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Preface

Convex functions are one of the most important terms of the Theory of inequalities. We
say that a function f: I — R is convex on the interval / C R if for all x,y € I and every
A €10,1] it holds

fAx+(1=2A)y) <Af(x)+ (1 =2A)f(y). (a)

If for all x # y and every A € (0, 1) the inequality (a) is strict, then we say that the function
f is strictly convex. If the inequality sign in (a) is reversed, then we say that f is a concave
function. Geometrically speaking, function f is convex on the interval [ if for any two
points x,y € I part of the graph between points x and y is below the chord of the function f
at these points.

Jensen’s inequality for convex functions is one of the most important inequalities in
contemporary mathematics since it results a whole series of other classical inequalities. It
was named after a famous Danish mathematician Johan Ludwig Jensen (1859-1925) who
proved it in 1906.

Theorem A (Jensen’s inequality, [124]) Let f: I — R be a convex function on the inter-
val  CR. Forn > 2, let x1,...,x, € I, and py,..,p, € R be such that p; > 0 for every i.

Then we have
1 & 1 & b
— X)) < — . .
7 L o) < 5 Spif ), (b)

where P, = Y| pi. If the function f is strictly convex and if x1, ...,x, are not all equal to
each other, then the inequality in (b) is strict.

However, simpler variants of the inequality (b) appeared much earlier, but under differ-
ent assumptions. In 1889 Holder proved that for a function f: [a,b] — R and x,y € [a, D]
it holds

f(x+y) S+
2 2

assuming that the function f is twice differentiable on [a,b], and f”(x) > 0 on that inter-
val. If the function f is twice differentiable, then the condition f”(x) > 0 for x € [a,b] is
equivalent to f being convex on [a,b], but the concept of convexity was introduced later
by Jensen in the paper [75] in which he also proved the inequality (b). In 1896 Henderson
proved the inequality (b), but under Holder’s assumptions. Special case of the inequality
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(b) for p; = ... = p,, = 1 was proved by Grolous yet in 1875 using centroid method in the
paper [53]. This is also the first known inequality for convex functions in mathematical
literature.

Jensen’s inequality has a significant application in the various branches of mathematics,
especially in mathematical analysis and statistics, where it is most commonly used to de-
termine lower bounds for the expectation of convex functions. Over the centuries, Jensen’s
inequality has been extensively explored by many renowned mathematicians, and has been
generalized in many ways. Integral version of the same inequlity was obtained by Beesack
and Pecari¢ in 1984. Analogue inequality for positive linear functionals was proved by
Jessen in 1931, and Davis in 1957 showed that Jensen’s inequality is also true between
operator algebras. Numerous well-known classical inequalities have arisen as a result of
the Jensen inequality. One of the more known is the so-called Edmundson-Lah-Ribari¢
inequality:

M—x xX—m
m—m’ "

f(M), (d)

3

pl,, lﬁlpif(x,») <

where f: [m,M] — R is a convex function and x = ¥} | p;x;.
It was proved in 1973 by Lah and Ribari¢. They also obtained a converse of the Jensen
inequality in their paper [89] from 1971, which we state in its original form.

Theorem B ([89]) Ler i be a positive measure on [0, 1] and let ¢ be a convex function on
the interval [m,M), where —eo < m < M < +oo. Then for every [l-measurable function f
on the interval [0,1] such that m < f(x) < M holds for any x € [0, 1] we have the following
inequality

Jo @(f)du
Jo du

where f = folfdu/fol du.

< Z:iqa(m) + L —oMm), (e)

Since then, many papers have been written on the subject of generalizations and converses
of the inequality (e). A whole series of monographs in inequalities ([3], [44], [48], [49],
[84] and [85]) has been dedicated to classical inequalities, including the Lah-Ribari¢ in-
equality (e).

Beesack and Pecari¢ [14] (see also [124, p.98]) proved the following generalization of
the Lah-Ribari€ inequality (e) for positive linear functionals.

Theorem C ([14]) Let ¢ be a convex function on the interval I = [m,M], where —eo <
m < M < o, Let L be avector space of all real functions defined on a non-empty set E such
that af +bg € L holds for all f,g € L, a,b € Rand 1 € L, and let A be any normalized
positive linear functional on L. Then for every function f € L such that ¢(f) € L we have:

M—A(f)

A@() < ==

— o ¢(M). ®
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Amongst most recent results, we should mention converses in the difference form of the
integral Jensen’s inequality obtained by Dragomir. We should also mention the improve-
ment the of Edmundson-Lah-Ribari¢ inequalities for positive linear functionals obtained
by Klarici¢ Bakula, Pecari¢ and Peric.

Probability version of the inequality (e) for the mathematical expectation of a random
variable is given in the theorem which follows.

Theorem D ([42]) Let — < a < b < +oo, and let X : Q — [a,b] be a random variable
with finite expectation on a probability space (Q,p). Let f: [a,b] — R be a convex function
such that E(f(X)) < eo. Then

() < 22X

f(). €9)

Inequality (g) is often reffered to as the Edmundson-Madansky inequality, because it
was proved in 1956 by Edmundson ([42]), and Madansky ([93]) in 1959 was the first
one to start using it in context of stohastic programming for finding the best possible upper
bound for the expectation of convex functions. A comprehensive list of some recent results
concerning the Edmundson-Madansky inequality can be found in [18] and [87].

One can easily see that Theorem C is also a generalization of Theorem D, that is, the
inequalities (e) and (g) are actually special cases of the same inequality, but in different
settings. Therefore, from now on those inequalities will be united under the common name
of the Edmundson-Lah-Ribari¢ inequality.

Jensen’s inequality for mathematical expectation

FEX)) <E(f(X)) (h)

is used in the same context for determining best possible lower bound for the expectation
of a convex function, so it is clear that inequalities (g) and (h) are closely related.

Levinson in 1964 in the paper “Generalisation of an inequality of Ky Fan” obtained an
important inequality of the Jensen type concerning two distinct series of numbers. This
result today is known as Levinson’s inequality. Many mathematicians have worked on
weakening the conditions under which Levinson’s inequality is valid. Thus, Bullen and
Pecari¢ weakened the condition of symmetry, and Mercer completely replaced it with the
condition of equality of variances for functions that have a nonnegative third derivation.
Witkowski showed that in Mercer’s assumptions it is enough for the function to be 3-
convex. Further, Baloch, Pecari¢ and Praljak found the widest class of functions for which
Levinson’s inequality is valid under Mercer’s assumptions. The mentioned class of func-
tions is an extension of the class of 3-convex functions and can be viewed as a class of
functions that are 3-convex at the point.

This book is based on several recent research papers on the subject of Jensen’s in-
equality, its converses and their variants, with special emphasis on the Edmundson-Lah
Ribari¢ inequality in different settings and under various conditions. In the first chapter
we will show some difference type converses of the mentioned inequalities for positive
linear functionals, together with their refinements, improvements and applications to many
famous classical inequalities. In the second chapter different classes of inequalities of
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the Jensen and Edmundson-Lah-Ribaric¢ type for functions with bounded second order di-
vided differences, Lipschitzian functions and 3-convex functions are derived. Also, several
representations of the left side in the Edmundson-Lah-Ribari¢ inequality via Hermite’s in-
terpolating polynomial in terms of divided differences are given and used for obtaining
inequalities for the class of n-convex functions. Third chapter is dedicated to estimates for
the Csiszar f-divergence functional and generalization of the f-divergence functional for
different classes of functions via results from the previous two chapters. Application to
Zipf and Zipf-Mandelbrot law is also given. In the fourth chapter we give difference type
converses of the Jensen and Edmundson-Lah-Ribari¢ operator inequality for a unital field
of positive linear mappings between C*-algebras of operators in compact Hausdorff space
and their further refinements and improvements. Several mutual bounds for the operator
version of the Jensen and Edmundson-Lah-Ribari¢ inequality which hold for the classes
of bounded real-valued functions, Lipschitzian functions and n-convex functions are also
given. In the fifth chapter we show some converses of Ando’s and Davis-Choi’s inequality
of different types, as well as the Edmundson-Lah-Ribari¢ inequality and its difference type
converse for positive linear mappings. Some results are extended to the class of n-convex
functions. Difference type converse for solidarities and connections are also given. In
the sixth chapter, some converses of the Jensen and Edmundson-Lah-Ribari¢ inequality in
terms of time scale calculus are proved together with new refinements of those converse
relations with respect to the multiple Lebesgue delta integral for convex functions. In the
last chapter we give a short historical comment on the connection between the Edmundson-
Madansky and the Lah-Ribari¢ inequality, and an overview of some already known results.
Also we give a Levinson’s type generalization of the Edmundson-Lah-Ribari¢ inequality
for a class of functions which contains the class of 3-convex functions, and analogous in-
equalities for the operator inequality in the Hilbert space and the scalar product of Hilbert
space operators.

Authors
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Chapter

Difference type converses for
linear functionals

This chapter begins with an overview of some important results related to the Jensen and
Edmundson-Lah-Ribari¢ inequality for positive linear functionals which are known from
earlier. Further, some difference type converses of the mentioned results will be shown, as
well as their refinements and improvements. Finally, those improvements will be applied
to generalized means and some famous classical inequalities (the ones of Holder, Hermite-
Hadamard, Giaccardi and Petrovi¢). In that way we will get converses of listed inequalities
that provide us with an upper bound for the difference of their right and left sides.

1.1 Introduction

Let E be a non-empty set and L a vector space of real functions f: E — R with the follow-
ing properties:

(L1): f,geL= (af +bg) € Lforalla,beR;
(L2): 1 €L, thatis, if f(r) =1 foreveryt € E, then f € L.

(L3): if f,g € L, then min{ f,g} € L ormax{f,g} € L.



2 1 DIFFERENCE TYPE CONVERSES FOR LINEAR FUNCTIONALS

Obviously, (RE ,<) (with standard ordering) is a lattice. It can also be easily verified that
a subspace (X C RF) is a lattice if and only if x € X implies |x| € X. This is a simple
consequence of the fact that for every x € X the functions |x|, x~ and x™* can be defined by

x| (2) = |x(t)], xT(t) =max{0,x(t)}, x (t) = —min{0,x(t)}, t € E

and
xTxT =y, xT—x =x,

minx,y} = 3 (b~ o)), maxfey} = g eyt b))
We also study positive linear functionals A: L — R, that is, we assume:
(A1): A(af+bg)=aA(f)+bA(g) for f,g € Land a,b € R;
(A2): feL,f(r)>0foreveryr € E = A(f) > 0.

We say that a functional A is normalized if A(1) = 1.

Throughout this chapter, if a function is defined on an interval [m,M] without any
further emphasis we assume that the bounds of that interval are finite.

Jessen [76] gave the following generalization of Jensen’s inequality for convex func-
tions (see also [124, p. 47]):

Theorem 1.1 ([76]) Let L be a vector space of real functions defined on a non-empty
set E that has properties (L1) and (L2), and let us assume that ¢ is a continuous convex

Sunction on an interval I C R. If A is a normalized positive linear functional, then for every
f € Lsuchthat ¢(f) € Lwe have A(f) €I and

P(A(f)) <A(O(S))- (1.1)

Next result is a generalization of the Edmundson-Lah-Ribari¢ inequality for linear
functionals and it was proved by Beesack and Pecari¢ in [14] (see also [124, p. 98]):

Theorem 1.2 ([14]) Let ¢ be a convex function on I = [m,M], let L be a vector space of
real functions defined on a non-empty set E that has properties (L1) and (L2), and let A
be a normalized positive linear functional. Then for every f € L such that ¢(f) € L (so
m < f(t) <M forallt € E), we have

M—A(f)

A(O(f) £ ——=0(m)+

o = p(M). (1.2)

Dragomir in [37] studied a measure space (Q,.</, 1) which consists of a set Q, o-
algebra o7 of subsets of Q and a countably additive and positive measure { on </ with
values in RU {eo}. For a y-measurable function w: Q — R such that w(x) > 0 for p-a.e.
(almost every) x € Q, he considered a Lebesgue space

Ly(Q.u):={f: Q—R,fis u—measurable and [ow(x)|f(x)|du(x) < eo},

and proved the following converse of Jensen’s inequality.
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Theorem 1.3 ([37]) Let ¢ : I — R be a continuous convex function on an interval of real
numbers I and let m,M € R, m < M be such that the interval [m,M| belongs to the interior
of I. Let w > 0 be such that [wdu = L. If f: Q — R is u-measurable, satisfies the bounds

—o<m < f(t) <M < oo for l-a.e. t € Q
and such that f,¢ o f € L,,(Q, 1), then

0< /Q w()9 (£(1))du(r) — 6(for)

9~ (M) — ¢’ (m)

< (M~ o) o —m) =20

< (M= m) (oL (M) — 0/, m), (1.3)

where fo, = Jow(t)f(t)du(t) € [m,M).

In [38] Dragomir obtained a refinement of the previous result that we state in the fol-
lowing theorem.

Theorem 1.4 ([38]) Let ¢ : I — R be a continuous convex function on an interval of real
numbers I and let m,M € R, m < M be such that the interval [m,M| belongs to the interior
of I. Let w > 0 be such that [ wdu = 1. If f: Q — R is u-measurable, satisfies the bounds

—o<m < f(t) <M < oo for l-a.e. t € Q
and such that f,¢ o f € L,,(Q, 1), then

0= [ w00 (1)du() ~ 9 fan)
< (M — fQ,W)(fQ,w m)

sup Wy (t:m,M)

= M—m te(m,M)
< (M*f_Q,w)(ﬁLW 7m)%:i+(m)
< L=yt 1) - g1 ), (4

where f_g,w = Jow(t) f(t)du(t) € [m,M] and ¥y (-;m,M): (m,M) — R is defined by

wyem ) = 2009090 0(m)

We also have inequalities
0< [ Wid (O — o) < 7 —m)ofesm,M)
< (M= m) (oL (M) — 0/, m), (15)

where f_g,w € (m,M).
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1.2 Converses of the Jensen and Edmundson-Lah-
-Ribaric¢ inequality for linear functionals

Results that follow are obtained in [68] and they give an upper bound for the difference
between the right and left side of the Jensen and Edmundson-Lah-Ribari¢ inequality re-
spectively. First theorem is also a generalization of Dragomir’s result (1.3) for linear func-
tionals.

Theorem 1.5 Let ¢ be a continuous convex function on the interval I whose interior
contains interval [m,M), let L be a vector space of real functions defined on a non-empty
set E such that it has properties (L1) and (L2). Let A be any normalized positive linear
functional on L. Then for every function f € L such that ¢(f) € L and which satisfies the
bounds m < f(t) < M for everyt € E we have

0<A0() ~ 9(A(F))
< (M~ A(F)A() —m)
< (M= m) (oL (M) — 6/, m). (1.6)
If the function @ is concave on I, then the inequality signs in (1.6) are reversed.

Proof. Let ¢ be a convex function. The first inequality follows directly from Theorem 1.1.
According to Theorem 1.2 we have

M—A(f)

AU - oA < 2

¢(m)+
Because of the convexity of the function ¢, the gradient inequality
o(t) — (M) = " (M)(t — M)
holds for every ¢ € [m,M]. If we multiply this inequality by (z —m) > 0, we get
(t=m)¢(t) = (t —m)$p(M) > ¢" (M)(t —M)(t —m), € [m,M] (1.7)
In a similar manner we obtain:
(M —1)¢(t) = (M —1)p(m) = ¢"(m)(t =m)(M —1), 1€ [m,M] (1.8)

When we add up (1.7) and (1.8) and then divide by (m — M), we get that for every ¢ € [m, M|
it holds:

(t—m)o(M)+(M—1)p(m)
M—m

(M=1)(t—m)
M—m

—0(1) < (¢~ (M) — ¢’ (m)). (1.9)
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Since A(f) € [m,M], in the previous relation we can replace 7 with A(f) and obtain the
following

_ (M= A AG) —m)
z
- M—m
what is exactly the second inequality in (1.6).
To prove the third inequlity in (1.6), we need to notice that inequality

(02.(M) — ¢/, (m)),

[

1
—M—-t)t—m) < —(M—
e (M=) (t—m) < 5 (M —m),
holds for every ¢ € [m,M], and this proves the claim of the theorem.
If ¢ is a concave function, then the function —¢ is convex, and we can apply inequali-
ties (1.6) to the function —¢, and reversed inequalities follow after multiplying by —1.
O

Remark 1.1 Observe that in the statement of Theorem 1.5 interval [m, M] needs to belong
to the interior of the interval /. This condition assures finiteness of the one-sided derivatives
in (1.6). Without this assumption these derivatives might be infinite.

Theorem 1.6 Ler ¢ be a continuous convex function on the interval 1 whose interior
contains interval [m,M), let L be a vector space of real functions defined on a non-empty
set E such that it has properties (L1) and (L2). Let A be any normalized positive linear
functional on L. Then for every function f € L such that ¢ (f) € L and which satisfies the
bounds m < f(t) < M for every t € E we have

0< XA o) A= 0y (o)
< CODZ0E 5 1 i —mi)
< EOZ 0 iy a ) acH) - m
< 304 = m) (6L (M) /. (m)). (1.10)

If ¢ is concave, then the inequality signs in (1.10) are reversed.

Proof. Let ¢ be a convex function. The first inequality from (1.10) is obtained from
(1.2) by subtracting ¢ (A(f)) from both sides of the inequality. Since () € [m,M], we can
replace 7 by f(¢) i the relation (1.9), which gives us

M—f@) (M — f(2))(f(t) —m)
M—m o (m)+ M—m

2 9M) —¢(f(1) < (9. (M) — ¢ (m)).
Function A(t) = (M —t)(t — m) is concave on [m,M], so when we apply the functional A
to the previous inequality, because of its linearity and Jensen’s inequality (1.1) we get the
second inequality from (1.10):
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M), AU

A g oy 4 A 01y — o)
< WD Z0L0) g v 11y —m)
< 0D 41 ) at) -m)

To prove the last inequality from (1.10), we need to notice that for every 7 € [m,M] we
1
have A(t) < Z(M—m)z. Since A(f) € [m,M], we also have

—_

h(A(f)) < 7(M —m)?,

4;

which completes the proof. |

Remark 1.2 Under the assumptions from the previous two theorems, let [ be a linear
function through points (m, f(m)) and (M, f(M)). Since ¢ is a convex function on [m, M],
the following relation

P(A(S)) <A(9(F)) <UA(S))

holds for every f € L such that ¢(f) € L
From Theorem 1.5 and Theorem 1.6 we see that both differences

A(9(f)) — o(A(f)) and I(A(f)) —A(e(f))

have the same estimation, so one can see that, in a weak sense, A(¢(f)) is almost the mid
point point between ¢ (A(f)) and [(A(f)).

The following results are proved in [69], and they give refinements of sequences of
inequalities obtained in Theorem 1.5 and Theorem 1.6. The first theorem that follows is
also a generalization of Dragomir’s results (1.4) and (1.5).

Theorem 1.7 Let ¢ be a continuous convex function on the interval 1 whose interior
contains interval [m,M), let L be a vector space of real functions defined on a non-empty
set E such that it has properties (L1) and (L2). Let A be any normalized positive linear
functional on L. Then for every function f € L such that ¢(f) € L and which satisfies the
bounds m < f(t) < M for every t € E we have

0<A(9(f) —9(A(f)
<M ( D(A(f) —m) sup Wy(t;m,M)

re(mM)
< (- A1) A () - m) D L)
< 3 (1= m) (9" (M)~ ', (m). (L1
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We also have inequalities

0

IN

N

(0() — 9(A(f)) < =(M —m)* ¥4 (A(f):m, M)

(M —m) (¢~ (M) — ¢/ (m)), (1.12)

B

<
where Wy (-;m,M): (m,M) — R is defined by

L oM)—9(r) ¢o@)—9(m)
M—m( M—t  t-m ) (1.13)

Wy (t;m,M) =
If ¢ is concave on I, then the inequality signs are reversed.

Proof. Let ¢ be a convex function. If A(f) = m or A(f) = M, inequalities are trivial. Let
us assume that A(f) € (m,M).

The first inequality from (1.11) 1 (1.12) follows directly from Theorem 1.1. According
to Theorem 1.2 we have

AN - o) < = Lom + B o) — g (a(r))
_ (AU —m) (900 04 A1) =0
M—m M=A(f) A()—m

and we see that the second inequality from (1.11) holds. Further,

{(b(M) —0() (1) ¢(M)}

1
sup Wy (r;m,M) = —— sup

1€(m,M) M —m e mmy M—t t—m
! o(M) — () —(9(1) —9(m))
< (o, S s S )
L (p SO0 400
M—m t€<m€%> M—t te(m,M) t—m
_ 9L (M) — ¢ (m)

M—m ’
which proves the third inequality from (1.11). The last inequality in (1.11) follows from the

M—1t)(t— 1
fact that for every ¢ € [m,M] we have (M)M < Z(M —m). Since A(f) € [m,M],
—m
we can replace ¢ with A(f) in the previous inequality.

The proof for inequalities (1.12) is obvious from the proof for (1.11). O

Remark 1.3 Observe that Wy (-;m, M), defined in (1.13), is actually second order divided
difference [m,t,M]¢ of the function ¢ in points m, r and M for every ¢t € (m,M).
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In order to prove a converse of the Edmundson-Lah-Ribari¢ inequality, first we need
the following result from [69].

Lemma 1.1 Let ¢ be a convex function on an interval of real numbers I, and let m,M € R,
m < M be such that the interval [m,M] belongs to the interior of I. Then for everyt € [m,M|
the following inequalities hold:
t—m M —t
Ap(tmM) = ——p(M —o(t
o 1:m,M) = <= (M) + T 9(m) — 61

< (M—t)(t—m) sup Wy(r;m,M)
te(m,M)

< WD (1 () — 0, )

(M —m) (¢~ (M) — ¢/ (m)). (1.14)

<

ENJ

We also have

Bo(tsm,M) < (M —m)¥y (t5m,M) < (M —m)(0".(M) ~ 0}, (m))

I

where Wy (-;m,M): (m,M) — R is defined by (1.13) If the function ¢ is concave, then the
inequality signs are reversed.

Proof. Let ¢ be a convex function. If + = m or t = M, inequalities are trivial. For any
t € (m,M) it holds

Bo(tm, M) = S0 (M) + +—p(m) - 9(1
(M= m) [9(M) ~9) _ 9(1) ~ 9(m)
M —m M—t t—m

= (M —1)(t —m)¥s (1;m,M)
< (M—1)(t—m) ?u%w(r;m,M),

which is exactly the first inequality from (1.14). The second inequality follows directly
from:

sup Wy (t:m,M) = L sup >{‘P(M)¢(t) _00) *‘P(m)}

r€(mM) M —m i m M—t t—m
1 (M) —o(1) —(¢(t) —o(m))
= M—m (zeizg\ﬂ M—t +l€§f:l18\/l> I—m )
L (L 200200 0000l
M—m ze<m,11)\/l> M —t re(mM) t—m

0L~ ¢ (m)
M—m
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The last inequality from (1.14) follows directly from

M—1)(t— 1
# < Z(M_m) for every r € [m,M].

The proof of the inequalities (1.1) is clear from the proof of (1.14). O

Theorem 1.8 Ler ¢ be a continuous convex function on the interval 1 whose interior
contains interval [m,M), let L be a vector space of real functions defined on a non-empty
set E such that it has properties (L1) and (L2). Let A be any normalized positive linear
functional on L. Then for every function f € L such that ¢(f) € L and which satisfies the
bounds m < f(t) < M for everyt € E we have

(i)
0< A= 41y 4 YA g ) ao()
AL 1) —m)] sup Woltsm, M)
re(m,M)
< A DU =) 41 (1) — o, ()
< WZAINCUIZ (41 (1) g1 )
< ZOM—m)(9(M) . (m) (1.15)
(ii)
0< A= 1) 4 VAU gy g )
SALM 1) —m)] sup Woltsm M)
re(m,M)
< (1A —m) s Woim )
< WZAUDAD =) (41 (11) — g, (o)
< S —m)(@(M) . (m) (1.16)
(iii)
0< A= 1) 4 YA ) )

IN IN
= A=

(1.17)

<
|
3
=
=
~
=
|
<
+ ~
—
g

(
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where Wy (-;m,M): (m,M) — R is defined in (1.13). If the function ¢ is concave, then the
inequality signs are reversed.

Proof. Let ¢ be a convex function. The first inequalities from (1.15), (1.16) and (1.17)
follow directly from Theorem 1.2.

Since f satisfies the bounds m < f(z) < M for every ¢ € [m,M], we can replace ¢ with
f(t)in (1.14) and (1.1) from Lemma 1.1 and obtain

Oy 01y 2T g 01y — g 500

and

Next, we apply linear functional A, which is normalized, to the previous sequences of
inequalities, and that gives us (1.17) and first three inequalities from (1.15) respectively.

M—=1)(t—m) 1
M—m

Since for every ¢ € [m, M] we have < 1 (M — m), the same inequality holds

for A(f) € [m,M]. In that way we get the last inequality from (1.15).
The first inequality from (1.16) is the same as the first inequality from (1.15). Function
g(t) = (M —1)(t — m) is concave, so according to Jessen’s inequality (1.1) we have

A(IM = fIIf —m]) < (M =A(f)(A(S) —m),

which provides the second inequality from (1.16). In the proof of Lemma 1.1 we showed

that , ,
sup Wy (r;m,M) < ¢~ (M) — ¢', (m)

re(m,M) M—m 7

so the third inequality from (1.16) easily follows. As before, the last inequality in (1.16)
M—-A A(f)— 1
(M —AUNAF)=m) 1 -
M—m 4

follows from

Remark 1.4 The function ¢ is defined on the interval / whose interior contains the inter-
val [m,M]. This condition ensures finiteness of the one-sided derivatives in points m and

M. Then :
M _
lim Wy (t:m, M) = o(M) — ¢ (m)
t—mt M—m M—m

—¢'(m)
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" ! o)~ 9(m)
t)—@(m
lim Wy (t;mM) = —— |9/ (M) — ————=1|,
liﬁ* o (15m, M) M—m ¢-(M) t—m
so Wy (-;m,M) can be observed as a continuous function (in parameter #) on the interval
[m,M]. Therefore, if the function f satisfies bounds m < f(¢r) < M for every t € E, then

the expression W (f(¢);m,M) is meaningful.

