Cy) are satisfied in this situation, and thus Theorem
5.8 says:

Corollary 5.15 If f : |a,b[ — R is a P-integrable function taking values in an interval
I C R, and q is a convex function on I such that qo f is P-integrable, then

a| [ rar| =g /bf(pdx <

“ ki (7]
1 k . ;
/q g Biotxy) 2 Piox)tx;) -
’ z v k=1 = 2 Bm((b -xj) (xj a))T
J:lnzlﬁm((b x) (xj—a)) 2 Pt
k .
k ﬁj(p(XJ) — d)Lk (xl,-.. Xk)
S Bu((b—x)) (g —a)) T
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By applying this result (¢, f: [a,p] = R, ¢ (x) = ﬁ and f (x) = x), we can have a
special case of the refinement of the left hand side of the Hermite-Hadamard inequality in
(5.33).

4. We turn now to the case where X is a countable set.

(C}) Consider the measure space (X,2%,u), where either X := {1,...,n} for some
positive integer n or X := {0, 1,...}, 2% denotes the power set of X, and u ({u}) := p, is a
positive number for all u € X.

(Cé) Let (pu),cx be a sequence of positive numbers for which ¥ p,u, = 1.

ueX
(C%) Let k > 2 be a fixed integer.
We define the functions o5/ (v € X, j=1,...,k) on X¥ by
. 1, if uj=v
o (uy,... ug) = - .
0, if wu;#v
ko
Then Y o (uy,...,u;) means the number of occurrences of v in (uy,...,u;) € X*. If
j=1
S C X*, we introduce the following sums
otivzz D of (uy,...,wg), veX, j=1,...k
(ul,....,uk)ES
and
ko
Oy = D, 04, vEX.
j=1

Every sum is either a nonnegative integer or oo.
(C}l) Let S C X* such that o, > 1forall v € X, and

k
l(u) := 2 ﬁm.ukil (Smu) <o, uekX,
m=1

where B, >0 (m=1,... k).
Since w, > 0 for all u € X, I(u) > 0 for all u € X. By the definition of the measure u

K
I(u)="Y Bu D [T R T T 'R =D &

m=1 (ul,...,uj,l,u,uj+1,...,uk)€S

In this case the function y has the form

k
yoxXE el )= Y

Now Theorem 5.8 (a) can be formulated in the following way:
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115
Corollary 5.16 Assume (C})-(Cl), and let (f,),cx be a sequence taking values in an

interval I C R such that 'Y, |fu|pulty < e. If q is a convex function on I such that
ueX

3 1q (fu)| Pubty < o, then
ueX
q (2 fupu.uu>
ueX

< X a 1 Ekl Bibus o VGt
= Ju; LyewosUk) Muy - - - Hu
(w yes \ W (sem) S 1(ug) ™ ! ¢

< 2 q(fu) Publu-

ueX

Assume (C%)-(C}‘), and suppose U is the counting measure on P (X), that is , := 1 for
all u € X. For a set A € 2X let |A| denote the number of elements of A. Then ¥ p, =1,

ueX

k
I(u) = 2 Bnog',, ueX,
m=1

and

k Bipu,
Xt =0,y )= Y T

We note explicitly this particular case of Corollary 5.16:

Corollary 5.17 Assume (C})-(C}), where W is the counting measure on 2%, and let (fi)uex
be a sequence taking values in an interval I C R such that 'Y, | fy| pu < <. If q is a convex
ueX
Sunction on I suchthat 'Y, |q(fu)| pu < e, then
ueX

q (g{ fupu)

IN
M
M~
=
=
\S

k iju]
; k Bjpu; 2 k fu,
(1,014 €S | J=1 ) Bmag?u- > X . J= ) ﬁm g,luj
m= Jj=1 z ﬁma_'g"l m=1
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Corollary 5.16 corresponds to Theorem 2.4, but in that result only finite sets are con-
sidered. If X ={1,...,n} and B,, =1 (m = 1,... k), then Theorem 2.1 contains Corollary
5.17, but Corollary 5.16 makes sense in a lot of other cases (for example, for countably
infinite sets).

Next, some examples are given.
The first example deals with a relatively flexile case.

Example 5.1 (a) Assume (C;)-(C3),andletA,, € & (m=1,...,k)suchthat0 < u(A,) <
k
oo (m=1,...,k)and |J A, =X. Define S :=A; X ... x A;. Then (5.30) holds and

m=1

k k X
l(x): (HH(!‘%)) 2 (%’1;(1)))7 xeX,

m=1
where (3, > 0 (m =1,...,k), and ), : X — R means the characteristic function of A,,
(m=1,...,k). We can see that (Cy) is satisfied and
1 S Bl
w(xl,...,xk): J (]) s (xl,...,xk)GXk.
ﬁ (A ) j:] § (ﬁm%m(xj)>
m=1 S m=1 K(Am)

The condition (Cs) is also true, since

pr'(S)=A1 X ... XAp_ 1 XApp1 X ... XAy, m=1,... k.

Moreover form=1,...,k
¢ | Am,
XYoo X1 Xmg 1o Xk
0,
if (xl,...,xm,l,xmﬂ,...,xk) EAI X ... XAu_1 XAm+] X .o X Ag

otherwise

It follows that Theorem 5.8 can be applied.
(b) We consider the special case of (a), when the sets A, (m = 1,...,k) are pairwise
disjoint (a special partition of X). Let the function 7 be defined on X by

T(x):=m, if x€A.

Then
k Be(x)
l = m ’ X,
(x) (mnlm )) Ty i€
and
k j ATx
u/(x17’xk): . 1 Zﬁ](p(xJﬁ)“( (]))7 ()Cl’...,Xk)eXk-
(f1ucan) 5 P
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The second example corresponds to Corollary 5.16.

Example 5.2 Let X := {0,1,...}, let (p4);_, be a sequence of positive numbers for

which Y, p, =1, and let (f,);,_, be a sequence taking values in an interval I C R such
u=0

that Y, |fu| pu < o°. Define
u=0
S:= {(lﬂ,uz) € Xx? | ur <up SZul}.

An easy calculation shows that /() = a5, = u+ [4] +2(>2) for all u € X, where [4]
denotes the greatest integer that does not exceed 5. If q is a convex function on I such that

> g (fu)| pu < oo, then by Corollary 5.17
u=0

q(%f"p"> S%(i(w éu} 2T [pgv] +2>

Pu f + Pv f -
wt[4]+27" T v 5] 27
w[g]+2 7 ve[5]42 u=0

The final example illustrates the case X :=R.

Example 5.3 Consider the measure space (R,%,A). The function ¢ : R — R, ¢ (x) =

\/%—ﬂe’xz/ 2 is the density of the standard normal distribution on R, and thus [ ¢ = 1. Let

S:= {(x,y) € R? [x—1 §y§x+1}.
Then (C)-(C3) are satisfied. Let f : R — R be a Borel measurable function taking values

in an interval I C R such that f¢@ is integrable, and let g be a convex function on I such
that (go f ) @ is integrable. By Theorem 5.8 (a)

q /wfw

o x+1 2 2
. —x°/2 —y*/2
<L /q( fx) e f(y>>(exz/2+eyz/2> iy | d

e /2 L o¥*/2

< j(qu)q’-
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Now, we prove our results.
‘We first establish a result which will be fundamental to our treatment.

Lemma 5.5 Assume (C;)-(Cy), and let f : X — R be a P-integrable function. Then

/fdP /f(pdu /( ﬁ"" <,»>>duk<x1,...,xk>.

Proof. The functions

Bi(popr))

] fopri, j=1,...0k
oprj

are obviously .«7*-measurable on S.
Suppose first that the function f is nonnegative. By (C3), pr;j(S) € <7, and hence the
theorem of Fubini implies that

/Bj(p d,LL (X],...,xk)

= / /ﬁ]l'(é’x(;;j)f(xj')duk1(()61,...,)6}'1,Xj+1,...,xk)) d,l.l(xj')

- L ) (S ) du(xy), =1,k (5.36)
It follows from (5.36) that

kB0 (x:
/ (2 le(fx(.)”f(x/')> dp* (e, x) (5.37)
-S J

j=1

d ﬁ
¢ (x; _
=X / f , (et (S1) dpa ().
=1,
If (if,...,i) € {0, 1}k, then let

..... ﬂ prm(8),

where

. S if i,=1
prm(S)(’”‘) = Pra(S), i ) m m=1,... k.
X\ pru(S), if in,=0
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The sets A;,..i, ((i1,...,i) € {0, 1}¥) are pairwise disjoint and measurable. Moreover, by
(5.30)

U t|7 i = U prm =

(i1,0nsig)€{0,1}F m=1

These establishments with (5.37) imply that

k B0 (x;
/ (ZIB‘?(?x‘(jf)f . )>d“ G-
s V=

- X / ?(X)f () X B (Sma) | du(x). (5.38)

X
(i1,--ix) €40, I}A _____ it ( ) mei{ll.l.,k}
) m=

Choose (iy,...,i) € {0, 1} Itis clear that Sy, , = 0 if x € A; . ;, and i, = 0, and hence

2 ﬁm,ukil (Sm,x) = l(x)7 X e Ail,...,ik~

Therefore (5.38) gives

kK B.0(x:
(BBt o
s T

= ) /wfdu=/f<pdu-
X

(i) €{0.1} Ay,

Having disposed of the nonnegativity of the function f, we have from the first part of
the proof that

/IfIdP /|f|<pdu /( 3 B0, |) TERE

and therefore the functions

7ﬁj((poprj)foprj, ]:1,,](
Lo pr;
are uf-integrable over S. By using this, the result follows by an argument entirely similar
to that for the nonnegative case.

The proof is complete. O
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Remark 5.5 Under the conditions of Lemma 5.5, we have
(a) The functions
Bj(@opr;)

foprj, j=1,...,k
lopr;

are uk-integrable over S.
(b) The measure Py defined on SN .o/ by

o ‘7 & B (xj)
Pi(A) = A/ yduk = A/ (le o >du" (o1, 30)

is a probability measure.

Lemma 5.6 Assume (C1)-(Cy). Let f: X — R be a P-integrable function taking values
in an interval I C R, and let q be a convex function on I such that qo f is P-integrable.

(a) The function

k Bi(@opr;
g:= (CIO(lZLq) or) (fopr;)))w

wj:] lopr;

is u*-integrable over S.
(b) The functions

I < Bilgopry) :
hi = S J J ; ‘opr i=1,...k
l 7° W’opr’jgl lopr; (Fopr)) (I,IIOpr), l ey
#i

are u*-integrable over S.
Proof. (a) It is easy to check that for fixed (x,...,x;) €S

1 Bio (x)) iz

b b "k
l[/(xl,...xk) Z(Xj)

are positive numbers with

1 o Bio(x)
l[/()C],...,)Ck)jzzl1 l(xj) B

This gives immediately that for every (xi,...,x;) €S

1 o Biel)
W(xl,...xk)jgl 1(x;) fx) el

and therefore by the discrete Jensen’s inequality,

B0 (7). (o) €5

k
g, m) < Y
j=1

(5.39)



5.2 ANOTHER REFINEMENT OF INTEGRAL FORM OF JENSEN’S INEQUALITY 121

Since the function ¢ is convex on /, it is lower semicontinuous on /, and therefore the
function g is .«7*-measurable.

Choose an interior point a of I. The convexity of g on I implies that
q(t) 2 q(a)+q,(a)(t—a), 1€l

where q; (a) means the right-hand derivative of g at a. It follows from this and from (5.39)
that

kB0 (x;
qla)w (xy,...xz) +q,+(a) (2:1 le(é’x(j)J)f(xj) —al[/(x1,...xk)>

k B0 (x:
§g(x1,...,xk)§Ellﬁjl(?x(j;)q(f(xj)), (X1,..,%) €.

Now we can apply Remark 5.5 (a), by the P-integrability of the functions 1x, f and go f.
(b) Fix i from the set {1,...,k}. We can prove as in (a) by using the .7*-measurability
of h; and the estimates _
q(a)y' (X1, Xio1,Xig 15+ X%)

k
’ i Xj i
+q+(a) 2 ﬁjl(fx()j) f (xj) —ay (xl o Xi— 1 X1y - ,Xk)
j=1 J
J#i

< hi(xr,. ) < Ek: ﬁf‘p('xj)
=

The proof is complete.

Proof of Theorem 5.8 (a) By Lemma 5.5

a| [rar| =a| [rodu)=q /(i

X S

%Z%Jﬂnodw@hmww

1 & B (x))
1 S/<ll/(x1,...xk)2 ]l(xj) f(Xj)W(XI’WXk)>duk(m’m?m)

Jj=1

_ 1 k Bio (x) o . i
o !(W@n~&)2 un>f<ﬂ>“ﬂlwwk>

J=1

Since P is a probability measure on SN <%, it follows from the previous part, the
classical Jensen’s inequality, Lemma 5.5 and Lemma 5.6 (a) that

a| [rar|=a| [ rodu
X X
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‘ 1 o B () L,
S-/q<ll/()cl,...xk)j21 1(x)) f(%))dpk(xl,,”’xk)

N

_ 1 o Biet) . K
!q<w(xl7,,,xk)jzl l(x]') f(xj)>u/(x1,...xk)d,u (xl,...xk)

k . X
§/<2%%$MNQOﬁ/Wﬁmw/wﬁa
s \J / e e

j=1

Now (a) has been proven.
(b) By using the convexity of ¢, an easy manipulation leads to

k

1 Bio(xj) ./
q(‘l’( > . f(xj)>

xl,...,xk)jzl l(j) ’

s ﬁj‘p(xj)f(xj)

2 )
k = i
—q 2 __ A W (X1, X1 X LX)
WXL, XX Xk) (k— 1)y (x1,...,x)
1 LI
= (k*l)l]/()ﬂ, xk) Z]Wl(xlv'"7-xi717xi+17"'7xk)
1 S Bie) L,
u/i(xlv'"7xi717-xi+17"'7xk)jgl l('xj) f(xj)
#i
1 o B (x)) ,
=~ (k_l)lll(x17 ,Xk)lzzl jgl l(xj) q(f(xj))
J#i
k . .
- B0 4 (1)), (e ) €5,

l[l(xl,... ,xk) =1 l(xj)
Consequently, by applying (Cs), Lemma 5.6 (b) and the theorem of Fubini, we have

[ ! y Bio(x;) i X X k(x X
Nkls/q<u/(xlv---axk)j§:1 l(xj) f(x])>w( Tyeees k)d:u ( Tyeees k)

Lo 1 o Biel)
= 12-S/q ll/i(xly---axiflyxi+17~~~axk)121 L(x;) f)

J#i
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k
'Wl ()Cl,...,xl',l,.XijL],.--,Xk)de (xlv"'vxk) =7 1 2

' 1 o Bio (x)
: x;i) | du(x;

/ q g (xl,,,,7xi,1,x,~+1,...,xk) jgl l(xj) f( j) “( l)
‘‘‘‘‘‘ Xj ] X ] e i

Sxp
i k—1
Y (-xla ces i1 Xip 1y - e ,Xk)d‘ll (xlv' s Xi— 1y Xk 1y - - ,)Ck)

=N < /(qu)(pd,u.
b

The proof is complete. |

Proof of Theorem 5.9 Apply Theorem 5.8 with S := X and B, =1 (m = 1,...,k).
Then the conditions (C4) (by using i (X) < o) and (Cs) are satisfied,

1 k
lea"'vxk)::f ®xj), x1,...,Xk)€S,
( kM(X)k 1];1 ( J) (

and ' : X1 —10,00[ (i = 1,...,k) has the form

i ) ) __ '
v (x17~~~ yXi— 15 Xit1y-+ - ,)Ck) : k‘LL(X)k*1 j:1(p(xj) .
J#i

Therefore

k

1 3 05 f(x)
j=
Nk k,LL(X)k71 /q k ;‘p(xj)dnu ('x17 ,)Ck)
Xk > ‘P(xj) =
j=1

and

1 & T
J#i
Nk71—k_—12 / u(X)q T
lilxk—l g (p(xj)
g
1 k |
— O (X)) AU (X0, ooy X1y X 1y - -+ 5 XE)
kM(X)k 1; J i i+
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k—1
% ¢ () f(x))

! e S k-1
:W/q — | 2 e G)du T (v, xi).

xk-1 '21 ¢ (x)) =
=

The proof is complete. O



Chapter

Mean Value Theorems and
Exponential Convexity

6.1 Mean Value Theorems

The first two mean value theorems are found in [40].

Theorem 6.1 Let I C R be an interval. Let Y be a linear functional on a subspace D (Y)
of the vector space of real functions defined on I such that id* € D () (id2 (x)=x%x€ I).
Suppose further that [a,b] C I is an interval with the following property:

(i) if f € D(Y) such that the restriction of f on [a,b] is convex, then Y(f) > 0.

Ifg € C>(I)ND(X), then there exists & € [a,b] such that

Y(g) = 58" (€)Y (i)

Proof. Since g € C? (1), there exist the real numbers m = min g”(x) and M = max g”(x).
x€la.b] x€la,b]

It is easy to show that the functions ¢; and ¢, defined on I by

M,

01(0) = 5~ g 0),

and

125
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belong to D (Y'), and their restrictions on [a, b] are convex.
By applying the functional Y to the functions ¢; and ¢,, we have from the properties

of Y that v
Y <7id2 —g) >0,

=Y (g) < %Y(nﬁ) , (6.1)
and m
Y (g - Zid’) >0
= 2 (id”) < Y(g). (6.2)
From (6.1) and from (6.2), we get

M
—Y

¥ (id?) <Y (g) < Y (id?) .

IfY (idz) = 0, then nothing to prove. If Y (idz) £ 0, then

[\

m< X8y
Y (id*)
Hence we have |
Y(g) = 28" (&) (id?).

O

Remark 6.1 (a) Under the conditions of the previous theorem, Y(f) > 0 for every convex
feD).

(b) Define the linear functional Y : C () — R on the vector space of real continuous
functions defined on an interval / C R by

f(a)+f(b)_f<a+b>7

Y(f) =14 -

where a,b € I and a < b. Then Y is linear, id> € C(I), and Y(f) > 0 for every f € C(I)
such that the restriction of f on [a, b] is convex.

Theorem 6.2 Let I C R be an interval. Let Y be a linear functional on a subspace D (Y)
of the vector space of real functions defined on I such that id*> € D (Y). Suppose further
that [a,b] C I is an interval with the following property:

(i) if f € D(Y) such that the restriction of f on [a,b] is convex, then Y(f) > 0.

Ifg,h € C>(I)ND(X), then there exists & € [a,b] such that

T(e) _g(5)
Y(h) ~ W&

provided that Y (h) # 0 and h" (x) # 0 (x € [a,D]).
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Proof. Define f € C2(I)ND(Y) by

fi=cig—cah,
where
Cl .= Y (l’l)
and
c:=Y(g).
Now, by applying Theorem 6.1 for the function f, we have
Z "
g"(&) _ H(E)\yiin
<c1 T czT Y (ld ) =0. (6.3)

Since Y (h) # 0, Theorem 6.1 implies that Y (id?) # 0, and therefore (6.3) and A" (x) # 0
(x € [a,b)) give

Now we give two additional mean value theorems.

Theorem 6.3 Letn,k e N, n>3,2<k<n-—1, [a,B] CR x=(x1,...,x,) € [0, B]",
and p = (p1, ... ,pn) be a real n-tuple such that 2]]{-:1171']- #0forany 1 <ij <..<ip<n,

Z Pz]xz]
Yt pi=1land = l € lo,B] forany 1 <ij < ... <ix <n. Assume f:[c,f] — Risa
Z Pi;

=

function from C?([at, B]), and let

k
k gl Diki;
fk,n(x7p) = (,171) ) 2 ) <2Pz,> jik )
k—1) 1<ii<...<ix<n \ j=I 2 plj
j=1
and
n—k k—
Yxp.f) = — fia(x,p) + fnn(x P) — fia(X,p). (6.4)

Iffor all s € [, B] either the inequality (4.7) holds or the reverse inequality holds in (4.7),
then there exists & € [o, B] such that

Y<X’paf) = %fﬁ(é)YO(’p’idz)a

where id*(t) = 1% (¢ € [, B]).
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Proof. By the assumption, we have that the function f” is continuous and

n—k k—1

Gl,n<xas7p) + mGn,n(Xvsvp) - Gk,i’l(X?sap)

n—1

does not change its sign on [, B]. By applying the integral mean value theorem, we have
from (4.8) that there exists a & € o, B] such that

Y(x,p, /)
B
=& /[ (Z_:IfGl,n(XJ?p) + %Gn,n(XJ,P) - Gk,n(X757p))dS~
o
(6.5)
By the definition of the function G, we can observe that
/ 1
/G(t,s)ds: S(—)t—B). 6.6)
o

Now, we calculate the integral on the right hand side of (6.5) with the help of (6.6): x
n

means Y, piX;;
i=1

n—k z B k—1 B —
w1 2 Pi a{ G(xi,s)ds+ = O{G(x,s)ds

k
p leijxij
pij>/G s |ds
1

k
by k
o 2 Pij

R
D) 1 > >

1<ij<..<ix<n

Y(x,p,f) = f"(&) (
J

2 3 piloi— o) (5= B) + Ak (7= o) (- )

i k k
_/ 2(5) k j§| PijXi; ,El PiXi;
— 2 El Pij T - I3 - B
j i

() 1<ij<..<ix<n

—_

= ]Elmj JEI pi;
. 2
11 n k E‘ pljxlj
L | Sy pd+ e - 3 S i) | 5
i=1 (1) 1<i <<ipen \ 20 S pi;
j=1
= 3" (E)Y(x,p,id?),
which completes the proof. ]

Theorem 6.4 LetnkeN, n>3,2<k<n-—1, [o,f] CR, x= (x1,...,x4) € [, ]",
and p = (p1,...,pn) be a real n-tuple such that 2’;:1 pi; #0forany 1 <ij <..<ix<n,
k
Z Piji;
Yropi=1and — € la,B] for any 1 <ij <...<ix <n. Assume f,g:[a,B] —
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R are functions from C*([ar,B]) such that g"(s) #0, s € [o,B]. Assume further that
Y(x,p,id?) # 0, where Y is defined in (6.4).

If for all s € [a, B] either the inequality (4.7) holds or the reverse inequality holds in
(4.7), then there exists & € [o, B] such that

Y(x.p.f) _ f"(€) 6.7)

Y(x,p.g) £"(&)

Proof. Consider the function

h(t) = Y(x,p.)f (1) = Y(x,p.f)g(t), 1€ ][a,p].

Then i € C?([er, B]). Therefore we can apply Theorem 6.3 to the function 2 which shows
that there exists a & € [, B] such that

"(e) [Y(x,p,id*)]. (6.8)

Y(x,p.h) = 5

Since Y(x,p,h) = 0 and Y(x, p,id?) is nonzero, hence on the one hand

(&) =0,

and on the other hand Theorem 6.3 applied to the function g, shows that Y(x,p,g) # 0.
This completes the proof. |

The following lemma is given in [3]:

Lemma 6.1 Let h € C2(I) for a compact interval I C R\ {0} and consider m,M € R such
that

- x2h" (x) — 2xh' (x) 4 2h(x)

m < 3 <M, xel.

X
If the functions hy,h, are defined on I by

and

then the functions x — th(x) and x — hZT(x) (x € 1) are convex.