In order to state an improvement of the Edmundson-Lah-Ribari¢ inequality (1.2) ob-
tained by Klaric¢i¢ Bakula, Pecari¢ and Peri¢ in [80], the vector space of real functions
L defined on a non-empty set E aditionally needs to satisfy the condition (L3) stated in
Introduction.

Theorem 1.9 ([80]) Let L be a vector space of real functions defined on a non-empty
set E that has properties (L1), (L2) and (L3) and let A be a normalized positive linear
functional on L. If ¢ is a convex function on [m, M), then for every f € L such that ¢ (f) € L
we have A(f) € [m,M] and

A@(f) < %MmH%MM) —A(f)%, (1.18)
where
~ 1 1 m+M m+M
F= 5t g |- "5 G =g +o0n-20(" M), )

Remark 1.5 When applied to an apropriate vector space of real functions L, inequality
(1.18) from Theorem 1.9 is clearly an improvement of the Edmundson-Lah-Ribari¢ in-
equality (1.2), since under the required assumptions we have
M
1, [f-25

< m+M
a3 = (51 - L2 () g —20(2EM)) 20
(& =A(31- =) (sm +on —20 (") ) 2

Next two results give improvements of Theorem 1.7 and Theorem 1.8 respectively.
They are proved in an analogous way as the previous two theorems, only instead of Edmund-
son-Lah-Ribari¢ inequality, its improvement (1.18) was used.

Theorem 1.10 Ler ¢ be a continuous convex function on the interval I whose interior
contains interval [m,M), let L be a vector space of real functions defined on a non-empty
set E such that it has properties (L1), (L2) and (L3). Let A be any normalized positive
linear functional on L. Then for every function f € L such that ¢ (f) € L and which satisfies
the bounds m < f(t) < M for every t € E we have

0 <A(e(f) — 9(A(f))
< (M—A(f)(A(S) *m)leiuli)w Wy (1:m,M) — A(f) 8
9" (M) — 9! (m)

o AN

< (M—A()A(f) —m)

< S —m)(@L. (M) — 0%, m)) —A(T)5,. (1.20
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We also have

(M —m)> ¥y (A(f);m,M) — A(f)

(e
IN
PN
=
=
\
<
ES
S
4>|~

1 .

< (M =m)(8Z(M) — ¢’ (m)) —A(f) &, (1.21)
where f and 8y are defined in (1.19), and we assume that Wy(f;m,M) € L, where
Wy (im,M): (m,M) — R is defined in (1.13). If ¢ is concave on I, then the inequality

signs are reversed.

Proof. First we need to note that according to the property (L3) it holds

M) g omy 1
M—m M-mJ 2 M—m

f:min{ €L.

If A(f) = m or A(f) = M, inequalities are trivial. Let us assume that A(f) € (m,M) and
let ¢ be a convex function.

The first inequality in (1.20) is a direct consequence of Jessen’s inequality (1.1). Ac-
cording to Theorem 1.9 we have

M—A(f A(f) —m

WA ) 4 AL

(= AUYAU) =) (60 0(AU) (A —0(m) _ ;
MAG) A —m

JA(T) —m) s (A():m. M) — A()5,

A

A(f)—m) sup Wy (t;m,M)—A(f)8,
re(m,M)

which proves the second inequality in (1.20). Next,

OM)—9() () —¢(m)}

1
sup Wy (t;m,M) = Y sup >{

re(mM) *mt€<m’M M —t t—m
1 ¢(M)—0(1) —(0(t) — o (m))
L B S Ve S i)
L( wp M -0 ¢(t)_¢(m))7¢/,(M)*(])/+(m)
M—m ze<n£w> M —t relmM)  t—m - M—m )

and the third inequality from (1.20) is proved. We have already seen that

(M—A(f)AS)—m) _ 1
M—m = Z(Mim)

holds, so the last inequality from (1.20) follows directly.
Proof of the inequalities (1.21) is clear from the proof of inequalities (1.20). O
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Theorem 1.11 Let ¢ be a continuous convex function on the interval 1 whose interior
contains interval [m,M), let L be a vector space of real functions defined on a non-empty
set E such that it has properties (L1), (L2) and (L3). Let A be any normalized positive
linear functional on L. Then for every function f € L such that ¢ (f) € L and which satisfies
the bounds m < f(t) < M for every t € E we have the following sequences of inequalities

(i)

0< A=y 1 XA ) (1)~ A3y

<A[M— f)(f —m)] iugm%(t;m,M) —A(f)

- Al(M — f)(f —m)] (9" (M) — ¢, (m)) — A(F) s

- M—m
< WAL= 1 (1) o, ()~ (7139
< (M= m) (oL (M) — 0L, (m)) — A1) (122
(ii)
0< A= 4y MZAUD g ) (o)) - A8
<A[M—f)(f- m)]mmﬂ%(t;m»M) —A(f)8
< (AL ~m) sup Woltim, M) —A(])dy
< MZADNAD 1 (51 01) — ot (m) ~ ()8
< (M= m) (oL (M) — 0L, (m)) — A1) (123)
(iii)
0< A= 01 MU ) ao() - A5,
< (M= mPAC¥ (im M)~ A(F)S,
< (M= m) (oL (M) — 0L, (m)) — A1) (124

where f and 8y are defined in (1.19), and W (-;m,M) is defined in (1.13). If the function
¢ is concave, then the inequality signs are reversed.

Proof. In the proof of Theorem 1.10 it has been shown that f € L. First inequalities in
(1.22), (1.23) and (1.24) are obtained from (1.18) by subtracting A(¢(f)) from both sides
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of the inequality. Because f satisfies the bounds m < f(t) < M for every r € [m,M], we
can replace ¢ with f(¢) in inequalities (1.14) and (1.1) from Lemma 1.1, which gives

O 0y + MO ) — o710 < (M~ FO)F0)—m) sup Wy (o)
m m re(mM)
< WL 41 () — g, ()
ggM_mx¢mn—mwm
and
O 1y 4 MW gy~ (10 < 21— m o im, )
1

To prove (1.24) and first three inequalities from (1.22), we apply positive linear functional
A to the previous sequences of inequalities, and then subtract A( f)5¢ from each side of
those inequalities. The fourth inequality in (1.22) follows from the fact that the function
g(t) = (M —1t)(t — m) is concave, so Jessen’s inequality gives us

A(8(f) —A(F)8 < g(A(f)) —A(F)3y.
Since for every r € [m, M] we have

(M—1)(t —m)

M—m _A(f)5¢§%(M—m)—A(f)5¢,

and A(f) € [m,M], the last inequality from (1.22) follows.
First inequalities in (1.23) and (1.22) are the same. Again, we use the concavity of

the function g(¢) = (M —t)(t —m). When we subtract A(f)J4 from both sides in Jessen’s
inequality, we get

A([M = fI[f —m]) = A(F)8 < (M —A()(A(f) —m) — A(f)dy,

which proves the second inequality in (1.23). In the proof of Lemma 1.1 we have shown

that , ,
sup Wy (1;m,M) < ¢~ (M) — ¢’ (m)

re(m,M) M—m ’

and the third inequality in (1.23) follows by subtracting A(f)8y from both sides of the
M—1t)(t—m) 1
M

mentioned inequality. Since for every r € [m, M] it holds < 1 (M —m), and

since A(f) € [m,M], we immediately see that

(M—A(F)AY) —m)

oz (M —m) — A7),

—A(f)8) <

Bl

and the last inequality from (1.23) is proved. O
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Recently, Pecari¢ and Peri¢ in [122], established even more accurate version of the
Edmundson-Lah-Ribari¢ inequality. The corresponding result is derived by virtue of the
refinement of the Jensen inequality via linear interpolation obtained by Choi et.al. [31].

Let the functions r,(v) be defined recursively:

ro = min{y,1 — v}
rp =min{2r,_;(v),1 = 2r,_1(v)}

for 0 <v < 1. The functions r,,, n € N, are non-negative and it has been shown in [31] that
they can be rewritten in an explicit form

k—1 2k—1
Falt) = 2" —k+1, o <1< ST (1.25)
n - _An 2k—1 k :
k 2 tv on+T <t S 27

fork=1,2,...,2".
It has been shown in [31] that if N is a nonnegative integer and f is convex on [0, 1],

then
271

N—1
(L=v)f0)+vf(1) = f(v) + ZOrn<v)kZ Ap(n k)i iy (),
n=| =1

st =5 (5 ) +1 (5 ) -2 (Gt )

and y represents the characteristic function of the corresponding interval. If N = 0 then
sum is zero, that is we have convexity.
In the paper [31] previous relation is extended to hold for an arbitrary interval.

where

Lemma 1.2 ([31]) Let N be a nonnegative integer and let f be convex on |a,b]. Then

N—1 2"
(1=v)f(a)+vf(b) > F((1=v)a+vb)+ Y, ra(v) zAf(a»b»”»k)X(k{T'uLn)(V)a (1.26)
n=0 k=1

where

Ag(a;b,n;k) =f((2n_k+ liff“ (k= 1)b) +f((2"—/;a+kb)

(2" —2k+1)a+ (2k—1)b
_Zf( 2n+1 )

(1.27)

and y represents the characteristic function of the corresponding interval.

Theorem 1.12 ([122]) Let ¢ : [m,M] — R be a convex function and f € L be such that
¢of €L Then, A(f) € [m,M] and

M—A(f)
M—m

A(f)—m

om)+ S

A(9(f)) < ¢ (M) — Rp.a(m,M; ), (1.28)
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where

N—1 2"
f—ml
Roa(m,M; f) = ’%];Ad,mMnk (s (=) 129

Ay (m,M,n,k) is defined in (1.27), and where y stands for the characteristic function of
the corresponding interval.

Proof. First observe that ¢(f) € L also means that the composition ¢ (f) is well defined,
hence f(E) € [m,M]. Now we have m1 < f < M1 and

m=A(ml) <A(f) <AM1) =
If weputa=m,b=M,x=(1—v)a+vbin (1.26) from Lemma 1.2 using

x—m M —x
V= , 1—v=
M M—m
we get
- xX—m
—_— M
M,m¢mo+M,m¢<>

x—m X—m

n=0
Let f € L be such that ¢(f) € L. Applying the functional A to the above inequality with
x < f(x) we obtain

M—A()
e e

N—1 2" f—ml
>A(9(f)) + 26 2. Ao (m.M.n,k)A (WC(’;— ) (M—m)>

n=0 k=1

A(f) —m

2 ()

which is inequality (1.28). O

Remark 1.6 Any summation having ZnN o 1s assumed to be zero for N = 0, therefore
inequality (1.28) may be regarded as a generalization of inequality (1.18). In addition, if
N > 1, then Ry o(m,M; f) can be rewritten in the following way:

R¢7A(m7M§f) :A(p(m,M,O, I)A(ro)((o,l) (]\J:[;_}:;))

+N§ i%(vav”vk)A(r"l(én',fw(%))'

n=1 k=1

Now, since y(o1) ( 72 ) = 1, Ay (m,M,0,1) = ¢(m) + ¢(M) — 2¢ M , and
(v) M—m ¢

o o o 1 m+M
ro(f m):min{f m,lff m}:_ f - |7
M—m M—-—m M—m 2 M—-—m
it follows that the inequality (1.28) provides sharper estimate for the Edmundson-Lah-Ri-
bari¢ inequality than inequality (1.18).
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Corollary 1.1 ([122]) Let p be a nonnegative l-tuple with P, = 25:1 pi #0 and x €
[m,M)' . If f: [m,M] — R is a convex function then

M—x xX—m

5 Tt pif (0) < S )+ 5 () (130
L5z enn (v 0) (55
- A]Z_if(m) Aij’if<M>
%j;kﬂléA"(”“M’””‘)p’ (e 2an ()

1 vl
where x = B Yio1 DiXi.

Proof. Tf we consider E = [m,M],L=R"M ¢ = idp A(f) = 7 Ll | pif (x;) in Theorem
1.12, then inequality (1.28) becomes (1.30). O

According to Remark 1.6 we can give strengthened Theorems 1.10 and 1.11. More pre-
cisely, following the lines of the proofs of Theorems 1.10 and 1.11 with a term Ry 4 (m, M; f)
instead of A(f )04, and taking into account relation (1.28), we give now sharper forms for
converses of the Jensen and Edmundson-Lah-Ribari¢ inequalities than those established in
Theorems 1.10 and 1.11.

Theorem 1.13 ([81]) Let ¢ : I — R be a continuous convex function and [m,M] C Int 1.
If f € Lis suchthat f(E) C [m,M] and ¢ o f € L, then

0<A(6(f)) —9(A())
< (M—A(f)A() *m)teiuliw W (1;m,M) =Ry a(m, M; f)

)
< a-agpac) -m =0 g arep)

< (M = m)(9".(M) ~ 6, (m)) ~ Ro.a(m. M5 ) (131
and
0. AD(F) ~ 9(A()) < § (M —mP ¥y (A(F);m, M) ~ Ry a(m M: )
< (M = m) (87 (M) — 9, (m)) ~ R, M: ), (132

where ¥y and Ry 4 are defined by (1.13) and (1.29). If ¢ is concave on I, then the inequal-
ity signs in (1.31) and (1.32) are reversed.
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Theorem 1.14 ([81]) Let ¢ : I — R be a continuous convex function and [m,M] C Int 1.
If f € Lis such that f(E) C [m,M] and ¢ o f € L, then

0< A= 41y 1 AU ) A0 (1)) — Ry alm 0 )
SAUM = )(F )] st ot M) —Ryam M)
< AL =0 o1 (01) — 9, (m)) — R a(m. M ) (1.33)
< MZAUDAD =) (41 (01) — g, (m) ~ Ry a0 )
< (M = m)(@".(M) — 0L (m)) — Ro a(m, M5 )

0< A= 11y 4 M AU g )~ A9(1)) ~ Roa(m, b )
SAIM = )(F )] st ot M) —Ryam M)
< (M A)A) =) S Wo(tm M)~ Ro a(m M)
< WZAUVAIIZ (51 (01) — o (m) ~ Ry (.1 )
< M —m)(@"(M) — 0L (m)) — Ry a .M ) (1.34

and

0< A= 41 AU o)~ A0 (1)) — Ry alm b )
< M = mPPACY (fm.M)) — Ro a(m,M: ) (139)
< (M = m)(@".(M) — 0L (m)) — Ro am, M5 )

where Wy and Ry 4 are defined by (1.13) and (1.29). If ¢ is concave on 1, then the inequal-
ity signs in (1.33), (1.34) and (1.35) are reversed.

Remark 1.7 Results presented in this section cover the classical discrete and integral
case. Namely, common examples of positive linear functionals are A(f) = [ fdu or
A(f) = Xkek Prfrs Where [ is positive measure on E in the first case, and in the other,
E =N is a countable set with the discrete measure u(k) = pr >0, 0 < Yycp pr < o,
f(k) = fi, defined on it.

Moreover, let X : Q — [m,M] be a random variable on a probability space (Q, p) with
finite expectation E[X]. Then, setting A = and f = X, all the theorems yield probabilistic
versions of converses for the Jensen and Edmundson-Lah-Ribari¢ inequalities, provided
that E[¢(X)] < ce.
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1.3 Applications

In this section we will apply Theorem 1.13 and Theorem 1.14 to some of the classical
inequalities and in that way obtain upper bounds for the difference of right and left sides
of those inequalities. Analogous applications can be obtained either from Theorem 1.5
and Theorem 1.6, or Theorem 1.7 and Theorem 1.8, or Theorem 1.10 and Theorem 1.11.
Mentioned results can be found in [68], [69] and [81] respectively.

1.3.1 Generalized means

Definition 1.1 Ler I = (a,b), where —o < a < b < e, and let y: I — R be a continuous
and strictly monotone function. Let us assume that vector space of real functions L on a
non-empty set E has properties (L1), (L2) and (L3). Let A be a normalized positive linear
functional on L, and let W(f) € L for a function f € L. Generalized mean of the function
f € L with respect to the functional A and function  is

My(f.A) =y Ay (/)

Note that if a < y(f(¢)) < B for every ¢ € E, then because of the positivity of the
functional A we have oo < A(y(f)) < B, so My(f,A) is well defined. Also, note that
because of the above assumptions we have f(z) € I for t € E. From now on we assume
that f € L satisfies the above assumptions, so the obtained result are valid only for such
functions f € L.

First we will state some already known results involving generalized means. Proofs of
those results can be found in [124].

Theorem 1.15 ([124]) Let I = {(a,b), where —eo < a < b < oo, and let y,): I — R be
continuous and strictly monotone functions. Assume that vector space of real functions L
defined on a non-empty set E has properties (L1) and (L2). Let A be a normalized positive
linear functional on L, and let f € L be such that w(f), x(f) € L. Then we have

My (f,A) <My (f,A),

under the assumption that either y is increasing and ¢ = y oy~ is convex, or  is de-
creasing and ¢ = y oy~ is concave.

Theorem 1.16 ([124]) Let I = [m,M], and let L, A, v and x satisfy assumptions from
Theorem 1.15. Then for every function f € L such that m < f(t) <M for everyt € E we
have

(W(M) —y(m)A(x(f)) — (x(M) — x(m)A(w(f)) < w(M)x(m) — x (M)y(m),

under the assumption that ¢ = y oy~ is convex. Inequality is reversed if the function ¢
is concave.
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The next results give us the upper bound for the difference between right and left side
in the inequalities from Theorem 1.15 and Theorem 1.16 respectively.

Theorem 1.17 Let L, A, v and x satisfy assumptions from Theorem 1.16, and in addi-
tion, let L have property (L3). Let I be an interval of real numbers whose interior contains
the interval [m,M), and assume that function ¢ = y oy~ is convex on I. Then for ev-
ery function f € L such that w(f), x(f) € L and such that for every t € [m,M] it satisfies
bounds m < f(t) < M we have

0 < x(My(f,A)) — x(My(f,A))
< My —A(Y(N)))AY(S)) —my) sup Fo(y(t);my,My) = Rp a(my, My; y(f))

re(mM)
< (i~ A A ()~ my) OO oy b))
y — My
< %(Mw —my ) (0" (My) — 9! (my)) — Ry a(my, My; y(f)). (1.36)

We also have
0 < x(My(f,A)) — x(My(f,A))

(My — mw)zq"dJ (A(y(f))smy,My) — Ry a(my, My; y(f))

IN INA
= A=

(My —my) (02 (My) — ¢’ (my)) — Ry a(my, My w(f)), (1.37)

where [my,My| = y([m,M]) and ¥y and Ry 5 are defined by (1.13) and (1.29). If the
function ¢ is concave, inequality signs are reversed.

Proof. Since f(E) C [m,M], it follows that my, < y(f(r)) < My, for every t € E (if y is
increasing, then my, = y(m) and My, = y(M); if y is decreasing, then my = y(M) and
My = y(m)). Therefore, the conditions as in Theorem 1.13 are fulfilled, so (1.36) and
(1.37) are obtained by putting m = my,, M = My, and replacing f with yo f in inequalities
(1.31) and (1.32) respectively. O

From Theorem 1.14, by utilizing the same substitutions as in the previous theorem, we
get the following result.

Theorem 1.18 Let the assumptions of Theorem 1.17 hold. If the function ¢ = y oy~ is
convex, then we have following sequences of inequalities:

(i)
Rop(my, My: w(f)) < 2 Wﬂm — 2 (My(f,A))
< A[(My — () (W) —my)] sup Wo((t):my,My)

re(mM)
AUy =y =)
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- My —AWY()AW(S)) *mw)(

B My —my

(My —my) (9L (My) — ¢’ (my)) (1.38)

9L (My) — ¢} (my))

<

Bl

(ii)

<A [(Mw v())(w(f) - mu/)]leiul?m Wo (w(t);my,My)

< (My —A(y () A(y(f)) —my) ?UI?W) Yo (y(t):my, My)

< My —AWAWWD) =my) 41 4 o1 ()

B My —my

IN

Ry a(my, My y(f))

(My —my) (9L (My) — 9’ (my)) (1.39)

4>|~

(iii)
A(y(f)) — y(m)

Ry a(my,My;y(f)) < v M) —(m) X (M) + v —y(m) x(m) — x (My(f,A))
< 2My —my Ao (w(f);my. My))
< 1My —my) (9" () — 0. (my) (1.40)

If the function ¢ is concave, inequality signs are reversed.

1.3.2 Power means

Definition 1.2 Let E be a non-empty set, let L be vector space of real functions on E that
has properties (L1) and (L2), and let A be a normalized positive linear functional that has
properties (A1) and (A2) from Introduction. Power mean of the function f € L with respect
to the normalized positive linear functional A is defined as

Wepay— § AUNYTr#0
M= { G g v 20
wherer € R, f(t) >0 fort €E, f" € Landlogf € L.

Since power means M"/(f,A) are a special case of generalized means My(f,A) for
y(r) =1", from Theorem 1.15 ([57, p. 75, Theorem 92]), as a special case it follows:

Theorem 1.19 Ler —oo < r < s < oo and let us assume that assumptions from Definition
1.2 hold. Then

MU(F,A) < MVI(f£,A).
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In the same manner, Goldman’s inequality for positive linear functionals (see [27, p.
203]) can be obtained as a special case of Theorem 1.16:

(M7 —m")(MP(f,4))° = (M* —m®)(MV(f,4))" < M'm —M°m

for 0 < r <sorr <0 <s, and inequality is reversed for r < s < 0.
Similarly, for r =0 and s € R we have

tog 2 (451(,4))¢ — (4 — ") log(M(£,4)) < ' log M — M o,

The results that follow are obtained by applying Theorem 1.17 and Theorem 1.18 on
specially chosen functions y and y, but they can also be proved by utilizing Theorem 1.13
and Theorem 1.14.

Corollary 1.2 Let E be a non-empty set, let L be vector space of real functions on E that
has properties (L1) and (L2), and let A be a normalized positive linear functional with
properties (A1) and (A2). Let f € L and assume that 0 <m < f(t) <M < o fort € E,
fr S eLlforrs €R, r<sandlogf € L. Let us define function

T r#0,5#0,

o) = %logt r#£0,5=0
eY :r=0,5#0.

If0 <r <s then:

0< (MU(f,A))° — (MU (f,4))°
< (M"—A(f"))(A(f") —m") sup Wo(t"sm",M") — Ry (", M"; f")

re(m,M)
MS*}” o S—r
< 2= AT =) e — Roa (M3 )
< (M —m )M =) = Ry a(m M ) (141)

and we have

0.< (MPI(f,4)) — (M(f,4)) < %(M’ —m" ) Wo (A(f");m" M) = Ry a(m" . M" f")

< 41 (M"—m")(M*™" —m*™") =Ry a(m" . M"; f"). (1.42)
, ;
If r <0 <s, inequalities (1.41) hold with Ry o(M",m"; f") instead of Ry a(m",M"; f"), and
for r < s <0 the inequality signs are reversed.
If s=0andr <0, then:

g(MU(£.4)) —log(MV(f,A))

Io
(M= A(f)A(f") —m") sup Wy (s M",m") = R a(M",m": f")
re(m,M)

0<
<
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T —A()AYT) —m")

r M"m”"

(mr—Mr)<i—L)—R¢A( m’; f7) (1.43)

—Rya(M",m"; f7)

and we have
0< 1og<M[0] (f,A)) —log(M"(£,4))
(m" —M")? (f")iM",m" — Ry o(M",m"; f")

Fo(A
- m —Mr (mi——) —Rq)’A(Mr,mr;fr). (144)

,_-lkl'—‘

4;

Ifr=0ands > 0, then:

0 < (MPI(f,4)) — (MOl(f,4))°
< (logM —A(log f))(A(log f) —logm) sup W4 (logt;logm,logM)

te(m,M)
— Ry 4(logm,logM;logf)
S S
< s(logM —A(log f))(A(log f) — logm)m — Ry a(logm,logM;logf)
S S M
< s(M* —m’)log — — Ry a(logm,logM;logf) (1.45)
m

and we have

MPN(F.A)) — (MO (£, A))
(long logm) Wy (A(log f);logm,logM) — Ry a(logm,logM;logf)

/\

Ao 4>|

< —(M°—m*) log — — Ry a(logm,logM;logf). (1.406)
m

Proof. When we take ¥ (1) = ¢* and y(r) = ¢, then the function ¢(¢) = x(y (1)) =/
is continuous, and convex for 0 < r < s and r < 0 < s. Function y is strictly increasing for
r > 0, so the assumptions from Theorem 1.17 hold. Sequences of inequalities (1.41) and
(1.42) are obtained by putting my = y(m) =m", My = y(M) =M", ¢(t) = y oy (t) =
/7, y(t) = 1" and w(f) = f" in (1.36) and (1.37) respectively. Function  is strictly
decreasing for r < 0, so sequences of inequalities (1.41) and (1.42) are obtained by putting
My = y(m) =m'", my=y(M)=M", (1) = g oy (1) =" y(t) =1" and y(f) = f"
in (1.36) and (1.37) consecutively.
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In case when r < s < 0, the function y(¢) =" is strictly decreasing and ¢(¢) =
x(w (1) = #5/" is concave, so we obtain inequalities (1.41) and (1.42) with reversed signs
of inequality by putting My, = y(m) =m", my = y(M) =M", ¢(t) = —y oy '(t) = 15/,
y(r) =1"and y(f) = f" in (1.36) and (1.37).

In case when r < 0 and s = 0 we take y(¢) = logs and y(¢) = ¢". Then the function

1
¢(t) = x(y~'(t)) = = logt is continuous and convex, and v is strictly decreasing for r < 0,
r

so by putting My = y(m) =m", my =y(M)=M", ¢(t) = yoy L(t) = %logt, y(t)=t"
and y(f) = f" in (1.36) and (1.37), we get inequalities (1.43) and (1.44) respectively.
When r =0 and s > 0, we take y () =* and y(t) = logt. Then ¢ (¢) = y (y~'(z)) =&
is continuous and convex function, and y is strictly increasing. Inequalities (1.45) and
(1.46) follow by putting my, = y(m) = logm, My = y(M) =logM, ¢(t) = yoy (1) =
e, y(t) =logt and y(f) =log f in (1.36) and (1.37) consecutively. a

By taking the same substitutions as in the proof of the previous corollary, from Theo-
rem 1.18 we directly get our next result.

Corollary 1.3 Let E be a non-empty set, let L be vector space of real functions on E that
has properties (L1) and (L2), and let A be a normalized positive linear functional with
properties (A1) and (A2). Let f € L and assume that 0 <m < f(t) <M < o fort € E,
. ffeLforrns €R r<sandlogf € L Let ¢ be the function defined in the previous
corollary.
If0 <r<s, then:

(i)

r T
M AE}{; )ms _ (M[v] (f,A))Y

< A(fr) 7mrMs+

Mr_mr Mr_

A[M" = f)(f"=m")] sup Wo(t"sm",M")
re(mM)

AlM"— f)(f —m")]
Ml'_ml'
(M"—A())AST) —m")
M" —m"

(Ml‘ _ ml‘)(MS*" _ mS*r)

Ry a(m",M"; f")

IN

IA
“w Nla

(MS*I‘ o mS*}”)

(Msfr _ msfr)

IN
SRR

(ii)
A(fr)8, < %M" + %ms — (MB(f,A))
SA[M" = f1)(f" —m")] sup Wy ("sm" M)
re(mM)
< (M —A(f"))A(f) —m") sup Wy (t"sm",M")
re(m,M)
(M"—A(S))AYT) —m")
M"—m"

(Mr _ mr) (Msfr _ msfr)

“n

(Msfr o mS*}“)

IN
SRl
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(iii)
A7)0 < Ly M2 At )
< LM = PACE (7o M)
S S (Mr_mr)<MSfl'_m.Y*r).

Ll
&

If r <0 <s, inequalities (1.41) hold with Ry o(M",m"; f") instead of Ry (m",M"; f"), and
if r <s <O, then the inequality signs are reversed.
If s=0andr <0, then:
(i)
(f’)
Ry a(M" 0" f") < Ty logm —log(M° (f.4))

<A[M — ) (f —m )]teiull)m"lﬂp(t M m")
LA[(M' f’)(f’ m (1 1

P G )

1

(M —A(f’))(A(f") —m’) (L N L)

A<LlogM+

,Mr mr Mr

(i)
rmlogm log(M)(£,A))
SA[M =) (f" =m")] sup Wo(r"sM"m")
re(m,M)
< (= AUTAGT) =) sup W5
LM —A()AST) —m") (L ~ i)

mr — Ml‘ ml‘ Mr

p

1 1 1
<—m-M)|—-—
_4r(m )(m’ Mr)
(ii)

— <fr) logm — log(M[O] (f,A))
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If r=0ands > 0, then:
(i)
A(logf) —logm logM — A(log f)
Ry 4 (logm,logM;logf) < M S~ (MVI(F,A))°
9.4 (logm,logM:logf) < log M —Togm loghl —logm " (MEI(f,A))

< A[(logM —log f)(log f —logm)] sup ¥4 (logr;logm,logM)
re(m,M)

< SA[(lOgM — 1ng) (1ng — 1Ogm)] (Ms o ms')
logM —logm
< s(]OgM—A(]ng))(A(]ng) B IOgl’I’l) (Ms _ms)
logM —logm

M
< (M*—m’)log —
m

IS

(ii)
A(log f) —logm logM — A(log f)
Ry (logm,logh;logf) < s ot — (MU(f,A))°
9.4 (logm,logM:logf) < log M —Togm loghl —logm " (MPI(f,A))

< A[(logM —log f)(log f —logm)] sup ¥4 (logt;logm,logM)
re(m,M)

< (logM —A(log f))(A(log f) —logm) sup ‘¥ (logt;logm,logM)
re(m,M)

< ,(logM — A(log f))(A(log f) — logm) (M — )
logM — logm

, M
< 7 (M°—m’)log —
m

INgS

(iii)
A(logf) —logm logM — A(log f)

Ry (logm,logh;logf) < M’ S (MBI(f,A))°

9.4(logm,logM;logf) < logM —Togm loghl —logm " (MY (f,A))

1
< Z(]ogM — logm)zA(‘P¢ (log f;logm,logM))

< —(logM —logm)(M* — m"*).

4r

Remark 1.8 Itis easy to check that M")(f,A) = (MI="1(f~',A))~! holds for every func-
tion f € L and every r € R. Utilizing this relation, we can get sequences of inequal-
ities analogous to those from Corollary 1.2 and Corollary 1.3 by making substitutions

fe— 1, —r——sand —s ——r.
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1.3.3 Holder’s inequality

Theorem 1.20 [124] (Holder’s inequality for positive linear functionals) Let E be a non-
empty set, let L be vector space of real functions on E that has properties (L1) and (L2),
and let A be a positive linear functional with properties (A1) and (A2). Let p > 1 and
g=p/(p—1).Ifw,f,g >00nE, and wfP , wg?,wfg € L, then we have

A(wfg) < AP (wfP)AY 1 (wg?)

In case when 0 < p < 1 and A(wg?) > 0 (or p <0 and A(wfP) > 0) inequality is reversed.

Theorem 1.21 [124] Let E be a non-empty set, let L be vector space of real functions
on E that has properties (L1) and (L2), and let A be a positive linear functional on L. Let
p>landq=p/(p—1). If the functions w, f,g > 0 on E are such that wf? ,wg,wfg € L
and 0 <m < f(t)g~9P(t) < M fort € E, then we have

(M —m)A(wf?) + (mMP — MmP)A(wg?) < (M —mP)A(wfg).

If p <0, then the upper inequality is also valid with the assumption that A(wfP) > 0
or A(wg?) > 0. If 0 < p < 1, then reversed inequality holds under the assumption that
A(wfP) > 0or A(wg?) > 0.

Results that follow are converses of inequalities from Theorem 1.20 and Theorem 1.21
respectively, that is, they give an estimate of the difference between the right and left sides
of the mentioned inequalities.

Theorem 1.22 Let E be a non-empty set, let L be a vector space of real functions on E
that has properties (L1), (L2) and (L3), and let A be a positive linear functional on L. Let
p>1landq=p/(p—1). Ifthe functions w, f,g > 0 on E are such that wf? , wg?, wfg € L
and 0 <m < f(t)g~9/P(t) <M fort € E, then we have

0 < A(wfP)AP/9(wg?) — AP (wfg)
< (MA(wg?) — A(wfg))(A(wfg) —mA(wg?)) up, Yo (t;m,M)AP 2 (wg?)
— Ry a(m,M; fg~7)AP~" (1wg?)

MP=! — Pl
< (MA(wg?) —A(wfg))(A(wfg) —mA(wg")) p——————

P
q

— Ry a(m,M; fg~ )AP~" (wg)
< B(M—m) (7" == D)A (wg) — Ry a(m,M: fg~ 9)A (wg).  (1.47)
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We also have

0 < A(wfP)AP/9(wg?) — AP (wfg)

1 A - iy
= Z(Mm)z‘qu(A((vvz{gjf));m’M)Ap(Wg") —Roa(m.M; fg~1)AP"" (wg?)
< B —m) (7" == DAP (wg) — Ry a(m,M: fg~ 9)AP (wg?),  (1.48)

where ¢(t) =17, Wy is defined by (1.13), and

B . p N—1 2nA oA ] fgi%*m
Ry a(m,M; fg ")*ngbkg,] o (m,M,n, k) (Wg r’lx("{—n‘,%)(m))’

where Ay(m,M,n,k) is defined in Theorem 1.12. If A(wfg) > 0, then the inequalities also
hold for p <0, while for 0 < p < 1 the inequalities are reversed.

Proof. Function ¢(¢) = t” is continuous, convex for p > 1 and p < 0, concave for 0 <

A
p < 1. Let us define a linear functional B(f) = A<(W];) for a function w € L such that
w
. A(w) . ..
w >0and A(w) > 0. Then it holds B(1) = ——= =1, so we see that B satisfies conditions

A(w)
from Theorem 1.13. Now inequalities (1.47) and (1.48) follow from (1.31) and (1.32)
respectively after replacing functional A with functional B, and after putting wg9 instead of
w, and fg’q/p instead of f. O

Using the same substitutions, from the Theorem 1.14 we get the following result.

Theorem 1.23 Let E be a non-empty set, let L be a vector space of real functions on E
that has properties (L1), (L2) and (L3), and let A be a positive linear functional on L. Let
p>landq=p/(p—1). If the functions w, f,g > 0 on E are such that wf? ,wg?, wfg € L
and 0 <m < f(t)g~9/P(t) < M fort € E, then we have

(i)
Roa(m,M; fg~1)AP (wg?)

; A(wfg) 7mA(qu)Mp n MA(wg?) —A(ng)mp —A(wfP)
M—m M—m

< A(wgl[(M — fg~U/?)(fg~ VP —m))) S(ugm Wy (t;m,M)

pA(wg"[(M - fi; "i”’zi(fg*"/ P —m)]) (M0~ — 1)

(MA(wg?) — A(wfg))(A(wfg) —mA(wg?))
(M —m)A(wg?)

(M —m)(MP~" —mP~1)A(wg?)

IN

(7t =)

IN
ISR ST
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(ii)
Roa(m,M: fg~ 1)AP~" (wg?)
S A(ng]L_imn?(qu)Mp + MA(Wiql):n‘j(ng) m? —A(Wfp)
< A(wgi[(M — fg~/?)(fg~ 9P —m))) ?ugm Wy (t;m,M)
(MA(wg?) —A(wfg))(A(wfg) —mA(wg?)) -
= A(wg?) te?:lgm e (5:m, M)
(MA(wg) —A(wfg))(A(wfg) —mA(wg?)) . -
=P (M — m)A(wg?) (M7~ —m )
< G0 —m) (07~ =P )Awg?)
(iii)

p
q

Ry a(m,M; fg~ )AP~(wg)
A(wfg) —mA(wg?)

MA(wg") ~A(wfg) ,

= M—m MP+ M—m —AMS?)
< (M= mPA(wg ¥y (f/Pim M)
< B —m) a7~ = mP)A(wg?)

where ¢(t) =17, Wy is defined by (1.13) and RdJ,A is defined in the previous theorem. If
A(wfg) > 0, then the upper inequalities also hold for p < 0. In case when 0 < p < 1,
inequality signs are reversed.

1.3.4 Hermite-Hadamard’s inequality

Hermite-Hadamard’s inequality gives us an estimate of the (integral) mean value of a con-
tinuous convex function. It was first proved by Hermite [58] in 1883, and was rediscovered
by Hadamard [54] ten years later. However, the note [58] has not been recorded anywhere,
and it was only recently discovered that Hermite was the first one who proved it (for more
historical details see [113]).

Theorem 1.24 ([54]) (Hermite-Hadamard’s inequality) Let —oo < a < b < oo and
[ la,b] = R. If the function f is convex, then

a+b 1 b a b
(5 <=/ f(t)drsw. (149)

If the function f is concave, inequality signs in (1.49) are reversed.
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The first inequality in the sequence (1.49) is sharper than the second one, that is, so-
called Bullen’s inequality holds for a convex function (for proof see [26] or [124]):

1 atby _fla+fb) 1 /”
— t)dr — - t)dr. 1.50
o [rwa (G2 < OEIOLL p (150)
By applying Theorem 1.13 and Theorem 1.14 to Hermite-Hadamard’s inequahty (1.49)

we get an estimate of the difference between left and right side and the value of 7— f Sf(r)de
respectively.

Theorem 1.25 Let a < b and let f be a convex function on the interval of real numbers 1
whose interior contains interval |a,b]. Then

[ (43

b
< %(b—a) sup Wy(t;a,b) —Ry¢(a,b)
re{a,b)
< 16— () ~ F(a)) ~ Rylab). (151

We also have

o< [rwa—s(“37)

1 +b
< J(b—a¥ (52ab) —Rya,b)
1 / /
< 7 (b—=a)(f2(b) ~ fi(a)) — Rr(a,), (1.52)
where
N—1 2n
=272 As(a,b,n.k) (1.53)
n= k=

and Ay(a,b,n,k) is defined in Theorem 1.12. If the function f is concave, inequality signs
are reversed.

Proof. Inequalities (1.51) and (1.52) are obtained from (1.31) and (1.32) respectively after
1
putting A(f) = 2 P f(t)de, f(t) =1t and then replacing ¢ with f. O
—da
In the same manner, from Theorem 1.14 it follows:

Theorem 1.26 Ler a < b and let f be a convex function on the interval of real numbers [
whose interior contains interval [a b]. Then

fla)+ / 1 2
R¢(a,b) < —(b—a)” sup Yr(t;a,b
r(a,b) 2 — o | Sdr= | )le<a€7> f(t;a,b)

< é(b*a)(fi(b) - fta). (154

where R¢(a,b) is defined in (1.53). If the function f is concave, inequality signs are re-
versed.
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Remark 1.9 For N = 1, when we take into account that

- 1 +b
Ry(a)=228,(a0.0.0) = 3 (1@ +10)-27(57) ).
we see that the first inequality from (1.54) is exactly Bullen’s inequality (1.50).

Remark 1.10 Let a < b and let f be a convex function on an interval of real numbers /
whose interior contains the interval [, b]. By combining the upper results we get

f@+fB) 1,
HZIO) Lot o) - fi@) < 5 [ s
<7(“30)+ f;(bfaxﬂ(b) (@)~ Ry(ab). (159

where Ry (a,b) is defined in (1.53). If the function f is concave, then inequality signs in
(1.55) are reversed.

Remark 1.11 Similarly as in the proof of Bullen’s inequality, if we apply the first in-
equality from (1.55) to the function f over the intervals [a,(a+ b)/2] and [(a + b)/2,b]
respectively, we get

@+ (D)) - Lol (G0 @] < 2 [ o

| =

and
1 a+b 1 a+b b
— ——(b— <
U (50) +ro] - e—alre - () < 5= [, o
By summing these inequalities, we get a converse of Bullen’s inequality:
1 b

"“’)+112<b Qe £ (22) £ (20) - i),

and if the function f is additionally differentiable in the mid-point (a + b)/2 of the interval
[a,b], then the upper relation becomes:

JZIO) L [ < o [0 1(“50) 4 150 a0 0)— £

Following generalization of the Hermite-Hadamard inequality for positive linear func-
tionals is given in [121] (see also [124]).

Theorem 1.27 ([121]) Let ¢ be a continuous convex function on an interval I D [m,M],
where —eo < m < M < oo. Suppose that f: E — R satisfies m < f(t) < M for everyt € E,
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fe€Land ¢(f) € L. Let A: L — R be a normalized positive linear functional, and let
P =Dy, q = qy be nonnegative real numbers (with p + g > 0) for which

A(f) = L;ZM- (1.56)
Ther +qM o (m) + g9 (M)
pm-+q poim q
o) sAlb() < PSR (1.57)

Applying Theorem 1.13 to the previous theorem, we obtain a converse of the first
inequality from (1.57).

Theorem 1.28 Ler ¢ be a continuous convex function on an open interval of real num-
bers I D [m,M], where —eo < m < M < 0. Suppose that f: E — R satisfiesm < f(t) <M
foreveryt €E, f € Land ¢(f) € L. Let A: L — R be a normalized positive linear func-
tional, and let p = py, g = qr be nonnegative real numbers (with p+ q > 0) for which
(1.56) holds. Then

0 < A(o() — o (P
rq b — R (. M-
< (p+q)2 (Mfm)tES(:'lﬁ/Hqu)(t’va) R¢,A( aM’f)
< o (M m) 0L (M) — 0L(m) Ry a(m. M ) (1.58)
< (M = m)(0"(M) — 0L(m)) — Ry alom, M5 )
and
0 < A(o() - o ()
1 m
< Z(M*m)zqﬂp (%;m,@ — Ry a(m,M; f)
< (V= m) (6L (4) — 0%, (m)) ~ Ro alm, M ), (1.5

where Wy and Ry o are defined by (1.13) and (1.29) respectively. If ¢ is concave, the
inequalities in (1.58) and (1.59) are reversed.

Proof.  First observe that ¢(f) €L implies A(f) € [m,M], hence there exists a unique
nonnegative real number A € [0, 1] such that A(f) = Am+ (1 —A)M. If p, g are nonnegative
real numbers satisfying (1.56), then obviously

L5, L1
P+q pP+q
Inequalities (1.58) and (1.59) are now obtained from (1.31) and (1.32) by replacing A(f)

M
with 2 aM
p+q

O
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Further, applying Theorem 1.14 to Theorem 1.27, we obtain converses of the second
inequality from (1.57).

Theorem 1.29 Ler ¢ be a continuous convex function on an open interval of real num-
bers I D [m,M], where —eo < m < M < 0. Suppose that f: E — R satisfiesm < f(t) <M
foreveryt € E, f € Land ¢(f) € L. Let A: L — R be a positive linear functional with
A(1) =1, and let p = py, g = qy be nonnegative real numbers (with p + q > 0) for which
(1.56) holds. Then

and

0< po(m)+qo(M)

Spq(

< M
~ (p+q)?

< (M —m)(@.(M) ~ 0%, (m) ~ Ro am, M )

0< PO TadM) 1))~ Ry a(m, M f)

pP+q
<A(M—f)(f—m)] sup Wo(t;m,M)—Rys(m,M;f)

re(m,M)
< OO = s (11— 1~ m) ~ Ry a(m. )

A iqq)z (M —m)(9Z(M) — ¢’ (m)) = Ry 4(m,M: f)

< (M —m)(@"(M) — 61 (m)) ~ Ro alm, M5 ).

rtq A(O(f)) —Rp.a(m,M;f)
<A[(M —f)(f —m)] sup Py(t;m,M) Ry a(m,M;f)

re(m,M)
(M —m)
sup Wy (t;m,M) — Ry o(m,M; f
p+q)? tre(mM) o )= Real )

DL (M —m) (8 (M) — /. (m)) — Ro a(m,M; f)

0.< POZIOR o))~ Ry )

< —(M—m)*A(¥y(f;m,M)) — Ry 4(m,M; f)

< (M —m)(¢". (M) — ¢ (m)) — Ry a(m. M: f)

= A=

(1.60)

(1.61)

(1.62)

where Wy and Ry s are defined by (1.13) and (1.29) respectively. If ¢ is concave, the
inequalities are reversed.

Proof.  Like in the proof of the previous theorem, there exist unique nonnegative real
numbers p, g satisfying (1.56). Since

M—A(f)
M—m

¢ (m)+

p+q

SRy = L—g(m)+ —L9(m)
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we obtain inequalities (1.60), (1.61) and (1.62) from (1.33), (1.34) and (1.35) respectively

M
by replacing A(f) with w O
Ptq

The following result arises from combining previous two theorems. It was also proved
in [122] by applying Theorem 1.12 to generalized Hermite-Hamadard’s inequality.

Remark 1.12 Under the same assumptions as in last two theorems, we have

p9(m) +q¢(M)

¢(pm+qM
p+q

e ) SALU) <

—Rya(m,M: f).

1.3.5 Inequalities of Giaccardi and Petrovic¢
We start this subsection with the inequality of Giaccardi.

Theorem 1.30 ([130]) Let p be an n—tuple of nonnegative real numbers and x be an
n—tuple of real numbers such that

n
(i =30) (X iy =) 2 0, i = 1,em Zpkxk # x0; xo,Zp,xl la,b.  (1.63)
=
If f: [a,b] — R is a convex function, then
n n n
Y pif(xi) SAf(ZPixi) +B(2pi* 1>f(xo)
i=1 i=1 i=1
where ; ;
A= Zi?Pi(xi*xO)’ B— nzizlpixi ) (1.64)
i1 Dixi —Xo i1 DiXi — X0

Next result is a converse of the Giaccardi inequality, and it follows from Theorem 1.14:

Theorem 1.31 Let p be an n—tuple of nonnegative real numbers and let x be an n—tuple
of real numbers such that (1.63) holds. Let I be an interval of real numbers such that its
interior contains |a,b). If f: I — R is a convex function, then we have

(i)
Rf(mMx)<Af(2p,x,)+B(2p,fl> Zp, f(xi)
S]Z,lpj(;;pixi_xj)(xj'—)m) sup ‘Pf(t xo,Zplxl)

re(m,M)
Y pi(Xi pixi —xj)(xj —x0) , , ,
< S (7 (M) £ (m)
TP\ (i PiXi L) —fim) &
;;m)( P —m) = 20

< (m-

n

< M= m)(F ()~ L) Y

i=1
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(ii)
Ry(m,M;x) <A (Zn: ,x,)JrB(zn:p,l) Zp, F(xi)
< ipj(ipixixj) fxo)teizll)m‘{’f (t xo,zp,x,)
< ( ’l 111):?) (22"715):! —m)teizgw)q’f(t xo,l;plxl) iipz
S SR R =
< 20t m) (7 00) — ) 3
i=1
(iii)

Rf(m,M;X)SAf(ip,x,)wLB(Zp,fl) Zp, f(xi)
(M*m)zgpi‘l’f (xi§x07i§],pixi)

n

(M —m)(fL(M) ~ f.(m)) ¥ pi

i=1

IN
ENJ

4>|~

where m = min{xo, >} | pix;i}, M = max{xo, X1 | pixi},

m

r N—1 2"
mMX:ZZZ Amenk)rnxkz_Ln)(;l[ m)

Ag(m,M,n,k) is defined in Theorem 1.12 and A, B are defined in (1.64). If the function f
is concave, inequality signs are reversed.

Proof. Let f be a convex function. The inequalities from above are obtained directly from

Theorem 1.14 for A(x) = =P and g — 7. O

171

The well-known Petrovi¢ inequality [125] for a convex function f: [0,a] — R is

if(xi) Sf(ixi) +(n—1)£(0)

i=1

where x;,i = 1,...,n are nonnegative real numbers such that xi,...,x,, 27, x; € [0,a].
The next result is a special case of Theorem 1.31 for p; = ... = p, = 1 and xp = 0.
Likewise, it can be obtained by applying Theorem 1.14 to the Petrovi¢ inequality.
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Theorem 1.32 Let f be a convex function on an interval od real numbers I whose interior
contains [0,a. If x1,...,x, € [0,a] are real numbers such that ¥}, x; € (0,al, then we have

(i) n n
<f(Xx)+ = Dr0) = L fx)

n

Z (le x,) sup ‘I’f(t;O,lzn‘ixo

j=1 10,57 x)
SZ%%?;? ﬂ@(ﬁ@—ﬂ@)
n—1,2 c

(X)) (Zw) - r0)

NS (B) o)

i=1 i=1

(ii)

=

=
<
X
IN
\

7N
&
~——

+
£

\

[
=
=

\
=
=

Il
—
Il
—

IN
M=
\><
M=
=

=
N

w

o

o

-
~
= X
=
M=
=
Z_

7
~
M
o
o
i
=
n
&
<
i

xi>2 <sup ‘P;-(t;O,ix,-)

021" 1)(,') i=1

%) (7 (Z) ~40)

1

S
| N
—_

IN IN
S g
S \
p— A
R /~ >
It~ Lt
Bl

IA
1S
N
M=
=
N—
VoumnN
T
/
=
N——
\
™
—
=
N—

Il
—
Il
—

(iii)

=
<
»
IN
\
/
M=
=
N—
+
=
|
|
=
=
|
M-
=
=

Il
—

IN
N

—
1=
Rad
P
[\S]
p=
£
-
——~
Rad
=
M
Rad
P

IA
E N

—
M=
=
Z
—~
™
—
M=

5i) = £L0))

I
—
Il
—

where
r N—1 2"

V=3 3 Ta0 T nnbng 45

r
i=1 n=0 k=1 2 1

and Ag(0,Y_; xj,n,k) is defined in Theorem 1.12. If the function f is concave, inequality
signs are reversed.



Chapter

Inequalities of the Jensen and
Edmundson-Lah-Ribaric type
without convexity in the
classical sense

In this chapter first we will derive classes of inequalities of the Jensen and Edmundson-
Lah-Ribari¢ type which are valid for functions with bounded second order divided differ-
ences and for Lipschitzian functions. This is a significant improvement compared to the
results from the previous chapter because the results from this chapter hold for a much
wider class of functions than the class of convex functions. Next, we will derive differ-
ent classes of inequalities of the Jensen and Edmundson-Lah-Ribari¢ type that hold for
3-convex functions. Finally, we will derive several representations of the left side in the
Edmundson-Lah-Ribari¢ inequality by using Hermite’s interpolating polynomial written in
terms of divided differences. Those representations are then utilized for obtaining differ-
ent Edmundson-Lah-Ribari¢ type inequalities for positive linear functionals and n-convex
functions. General results are applied to generalized means. Also, examples with power
means are given.

37
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2.1 Introduction

Let E be a nonempty set and let L be a vector space of real-valued functions f: E — R
having the properties:

(L1) f,ge L= (af +bg) € Lforalla,bcR;
(L2) 1 €L,ie.,if f(t) = 1 foreveryz € E, then f € L.
We also consider positive linear functionals A: L — R. That is, we assume that:
(A1) A(af +Dbg) =aA(f)+DA(g) for f,g € Land a,b € R;
(A2) feL, f(t) >0foreveryt € E = A(f) >0 (A is positive).

We say that a functional A is normalized if A(1) = 1.

Throughout this chapter, if a function is defined on an interval [m, M], we assume that
the bounds of that interval are finite.