Theorem 6.5 Let I C R\ {0} be an interval. Let ¥ be a linear functional on a subspace
of the vector space of real functions defined on I such that f € D (YY) implies % eD(V)
and id®> € D (). Suppose further that [a,b] C I is an interval with the following property:
(i) if f € D(Y) such that the restriction of % to [a,b] is convex, then ¥(f) > 0.
Ifg € C>(I)N D (¥), then there exists & € |a,b] such that

2.0 B /
) - EL O 2D 128y
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Proof. By g € C?(I), there exist

g (x) — 2xg(x) + 28 (x)

m:= min

x€la,b) x3 ’
and ,
e S8 020 +28(0)
x€la,b] X

Define the functions u and v on I by

and

Lemma 6.1 implies that the functions x — @ and x — @ (x €1) are convex on [a,b],
and therefore (i) shows that ¥(u) > 0 and ¥(v) > 0. By the linearity of ¥, we have

(i) < () < %‘I"(l’dS).

Ity (id3) = 0, then nothing to prove. ¥ (id3) # 0 yields

2¥(g)

<M
(id®

— )

m <

HE

which gives the result. a

Remark 6.2 The previous theorem can be applied to the functional ¥ defined in (4.10).

Theorem 6.6 Ler I C R\ {0} be an interval. Let ¥ be a linear functional on a subspace
of the vector space of real functions defined on I such that f € D (V) implies % eD(¥Y)
and id®> € D (). Suppose further that [a,b] C I is an interval with the following property:
(i) if f € D(Y) such that the restriction 0f£ to [a,b] is convex, then ¥ (f) > 0.
Ifg,h € C>(I)ND (), then there exists & € [a,b] such that

W(g) _ &% (&) —288/(8) +24(8)
W(n)  E2h"(&) — 280 (E) +2h(8)

provided that ¥ (h) # 0 and x*h" (x) — 2xh'(x) 4 2h(x) £ 0 (x € [a,b)).

Proof. Define f € C*>(I)N D (¥) by

fi=cig—ch,
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where

and
c:=%Y(g).

Now, by using Theorem 6.5 for the function f, we have

( £25"(8) —28g/(5) +2g(8)  EA"(E) —2EW(E) +2h(E)
€1 283 €2 283

) Y(id*) =0. (6.9)

Since ¥ (h) # 0, Theorem 6.5 implies that ¥(id®) # 0, and therefore (6.9) and
x2h" (x) — 2xh (x) 4+ 2h(x) # 0 (x € [a,b]) give the result. O

6.2 Exponential Convexity

The notion of n-exponentially convex functions is initiated in [68], while exponentially
convex functions are invented by Bernstein in [10].

Definition 6.1 Let I C R be an interval. A function g : I — R is called n-exponentially
convex in the Jensen sense if

n X
2 aa;g (x, ZXJ) >0

i,j=1

holds for every a; e Randx; € 1,i=1,2,...,n.
A function g : I — R is n-exponentially convex if it is n-exponentially convex in the
Jensen sense and continuous on I.

Remark 6.3 From the definition it is clear that 1-exponentially convex functions on / in
the Jensen sense are in fact the nonnegative functions on /. Also, n-exponentially convex
functions in the Jensen sense are m-exponentially convex in the Jensen sense for every
meN, m<n.

Definition 6.2 Let I C R be an interval.

A function g : I — R is exponentially convex in the Jensen sense, if it is n-exponentially
convex in the Jensen sense for alln € N.

A function g : I — R is exponentially convex if it is exponentially convex in the Jensen
sense and continuous.
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Remark 6.4 Let/ C R be an interval. Lemma 1.1 shows that a positive functiong: / — R
is log-convex in the Jensen sense if and only if it is 2-exponentially convex in the Jensen
sense, that is

x4+
a%m+mmw<3¥>m%@20

holds for every a;,a, € Rand x,y € I.
Similarly, if g is positive and 2-exponentially convex, then g is log-convex. Conversely,
if g is log-convex and continuous, then g is 2-exponentially convex.

The following result will be used later. This is a special case of a much more general
result (see [2]).

Theorem 6.7 Let I C R be an interval. If g : I — R is a continuous function which has
the form

o

gx) = ./ef)“d,u(t), x€l,

—oo

with a measure U on the Borel sets of R, then g is exponentially convex.

Proof. Leta; € Randx; €1 (i=1,2,...,n). Then

xX;+x n =z xl+x
2aa1g<l ])Za,a]/e td,u
i,j=1 i,j=1 e

»J

O

Divided differences are fertile to study functions having different degree of smooth-
ness.

Definition 6.3 Let I C R be an interval. The second order divided difference of a function
g : I — R at mutually different points yy,y1,y> € I is defined recursively by

i;gl =g(vi), i=0,1,2

isviesie] = 8(yit1) *g(yi)7 =01
Yit1 — Vi
Vo, y1,y2:8] = yaig] = [yo,yl,g]' (6.10)

Y2—Y0
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Remark 6.5 The value [yo,y1,y2;¢] is independent of the order of the points yg,y;, and
y»>. By taking limits this definition may be extended to include the cases in which any two
or all three points coincide as follows: for yg, y1, v € I such that y; # yg

8(v2) — (o) — & (¥0) (2 — o)
(y2—y0)°

o, y0,y2:8] := o, y1,y2:8) =

lim
Y1—Y0

provided that g’ exists, and furthermore, taking the limits y; — yg, i = 1,2 in (6.10), we get

"

g ()

o,yo,y0s8] == lim  [yo,y1,y2:8] = 5

Y17Y0,Y27Y0

provided that g” exist on /.
The following lemma is well known.

Lemma 6.2 Let I C R be an interval, and g : I — R.

(a) g is convex if and only if [yo, y1,y2; 8] > 0 for every mutually different points yo,y1,y2 €
I

(b) Suppose g is differentiable. g is convex if and only if [yo,v0,y2; 8] = 0 ([vo,¥1,¥1;8] > 0)
for every yo,ya € I, yo # y2 (y1,52 € L,y1 # y2).

(¢c) Suppose g is twice differentiable. g is convex if and only if [yo,y0,v0;8] > 0 for
everyyy € 1.

Z (X) will means the space of all real valued functions defined on the set X.

By analyzing the essential properties of the functionals Y; (i = 1,...,23), we introduce
the following condition:

(F)LetI C R be aninterval, and let Y : D (Y) — R be a linear functional on a subspace
of . (I) such that Y(f) > 0 for every convex f from D (Y).

Theorem 6.8 Assume (F). Let J C R be an interval, and let A :={¢, |t € J} C D(Y)
such that the function t — [yo,y1,v2; ¢ (t € J) is n-exponentially convex in the Jensen
sense on J for every three mutually different points yo,y1,y2 € I. Thent — Y(¢) (t € J)
is an n-exponentially convex function in the Jensen sense on J. If the function t — Y(¢y)
(r € J) is continuous, then it is n-exponentially convex on J.

Proof. Letty,t; € J, ty := @ and by € R for k,l = 1,2,...,n, and define the function
w by

n
w:=Y by,
k=1

Then @ € D(Y). By hypothesis the function 7 — [yg,y1,¥2;¢] (f € J) is n-exponentially
convex in the Jensen sense, therefore we have

n
Vo, y1,y2; 0] = 2 bibi[yo,y1,¥2:9ny] > 0,
k=1
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which implies that o is a convex function on /. Therefore we have Y(®) > 0, which yields
by the linearity of Y, that

n
N bk Y (¢y,) >0
k=1
We conclude that the function 7 — Y(¢,) (¢ € J) is an n-exponentially convex function in
the Jensen sense on J.
If the function t — Y(¢) (¢ € J) is continuous on J, then it is n-exponentially convex
on J by definition. O

As a consequence of the above theorem we can give the following corollaries.

Corollary 6.1 Assume (F). Let J C R be an interval, and let A :={¢; |t € J} C D(Y)
such that the functiont — [yo,y1,y2; ¢/ (t € J) is exponentially convex in the Jensen sense
on J for every three mutually different points yo,v1,y2 € I. Thent — Y(¢,) (t € J) is an
exponentially convex function in the Jensen sense on J. If the functiont — Y(¢) (t € J) is
continuous, then it is exponentially convex on J.

Corollary 6.2 Assume (F). Let J C R be an interval, and let A :={¢, |t € J} C D(Y)
such that the function t — [yo,y1,y2; 0] (t € J) is 2-exponentially convex in the Jensen
sense on J for every three mutually different points yo,y1,y2 € I. Then the following two
statements hold:

(i) If the functiont — Y(¢) (¢t € J) is positive and continuous, then it is log-convex on
J.

(ii) If the functiont — Y (¢,) (t € J) is positive and differentiable, then for every s,t,u,v €
J, such that s <u andt < v, we have

us (Y, A) <y (Y, A) (6.11)
where for s,t € J
1
Y(gs) \ 57
Y(¢r) ) ) SFL,
ug (Y, A) iy (6.12)
exp < % ) t=s.

Proof.
(i) See Remark 6.4 and Theorem 6.8.

(i) Itis well known that if y is a convex function on J, then

wis) —w() _ v —w)
s —t - u—v

, (6.13)

forevery s,t,u,v € J suchthats <u,t <v, s #t,u#v.
By (i), s — Y(¢y), s € J is log-convex, and hence (6.13) shows with y(s) =1log Y(¢),

s € J that
logY(9,) —logY(6)) _ log(,) —logY(9,)

s—t - u—v

(6.14)
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forevery s,¢,u,v € J such thats <u, t <v,s#t, u v, which is equivalent to (6.11).
Fors =t or u =v (6.11) follows from (6.14) by taking limit.

Remark 6.6 Suppose the functionz — Y(¢y) (r € J) is positive and continuous in (ii). It
can be seen from the proof of (ii) that (6.11) remains true for every s,¢,u,v € J such that
s<u,t <v,s#tand u #v.

Remark 6.7 Note that the results Theorem 6.8, Corollary 6.1 and Corollary 6.2 are valid
when two of the points yg,y1,y» € I coincide, say y; = yg, for a family of differentiable
functions A = {¢y | # € J} C D(Y) such that the function# — [yo, y0,y2; ¢¢] is n-exponentially
convex or exponentially convex or 2-exponentially convex in the Jensen sense on J for ev-
ery two mutually different points yo,y2 € I. Moreover, they are also valid when all three
points coincide for a family of twice differentiable functions A = {¢; |t € J} C D(Y) with
the same properties. The proofs can be obtained by recalling Remark 6.5 and Lemma 6.2.

Remark 6.8 A refinement of the inequality of Popoviciu from [67] is given by Niculescu
and Popoviciu in [63]. An integral version of Theorem 4.1 is given by Niculescu in [62].
Results, similar to Theorem 4.2, Theorem 6.3, Theorem 6.4, Theorem 6.8, Corollary 6.1
and Corollary 6.2 can also be obtained from the results of the mentioned papers.

Remark 6.9 The functional ¥ defined in (4.10) depends on a real valued function defined
on either (0,d] or [a,a] (o0 > 0) and some other parameters. The parameters will be fixed
except the function. The common notation of (0,a] and [, a] is I. The functional ¥ can
be defined on .% (I), and ¥(f) > 0 for every function f € .% (I) for which x — @, xel
is convex. Moreover, ¥ is linear on .% (I).

By taking into account this remark, we introduce the following condition:

(G) Let I C R\ {0} be an interval, and denote id the identity function on /. Let ¥ :
D (¥) — R be a linear functional which satisfies

(i) D(VP) is a subspace of .% (I) such that f € D (¥) implies % eD(Y¥),

(i) W(f) > 0 for every f € D(¥) for which £ is convex.

Theorem 6.9 Assume (G). Let J C R be an interval, and let ® := {¢, |t € J} C D ()
such that the function t — [yo,¥1,Y2; %] (t € J) is n-exponentially convex in the Jensen
sense on J for every three mutually different points yo,y1,y2 € I. Thent — Y(¢,) (t € J)
is an n-exponentially convex function in the Jensen sense on J. If the functiont — ¥(¢y)
(r € J) is continuous, then it is n-exponentially convex on J.

Proof. Letty,t; € J, ty := @ and by € R for k,l = 1,2,...,n, and define the function
w by

n
=Y by,

k=1
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Then , 7 € D ('¥). By hypothesis the functionz — [y, y1,y2; %] (r € J) is n-exponentially
convex in the Jensen sense, therefore we have

(Z)lk]

(1) n
ST = b b 5 5 s T 207
[)’07)’17)’2 id] “2::1 k 1[)’0 Y1,Y2 zd]

which implies that £ is a convex function on /. Therefore we have ¥(w) > 0, which yields
by the linearity of ‘¥, that

n
N bkb ¥ (¢y,) > 0.
ki=1

We conclude that the function r — ¥(¢,) (r € J) is an n-exponentially convex function in
the Jensen sense on J.

If the function 7 — ¥(¢;) (¢ € J) is continuous on J, then it is n-exponentially convex
on J by definition. O

As a consequence of the above theorem we can give the following corollaries.
Corollary 6.3 Assume (G). Let J C R be an interval, and let ® :={¢, |t € J} C D(FP)
such that the functiont — [y, y1,2; %] (t €J) is exponentially convex in the Jensen sense
on J for every three mutually different points yo,y1,v2 € I. Thent — ¥(¢,) (t €J) is an

exponentially convex function in the Jensen sense on J. If the functiont — (o) (t €J) is
continuous, then it is exponentially convex on J.

Corollary 6.4 Assume (G). Let J C R be an interval, and let ® :={¢, |t € J} C D(P)
such that the function t — [yg,y1,y2; %] (t € J) is 2-exponentially convex in the Jensen
sense on J for every three mutually different points yo,y1,y2 € I. Then the following two
statements hold:

(i) If the functiont — ¥Y(¢,) (t € J) is positive and continuous, then it is log-convex.

(ii) Ifthe functiont — Y (@) (t € J) is positive and differentiable, then for every s,t,u,v €
J, such that s <u andt < v, we have

ug (W, @) <u,, (W, D) (6.15)

where for s,t € J

exp(“fy((py; ) ,I=s.
Proof. The proof is similar to the proof of Corollary 6.2. ]

Remark 6.10 Suppose the function # — W(¢) (+ € J) is positive and continuous in (ii).
It can be seen that (6.15) remains true for every s,7,u,v € J such that s <u,r <v, s #t and

uF#v.
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Remark 6.11 Note that the results Theorem 6.9, Corollary 6.3 and Corollary 6.4 are
valid when two of the points yg,y;,y» € I coincide, say y; = yo, for a family of differ-
entiable functions ® = {¢; |+ € J} C D(¥) such that the function r — [yo,y0,y2; %] is
n-exponentially convex or exponentially convex or 2-exponentially convex in the Jensen
sense on J for every two mutually different points yg,y, € I. Moreover, they are also valid
when all three points coincide for a family of twice differentiable functions ® = {¢ |t €
J} C D('¥) with the same properties. The proofs can be obtained by recalling Remark 6.5
and Lemma 6.2.

The next result related to the first condition of Theorem 6.8 is given in [40].

Theorem 6.10 Assume J C R is an interval, and assume A = {¢ | t € J} is a family of
twice differentiable functions defined on an interval I C R such that the function t — ¢ (x)
(t € J) is exponentially convex for every fixed x € I. Then the function t — [y, y1,y2; ]
(t € J) is exponentially convex in the Jensen sense for any three points yo, y1, y2 € 1.

Proof. Let n be a positive integer, t,t; € J, ty := @ and by € R for k,l = 1,2,...,n.

Then

n " n

Y by, | (x) =Y, bibigy (x) >0, xel.

ki=1 Ki=1
It follows that the function .
2 bkbl(plk]
k=1

is convex, and hence (see Lemma 6.2)

n n
Y bebi[yo,y1,v2: O] = Vo vi,y2s Y, bibidy,] >0
ki=1 ki=1

for every points yo, v,y € I. This implies the exponential convexity of # +— [yo,y1,2; @]
(r € J) in the Jensen sense. O

Remark 6.12 It comes from either the conditions of Theorem 6.10 or the proof of this
theorem that the functions ¢y, ¢ € J are convex.

6.3 Applications to Cauchy Means

In this section we generate new Cauchy means by applying the results in the previous
section to some special classes of functions. We remind the condition

(F)Let! C R be an interval, and let Y : D(Y) — R be a linear functional on a subspace
of . (I) such that Y(f) > 0 for every convex f from D (Y).

First, we summarize the essential properties of the functionals Y; (i = 1,...,23).
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Remark 6.13 (a) Every functional Y; (i = 1,...,23) depends on a real valued function
defined on a convex set, and some other parameters. In this chapter the convex set will be
an interval / C R, and the parameters will be fixed except the function. By considering Yy,
it is supposed that / is compact and the inequality (4.7) holds.

(b) The functionals Y; (i = 1,...,23) can be defined on a subspace D (Y;) C .% (I). It
is easy to see that D (Y;) = % (I), when 1 <i <9 and 16 <i < 19, but in the other cases
some integrability conditions are necessary, and hence D (Y;) is a proper subspace of % (I)
in general.

(c) Y;is linear on D (Y;), and Y;(f) > O for every convex f from D (Y;) (i =1,...,23).
It would be worthwhile to study the following problem: give those convex functions from
D (Y;) for which the value of Y; is positive.

(d) Consider the functionals Y;, when 1 <i <9 and 16 <i < 19. Every such functional
depends on a fixed n-tuples (x1,...,x,) € I". Let

a:= min x; and b:= max x;.
1<i<n 1<i<n

Then [a,b] C I, and if f € D(Y;) such that the restriction of f on [a,b] is convex, then
Yi(f) >0(1<i<9,16<i<19).

(e) Consider the functionals Y;, when 10 < i < 12. These functionals depends on
functions u; (1 <i<n), whose ranges are subsets of /. If the ranges of the functions
u; (1 <i<n) are subsets of an interval I C I, and if f € D(Y;) such that the restriction of
f on I is convex, then Y;(f) >0 (10 <i < 12).

(f) Consider the functionals Y;, when 13 < i < 15, and 20 < i < 23. These functionals
depends on a function u#, whose range is a subset of /. If the range of the function u is a
subset of an interval [ C I, and if f € D(Y;) such that the restriction of f on [ is convex,
then Y;(f) >0 (13 <i<15,20<i<23).

Example 6.1 Assume (F) with I =R and D (Y) = C(R). Consider the class of continu-
ous convex functions
A :={¢ :R—1[0,00) | 1 € R},

where

(6.17)

1 rx.
02 ::{ﬂe 7o

1.2, .
z.x, t=0.

Elementary calculations show that 1 — ¢/ (x) = ¢ (r € R) is exponentially convex for
every fixed x € R, and therefore Theorem 6.10 implies that the function ¢ — [yg,y1,y2; ¢],
t € R is exponentially convex in the Jensen sense for every three mutually different points
y0,y1,y2 € R.

(a) By applying Corollary 6.1 with / =R and A = A;, we get the exponential con-
vexity of ¢ — Y(¢y) (r € R) in the Jensen sense. If the mapping 1 — Y(¢) (r € R) is also
continuous, then it is exponentially convex.

(b) If the mapping 7 — Y(¢) (¢ € R) is positive and differentiable, then Corollary 6.2
(ii) gives the monotonicity of the function u,(Y,A;) (s,r € R) (defined by (6.12) with
A = Ay) in both parameters.
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(c) Suppose the mapping 7 — Y(¢) (+ € R) is positive and differentiable. Suppose
further that [a,b] C R is an interval with the following property:
(i) if f € D(Y) such that the restriction of f on [a,b] is convex, then Y(f) > 0.
Introduce
M, (Y, A1) :=logus, (Y,Ay), s,0€R.

If s # ¢, we have from Theorem 6.2 (the conditions of the theorem are satisfied) that there
exists & € [a,b] for which

My, (Y,A1) = S%log (Y(%)) :Llog( s;:(é))

! Y(¢r) §s—1 /'(€)
1 %S

It follows from this by taking limit that
M s(Y, A1) € [a,b], seR.

It can be seen that
a<M,(Y,A1)<b, sreR.

The monotonicity of the function 9, (Y, A1) in both parameters comes from the similar
property of u,, (Y, Ay).

(d) Remark 6.13 shows that the functionals Y; (i = 1,...,23) satisfy condition (F). Y
denotes one of the functionals Y; (i = 1,...,23).

Suppose the mapping 7 — Y(¢y) (¢ € R) is positive (see Remark 6.13 (c)).

If 1 <i<9or16<i<19,thenitis easy to check that the mapping 7 — Y (¢ ) (r € R)
is differentiable and

Y) s
ug (Y,A1) = § exp %—%)J:t;,éo, (6.18)
Y(id 9y L
exp 3(Y(¢0))>,sftf0.

In these cases (c¢) and Remark 6.13 (d) yield that 9, (Y, A1) (s,# € R) are means on
R", and they are monotonic in both parameters.

If 10 <i < 15 or 20 <i < 23, then the differentiability of the mappingz — Y(¢y) (r € R)
does not follow in general. It is also not trivial whether (6.18) remains true provided
t — Y(¢) (r € R) is differentiable (this concerns the behaviour of parameter dependent
integrals). But, if the ranges of the functions u; (1 <i < n) and u (see Remark 6.13 (e) and
(f)) are subsets of an interval [a,b] C I, and t — Y(¢) (+ € R) is differentiable, then as in
the previous cases, M, (Y, A1) (5,7 € R) are means defined by integrals.

Example 6.2 Assume (F) with I = (0,%0) and D (Y) = C(0,e°). Consider the class of
continuous convex functions

V) ::{Wt : (07°°)HR |t€R}7
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where
X .
o 1701,
Wi(x) == q —logx; 1 =0,

xlogx;t = 1.

As in the previous example, 7 — y!(x) = x'~2 = e(=2)1°2X (1 € R) is exponentially
convex for every fixed x € (0,o0), and therefore Theorem 6.10 implies that the function 7 —
[vo,v1,y2; W], t € R is exponentially convex in the Jensen sense for every three mutually
different points yg,y1,y2 € (0,00).

(a) By applying Corollary 6.1 with / = R and A = A;, we get the exponential convex-
ity of t — Y(y;) (r € R) in the Jensen sense. If the mapping 1 — Y(y;) (r € R) is also
continuous, then it is exponentially convex.

(b) If the mapping t — Y(y;) (¢ € R) is positive and differentiable, then Corollary 6.2
(i) gives the monotonicity of the function u,, (Y, A;) (defined by (6.12) with A = A) in
both parameters.

(c) Suppose the mapping # — Y(y;) (t € R) is positive and differentiable. Suppose
further that [a,b] C (0,°0) is an interval with the following property:

(i) if f € D(Y') such that the restriction of f on [a,b] is convex, then Y(f) > 0.

If s # t, we can apply Theorem 6.2 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

wiro- (20)"-(38)°

It follows from this by taking limit that
uss(Y,A2) € [a,b], seR.

It can be seen that
a<ug,(Y,A2) <b, steR.

(d) Now, we consider functionals Y; (i = 1,...,23) which satisfy condition (F), by
Remark 6.13. Y denotes one of the functionals Y; (i = 1,...,23).

Suppose the mapping 7 — Y(y;) (¢ € R) is positive (see Remark 6.13 (c)).

dDIfl1<i<9orl6<i<19,then itis easy to check that the mapping 7 — Y(y;)
(r € R) is differentiable and

T

1-2s _ Y(wswo) _
wrnn = TS ). ol (6.19)
exp 172Y(Wu/00))’ s=t=0,
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In these cases (c) and Remark 6.13 (d) yield that u,,(Y,Az) (5,7 € R) are means on
(0,00)", and they are monotonic in both parameters.

If 10 <7< 15 or 20 <i < 23, then the differentiability of the mapping ¢ — Y(y%)
(r € R) does not follow in general. It is also not trivial whether (6.19) remains true provided
t — Y(y;) (t € R) is differentiable (see Example 6.1 (d)). But, if 7 — Y(y;) (r € R) is
differentiable, then as in the previous cases, uy, (Y,Az) (s,t € R) are means defined by
integrals.

(dy)Let1 <i<9or16<i<19. As we have mentioned in Remark 6.13 (d), Y depends
on a fixed n-tuples x = (xy,...,x,) which must belong to (0,°0)" in the present situation.
Henceforth this dependence is important, thus we shall make out it. For » € R, denote
X" = (x},...,x}). log (x) means (logxy,...,log (x,)).

Lets,t,r € R, r #0. Since t — Y(y;) (t € R) is differentiable, we can introduce

us,t,r(YaXaAZ) = (uv/rt/r<Y x" AZ))I/r
(WsyrX) 5
(+rics x'>> SEL

- Ly (yy, X
ds s/r> _
exXp (W , 1 =S.

a <ugy (VX A) <b", sit,reR, r#0,

It follows from (c) that

and therefore
a<ug (Y,X,A2) <b, sitreR, r#0. (6.20)

(6.19) yields that

1
(i)™ s 20
e (T,X, Ag) = CXP<%*Y%7§>> s=t#0,r r#0, 6.21)
exp %721,1((1{32/3)))’ s=t=0, r#0,
exp —}—g%?l"’l’ll))), s=t=r#0.

By taking limit » — 0, we can extend the meaning of us,,,r(Y, x, Ay ) for r = 0 with some
tedious calculations:

1

U0 (Y%, Ag) = (W) . s
s o0 (0%, Ag) = exp (=3 + GEEEG ) 5= 20,
“OOO(YXAzFexp(%

where the definition of the function ¢ (r € R) can be found in (6.17), and id (x) := x
(x eR).
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According to (6.20)
agus,t,r(vavAZ) Sbv S,[,}’GR,

thus we have obtained new means on (0, )" with three parameters.
The monotonicity of the means u,;(Y,Az) (s,7 € R) implies that for s < u, t < v and
reR
Ugs (1%, A2) <ty (Y, X, A2).

(d3) Let 10 <i < 12. Then Y depends on functions u, ..., u, which have positive ranges
in the present investigation (see Remark 6.13 (e)). Letu = (uy, ..., u,). If some integrability
conditions are satisfied (see Theorem 5.3), and z — Y(y5) (¢ € R) is differentiable, then we
can introduce

us,t,r(Y7u7A2) = (us/r,z/r(Y7ur7A2)) e
1
T(Wx/rvur) 5=
(T(Wt/raur)> ’ S#t,
%Y(Ws/r!ur)
Y(Ws/r!ur) ’

exp t=s

)

for s,¢,r € R, r # 0. If the ranges of the functions u; (1 <i < n) are subsets of an interval
[a,b] C (0,00), then as in the previous cases, i, (Y,u,Az) (s,z,r € R, r # 0) are means
defined by integrals. It requires further study whether (6.21) remains true (this concerns
the behaviour of parameter dependent integrals), and how can we extended u, (Y, u, Az)
for r =0.

(dg) Let 13 <i <15 0r 20 <i < 23. Then Y depends on a functions u which has
positive range in the present investigation (see Remark 6.13 (f)). If some integrability
conditions are satisfied (see Theorem 5.5), and z — Y(y5) (¢ € R) is differentiable, then we
can introduce

. 1
us,l,r(YauaAZ) = (us/r,t/r<Yvu 7A2)) r
1

Y(ws/rvur) 5=
) Grsg) s £
B 45 Yy at)
exp (dlY(l[/S/i_/,ur) , 1=,

for s,z,r € R, r # 0. If the range of the functions u is a subset of an interval [a,b] C
(0,e0), then as in the previous cases, s, (Y, u,A2) (s,7,r € R, r # 0) are means defined
by integrals. Like (d3), it requires further study whether (6.21) remains true (this concerns
the behaviour of parameter dependent integrals), and how can we extended us,,,r(Y, u,Ay)
for r =0.

Example 6.3 Assume (F) with I = (0,0) and D (Y) = C(0,0). Consider the class of
continuous convex functions

Az :={n; 1 (0,0) = (0,%0) |7 € (0,%0)},
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where

X~ —
Sor=1

[
n() { o 71
For every fixed x € (0,0), he function — 1, (x) =t = =12’ (t € (0,0)) is the restric-
tion of the Laplace transform of the nonnegative function s — % (5 € (0,00)) (see [75]),
and hence Theorem 6.7 shows that it is exponentially convex. Now, Theorem 6.10 yields
that the function 7 — [yo,y1,y2; 1], t € (0,00) is exponentially convex in the Jensen sense
for every three mutually different points yg,y, 2 € (0,0).

(a) By applying Corollary 6.1 with J = (0,e0) and A = A3z, we get the exponential
convexity of ¢ — Y(1n,) (¢ € (0,e0)) in the Jensen sense. If the mapping # — Y(1n,) (¢ €
(0,0)) is also continuous, then it is exponentially convex.

(b) If the mapping ¢ — Y(1;) (# € (0,00)) is positive and differentiable, then Corollary
6.2 (ii) gives the monotonicity of the function u,, (Y, A3) (defined by (6.12) with A = A3)
in both parameters.

(c) Suppose the mapping 7 — Y'(1;) (¢ € (0,e0)) is positive and differentiable. Suppose
further that [a,b] C (0,c0) is an interval with the following property:

(i) if £ € D(XY) such that the restriction of f on [a,b] is convex, then Y(f) > 0.

By using the well known logarithmic mean

S, t=s.

1—s , f,
L(s,1) :{log'bgs 7 . s5,t>0, (6.22)

we introduce
M, (Y,Az) := —L(s,1)logus;(Y,A3), s,>0.

If s # ¢, we can apply Theorem 6.2 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

B 1 Y(m))__ 1 ny'(§)
My (Y, A3) = —L(s,t) — log (Y(n,)> “logr —logs (n[’(é))

~ —& (logs —logr) _¢

= € la,b|.
logt —logs [, 5]

It follows from this by taking limit that
ms,s(YaA3) € [Cl,b], s € (Ovoo)

It can be seen that
a <M, (Y,A3) <b, s,1€(0,00).

The function M, (Y, Az) is decreasing in both parameters, because u,, (Y, A3) and L(s,7)
are increasing in both parameters: if s,z,u,v € (0,°0) such that s < u and r < v, then

E)J’ts,t (Yv A3) Z 9jtld,\/(Y,?/\:‘;)'
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(d) Now, we consider functionals Y; (i = 1,...,23) which satisfy condition (F), by
Remark 6.13. Y denotes one of the functionals Y; (i = 1,...,23).

Suppose the mapping 7 — Y(n;) (z € (0,e0)) is positive (see Remark 6.13 (c)).

If 1 <i<9orl6<i<19,then it is easy to check that the mapping t — Y(7,) (¢ €
(0,0)) is differentiable and

(F) s 0

us, (Y,A3) = exp 75102gs — %) ,s=t#1, (6.23)
exp (-~ i) =1 =1,

In these cases (c¢) and Remark 6.13 (d) yield that 0, (Y, A3) (s,¢ € (0,00)) are means on
(0,°0)", and they are monotonic in both parameters.

If 10 <i < 15 or 20 < i < 23, then the differentiability of the mapping t — Y(n,) (¢ €
(0,°0)) does not follow in general. It is also not trivial whether (6.23) remains true provided
t—Y(n,) (¢t € (0,00)) is differentiable (this concerns the behaviour of parameter dependent
integrals). But, if the ranges of the functions u; (1 <i <n) and u (see Remark 6.13 (e) and
(f)) are subsets of an interval [a,b] C I, and 7 — Y (1) (¢ € (0,0)) is differentiable, then as
in the previous cases, M, (Y,Az) (s,7 € (0,00)) are means defined by integrals.

Example 6.4 Assume (F) with I = (0,0) and D (Y) = C(0,%0). Consider the class of
continuous convex functions

Ag:={1:(0,00) = (0,00) [ 1 € (0,00) },

where

e ¥Vi
-

%(x) ==

For every fixed x € (0,), he function # — 7/ (x) = e V7 (t € (0,00)) is the restriction of

the Laplace transform of the nonnegative function s — 5 );r 5 e /4s (s € (0,00)) (see [75]),
and hence Theorem 6.7 shows that it is exponentially convex. Now, Theorem 6.10 yields
that the function ¢ — [yo,y1,y2; %], € (0,00) is exponentially convex in the Jensen sense
for every three mutually different points yg,y1,y2 € (0,00).

(a) By applying Corollary 6.1 with J = (0,e0) and A = A4, we get the exponential
convexity of 7 — Y(¥) (¢ € (0,)) in the Jensen sense. If the mapping 7 — Y(y;) (r €
(0,00)) is also continuous, then it is exponentially convex.

(b) If the mapping 7 — Y(y;) (¢ € (0,%0)) is positive and differentiable, then Corollary
6.2 (ii) gives the monotonicity of the function u,, (Y, A4) (defined by (6.12) with A = Ay)
in both parameters.

(c) Suppose the mapping 7 — Y(y;) (¢ € (0,°0)) is positive and differentiable. Suppose
further that [a,b] C (0,°0) is an interval with the following property:

(i) if f € D(XY) such that the restriction of f on [a,b] is convex, then Y(f) > 0.

Introduce

My (Y, As) = — (Vs + Vi) logug, (Y, Ay), s,t € (0,00).
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If s # ¢, we can apply Theorem 6.2 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

1 Y(ys) 1 ¥ (&)
m”(Y,M)(\/E+\/E)ﬁlog<Y(%))\/E_\/Elog(}/l/’(é))

I ] VN, B
pv (ViVD) = ¢ € [a, ).

It follows from this by taking limit that
M (Y. A4) € [a,b], s€(0,00).

It can be seen that
a <M, (Y,A4) <b, s,1€(0,00).

The function M, (Y, A4) is decreasing in both parameters, because (Y, A4) is increasing
in both parameters: if s,7,u,v € (0,00) such that s < u and 7 < v, then

ms,z (Y, A4) > mu,v (Y7 A4)-

(d) Now, we consider functionals Y; (i = 1,...,23) which satisfy condition (F), by
Remark 6.13. Y denotes one of the functionals Y; (i = 1,...,23).

Suppose the mapping 7 — Y(¥) (¢ € R) is positive (see Remark 6.13 (c)).

If 1 <i<9or16<i<109, then it is easy to check that the mapping 7 — Y () (¢ €
(0,0)) is differentiable and

1
Yo(ys) \ 5
U5 (Y2,A4) = (YZ(%)) 7L

L Nalin) )
e (3= sl ) =0

(6.24)

In these cases (c) and Remark 6.13 (d) yield that 0, (Y, A4) (s,¢ € (0,00)) are means on
(0,°0)", and they are monotonic in both parameters.

If 10 <i <15 or 20 < i < 23, then the differentiability of the mapping # — Y(y;) (¢ €
(0,°0)) does not follow in general. Itis also not trivial whether (6.24) remains true provided
t—Y(y) (r € (0,00)) is differentiable (this concerns the behaviour of parameter dependent
integrals). But, if the ranges of the functions u; (1 <i <n) and u (see Remark 6.13 (e) and
(f)) are subsets of an interval [a,b] C I, and 7 — Y () (z € (0,0)) is differentiable, then as
in the previous cases, M, (Y, A4) (s, € (0,00)) are means defined by integrals.

In the remaining examples (Example 6.5-6.8) we need the following condition which
was introduced previously:

(G) Let I C R\ {0} be an interval, and denote id the identity function on /. Let ¥ :
D(¥) — R be a linear functional which satisfies

(i) D(P) is a subspace of .% (I) such that f € D (W) implies % € D(¥),

(i) ¥ (f) > 0 for every f € D ('¥) for which % is convex.
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Example 6.5 Assume (G) with I = (0,e0) and D (¥) = C(0,c0). Consider the class of
continuous convex functions

@ := {15 :(0,0) — (0,) | r € R},

where

Then the function l.T—"i is the restriction of ¢ (see Example 6.1) to (0,e0) (which will be

denoted by ¢ too) for every t+ € R. Thus, as we have seen in Example 6.1 the function
1= [yo,y1,¥2: 5] = [y0,y1,y2: %], t € R is exponentially convex in the Jensen sense for
every three mutually different points yo,y;, v € (0,00).

(a) By applying Corollary 6.3 with / = R and ® = ®;, we get the exponential con-
vexity of £ — W¥(7;) (¢ € R) in the Jensen sense. If the mapping ¢ — ¥(7;) (r € R) is also
continuous, then it is exponentially convex.

(b) If the mapping ¢ — ¥(1;) (¢ € R) is positive and differentiable, then Corollary 6.4
(i) gives the monotonicity of the function s, (¥, ®; ) (defined by (6.16) with @ = @) in
both parameters.

(c) Suppose the mapping  — ¥(7;) (r € R) is positive and differentiable. Suppose
further that [a,b] C (0,°0) is an interval with the following property:

(i) if £ € D ('¥) such that the restriction of% to [a,b] is convex, then W(f) > 0.

Introduce

M, (P, D)) :=logus, (¥, D), s,7€R.

If s # t, we can apply Theorem 6.6 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

L L

_ L WENT L (E(E) 2ER(E) +25(E)\ T
”“*’“”q"“"g(wn)) log<§%{’(é)—2§T{(€)+2Tz(é)>

€1

=log (e(“"”&) T =Eca,b].

It follows from this by taking limit that

M, (¥, D) € [a,b], seR.

It can be seen that _
a<M, (¥, @) <b, steR.
The monotonicity of the function 9, (W, ®;) in both parameters comes from the similar
property of i, (¥, D).
(d) Now, we consider the functional ¥ defined in (4.10): let n,k e N,n > 3,2 <k <
n—1,x=(x1,....x,) € [" such that x =Y | x; € [; then

k
fk,n(x) = % 2 f <2xij>7
(1) p

k—1) 1<i1<..<ix<n
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and

W) = WX ) = i 0) S ()~ fen ().

In this case W is a linear functional defined on D (¥) = .% (I), and ¥ (f) > O for every f €
D (%) for which % is convex, and therefore ¥ satisfies (G). It should analyse: give all the

functions f € D (V) for which % is convex and ¥ (f) > 0.
Suppose the mapping 7 — W(1;) (r € R) is positive.
It is easy to check that the mapping ¢ — W(7;) (r € R) is differentiable. By applying

(c), we have that
n

min xlgi)ﬁ”(‘l’x D)) <2xl, s,t €R, (6.25)

1<i<n =1

which shows that 9, (¥, x, ®,) is not a mean of the numbers x; (1 <i<n).
To construct means of the numbers x; (1 <i < n), we assume that

x <xi—xi—1, 2<i<n.
Introduce
AX=(V1,V2y V) = (X1,X0 — X1y e ey X — Xn—1) -
Thenx; < ... < xp, 1mm yi = x1 and El Vi =X, = lmlaxnx, It is not hard to calculate that
Uy, (P, Ax, D)

( k ) 51
n s| X vi;

_ v k—1 s 1 =1

Z,] Zyiegy' + nilxneﬁxn T Un—1 2 2 yl]

2 i=1 (k—l) I<ij<..<ig<n \ j=1

s#£t,

s2 t(iy-) 7 Svt#ov
ij
k Zytelv + xnelx" - 1 > (2))!]) !
J

(;cl—{) 1<ii<..<ix<n \ j=1

1
k s
n k s{ X i
—k k= 1 <-:1 f)
= 21 e e = > (jZlyi,) o
= —

(Z*}) 1< <..<ix<n

2

[72)
(3]
~
Tta-
=
~.
N——
(%)
.
I
uO

n
—k 3 k=13 1
Zfl ,Elyi + nfl‘xn - (n—}) 2
i= _

1<i)<...<ix<n

P 1 1 k t<_§)’ij> 170,
LY yieli + S=px, et — > Sy e VT
= J

1 (1) 1< <<ip<n
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2 k
k S(_Zyz'j)
n—k Zy, Vi Aty Zestn — (nll) > (zm) e V=1
k

—1) 1<ij<..<ig<n \ j=1 2
=X __
p ; - |
n s 2)71'-
n—k sy L k=1 SXn 1 =1/
=1 Y yieVi + a1 Xn€" — (;171) h 2 Vi
i=1 -1 1< <..<ix<n \ j=I
s=1t#0,
. 4
n
n—k 4 k=14 1
n— 2)’1 +n, Xn — (n—l) 2 ZYij
1 i=1 k1) 1<ij<...<ip<n \ j=1
= exp 5 , S=t= 0.

-1 1<ii<...<ig<n \ j=

3
n—k w k 1 ko
=1 Zy, + 0 (24) ) (Elyl])

(6.25) yields that DSTS,, (W, Ax, D) (s,# € R) are means (of the numbers x; < ... < x,)
on
{0 x) |21 >0, x0 <xp—x-1, 2<i<n},

and they are monotonic in both parameters.

Example 6.6 Assume (G) with I = (0,e0) and D (¥) = C(0,c0). Consider the class of
continuous convex functions

By = {: (0,0) =R |1 € R},

where 1
)‘” (1#0,1,
e (x) := —xlogx, =0,
x’logx;t=1.

Then the function &% 7 1s Y (see Example 6.2) for every 7 € R. Thus, as we have seen in
Example 6.2 the functlon 1+ [yo,y1,¥2; %] = [yo,y1,y2: W], € R is exponentially convex
in the Jensen sense for every three mutually different points yg,y1,y2 € (0,00).

(a) By applying Corollary 6.3 with / = R and ® = ®,, we get the exponential convexity
of + — ¥(1) (r € R) in the Jensen sense. If the mapping t — ¥(i;) (+ € R) is also
continuous, then it is exponentially convex.

(b) If the mapping 7 — W(u,) (¢ € R) is positive and differentiable, then Corollary 6.4
(i) gives the monotonicity of the function uy, (¥, ®,) (defined by (6.16) with @ = @) in
both parameters..

(c) Suppose the mapping # — ¥(u;) (¢t € R) is positive and differentiable. Suppose
further that [a,b] C (0,°0) is an interval with the following property:

(i) if f € D (¥) such that the restriction of % to [a,b] is convex, then W(f) > 0.

If s # ¢, we can apply Theorem 6.6 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

1 1

‘P(us)> o (ézus”(é) 2§M§(§)+2us(é)) o
Pw) S2ur (&) — 28/ (8) +2um(E)

U (W, @) = (
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= (&) = € [ab].

It follows from this by taking limit that
L_Ls,s(llqu)Z) € [a7b]7 seR.

It can be seen that
a<ugy(¥,®)<b, steR.

The function uy, (¥, ®,) is monotonic in both parameters.
(d) Now, we consider the functional ¥ defined in (4.10) (see (d) in the previous exam-
ple).
Suppose the mapping 7 — (1) (¢ € R) is positive.
It is easy to check that the mapping # — (1) (¢ € R) is differentiable. It follows from
(c) that
n
< Y, x,®;) i teR
lTllanI us l( X, 2 lzzl Xi, 8,1 ek,
and therefore u,, (W, x,®,) is not a mean of the numbers x; (1 <i <n).
To construct means of the numbers x; (1 <i < n), we assume that

X1 <xi—xi-1, 2<i<n
As in the previous example we use the notation
AX:=(Y1,Y25-Yn) = (X1,%0 — X1y ooy X — Xp—1) -

Then x| < ... <xp, mln y, =x and Z Vi = X, = max X;.
1< i=1 1<i<n

It is not hard to calculate
L_ls,t (‘Pv AX, CDZ)

i

1<ij<...<ix<n \ j=1

s+1
n k
5 gy, 2 ()

sts=1) k& k=1 1+1 1 k "
i Xy T — ) )y > i

izl 1< <..<iy<n \ j=1
s#t, s,t#0,1,
1
it § 14 A e <§%> S
B 1 (i1 1<11< <ip<n \ j=1 "'
o 1) nk EleOgyz At xlogax, — (nll) e (i yl]> log ( ZIyu)

t=0, s#£0,1,
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1 i=1 1) 1<i <..<ix<n \ j=1

2
n k
2t Y Y logyi+ A= 2logan — iy X Zy,, log | X yi,
i= ( )l<11< <i<n \ j= j=1

t=1, s#0,1,

nek n | k 2 k
P Eyz A 1x2logx, — il b Y yi; | log| ¥ yi
( 71) 1<ij<..<ix<n \ j=I Jj=1

n k k ’
2k pAY logyi + Spxulogan — s 3 Y i, |log | X i
(—l) 1<i)<...<ix<n \ j=1 j=1

s+1 s—1
n
—k S k—1 1 1
271 Zyiwrl + n_—lx;l+ - (/x—l ) ( ) yl,>

=0, s=1,
s+1
k< 1 st 1 k
1 ZYtHr logy; + X, logx, — m z 2)’1/ log| ¥ yi;
1—2s i=1 k1) 1<ij<..<ip<n \ j=1 j=1
=ex
Plsis—1) . s+
% Eyis+l + %X}?Ll - (nll) b < ) y1]>
i=1 k1) 1<iy <..<ip<n \ j=1
s=t#0,1,
. n - 2 k k
wt Yyilog’yit iplogt — sty % 3 i, | log* | 2w,
. ( ) . . ; J j
i=1 =1/ 1<) <...<ix<n = j=1
=exp| 1+ - p ,
n
2| Zyllogy,+,, txilogx, — 7w % 3 yi; |log | 3 v,
() 1<iy<Z<iven \ 217 =1
s=t=0,
kw2 1 k o &
= Zy, log?y; + &hx lOg o= Ty - ; Zyl/ log Zlyi,
< < j=1 =
~exp 14 iy ir<n J ,
n k k
2 Z I]C Eylzlogy, x Zlogx, — (/xll 1< _ (2)’1,) IOg('Zl)’if)
l|< <ix<n = J=
s=t=1.

For simplicity, we don’t list the cases s =0, 7#0,landt=1,s #0,1l ands =0, r =1
in the previous table. They can be easily obtained from the similar cases when s and ¢ are
reversed.

By applying (c), we have that u, (¥, Ax,®;) (s,# € R) are means (of the numbers
X1 <...<Xxp)on

{(e1,yx0) | x1 >0, xy <x;—x;—1, 2<i<n},

and they are monotonic in both parameters.
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Example 6.7 Assume (G) with [ = (0,e0) and D (¥) = C(0,c0). Consider the class of
continuous convex functions

D3 = {XZ : (()700) - (0’00) |t€ (O’m)}»

xt—* ,t 17
Xt(x) = { lgth #

>, t=1.

where

Then the function % is n; (see Example 6.3) for every ¢ € (0,00). Thus, as we have seen
in Example 6.3 the function 7 — [yg,y1,y2; %] = [vo,¥1,Y2: ¢}, t € (0,°0) is exponentially
convex in the Jensen sense for every three mutually different points yg, v, ys € (0,e0).

(a) By applying Corollary 6.3 with J = (0,e0) and ® = ®3, we get the exponential
convexity of 7 — ¥ (x;) (¢t € (0,00)) in the Jensen sense. If the mapping ¢ — () (¢ €
(0,0)) is also continuous, then it is exponentially convex.