Unlike the results from the previous chapter, which require convexity of the involved
functions, the main objective of this chapter is to derive a class of inequalities of the Jensen
and Edmundson-Lah-Ribari¢ type that hold for n-convex functions.

Definition of the n-convex function is characterized by nth-order divided difference.
The nth-order divided difference of a function f: [a,b] — R at mutually distinct points
10,11, ...,tn € |a,b] is defined recursively by

t]f = f(t:), i=0,....n,
[l‘o tn]f: [tla"'vtn]f_ [Z‘O’...,Z‘nil]f-

h—1

The value [tg, ..., 2, f is independent of the order of the points 7, ..., #,. Definition of divided
differences can be extended to include the cases in which some or all the points coincide

(see e.g. [2], [124]):
1
= rln-1)
fla,...,al = (n—l)!f (a), neN.
n times
Regarding third order divided differences, in the case in which some or all the points

coincide they are defined in the following way.

e If the function f is differentiable on [a,b] and #,1y,1; € [a,b] are mutually different
points, then

S0 SO+ -2)
(t—10)t—1t1)  (t—10)%(t—11)?
f(to) n f(t) @.1)

(to—1)2(to—11) (11 —1)%(11 —19)

[t,t,10,11)f =
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e If the function f is differentiable on [a,b] and 7,7y € [a,b] are mutually different
points, then

[l,t,lo,lo]fz (l‘oit)3 [(IO_I)O(/(IO)""]N(I))+2(f(t)_f<t0))] . (2'2)

e If the function f is twice differentiable on [a, b] and 7,y € [a, b] are mutually different
points, then

2 (k)
[r,r,r,ro]f:% F0)— 3 LW gy 2.3)

to—1)3

e If the function f is three times differentiable on [a,b] and ¢ € [a, D], then

f”l(t)
31

[tatvtat]f: 2.4)

A function f: [a,b] — R is said to be n-convex (n > 0) if and only if for all choices of
(n+ 1) distinct points #g, 1y, ...,1, € [a,b], we have [tg,...,t,] f > 0.

We can extend the definition of 3-convex functions by including the cases in which
some or all of the points coincide. This is given in the following theorem which can be
easily proven by using the mean value theorem for divided differences (see e.g. [64]).

Theorem 2.1 Let a function f be defined on an interval I C R. The following equiva-
lences hold.

(i) If f € €(I), then f is 3-convex if and only if [t ,t,19,t1]f > O for all mutually different
pointst,ty,t; € 1.

(ii) If f € €(I), then f is 3-convex if and only if [t ,t,19,t0] f > O for all mutually different
pointst,ty € 1.

(iii) If f € €2(I), then f is 3-convex if and only if [t,t,t,t0] f > O for all mutually different
pointst,ty € 1.

(iv) If f € €°(1), then f is 3-convex if and only if [t,t,t,t]f > O for everyt € L.
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2.2 Inequalities for functions with bounded second
order divided differences

In this section we derive a class of inequalities of the Jensen and Edmundson-Lah-Ribari¢
type which are valid for functions with bounded second order divided differences. This is a
significant improvement compared to the results from the previous chapter, because these
hold for a much wider class of functions than the class of convex functions.

Throughout this section, whenever mentioning the interval [m,M], we assume that
—oo < m < M < oo holds.

Theorem 2.2 ([105]) Let ¢ be a function on an interval of real numbers [m, M| such that
there exist ¥,T" € R such that y < [m,t,M|¢ < T holds for every t € [m,M|, that is, such
that its second order divided difference in m,t and M is bounded for everyt € [m,M). Let L
satisfy conditions (L1) and (L2) on E and let A be any positive linear functional on L with
A(1) = 1. Then

yalon1— ) —mb)] < A gy AV 4y 4 o)
<TA[M1 - £)(f ~ m1) 2.3

holds for any f € L such that ¢ o f € L.

Proof. We start with a scalar identity for ¢ € [m,M]:

ML ) = (M) 00) = 2L (g(on) — 9(0) + L= (o () — 0(0)
L) (6000009009t

M—m M —t t—m
=(M —1t)(t —m)[m,t,M]¢.

It follows that

35;¢WW+L:Z¢@D*¢@:%Mfﬂafmwman

holds for every ¢ € [m,M]. Since the second order divided difference of the function ¢ in
m,t and M is bounded, from the previous relation we have

(M 1)t = m)y < —0(m) + =" (M) - 9(0)

<(M—1t)(t—m)l (2.6)

for any t € [m,M]. The function ¢ o f belongs to L, which means that the function f
satisfies the bounds
m< f(t) <M,
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so we can replace ¢ with f(7) in (2.6) and obtain:
YT g omy 4 LD a1) — 1)
< (M —f()(f(t) —m)T

Functional A is linear and positive, and such that A(1) = 1, so when we apply it to the
previous inequalities we get the following:

IN

(M —f0)(f(t) —m)y

yafor1 - 1) —m)) < A gy AV 01y o))
<TA[M1—f)(f —ml)],
and the proof is complete. m|

Corollary 2.1 ([105]) Let us suppose that the assumptions from Theorem 2.2 hold. If in
addition we have —eo < ¥ < 0 < T < oo, then the following inequalities

Y

(M —m)* < y(M —A(f))(A(f) —m) < YA[(M1 = f)(f —m1)]

4
= MA;A(f) o (m) + A,(V’,C)_;%(M) —A(6(f)) 2.7)

<TA[M1— f)(f —ml)]
<T(M —A(f))(A(f) —m)

(M —m)’

IN
!

hold for any f € L such that ¢ o f € L.

Proof. The function ¢ +— —t + (m + M)t — mM is concave, so from Jensen’s inequality
(1.1) we have

A[M1=£)(f —=m1)] < (M —A(f))(A(f) —m). (2.8)

Since T is positive, when we multiply (2.8) by T'/(M —m) we get
TA[(M1 — f)(f —ml)] <T(M —A(f))(A(f) — m), 2.9

and since ¥ is negative, when we multiply (2.8) by v/(M — m) we get
YA[(M1 = f)(f —m1)] = y(M = A(f))(A(f) — m). (2.10)

Inequalities (2.7) now follow from Theorem 2.2, relations (2.9) and (2.10) and relation

(M —m)? forany ¢ € [m,M].

4>|~

(M —1)(t—m) <
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Corollary 2.2 ([105]) Let us suppose that the assumptions from Theorem 2.2 hold. If in
addition we have y = —T, then the following inequalities

M= A(f)
L g m) +

<TA[(M1— f)(f —mD) @.11)
< T(M—A(f)(A(f) —m)

IN

hold for any f € L such that ¢ o f € L.

Proof. Inequalities (2.11) follow directly from the definition of the absolute value and
Corollary 2.1. O
Remark 2.1 There are two more cases that need to be considered.

o If0 <y <T <eo, then the function ¢ is convex, so from the Edmundson-Lah-Ribari¢
inequality (1.2) and (2.9) it follows that

0 < yA[(M1—f)(f —ml)]

< M2 oy 2D 1) o)
<TA[(M1— f)(f —m) 212)
<T(M— A AL ~m) < 5 (M —m)

holds for any f € L such that ¢ o f € L.

o [f —oo <y < T <0, then the function ¢ is concave, so from the Edmundson-Lah-Ri-
bari¢ inequality (1.2) and (2.10) it follows that

L (M = m)? < y(M ~A())A() ~m)
< YA [(M1 = £)(f —m1)] (2.13)
M —A(f) A(f) —m

<TA[M1—f)(f—m1)] <0
holds for any f € L such that ¢ o f € L.

Theorem 2.2 can be utilized for obtaining Jensen-type inequalities for functions with
bounded second order divided differences.

Theorem 2.3 ([105]) Let ¢ be a function on an interval of real numbers [m, M| such that
there exist ¥, € R such that y < [m,t,M|¢ < T holds for every t € [m,M|, that is, such
that its second order divided difference in m,t and M is bounded for everyt € [m,M]. Let L
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satisfy conditions (L1) and (L2) on E and let A be any positive linear functional on L with
A(1) = 1. Then
Y(M —A(f))(A(f) —m) —TA[(M1 = f)(f —m1)] (2.14)
<A((1) — O(A(F)) < T(M — A (A(f) = m) — YA (M1 = £)(f —m1)

holds for any f € L such that ¢ o f € L.

Proof. Function ¢ o f belongs to L, which means that the function f satisfies the bounds
m < f(t) <M. It follows that m < A(f) < M, so we can replace ¢ with A(f) in the relation
(2.6) and obtain

V(M —A(f))(A(f) —m) < %Mm) + Ag)%ftb(M) —9(A(f))
<T(M—A(f))(A(f) —m). (2.15)
When we multiply the relation (2.5) from Theorem 2.2 by —1 we get
~TA[(M1— f)(f—m1)] < —%d)(m) - %MM) +A((f))
—YA[((M1— f)(f —m1)]. (2.16)
Inequalities (2.14) follow by adding (2.15) to (2.16). O

In an analogous way as in Corollary 2.1 and Corollary 2.2, depending on the positivity
and negativity of the bounds y and I', inequalities (2.14) can be extended in the following
way.

Corollary 2.3 ([105]) Let us suppose that the assumptions from Theorem 2.3 hold. If in
addition we have —oo <y < 0 < T < oo, then the following inequalities

YL = mp < (= DM - A A(S) -

)

4

<y(M- A( NA(f) —m) — [(Ml—f)(f—ml)]
<A(6(f) —o(A(S))
<T(M- A( DA(f

) —
< (C=7)(M-A(N))A) -

hold for any f € L such that ¢ o f € L.

2.17)
m) —YA[(M1— f)(f —m1)]

B(M_m)Z

Corollary 2.4 ([105]) Let us suppose that the assumptions from Theorem 2.3 hold. If in
addition we have y = —T, then the following inequalities

A(6()) — DA <T (AU2) — (A(F))?)
<AT(M - A A(S) —m) < 5 (M —m)? 2.18)

hold for any f € L such that ¢ o f € L.
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In our next result, which is based on the method from the paper [29], we give inequal-
ities of the Jensen and Edmundson-Lah-Ribari¢ type for Lipschitzian mappings.

Theorem 2.4 ([105]) Let ¢: [m,M] — R be a Lipschitzian function with the Lipschitz
constant L. Let L satisfy conditions (L1) and (L2) on E and let A be any positive linear
functional on L with A(1) = 1. Then the inequalities

A1)~ 9G] < LA(F - A1) (.19)
and
VAT g my+ AT 1) — )
< S AQML )l m1]) 2.20)
< (M- AUD)A) —m) < (M —m)

hold for any f € L such that ¢ o f € L.

Proof. By using the properties of linear functionals and absolute value, and the fact that
because function ¢ is a Lipschitzian with the Lipschitz constant L we have

|¢(x) — ()| < Llx—y| foreveryx,y € [m,M],
we can calculate

[A(0(f) = o(A(N))] = [Ale(f) — e(A(N))1]]
<A([o(f) —o(AUNNN]) < LA(If —AN]),

which is (2.19). In a similar way we have

M2 o)+ L= 501 o)
=P(Z’é¢<>‘ZWZWM*WUO‘
<a (| Lot + 2000 -0t
AQ%1JYM>¢U» r o - o0r) )
SA( 7 o) - (f)|+§4_mn:|¢(M)¢(f)|)
2L

IN

—A(M1L— f][f ~ m1)),

which gives us first inequality in (2.20). Last two inequalities in (2.20) follow by applying
Jensen’s inequality to the concave function ¢ +— —#2 + (m + M)t — mM, and the fact that
(M —1)(t —m) < (M —m)?/4 holds for every t € [m,M]. i



2.3 INEQUALITIES FOR 3-CONVEX FUNCTIONS 45

2.3 Inequalities for 3-convex functions

Theorem 2.5 ([103]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let ¢ be a 3-convex function on an
interval of real numbers I whose interior contains the interval [m,M]. Then

AL 1) —m) (600) —p(m)
M—m ( M —m (i)+(m)>
< M2ADD oy 2D 01y 0(p) @21)
- A[(M1 ;/[f_)(};):fml)] (¢’(M) B ¢(1\2_i(m)>

holds for any f € L such that ¢o f € Land m < f(t) < M fort € E. If the function —¢ is
3-convex, then the inequalities are reversed.

Proof. We start with a scalar identity for z € [m,M]:

M)+ = g 00) — 00) = ML (gm) — g10)) + L= (900)— (1)
- M=t (901000010 =00r)
M—m M —t t—m

= (M —1)(t —m)[m,1,M]¢.

It follows that

M —m O(M) — (1) = (M —1)(t —m)[m,1,M]¢ (2.22)

holds for every ¢ € [m,M].

Since the function ¢ is 3-convex, we have [fy,1,t,13]¢ > 0 for every choice of the
points fo,1,t,t3 € [m,M]. Let to =m, t3 = M and t; < t,. From the definition and main
properties of the divided differences we get the following relation:

[m,M,IQ](P — [I] ,m,M](])
h—1

- [m,t2, M| — [m,t;,M]0

- h—1

3

so we have obtained that
[matZaM](P - [mvtlaM](P Z 0

holds for any #; < t,, that is, the function [m,7,M]¢ is non-decreasing on [m, M]. It follows
that the function [m,7,M]¢ attains its minimal and maximal value in the points m and M
respectively. We can calculate those bounds:

Mo = 1 (E=E gt )

C M-—m
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[m,M,M]¢ = ﬁ <¢’ (M) — W) (2.23)
Now, from (2.22) and (2.23) we have
R (SO ) < S )+ 30 (M) 000

for any ¢ € [m,M]. The function f satisfies the bounds
m< f(t) <M,

so we can replace ¢ with f(¢) in (2.24) and obtain:

(- f;;))(;(r) ) (6008 ;)
<M T gy L= 01— 100)
< =

FO)0) —m (o000 - 0100

M—m M—m

Functional A is linear and positive, and such that A(1) = 1, so when we apply it to the
previous inequalities we get the following:

ALY f)(f —m1)] (004) —o(m) _,
M—m ( M—m —¢+(m))
< M2y AL 01) a 01)
< Al ;;:)(i—ml)] <¢,(M)_ ¢(1\2—i<m))’

which concludes the proof. O

Theorem 2.5 can be utilized for obtaining Jensen-type inequalities for 3-convex func-
tions.

Theorem 2.6 ([103]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let ¢ be a 3-convex function on an
interval of real numbers I whose interior contains the interval [m,M). Then

(M—A(f)Af)—m) (¢(M)—9(m)
M —m ( M—m (i)+(m)>
AlM1 ;/? (nf —mb) (¢’ () - 2 — o) (AQ: i(m)> (2.25)
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<A(O(f) —o(A()) <
_AIML— ) (f —ml)] <¢(M)<P m) ¢/+(m))

M—m M—m

holds for any f € L such that o f € Land m < f(t) < M fort € E. If the function —¢ is
3-convex, then the inequalities are reversed.

Proof. Function ¢ o f belongs to L, which means that the function f satisfies the bounds
m < f(t) <M. It follows that m < A(f) < M, so we can replace # with A(f) in the relation
(2.24) and obtain

(M —A(F)AY) —m) (¢(M)—¢(m) _¢/+<m))

M—m M—m

< M2ADD oy A 01) (4 ) 2.26)
(M—AU))AL)=m) (., O (M) — ¢ (m)

ST Mem (WM)‘W)-

When we multiply the relation (2.21) from Theorem 2.5 by —1 we get

CA[M1 fo_)(};,iuml)] (¢’(M) B d)(!\ﬁ_i(m))
< MAD ) AL 01) 1 01) 2.27)
_ Al V_)(,;);ml)] (¢(A2_i(m) _ ¢’+(m)> _
Inequalities (2.25) follow by adding (2.26) to (2.27). O

Following results are obtained by virtue of Theorem 2.1, and they represent different
Edmundson-Lah-Ribari¢ type inequalities for 3-convex functions.

Theorem 2.7 ([106]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and
let A be any positive linear functional on L with A(1) = 1. Let ¢ be a 3-convex function
defined on an interval of real numbers I whose interior contains the interval [m,M) and
differentiable on (m,M). Then

(4t —m | 2B S LAl ()
= %Mm”%fpw)—f\@(ﬂ) (2.28)

(M) —¢(m) ' (M)
M—m 2

< SAIML— )0/ (F)] ~ (M~ A() {

holds for any f € L suchthat ¢ o f € Landm < f(t) <M fort € E. If the function —@ is
3-convex, then the inequalities are reversed.
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Proof. Let ¢ be a 3-convex function. From Theorem 2.1 (ii) we have that [,7,7),%0]¢ > 0
for all mutually different points ¢,y € I. When we take t = m and #y = x in (2.2), we obtain
that

s =m0/ 0L )+ 2(0(0n) ~ 9]
holds for every x € (m,M). After multiplying by (x —m)> and rearranging, the relation
from above becomes

oM) -

(x—m) | =

(+¢+)
o (M) — ¢ (x). (2.29)

M —
<

—Mfm‘l’(m)*

M—m

Similarly, when we put f = M and 7y = x in (2.2) and rearrange the obtained relation, we
get that

M —x xX—m
() - 0 (M) — 9 (x)
< (M —x) B (¢'(x)+ 9. (M)) — W] (2.30)

holds for every x € (m,M). Now, we see that (2.29) and (2.30) together give the following
sequence of inequalities:

1 !/ !/
w5 (0 <x>+¢+<m))}

— X—m

6(m)+ 2= 6(M) — 6(x)

m

1 M) —¢(m
< (M—x) [— (0"(x) + o~ (M)) W] (2.31)
—m
Since the function f € L satisfies the bounds m < f(¢) < M, we can replace x with f(7) in
(2.31), and get

-3 )+ oL o)

M o)+ L= 1) — o(510)
400 900)]

<0170 3 (050 +o7 ) - =2

The inequalities (2.28) follow after applying linear functional A to the previous relation
taking into account linearity of the functional A and condition A(1) = 1. O

Remark 2.2 If it exists, the first derivative ¢’ of a 3-convex function ¢ is a convex func-
tion. It is known that convex functions are continuous on every open interval, and their
one-sided derivatives exist and are finite.
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Theorem 2.8 ([106]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and
let A be any positive linear functional on L with A(1) = 1. Let ¢ be a 3-convex function
defined on an interval of real numbers I whose interior contains the interval [m,M] and
differentiable on (m,M). Then

- [of o) - HE=0 | E0D 4 - py2
MoAG), A
< T Pl + = =0 (M) —A(6(f)) (2.32)

1 (m)

P00 gt )|~ E5 atr - )

<) -m) | 202

holds for any f € L suchthat ¢ o f € Landm < f(t) <M fort € E. If the function —@ is
3-convex, then the inequalities are reversed.

Proof. The function ¢ is 3-convex on [m,M] and twice differentiable, so from Theorem
2.1 (iii) we have that [z,7,#9,#]¢ > O for all mutually different points ¢,z,#y € [m,M]|. When
we take r = m and fp = x in (2.3), we obtain that

2 o®
0 —— [¢(x>k20"’+kf )<xm>"]

holds for every x € (m,M). After multiplying by (x —m)? and rearranging, the upper
relation becomes

M —x xX—m
MEX m)+ 2 1) — o)
< (x—m) [W — ¢ (m)— +§m) (x—m)} . (2.33)

In a similar manner, when we put f = M and fo = x in (2.3), after rearranging the relation
thus obtained, we get that

M) — (M
) [of o) - HELZ00) R g
M —x xX—m
< 9 (m) 2§ (M)~ 6 (1) (234)
holds for every x € (m,M). Now, we see that (2.33) and (2.34) give the following sequence
of inequalities:
M) — (M
) [of (o) - S22 - 0D )
M — —
< o f(m) o (M) — 0 (v)

< (x—m) [M(p;(m)m(xm)} (2.35)
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Since the function f € L satisfies the bounds m < f(¢) < M, we can replace x with f(7) in
(2.35), and get

o(M)—¢(m) ¢"(M)
—m 2

(1) [ o7 1) -

<M—ft)
- M

1)

om) + L= 5 01) — (11

—m M
208 =000 g )~ 2 10y )]

IN

M—m

(0 -m|

The inequalities (2.32) follow after applying linear functional A to the previous relation
taking into account linearity of the functional A and condition A(1) = 1. O

Remark 2.3 For the sake of completeness, we give an alternative proof of Theorem 2.5,
which is shorter and more elegant ([106]):

Proof. The function ¢ is 3-convex, so from Theorem 2.1 (i) we have that [¢,7,1p,¢1]¢ >0
for all mutually different points z,#y,7; € I. When we take t =m, tp =x and t; = M in (2.1),
we obtain that

9’ (m) o(m)(x+M—2m) ¢ (x) ¢(M)

0= (m—x)(m—M) (m—x)2(m—M)2 ()cfm)z()ch)jL (M —m)2(M — x)

holds for every x € (m,M). After multiplying by (x —m)?(x — M) and rearranging, the
upper relation becomes

(M —x)(x—m) <¢(M)_¢(m) —¢/+(m)>

M—m M—m
M —x xX—m
< o 0m) 20 (M) — 0(x). (2.36)

In a similar manner, when we put t = M, ty = x and #; = m in (2.1), after arranging the
relation thus obtained, we get that

M —x X—m
7 8+ 6 (M) — 9 (x)

holds for every x € (m,M). Now, we see that (2.36) and (2.37) give the following sequence
of inequalities:

M) (S0 _ )

M—-m M—m
M—x x—m
< My 90— o)
< Mo ¢'(M)¢(A2_i(m)> (238)
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Since the function f € L satisfies the bounds m < f(¢) < M, we can replace x with f(7) in
(2.38), and get

M —f(@))(f(1) —m) <¢(M)<P(m) ¢'+(m))

M—m M—m

< 2L )+ L= 1) — 100

M= F OO =m) () 900 = 0(m)
< G (o an - S50 ).

The inequalities (2.21) follow after applying linear functional A to the previous relation
taking into account linearity of the functional A and condition A(1) = 1. o

Remark 2.4 Theorems 2.7 and 2.8 can be utilized for obtaining following Jensen-type
inequalities for 3-convex functions.

(i) When we put x = A(f) in scalar inequalities (2.31) and then subtract the inequalities
from Theorem 2.7, we get

M) —9(m) 1 }

(4 —m) | B2 L (o' ar) + )

- SAIM - 6]~ () |
<AG() - 9AL)
< (M-A) |3 (A0 + /) -

¢M)—o(m) ¢'+(m)]
M—m 2

o(M)—¢(m)  ¢' (M)
M—m + 2 ]

¢(ﬂ2_i(m)}

+3ALF —m1)g' ()]

i -m|

(ii) When we putx = A(f) in scalar inequalities (2.35) and then subtract the inequalities
from Theorem 2.8, we get

=
<|=

—¢(m) 9" (M)
—m 2

u4AU»[w<M> u4Au»]

M—

<AG(F) - 0(A(P)

< a0 -m) | 2020 g S () - )|
M
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2.4 Inequalities for n-convex functions

The results in this section are obtained by utilizing Hermite’s interpolating polynomial, so
first we need to give a definition and some properties (see [2]).

Let —ec<a<b<eandleta<a; <ap <..<a, <b,wherer > 2, be given points.
For f € €"([a,b]) there exists a unique polynomial Py (¢), called Hermite’s interpolating
polynomial, of degree (n — 1) fulfilling Hermite’s conditions:

P (aj) = fOa;): 0<i<kj 1<j<r, Yki+r=n.
j=1

Among other special cases, these conditions include type (m,n —m) conditions, which will
be of special interest to us:

r=2,1<m<n—1l,ky=m—1,ky=n—m—1)

(@)=f"a),0<i<m—1

P,Ef,),a
V)= fO(b),0<i<n—m—1.

Pmln(

To give a development of the interpolating polynomial in terms of divided differences,
first let us assume that the function f is also defined at a point # a;, 1 < j <n. In [2] it
is shown that

f@&)=P(t)+R(), (2.39)
where
P(1) = fla1) + (1 —ar) flay, 0] + (t —a1) (t — az) fla1, a2, a3]
b (=) (= 1) fla1, s an] (2.40)
and
R(t)=(@t—ay) - (t —an)flt,a1,...,an). (2.41)

In case of (m,n —m) conditions, (2.40) and (2.41) become

Pun(t) = f(a)+ (t —a) fla,a] + ...+ (t—a)" ' fla, ...,d]

m times

+(@t—a)"fla,...,a;b] + (t —a)" (t — b) f|a, ...,a; b, b]

m times m times
4.4 (t—a)™(t —b)""™ 1 fla,...,a; b,b,....b] (2.42)
—— ——

m times (n—m) times
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d
o Rn(t) =(t —a)"(t — b)" " flt:a,...,a; b.b,...,b]. (2.43)
S~ ——

m times (n—m) times

Throughout this section, whenever mentioning the interval [a,b], we assume that
—oo < a < b < o holds.

Let L satisfy conditions (L1) and (L2) on a non-empty set E, let A be any positive
linear functional on L with A(1) = 1, and let g € L be any function such that g(E) C [a,b].
For a given function f: [a,b] — R denote:

~b—Ag)

P 22 Zr(b). (2.44)

LR(f,ga;b,A) = A(f(g))

Following representations of the left side in the Edmundson-Lah-Ribari¢ inequality

is obtained by using Hermite’s interpolating polynomials in terms of divided differences
(2.42).

Lemma 2.1 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let f € €"([a,b]), and let g € L
be any function such that f o g € L. Then the following identities hold.:

n—1
o LR(f.g.a.b.4) = 3, flasb....bJA [(g—al)(g =D | +A(RI(s)  (245)
=2 N——

k times
d LR(f,g,a,b,A) = f[avaab]A[(g 7a1)(g - bl)]
n—2
+ 3 flaab, .. bJA [ (- al(g— 1) | +A(R:(g)) (2.46)
P ——

k times

m=1 (k) (¢
 LR(f g.0,5,4) = (A(g) ~ @) (la.a) —fla. b)) + 3, T [(g —a)]
k=2 :

+SffmwﬂmbwwMA“g—a”m@—bUkJ}+Amm@ﬂ, (2.47)

m times k times

where m > 3 and Ry, () is defined in (2.43).