(b) If the mapping 7 — ¥ () (¢ € (0,00)) is positive and differentiable, then Corollary
6.4 (ii) gives the monotonicity of the function 1, , (¥, ®3) (defined by (6.16) with ® = ®3)
in both parameters..

(c) Suppose the mapping t — W¥(x;) (¢ € (0,00)) is positive and differentiable. Suppose
further that [a,b] C (0,e0) is an interval with the following property:

(i) if f € D (W) such that the restriction of % to [a,b] is convex, then ¥(f) > 0.

By using the logarithmic mean (see (6.22))

=5
s gty
L(s,t) :== { Teilog ST 0 . s5,1>0,

S, t=s.

we introduce

M, (¥, ®3) := —L(s,1) logity, (¥, ®3), 5,6 >0.
If s # ¢, we can apply Theorem 6.6 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

My, (W, D3) = fL(s,t)élog (%)
_ log (52%!(5) 2§X§(§)+2xs(§)>
logz —logs E2xi (&) —2Ex/(8) +2x (&)
~ —& (logs —logr)

A Lk 7 b].
logt —logs & €lat]

It follows from this by taking limit that

ms,s(‘{"aq)3) € [Cl,b], RS (0’00)

It can be seen that _
a<M; (¥, P3) <b, s,6€(0,00).
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The function M, (¥, P3) is decreasing in both parameters, because u,, (Y, Az) and L(s,7)
are increasing in both parameters: if s,7,u,v € (0,00) such that s < u and ¢ < v, then

My (¥, D3) > Ny (¥, D3).
(d) Now, we consider the functional ¥ defined in (4.10) (see (d) in Example 6.5).
Suppose the mapping ¢ — W(yx;) (t € (0,0)) is positive.
It is easy to check that the mapping 7 — () (# € (0,00)) is differentiable. It follows
from (c) that

mlnxlgﬁﬁsl‘l’xd>3 le, 5,1 € (0,00),

1<i<n

and therefore M, (P, x, @3) is not a mean of the numbers x; (1 <i<n).
To construct means of the numbers x; (1 <i<n), we assume as in the previous two
examples that
x1 <xi—xi_1, 2<i<n.

We also use the notation
AX = (y1,Y25---Yn) = (X1,X0 = X[, .0, Xq — Xp—1) -

Then x| < ... < xp, mm y, = x; and Z Vi = Xp = max Xx;.
1< i=1 1<i<n

It is not hard to calculate
L_LS,Z (‘P, AX, @3)

(k ) S—1
k - Zi;

k k—1 — 1 =17

1 Eyzs Tt =X — oo X (Eyz'])S /

2 (n I) . . ;
IOgl k=1) 1<ij<..<ip<n \ j=1

2 k ?
log”s k *(_Z Yij)
Zylt Vi At — sy Sy |t VT
J

(1) 1<i < —<ipn \ /21

sFEt, s;t#1,
e
( k ) -
n k - Zi;
—k N 1 2
WL X Vis YA XS — o )y Yyiy|s NV
2 i=1 (k—l) 1<ij<..<ix<n \ j=1
= 5 3 ’
log’s n—k < 3 k=13 1 4
n—1 Zyi +ﬁxn_ (n—l) 2 2)’1']-
i=1 k1) 1<ip<..<ip<n \ j=1
t=1, s#1,
2 <’<
n k - 2}'1')
—k 2. —yi | k—1.2 — 1 =1
s DR A s ot X”*ﬂ > Yyi; | s NV
2 i=1 1<ij<..<ix<n \ j=I
= slogs d '
Ny T £ (B
s\ ot 2yisTV 4 TS G ) Xy |s NV
=1 1) 1<i < <ig<n \ j=1

s=t#1,
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4
n k
n—k 4 | k=1 4 1
=1 Xyt n—1%n — (n—l) ) 2)’1']-
i=1 k=1) 1<ij<...<ip<n \ j=1
=exp| —

, s=t=1.

gnfk & 3, k1.3 1 k ’
mlzy; +nT]'xn7 ()l*l) 2 2)’1]

i=1 k=1) 1<ij<..<ix<n \ j=1

By applying (c), we have that 95133, (¥, x,®3) (s, € (0,00)) are means (of the numbers
x; < ...<Xxy)on

{0, x) [x1 >0, xp <xi—x-1, 2<i<n},
and they are monotonic in both parameters.

Example 6.8 Assume (G) with I = (0,e0) and D (¥) = C(0,2°). Consider the class of
continuous convex functions

b,y = {6; : (0700) - (0,00) |t € (va)}a

where
xe —X\/1
6[ (.x) = : .

Then the function %’ is ¥ (see Example 6.4) for every ¢ € (0,e0). Thus, as we have seen

in Example 6.4 the function 7 — [y, v1,y2; %] = [vo,y1,y2: %], t € (0,00) is exponentially
convex in the Jensen sense for every three mutually different points yg,y,y2 € (0,0).

(a) By applying Corollary 6.3 with J = (0,e0) and ® = ®4, we get the exponential
convexity of t — (&) (¢ € (0,)) in the Jensen sense. If the mapping r — ¥ (&) (¢ €
(0,00)) is also continuous, then it is exponentially convex.

(b) If the mapping ¢ — (&) (r € (0,0)) is positive and differentiable, then Corollary
6.4 (ii) gives the monotonicity of the function U, , (¥, ®4) (defined by (6.16) with @ = @)
in both parameters..

(¢) Suppose the mapping  — W(&;) (z € (0,00)) is positive and differentiable. Suppose
further that [a,b] C (0,°0) is an interval with the following property:

(i) if f € D (W) such that the restriction of % to [a,b] is convex, then W(f) > 0.

Introduce

My, (P, @) 1= — (Vs + V1) logity, (¥, D4), s, € (0,00).

If s # ¢, we can apply Theorem 6.6 (the conditions of the theorem are satisfied) which
shows that there exists & € [a,b] such that

=i e ()

b og (6255’(5) 2653/(6)‘1’253(6))
Vi—y/s T8 (8) —2868/(8) +25(8)
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_ (VD) e ey
_\/;_\/Elog ( )—ée[,b].

It follows from this by taking limit that

My (W, Dy) € [a,b], € (0,00).

It can be seen that _
a <M, (P, P4) <b, s,06€(0,00).

The function 93157, (W, ®4) is decreasing in both parameters, because (¥, D4) is increas-
ing in both parameters: if s,7,u,v € (0,°0) such that s < u and t < v, then

My, (P, g) > M,y (¥, D).

(d) Now, we consider the functional ¥ defined in (4.10) (see (d) in Example 6.5).

Suppose the mapping ¢ — (&) (z € (0,00)) is positive.

It is easy to check that the mapping t — W(&;) (r € (0,0)) is differentiable. It follows
from (c) that

<
lrglgnxl SDTS, (P, x,®4) < le, 5,1 € (0,00),

and therefore 951&, (¥, x,D4) is not a mean of the numbers x; (1 <i<n).

To construct means of the numbers x; (1 <i<n), we assume as in the previous three
examples that

X <xi—xi—1, 2<i<n.

We also use the notation
AX = (y1,Y25--Yn) = (X1,X0 = X[, .., Xq — Xp—1) -

Then x| < ... < xp, mm y, = x; and Z Vi=Xp = 1max X;.
1< i=1 <i<n

Itis easy to calculate

ﬁs,l(‘yvl\ﬁl)
1
)\/E 5—1
nk zyeiyl\/_‘i’ xn —nVs n— 1 2 Zylj
t ( )1<11< <ipp<n \ j=1
S )
=1 k Zyle y,\/+—xn i (n 1) 1<i <z< < Zy’J
il i<n \ j=1

s#t,

\M»

Yl/-) ij)\/g
Yl/-) />\/§

M»

= 1
1 1 i=1 ( 1<z|< <tk<n (/

i=1 ( 1<z|< <ix<n
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By applying (c), we have that 95157, (¥, x,®y4) (s, € (0,00)) are means (of the numbers
X <...<xp)on

{(x,x0) [ x>0, % <xi—xim1, 2<i<n},

and they are monotonic in both parameters.






Chapter

Refinements of Holder’s and
Minkowski’s inequalities

The results about interpolation of Mixed Means given in [58] are without weights. But in
[38], we have given results with weights and improved the results given in [58] by using a
refinement of the discrete Jensen’s inequality from [44]. Further, in [39] we work on the
refinement given in [32] to establish the generalizations of corresponding results given in
[38] and we presents some parameter dependent refinements of Holder’s and Minkowski’s
inequalities with the help of [33].

The results of this chapter are given in [38] and [39].

We start with the extensions of Beck’s results [9], given in [38]. The following hypoth-
esis is assumed:

(Ap)LetL,: I, >R (t=1,...,m) and N : Iy — R be continuous and strictly monotone
functions whose domains are intervals in R, and let f : I} x ... X [, — Iy be a continuous
function. Let x(), ... x(") € R" (n > 2) such that x) € I for each 7 = 1,...,m, and let
p = (p1, ..., pn) be a nonnegative n-tuple such that 3, p; = 1.

The following result is a simple consequence of the discrete Jensen’s inequality (The-
orem 1.5).

Theorem 7.1 [38] Assume (Ay). If N is an increasing function, then the inequality
£ (L& Dp5n), s L (i) ) = N1 <2piN(f(x§”,...,xE’">))) . an
i=1

holds for all possible x\*) (1 = 1,...,m) and p, if and only if the function H defined on

157
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Ll ([1) X ... X Lm([m) by
H(ty,.ostm) =N (f (L7 1 (t1)s o Ly ()

is concave. The inequality in (7.1) is reversed for all possible x) (t = 1,...,m) and p, if
and only if H is convex.

Beck’s original result was the special case of Theorem 7.1, where m = 2 and I =
[k],kz], 12 = [ll,lz] and [N = [111,112] (see [12], p- 249).

For simplicity, in the case m =2 we use the following form of (A):

(Ap)) LetK:Ix - R, L:I; — R and N : Iy — R be continuous and strictly mono-
tone functions whose domains are intervals in R, and let f : Ix X I}, — Iy be a continuous
function. Let a, b € R" (n > 2) such that a € I} and b € [}, and let p = (p;,...,p,) be a
nonnegative n-tuple such that 3! | p; = L.

Then (7.1) has the form

[ (Ku(a;p),La(b;p)) > Nu(f(a,b);p), (7.2)

where f(a,b) means (f(a1,b1),..., f(an,bn)).

The following results are important special cases of Theorem 7.1, and generalize the
corresponding results of Beck. The next hypothesis will be used:

(Aj)LetK:Ix — R, L:I; — R and N : Iy — R be continuous and strictly monotone
functions whose domains are intervals in R such that either Ix + I, C Iy and f(x,y) = x+y
((x,y) € Ix x I) or Ig, I, C (0,00), Ix - I, C Iy and f(x,y) =xy ((x,y) € Ig X I1,). Assume
further that the functions K, L and N are twice continuously differentiable on the interior
of their domains, respectively. Let a, b € R" (n > 2) such thata € [} and b € I}, and let
p = (p1, ..., pn) be a nonnegative n-tuple such that 3}, p; = 1.

The interior of a subset A of R is denoted by A°.

Corollary 7.1 [38] Assume (A3) with f(x,y) =x+y ((x,y) € Ix X I1.), and assume that
K, L, N, K", L" and N" are all positive. Introducing E := ,’((—,,,, F = LL,/,, G:= AI\]J_/’/’ (7.2)
holds for all possible a, b and p if and only if

E(x)+F(y) <G(x+y), (xy) €lgxI]. (7.3)

Corollary 7.2 [38] Assume (A3) with f(x,y) =xy ((x,y) € Ix X I). Suppose the functions

K’ U N o 7o
Ax) = W(;I)ﬂ’(x)’ B(x) := m and C(x) := Wm are defined on Iy, I} and
I3, respectively. Assume further that K', L', N', A, B and C are all positive. Then (7.2)
holds for all possible a, b and p if and only if

A() +B(y) <Clw),  (xy) € lg X I1.

To prove these corollaries, similar arguments can be applied as in the analogous results
of Beck. We just sketch the proof of Corollary 7.1.
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Proof. By Theorem 7.1, it is enough to prove that the function
H:K(Ix) x L(I.), H(t,s):=N(K'(t)+L'(s))

is concave. Since H is continuous, and twice continuously differentiable on the interior
K(IY) x L(I}) of its domain, we have to show that

D11H(t,s)h% + 2D12H(l,s)h1h2 + DzzH(l,S)h% <0

for all (¢,5) € K(Iy) x L(I{) and (hy,hy) € R?. By computing the partial derivatives of H
of order 2 at the points of K(I) x L(I}), we have that this condition follows from (7.3). O

In [58], Mitrinovi¢ and Pecari¢ obtained a new inequality like (7.2), which is based on

Theorem 1.7.
Assume (A,). We denote by al.k (1<i<v)and Bik (1 <i<w) the k-tuples of a and b

respectively, where v = ( ’/: ) . Following [58], we introduce the mixed N-K-L means of a

and b:

M(N,K,L;k) := Ny (f (K (), Li(BF)); 1 <i<v), 1<k<n, (7.4)

and
M(N7K7L71) = Nn(.f(a7b))7

M(N,K,L;n) := f(K,(a),L,(b)).

The promised theorem from [58] is the next:
Theorem A. Assume (A;). Let N be an increasing (decreasing) function, and let

H:K(Ix) < L(IL) =R, H(s,t):=N(f (K '(s),L7'(r)))
be a convex (concave) function. Then
M(N,K,L;k+1) <M(N,K,L;k), k=1,..,n—1. (7.5)

If N is increasing (decreasing) but H is concave (convex) then the inequalities in (7.5) are

reversed.

Here we can apply Theorem 1.7 to the function H and to the points (K (a;),L(b;)) (1 <i<
On the analogy of Corollary 7.1 and Corollary 7.2, we have the following consequences

of Theorem A.

Corollary A. Assume (Az) with f(x,y) =x+y ((x,y) € Ix X I). Assume further that K',
L', N, K", L" and N" are all positive and E(x) + F (y) < G(x+y) ((x,y) € Ig x I}), where

E = Ilg—,l,, F .= LL,/,, G:= 11\\//—,/, Then (7.5) with reverse inequality is valid.

Corollary B. Assume (A3) with f(x,y) = xy ((x,y) € Ix X IL). Suppose the functions

Ax) == W%, B(x) := W% and C(x) := m are defined on Ig, I}
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and Iy, respectively. If K', L', M', A, B and C are all positive and A(x) + B(y) < C(xy)
((x,y) € Iy X I), then (7.5) with reverse inequality is valid.

Next, we collect four results which are special cases of earlier results. We need the
following hypothesis:

() Let U be a convex set in R™, xy,...,x, € U, and let p := (py, ..., pn) be a positive
n-tuples such that Y, p; = 1. Further, let f : U — R be a convex function.

By using the notations introduced in Section 2.1 (see .4]), we remind:

(%) For fixed integers n > 1 and k > 2 consider a subset I of {1, ...,n}k such that

Ol]k’,'ZI, 1<i<n.

Forany k> 1> 1 set

[ o o Xis
. on) - Pis s=1 “pis
Al,l :Al,l([l’xla"'vxrhp) = 2 2 a_l f xll% ) (76)
(iyyi)ely \s=1 "0 Pis
o s=1 Ocll’i‘y
and associate to each k — 1 > [ > 1 the number
Arg = A (IsX1, ..., X5 P)
L
l 3 g X (7.7)
1 . . Dis s=1 Tisls : :
=wEna, X 1 ity -yip) (E m)f T,
(i1, ) EL s=1 kN oo
s=1 “Tols

The following refinement of the discrete Jensen’s inequality is coming from Theorem
2.1.

Theorem B. Assume (%)) and (4,). Then

n n
f (2 Pixi> <Apk SAppor <o <A <Ay = Y, pif(xi), (7.8)

i=1 i=1

where the numbers A (k>1>1)are definedin (7.6) and (7.7). If f is a concave function
then the inequalities in (7.8) are reversed.
The following result is a special case of Theorem 2.2.

Theorem C. Assume (74) and (%)), and suppose |H/] (jl,...,j1,1)| = B,_1 for any
(J1seesdi=1) €L—1 (k>1>2). Then

l
n ! ;lplsxls
Aut =Au = 2 pi|f || k=ziz1,
| l| (i1senip)€l; \s=1 '

and thus

n n
f (2 PrXr> <Apk SAp1jo1 S SAsp <A =Y, prf(xe). (7.9)

r=1 r=1
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If f is a concave function then the inequalities in (7.9) are reversed.
By the virtue of hypotheses (they are introduced in Section 2.2)
(J4) Let Sy,. .., S, be finite, pairwise disjoint and nonempty sets, let

n
s:=Js;
j=1

and let ¢ be a function from S into R such that

and Y c(s)=1, j=1,...,

c(s) >0, seS,
SES]'

Let the function 7: S — {1,...,n} be defined by

t(s):=j, if seS;

and
(%) Suppose o/ C P(S) is a partition of S into pairwise disjoint and nonempty sets.
Let
k:=max{|A||A e o},
and let
g={Aed||A|=1}, 1=1,... .k

we state the following refinement of the discrete Jensen’s inequality which is contained

in Theorem 2.3:
Theorem D. Assume (743), (J45) and (4,). Then

n n
f <2ijj> SA <A <L S A <A =Y pif(x)),
=1

j=1

where
k EAC(S)PT(S)XT(S)
A=Y Y (2c<s)p : ) f1- : (7.10)
I=1 \ Ac SEA ) EAC(S)PT(s)
and for every 1 < d <k — 1 the number A,_; is given by
L d!
Acca=2 | 2 | Xe@)penfe) | |+ 2 (ﬁ (7.11)
I1=1 \Aea} \seA T \(=1)...(I—d)
EZBC(s)pT(S)XT(S)
> > Y cls)p (s)) [l =
A \ BeP_4(a) (seB ' Z cls)pa(s

From the parameter dependent refinement of the discrete Jensen’s inequality (see Theorem

2.5), we have
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Theorem E. For any real number A > 1, we suppose (G1) and consider the sets

n
S = {(il,...,i,,)eN"|2ij:k}, k e N. (7.12)

j=1
Let
Cr(A) =Cr(X1y- ey Xn3 Ply- vy Py A

)
k! no _glz’ijpjxj
'.,(2/1’fpj>f e et (7.13)
n- j:1 .

(I’l-i—k—l) (i1eemsin) €Sy 1 L iﬂ,’jp]
j=1
forany k € N. Then
f (219,'79) =G <CA)<...<GA)<... < Y pif(xj), keN
j=1 j=1

7.1 Generalizations of Beck’s result

In what follows (A}) and (5%)) are assumed. The weighted mixed means relative to (7.6)
and (7.7) are defined in the following ways:

ey XU p) =
NI < 3 (2 a’;“l ) (f(Ll(x“);ai;k;k),...,Lm(x(m);a%;k))))

lkGI

My (Lt ooy L x (V)

andfork—1>1>1

Mkl,l(Ll’“'?Lm;x(l)a' 7X(m),p) =
N7 (—ucll)...z,g] (1 )(2 a’,’k’:) (f(Ll(xm;%;z),...,Lm(gm);%;l))))
rel

where fork>1>1

Lx0; 2oy =t | =

o, Pig

respectively, and i’ := (i, ..., 7).

Now, we get an interpolation of (7.1) by the direct application of Theorem B as follows.
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Theorem 7.2 Assume (A1) and (7). If N is an increasing (decreasing) function, then
the inequalities

f(L1 (x(l);p;n),...,Lm(x(m);p;n)) < M,!,k(Ll,...,Lm;x(l),...,x(m);p)
< M,l,kil (Ll,...,Lm;x(l),...,x(m);p)

Mli‘Z(Llw--7Lm;X(1>,...,x(m>;P)
<M (L, LX), x (M) p)

.

hold for all possible x\*) (t = 1,...,m) and p, if and only if the function H defined in
Theorem 7.1 is convex (concave). If N is an increasing (decreasing) function, then the
inequalities in (7.14) are reversed for all possible x() (t=1,...,m) andp, if and only if H
is concave (convex).

(7.14)

TR
=
=
[
~—
R
=

3
~

Proof. Suppose N is increasing and the function H : Ly (I}) X ... X Ly(I,) — R,
Ht i) =N (F (£ 00, i ()

is convex. We apply Theorem B to the function H and to the vectors (L; (x}),..., L, (x")),
i=1,...,n. Then the first term in (7.8) gives

H (£ i), L) )

—N (f (Lll (él piLi(x})),....L,," (él piLm(XT))))

=N (f (Ll (x(l);p;n), ...,Lm(x(m) ;p;n))) )
The last term in (7.8) will be

n

ipiH(Ll(xil),...,Lm(xf")) =Y piN (f (xil,...,x;-")) .
=1

i=1

Ak in (7.8) has the form

k .
O
is H s= *s
s=1

oy s

. i
k Y oLy () S g, (a0
— Di —1 | s=1 s : 1 S His ;
= 3 (Zi)N Flot(=2— ), 2=
i s

=1 His
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= M,l‘k(Ll,...,Lm;x(l), ...,x(”’);p).
A similar argument shows that fork—1>1> 1 Ay, in (7.8) can be written as

M,;l(Ll,...,Lm;x(l),...,x(’");p).

The inequality (7.14) follows from these observations and Theorem B since N~! is
increasing.
The converse is obtained by Theorem 7.1. O

The following applications of Theorem 7.2 are motivated by Example 2.1 and Example
2.2 corresponding to Theorem B.

Example 7.1 Assume (A;). Consider
L= {(i1,i2) € {1,....,n}* | i1]ia},
where i1 |i; means that iy divides i,. Since i|i (i = 1,...,n), therefore (7)) holds and
o = {ﬂ +d(i), i=1,..,n,
where [%] is the largest positive integer not greater than %, and d(i) means the number of

positive divisors of i. Then a corresponding weighted mixed mean is

M21,2(L]7'~-7Lm;x(1> 7X(m>7p)

=N s b (1). B (m). p_
(2 (B N (0w ))

i1,i2) is
where ,
S L (x)!
L (X(t). L) e = L[]+ A : : t=1,...m
1 5 o — Ly ) . 5 == geney .
26} 2 Pig
s=1 [%]+d(i5)

If N is increasing and the function H defined in Theorem 7.1 is convex, then Theorem 7.2
gives

! (LI(X(I);P;n),...,Lm(x(m);p;n)>
<My (Lt L, X p) <N (2 piN(f(xEU,...,xgm)))) .

n
Example 7.2 Assume (A;). Letc; > 1 (i=1,...,n) be integers, let k := Y ¢;, and also
i=1
let [ = P consist of all sequences (iy, ..., i) in which the number of occurrences of
ie{l,..,n}isc; (i=1,...,n). Then (%) is satisfied, and

k!

cil...c,!

n

o C1yeensCim1,Ci—1,Cip 1500,Cn o ,

I = UPk7] ! ! ! y O i = Ci, 1= 1,...,1/1,
i=1
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Moreover, t; g1 (i1, ....,ix—1) = k for
, . ClyeeesCi15Ci— 1,Cit ] 5eeesC ,
(l],....,lk,I)GPkil o o i=1,...,n.
Then we can write a corresponding mixed mean as follows:

M,;kf] (Ll,...,Lm;x(l),...,x(m);p)

=N <ﬁ il (ci—pi)N (f (Ll(x;c%)»---’Lm(X;c%)))) ’

=

where

If M is increasing and the function H defined in Theorem 7.1 is convex, then Theorem 7.2
gives
f (Ll (xVsp;n), oo, L (X ;p;n))
n
<M (Lo LysxD, . x:p) < N7 <.21piN<f(x§”,...,xE”’)))) '
=

Now, we assume (A ), (%)) and suppose |H1, (1, ...,jl,1)| = f_y forany (ji,...,ji1—1) €
I,_1 (k>1>2). Then corresponding to the core term of Theorem C, we define fork >1 > 1

!

S pila(xy)
3:117 3 t - 1’ e ’m.
2 Pi
s=1
In this case Theorem C gives another interpolation of (7.1) as follows:

Theorem 7.3 Assume (Ay), (74)) and suppose !HlZ (1, ...,j1,1)| =Bi_1forany (ji,...,ji—1) €
I,_1 (k>1>2). If N is an increasing (decreasing) function, then inequalities

f(Ll(x(l);p;n),...,Lm(x(m);p;n)> < M,ik(Ll,...,Lm;x(l),...,x(m);p) <

< Mgﬁl,kfl(Ll,...,Lm;x(l),...,x(m);p) <. < M2272(L1,...,Lm;x(]),...,x(’”);p) < (7.16)

<M (L, LD, X p) = N (.leizv(ﬂxﬁ”,...,xE"”») .
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hold for all possible x(®) (t=1,...,m) and p, if and only if the function H defined in
Theorem 7.1 is convex (concave). If N is an increasing (decreasing) function, then the
inequalities in (7.16) are reversed for all possible x() (t=1,...,m) andp, if and only if H
is concave (convex).

Proof. The proof is similar to the proof of Theorem 7.2. O
Now, we give some applications of Theorem 7.3 with the help of Examples 2.4-2.7.
Example 7.3 Assume (A)). If we set
Loo={(i1,it) € {1,...n}¥ iy < ... < i}, 1<k<n,
then oy, ; =1 (i =1,...,n) i.e. () is satisfied for k = n. It comes easily that Ty (I;) =
Ly (k=2,..,n), || = (}) (k=1,...,n), and foreachk =2,...,n
|Hy (1o 1) | =n—= (k= 1), (j1,-sji—1) € I

In this case (7.15) becomes forn > k> 1

M]%;k(L]7"'7Lm;x(l),...,X(m);p)

k
=N ——~ ) (Z Pi;) N (f (Ll(X(U;Plk),~-~,Lm(x(m>;p1k)))
(n— 1) 1<ij<..<ip<n \s=1

k—1
(7.17)
If N is increasing and the function H defined in Theorem 7.1 is convex, then Theorem 7.3
gives
f (Ll (x(l);p;n),...,Lm(x(m>;p;n)) SM,%JI(L],...,Lm;x(1>,...,x(m>;p) <
< M37]7n71(Ll,...,Lm;x(]),...,x(’”);p) <. < Mg,z(Ll,...,Lm;x(l),...,x(’");p) <

S Mlz,l(le"'7Lm;x(1)7"'7x(m);p) :N71 <21plN(f(xl(1)77xl(m>))

(7.18)

Remark 7.1 If we take p; = ... = p, = % and m =2 in (7.17), then we get (7.4). Hence
the interpolation given in (7.18) is a generalization of (7.5).

Example 7.4 Assume (A)). If we set
Ik L= {(ilv"'vik) € {17"'7n}k | i1<...< ik}? k > 17

then oy, ; > 1 (i=1,...,n) and thus (J%) is satisfied. It is easy to see that Ty ([y) = I_ (k=

2,0, [l = (""" (k=1,...), and for each [ = 2,....k

\Hy, Gits oo i) =1, (s eesjio1) €41
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Under these settings (7.15) becomes

M (Lt LixY, o x™ip)

k
=N ——~ ( i)N Li(x;p, ), ooy Ly (x0);
(nJrkl) 1§i|§?§ik§n sglps (f( 1(X plk) (X p[k)>)

k

If N is increasing and the function H defined in Theorem 7.1 is convex, then Theorem 7.3
gives

f(Ll (x(l);p;n),...,Lm(x(m>;p;n)) <.. SM,ik(Ll,...,Lm;x(l),...,x(”’);p)

<..< M,%I(Ll,...,Lm;x(1>,...,x(m>;p) =N"! (En: piN(f(xgl),...,xgm)))> .
’ i=1

IN

Example 7.5 Assume (A}). Let
Loo={1,...n}% k>1.

Then oy, ; > 1 (i = 1,...,n), hence (%) holds and T (Iy) = Ly (k= 2,...), || = n*
(k=1,...),alsoforl =2,....k

\Hy Gty oo i—1)| =11 (tseesjiz1) € Iy

Therefore under these settings, for k > 1, (7.15) leads to

M (L, Ly;xW), x@):p)

I T ey

(i],....,l'k)Elk s=

If N is increasing and the function H defined in Theorem 7.1 is convex, then for £k > 1
Theorem 7.3 gives

f(Ll(x(]);p;n),...,Lm(x(’");p;n)> <..< M,f‘k(Ll,.,Lm;x“),...,x(’");p) <
_ n 1
< S Lt L) =N (NGO ) ).
f
Example 7.6 Assume (A). Let 1 <k < n and let I; consist of all sequences (i, ..., i) of
k distinct numbers from {1,...,n}. Then oy, ; > 1 (i = 1,...,n), and (J%) is satisfied. It is

immediate that T, (I) = Ly (k=2,...), |It| =n(n—1)....n—k+1) (k=1,...,n), and for
everyk=2,...,n

|H1k (j],...,jk,1)| = (n*k+ l)k, (j],...,jkfl) cli_.
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Therefore under these settings, for k = 1,...,n, (7.15) gives

<)

I

M,ik(Ll,.,Lm;x(l),.. p)

=N~ (W . (2 ph) (f (Ll(x(');plk),--.,Lm(x(””;pzk)>))-
k

(lh sk

If N is increasing and the function H defined in Theorem 7.1 is convex, then Theorem 7.3
gives

f<L1(x(1);p;n),...,Lm(x(m);p;n)> gM,%,n(Ll,...,Lm;x(l)’“wx(m);p) <
<..< Ml%,ka‘l?"'aLm;X(]),...,X(m);p) <.<
SMlz](Ll’"'7Lm;X(1)7"'7X(m);p) :N71 <§ PzN(f(Xl(l)y,xl(m)))) .
7 i=1
Assume (A1) with positive n-tuple p, (773) and (). Let

5 e(5)peli(x)
L(x";ep;B) =L! = , t=1,....m, BCS,

and let
X; 1= (xgl),...,x(m)) , i=1,...,n.

1

Then weighted mixed means corresponding to (7.10) and (7.11) are defined in the follow-
ing ways:

M,i = M,i (Lo Ly:x L x0: cp) =

N1 (é (Em <<s§Ac(s)pT(s)) N (f (Ll (xW:cp:A),; .o, L (x(m);cp;A))>) ) > :

andfor1 <d <k-—1

M} =M} Ly, Lyyx D =
d
d!
c(s
Eﬁ (AEZQ%I (ng ()pe ) I= d+1 =0)..0=a)
(L

Azm(geﬁzd<A>(<s§B<> )< ). ) )

Now, we get an interpolation of (7.1) by the direct application of Theorem D as follows.

N71

Theorem 7.4 Assume (A|) with a positive n-tuple p, (743) and (F63). If N is a strictly
increasing (decreasing) function, then the inequalities

f (Ln(X“’;p;n),-.-,Lm(x(’”’;p;n)> <M <M <..<

o a (7.19)
<M< =n (N )
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hold for all possible x*) (t = 1,...,m) and p, if and only if the function H defined in
Theorem 7.1 is convex (concave). If N is a strictly increasing (decreasing) function, then
the inequalities in (7.19) are reversed for all possible x() (t=1,...,m) and p, if and only
if H is concave (convex).

Proof. Tt comes from Theorem D and Theorem 7.1. We can apply Theorem D to the

vectors
(Ll(xﬁ‘)),...,Ll(xgm)», i=1,....n,

and the function H if either H is convex and N is strictly increasing or H is concave and N
is strictly decreasing. —H is used if either H is convex and N is strictly decreasing or H is
concave and N is strictly increasing. O

The following applications of Theorem 7.4 are based on Theorem 2.4, Example 2.9
and Example 2.10.

Example 7.7 Letn > 1 and k > 1 be fixed integers, and let I, C {1,... ,n}k such that
opi>1, 1<i<n,

where oy, ; means the number of occurrences of i in the sequences iy := (i1,. . ., ix) € Ix. For
j=1,...,n we introduce the sets

S;i= {1y yit) ) | (e it) €Ly 1<I<k, iy =}

n
Let c be a positive function on § := |J S; such that
j=1

Yoo (i@ ) =1, j=1,...,n

((il ,....,l'k),l)ESj

Assume (A1) with positive n-tuple p. Then the corresponding weighted mixed means are

k
.7"'7. 7l i
o[y [(Bemon) ,
(i€l \ XN(F(Ly (xXV;0psig), ..., L (x™ s cpiiy))

where

I ™M=~

. lC((i],...,ik),l)pilL,(xi(;))

L,(X(’>;cp;ik) = Lfl

X i€, 1<r<m,
lzlc((ilv"'7ik)7l)pil

while for 1 <d <k-—1,

1.
M,_ ;=

k—m
d! . .
T T Yy Y S oce((iry. . ix), ;) pi,.
N~ {(kfl)'”(kfd) (ir,ip)ElL <1511<...<lkd§k<<j1 (@ 2 ])pb> ’
XN(f(Ll(X(])wp;ik;lkfd)a---»Lm(x(m)wp;ik;lkfd)))))
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where

L(x"sepsigs i)
k—d

i C((i],...,ik),lj) piZ.Lt(x.(t))
= J 1 1<l <...<lp_q <k,
=1 B k—d < (7.20)

=
1<t<m.

k—d
JZ,] c ((11,. ) ,lj> pi

If N is strictly increasing and the function H defined in Theorem 7.1 is convex, then
Theorem 7.2 gives

f (Ll(xm;p;n),...,Lm(x(m>;p;n)> §M,l SM; <<

Dol et [ 2 n  m (7.21)
<My <M|=N _glpiN(f(xi e Xp ) ]
Taking
(itseit) ) = 17 = =i ((i1seit) 1) €S
Cy el )yl) = 757 = 5 Iyeslk)s js
|Sj| O, j ’

in (7.21) we get Theorem 2.1 of [38].

Example 7.8 We summarize the essence of Example 2.9.

Let n, r be fixed integers, where n > 3, and 1 < r < n—2. In this example, for every
i=1,2,...,nandforevery/ =0,1,...,rtheinteger i+ will be identified with the uniquely
determined integer j from {1,...,n} for which

I+i=j (modn).
Introducing the notation
D:={1,...,n} x{0,...,r},

let for every j € {1,...,n}

S;i={@l)eD|i+l=j (modn)}U{j},

n
and let o7 C P(S) (S:= | §;) contain the following sets:
j=1

Ai={(i,))eD|l=0,....r}, i=1,...,n

and
A:={1,...,n}.

Let ¢ be a positive function on S such that

Y c@il)+c(j)=1, j=1,...n
(il)€es;
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Then the sets Sy, ...,Sy, the partition <7, and the function ¢ defined above satisfy the con-
ditions (74;) and (J%43).

Assume (A;) with positive n-tuple p. If N is increasing and the function H defined in
Theorem 7.1 is convex, then from Theorem 7.2 we get

f (Ll(X“’;p;n), -~-,Lm(x(’”>;p;n)>
) <2 c(i,l)pw) N (f (Ll(x(”,cp;i), ---,Lm(X“”’,cp;i)))

<N i=1 ln:O
+ ( 5 c<j>p,»> N (f (11 (x,ep), s Ln(x, cp)) )
j=1
<N (z p,-N(f(x,'(l),...,xl(m)))) ,
i=1
where
Y c(i,0) pisiLe(xi);)
L(x" epyi) =1, | B2 . 1<i<n, 1<t<m,
Y c(i,l) pin
=0
and .
> c(i)pila(x))
L(x" cp) =11 | T . 1<t<m
Z]C(j)l’j
P

Example 7.9 We describe the basic situation in Example 2.10.
Let n and & be fixed positive integers. Let

DZ:{(il,...,in) e{l,...,k}"|i1+...+in=n—|—k—1},
and for each j =1,...,n, denote S; the set
Sj:=Dx{j}.

For every i, := (i1,...,iy) € D designate by Ay, the set

ln

It is obvious that S; (j = 1,...,n) and A; ;. ((i1,...,in) € D) are decompositions of

n
S:= U §; into pairwise disjoint and nonempty sets, respectively. Let ¢ be a function on S
j=1
such that

c((ityeeeyin) ) >0, ((i1,-..yin),J) €S

and
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Then we have that the conditions (.773) and (.773) are satisfied.
Assume (Ap) with positive n-tuple p. If N is strictly increasing and the function H
defined in Theorem 7.1 is convex, then from Theorem 7.2 we get

f(L1<X(l)’p’ ) aLm(X( )’p’ ))
§N1< ( 3 o (( l],...,in),l)pl>N(f (Ll (x(l),cp;in),...,Lm(x(m),cp;in)>))
l|7 ,ln ED )

N (£ v 11-.,x§’”’>>>,

where

(it in) 1) pie ()

1

lilc((ila"'vin)al)pl

M=

l

L(x", epii,) = L;! ; €D, l<t=<m.

Now assume (A ), consider a real number A > 1, and let Sj be the set defined in (7.12).
Then the mixed means corresponding to (7.13) are
M,%().) = M,%(Ll,...,Lm;xm,... X(”’);p;l) =

N ("Hlfl)k (i|,...§1)esk(’1!---ln' (E ”’I%)
XN (f (Ll(x(l);P;ln,k;l),...,Lm(x( >;p;in,k§)~)>)>

where

Y ()
gll IpjLi(x;’)
Lt(x(t);p;in’k;l) :Lfl Fn— s €8, 1<t <m.
Y Alip;
j=1
In this case Theorem E gives another interpolation of (7.1) as follows:

Theorem 7.5 Assume (Ay), let A > 1 be a real number; and let Sy be the set defined in
(7.12). If N is a strictly increasing (decreasing) function, then the inequalities

f(Ll(x(l);p;n),...,Lm(x(m);p;n)> :Mg(/l) < Mlz()t) <...<
n 7.22
<)< o sn ($ o) ke
i=1

I
hold for all possible ') (t = 1,...,m) and p, if and only if the function H defined in
Theorem 7.1 is convex (concave). If N is an increasing (decreasing) function, then the
inequalities in (7.22) are reversed for all possible x") (t = 1,...,m) and p, if and only if H
is concave (convex).

Proof. Similar to the proof of Theorem 7.4. O
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7.2 Generalizations of the Consequences of Beck’s
Result

Assume (A,) and (7). Then, for m = 2, the reverse of (7.14) can be written as

[ (Ku(asp), L, (b:p)) > M} (K, L;a,bip) > My, (K,L;a,bip) >--- >

n (7.23)
> Mj,(K,L;a,bip) > My (K, Lia,bip) =N~ (,21 PiN(f(aiabi))) :
s

Analogous to the results of Corollary A and Corollary B (see [58] and also [60, p.195]),
we have immediately from Theorem 7.2 and Corollaries 7.1, 7.2 that

Corollary 7.3 Assume (A3) with f(x,y) =x+y ((x,y) € Ix x IL.), assume (), and as-
sume that K, L', N, K", L and N" are dall positive. Introducing E := £, F .= L,

G:= Nu, (7.23) holds for all possible a, b and p if and only if

E(x)+F(y) <G(x+y), (xy)€lgxI].

In this case
M} (K, L;a,b;p) =

vy <§ O;’—‘1{)N(K(a,a k) + L(b; 2 k)>>7 (7.24)
kel \s=1 k" Yl

andfork—1>1>1

My (K, L;a,b;p) =

N1< 3 t.(F )(Z a’;k) (K( a; o P.p) 4 L(b; 2 - l))>, (7.25)

l €l
respectively, where i' = (iy, ..., i).

Corollary 7.4 Assume (As) with f(x,y) =xy ((x,y) € Ix X I1.) and assume (34). Suppose
. K U N

the functions A(x) := W()fl)f”(ﬂ’ B(x) := W% and C(x) := IW(;A)/”(@ are defined

on Iy, I} and Iy, respectively. Assume further that K', L', M', A, B and C are all positive.

Then (7.23) holds for all possible a, b and p if and only if

A(x)+B(y) <C(xy), (x,y) € Ig xI}.

In this case
M,!,k(K,L;a,b;p) =

2
N‘<z (£ )V (KGai oo & k))) 720
s=1 Hicls T

ikEIk
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andfork—1>1>1

My (K,L;a,b;p) =

) N (7.27)
W (et 2 ) (£ )V (KGas o 24) ).
iel ks !
respectively, where i' = (iy, ..., i).

We also give some special cases of the Corollaries 7.3 and 7.4 as illustrations.

Remark 7.2 Under the settings of Example 7.1, if f(x1,x2) = x; +xp, then (7.24) be-
comes
M) ,(K,L;a,b;p)

- ((. Zel (822:1[ ]Iiii( >)N(K(a;aL;2)+L(b§aL,2))>'

i1,i2)

Under the conditions of Corollary 7.3

n
K, (a;p) + Ly (a;p) zMé,z(K,L;a,b;p) >N~! (2 piN(a; + b,~)> )
i=1

Similarly, if f(x;,x2) = x1x2, then from (7.26) we have

M}, (K,L:a,b:p)

(in,i2)€D

Under the conditions of Corollary 7.4

Ky (a;p)Ly(a;p) >M (K, L;a,bp) > (sz (aibi) )
Remark 7.3 Under the settings of Example 7.2, if f(x1,x2) = x1 +x, then (7.25) becomes

n
M, (K,L;a,b;p) =N"" (ﬁ '21 (ci—pi)N (K(a; o) +L(b; c%_))) ,
iz

Under the conditions of Corollary 7.3

n
Kn(a:p)+L(a:p)>M{; (K, L;a,b;p) > N~ (Z piN(a;+ bt)) :
i=1
Similarly if f(x,x) = x1x, then from (7.27) we have

M}, (K, L:a,b;p)
=N (i £ -y (KL 2)) )
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Under the conditions of Corollary 7.4

K, (a;p)Ly(a;p)>M; 4 (K,L;a,bip) > N~ <2P1 N(aib;) >

Next, assume (Ay), (7)) and suppose |Hy, (ji,..., ji—1)| = By—1 for any (ji,...,Ji—1) €
I_y (k>12>2). For m = 2, the reverse of (7.16) becomes
[ (Ka(ap), L, (b;p)) > MP (K, L;a,bip) > M7, (K,L;a,bp)

, , L (7.28)
2 . Z M2’2(K7L;avb;p) 2 MI!I(K7L;avb;p) = N 'leiN(f(aiybi)) 9
=

where
M7, (K,L;a,b;p)
=N &3 Z Pi, (f(K(a;PI),L(b;pI,)))
il ‘l[El !
fork>1>1.

Now using Theorem 7.3 (for m = 2) and Corollaries 7.1, 7.2, we get generalizations of
Beck’s results in [9] (see [58] and also [60, p.195]).

Corollary 7.5 Assume (A3) with f(x,y) =x+y ((x,y) € Ix x IL),assume (74)), and sup-
pose |Hy, (jis-.. ji—1)| = Bi—1 for any (ji,..., ji—1) € L1y (k> > l >2). Assumefurther that
K', L', N', K", L' and N" are all positive. Introducing E := K,,, F:= L,,, G:= N,,, (7.28)
holds for all possible a, b and p if and only if

Ex)+F(y) <G(x+y), (xy)€lgXI].
In this case fork >1>1

M} (K, L;a,b;p)
(7.29)
=N~ 1(111 b) (ZPH) ( (3§P11)+L(b;l)1,)>>,

l€[
where it := (iy,...,i).

Corollary 7.6 Assume (Az) with f(x,y) =xy ((x,y) € Ix X IL.), assume (74), and suppose
|Hp, (j1y ey J1—1)| = Bi—1 for any (ji1,...;ji—1) € Iy (k >1>2). Suppose the functions

K L'(x N o jo
A(x) := W(;?(”(X)’ B(x):= W&Z”() and C(x) := WE;‘)/”(X) are defined on I, I} and
Iy, respectively. Assume further that K', L', M', A, B and C are all positive. Then (7.28)
holds for all possible a, b and p if and only if

A() +B(y) <Clxy),  (xy) € lg X I1.
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In this case fork > 1> 1

M7, (K. L:a,b:p)
| n l
=N 3 (3 g )N (Klaspy) + Lbipy)) |
‘l‘ilell s=1 !

where it := (iy,...,i).
The special cases correspond to Examples 7.3, 7.4, 7.5 and 7.6 are as follows:

Remark 7.4 Under the settings of Example 7.3, forn > k > 1, (7.29) becomes

NZ(K,L:a,b;p)

k
=Nl 1< = (2 Pix) N(K(a;pIkHL(b;plk))
n—1 1<ii<...<ix<n \s=1
Under the conditions of Corollary 7.5
Ku(a:p) + L, (b:p) M7 (K, Lia,bip) > M, (K L:a,bip)
n
> ...>M3,(K,L;a,b;p) > M7, (K,L;a,b;p) =N~ (Z PiN(ai+bi)> .
’ ’ i=1
Similarly if f(x;,x2) = x1x; then for n > k > 1, (7.30) can be written as
M} (K,L:a,b:p)
1 1 k
=N | —— )y ( )y Pis) N (K(3§Plk)L(b§Plk)>
n—1 1<i) <...<ip<n \s=1
Under the conditions of Corollary 7.6
Kn(a:p)L,(bp) >M7 (K, L;a,b;p) > M}, (K,L;a,b:p)
n
> ...>M3,(K,L;a,b;p) > M? (K,L;a,b;p) = N~! (Z piN(aibi)) )
’ ’ i=1
Remark 7.5 Under the settings of Example 7.4, for k > 1, (7.29) becomes
M (K,L:a,b;p)
1 1 k
N —— 3 ( s p) N (K(aipy) +Lbspy) |
(n +k—1 ) 1<ii<...<ix<n \s=1
k

(7.30)
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Under the conditions of Corollary 7.5
K, (a:p) + L, (b:p) >MZ, (K, L;a,b:p) > MZ_, ,_,(K,L;a,b;p)
n
> ..>M3},(K,L:a,b:p) > M} | (K,L;a,b;p) =N~ ( > PiN(ai+bi)) :
’ ’ i=1
Similarly if f(x;,x2) = xx; then for k > 1, (7.30) can be written as

M3 (K, L:a,b;p)

k
=N —L ( -Y>N K(a;p, )L(b; ,
(nJrkl)]SHS?Sikén sglpls ( ( p[k) ( plk))

k

Under the conditions of Corollary 7.6
K, (a:p)Ln(b;p) > M7, (K,L;a,b:p)
> .. > M,f_l(K,L;a,b;p) =N"! (ilpiN(aibi)) .
’ i=
Remark 7.6 Under the settings of Example 7.5, for k > 1, (7.29) becomes
MZ,(K,L;a,b;p)

=N"! (knil > (ﬁlpis)N(K(a;plk)+L(b;p1k))>-

(i],....,l'k)elk s=

Under the conditions of Corollary 7.5
Ky(a;p) + Lu(b;p) > ... > M{ (K, L;a,b;p)
> > Mlz_l(K,L;a,b;p) =N"! (ﬁ:lpiN(ai‘f'bi)) .
’ i=
Similarly if f(x;,x2) = xx; then for k > 1, (7.30) can be written as
M,ik(K,L;a,b;p)

_ N <kn’11 D (}k; piS)N(K(a;p,k)L(b;sz))>-

Under the conditions of Corollary 7.6 gives

K, (a;p)L,(b;p) > ... > M,%,k(K,L;a,b;p)
n
>...>M} (K, Lab;p) =N"" (2 PiN(aibi))-
’ i=1
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Remark 7.7 Under the settings of Example 7.6, if f(x;,x2) =x; +x; then for 1 <k <n,
(7.29) becomes

M (K,L:a,b;p)

=N"! (m . 3 (YZ p,-s)N(K(a;p;k)JrL(b;P]k))) .
Under the conditions of Corollary 7.5
Ku(a:p) +La(bip) > M, (K, Lia,b;p) > ... > M, (K,Lia,b;p) >
> ... > M (K,La,b;p) =N"! <’21] piN(a; +bi))
i=
Similarly if f(x,x) = x1x3 then for 1 <k <n, (7.30) can be written as
MZ,(K,L;a,b;p)

k
- (m oz (Za)w (K(a;p,gL(b;p,k))) .
Under the conditions of Corollary 7.6
Ky (a;p)Ly(b;p) > M2, (K,L:a,b;p) > ... > M}, (K,L;a,b;p) >
Nab)).