Proof. From representation (2.39) of every function f € ¢"([a,b]) and its Hermite inter-
polating polynomial of type (m,n —m) conditions in terms of divided differences (2.42)
we have

f@t)=fa@)+(t—a)fla,al+ ...+ (t—a)" ' fla,...,q]

Y
m times
+(@t—a)"fla,...,a;b] + (t —a)"(t — b)fla,...,a;b,b)]
~—— ~——
m times m times
ot (t—a)"(t—b)""™ fla,...,a; b,b,...,b] + Ru(t), (2.48)
—— ——

m times (n—m) times
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where Ry,(+) is defined in (2.43). After some straightforward calculations, for different
choices of 1 <m <n— 1, from (2.48) we get the following:

e form =1 it holds

LR(f,1,a,b,id) = (t — a)(t — b) fla; b, b] + (t — a) (t — b)*f[a; b, b, b]
4o (t—a)(t —b)" % fla; b,b,...,b] + R, (1) (2.49)
(n—1) times

e form = 2 it holds

LR(f7 lvavbvid) - ([70)(2‘ 7b)f[a7a;b] + ([7(1)2([*b)f[a,a;b,b]
4 (t—a)*(t—b)" 3 fla,a; b,b,...,b] + Ry(t) (2.50)
(n—2) times

e for3 <m <n-—1itholds

LR(f,1,a,b,id) = (t — a) (fla,a] — fla,b]) + ...+ (t —a)" ' fla, ...,d]

+ (tia)mf[aa"'va;b] + (tia)m(t7b)f[a7"'7a;b7b]

m times m times

ot (t—a)™(t —b)"" ' fla,...,a; b,b,....b]+Rpu(t). (2.51)
S~ ——
m times (n—m) times

Since fog € L it holds g(E) C [a,b], so we can replace ¢ with g(z) in (2.49), (2.50) and
(2.51), and thus obtain:

n—1

LR(f,g,a,b,id) = ¥ (g(t) — a)(g(r) = b)" " flasb, ... b] + Ru(g(1)),
k=2 k times

LR(f, g a,b;id) = (g(t) — a)(g(r) = b)fla,a; ]

n—2
+ 3 (8(1) —a)*(g(t) = b)* ' fla,asb, ... b + Ra(g(1))
k=2 k times
and
LR(f,g,a,b,id) = (g(1) —a) (fla,a] — fla,b]) + i(g(t) —a)'fla,....d
k=3 k times
'~ m k—1 .
+ ]; (g(t)—a)™(g(t) —b) " fla,...,a;b,....,b] + Riu(g(1)).

m times k times

Identities (2.45), (2.46) and (2.47) follow by applying positive normalized linear functional
A to the previous equalities respectively. O
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Lemma 2.2 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let f € €"([a,b]), and let g € L
be any function such that f o g € L. Then the following identities hold:

o LR(f,g,a,b,A) sz &.d [(g—b1)(g—al)* 1+ A(R}(2)) (2.52)
kllmes

b LR(fvgaaabaA) :f[bvb,a]AKg_bl)(g_al)]

n—2
+ Y flbbia,..dAllg—b)2(g —al) ) £ ARY)  (253)
= ——

k times
o LR(f.a.b,4) =(b~A(¢)) (fla ; (g = 1)
+ninf[b,...,b;a,...,a]A[(g—bl)m(g—al)kfl] +A(R,(g)) (2.54)
=1 S~ =

m times k times

where m > 3 and
A(R,,(g)) =Alflg:D1,...,b1;al,....al (g — b1)" (g —al)"™"]. (2.55)
R,_/ A,_/
m times  (n—m) times
Proof. Let us define an auxiliary function F: [a,b] — R with
F(t)=f(a+b—1).

Since f € €"(|a,b]) we immediately have F € €™ ([a,b]), so we can apply (2.49), (2.50)
and (2.51) to F and obtain respectively

LR(F,1,a,b,id) = 2 Fla; b |(t—a)(t —b)* '+ Ry (1) (2.56)
k times
LR(F,1,a,b,id) =Fla,a;b]|(t —a)(t — b)
n—2
+ Y Fla,ab,....b)(t —a)*(t — b)* ' + Ry (1) (2.57)
k=2 k times
m—1 (k)
LR(F,1,a,b,id) =(t — a) (F[a,a] — Fla,b]) + Y, F k'(a) (t —a)*
k=2 :
JrninF[a, cenb, . Bt —a)™ (1 — D)+ R, (2). (2.58)

m times k times

We can calculate divided differences of the function F in terms of divided differences of
the function f:
Fla,...,a:b,....b] = (D)= f[b, ....b:a,...,d].
N~ Y~ N

k times i times k times i times
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Now (2.56), (2.57) and (2.58) become

n—1 _
LR(F,1,a,b,id) = Y (=1)}f(b:a,...,a)(t —a)(t — b)* " + Ry (1) (2.59)
k=2 k times
LR(F,1,a,b,id) =(—1)*f[b,b;a(t — a)(t — b)
n—2 _
+ 3 (~DX U flb,bia, ...t — a)* (1 — b)Y+ Ra (1) (2.60)
k=2 k times

LR(F,1,a,b,id) =(t —a) (—f[b, D] +f[a,b])+n§:1 Lf(k)(b)(t —a)*
k=2

k!
+ nin(—l)’“k*lf[b, obia,.a)(t—a)"(t — b £ Ru(t), (2.61)
s N—— ——

m times k times

where

Ru(t)=(t—a)"(t=b)""(=1)"fla+b—1t;b,...,b; a,a,...,a].
—— ——

m times (n—m) times

Let g € L be any function such that fog € L, thatis, a < g(t) < b foreveryt € E. Let us
define a function g(¢) = a+ b — g(t). Trivially, we have a < g(r) < b and g € L. Since

LR(F,g,a,b,id) =f(a+b— (a+b—g(t))) _w
_atb—g(t)—a

b—a

fla+b—a)
fla+b—b)=LR(f,g,a,b,id),

after putting g(r) in (2.59), (2.60) and (2.61) instead of 7, we get

n—1

LR(f.g.a,b,id) = Y (~1)*flbsa,....a)(b—g(t))(a—g(t))* '+ Ri(a+b—g(t))
k=2 k times

LR(fagaaabaid) = (_1)2f[bab;a](b_g(t))(a_g(t))

+ Zzz(—l)"“f[b,b;aa ) (b—g(1)*(a—g(1) " + Ro(a+b—g(t))
k times

$ D 0)

LR(f.g.a.b.id) = (b~ 8(0)) (~f1b.b] + flab) + 3, IO g
k=2 N
S 1 b, by )b — 8(1)) @ — (1)t Runla b — (0)).
i —— ——

m times k times

Identities (2.52), (2.53) and (2.54) follow after applying a normalized positive linear func-
tional A to previous equalities respectively. O
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Following representations of the left side in the scalar Edmundson-Lah-Ribari¢ in-
equality are special cases of Lemma 2.1 and Lemma 2.2 for A =id and g = 1.

Lemma 2.3 Let a,b be real numbers such that a < b. For a function f € €"(|a,b]), n >3,

the following identities hold:

- b—t
b—a

—a n—1
o f(1) -5 (@)~ T f(b) = ¥ flash, b1 a)— B+ Rie)  (262)
k=2 v

k times

o F(0)~ =L fla)~ =2 f(b) = fla,aib)(t ~ )t ~b)

n—2

+ Y fla,a:b,....b)(t —a)*(t — b)* '+ Ry () (2.63)
k=2 k times
where R(t) =(t —a)"(t —b)" ™ f[t;a, ..,a; b,b,...,b]. (2.64)
N—— N——

m times (n—m) times

Additionally, if n > m > 3, then we have

— —a m=1 ¢(k) (4
o S0~ G (0) = =) = (=) (]~ flo) + 3, LD oo
+n§1f[aa-~-7a;b,-~-,b](t*a)’”(tfb)"’1+Rm(t). (2.65)
k=1 g —

m times  k times
Lemma 2.4 Let a,b be real numbers such that a < b. For a function f € €"(|a,b]), n> 3,
the following identities hold:
b—t
b—a

—a n—1
o f(1) -5 (@)~ T f(b) = ¥ flbia. a1 D)t~ ) HRI) (266)
k=2 v

k times

t—a

o F(0)~ =L fla)~ =2 f(b) = flb bral(t ~ )t —a)

n—2
+ Y flb.bia,....,a)(t — b)*(t —a) '+ R;(r) (2.67)
i—2 W—’
k times
where R(t) = flt:b,.... b ayay ooy | (£ — D)™ (t — @)™ (2.68)
N—— N——

m times (n—m) times

Also, if n > m > 3, then

— —a m—1 ¢(k)
e S0~ G (0) ~ = b = (b=l 1) + 3, TPy
+ninf[b, cnbia,.d)(t —b)"(t —a) T R (1), (2.69)
k=1 M v

m times k times
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A generalization of the Edmundson-Lah-Ribari¢ inequality by Hermite’s interpolating
polynomials in terms of divided differences, obtained from Lemma 2.1, is given in the
following theorem.

Theorem 2.9 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let f € €"([a,b]), and let g € L
be any function such that f o g € L. If the function f is n-convex and if n and m > 3 are of
different parity, then

m—1 r(k) a
LR(fagvavva) < (A(g) _a) (f[a,a] —f[a,b])+ Z f kl( )A |:(g_al)ki|
k=2 :
+ ]Z,l f[av"'7a;b7 7b]A [(g*al)m(g*bl)kfl} . (270)

m times k times

Inequality (2.70) also holds when the function f is n-concave and n and m are of equal
parity. In case when the function f is n-convex and n and m are of equal parity, or when
the function f is n-concave and n and m are of different parity, the inequality sign in (2.70)
is reversed.

Proof.  We start with the representation of the left side in the Edmundson-Lah-Ribari¢
inequality (2.47) from Lemma 2.1 with a special focus on the last term:

AR(g)) =A| (g—al)" (g—b1)" " flg:al,...,al; b1,.... b1]

m times  (n—m) times

Since A is positive, it preserves the sign, so we need to study the sign of the expression:

(8(t) —a)" (g(t) =b)" " flg(t):a,...a; b,D,....b].

m times (n—m) times

Since a < g(¢t) < b forevery t € E, we have (g(t) —a)" > 0 for every € E and any
choice of m. For the same reason we have (g(¢) —b) < 0. Trivially it follows that (g(¢) —
b)"™™ < 0 when n and m are of different parity, and (g(t) —b5)"~™ > 0 when n and m are
of equal parity.

If the function f is n-convex, then f[g(¢);a,...,a; b,b,...,b ] > 0, and if the function f

—— ——

m times (n—m) times

is n-concave, then f[g(¢);a,...,a; b,b,...,b] < 0.
—— ——

m times (n—m) times

Now (2.70) easily follows from (2.1). O

Following generalization of the Edmundson-Lah-Ribari¢ inequality by Hermite’s in-
terpolating polynomials in terms of divided differences is obtained from Lemma 2.2.
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Theorem 2.10 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and
let A be any positive linear functional on Lwith A(1) = 1. Let f € €"([a,b]), andlet g € L
be any function such that f o g € L. If the function f is n-convex and if m > 3 is odd, then

m—1 (k)(b) .
LR(f,g,a,b,A) < (b=A(g)) (fla,b] = fb,0]) + 3, = —Allg —b1)"]
k=2 :
+ni:nf[b,...,b;a,...,a]A[(g—bl)m(g—al)kfl] (2.71)
— =~ ~——

m times k times

Inequality (2.71) also holds when the function f is n-concave and m is even. In case when
the function f is n-convex and m is even, or when the function f is n-concave and m is odd,
the inequality sign in (2.71) is reversed.

Proof. Similarly as in the proof of the previous theorem, we start with the representation
of the left side in the Edmundson-Lah-Ribari¢ inequality (2.54) from Lemma 2.2 with a
special focus on the last term:

AR, (g))=A] flg:bl,...,b1;al,...;al](g—b1)" (g —al)"™"
—— N——
m times  (n—m) times

As before, because of the positivity of the linear functional A, we only need to study the
sign of the expression:

(g(t)=b)"(g(t) —a)" " flg(t);b,....b; a,a,...,a].

m times (n—m) times

Since a < g(t) < b for every t € E, we have (g(t) —a > 0 for every t € E and
any choice of m. For the same reason we have (g(¢) — b) < 0. Trivially it follows that
(g(r) —b)" < 0 when m is odd, and (g(¢) — b)™ > 0 when m is even.

If the function f is n-convex, then its n-th order divided differences are greater of equal
to zero, and if the function f is n-concave, then its n-th order divided differences are less
or equal to zero.

Now (2.71) easily follows from Lemma (2.2). O

)nfm

Corollary 2.5 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and
let A be any positive linear functional on L with A(1) = 1. Let n be an odd number, let
f €% ([a,b]), andlet g € L be any function such that f o g € L. If the function f is n-convex
and if m > 3 is odd, then

m—1 r(k) a
(A®) ~a) (fla.al — fla.b) + 3, D [(g— at)]
k=2 :

k
+ninf[a,...,a;b, ..bJA [(gfanm(gfbl)k*l]
=l —— ——

m times k times
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m—1 r(k)
<LR(f.g.0.b.4) < (b~ A() (fla.b] ~ flo.) + 3, TP al(e - b1)]
k=2 N
+nimf[b,...,b;a,...,a]A[(g—bl)'"(g—al)k*l]. (2.72)
o = —

m times k times

Inequality (2.72) also holds when the function f is n-concave and m is even. In case when
the function f is n-convex and m is even, or when the function f is n-concave and m is odd,
the inequality signs in (2.72) are reversed.

Remark 2.5 In Theorem 2.8 it is shown that for a 3-convex functions we have

IO=L) DG -any

(Alg)—a) |f(a) -

f(b)— fla '
< LR(f.g.00) < (0= aGe) [T - )]+ D a1 - g
and if the function f is 3-concave, then the inequality signs are reversed. It is obvious that
inequalities (2.72) from Corollary 2.5 provide us with a generalization of the result stated
above.

The following result is another generalization of the Edmundson-Lah-Ribari¢ inequal-
ity by Hermite’s interpolating polynomials in terms of divided differences obtained from
Lemma 2.1.

Theorem 2.11 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and
let A be any positive linear functional on Lwith A(1) = 1. Let f € €"([a,b]), and letg € L
be any function such that f o g € L. If the function f is n-convex and if n is odd, then

n—1
> flasb,...,blA (gfal)(gfbl)kﬂ <LR(f,g,a,b,A) (2.73)
k=2 k times
n—2
< fla,a;b|Al(g — al)(g — b1)] + .a;b,....blA | (g —al)*(g—b1D)F 1.
fla,a;b]A[(g — al)(g — b1)] kg,zf[aa kﬁm] (g—al)*(g—bl)

Inequalities (2.73) also hold when the function f is n-concave and n is even. In case when
the function f is n-convex and n is even, or when the function f is n-concave and n is odd,
the inequality signs in (2.73) are reversed.

Proof. From the discussion about positivity and negativity of the term A(R,(g)) in the
proof of Theorem 2.9, for m = 1 it follows that

* A(R1(g)) > 0 when the function f is n-convex and n is odd, or when f is n-concave
and n even;

* A(R1(g)) <0 when the function f is n-concave and n is odd, or when f is n-convex
and n even.
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Now the identity (2.45) gives us
LR(f,g,a,b,A) > fla;b,b]A[(g —al)(g —b1)] + flasb,b,b]A[(g — al)(g — b1)’]
+ ..+ flasb,b,....b]JA (g —al)(g — b1)"?]
——

(n—1) times

for A(Ri(g)) > 0, and in case A(R;(g)) < 0 the inequality sign is reversed.
In the same manner, for m = 2 it follows that

* A(Rz(g)) < 0 when the function f is n-convex and n is odd, or when f is n-concave
and n even;

* A(Ry(g)) > 0 when the function f is n-concave and 7 is odd, or when f is n-convex
and n even.

In this case the identity (2.46) for A(R»(g)) < 0 gives us
LR(ngvavva) < f[a7a’b]A[(gia1)(gib1)] +f[aaa’bab]A[(g7a1)2(gib1)]
+...+ fla,a; b,b,...,b]A [(g—al)z(g—bl)"%]
——

(n—2) times

and in case A(Ry(g)) > O the inequality sign is reversed.
When we combine the two results from above, we get exactly (2.73). O

By utilizing Lemma 2.2 we can get a similar generalization of the Edmundson-Lah-Ri-
bari¢ inequality that holds for all n € N, not only the odd ones.

Theorem 2.12 ([107]) Let L satisfy conditions (L1) and (L2) on a non-empty set E and
let A be any positive linear functional on Lwith A(1) = 1. Let f € €"([a,b]), andlet g € L
be any function such that f o g € L. If the function f is n-convex, then

n—2

fb,b;alA[(g —b1)(g —al)]+ Y. flb,bia,...,aA[(g — b1)*(g —al)* ]
k=2 k times
n—1
<LR(f,g.a,b,A) < Y flbsa,...,a)A[(g — b1)(g —al)* ). (2.74)
k=1 k times

If the function f is n-concave, the inequality signs in (2.74) are reversed.

Proof. We return to the discussion about positivity and negativity of the term A(R},(g)) in
the proof of Theorem 2.10. For m = 1 we have

(g(t)—b)'(g(r) —a)" ' <0 foreveryr € E,

so A(Rj(g)) > 0 when the function f is n-concave, and A(R;}(g)) < 0 when the function f
is n-convex. Now the identity (2.52) for a n-convex function f gives us
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LR(f,g,a.b,A) > f[b,bsalA[(g — b1)(g —al)] + flb,b:a,alA[(g — b1)*(g —al)]
+ ...+ flb,bsa,a,...,a)A[(g — b1)* (g — al)" 3]
(n—2) times

and if the function f is n-concave, the inequality sign is reversed.
Similarly, for m = 2 we have

(¢(t) —b)*(g(t) —a)" 2 >0 foreveryt € E,

so A(R;(g)) > 0 when the function f is n-convex, and A(R;(g)) < 0 when the function f
is n-concave. In this case the identity (2.53) for a n-convex function f gives us

LR(f,g,Cl,b,A) < f[b,ava]A[(g_bl)(g_al)] +f[b’a’a’a]A[(g_bl)(g_al)z]
oot flbi ad,...a)Al(g — b1) (g —al)" ]
——
(n—1) times
and if the function f is n-concave, the inequality sign is reversed.

When we combine the two results from above, we get exactly (2.74). O

Remark 2.6 Since

flab,b] = — <f/(b) ~ JM)

b—a P
fla,a;b] = bia <f/(b)_JW) |
when we take n = 3 in (2.73) or (2.74), we get that
Al(g —al)(g—b1)] <f’(b)M) .
b—a b a .
e e UG =

holds for a 3-convex function, and for a 3-concave function the inequality signs are re-
versed. Inequalities (2.75) are proved in Theorem 2.5, so it follows that Theorem 2.11 and
Theorem 2.12 give a generalization of that result.

2.5 Applications to generalized means

Let I = {(a,b), —eo < a < b < e, and let y: I — R be continuous and strictly monotonic.
Suppose that L and A satisfy the conditions L1,L2 and A1,A2 with A(1) =1 on a non-
empty set E, and that y(f) € L for some f € L. Generalized mean for f € L with respect
to the operator A and the function y is defined by

My(f.A) =y (A(y(f))). (2.76)
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The following results give us inequalities of the Edmundson-Lah-Ribari¢ and Jensen
type respectively for the generalized means.

Theorem 2.13 ([103]) Let I C R be such that its interior contains the interval [m,M],
and let W, ) : I — R be continuous and strictly monotonic. Suppose that L and A satisfy
the conditions L1,L2 and A1,A2 with A(1) = 1 on a non-empty set E, and let f € L be
such that w(f), x(f) € L. Let us assume that the function ¢ = y oy~ is 3-convex. Then

A([My1 = y(H)]ly(f) —my1 ])< x(M) — x(m)

~Dxow Tl )

My —my (M) — y(m)
v(M) —A(y(f)) A(f) —wlm) o
< yon —ym) ATy A M54 2T
A(My L=y =md]) (o (M)~ (m)
! e ’”W <x v W(M)—w(m)>

for every f € L such that m < f(t) <M for t € [m,M), where [my,My| = y([m,M]). If
—¢ is 3-convex, then the inequalities in (2.77) are reversed.

Proof. Function y is strictly monotonic. If y is increasing, then my = y(m) and My, =
v(M), and if y is decreasing, then my, = y(M) and My, = y/(m). Since m < f(t) < M for
t € [m,M], we have my, < y(f(t)) < My, for every ¢ € [m,M]. We see that the conditions
of Theorem 2.5 are satisfied, so we can obtain (2.77) by making substitutions

m=my, M=My, ¢ =xoy ' and f=yof
in (2.21). O

Theorem 2.14 ([103]) Let I C R be such that its interior contains the interval [m,M],
and let W,y : I — R be continuous and strictly monotonic. Suppose that L and A satisfy
the conditions L1,L2 and A1,A2 with A(1) = 1 on a non-empty set E, and let f € L be
such that w(f), x(f) € L. Let us assume that the function ¢ = y oy~ is 3-convex. Then

(My —A(w () (A(w(f) —my) [ x(M)—x(m) . ' (m
My —my (‘VM)—‘I/(’” xov i W)>
A[(My1 =y (1) (w(f) —myl)] . X (M) — x(m)
My —my <[% VoI (y) ‘I/(M)—‘V(m)>
< XMy (f,A)) — x(My(f,A)) (2.78)
(My — A (N)AWY)) —my) (- 1y ~ xM) —x(m)
: My —my (eow 1 om) - Sp =)

A Myl =y () —myl]) (M) —y(m)
puil (Zo=E0 o ny))

for every f € L such that m < f(t) <M for t € [m,M), where [my,My| = y([m,M]). If
—¢ is 3-convex, then the inequalities in (2.78) are reversed.
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Proof. The inequalities (2.78) are obtained by making the same substitutions in the relation
(2.25) from Theorem 2.6 as in the proof of the previous theorem. O

Remark 2.7 With notations as in Theorems 2.13 and 2.14, suppose that the function y o
v~ ! is differentiable in points ,, and yy,. In this case, expressions v, and yy can
respectively be replaced by w(m) and w(M), due to the symmetry. In addition, utilizing
the chain rule, the expressions

xow ' (y(M)) and [yoy ') (w(m))

can be rewritten in a more suitable form, that is,

x' (M) ow1Y m)) =

xovw ' (w(M)) =

2.5.1 Examples with power means

Suppose that L and A satisfy the conditions L1,L2 and A1,A2 with A(1) = 1, on a non-
empty set E. The power mean of a function f € L with respect to the operator A is a special
case of the generalized mean, and it is defined for r € R with:

,. AP A0
) ={ Soltosry 20 27

where f(¢) >0fors € E, f" € Land logf € L.

Following two results are simple consequences of Theorem 2.13 and Theorem 2.14,
that is, the series of inequalities in (2.77) and (2.78) with particular choices of functions
and y respectively. The first result is a Edmundson-Lah-Ribaric¢ type inequality for power
means.

Corollary 2.6 ([103]) Let I C R be such that its interior contains the interval [m,M|.
Suppose that L and A satisfy the conditions L1,L2 and A1,A2 with A(1) =1 on a non-
empty set E, and let f € L be such that0 <m < f(t) <M fort € E, f",f* € Lforr,s € R
andlogf € L.

o [fany of the relations 0 < s <ror0<2r<sorr<0<sor2r<s<r<0hold,
then

AL_FIL ) ()

M" —m" M" —m"

M"—MUI(f,A)" MUL(f, A —m"
< > s ) s aglsl s )
<t =M = MPI(f,A) (2.80)

A ) (e300
- M —m’ M —m" )

Ifr<s<0ors<2r<0ors<0<ror0<r<s<2r then the inequalities in
(2.80) are reversed.
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o [fr+#0, then

A(M"1—fT[ff —m"1]) [logM —logm 1
M —m" < M"—m" rm’)

M — MUl (f A)r Ml (f A)r —m
<« " M) = V) _ (0] .
< Y logm + FY logM —log[M™ (f,A)] (2.81)
<A([M’17fr][frfmr1]) 1 logM —logm
- Mr—m’ rM’” Mr—m" '

o [fs >0, then
A ([logM1 —log f][log f — logm1]) ( M —m’ )

logM —logm logM —logm o

_ [0] (o] _
 logM —logIMP(f,A)] . | loglMTI(f,A)] —logm /o
logM —logm logM —logm

(f,A)°
(2.82)

- A ([logM1 —log f][log f — logm1]) e M —m*
Mo T
- logM — logm logM —logm )’

and if s <0, the inequality signs in (2.82) are reversed.

Proof.  Let us set x(t) =¢° and y(¢t) = ¢, where s and r are mutually different real
parameters not equal to zero. Then the function ( X o l//’l) (1) = 17 is 3-convex on R, if
0< f <lor 15 > 2. Itis possible in each of the following four cases: 0 <s<rorr<s<0
or 0 <2r<sors<2r<0. We calculate (yo W*I)/(t) = %tif Since the function
y(t) =1t" is increasing for r > 0 we have my, = y(m) and M, = y(M). Now, considering
(2.77) with the above functions y and y on the interval [m, M], we obtain (2.80). For r < 0
the function y/(¢) =" is decreasing, which means that my, = y(M) and My, = y(m), so
those inequalities are reversed.