Assume (Aj) with positive n-tuple p, (74) and (7#3). Then for m = 2, the reverse of
(7.19) can be written as

>..>M; (K,L;a,b;p) = (

H M:

f(Kn(a;p), La(b;p)) > M{ > M{_ > ... > M <2p, (aj,b; )>. (7.31)

Analogous to the results of Corollary A and Corollary B (see [59] and also [60, p.195]),
we have immediately from Theorem 7.4 and Corollaries 7.1, 7.2 that

Corollary 7.7 Assume (A3) with f(x,y) =x+y ((x,y) € Ix X I) and with positive n-
tuple p, assume ﬂ%ﬁ) (JL%) and assume that K', L', N', K", L" and N" are all positive.
Introducing E := K,,, F = L,,, G:= N,,, (7.31) holds for all possible a, b and p if and only

if
Ex)+F(y) <G(x+y), (xy)elgxIf.

In this case

M} = M} (K,L;a,b;cp) :=

Cx - - (7.32)
N (lzl (zﬂ ((SgAds)me) N (K (a:cp:) +L<b,cp,A>>>)>> ,
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andfor1 <d<k—1
Ml ,:=M} ,(K,L;ab;cp):=

d k
d!
N 121 (Aezxzfl (%Ac( s N(af(s)—’—bf(s)))) +1 §+1 (Ul)“‘(ld) (7.33)
> ( 5 (B0 ) Mkt + Livienis) ))
Aesh \ BeP_y(A) \ \s€B
Corollary 7.8 Assume (), () and consider (A3) with f(x,y) = (x,y) € Ig X I)

and with positive n-tuple p. Suppose the functions A(x) := <6 )[i(;,)(,,( 5 B( )= e )L +;L,,( )

and C(x) := % are defined on Iy, I} and Iy, respectively. Assume further that K',
L', M', A, B and C are all positive. Then (7.31) holds for all possible a, b and p if and only
if

A(x)+B(y) <Clxy), (x,y) € Ig x I
In this case

M} :=M}(K,L;a,b;cp) :=

Nt (é (EQ/, ( (EAC( )Pz > N ((K(a;cP;A)L(b;cp;A)))) ) ) o0

andfor1 <d <k-—1,

Ml =M} ,(K,L;a,b;cp) :=
d k
N b __a
P (AGZ . (‘EAC(S)Pm) (az(s) r<s>))> T2 ((11)...(1d> (7.35)

Aezxzfl (Beplzd(A) ( (SGZBc(s)pT(S)) N(K(a;cp;B)L(b;cp;B))) ) )

Under the considerations of examples in Section 2, we show some special cases of the
Corollaries 7.7 and 7.8.

Remark 7.8 Under the settings of Example 7.7, if f(x1,x2) = x; + x2, then (7.32) be-
comes

M} :=M}(K,L;a,b;cp) :=

N (m > ((zc«n, ,k>,z>pi,)N<K<a;cp;ik>+L<b;cp;ik>>)>,

..... lk)GIk =1

N71

and for 1 <d <k—1(7.33) becomes
Ml ,:=M}(K,L;a,b;cp) :=

d! k—m
. .
N1 (k_l)-..(k—d) (i|,..-72i:k)elk <1§l|<..§lkd§k<< gl C((lh o ) )p[ )

XN(K(a;cpsig:li—q) + L(biepsix:li—a)) )
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Under the conditions of Corollary 7.7, we have

n
K, (a;p) + Ly(a;p) ZM,i zM,Ll > . lel =N! <2p,~N(ai+bi)> . (7.36)

i=1
Similarly, if f(x;,x2) = x1x2, then from (7.34) we have
M} =M} (K,L;a,b;cp) :=

NI <<i.,..2>ezk ((Zet@iv.nm) N(K(a;cp;ikn(b;cp;ik»)) |

ik I=1
and for 1 < d < k— 1, we have from (7.35)
M} =M} (K,Lab;cp) =
= s 5 el )
T 1\ (L g\ c(\ty---5)5 L)) Piy.
(k* 1) s (k*d) (i1semip) €L \ 1S <<l q<k j=1 P

N71
xN(K(a;cp;ik;lkd)L(b;cp;ik;lkd))> )

Under the conditions of Corollary 7.8, we have

n
K, (a;p)L,(a;p) > Mkl > M,Ll > > Mll =N"! <2p,~N(a,~bi)> . (7.37)
i=1
Taking
. . 1 1 . .
C((l]7"'7lk)7l):m:?; ((llv"'vlk)7l)ESj7
J ko

in (7.36) and (7.37), we get Corollary 7.3 and Corollary 7.4, respectively.

Remark 7.9 We consider Example 7.8. If f(x1,x2) = x| + x7, then under the conditions
of Corollary 7.7 we have

Ky (a;p) + La(b;p)
£ (£ e ) WK acoii) 1, 0,cpi)
> N i=1 \I=0
+ < z C(j)pj> N (Kn(ascp) + Ln(b;cp))
2
>N~! 2”: pl’N(a,'bi)) .
i=1

Similarly, if f(x;,x) = x1x2, then under the conditions of Corollary 7.8 we have
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Kq(a;p)L,(b;p)
(£ cli)pir | N (K ascpiiL, (icmi)
Syl 1n:0
¥ (,21 c(j)p,) N (Ko (a3 cp)La(b:cp)

Vv
3
M=
=
=
B
S

2 pi .i)>.

Remark 7.10 We now consider Example 7.9. If f(x;,x;) = x; + x2, then under the con-
ditions of Corollary 7.7 we have

Ky (a;p) + Ly(b;p)

21\71( 3 <(§‘,c((il,...,in),l)pl)N(Kn(a;cp,in)+Ln(b;cp,in))>
( )eD =1

Iseensln

n
1 ('zlpiN(alﬁ“bi)) .
f
Similarly, if f(x;,x2) = x1x2, then under the conditions of Corollary 7.8 we have
Ky (a;p)Ln(b
n
>N~ ! ( ((ll g 7iil) 7l)pl) N (Kn(avCp7il'l)L’l(b7Cp7in)) >
ll7 7ln ED
2 Pi ( ))

Next, assume (A»), let A > 1, and let S; be the set defined in (7.12). Then for m = 2,
the reverse of (7.22) becomes

>

[ (Ku(a;p),Ln(b;p)) = MG(A) > MF(A) > ..
) (7.38)

>MZ(A) > .. - (ZpiN(fa,, keN,
i=1

where
M,%(l) = M,%(K,L;a,b;p;l) =

N m(il,...%)esk<’l' ! (iﬂ”m)
xN (f (Kn(a;p;in,k;l), n(X(m);p;in,k;/l))))

By using Theorem 7.5 (for m = 2) and Corollaries 7.1, 7.2, we get parameter dependent
generalizations of Beck’s results.

Corollary 7.9 Assume (A3) with f(x,y) =x+y ((x,y) € Ix X I1.), let A > 1, and let T}, be
the set defined in (7.12). Assume further that K', L', N', K", " and N" are all positive.
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Introducing E =

if

K//, F .= L//, G:= N//, (7.38) holds for all possible a, b and p if and only

E()+F(y) <Gx+y), (xy)€lgxIf.

In this case for k € N, we have

ME(A) :=M}(K,L;a,b;p; A) :=

1 ! i
Nt Dt 2 (11' ! (.2}”1’1>

0] seesin ) ESK

xN (Kn(a;p;in,k;l) +Ln(X( )§P;ln,k;/l)>)

Corollary 7.10 Assume (A3) with f(x,y) = xy ((x,y) € Ig X I,), let A > 1, and let T; be

the set defined in (7.12). Suppose the functions A(x) := ﬁ% B(x) := W(ﬁ,,(x)
and C(x) := m are defined on Iy, I} and Iy, respectively. Assume further that K’

L', M', A, B and C are all positive. Then (7.38) holds for all possible a, b and p if and only
if
Alx)+B(y) <Clxy), (x,y) € lg xIf.

In this case for k € N, we have

1
) = | X Alip;
MZ(A) =M (K,L;a,b;p;A) :=N"" (r+2=1  es, ( = ( !
xN (Kn(a;p;ln,k;l)Ln(x( )ipsin i) )

7.3 Generalization of Minkowski’s inequality

(A4) Let I be an interval in R, and let ¢ : I — R be a continuous and strictly monotone

function. Let x; € I (i = 1,...,n), let p=(pi,...,ps) be a positive n-tuple such that
n m

> pi=1,and let w = (wy,...,w,,) be a nonnegative m-tuple such that ¥ w; = L.

i=1 i=1
We give a generalization of the Minkowski’s inequality by using Theorem B.

Theorem 7.6 Assume (A4) and (45), and assume that the quasi-arithmetic mean func-
tion
Xx—My(x,w), xelI”

is convex. Then

ZPrXr, SApk SAggk—1 <o S A2 <Akl—2pngo Xr,W), (7.39)

r=1
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where
£ pi
: Di 2 alk‘-yis Xis
A= Y (2 P >M¢ =W, (7.40)
(it soit) €l \s=1 Hicis s P
s=1 Olyis
and
!
Pis .
71 L Pi sgl Oy is Xis
A= 5 S ity Z - w4y
U (i) €L s=1 Y is 2 Pig
s=1 s
fork—1>1>1.

Proof. This is obtained by applying Theorem B to the function My (-, w) and to the
vectors X; (i = 1,...,n). It is enough to show that Ay, in (7.8) has the form (7.40) and
(7.41) depending on /, but this is easy to check. O

Similarly, by using Theorem C we get
Theorem 7.7 Assume (A4), (%), and suppose |Hj (ji,....ji—1)| = Bi—1 for any
(jl,...,jl,]) el (k >1> 2) Then

ZPer, SApp <Aprp-1 < <A22<A11—2PrM¢ Xr,W),

r=1

where

We give a generalization of the Minkowski’s inequality by using Theorem D.
Theorem 7.8 Assume (Ay), (73) and (7). Further, assume that the quasi-arithmetic

mean function
X — My(x,w), xel”

is convex. Then
Zp,x,, <A <A1 <...<A <A = Zp,Mq, X, W),

where

3 c(8)Pr(s)Xa(s)
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andfor1 <d<k-—1

%(2 (26()1?1 M (X)W ))>+ i (%

Acgf) \s€A I=d+1

2 )y (2 (s)pz > M. 2, P9 ¥ety) (7.43)
. " B |
AEJZ{l B€P[,d(A) SEB ¢ Sggc(s)pf(s)

Proof. We apply Theorem D to the convex function M (-,w) and the vectors x; (i =
yoosn). We getAg (k>d > 1) in (7.42) and (7.43) from (7.10) and (7.11) respectively.
O

1

Similarly, by using Theorem E we get

Theorem 7.9 Let A > 1 be a real number; assume (As) and suppose Sy (k € N) is the set
given in (7.12). If the quasi-arithmetic mean function

X — My(x,w), xel”

is convex, then
n
M, <lerxr,w) =C(A)<Ci(A)<... <
r=
n
SCk()L <...< ZPqu)(Xr,W)» keN,
r=1
where

Cr(A) =Ce(X1,.., Xn5 P15 P A)

1 2 AP
i J=
(n+A—1)F (i1 ...-zi}l)ESk ir!.. m’ 2 A pj | My n W, kel
The following special case a necessary and sufficient condition for the quasi-arithmetic
mean function to be convex is given in [60], p. 197:

Theorem F. If @ : [m;,m;] — R has continuous derivatives of second order and it is strictly
increasing and strictly convex, then the quasi-arithmetic mean function My (-, w) is convex
if and only if ¢'/@" is a concave function.

(As) Let @ : (0,00) — (0,0) be a continuous and strictly monotone function such that
lirré(p(x) =coor lim @(x) =co. Let x= (xy,...,x) and w = (wy,...,w,,) be positive m-
xX— X—00
tuples such that w; > 1 (i=1,...,m). Let p = (py,...,pn) be a positive n-tuple such that

n
2pi=1

i=1
Then we define

My (x;w) ="' (i Wi(P(xi)> . (7.44)
i=1

The following result is also given in [60, p.197]:
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Theorem G. If ¢ : (0,0) — (0,0) has continuous derivatives of second order and it is
strictly increasing and strictly convex, then 1\7I(p(~,w) is a convex function if @/’ is a
convex function.

By using (7.44) we have

Theorem 7.10 Assume (As) and (74)). If the function

X — A7I¢(x,w), x € (0,00)"
is convex, then Theorem 7.6 and Theorem 7.7 (in this case we suppose |Hy, (j1, ..., ji—1)] =
Bi—1 forany (ji,..., ji—1) €L1_1 (k >1>2)) remain valid for My (X, W) instead of My (X, W).

Remark 7.11 All special cases (as given in Section 2) can be considered for Theorem
7.6, Theorem 7.7 and Theorem 7.10.

Again by using (7.44) we have

Theorem 7.11 Assume (As) and let

X — Mp(x,W), X€(0,2)"
be a convex function.

(a) Consider (7;) and (765). Then Theorem 7.8 remains valid for 1\7I(p (x,w) instead of
My (x,w).

(b) Consider A € R such that A > 1 and suppose Sy (k € N) is the set defined in (7.12).
Then Theorem 7.9 also remains valid for My(X,w) instead of My(X,W).

Remark 7.12 All special cases (as given in Section 2) can also be considered for Theo-
rem 7.8, Theorem 7.9 and Theorem 7.11.






Chapter

Refinements of Jensen’s
Inequality for Operator
Convex Functions

In this chapter, we consider the class of self-adjoint operators defined on a complex Hilbert
space, whose spectra are contained in an interval. We give several refinements of the
well known discrete Jensen’s inequality in this class. The corresponding mixed symmetric
means are defined for a subclass of positive self-adjoint operators which insure the refine-
ments of inequality between power means of strictly positive operators.

8.1 Introduction and Preliminary Results

Let H denote a complex Hilbert space. S(I) means the class of all self-adjoint bounded op-
erators on H whose spectra are contained in an interval / C R. The spectrum of a bounded
operator A on H is denoted by Sp(A).

Let f: Dy(C R) — R be a function and let / C Dy be an interval. f is said to be
operator monotone on / if f is continuous on / and A, B€ S(I), A< B (ie. A—Bisa
positive operator) imply f(A) < f(B). The function f is said to be operator convex on / if
f is continuous on / and

F(sA+1B) < sf(A) +1£(B)

187
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for all A, B € S(I) and for all positive numbers s and ¢ such that s +7 = 1. The function f
is called operator concave on [ if —f is operator convex on /.

Jensen’s Operator Inequality: Let / C R be an interval, and let /' : / — R be an
operator convex functionon I. If T; € S(I) (i=1,...,n),and w; >0 (i = 1,...,n) such that
>t wi=1,then

f (Z WiTi> <Y wif(T). (8.1)
i=1 i=1

If f is an operator concave function on /, then the inequality in (8.1) is reversed.
Some interpolations of (8.1) are given in [61] as follows.

Theorem 8.1 Under the conditions of the Jensen’s operator inequality

f(z WiT;') = fan < .. ka,n <.. Sfl,n = Zwif(Ti)a
i-1 =

i=1

where for 1 <k <n

1 k ;
fin=— X <2w,-j>f ’ki : 8.2)
(kfl) 1< <..<ig<n \Jj=1 2 .

Theorem 8.2 [fthe conditions of the Jensen’s operator inequality are satisfied, then

n

f(leTl) <..< ?k+1,n < ?k,n <. < ?l,n = Zwif(’[})v

i=1 i=1

where for k > 1

k
_ 1 k ;lwijTij
fin= e X (2%,).1‘ — | (8.3)
1 7.

n+k—1
( k—1 )1§i1§...§ik§n j=

A self-adjoint bounded operator A on H is called strictly positive if it is positive and
invertible, or equivalently, Sp(A) C [m,M] for some 0 <m < M.

The power means for strictly positive operators T := (T}, ..., T,) with positive weights
w = (wy,...,w,) are defined in [61] as follows:

r

1 n
Mr(Taw):Mr(le-"a’I;z;le-"an) = (szlTlr> ’
ni=

n
where r € R\ {0} and W, : = ¥ w;. The following result about the monotonicity of power
i=1

means is also given in [61]:
M(T,w) <M, (T,w) (8.4)
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holds if either s <r, s ¢ (—1,1),r¢ (=1,1)or1/2<s<1<rors<—-1<r<-1/2.
Some symmetric mixed means, corresponding to the expressions (8.2) and (8.3) are
introduced in [61]: for r;s € R\ {0} and for W,, = 1, define

M, (s,r;k) ==

1

k s
ﬁ 2 2 Wij M}Y(Elv le,wip---awik) )
(k*l) 1<ip<...<ix<n \ j=1

where 1 <k <n, and

M, (s,r;k) :

( (2 Wl,) (Tllv leawilv"'vwik)> )
I 1<11< <ip<n \ j=1
where k > 1.

The following result from [61] gives some refinements of (8.4).

ol

Theorem 8.3 Let T be an n-tuple of strictly positive operators, and let w; >0 (i=1,...,n)
such that W, = 1. Then the following inequalities are valid

M (T,w) =M,(s,r;1) < ... <My(s,r;k) < ... <My(s,r;n) = M,(T,w),
and - -
M(T,w) =M, (s,r;1) < ... <My(s,r;k) < ... <M,(T,w),
if either
(i) 1<s<ror
(ii) —r<s<-—1lor

(iii) s< —1,r>s>2r;
while the reverse inequalities are valid if either

(iv) r<s< —lor
(v) 1<s< —ror
i) s> 1, r<s<2r

In [41], we generalize the above results of [61] by using a refinement of the Jensen’s
inequality from [44].
We use the notations from [44] (see .47 of Section 2.1).
The following hypotheses will give the basic context of our results.
(01) Let n > 1 and k > 2 be fixed integers, and let I; be a subset of {1,... ,n}k such
that
Ol]k’,'>17 1<i<n.
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(0) Let I C Rbe an interval, and let 7; € S(I) (1 <i <n).

n
(03) Let wy,...,w, be positive numbers such that Y, w; = 1.

j=1
(Oy) Let the function f : I — R be operator convex.
(Os) Let h, g : I — R be continuous and strictly operator monotone functions.
Here (0) is the same as (/%)) stated in Section 2.1, in seek of symmetry we change
the symbol.

8.2 Refinement of Jensen’s Operator Inequality

The main results of this section involve some special expressions, which we now describe.
Suppose (0)-(0y). Forany k > 1> 1 let

Al,[:A[J(Ik,T],...,Tn,wl,...,wn) (8.5)
1 Wi
ls T
=Y i Wiy f -v§1 Oy s
= - l 7
(i1, mip)€l; \5=1 Oy i Wig
s=1 Oty is

and associate to each k — 1 > [ > 1 the operator

Ak,l:Ak,l (Ik,T],...,Tn,Wl,...,Wn) (86)

Y =T
1 . . ! Wi s=1 Olis
::m . 2 t’kvl(’lv---»ll)<2 )f : !

- —1 %y i Wig
(i1, ) EL s=1 ksts is

sgl s

With these preparations out of the way we come to

Theorem 8.4 Assume (0)-(Cy4). Then
(a)
n n
FI YT | SAk <At <. S Ao < Agp = Y, wef(Th). (8.7
r=1 r=1

(b) Suppose |HI, (jl,...,jl,1)| =B forany (ji,...,ji—1) €_1 (k>1>2). Then

l
T;
n l sg Wig Lig
Ak,l :AU = m 2 (2 wig | f = ) (k >1> 1)7 (8.8)
(

i],....,l'l)ell s=1



8.2 REFINEMENT OF JENSEN’S OPERATOR INEQUALITY 191
and thus

n n
S (2 Wl‘Tr> SApk At jo1 S <A <A = Y wief(T).
r=1 r=1
To prove these results we can use the same method as in the proofs of Theorem 2.1 and
Theorem 2.2, so we omit the proofs.

8.2.1 Applications of Theorem 8.4 to some special cases

Throughout Examples 8.1-8.6 (based on Examples 2.4-2.7, Example 2.2 and Example 2.1)
the conditions (0>)-(0y) will be assumed.
Theorem 8.4 contains Theorem 8.1, as the first example shows.

Example 8.1 Let
L . . k. .
I = {(11,...,lk) e{l,...,n}" | <...<lk}, 1<k<n.

Then, by taking into account Examples 2.4, Theorem 8.4 (b) can be applied: we have

k
k 2 wi T
D <2w,~s>f =L |, k=1,...n

Ark= (nfl) 1<iy<..<ip<n \s=1 £
k—1) 1<ii<..<ix<n \s= Y wi,
s=1
and
n n
FIY T | Ak SAkcipr <o <A <Ay = Y, wief(Th). (8.9)
r=1 r=1
Ifwi=...=w,= %,then

1

T, +..+T,
o 3 f(7+k+ ) k=1,...n,

k) 1<ij<..<ix<n

Ak =

and thus (8.9) gives Theorem 8.1.
The next example illustrates that Theorem 8.2 is a also special case of Theorem 8.4.
Example 8.2 Let
L= {(il,...,ik) e{l,...nf¥li<...< ik}, k> 1.

Then, by taking into account Examples 2.5, Theorem 8.4 (b) can be applied: we can deduce

k
1 k 2 Wi.vﬂ.v
Ak = D (2 Wi;) fl=—1 k=1

n+k—1
( k—1 )1§i1§...§ik§n s=1
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and
n n
f(ZWrTr> S---SAk,kS ---SAk,l = Zwrf(T,) (810)
r=1 r=1
By takingw; = ... =w, = %, we obtain that
1 T, +...+T;
Ak = Ty 2 f(%), k>1,
( k ) 1< <..<ix<n

and thus (8.10) gives Theorem 8.2.
The following two examples are particular cases of Theorem 8.4 (b).

Example 8.3 Let
L={1,...n}*, k>1.