On the other hand, the function — (y oy~ !) () = —17 is 3-convex on R, if 0 < <0
or 1 < % <2, which is possible in any of the following cases: r <0 <sors <0 <ror
0<r<s<2ror2r<s<r<0. Again, if r > 0 the function y(¢) =" is increasing,
so we get the inequalities (2.80) with the reversed sign of inequality by setting y (¢) = ¢°
and y(z) =" in the reversed inequalities (2.77), and if » < 0, we get exactly inequalities
(2.80).

It remains to consider the cases when one of the parameters r and s is equal to zero. If
s =0, then setting y (¢) =logt and y(¢) =1, it follows that (y o 1) (t) = Llogt. Clearly,
this function is 3-convex for r > 0, while —y o ll/’1 is 3-convex for r < 0. Moreover, since
(x o y/*‘)/ (1) = %, after a straightforward computation and taking into account that the
function y(¢) =¢" is increasing for r > 0 and decreasing for r < 0, we obtain (2.81).

Finally, if r = 0, then setting x(¢) = ¢* and w(¢) = logt, it follows that the function
(xow™') (#) = exp(st) is 3-convex for s > 0. The function y(r) = logt is increasing, so
after calculating () o 1[/*1)/ (1) = sexp(st), from (2.77) we get (2.82). a

Next result is a Jensen type inequality for power means, and it is obtained from Theo-
rem 2.14 in an analogous way as described in the proof of the previous corollary.
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Corollary 2.7 ([103]) Let I C R be such that its interior contains the interval [m,M|.
Suppose that L and A satisfy the conditions L1,L2 and A1,A2 with A(1) =1 on a non-
empty set E, and let f € L be such that0 <m < f(t) <M fort € E, f",f* € Lforr,s €R
andlog f € L.

o [fany of the relations 0 < s <ror0<2r<sorr<0<sor2r<s<r<0hold,

then (M,._M[r] (f,A)r)(M[l] (f’A)r—mr) (MS_mS Smsr)

M"—m" M'—m" r

AU ) (5 M)

M —m" r M —m"
< M[s] (f,A)s 7M[r] (f,A)s (2.83)
< O MO AYMUFAY ) (3 M)
> M —m" r M" —m"
A(M - —m )] (M —m* s,

Ifr<s<0ors<2r<0ors<0<ror0<r<s<2r then the inequalities in
(2.83) are reversed.
o [fr+#0, then
(M"—MUL(£, ) ) (MU (F,A) —m") [logM —logm 1
M" —m" ( M" —m" _rmr)
A(IM"1— f[f" —m"1]) ( 1 logM—logm)

M"—m" rM’" M"—m"
< log[MPl(f,A)] —log[M"(f,A)] (2.84)
_ (M’ _ pml (f,A)’)(MM (f,A) —m") 1 logM —logm
- M" —m" rM’" M"—m"
A(M"1—fT[ff —m"1]) [logM —logm 1
B M —m" M —m" rm )

o [fs >0, then
(logM —log[M")(f,A)) (log[M")(f,A) —logm) [ M* —m* ;
logM —logm <logM— logm o )
_ A([logM1 —log f][log f — logm1]) (SMS M- )

logM —logm logM —logm
< M (f,A) — M0 (f,A) (2.85)
< (logM—log[M[O](f,A))(]Og[M[O](f,A) _IOgm) (SM‘Y— M —m’ )
- logM —logm logM —logm
~ A([logM1 —log f][log f — logm1]) ( M —m’ _sms)
logM —logm logM —logm

and if s < 0, the inequality signs in (2.85) are reversed.



Chapter

Jensen and
Edmundson-Lah-Ribaric type
inequalities for f-divergence

Numerous theoretic divergence measures between two probability distributions have been
introduced and comprehensively studied. Their applications can be found in the analysis of
contingency tables, in approximation of probability distributions, in signal processing, and
in pattern recognition. Csiszdr introduced the f—divergence functional which represent
a “distance function” on the set of probability distributions. A great number of theoretic
divergences are special cases of Csiszar f-divergence for different choices of the function
-

In this chapter first we will obtain some estimates for the f-divergence functional via
converses of the Jensen and Edmundson-Lah-Ribari¢ inequalities for convex functions.
Then we will study a generalization of the f-divergence functional for different classes
of functions (functions with bounded second order divided differences, Lipschitzian func-
tions, 3-convex functions and n-convex functions). We also utilize our results regard-
ing Csiszdr divergence in order to obtain different inequalities for the Zipf and Zipf-
Mandelbrot law.

The Zipf law has and continues to attract considerable attention in a wide variety of
scientific disciplines - from astronomy to demographics to software structure to economics
to zoology, and even to warfare [45]. It is one of the basic laws in information science and
bibliometrics, but it is also often used in linguistics. Same law in mathematical sense is also
used in other scientific disciplines, but name of the law can be different, since regularities

67
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in different scientific fields are discovered independently from each other. Typically one
is dealing with integer-valued observables (numbers of objects, people, cities, words, ani-
mals, corpses) and the frequency of their occurrence. Benoit Mandelbrot in 1966 gave an
improvement of the Zipf law for the count of the low-rank words. Various scientific fields
use this law for different purposes, for example information sciences use it for indexing,
ecological field studies in predictability of ecosystem, in music it is used to determine
aesthetically pleasing music.

3.1 Introduction

Let us denote the set of all probability densities by P, i.e. p = (p1,...,pn) € Pif p; €
[0,1] for i=1,...,n and ¥ | p; = 1. One of the numerous applications of Probability
Theory is finding an appropriate measure of distance (difference or divergence) between
two probability distributions.

Consequently, many different divergence measures have been introduced and exten-
sively studied, for example Kullback-Leibler divergence, Hellinger divergence, Renyi di-
vergence, Bhattacharyya divergence, harmonic divergence, Jeffrey divergence, triangu-
lar divergence etc. All of the mentioned divergences are special cases of the Csiszar
f-divergence.

These measures of distance between two probability distributions have an important
application in a great number of fields such as: anthropology, genetics, economics and
political science, biology, approximation of probability distributions ([32], [92]), signal
processing ([77]) and pattern recognition ([15], [28]), analysis of contingency tables ([52]),
ecological studies, music etc.

A large number of papers has been written on the subject of inequalities for different
types of divergences. Since the functions that are used to define most of the divergences
are convex, Jensen’s inequality and its converses play an important role in the mentioned
inequalities.

Csiszar [33]-[34] introduced the f—divergence functional as

Dﬂnq)Z%f<§), (3.1)
i=1 l

where f: [0,4-o0) is a convex function, and it represents a “distance function” on the set of
probability distributions IP.
Dragomir [39] gave the following upper bound for the Csiszdr divergence functional

M—1 1—m

f(m)+ f(M), (3.2)

D <
r(pq) < o —

where f is a convex function on the interval [m,M], p = (p1,..-,Pn),q9 = (q1,---,qn) € P
and m < p;/q; < M for every i = 1,...,n (then it easily follows that 1 € [m,M]).
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The Kullback-Leibler divergence, also called relative entropy or KL divergence

Dki(p,q) Zpllog (2’)

i=1 l

is a measure of the non-symmetric difference between two probability distributions p and
g, but it is not a true metric because it does not obey the triangle inequality and in general
Dk1(p,q) # Dkr(q, p). The Kullback-Leibler divergence was introduced by Kullback and
Leibler in [88], and it is a special case of the Csiszdr divergence for f(¢) = rlogr.

In order to use nonnegative probability distributions in the f-divergence functional,
Horvath et. al. in [62] defined

£(0):= lim f(r), O-f(%) ::0,0-f(%) lim ;f( )

t—0+ t—0+

and gave the following definition of a generalized f-divergence functional.

Definition 3.1 Let J C R be an interval, and let f: J — R be a function. Let P =
(p1y---,Pn) be an n-tuple of real numbers and Q = (qy,...,qn) be an n-tuple of nonneg-
ative real numbers such that p;/q; € J for everyi=1,...,n. Then

Di(p.q) ==Y aif (‘Z—) : 3.3)
i=1 L

Let p = (pi,...,pn) and p = (q1,...,qn) be probability distributions. Examples of some
well-known divergences and their generating functions are as follows.

> Kullback-Leibler divergence of the probability distributions p and g is defined as
Di.(p.q) = Z gi log

and the corresponding generating function is f(¢) = tlogz, r > 0.

> Hellinger divergence of the probability distributions p and q is defined as

Du(p.q) = lzv Vg

and the corresponding generating function is f(r) = %(1 — V1), t>0.

> Renyi divergence of the probability distributions p and q is defined as
Z q? 'p?, a R,

and the corresponding generating function is f(z) =%, > 0.
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> Harmonic divergence of the probability distributions p and q is defined as

n 2p1ql
Dua(p,q) = D), ———,
«(p,q) Zi Ditai

and the corresponding generating function is f(r) = 12—+tt

> Jeffrey divergence of the probability distributions p and q is defined as

n

1 q
Dy(p,q) = 5 X.(¢i—pi)log ;’,
;- 1

i=1

and the corresponding generating function is f(¢) = (1 —)log tl, t>0.

3.2 Inequalities for generalized f-divergence

Our first result in this section is an improved version of Dragomir’s result (3.2) for the
generalized f-divergence functional, and it provides an upper bound for the mentioned
functional.

Theorem 3.1 ([104]) Ler [m,M] C R be an interval, let f: [m,M] — R be a function
and let &5 be defined in (1.19). Let p = (p1,...,pn) be an n-tuple of real numbers and
q = (q1,---,qn) be an n-tuple of nonnegative real numbers such that p;/q; € [m,M] for
every i =1,....,n. If the function f is convex, we have

A MQ, - P, Py —mQ,
Dy(p.q) < = ——=f(m)+——=f(M)
n z M
_ (Q_,_ ,&ql )51‘.’ (3.4)

=1

where P, =Y, pi and Q, = Y./, qi. If the function f is concave, then the inequality sign
is reversed.

Proof. Let f: [m,M] — R be a convex function. For an n-tuple of real numbers x =
(x1,...,xn), an n-tuple of positive numbers p = (py, ..., p,) and a normalized positive linear
functional A(x) = fl’n >t pixi, from Theorem 1.9 we have

1 & M—x x—m
E;Pi.f(xz)SM_mf(m) M (M)
1 & 1 1 m+M
—E;Pi(E—Mm Xi — 2 D&f» (3.5)
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T 1l yn . _ .
where x = e " | pixi. Since ¢ = (q1,...,qn) are nonnegative real numbers, we can put

Di

Pi = (i and Xi= —

in (3.5) and get

1 Pi
1< Di M— 5. Xic14iyg 0, &i=14ig; =M
— f<_) < LT T ) 4 & i M
n;% Py M—m (m) M—m (M)
1 Qn < Di erM
o e o L) TS
O 2 —1 qi

and after multiplying by O, we get (3.4).

Remark 3.1 Fromm < p;/q; < M it easily follows that (see [80])

M—m - m+M <Mfm . m+M Mfm
T L . e |pi— :
) qi = pi ) qi > ) qi, Di ) qi| = ) qi
which together with §; > 0 for a convex function f gives us
n
(% — 2 )5f > 0.
=1

Remark 3.2 If in the previous theorem we take p and g to be probability distributions, we
directly get an improvement of Dragomir’s result for the Csiszar f-divergence functional:

1—m

Ds(p.q) < 5 —f(m) + - —f(M)
1 1 2 m+M
-G el

Next result is a special case of Theorem 3.1, and provides with bounds for the Kullback-
Leibler divergence of two probability distributions.

Corollary 3.1 ([104]) Let [m,M] C R be an interval and let us assume that the base of

the logarithm is greater than 1.
,qn) be n-tuples of nonnegative real numbers such

o Letp=(pi1,....pn) and g = (q1, ...
n. Then

that pi/q; € [m,M] for everyi=1,...,

pi MM
Zpllog<q)<QnM — g(M) — (m) (3.6)
On | 2M

(T_WZI )(’"‘Og ap Moz +M)-
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o Let p=(pi1,....,pn) and q = (q1,...,qn) € P be probability distributions such that
m < p;i/qi < M holds for every i =1, ...,n. Then

Mm m 1 MM
D < ] (—) log [ 21— 7
kL(P.q) < 3 —log| 4 +M—m0g(m’”) (3.7)
(1 ! : ) log—2" 4 Miog—M
2 M—m#*= pi 2 4 " gquM gquM ’

n
If the base of the logarithm is less than 1, the inequality sign in the inequalities above
is reversed.

m+M

Proof. Let p=(pi1,...,pn) and g = (q1,-..,qn) be n-tuples of nonnegative real numbers.
Since the function ¢ — tlog? is convex when the base of the logarithm is greater than 1, the
inequality (3.6) follows from Theorem 3.1, inequality (3.1), by setting f(¢) = tlogz.
Inequality (3.7) is a special case of the inequality (3.6) for probability distributions p
and gq. O

Next result is obtained by utilizing Theorem 1.10, and it also gives us bounds for
the generalized f-divergence functional. Concurrently, it represents an improvement of
bounds for f-divergence functional obtained by Dragomir in the paper [39].

Theorem 3.2 ([104]) Let I C R be an interval such that its interior contains the interval
[m,M], let f: I — R be a continuous function and let 6 be defined in (1.19). Let p =
(p1s-.., Pn) be an n-tuple of real numbers and q = (qy, ...,qn) be an n-tuple of nonnegative
real numbers such that p;/q; € [m,M| for every i =1,...,n. Let Vs be defined in (1.13). If
the function f is convex, then

X P
0 < Dj(p,q) - an (Q_>

P, P,
<O (M—n> (—nm) sup WPr(t;m,M
Qn Qn ze(yn,lj)\/l) f( )

+M
pi— ’"TqiD 5 (3.8)

Qn / /
< M = m) (7 (M) — £Lm) - (7 -

If the function f is concave, the inequality signs are reversed.

Proof. Let f: [m,M] — R be a convex function. Let x = (x1,...,x,) be an n-tuple of
real numbers and let p = (py,...,ps) be an n-tuple of positive numbers. Then A(x) =
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Pi" Y., pixi is a normalized positive linear functional, so from Theorem 1.10, inequality

(1.20), we have

0< i (z Pm)
i=1
éW’ﬂ@r@sw‘h@mM)(%—%—im&@%ﬂDQ
re(m,M) m;=
< D 2 ) — g ) - (%—é;iM&m§M>@
< v mu<>ﬂ@m<§ﬁ%QEMMﬂgﬂD@s (39)

Since ¢ = (g1, ...,qn) are nonnegative real numbers, we can put

4 _ 91 andx,fpi

pi= 27:1 qi Qn qi

in (3.9) and get
c qi Ppi
0< =) -f 1
Z ”lqz <ql) Z{Zillqiqi
- qi - qi Di
M— ——m| sup Wr(t;m,M)
; lql ql Z 21 14i 9i te(m,M) !
(11 i nqi pi m+M’ 5
2 M-mZ= ¥ qi|4qi 2

(M) — f! n . . n .
Sff( ) f+(l’l’l) M— n‘]z Pi 2 qi &—m
M—m i=1 2i=19i 9i -1 Y1 i gi

pi m—i—MD 5,

1 1 1 qi
2 M- m = 121 1 9i

qi

4;

1 y 11 & g |pp mtM
< X my (o n) — ) - @ e e —7—>&

and after multiplying by Q,, we get (3.8). O

The result that follows is a special case of Theorem 3.2. It gives us different bounds of
those that we have already obtained for the Kullback-Leibler divergence of two probability
distributions.

Corollary 3.2 ([104]) Let [m,M] C R be an interval and let us assume that the base of
the logarithm is greater than 1.
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o Letp=(p1,....,pn) and q = (q1,...,qn) be n-tuples of nonnegative real numbers such
that pi/q; € [m,M] for everyi=1,...,n. Then

P, P,
SOn(M——= H T sup LIJid-log(t;m;]\/[)
te

On/) \On (m,M)

On 1 & m+M M
- = -— ——q; 1 Mlog———
(2 Mfm; Di 2 qi mlog + 0g maM

P, P,

< O <Ml) <lm>1og— (3.10)

M—m n n
O 1 z m+M 2m 2M
B A 1 Mlog——
(2 —m;pl 2 e mogm+M+ 8 m+M

m+M | 2m Y 2M
i———0; mlo o) .
pi 2 4 gm+M gm+M

o Let p=(pi1,....,pn) and q = (q1,...,qn) € P be probability distributions such that
m < p;i/qi < M holds for everyi=1,...,n. Then

0 < DkL(p,q)

< (M— 1) (1 —m) sup \Pid.]og(l;m,M)
re(mM)

1 n
(et

+M
Pi— —Qt

) 2m Y 2M
mlo Mlog——-
gm—i—M gm—i—M

1 M
< M—1)(1—m)log— 3.11
< (M- 1) (1 -m)log @11
1 J m+M 2m 2M
—z—— i— ————qi 1 Ml
2 M—m&|PT T2 q") (mOgm+M+ 0gm+M)
I(M ) M 1 1 & m-+M I 2m M 2M
— og—— [ -——— i————qi o o .
4 " gm 2 M-m& bi 2 7 " gm+M gm—l—M

If the base of the logarithm is less than 1, the inequality sign in the inequalities above is
reversed.

Proof. Let p = (p1,...,pn) and g = (q1,...,qn) be n-tuples of nonnegative real numbers.
Function ¢ — tlogt is convex, so inequality (3.10) follows from Theorem 3.2, inequality
(3.8), by setting f(¢) = tlogt.

Inequality (3.11) is a special case of the inequality (3.10) for probability distributions
p and g. O
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Remark 3.3 Ifin Theorem 3.2, inequality (3.8), we set f(r) = —log# with the base greater

than 1, we get the following:

e for n-tuples of nonnegative real numbers p = (py,...,p,) and g = (q1,...,¢,) such
that p;/q; € [m,M] forevery i = 1,...,n we have

n

; P
0< ZCIiIOg (%) + Qylog (@)

P, P,
< Oy M__n) (_n_m) sup \Pflog(t;va)
On te

n (mM)
o R m+M (m+M)?
(2 — — ———qi| | log———2 12
(2 M—m;p’ 2 )% am G-12)
G (-2)(E)
Mm n n
On 1 & m+M (m+M)?
= - a0
(2 fmi:zlp‘ 2 1)
OuM-—m)?* (0, 1 m+M (m+M)
< N5 2P~ —5—a| |log—F— .
4Mm 2 M-m4H 2 4mM

e for probability distributions p = (pi,...,pn) and q = (q1,...,qn) € P such that
1.

m < pi/q; < M holds for every i = 1,...,n we have
0 < Dk.(q,p)
SM—-1)(1—m) sup W_joq(t;m,M)
re(m,M)
1 1 & m+M (m+M)>?
S (S B ol PSS i Pl [ | P A 3.13
(2 M—m =~ pi ‘b‘) 0og amM ( )
<— (M-1)(1—
<o (M= 1) (1-m)
1 1l & m+M o (m+M)?
2 M—m AP T ) O
(M —m)? 1 1 & m+M Io (m+M)?
4Mm 2 M—m AP T ) O

If the base of the logarithm is less than 1, the inequality signs in the inequalities above are
reversed.

By following the same steps as in the proof of Theorem 3.2, but starting from Theorem
1.11, we get lower and upper bounds for the difference in the results from Theorem 3.1,

and consequently in Dragomir’s result (3.2).
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Theorem 3.3 ([104]) Let I C R be an interval such that its interior contains the interval
[m,M], let f: 1 — R be a continuous function and let 6y be defined in (1.19). Let p =
(p1s-.., Pn) be an n-tuple of real numbers and q = (qy, ...,qn) be an n-tuple of nonnegative
real numbers such that p;/q; € [m,M| for every i =1,...,n. Let V¢ be defined in (1.13). If
the function f is convex, then we have

O IO
<7M—mz

Py —mQy, A
+ O () Dy (P 0)

< sup ‘Pf(t;m,M)i(M&> <&m)

1€(m,M) i=1 qi qi
P, P,
<O (M—n> (—"m) sup W,(r;m,M)
On On te(m,M) /

(-5 o) Lz

< On
(0 m) (7 ()~ £ (). (.14

<

If the function f is concave, the inequality signs are reversed.

We can utilize Theorem 3.3 to obtain lower and upper bounds for the difference in the
results from Corollary 3.1, as well as for the reversed Kullback-Leibler divergence.

Corollary 3.3 ([104]) Let [m,M] C R be an interval and let us assume that the base of
the logarithm is greater than 1.

o Letp=(p1,....,pn) and q= (q1,...,qn) be n-tuples of nonnegative real numbers such
that p;/q; € [m,M| for everyi=1,...,n. Then

O, 1 & m+M 1 2m M 2M
- | — ———qi mlo 0

2 M-m4H pi 2 @ ngrM ngrM

Mm m P, MM 1 Di

< Ougrtou (37) + 377 loe (m—m> ~ 2pog(

n .
< sup Wignog(tsm,M) z< )(&m>
te(m,M) i=1 qi qi

<0, (M 5) (5 m) Sup Wiiog(rm, M) (3.15)
On te(m,M)

< (0 g) (o) e () = Fommee ()
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o Let p=(pi1,....,pn) and g = (q1,...,qn) € P be probability distributions such that
m < p;i/qi <M holds for everyi=1,...,n. Then

G 1 M1
( ; 6];‘) (mongrM-i- Ogm+M)
< My (m)+;l MY ipa)
“M-m & M M—-—m og kL\P>9q
n i .
< sup LI’,-d.log(t;m,M)Z<M&) <&m>

te(m,M) i=1 qi qi

<M—-1)(1—=m) sup Wigiog(t;m,M) (3.16)
re(mM)

< g (1= D= mtog (M) < S 0a—mog (2.

If the base of the logarithm is less than 1, the inequality signs in the inequalities above are
reversed.

Remark 3.4 As in Remark 3.3, we can set f(r) = —logs with the base greater than 1
in Theorem 3.3, inequality (3.14), and obtain the following inequalities for the reversed
Kullback-Leibler divergence:

e for n-tuples of nonnegative real numbers p = (py,...,p,) and g = (q1,...,¢,) such
that p;/q; € [m,M] forevery i = 1,...,n we have

O 1 3 1) 1o 2+ M)
2 Mfmizlp a & 4mM

On Mm Py m C qi

< o (47) ~ D aitog (£

< O o, oz (57) - Saios (£

n . .
< sup Wiog(t;m,M) 2( Zl) (&—m)
1

m+M
T

re(mM) i qi
P\ [ P,
<ou (M=) (2 Pioa (1, M
<0, (W= 2) (), son P
AL 0,
=" Mm (MQ)(Qn m>§ M G

e for probability distributions p = (py,...,pn) and g = (g1, ...,qn) € P such that m <
pi/qi < M holds for every i = 1,...,n we have

1 i +M ’ (m+M)?
P E, pi——=—qi| | log
(2 -—m= 2 )

4mM
1 M1
< M—Wllog<li) 7DKL(qap)




78 3 INEQUALITIES FOR f-DIVERGENCE

< sup ‘I’log(t;m,M)i(M—&) (ﬁ—m)

te(m,M) i—1 q qi
<M—-1)(1—m) sup Wiog(t;m,M)
1€(m,M)
1 1 2
< —-— — — < ——M— . .
<= M—-=1)(1—-m) < 4Mm(M m) (3.18)

If the base of the logarithm is less than 1, the inequality signs in the inequalities above are
reversed.

By using Corollary 1.1 we get an improvement of Theorem 3.1.

Theorem 3.4 [122] Let [m,M] C R be an interval and let f: [m,M] — R be a function.
Let p = (p1,...,p1) be an l-tuple of real numbers and q = (q1,...,q;) be an l-tuple of
nonnegative real numbers such that p;/q; € [m,M)] for every i =1,...,1. If the function f
is convex, we have

MQ, — —mQ,

A P P
D¢(p.q) < ﬁf(m)—i—ﬁf(}w)
— 271 ili_m
_ZOkzlef’”M”k (mex5.50) 3
_ MQ[*P[ P[*le
M- mf(m)+ M— mf(M)
N—1 2"
- Z ZZA; m,M,n, k
n=0k=1i=
By
(2"(pi —mqi) — qi(M —m)(k— 1)) X 24) (h)

Bi_m
. B anf, ) qi
+ (gi(M —m)k —2"(p; MQI))X(%;{’%) <Mm>]

where P = Zf:] piand Q) = 25:1 qi. If the function f is concave, then the inequality sign
is reversed.

Proof. Let f: [m,M] — R be a convex function. For an [-tuple of real numbers x =

(x1,...,x7) and an [-tuple of nonnegative numbers p = (py, ..., p;) from Corollary 1.1 we
have
1 M—x x—m
Pl;pzf(xt) = M_mf(m)JrM_mf( )
1 N—1 2" | m
L 3 Ap(m,M,n,k) [(H.1ul>< ﬂ
PZ n=0k=1i=1 ( m *2") M—m
M—x x—m
= f(m)+ f(M)
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Nz -
Z Z ZAf m,M,n,k)p [(ZHM—m_k—H) '%(k;l 21&1)

ln 0k=1i=

aXi—m Xi—m
(" M= m)q;;;ﬂ,;w) <M—m>}

- l l . _ .
where x = P Y. pixi. Since g = (qi,...,q;) are nonnegative real numbers, we can put

pi=q; and x; =2

qi

in previous inequality and get

14 ; M- L3l gl 5 i qilt —m
QZ‘IUC(%) < — GG p(y) 4 22 £(M)
i=1 i

M—m M—m

”z‘iz 5"
- Amenk qi | X (k=L
n=0k=1i= M_m ("’
zz lqlq Q,zz lqqufm
. M
LT ) ZETL )
lN 12"
ZZZAmenk
ln 0k=1i=

&—m
(zn(pi_MQi) _Qi(M_m)(k_ 1)) 'X(kfl 2k—|> <1(\]/l[m>

+ (qi(M—m)k—ZH(Pi—Wl%’))X(qu L) <;[_m>]

and after multiplying by Q; we get the result.

Remark 3.5 If in the previous theorem we take p and g to be probability distributions,

we directly get following result for the Csiszar f-divergence functional.