Then, by taking into account Examples 2.6, Theorem 8.4 (b) can be applied: this leads to

s=1
k
(ll,...,ik)GIk s=1 2 le
s=1
and
n n
f(zWrTr> <L SA <L <A = Y wf(T), k>
r=1 r=1
Especially, forw; =...w, = ,ll we find that
1 T, +...+T;
Ak=— Y, f(%) k=1,...n.
el
Example 8.4 For 1 < k <nlet I} consist of all sequences (iy, ..., i) of k distinct numbers
from {1,...,n}.

Then, by taking into account Examples 2.7, Theorem 8.4 (b) can be applied: it follows
that

n
AL, —
kk kn(n—1)...(n—k+1)
k
k ZWstzy
S (Ew)rl ] ke
(i1,-ig) €L \5=1 ZWZS

and
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If we set wy :...:wn:%,then

1 +.. 4T, B
Ak = T kD) )y f(i) k=1....n.

(i1 yeemsik) €l

In the sequel two interesting consequences of Theorem 8.4 (a) are given.

Example 8.5 Let ¢; > 1 be an integer (i = 1,...,n), let k := 2 ¢i, and let I, = P<1n
consist of all sequences (iy,...,#) in which the number of occurrences ofie{l,...,n}is
¢i(i=1,...,n).

By taking into account Examples 2.2, Theorem 8.4 (a) can be applied. According to
the result

n n
S 2 w, Ty | <App—1 < 2 W,~f(T,~),
r=1 r=1
where
n Wi
1 n 21 Wrly — C_lel
Apk-1= k_—lizzl(ci—wi)f PIT

Ci

Example 8.6 Let
bi={(inb) € {1,..n} [irlis}.

The notation i; i, means that i; divides . [ﬂ is the largest natural number that does not

exceed 7, and d(i) denotes the number of positive divisors of i.
By taking into account Examples 2.1, Theorem 8.4 (a) can be applied. We have

f <2err>§ 3 it IR /.
r=1 (

inia)eh {ﬂer(il) {%}er(lé)

Hw+ld<> ot ["}ZUT"Z i

i |+ iy | +dlia

: Wi N zwiz < E,er(Tr)
r=1

PR

8.2.2 Symmetric Means related to Theorem 8.4

Assume (01)-(03). The power means corresponding to i’ := (if,...,i;) €L (I =1,....k)

are given as:

1
r

[

;l lklv i‘y
M, (I, i) = 57*1 , r#0.
2

Wig

Ik is
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Next, we introduce the mixed symmetric means corresponding to the expressions (8.5) and
(8.6) as follows:

1
s

k

ML= 3 (2 W"f')(MrUk,ik))s L5 #0,
ik:(ll lk)GIk

i oo =1 M

andfork—1>1>1
Ms!,r(lkvl) =

3\ (8.11)
(Mr(lkvll)) 757&0'

l
1 . j
(k=1)..1 DR (i) ( El ouk.]l-

i=(if....ip)ely
The following result is a comprehensive generalization of Theorem 8.3.
Theorem 8.5 Assume (0))-(03) for an n-tuple T of strictly positive operators. Then
M(T,w) =M} (I,1) < ... <ML (I, k) < M, (T, w). (8.12)

holds if either
(i)1<s<ror
(ii) —r<s< —1lor
(iii) s < —1,r>s>2r;
while the reverse inequalities hold in (8.12) if either
(iv)r<s<-—1or
w)1<s<—ror
i)s>1,r<s<2r

Proof. It is well known (see [21]) that the function f: Df(C R) — R, f(x) = x? is
operator convex on (0,e0) if either 1 < p <2 or —1 < p <0, and operator concave on
(0,00) if 0 < p < 1, while f is operator monotone on (0,e) if 0 < p < 1. It is also true
that — f is operator monotone on (0,o0) if —1 < p < 0. By using these facts, we can apply
Theorem 8.4 (a) to the function f(x) = x*, and the operators T/ (i = 1,...,n). a

Assume (0)-(03) and (Os). Then we define the quasi-arithmetic means with respect
to (8.5) and (8.6) as follows:

k w; g’ U‘I:isg< i“)
My (k) =h"" | X (Y hog | H—— [ |, (8.13)
' (itsii) el \o=1 Hiis Wiy
s=1 s
andfork—1>12>1

M,ll,g(lk,l) =

Lowg,

D) a,k;l.sg(TiQ (8.14)

l
- 1 ) - 2
Pilwna, T na) (2 T) hog™! | = —
il=(iy,....i) € s=1 Tt is

TR
s=1 ols
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The monotonicity of these generalized means is obtained in the next corollary.

Corollary 8.1 Assume (0)-(03) and (Os). For a continuous and strictly operator mono-
tone function q : I — R we define

My=q! (iwz'q(ﬂ)> :

Then
My =My, (I, 1) > ... > My, (I, k) > My, (8.15)

1

if either ho g~ is operator convex and h™" is operator monotone or ho g~ is operator

concave and —h ' is operator monotone;
Mg =My, (I, 1) < ... < My, (I, k) < My, (8.16)

1

if either go h™\ is operator convex and —g~" is operator monotone or g o h™' is operator

concave and g’1 is operator monotone.

Proof. First, we apply Theorem 8.4 (a) to the function ho g~! and replace 7; to g(T}),

then we apply 2~! to the inequality coming from (8.7). This gives (8.15). A similar
argument gives (8.16): goh~!, T; = h(T;) and g~ 'can be used. a

Assume (01)-(03), and suppose |[Hj, (ji,-.., ji-1)| = Bi—1 for any (ji,...,ji—1) € -1
(k>1>2). In this case the power means corresponding to i := (iy,...,i;) €, (I=1,...,k)
has the form

1
n .
M2,(1) = I D (2 w,,) (M, (m’))f . s#0. (8.17)
! i]:(ily ,il)GI]
Corollary 8.2 Assume (0))-(03), and suppose |Hy, (j1, ..., ji—1)| = Bi—1 forany (j1,..., ji—1) €
Il*l (k > l > 2) Then
M(T,w) =M (I) < ... <M, (It) < M,(T,w). (8.18)
holds if either
(i) 1<s<ror

(ii) —r<s<-—1lor
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(iii) s<—1,r>s>2r;
while the reverse inequalities hold in (8.18) if either

(iv) r<s<—1lor
(v) 1<s< —ror
i) s> 1, r<s<2r
Proof. Tt comes from Theorem 8.5. O

Assume (0)-(0%3) and (O%s), and suppose |Hy, (j1, .., ji—1)| = Bi—1 forany (ji,..., ji—1) €
Iy (k>1>2). We define for k > [ > 1 the quasi-arithmetic means with respect to (8.8)
as follows:

1
5 _1 n 1 _1 21 Wi‘yg(ns)
Mh,g(ll) =h il D (le,’y> hog e . (8.19)

(i1,-sy)ED \5= ZI Wig
§=

Corollary 8.3 Assume (0)-(03) and (C’s), and suppose |Hy, (ji1, ..., ji—1)| = Bi—1 for any
(j],...,jlfl) el (k >1> 2) Then

My =M; () > ... > Mj, ,(I) > M,

1 1

where either ho g~V is operator convex and h™" is operator monotone or ho g~
concave and —h " is operator monotone;

is operator

Mg =M, (L) < ... <M, (L) < My,

1

where either go h™! is operator convex and —g~" is operator monotone or g o h™" is oper-

ator concave and g~ is operator monotone.

Proof. Similar to the proof of Corollary 8.1. O

Finally, we apply the results of this section in some special cases. Throughout Remarks
8.1-8.4 and 8.5-8.6, which are based on Examples 2.4-2.7, Example 2.2 and Example 2.1,
the conditions (£)-(€3) (in the mixed symmetric means) and (&) (in the quasi-arithmetic
means) will be assumed.

Remark 8.1 In the case of Example 8.1, forn > k > 1 (8.17) becomes

1

k s\ °
M, (L) = (W D ( lwl~,> (M,(Ik,i"))> . s#0. (8.20)

k—1) 1<ii<..<ix<n

and (8.19) has the form

k
1 k zwlyg(Tls)
My () =h""| — <wl~s>h0g1 Szlki . (821
1

(nfl) . .
k—1) 1<ij<...<ix<n \s= > wi
s=1
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Remark 8.2 Under the setting of Example 8.2, for k > 1 (8.17) becomes

M2, (00 = (e o )] 0
(e 5 (3m) G0)) s ovo

k—1 1< <..<ig<n

and (8.19) has the form

k
) o 1 k . sgl leg(T)
M) =h"" | o= X ([ Xowi Jhog [ =

(n+k71) ) )
k—1 1<i <. <ip<n \s=1 leis
S=

(8.20) and (8.2) represents mixed symmetric means as given in [61]. Therefore Corollary
8.2 is a generalization of results given in [61].

Remark 8.3 Under the setting of Example 8.3, for k > 1, (8.17) leads to

M) = — Y <kw~.>(M.(l ik))s S s#0.
5,7 Tnk—1 ‘ i r\U g s

ik:(i|,...,ik)elk j=

and (8.19) gives

k
k 21 wig(Ti)
M7 () =™ :)hog‘ —
2 Wi
s=1
respectively.
Remark 8.4 Under the setting of Example 8.4, for k = 1,...,n, (8.17) gives
2 n £ k)5 '
MY-T(I/‘) =\ kn(—1)...(n—k+1) ) 2 Wi; (Mr(1k7l )) )y 8 ?é 0.
i =(iy,....ip) el \J=1

and (8.19) has the form

M  (It)
k
| ) k | Zl wis8(Tiy)
=h" | oD )y (2 th)hog el N
kn(n—1)...(n kJrl)ik:(i1 ..... el \s=1 iwis
s=1

respectively.
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Remark 8.5 Under the construction of Example 8.5, (8.11) is written as

£ S

) . ZWJTI Wz'[;_r
M, (I k—1) = kTZ I_—m , s#0,r#0,

Ci

while (8.14) becomes

n
> wg(Ty) — v;_;g(Tt)
1| =
ci—wj)hog™ T
:1 1- -
i Ci

AQgUbk—l):h”

M=

Remark 8.6 Under the construction of Example 8.6, (8.2.2) gives

2
Mi,b2)=( ¥ (X (M1, )" |, s#0.
i2=(iy,ih)eh \J=1 [,j} —i—d(zj)
while (8.13) gives
WA@Q
2 Wi
2 _ Z T 8T)
— h*l ' z ( ;1 [n]v:féd(lé)> h0g71 s=1 £15]+w’lq
(ip)eh A=l % 2]t

8.3 Further Refinement of Jensen’s Operator
Inequality

In this section, we first use the method of Horvath adopted in [32] (see section 2.2) to
construct a new refinement of Jensen’s inequality for operator convex functions. In this

way we are able to generalize the refinement results given in [41] as well as the results of

Mond and Pecari¢ in [61]. The results of this section are published in [42].
Now, we give the generalization of Theorem 8.4. For this we use two further hypothe-
ses (743) and (J#5) given in Section 2.2:
(J4) Let Sy,. .., S, be finite, pairwise disjoint and nonempty sets, let

n
s:=s;,
j=1
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and let ¢ be a function from S into R such that

c(s) >0, seS, and Zc(s)zl, j=1,....n.
.YGS]'

Let the function 7: S — {1,...,n} be defined by
T(s):=j, if ses;.

(65) Suppose <7 C P(S) is a partition of S into pairwise disjoint and nonempty sets.
Let
k:=max{|A||A e o},

and let
g={Aed||A|=1}, 1=1,... .k

k
Then <7 (I =1,...,k— 1) may be the empty set, and |S| = Y, [|<].
=1

Theorem 8.6 [42] If (0»)-(04) and (5¢;)-(765) are satisfied, then

n n
f(ZWjTj) <N SN €. SN SNy =Y, wif(T)),
p =

where

SEA

X c(s)we(y) ’

SEA

k X c(s)we(e Te(s)
Ne=Y [ > (2 C(S)Wr(s)> f

=1 \ Aew) SEA

and for every 1 < m < k— 1 the operator Ny_,, is given by

m K m!
Ni—m ‘:12 < Y (2 C(S)WT(s)f(TT(S))>> + ) (m

=1 \Aea] \s€A [=m+1

seB

X c(s)we(y)

seB

X c(s)we(s) Tr(s)
I (zf:(s)wm))f

A€ \ BEP_,,(A) seB

Proof. The proof is entirely similar to the proof of Theorem 2.3, so we omit it. O

8.3.1 Applications of Theorem 8.6 to some Special Cases

The first application of Theorem 8.6 leads to a generalization of Theorem 8.4.

Theorem 8.7 Assume that (0,)-(0y) are satisfied, let k > 1 be a fixed integer, and let
I, C {1,....n}*such that
opi>1, 1<i<n,
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where oy, ; means the number of occurrences of i in the sequences (iy,...,ix) € Ir. For
j=1,...,nwe consider the sets

SjZ:{((il,...,ik),l)|(i1,...,ik)E[k, 1§l§k, i[:j}.

n
Let ¢ be a positive function on S := J S; such that
j=1

D c((ity-.,ip),)=1, j=1,...,n.

Then
n
f(ijT,) SN SN < SNy <Np= Y i f(T)), (8.22)

where

and forevery 1 <m <k—1

N m! (
k=m = 7N N
(k_ 1) e (k_ m) (il ..... lk)GIk ]§1I<---<lkfmgk
k—m . .
k—m 121 C<(ll7-."lk)’lj)wi’j Ti’j
(2 C((ila"'vik)’lj)wilj>f 7kfm
Jj=1 > C((i1,~~~,ik)7lj)wizj

=1
An immediate consequence of the previous result is Theorem 8.4: choosing

(it i) ) = e =

= i (i) D) €S,
1S;| o !

it can be checked easily that inequality (8.22) corresponds to inequality (8.7).
Theorem 8.4 has the interestng special cases Example 8.1 and Example 8.2. Theorem
8.7 generalizes these results: apply it to either

Ik::{(il,...,ik)e{l,...,n}k|i1 <...<ik}, 1<k<n,

or
Ik::{(il,...,ik)e{l,...,n}k|i1 g...gik}, 1<k

Now we apply Theorem 8.6 to some special situations which correspond to some re-
sults about operator convexity. The next examples based on Examples 2.9-2.10 and Exam-
ple 5in [32].
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Example 8.7 Let n, m, r be fixed integers, where n >3, m>2and 1 <r<n-—2. In
this example, for every i = 1,2,...,n and for every [ = 0,1,...,r the integer i + [ will be
identified with the uniquely determined integer j from {1,...,n} for which

I+i=j (modn).

Introducing the notation
D:={l,...,n} x{0,...,r},

let for every j € {1,...,n}

Si={@,l)eD|i+l=j (modn)}U{j},

n
and let o7 C P(S) (S:= | §;) contain the following sets:
j=1

Ai={(i,)eD|l=0,....,r}, i=1,...,n

and
A:={1,...,n}.

Let ¢ be a positive function on S such that

Y cli.h)+e(j)=1, j=1,....n
(il)€es;

As we have seen in Example 2.9, the sets S1,...,S,, the partition </ and the function ¢
defined above satisfy the conditions (#73) and (743).
Now we suppose (05)-(0}) are satisfied. Then by Theorem 8.6

n n r éc(lal) Wi+l7—;'+l
f(ZWjTJ) <N=Y, (20(i,l)wi+z>f =
j=1

SN S clil)wins
1=0
n .
n 'EIC(J)W]TJ n
+<26(j)wj'>f | < S wif(1y). (8.23)
J=1 Y c(j)w; j=1
j=1
In case
Wj = Z’ j: 1, N,
(i.1) = —— inep, oj)=""1 ;-1
c (i, '_m(rJrl)’ i , c(j) = - j=1,....n,

it follows from (8.23) that

¢ ¢ TLi+Tiy1+...+Tigr
N7 <« —
f<n2 J)‘ Zf( r+1

J

Il
_
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+’"—‘1f(; Zn) <3 AT,
=1

m =
Example 8.8 Let n and k be fixed positive integers. Let
D:={(it,...,in) €{1,.. .k}  |i1+... +ip=n+k—1},
and for each j =1,...,n, denote §; the set
Sj:=Dx{j}.

For every (iy,...,in) € D designate by Ay...i,) the set

..... in

A(i|7---7i11) = {((i],...,in) ,l) | = 1,...,}1}.
It is obvious that S; (j = 1,...,n) and A, ;. ((i1,...,in) € D) are decompositions of
n
S:= U §; into pairwise disjoint and nonempty sets, respectively. Let ¢ be a function on S

j=1
such that

C((i],...,in),j)>0, ((i],...,i;l),j)ES

and

N e((i,-ein), )=1, j=1,...n (8.24)
(i],....,i,l)ED

As in Example 2.10 we have that the conditions (74;) and (J#3) are valid.
Suppose (,)-(04) are satisfied. Then by Theorem 8.6

f(iij])gNk: D ((ic((il,...,in),l)w,>
J=1 (i1 yenyin)ED =1

n

lzlc((llv ,in),l)W[’I} n

1= < Y w;f(T5). (8.25)

lzlc((lh ,in),l)W[ J=1

If we set :
-~ i—
Wj n7 ] ) 7”7

and

. oy ij
C((ll7"'7ln)7.]) = m7
k—1

then (8.24) holds, since by some combinatorial considerations

n+k—2
o= ("1,
.
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2 ,'7n+k71 n+k—=2\ (n+k—1 1
ij= " 1 = 1 , Jj=1,....n.

(i| ,...,in)ED

and

In this situation (8.25) can therefore be expressed as
f(liT>< ! D f( ! i'T><1§n:f(T)
o2l ) S ey I\ &) =5 /Wi
=] (") @ Sep” \ TR LS o=

Let us close this section by deriving a sharpened version of the arithmetic mean -
geometric mean inequality. We note that In is operator concave in (0,0).

Example 8.9 Let n > 2 be a fixed positive integer, let

Sj::{(i.,j)6{17...,n}2|i:1,...,j}, i=1,...n,

and let
Ai::{(i.,j)6{17...,n}2|j:i,...,n}, i=1,..n
If 71,...,T, are strictly positive operators, then it follows from Theorem 8.6 that
s L
hi+...+T, 2 1 &1 i=i 7/
_1n(w) < (232 )m| =
n i=1 izl v
j=i’
_In(T) +...+In(Ty)
n 3
and therefore
131
L AN
DA
R g N+...+T,
(Tl 'Tn)" S jnl S M

n

~.
I
L —

8.4 Parameter Dependent Refinement of Jensen’s
Operator Inequality

In this section, we introduce a parameter dependent refinement of (8.1) by using the method
given in Section 2.3. With the help of this new refinement, we construct the parameter
dependent mixed symmetric means for a subclass of S(I) and also give the monotonicity
property of these operator means. The results of this section are published in [42].
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Now, we give a parameter dependent refinement of the discrete Jensen’s operator in-
equality (8.1).

we also need the following hypothesis:

(0g) Consider a real number A such that A > 1.

Theorem 8.8 [42] Suppose (05)-(04) and (Og). For k € N, we introduce the sets
n
Sei=1 (i1,...,in) € N"| Zij =kp, keN,
j=1
and define the operators

Ck()t) = Ck(Tl,...,Tn;Wl,...,Wn;)L)

1 k! no jélliijTj
S A e W (,Zl’l 'Wf> A B
j=1
Then
(a)
! (i%ﬂ) =CA) <L) <...<CG(M) <. < _znllef(Tj), keN
j= =

(b) For every fixed A > 1
n
Jim Cr(A) =Y wif(T;).
o0 =
It follows from the definition of Sy that Sy C {0,...,k}" (k € N), and it is obvious that

Ck(l) =f (i WjTj) , keN.
=1

The proof of Theorem 8.8 is essentially the same as the proofs of Theorem 2.5 and
Theorem 2.6, so it is omitted. But to prove the second part of the theorem we need the
following two results. First, we generalize Lemma 2.7.

Lemma 8.1 [42] Let (X,||-||) be a normed space. Let py, ..., py be a discrete distribution
withn > 2, andlet A > 1. Letl € {1,...,n} be fixed. e; denotes the vector in R" that has Os
in all coordinate positions except the Ith, where it has a 1. Let q1,...,q, be also a discrete
distribution such that q; >0 (1 < j <n) and

qi >max(‘]ly---‘]l—lvql+17~~~»‘]n)-
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If

n
g: {(tl,...,t,,)eR"|tj>O(1 <j<n), 2;1:1}_0(
j=1

is a bounded function for which

7 :=limg
€|
exists, and p; > 0, then
. k! ; . Alipy Anp,
Jim ) I TR A et =T
(it,in) €8 1 X Alp; X AUp
j= j=

Proof. We have to modify just the final part of the proof of Lemma 2.7. We can suppose
that [ = 1.

Choose 0 < € < 1. Since the distribution function F;,_; of the Chi-squared distribution
(x*-distribution) with n — 1 degrees of freedom is continuous, and strictly increasing on
(0,0), there exists a unique 7, > 0 such that

Fn,](l‘g) =1—¢.
N 2
(£-0)

n
S]]c = (i]k,...,ink)ESk| 2k7<l5 s
j=1 qj

Define

let S7 := Sk \ S} (k € N), and consider the sequences

k! . ) Alikpy Alnkp
l . n
a = 2 ﬁq?k...q;kg e T u ,
(i1s--ink ) ES} T Tk Y Alkp; Y Akp;
j=1 j=1
and
k! . . Ak ) ink
2. . 14! p
ay = 2 ﬁqlllk"'qilkg n . (AR AN , : ’
(i1reemink ) €S2 Hee e Tk > Aljkpj > )Lljkpj
J=1 Jj=1
where k € N
By using the first part of the proof of Lemma 2.7, we have that
@ N
g = Lo+ 8:(k), kEN,
LN

o~ i1k
(i1kereemsiink) €S

where I}im Oc (k) = 0 (let k, € N such that & (k) < € for all k > k),
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(ii) for every €1 > 0 we can find an integer k¢, > k¢ such that for all k > ke,

)'ilkp] A,inkpn

. . 1
-7 <€, (l]k,...,lnk)GSk.

PR R

n . .
Y Alkp; X Alikp;
j=1 j=1

Since g bounded on its domain (||g — 7|| < m), it follows from (i) and (ii) that

k! i i Alipy Anp,
2 i i,ql"'qng n ] sty T ) -7
(i i)y 1ot S Alip; S Alip;
=1 =1
k' . . A{ill)1 Ainp
< X g oddlg|l | -m
(it i) ES) 1T > Alip; > Alip;
=1 =1
k! . X A'l]p1 A-i”p
Y g T e [
(ityin) €S2 L7000 _zlxljpj '%ijj
i= i=

<e (1—e+8:(k))+m(e—0e(k)), k> ke,
and this gives the result.

The second lemma corresponds to the symbolic calculus for self-adjoint operators.

Lemma 8.2 [42] Assume (0) and let f : I — R be continuous. Let the function

n
g:{(tl,...,tn)ER"|tj>0(lSjgn), tjl}ﬂB(H)
=1

]7
defined by
n
g(l‘l,...,l‘n) :f thTj .
=1
Then
limg= (1), 1<l<n.
e
Proof. Let

o= ]Iél}gn(mmSp(Tj)) and f:= 11;1};1é1(max5p(Tj)),
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where Sp(T) denotes the spectrum of 7. Then
n
Sp| D41 | Cle,BlC 1
j=1

forallz; >0 (1 < j<n)with En‘, ti=1.
=1

It is enough to prove that f is continuous on S([ct, 8]).