D¢(p,q) < Qf(m)Jrl_fmf(M)
e %—m _
M—1 1—m N—12" 1
- M—_m.f(m)+—_mf(M)fgm;i;Af(m,M,n,k)_
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Next result provides with an improvement of the bounds for the Kullback-Leibler di-
vergence of two probability distributions, that is result from Corollary 3.1.

Corollary 3.4 [122] Let [m,M] C R be an interval and let us assume that the base of the
logarithm is greater than 1.

e Let p=(p1,...,pn) and q = (q1,--.,q;) be l-tuples of nonnegative real numbers such

that ili € [m,M| foreveryi=1,...,1. Then
! M
Di m i M
tog (21 < | ( ) 1
;pl og(qi) Qz og +Mm0g(mm)
N—1 2"

fZZZAIOgmMnk)

n=0k=1i=

Mm m P M
_QM* log( )+M7 log( m)

N—1 2" 1
72 ZZAIOS mMnk)
n=0k=1i=
Bi iy
n  — . P . — — . —ql
(2"(pi —mq;) — qi(M —m)(k—1)) X(kz_l gk ) (M m)

Pi gy
(@M =m)k=2"(pi = ma) Xy 1) <M mﬂ

o Let p=(pi1,....,pn) and @ = (q1,...,qn) € P be probability distributions such that
m < p;i/qi < M holds for every i =1, ...,n. Then

Mm m 1 MM
Di(p.q) < sr——log (17) + 77—l g< >

M — M M—m mmn
2" iliffm %fm
SO RN B ) B
n=0k=1i=
_ Mm o (m>+ 1 1 MM
“M—m t\u A
N—1 2"
fZZZAlogmMnk)
n=0k=1i= —m
iy
(2"(pi —mq;) —qi(M —m)(k—1))- X(u 21&1) (h)
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If the base of the logarithm is less than 1, the inequality sign in the inequalities above is
reversed.

Proof. Let p=(pi1,...,pn) and g = (g1, -..,qn) be n-tuples of nonnegative real numbers.
Since the function 7 — tlog? is convex when the base of the logarithm is greater than 1,
first inequality follows from Theorem 3.4 by setting f(z) = tlogz.

Second inequality is a special case of the first inequality for probability distributions p
and gq. O

Unlike previous results, the following results do not require convexity in the classical
sense of the function f. We start with an Edmundson-Lah-Ribari¢ type inequality for the
generalized f-divergence functional Df(p,q), where the function f has bounded second
order divided differences. This is a significant progress in relation to the previous results,
since the class of functions with bounded second order divided differences is much greater
then the class of convex functions.

Theorem 3.5 ([105]) Let [m,M] C R be an interval such thatm <1 <M and let f: [m,M]
— R be a function with y < [m,t, M|f <T. Let p= (p1,...,pn) and p = (q1,...,qn) be
probability distributions such that p;/q; € [m,M] for every i = 1,...,n. Then we have

c i Di Di M—1 1—m .
y;% (M_E) (Z_m) < gy S+ f(M) =Dy(p.q)
S Pi Di
<TYai (M==)(=-m]). 3.19
B iziq< 61i> (Qi m> (3.19)

Proof. The function f has bounded second order divided difference with bounds y and T,
so when we set linear functional A from (2.5) to be a discrete sum, we get

c M—x x—m n
V;Pi(foi)(xi —m) < M7m¢(m) + M—m(P(M) - i;pi(p(xi)
n
<TY pi(M —xi)(xi —m), (3.20)
i=1
where x = (x1,...,x,) is an n-tuple of real numbers from [m,M], p = (p1,...,p,) is an n-

tuple of nonnegative real numbers such that ¥ ; p; = 1, and X = >, pixi. Now, in the
relation (3.20) we can put

Di

¢:f7 Pi—=di and Xi=—,

and after calculating

we get (3.19). O

By following the same idea as in the proof of the previous theorem, but starting with
the relation (2.14) from Theorem 2.3, we get the following result, which is a Jensen type
inequality for the generalized f-divergence functional D +(p,q).
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Theorem 3.6 Let [m,M] C R be an interval such thatm <1 <M and let f: [m,M] — R
be a function with y < [m,t, M|f <T. Let p = (p1,...,pn) and p = (qi,...,qn) be proba-
bility distributions such that p;/q; € [m,M| for every i = 1,...,n. Then we have

y(M FZ qi < ) < m) (3.21)

< Dy(p.q)— (1) ST~ D)(1-m) 7Y q (M_%) (ﬁ_m)'

i=1 qi
Remark 3.6 If the function f: [m,M] — R is additionally convex, then from (2.12), by

following the same idea as in the proof of Theorem 3.5, we get Edmundson-Lah-Ribari¢
type inequality for the Csiszdr f-divergence functional:

Pi Pi
0< i\ M— —m
rZo(u-5) (%)

M—1 1

Sﬂf(m)‘i‘M—j;f(M)_Df(P,lI)

griq,» <M%) <&m> (3.22)
i=1 i i

<T(M—1)(1—-m) < E(M—m)z

Jensen type inequality for the Csiszar divergence functional is a special case of Theorem
3.6 for a convex function.

The generating function of the Kullback-Leibler divergence f(¢) = tlogz is convex,
and its second order divided difference [m,7, M| f is a continuous and decreasing function,
which means that it attains its maximal and minimal value in the points m and M respec-
tively.

a7
°1%
Al
a{

\
3. \‘\ ~ m:03 M:9
) \\\ """" m:01 M:15
24 S e m:09 M: 15
1 "

\"---....

25 5 75 10 125 15 17.5 20

Figure 3.1: Graphs of the Function — [m,#,M]id o log
for different Choices of the Points m and M.
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We calculate the bounds for the second order divided difference of the function
f(t) =tlogt:

I = [m,m,M]id -log = i

—m M—m

1 (MlogM —mlogm _ [(id~log)(m)]’+)

1 1 MM
=— log— —logm — 1
M—m\M-—m m™
1 .
s (- Tog) )

! logM + 1 ! 1 m"
—_— (0] — og—— | .
g M—m g

Y= [m,M,M]id - log

MlogM — mlogm
M—-—m

:M—m

Now, as a special case of Theorem 3.5 and Theorem 3.6 for f(z) = rlog?, taking into
account convexity of the function f, we have obtained Jensen and Edmundson-Lah-Ribari¢
type inequalities for Kullback-Leibler divergence Dk (p,q).

Corollary 3.5 ([105]) Let [m,M] C R be an interval such that m <1 < M. Let p =
(P1y-eypn) and p = (q1,...,qn) be probability distributions such that p;/q; € [m,M] for
everyi=1,...,n. Then we have

1 1 MM\ pi\ [ pi
< logM + 1 — log— m—-=) (2 -
0= s (oo o) S (- ) (G-

i=1

— Dk1(p,q) (3.23)

1 1 MM n X X
< ——log —logm—1 qu' M- &—m
M—-—m\M-—m mm : qi qi

1 1 MM
g—( mlogmm —logm—l) (M—1)(1—m)

<37 (1ogZ—Z — (logm + 1)(M—m)) .

Corollary 3.6 ([105]) Let [m,M] C R be an interval such that m < 1 < M. Let p =
(P1y-eypn) and p = (q1,...,qn) be probability distributions such that p;/q; € [m,M] for
everyi=1,...,n. Then we have

1 1 MM
0<Dgr(p,q) < —— log— —logm—1 ) (M —1)(1 —m)
mm

T M-—m|\M—-—m
1 MM\ & pi\ (pi
—(logM+1—-——lo ) ~<M——> (——m . (3.24)
( & M—m g mm Z{ a qi qi
The function f(¢) = —logz is also convex, and its second order divided difference

[m,t,M]f is a continuous and decreasing function, which means that it attains its maximal
and minimal value in the points m and M respectively.
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Figure 3.2: Graphs of the function —[m,7, M]log
for different choices of the points m and M.

We calculate the bounds for the second order divided difference of the function

f(t) = —logt:

T = —[m,m,M]log = ! (loglé/l _+n10gm - (log)&(m)>

M—m

1 1 | m+1
= —— 0_ E—
M—m \M—m gM m

y = —[m,M,M]log = Aﬁ ((—log)/(M)

—logM + logm
B M—m )
1 1 1 m
- M-—m (MJFM—mlOgM)'

As a special case of Theorem 3.5 and Theorem 3.6 for f(¢) = —logz, taking into ac-
count convexity of the function f, we get Jensen and Edmundson-Lah-Ribari¢ type in-
equalities for the reversed Kullback-Leibler divergence Dk1(g, p).

Corollary 3.7 ([105]) Let [m,M] C R be an interval such that m <1 <M. Let p =

(P1y--spn) and p = (qu,...,qn) be probability distributions such that p;/q; € [m,M) for
everyi=1,...,n. Then we have

1 1 1 = i i
0<— —+ log = Y qi mM-Lo) (2
M—m\M M-m “M) = qi qi

m
logﬁ —Dk1(q,p) (3.25)

M—m

1 1 1) & - -
< logﬂ+— 2‘11' mM-L) (B,
M—m\M-m "M m)= qi qi
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Corollary 3.8 ([105]) Let [m,M] C R be an interval such that m <1 < M. Let p =
(P1y-eypn) and p = (q1,...,qn) be probability distributions such that p;/q; € [m,M] for
everyi=1,...,n. Then we have

= lem [(Mlml()g]lﬂ/l—i—%) (M= 1)1 —m)

O [

Following results are applications of Theorem 2.5 and Theorem 2.6, and they provide
us with an Edmundson-Lah-Ribari¢ type and Jensen type inequality respectively for the
generalized f-divergence functional for 3-convex function.

0 < Dki(q,p)

Theorem 3.7 ([103]) Let [m,M] C R be an interval such thatm <1 <M and let f: [m,M]
— R be a 3-convex function. Let p = (p1,...,pu) and p = (q1,...,qn) be probability distri-
butions such that p;/q; € [m,M| for everyi=1,...,n. Then we have

ctan(u-) 5 -r) ()

M—1 1—m -

< M_mf(m)+M_mf(M)*Df(p,q) (3:27)
pi ) f(M)— f(m)
i D)) )
Proof. Letx = (xl,...,xn) such that x; € [m,M] for i = 1,...,n. For a 3-convex function ¢,

in the relation (2.21) we can replace
fe—x, and A(x z DiXi.

In that way we get

YL piM —xi)(xi—m) (¢(M) —o(m)
1 M—m < M—m (i)+(m))
<11“/]/I*X¢(m)+;[ o(M sz o(xi)
< L piM —xi)(xi—m) [, (M) — ¢(m)
< ZaplM i (¢<M> o),

where x = Y| pix;. Since the function f is 3-convex, in the previous relation we can set
14
¢=f, pi=gi and x; = —,
qi
and after calculating

X =

M=
M=

Pi
qi— pi=1
1 4 1

we get (3.27). O
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Theorem 3.8 ([103]) Let [m,M] C R be an interval such thatm <1 < M andlet f: [m,M] —
R be a 3-convex function. Let p = (p1,...,pn) and p = (q1,...,qn) be probability distribu-
tions such that p;/q; € [m,M| for every i =1, ...,n. Then we have

(M*Ml)_(infm) (f(f‘ﬁ_;(m) f’+(m)>
e I
< By(p.g)— (1) < YD) <f’(M)f7(M)f(m))

M—m
e o 2) (o) (5 )

Proof. As in the proof of the previous theorem, let x = (xy, ...,x,) such that x; € [m,M] for
i=1,...,n. For a 3-convex function ¢, in the relation (2.25) we can replace

fe—x, and A(x Zszz

and obtain the following discrete sequence of inequalities:

DO (G000 g )

Y pi%ixi)(xi —m) <¢/(M) _o(M) - ¢(M))
m M—m
—xX)(x—m M
<3 ot o0 < UZDE) >(¢/<M>_¢< 900 o)
N Zi:lpi(M_xi)(xi_m) ¢(M) —
M—m M—m
The function f is 3-convex, so in the previous relation we can set
9=1f pi=qi and x; ="',
qi
and after calculating
- ~ D _ ~
=1 4 o1
we get (3.28). O

Next two results are obtained as an application of Theorem 2.7 and Theorem 2.8 re-
spectively, and they give us different Edmundson-Lah-Ribari¢ type inequalities for the
generalized f-divergence functional.
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Theorem 3.9 ([106]) Let [m,M] C R be an interval such that m <1 < M. Let f be a
3-convex function on the interval I whose interior contains [m,M| and differentiable on
(m,M). Let p = (p1,...,pn) and p = (q1,...,qu) be probability distributions such that
pi/qi € Im,M] for every i =1,...,n. Then we have

(1—m) {f(M) —flm) _ f/+(m)} - % i(pi_mqi)f/ (%)

M—m 2 = .
< Aﬁj:,;f(m) + Al[ —f(M)=Dy(p.q) (3.29)
S pi M)~ f(m)  fL(M)
5; Mq;— pi)f (a)—(M—l)[ -t 2 }

Proof.  Let x = (xy,...,X,) such that x; € [m,M] for i = 1,...,n. Let ¢ be a 3-convex
function on the interval I whose interior contains [m,M] and differentiable on (m,M). In
the relation (2.28) we can replace

fe—x, and A(x Zszz

In that way we get

‘ ~
<
=

pilM —x;)¢’(x;) — (M —x) [4)(1‘2_2(,”) o )

where x =Y | pix;. Since the function f satisfies the same assumtions as ¢, in the previous
relation we can set Di
l

o=1f, pi=q; and x; = —,

and after calculating

we get (3.29). O

By utilizing Theorem 2.8 in the analogous way as above, we get a different Edmund-
son-Lah-Ribari¢ type inequality for the generalized f-divergence functional, and it is given
in the following theorem.

Theorem 3.10 ([106]) Let [m,M] C R be an interval such that m < 1 < M. Let f be
a 3-convex function on the interval I whose interior contains [m,M| and differentiable

n (m,M). Let p = (p1,...,pn) and p = (q1,...,qn) be probability distributions such that
pi/qi € [m,M] for every i =1,...,n. Then we have
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M—m 2 4 qi
= AAZ: ,;f (m) + ,\L:Zf (M) —Dy(p.q) (3.30)
— f(m "(m) & (pi —mg;)?
<<1_m)[f<f‘25;< )4 )]_ “ >zl<p ma)

Remark 3.7 Let p = (py,...,pn) and p = (q1, -..,qn) be probability distributions and let
[m,M] C R be an interval such that m < 1 < M and p;/q; € [m,M] forevery i = 1,...,n.

> Kullback-Leibler divergence of the probability distributions p and q is defined by
means of the generating function f(¢) = tlogt, t > 0. We can calculate f"'(1) =
7112 < 0, so the function —f(r) = —rlogt is 3-convex. It is obvious that for the
Kullback-Leibler divergence the inequalities (3.27), (3.28), (3.29) and (3.30) hold
with reversed signs of inequality, with

fi(m)=logm+1, f(M)=logM+1

and . )
Flm)=— f1(M) = .

M
> Hellinger divergence of the probability distributions p and q is defined by means of
the generating function f(r) = 3(1— /)%, > 0. We see that f(t) = —%t’g <0,
so the function —f(¢) = — (1 — v/f)? is 3-convex. For the Hellinger divergence the
inequalities (3.27), (3.28), (3.29) and (3.30) hold with reversed signs of inequality,

with : | 1 1
fi(m):—m-i-i, ]N,(M):—W_i-E
and
f”(m) _ L f”(M) _ #
A B

> Renyi divergence of the probability distributions p and g is defined via the gener-
ating function is f(¢) =%, t > 0. We calculate that f"(t) = (ot — 1) (o — 2)¢% 3,
which is 3-convex for 0 < o < 1 and o > 2, and — f(t) = —¢* is 3-convex for o <0
and I < a < 2. We have

Fm) = am® (M) = oM,

! (m) = a(o— 1)m*~? and (M) = o(o — 1)M* 2.

As regards the Renyi divergence, the inequalities (3.27), (3.28), (3.29) and (3.30)
holdforO<a <land o >2,and if & <0 or 1 < o <2 the signs of inequality are
reversed.
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> Harmonic divergence of the probability distributions p and q is defined using the
generating function f() = 72 “+. We can calculate (1) = a +t>4 > 0, so the function

f is 3-convex. It is obvious that for the harmonic divergence the inequalities (3.27),
(3.28), (3.29) and (3.30) hold with

, 2 2
fi(m)= Trmp fL(M) = A+ M2
and 4 1
fi(m) = — Tmp M )Z—m-

> Jeffrey divergence of the probability distributions p and q is defined using the gen-
erating function f(¢) = (1—1) log— t > 0. We see that /' (r) = —tlz - t% < 0, so the
function —f(z) = (1 —t)log? is 3-convex, and we instantly get that for the Jeffrey
divergence the inequalities (3.27), (3.28), (3.29) and (3.30) hold with reversed signs
of inequality, with

1 1
L (m)=logm——+1, f' (M)=1logM — — +1
fi(m)=logm——+1, f_(M)=logM — .+

and 1 11
/! /!

The results that follow are a generalization of the previous results which hold for the
class of 3-convex functions. Until the end of this section, when mentioning the interval
[a,b], we assume that [a,b] C R

We can utilize Theorem 2.9 to get an Edmundson-Lah-Ribari¢ type inequality for the
above defined generalized f-divergence functional.

Theorem 3.11 Ler [a,b] C R be an interval such that a <1 < b. Let f € €"([a,b]) and
let p=(p1,...,pr) and p = (q1,-..,qr) be probability distributions such that p;/q; € |a,b]
foreveryi=1,...,r. Ifthe function f is n-convex and if n and 3 < m < n— 1 are of different
parity, then

b—1 l1—a
b—a

f(b)—Dy(p.q)

m—1 (k) r

i —agq; k
<(-a)(lad - flat) + 3, @)y (P aa)
=2

i=1

n—m r ( o m o -1
pi—aq;)" (pi aq,)
+ a,...,a;b,....b . 3.31
k;f[ ]izl e (3.31)

m times k times

Inequality (3.31) also holds when the function f is n-concave and n and m are of equal
parity. In case when the function f is n-convex and n and m are of equal parity, or when
the function f is n-concave and n and m are of different parity, the inequality sign in (3.31)
is reversed.
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Proof. Let x = (xi,...,x,) be such that x; € [a,b] for i = 1,...,r. In the relation (2.70) we
can replace
g<—x, and A(x 2 DiXi.

In that way we get

b—x

X—a s
b _ .
b @O 5/ )= T pif)
m—1 (k) 7
— fYa)
< (—a)(flad] = flasb) + 3 = Fpit —a)*
- -
n—m r Al
+ 2 fla,...,a;b,...,b] Zpi(xl—a)m(xl—b) -
— N~
m times k times
where x = X7, pix;. In the previous relation we can set
pi=g¢q; and x; = &7
qi
and after calculating " n
X = z%_f = zpl =
-1 49 D
we get (3.31). O

By utilizing Theorem 2.10 in the analogous way as above, we get an Edmundson-Lah-
Ribari¢ type inequality for the generalized f-divergence functional (3.3) which does not
depend on parity of n, and it is given in the following theorem.

Theorem 3.12 Let [a,b] C R be an interval such that a <1 < b. Let f € €"([a,b]) and
let p=(p1,...,pr) and p = (qu,...,qr) be probability distributions such that p;/q; € |a,b]
foreveryi=1,....r. If the function f is n-convex and if 3 < m <n— 1 is odd, then

b—1 l—a -
(@) + o — af(b)—Df(p,q)
m—1 r ,71) ik
<= 1)(flatl— oo+ E TS 00
n—m r ; b ; ;— l_kfl
+3 NS 2 (pi — qqmgj . aq:) (3.32)
k=1 -1 i

m times k times

Inequality (3.32) also holds when the function f is n-concave and m is even. In case when
the function f is n-convex and m is even, or when the function f is n-concave and m is odd,
the inequality sign in (3.32) is reversed.

Another generalization of the Edmundson-Lah-Ribari¢ inequality, which provides with
a lower and an upper bound for the generalized f-divergence functional, is given in the
following theorem.
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Theorem 3.13 Let [a,b] C R be an interval such that a <1 < b. Let f € €"([a,b]) and
let p=(p1,...,pr) and p = (q1, ..., qr) be probability distributions such that p;/q; € |a,b]
foreveryi=1,...,r. If the function f is n-convex and if n is odd, then we have

nl 4 —aq;)(pi — bg;)*! - b—1 l—a

> fla:b,b, ..., 21 e < bfaf(a)+bfaf(b)—5f(1h¢1)
k=2 v = i

k times

4 pi—Db — r Y
aabz a‘b qi) +Zfaab z a‘b (l Ql) _
i—1 gi i=1 ‘]i

k times

(3.33)

Inequalities (3.33) also hold when the function f is n-concave and n is even. In case when
the function f is n-convex and n is even, or when the function f is n-concave and n is odd,
the inequality signs in (3.33) are reversed.

Proof. We start with inequalities (2.73) from Theorem 2.11, and follow the steps from the
proof of Theorem 3.11. O

By utilizing Theorem 2.12 in an analogous way, we can get similar bounds for the
generalized f-divergence functional that hold for all n € N, not only the odd ones.

Theorem 3.14 Let [a,b] C R be an interval such that a <1 < b. Let f € €"([a,b]) and
let p=(p1,...,pr) and p = (q1, ..., qr) be probability distributions such that p;/q; € |a,b]
foreveryi=1,...,r. If the function f is n-convex, then we have

4 pi—b r _ =10 pa:)?
flb,bsa Z aqlq 9i) +2fb b; a a, 2 aq:) k<pl 9i)
=1 l k times hrpemts K
b_l 1—a n—-1 r _aq k—1 _bq
< GO+ D) D(pa) < 3 flig, e gy pimaq) — (pi=bai)
b—a b—a =2 o 1:1 qi
mes

(3.34)

If the function f is n-concave, the inequality signs in (3.34) are reversed.

3.3 Applications to Zipf-Mandelbrot law

The Zipf-Mandelbrot law is a discrete probability distribution with parameters N € N, g,s €
R such that ¢ > 0 and s > 0, possible values {1,2,...,N} and probability mass function

1/(i+q)° i 1

, where Hy g4

i;N.q, =y —
f< 43 ) HN,q,s * i=1 (l+q)s
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It is used in various scientific fields: linguistics [115], information sciences [43, 129],
ecological field studies [116] and music [94]. Benoit Mandelbrot in 1966 gave improve-
ment of the Zipf law for the count of the low-rank words. Various scientific fields use this
law for different purposes, for example information sciences use it for indexing [43, 129],
ecological field studies in predictability of ecosystem [116], in music is used to determine
aesthetically pleasing music [94].

Let p and g be Zipf-Mandelbrot laws with parameters N € N, ¢g1,¢g> > 0 and 5,50 > 0
respectively. We can use Corollary 3.2 and Corollary 3.3 in a similar way as described
above in order to obtain inequalities for the Kullback-Leibler divergence. Let us denote

Hy g,y = Hi, Hy g5, = H>

. | pi Hy . { (i+q2)” }
m =min< — = —_—mins ————
b4 {Qi } H, (i+qi)"
. H ] 52
Mp 4 : = max Pt — 22 max M (3.35)
’ H, (i+q)%

Corollary 3.9 ([104]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q2 > 0 and s1,s0 > 0 respectively. If the base of the logarithm is greater than one,

we have
0 < Dkr(p.q)

<(Mpg—1)(1=mpg) sup  Wigiog(t:mpg,Mpo) —Apgq
1€(mp.q.Mp.q)

M
<————(Mpg—1)(1-mpg) log—24 — Apg (3.36)
Mpgq—mpg4 Mp.q
1 Mp.q
< Z(Mp,q —mp g)log P Apg
and
Mp gip q Mp.gq 1 M%’q
Apg< =+ 10g< : )+ log o | —Dki(p,q)
Mpg—mpgq Mp 4 Mpg—mpq m?,”q"’
< (Mpg—1)(1—=mpgq) sup  Wigiog(tsmp g, Mp q) (3.37)

1€{mp.g.Mp.q)

M 1 Y
(Mpg—1)(1—mpg)log (ﬂ) < (Mpg—mpg)log (—”"’) :

T Mpg—mpgq Mpq Mpq

where Dk (p.q) is the Kullback-Leibler divergence of distributions p and q, mp q and
My 4 are defined in (3.35), and

N 1 i 1 _MpgtMpg 1
pq 2 Mpq—tpg & Hi(i+q1)" 2 Hy(i+q2)*
2 2M,
X (mp‘qlogﬂ +Mp‘q10g¢>
T TmpgtMpg T TmpgtMpg



3.3 APPLICATIONS TO ZIPF-MANDELBROT LAW 93

Remark 3.8 If we utilize Remark 3.3 and Remark 3.4 in the same way as described
above, we can obtain companion inequalities for the reversed Kullback-Leibler divergence
Dki.(q, p) of these distributions.

For finite N and g = 0 the Zipf-Mandelbrot law becomes Zipf’s law. It is one of the
basic laws in information science and bibliometrics, but it is also often used in linguistics.
George Zipf’s in 1932 found that we can count how many times each word appears in the
text. So if we ranked (r) word according to the frequency of word occurrence (f), the prod-
uct of these two numbers is a constant C = rx* f. Same law in mathematical sense is also
used in other scientific disciplines, but name of the law can be different, since regularities
in different scientific fields are discovered independently from each other. In economics
same law or regularity are called Pareto’s law which analyze and predicts the distribution
of the wealthiest members of the community [36]. The same type of distribution that we
have in Zipf’s and Pareto’s law, also known as the Power law, can be found in wide variety
of scientific disciplines, such as: physics, biology, earth and planetary sciences, computer
science, demography and the social sciences [117] and many others. At this point of time
we will not explain usage and their importance of this law in each scientific field, but we
will retain on frequency of the word usage. Since, words are one of basic properties in
human communication system. That frequency of used word and human communication
system can be explained with plain mathematical formula is extremely interesting and use-
ful in analysis of language and their usage. Since this law is applicable in indexing and
text mining, it is quite useful in today’s world in which we use Internet to retrive most of
the information that we need.