To prove this let € > 0 be fixed, and let (A,),.y be a sequence in S([x, B]) such that
A, —AeS(la,B]).

Since f is continuous on [o, B], the Stone-Weierstrass theorem implies the existence
of a sequence of real polynomial functions (f;),.y Which converges uniformly on [o, 8]
to f. It follows that there exists ky € N such that

\fio (1) = f(2)] <

, €[, Bl

W[ m

The fundamental result for continuous functional calculus (see for example [27]) yields
that

1 £(An) = fio An)|| = || (f — fio) (An)|| = sup |£(t) = fi, (1)) (8.27)

teSp(An)
€
< swp [f(0) -~ fi)] <5, newN,
tefa.pl
where ||-|| means the norm on H. Similarly, we have
€
1fio (@) = fA)] < 3 (8.28)

Since A,, — A, we obtain Ail — Al for every i € N, and therefore there is ny € N such that

HMMHaMMW<§ (8.29)

for all n > ng.
Now the inequalities (8.27-8.29) give that

£ (An) = )| < [LF(An) = fio (An) || + || fio (An) = fio (A) ]|

+ || fio (A) — F(A)|| < &

for all n > ng, and hence f(A,) — f(A).
The proof is complete. |
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8.4.1 Applications

Suppose (0)-(04) and (O¢). We consider three special cases of (8.26).
@k=1,neNy:

n
) S T+ (A — wT;
1 j=1

Ci(4)= oY Y (A+@A—=Dw)f

& 1+(171)W,‘
MkeEN,n=2:
1 ko (k ; i Alwi Ty + AR, T
6= g B ) (o) (S
(C)le...:Wn :%Z
S AT,
1 k! S j=1
CGA)=——3 D - (2’ll'>f T
n(ntA =18 Shes il int \ S > Al

8.4.2 Parameter Dependent Operator Means

Next, we define some further operator means with parameter and study their monotonicity
and convergence.

Definition 8.1 [42] We assume that (0,), (O3) and (Us) are satisfied and A > 1. Then
we define the operator means with respect to (8.26) by

1 k! L
Mp, (kA)=h' | ——— , - Aliw;
§ (n_|_/1_1)k i %)651( i) iy j; J

(hog ) | E—— | |, ke (8.30)

We now give the monotonicity of the means (8.30) by the virtue of Theorem 8.8.

Proposition 8.1 [42] For A > 1, we assume (03), (03) and (O’s). Then
(a)
Mg:Mh,g(O,A«)S---SMhﬂg(k,A-)S---SMh, ke N,

if either ho g~ is operator convex and h™" is operator monotone or ho g~" is operator
concave and —h~" is operator monotone.
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(b)
Mg:Mhﬂg(O,A«)Z---ZMh,g(kaA-)Z---ZM}u keN,

if either ho g~ is operator convex and —h™" is operator monotone or ho g~ is operator

concave and h™" is operator monotone.
(c) In both cases
]}im My o(k,A) =M

Proof. The idea of the proof is the same as given in Corollary 8.1. O

As a special case we consider the following example.

Example 8.10 [42] If I := (0,0), h := In and g(x) := x (x € (0,c°)), then by Proposition
8.1 (b), we have the following inequality: forevery 7; >0 (1 < j<n),A > 1,and k € N

1 K& i
—*ijwj
l . (n+l—l)k 11!...1;1!]_:1
Z Iw;Tj

n
wj j=
[77< Il |
i=1 (i1 y0emsin) ESk Aliw;
i=1

—_

n
< 2wy,
j=1

M=

J

which gives a sharpened version of the arithmetic mean - geometric mean inequality

k!
n — 27“
n(n+A-1)% 11 n! j=1
X ANT; "
H I1 A

n .
j=1 (zl,....,i,l)eSk > Al

<3

j=1

El'—‘

Supported by the power means we can introduce mixed symmetric operator means
corresponding to (8.26):

Definition 8.2 [42] Assume (0,) with I := (0,00) and (03). We define the mixed symmet-
ric means with respect to (8.26) by

1
My, (kA) = [ ——— Al
o) <(”+/11) o.,%)esk’ ! <2 Wj)

Altw Al
s . n
M| T, T — R :

,
2 llej 2 Alej
j=1 j=1

ifs,r€Rands #0.

The monotonicity and the convergence of the previous means is studied in the next
result.
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Proposition 8.2 [42] Assume (0) with I :== (0,°0) and (O). Then
(a)
M;<...< MS‘,r(k7A') <...< MS‘,V(07)') = Mr7 (831)

if either
()1 <s<ror
(ii) —=r<s< —1or
(iii) s < —1, r>s>2r;
while the reverse inequalities hold in (8.31) if either
(v)r<s<—1lor
w)1<s<—ror
i)s>1,r<s<2r
(b) All of these cases
lim Mv,r(kyl) =M,

k—so0

for each fixed A > 1.

Proof. We apply Proposition 8.1 (b). O



Chapter

Refinements of Determinantal
Inequalities of Jensen’s type

In this chapter, some new refinements are given for Jensen’s type inequalities involving the
determinants of positive definite matrices. Bellman-Bergstrom-Fan functionals are consid-
ered. These functionals are not only concave, but superlinear which is a stronger condition.
The results take advantage of this property.

The results of this chapter are given in [43].

9.1 Introduction and Preliminary Results

We start this section with the following notations introduced in [59] (see also [60]):

My, denotes the set of positive definite matrices of order m. It is evident that .#, is closed
under addition and multiplication with a positive number, i.e. if M{,M, € .#,,, a > 0, then
M+ My, aM\ € My, (M, is a convex cone).

ItM e 4, let

|M| := the determinant of M,

M| = H’;Zl/lj, k=1,...,m, where A(,..., A, are the eigenvalues of M with A; < ... < A,
(here M|, = |M|),

M(j) := the submatrix of M obtained by deleting the j”* row and column of M,

M{k] := the principal submatrix of M formed by taking the first X rows and columns of M;

211
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then M[m] = M, M[m — 1] = M(m) and M[0]:= the identity matrix.
BBF means the class of Bellman-Bergstrom-Fan functionals o;, & ; and v defined on .7,
by

1
o-i(M):|M|ii7 i:17"'7m7

j(M):Ma jzla"'vmv
M)
and
|M| (m k)
Vk(M) < , k=1,....m,
|M[K]|
respectively.

The BBF functionals are superlinear (see [59]), i.e. f € BBF is both superadditive
f(My+M) > f(My) + f(M), M,M> € My
and positive homogeneous
f(pM) = pf(M), M\,M> € My, p>0.
More generally, for f € BBF,M; € My, pi >0 (i=1,...,n),and P, = 2;‘:1 pi(k=1,...n),

we have (see also [59]):

f(ZmM) Zpl >PHf ©.1)
i=1

which is an interpolating inequality for

( ZPz l>2Hf(Mi)%- 9.2)
i=1

nl 1

Remark 9.1 (a) Since a functional f € BBF is superlinear, it is also concave. The in-
equality (9.2) comes from the second inequality in (9.1), which is just an arithmetic-
geometric mean inequality, by using only the concavity of f .

For P, = 1, interpolations corresponding to the second inequality in (9.1) can be found
in [37] and [40]. In [33] parameter dependent interpolations are given.

(b) A concave functional on .7, is not superlinear in general, hence the interpolations
of the first inequality in (9.1) are the most interesting (of course, in the case P, # 1).

Unweighted versions of (9.1) and (9.2) are given by

( ZM > ,11 21 FMy) > f[lf(Ml-)fu 9.3)

and
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f (% 2%) > [1r01)7, 94
i=1 i=1

respectively.
The following interpolations of the first inequality in (9.3) are given in [59]:

n

1 & 1
S (; 2%) =fon = 2 fixtn 2 Jin = 2 fin = - Y f(My), 9.5)
i1

i=1

where
1 1
Jen = 7 2 f (z (Mil+...+Mik)).
(k) 1<ij<..<ig<n
[59] contains interpolations for the second inequality in (9.3) too:
1 n n 1
p N (M) =gnn = oo > Gkiin = 8kn = - = G1n = | [ f(Mi)7, 9.6)
i=1 i=1
where 1
1 ®
8kn = H (E (f(Ml|)++f(Mlk))) ‘ ’
1<i| <..<ix<n
and
1 n n 1
p N (M) =hip> o> hip >l > o = o = [ F(M)7 9.7
i=1 i=1
where

1<ii<..<ig<n

There are similar interpolations for (9.4) in [59]:

1 1 1
f (; 2M1> =Tnn > > Tk+1,n > Tk > .. = Hf(Mi)"a (9.8)
i=1

i=1

where 1

Fen = 11 f(%(MilJr...JrM,-k))(Z.

1<ij<...<ig<n

>

The above interpolations from [59] based on the concavity of f.
We give interpolations of the first inequality in (9.1) (see Remark 9.1 (b)), which insure
generalizations of (9.5). By using the results in the papers [37], [40] and [33], we can also
generalize the second inequality in (9.3) and the inequality (9.4), and thus inequalities (9.6-
9.8), but these interpolations are just concrete examples of the inequalities in the papers
[37], [40] and [33] (see Remark 9.1 (a)).

We consider the notations introduced in (_47); see Section 2.1 of Chapter 2 (see also
[44, 43]).
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The following hypotheses are required to give the basic context of our results.
(%)) Let n > 1 and k > 2 be fixed integers, and let [; be a subset of {1,... ,n}k such
that

ogi=>1, 1<i<n
(2,) Let M, sy My € M.
n
(23) Let py, ..., py be positive real numbers. Let P, := Y, p;.
i=1

(924) Let the function f : .#,, — R be a Bellman—Bergstr}jm—Fan (BBF) functional.

(95) Let |H1[ (j],...,j1,1)| = ﬁlfl for any (j],...,jlfl) el (k >1> 2)

(2)) is the same as (7)) given in Section 2.1 of Chapter 2, in seek of symmetry we
use this.

9.2 Refinement Results

The refinement results of this section involve some special expressions, which we now
describe. Assume (2))-(%4). We shall use that f € BBF is positive homogeneous. For any
k>1>1let

Al,l :Al,l ([klev"'aMnaplv"'apn)

Pis ay.
L Pi s§1 Oppis 1
= Y (X || 9.9)
(itsi)ely \s=1 Hois L
s=1 i

and associate to each k — 1 > [ > 1 the number

Ak,l :Ak,l ([klev"'aanplv"'apn)

l 2 — i
1 . . Pi s=1 Ois 7
= 2 t],l(llw"vll) Z—X f
(k_ 1)"'l (i1,it)EL, ‘ (xl O i L Pig
s=1 Hiis
1 T ’)f<i Pi )
= 77 N 3 Il yeansl] 1 is | -
k=11 % =

Under the above constructions we come to
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Theorem 9.1 Assume (21)-(%4). Then
(a)
n n
Y oMy | > Akg > A1 > > Agp > Ay = 3, prf (M), (9.10)
r=1

r=1

(b) Assume (Ds) is also satisfied. Then

n l
Akt =A = > f(Zpiniy . (k>1>1),
(

i|,...,i])€]] s=1

and thus
r=1

n n
f (2 Per> > Apk = Ap-1j-1 = ... =2 Aop = A = Y, prf(M)).
r=1

Proof. We prove (a), (b) can be proved similarly. Since f is a Bellman-Bergstrom-Fan
functional, it is concave. Therefore Theorem 2.1 implies that

1 n _ _ _ _ 1 n
= XM | > Ak > Agper > .. > Ay > At = — Y, prf(My),  (9.11)
P" r=1 P" r=1
where
" D1 Pn
A=A | e, My,....M,,,—,...,— k>1>1
1l l,l(k? 1, ) nvpnv 7Pn)7 Z =
and

A P1 Pn
A=A LMy, ... My, —,...,—
ki k,l(k 1 mp Pn)

for k—1 > 1> 1. The result now follows from (9.11), since f is positive homogeneous. O

9.2.1 Discussion and Applications Related to Theorem 9.1

Throughout Examples (9.1-9.6) the conditions (2)-(Z4) will be assumed. These examples
based on Examples 2.4-2.7, Example 2.2 and Example 2.1.
First, we generalize (9.5).

Example 9.1 Let
Ik::{(il,...,ik)e{l,...,n}k|i1 <...<ik}, 1 <k<n.

Then, by right of Examples 2.4, Theorem 9.1 (b) can be applied: we have

Ak =

k
2 f(ZPi;”’i;), k=1,...,n.

(Z:}) 1<i|<...<ix<n s=1
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and

n

per> > Apk > At jo1 = ... 2 Ap = AL = Y prf(M,).

r=1

{

If py =...=py =1, then (see (9.9))

1 M +...+M;
_— 2 f(%), k=1,....n,

e (Z) 1<ij<..<ix<n

\
i M=
N

and thus (9.12) gives the generalization of (9.5).
The structure of the second example is similar to the previous one.

Example 9.2 1et
I = {(il,...,ik) el lip<...< ik}, k> 1.
Then, by right of Examples 2.5, Theorem 9.1 (b) can be applied: we can deduce
k
Ak = Ty Y Al XYpiM ). k=1,
( k—1 ) 1<ij<...<ix<n s=1

and

n n
f (2 per> > 2 A > > A = ) prf(My).
r=1

r=1
By taking p; =...=p, = % we obtain (see (9.9))
1 M +...+M;
Ak = e 2 f(%), k>1.
( k ) 1<i1<...<ix<n
The following two examples are particular cases of Theorem 9.1 (b).

Example 9.3 Let
L={1,...n}*, k>1.

Then, by right of Examples 2.6, Theorem 9.1 (b) can be applied: this leads to

1 k
A= _knk’] 2 f <2Pi5Mis> , k>1,
(il,...,ik)GIk s=1
and
< n
f (217er> > Az ZAI,I = Zprf(Mr)7 k>1
r=1 =
Especially, for p; = ... = p, = 1 we find (see (9.9)) that

]Wl'1 +...—|—M,'k

1
Ak,kzﬁ' 2 f(T)’ k:1,...,n.

(9.12)
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Example 9.4 For 1 <k <nlet I consist of all sequences (i1, ..., i) of k distinct numbers
from {1,...,n}.
Then, by right of Examples 2.7, Theorem 9.1 (b) can be applied: it follows that

n k
Ak’k:kn(nfl)...(n—kJr]) ) f<2pt.vMi5>» k=1,...n

(i|,....,l'k)€[k s=1

and

n
f (2 Per> ZApn > ... ZAk,k > Z2A = Zprf(Mr)-
r=1

Ifwesetpy=...=p,= %, then by (9.9)

1 M; +...+M;
App = e/ AL /S A T
kk nn—=1)...(n—k+1) 2>€[k'f( k > "

(i1 5eemslik

In the sequel two interesting consequences of Theorem 9.1 (a) are given.

n
Example 9.5 Let ¢; > 1 be an integer (i = 1,...,n), let k:= Y, ¢;, and let [ = P
i=1

consist of all sequences (iy,...,i;) in which the number of occurrences of i € {1,...,n} is
¢i(i=1,...,n).

Then, by right of Examples 2.2, Theorem 9.1 (a) can be applied. According to the
result

crl...cy! K pi
= % ' 2 f(z p—f‘vMis> ZAk,kfl

s=1 "ls

= r—1 Zcif (21?er %Mz> > Zprf(Mr)~
i ! r=1

Example 9.6 Let
bi={(in,i) € {1,...on} inlin .
The notation i; i, means that i; divides . [ﬂ is the largest natural number that does not
exceed 7, and d(i) denotes the number of positive divisors of i.
Then, by right of Examples 2.1, Theorem 9.1 (a) can be applied. We have

b (2 per> >
r=1

Pi,
(2] +d()

Miz > zprf(Mf)'
r=1
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9.3 Generalization of Theorem 9.1

In this section, we give the generalization of some refinements given in Section 9.2. Here
we consider the hypotheses (J7;) and (43) from Section 2.2 of Chapter 2 (see also [32,
43]).

By virtue of the above considerations we give another refinement of the first inequality
in (9.1).

Theorem 9.2 [If (2,-%4) and (74-763) are satisfied, then

n
(21)] >>Nk>Nk 1> >N22Nl:2pjf(M])
Jj=1

k ZAC(S)PT(S)MT(S)
Ni = c($)Pas e 9.13
f IZZI AGZMI <§‘ (s)p <)>f ZAc(s)pT@ (9.13)

NS

32 0 {zeomna))

and for every 1 < m < k — 1 the number Ny_,, is given by
N m-_2<2 <ZC p‘r

m!
Aca) \s€A I=m+1 lil) (l* )

) 3
2z (o) (555)

where

< k m!
gl (A;Ml (% $)P(s )f(MTm))) +z:§+1 (—(l_ D

) < D <f<ZC(S)Pr(s)MT(s)>>>>-
Acgl] \BEP,_,,(A) seB

Proof. We can prove as in Theorem 9.1, by applying Theorem 2.3. O
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9.3.1 Discussion and Applications related to Theorem 9.2

The first application of Theorem 9.2 leads to a generalization of Theorem 9.1.

Theorem 9.3 Assume (2,-%s4). For j = 1,...,n, we introduce the sets
Si={((1,-- i), 1) | (inyevix) €y, 1<1U<k, ip=j}.

n
Let c be a positive function on S := |J S; such that
j=1

Then we have
n n
XM | >Ne =Ny > .. > Ny >Ny = Y pif (M), (9.14)
j=1 j=1

where the numbers Ny_,, (0 <m < k— 1) can be written in the following forms:

Nk: f<2C((i1,...,ik),l)pi[Mil>),
(l’],....,l'k)elk =1

and for every ] <m <k—1

m!
Nk*”’::(kfl)...(kfm) 2 < 2

1<l <o <ly_ <k

k—m
(f<2 c((il,---,ik>,lf>Pfij"’f>>> |
=1

An immediate consequence of the previous result is Theorem 9.1: by choosing

. . 1 1 . . .
c((ll,...,lk),l)::m:al - if (i1, i), 1) €85,
j J

we can see that the inequality (9.14) corresponds to the inequality (9.10).
By applying Theorem 9.3 to either the set

Ik::{(il,...,ik)e{l,...,n}k|i1 <...<ik}, 1<k<n,

or the set
I ::{(i],...,ik)E{l,...,n}k|i1 §~~~§ik}; lgk,

generalizations of Example 9.1 and Example 9.2 are obtained. Therefore Theorem 9.2 also
provides the generalizations of the corresponding results given in [59].
Now we apply Theorem 9.2 to some special situations based on Examples 2.9-2.10.
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Example 9.7 Let n, m, r be fixed integers, where n >3, m>2and 1 <r<n—2. In

this example, for every i = 1,2,...,n and for every [ = 0,1,...,r the integer i 4/ will be
identified with the uniquely determined integer j from {1,...,n} for which
I+i=j (modn). (9.15)

Introducing the notation
D:={l,...,n} x{0,...,r},
let for every j € {1,...,n}
S;={(,)eD|i+l=j (modn)} J{j},

n
and let &7 C P(S) (S:= U S;) contain the following sets:
j=1

Ai={i,)eD|l=0,....r}, i=1,...,n
and
A:={1,...,n}.
Let ¢ be a positive function on S such that
N cli,)+c(j)=1, j=1,...,n
(i1)es;

As we have seen in Example 2.9, the sets Sy, ... ,S,, the partition <7 and the function ¢
defined above satisfy the conditions (#3) and (743).
Now we suppose that (2,)-(Z;) are satisfied. Then by Theorem 9.2, we have

f (iij/> = Np = i (f (ic(i»l)Pi+zMi+l>> (9.16)

In case

1 m—1
_ i,1)eD )i =— j=1,...
m(r+1)7 (lv )E ) C(.]) m .] 9 N,

it follows from (9.16) and (9.13) that

c(i,l) :=

1 & 1 & Mi+Mi 1 +...+My,
“SNvu. |l >—
f(njzl j>_mnlz ( r+1

P
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Example 9.8 Let n and k be fixed positive integers. Let
D= {(il,...,in) € {1,...,/(}” | iW+...+i, =n+k—1},
and for each j =1,...,n, denote S; the set
Sj:=Dx{j}.
For every (i1,...,iy) € D designate by A(iy,...ip) the set
Aiy,oin) = (1, n) 1) [T =11, 0}
It is obvious that S; (j =1,...,n) and Ay i) ((i1,...,in) € D) are decompositions of

n
S:= U §; into pairwise disjoint and nonempty sets, respectively. Let ¢ be a function on S

j=1
such that
c((iyeeayin) J) >0, ((i1y..-yin),J) €S
and
Y o ce((ir,-ein), )=1, j=1,....n. 9.17)
(i],....,l',l)ED

As in Example 2.10 we have that the conditions (73) and (J%3) are valid.
Now we suppose that (2,)-(Z;) are satisfied. Then, by Theorem 9.2, we have

f(ipj >>Nn > (20 i1yl )P1M1>
(i1, )eD

=1 ) (il in
n
> pif(M)). 9.18)
j=1
If we set .
= — | — 1
pj I/l’ .] 9 7”7
and

ity esin) s j) = (:Tf])

k—1
then (9.17) holds, since by some combinatorial considerations

n+k—2
|D|:< n—1 )’

i'_n—i—k—l n+k—2 _ n+k—1 1 "
T T, n—1 )"\ k=1 ) T

In this situation (9.18) can therefore be expressed thus

<2M>—<"+'1<2>m,2- f<n+k i”’”’)*i

and

(i| 7...,i")ED

j=
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9.4 Parameter Dependent Refinements

Now, we give parameter dependent refinements for determinantal inequalities of Jensen’s
type. We use the constructions introduced in Section 2.3.

Theorem 9.4 Let A > 1 be a real number. Suppose (9>)-(%4) are satisfied, consider the
sets

n
Sy = {(il,...,in) eN"| Zijk}, k€N,
j=1
and for k € N define the numbers

Ck(k) = Ck(Ml,...,M,,;pl,...,pn;)t)

1 k! O i =
= i '|<2”]l’j fl =

k
(n+A=1) (i), s, 110wt

1 k! LA
s i (se)

k
(n+A—1)" es, teetn:
Then

f(zn:ijj) ZC()()L) ZCl(A) > ... ch()t,) >...> zn:pjf(Mj), ke N.
=1

Proof. Tt is similar to the proof of Theorem 9.1, by applying Theorem 2.5. O
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for operators, 203
parameter dependent, 209

BBF functional, 212

Concave function, 2
operator concave function, 188
Convex function, 1
J-convex, 1
2D-convex function, 84
log-convex, 132
n-exponentially convex, 131
exponentially convex, 131
integral form, 132
operator convex function, 187
Jensen sense, 1
mid convex, 1

Divided difference, 132
Green function, 82
Hermite-Hadamard inequality, 109

Jensen’s inequality
2D analogue, 85
discrete, 3
parameter dependent refinement, 55
for operator convex function, 188
integral analogue, 3

Linear functional, 126
for convex function, 133

Mean, 19
Cauchy mean, 137
Dresher mean, 14
Hamy’s mean, 24
arithmetic mean, 8
geometric mean, 8
integral mean, 19
integral power mean, 20
logarithmic mean, 143
power mean, 19
for operators, 188
symmetric mean, 19
quasi-arithmetic mean, 19
for operators, 194
parameter dependent, 208
Mean value theorem, 125
Minkowski’s inequality, 182

Operator monotone function, 187
Popoviciu’s inequality, 84
integral version, 135

of several variables, 84
weighted form, 81
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