Probability mass function of Zipf’s law is:

1/k*
H

N.,s

N
f(k;N,s) = , where Hy, = Z lls
i=

Since Zipf’s law is a special case of the Zipf-Mandelbrot law, all of the results from
above hold for g = 0.

Gelbukh and Sidorov in [50] observed the difference between the coefficients s; and
s in Zipf’s law for the Russian and English language. They processed 39 literature texts
for each language, chosen randomly from different genres, with the requirement that the
size is greater than 10,000 running words each. They calculated coefficients for each of
the mentioned texts and as the result they obtained the average of s; = 0,892869 for the
Russian language, and s, = 0,973863 for the English language.

If we take g1 = g2 = 0, we can use the results from the above regarding the Kullback-
Leibler divergence of two Zipf-Mandelbrot distributions in order to give estimates for the
Kullback-Leibler divergence of the distributions associated to the Russian and English
language. For those experimental values of s; and s, we have

Hys, . [\  Hy, Hy
my = mm{pl} = —Zmin{ — ——Zmin {279} = =2
qi HN,sl °1 HN 51 HN,sl

i Hy i*2 HN Hy
My = max Pi{ _ ANs ox — —%2 max {152 51 } —%2 £j0,080994
lsl HN 51 HN,S]

and
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Hence the following bounds for the mentioned divergence, arising from Corollary 3.9
and depending only on the parameter N, hold.

0 < DkL(p.q)
<My —1)(1=my)  sup  Wigiog(t;mn,My) — Ay
t€(my,My)
0,080994
<2 (MN— 1)(1 —mN)logN—AN

T My —my
< 0,020249(My — my)logN — Ay

We also have

0,080994N0:080994 < Hy:0,973863 ) (HN-O 973863 )
Ay < = 1 — ———— |logN +log| -———— | — Dku(p;
NO,080994 _ ] Hy.0.892869 & g Hy.0.892869 (P.9)
<My—-1)(1—my) sup ‘I”id.log(l;mN,MN)
re(my,My)
0,080994
< 27 (My — 1) (1 — my) logN < 0,020249(My — my )logN,
My —my
where
1 1 N 1 N0’080994+1
Ay = 2 H 0,080994 2 :0,892869 :0,973863
N:0,073863 (N -1 5] 2i%

=+ ]\707080994]0g

4
2N0:08099 ) Hy.0,973863

2
X | log—srcroar——
( EN0.080994 | | NO080994 1 /' Hy.0 892869

By calculating the above results for the Kullback-Leibler divergence of the distributions
associated to the Russian (p) and English (q) language for different values of the parameter
N, we obtained the following bounds:

e from the first series of inequalities:

N | 5000 | 10000 | 50000 | 100000
Dkr(p.q) < | 0,0862934 | 0,100855 | 0,138862 | 0,157016

e from the second series of inequalities:

N | 5000 | 10000 | 50000 | 100000
Dki(p.q) < | 0,00106 | 0,001274 | 0,0018269 | 0,002091

The base of the logarithm used in our calculations is 2.
Again, p and g are Zipf-Mandelbrot laws with parameters N € N, g;,g> > 0 and 51,5, >
0 respectively, and let mp 4 and M), 4 be defined in (3.35).
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In the following three results we will denote parameters in Zipf-Mandelbrot law as
l,t1,s1. If we define q as a Zipf-Mandelbrot law 1-tuple, we have

1
q~:7. 5 izl,,l
' (l + tz)szH[,Sz,tZ

where
! 1
Hl,Sz,lz = Z (k+t2)s2

i=1

and Csiszar functional becomes

1
N . 1
Dy(p,i.l,s2,0) =Y,

TR i+1)?H),
i=1 (l+t2)szHl782sz(pl( ) 2 t2)
where f: I — R,I C R, and the parameters [ € N, s, > 0, r, > 0 are such that p;(i +
IQ)‘YZH[&JZ el,i=1,...,L

If p and q are both defined as Zipf-Mandelbrot law 1-tuples, then Csiszar functional
becomes

Dy(il,s1,52.11,10) =

i 1 ( (i+1)2Hy, )
i 1(i+t2)S2Hl,s2,t2 (iJFtl)SlHl,sl,tl '

where f: 1 — R,I C R, and the parameters [ € N, sy,50 > 0, #1,/ > 0 are such that
(i+1)"2Hy 4 1

(i+11) 1 Hy 5, 1y

el,i=1,...,l.

Since the minimal value for g; is min{g;} = .

(EyET e then from Theorem 3.4 we

have the following result.

Corollary 3.10 [122] Let p = (p1,...,p1) be an I-tuple of real numbers with P, = 25:1 Di.
Suppose [ C R is an interval, | € N and s, > 0, t; > 0 are such that pi(i—l—tg)”Hl,Sz,,2 el
i=1,....l. If f: I = Ris a convex function, then

) M-P
D i,1,50,1) <
.f(p7l7 52, 2) M

N—-1 2"

-y ZZAf m,M,n,k) m [(rn.x(kn,kn)) (pz(zﬂz])wy,;m m)]

n=0k=1i= 2

M_Pl P N 12”

SM—mf(m)+M m ,,Ebl;l;AfMMnk

Flm)+ T ¢ (o)

—m M—m

)

{(211(171' —mmin{g;}) — min{q; } (M —m)(k— 1)) 'x(k—l ut) <pi<i+t2)szHM,s2,t2 _m>

2 onl M—m

pi(i + IZ)SZHM,SL& —m
M—m

+ (mina } M —m)= 2~ mmin{a ) 2y (

on+17

(3.38)
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Proof. Follows easily from Theorem 3.4.

Now let’s denote

Hl,sl,tl = HlaH[ So.ty = H27

H ] 2
Mp q —mm{pl} = —Zmin{w}.
qi H, (i+q1)%

O

Corollary 3.11 [122] Let I C R be an interval and suppose N € N, s1,5, >0, q1,q2 > 0

(i+12)°2H) 5, 1
WEIL—I A

If f: I — Ris aconvex functlon, then

are such that

Dy(i,1 t,t) <
f(lv 381,82,101, 2)_ M—m

l
1
m)+ —fF(M) — Ag(m,M,n, k) ——————-
—f(m) + o — f(M) Ok:”; £( )(l+t2)52Hl,s2,t2

M
|: (i+12)2Hy 5, 1,

Mp.q—m ) Ty
211 P.q _ k 1 . ST
( < M—m * x(k{—nlviﬁl{) M—m
(i+12)2Hy 5, 1,

Mp.q — M )il
+ (k=2" L)) B ) s
( < M—m x(;}«liziﬂ) M—m

Proof. Follows easily from Theorem 3.4.

(3.39)

O

We denote Kullback-Leibler divergence for p and q both defined as Zipf-Mandelbrot

law 1-tuples as Dk, (i,1,s1,52,t1,12).

Corollary 3.12 [122] Letl € N and 51,55 > 0, 11,1, > 0.
If the logarithm base is greater than 1, then

Die(p.q) < Mm] (m)+ 1 | MM
og| — ——Ilo
KLPq) = 3 108 3y M—m 8\

(3.40)

N1 2 ()2 sy
z ZEA mMnk) (r X ) (F)  Hyy, 0y
- 1 -—_— Akl & s O U

P e e (l+f2)2stzz2 A ) M—m

< Mm | (m)+ 1 ] MM

og| — —lo

“M-—m & M M—m g mm

N—1 2n

fzzzAzogmM"“m

n=0k=1i
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(i+12)"2Hy 5 1
Mpq—m 1) Hy
2" (B4 —k+1) X1 ua L
M—m <_n72,,+1> M—m
(i+12)2Hy 5, 1,

Mpq—m G T Hgy
k=2 24— —an 3.41
ez () g | 4D

If the base of the logarithm is less than 1, the inequality signs in the inequalities above are
reversed.

Proof. Follows easily from Corollary 3.4. O

Next result is a special case of Corollary 3.5 and Corollary 3.6, and it gives us Edmund-
son-Lah-Ribari¢ and Jensen type inequalities for the Kullback-Leibler divergence of two
Zipf-Mandelbrot laws. In contrast to previous results, function f is not necessarily convex
in the classical sense.

Corollary 3.13 ([105]) Ler p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,92 > 0 and s1,s2 > 0 respectively. Then we have

M
1 1 M pq
0< ———|logMpqe+1-— log fnfq %
Mpg—mpgq Mpg—mpq ~ mpy
L <M @(qu)”) <@(i+q2)~fz . >
S (i+q)2H P H (i+q)" ) \Hi (i+q)n "7
M
mp qM, m 1 Myp4
< Mpa¥pa . "pa | log f,’lﬁq —Dki(p.q)

T Mpg—mpgq "Mpgq Mpg—mpg T mph

M,
1 1 M, 21
< ( log f,’;:q —logmp g4 — 1) X
N 1 Hy (i+q2)2\ [ Ha (i+q)%
2 . v \Mpa— 77 FTANE —Mpg
S (i+q)2H T H (it q1)* ) \Hy (i+q1)% '

1 1 Myhe
= _ — log—, 5 —logmp g — 1 (Mpg—1)(1—mpgq)

L[ My
<7 log—7, 7 — (logmp g+ 1)(Mpg —mpq)
Mp.q

and

0 < Dkr(p,q)

M

1 1 M,51

< log—Fl —logm — 1 | (Mp,g— 1)(1 = mpg)
Mpg—mpq [ <Mp-,q - i’
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M
1 M5
— | logMpq+1— log—24_ |
( ' Mpg—mpgq mr;':;q

i (M _@(qu)fz)(@(qu)sz_m >
i=1 l+qz 2Hy \" P17 H (i+q1)" ) \H, (i+q)n 71

Remark 3.9 From Corollary 3.7 and Corollary 3.8 we can obtain the same type of in-
equalities, but for the reversed Kullback-Leibler divergence Dky (q, p) of the Zipf-Mandel-
brot distributions p and q.

Since Zipf’s law is a special case of the Zipf-Mandelbrot law, two previous results hold

for Zipf’s law with g = 0.

Again, if we take g; = g» = 0, we can use the results from the above regarding the

Kullback-Leibler divergence of two Zipf-Mandelbrot distributions in order to give esti-
mates for the Kullback-Leibler divergence of the distributions associated to the Russian
and English language. As said before, for those experimental values of s; and s, we have

and

Hy 152 H H
mN—mm{pl} = ﬂmin{l,—,} N5 mm{f2 Sl} N,so
4 Hy s, i Hy s, Hy s,

H, 52 H, Hy
My = max { pi } NS phax { l—} N5 ax {lgz 51 } N:53 770080994

qi HN,sl i1 Hy, 81 HN,sl

Hence the following bounds for the mentioned divergence, depending only on the pa-

rameter N, hold.

0< ! logMy + 1 ! lo Mj\‘;”" X
S O —
T My—my Hw My —myn ngN

i Hy 0973863 ( N0:080994 _ i0,080994) (i0,080994 1 )

10,973863 172
=17 HN 0,892869

M,
mNMN 1 MNN
< TNTN 1o lo -D
= My —my gMNJrMN—mN & k(P,q)

M,
1 1 MY
< log—_ —1 —1]x
T My —my (MN—mN Ogm%N oem )

i 5 Hy 0973863 ( 0080994 i0,080994) (i0,080994 1 )

73863
HN 0,892869

(6] ogm m
= ]\/IN N MN N g In\}N gmy N N

1

MMy
< 2 (log% — (logmy + 1)(My mN)>
my
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1 1 MY
0<Dkr(p,q) < log— oy —logmy — 1 (My —1)(1 —my)

My —my | \ My —my N

logM + 1 ! 1 M X

— (1o — o
£ M—m J m"

N H
Z N,0,973863 0080994 _ l-0,080994) (i0,080994 _ 1)

[0.973863 72 :

=1 N.0,892869

By calculating the above results for the Kullback-Leibler divergence of the distributions
associated to the Russian (p) and English (q) language for different values of the parameter
N, we obtained the following bounds:

e from the first series of inequalities:

N | 5000 | 10000 | 50000 | 100000
Dki(p,q) < | 1.19101 | 1.16826 | 1.12176 | 1.10408

e from the second series of inequalities:

N | 5000 | 10000 | 50000 | 100000
Dk1(p,q) < | 0.170194 | 0.189118 | 0.236439 | 0.258335

The base of the logarithm used in our calculations is 2.
The result that follows is a special case of Theorem 3.7, and it gives us Edmundson-
Lah-Ribari¢ type inequality for the generalized f-divergence of the Zipf-Mandelbrot law.

Corollary 3.14 ([103)]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q2 > 0 and s1,s2 > 0 respectively, and let mp 4 and Mp 4 be defined in (3.35). Let
£ [mpg,Mp gl — R be a 3-convex function. Then we have

1 M. _
<f( pq) = f(Mpg) f+(mp,q)> y
Mpg—mpgq Mpg—mpgq
i (M — (i"“IZ)Ssz) ((i-i-CIz)ssz o )
= hL‘12 s2Hy \" P4 (i4q)%H, (i+q1)" H p.q
M, ,—1 1—m )
= Vipg e = f(Mpq) =Dy 3.42
_Mp7q_mp,qf(mp’q)+Mpq mqu( pa) —Dr(p.q) (3.42)
f(Mpq)— f(mpg)
< (1 g - LMpe) )
P4 mpq pg—Mpg

c (i+q2)2Hy\ [ (i+q2)H,
Z Mpq— 7 , : —Mpg |-
l+qz 2H, T (it q)tH ) \ (i+q1) H) ’

i=1

Next result follows directly from Theorem 3.8, and it represents a Jensen type inequal-
ity for the generalized f-divergence of the Zipf-Mandelbrot law without the assumption on
the convexity of the function f in the classical sense.



100 3 INEQUALITIES FOR f-DIVERGENCE

Corollary 3.15 ([103]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q2 > 0 and sy,s2 > 0 respectively, and let mp g and Mp 4 be defined in (3.35). Let
f: [mpg,Mp 4| — R be a 3-convex function. Then we have

(Mp,qfl)(lfmp,q) (f(Mp,q)f(mpq) / ( ))

Mpgq—mpgq Mpgq—mpgq

— ; / o f(Mpq mpq

Mp-,q*mp-,q (f( ra) Mpg—mpg
(i+42)?H\ ((i+q2)2Hy

Z} l+q2 2H, <Mp,q_ (i—i—ql)slHl) <(i+q1)51H1 —mp7q)

<Dy(p.q) — f(1) (3.43)

(Mpgq—1)(1—mpg) (f/(Mp,q)  [(Mpyg) f(mp’q))

Mpgq—mpg4 Mpgq—mpg4

X

IN

1 (f(Mp,q) *f(mp,q)
Mp.q— mp g\ Mpg—rpgq
(i+qz)“'2Hz> <(i+Q2)“2H2 )

n
Z} l+6]2 2Hp < P4 (i+q0) Hy ) \ (i+q1)" Hy

_fjr(mnq)) X

Remark 3.10 Corollary 3.14 and Corollary 3.15 can easily be applied to Kullback-Leibler
divergence, Hellinger divergence, Renyi divergence, harmonic divergence or Jeffrey diver-
gence considering Remark 3.7.

The following result is a special case of Theorem 3.9, and it gives us Edmundson-Lah-
Ribari¢ type inequality for the generalized f-divergence of the Zipf-Mandelbrot law.

Corollary 3.16 ([106]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q92 > 0 and sy,s2 > 0 respectively, and let mp g and Mp 4 be defined in (3.35). Let
£ [mpg,Mp 4] — R be a 3-convex function. Then we have

f(Mpg) = f(mpq)  fi(mpgq)
(1=mpq) [ Mpg—mpg 2 ]
li( 1 Mpg )f’(ﬂ(i—H]z)”)
25\ (i+q)"H  (i+q2)2H, Hy (i+q1)%
Myqa—1 1—m -
< P4 +——24 Ds(p, 3.44
Mpg— mp’qf(mp,q) Myq— mqu( pa) —Ds(P.q) (3.44)

AN Mp.q 1 ,(Ha (i+¢2)%
=3 ; <(l+612)32H2 (i+Q1)"H1)'f <H1 (i+611)s')
— (Mpg—1) [f(j\;‘[;zzi(p’j’;p,q) _ . (Az/lp,q)} -

Next result follows directly from Theorem 2.8, and it gives us another Edmundson-
Lah-Ribari¢ type inequality for the generalized f-divergence of the Zipf-Mandelbrot law.



3.3 APPLICATIONS TO ZIPF-MANDELBROT LAW 101

Corollary 3.17 ([106]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q92 > 0 and sy,s2 > 0 respectively, and let mp g and Mp 4 be defined in (3.35). Let
f: [mpg,Mp g] — R be a 3-convex function. Then we have

_ J(Mpq) _f(mp,q)}

Mpg—mpg4
2
— f'f(Mp,q) i(iJrqz)ssz ( Mp,q N 1 )
2 g (i+q2)2Hy (i+q1)"H
M 1—m -
<P ‘f(mpq 7qu(Mp a) —Dr(p.9) (3.45)
Mpg—mpg4 Mpg—mpg4
f(Mpgq) — f(mpgq)
< (I—mpgq) [ A;:q mpqpq — [ (mpq)
+ mpq zn: g2 H < 1 Mp.q )2
l — > .
= ‘h N.q2,52 (H‘Ql)s'Hl <i+q2)52H2

Remark 3.11 Again, by taking into consideration Remark 3.7 one can see that Corol-
lary 3.16 and Corollary 3.17 can easily be applied to any of the following divergences:
Kullback-Leibler divergence, Hellinger divergence, Renyi divergence, harmonic diver-
gence or Jeffrey divergence.

The following results are special cases of Theorems 3.11, 3.12, 3.13 and 3.14 respec-
tively, and they gives us Edmundson-Lah-Ribari¢ type inequality for the generalized f-
divergence of the Zipf-Mandelbrot law.

Corollary 3.18 ([107]) Ler p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q2 > 0 and sy,s2 > 0 respectively, and let Hy, Hy, ap q and bp 4 be defined in (3.35). Let
f €€ ([apq,bpgq)) be a n-convex function. If n and 3 < m < n— 1 are of different parity,
then

bpg—1 1—apg N
————flapq) + ——"—f(bpq) — Ds(P,9q)
bpg—apgq P bpg—apgq P /
Hy(i+7)"2 k
m—1 (k) r 7 s — dad
f (ap.q) (H1(1+q1)' P*")
] )
<(I—apg) (f (ap,q)*f[ap,qabp,q])ﬂL]Z.z Hok! Zi (i+q)%

H (i+q2)* —a " (Hy(itqp)%2 b k=1
Hi(i+q)" P4 Hi(i+q)n  "P4

. Hy(i+ q2)*

™M-

n—m
+ Y flapgs - apgibpgs-bpgl
k=1

m times k times

I

This inequality also holds when the function f is n-concave and n and m are of equal
parity. In case when the function f is n-convex and n and m are of equal parity, or when
the function f is n-concave and n and m are of different parity, the inequality sign is
reversed.
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Corollary 3.19 ([107]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q92 > 0 and s1,s2 > 0 respectively, and let Hy, Hy, ap 4 and bp 4 be defined in (3.35).
Let Let f € €"([ap.q,bpq]|) be a n-convex function. If the function f is n-convex and if
3 <m < n—1 are of different parity, then

bpq 1 I —apg -
by e (@ra) [ (bpg) ~ Dy (p.g)
bpgq—dpgq P4 bpg—dpgq P4
k
5 (i+q2)*2
m—1 , (Hlita)2 g
f bpq ( (i+q1)"1 P-q>
< (bpg—1 Apa.bpal — F (b i
< (bpg—1) (flapq:bpgl — f'(bpg)) kg'z Hk! &~ (ita)"
j ; k-1
([ Hy(i+q2)"2 Hy(it+q)"
=S Flopgssbpgiapg dpg) S (Il by g)" (I —ay )
] p.q> -H¥p.q>“p.q;- pP.q = Hz(i+q2)s2 .

m times k times

The inequality above also holds when the function f is n-concave and m is even. In case
when the function f is n-convex and m is even, or when the function f is n-concave and m
is odd, the inequality sign is reversed.

Corollary 3.20 ([107]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q> = 0 and s1,s2 > 0 respectively, and let Hy, H», ap 4 and bp 4 be defined in (3.35).
Let Let f € €"([ap.q,bp.q]) be a n-convex function. If the function f is n-convex and if n is
odd, then we have

. k—1
_ . [ Halitga) Hy(i+qy)2
nzlf [ap.qibpas-bpg) Y, ( Hi (g1 a”"’) (H1<i+fn>‘” b”*")
P P9-“p.q9> - P4 “ Hz(i—i-CIz)sz
k times
bpg—1 l1—a -
< P4 flapg) + 7qu(bp-,q) —D¢(p.9q)
bpg—apq bpg—apq
(Hz(lle)SZ ap q) (HzgiJrfIz;SZ — b, q)
Hl l+q1 1 ’ Hy (i+q1 51 ?
< flapg,apq;b -
_f[ P.9“pP.9>-P.q ; Hz(l+q2)sz
Hy (i+q2)* 2 Hy (i+q2)* k=l
2 4 (H (iq) )1 _“p,q) (H (itq1 )T _bnq)
+ ) flapg.apq:bpg,---bpgq] — —
Z,z p.a:9q pz p.q ; Hy (i +q2)>
llmES

These inequalities also hold when the function f is n-concave and n is even. In case when
the function f is n-convex and n is even, or when the function f is n-concave and n is odd,
the inequality signs are reversed.

Corollary 3.21 ([107]) Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q> > 0 and sy,s2 > O respectively, and let Hy, Hy, ap 4 and bp 4 be defined in (3.35). Let
Let f € €"([apq,bp,q]) be a n-convex function. If the function f is n-convex, then we have

. (M p )(Hzomysz )
Fbparbpaiapg 3~ P AT TP
POTPeTRE &4 Hy(i+ q2)*™
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H (i+42)*2 4 k=1 H (i+q2)*2
L Hy(i+41)"]

n? . 4 (Hl(l”rfh)s'
+ Y flbpa:bpaiapgs-apg) D,

i=1

~ Hy(i+g2)%

k times
b—1 l—a N
< =@ty /(0)-Dslp.g)
n—1 . (HinJrqz;‘Z —a, q)kfl (HinJrqz;Sz by q)
Hy (i+q1)° Hi(i+q1)"! s
< > flbpgiapg,---.ap. i .
]ZZ [ 12U 20 P,q]izzl Hz(l—i—qZ)SZ

k times

If the function f is n-concave, the inequality signs are reversed.






Chapter

Converse inequalities in
compact Hausdorff space

In this chapter we will prove difference type converses of the Jensen and Edmundson-
Lah-Ribari¢ operator inequality for a unital field of positive linear mappings between C*-
algebras of operators in compact Hausdorff space, as well as further refinements and im-
provements thereto. Obtained general result will be applied to quasi-arithmetic operator
means and to potential operator means with the aim of obtaining a better estimate of the
difference between these means. Likewise, the mutual bounds for the Jensen operator in-
equality and the Lah-Ribari¢ operator inequality for the classes of bounded real-valued
functions and Lipschitzian functions will be studied. The connection with the classical
convexity will also be discussed. In the last section we give several mutual bounds for
the operator version of the Edmundson-Lah-Ribari¢ inequality which hold for the class of
n-convex functions. By virtue of the established estimates, we then derive several mutual
bounds for the Jensen operator inequality which are also related to n-convex functions. As
an application, we obtain mutual bounds for the differences of quasi-arithmetic and power
operator means based on n-convexity.

105



106 4 CONVERSE INEQUALITIES IN COMPACT HAUSDORFF SPACE

4.1 Introduction

Let T be a locally compact Hausdorff space and let ¥ be a C*-algebra. We say that a
field (x;);er of elements in <7 is continuous if the function # — x, is norm continuous on
T. Additionally, if T is equipped with a Radon measure ¢ and the function t — ||x;|| is
integrable, then, the so-called Bochner integral [ xdpL(z) can be formed. More precisely,
the Bochner integral is the unique element in < such that the relation

¢ (/szdu(t)) =/T<P(xz)du(t)

holds for every linear functional ¢ in the norm dual .&7* (see [55]).

Assume furthermore that there is a field (¢ );cr of positive linear mappings ¢, : & — %
from <7 to another C*-algebra %. Such field is said to be continuous if the function r —
¢ (x) is continuous for every x € 7. If the C*-algebras are unital and the field ¢t — ¢ (1)
is integrable with integral 1, we say that (¢ ),cr is unital. We assume that such field is
continuous.

Let x and y be operators (acting) on an infinite dimensional Hilbert space .. The
ordering is defined by setting x <y if y —x is a positive semi-definite operator.

A continuous function f : I — R is operator convex if

fAx+(1=2A)y) <Af(x)+(1=2)f(y)

holds for each A € [0, 1] and every pair of self-adjoint operators x and y (acting) on an infi-
nite dimensional Hilbert space .7 with spectra in I. When the inequality sign is reversed,
function f is operator concave.

If f:1— R is operator convex function, where / is a real interval of any type, and
(¢ )ser is a unital field, then the Jensen operator inequality (see Hansen er.al., [56]) asserts
that

7(fatsiau) < [ orsant @

holds for every bounded continuous field (x; );er of self-adjoint elements in <7 with spectra
contained in /. If f : I — R is operator concave function, then the sign of inequality in (4.1)
is reversed.

In the same paper, Hansen et.al. obtained the following inequality which holds for an
usual convex function f : [m,M] — R (see [56], proof of Theorem 2):

[ oran) < o [ oG+, @2)
In this matter, the usual notation is used:

SO0 =) g ME) iy ()

oy = — —
M—m M—m
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Inequality (4.2) is referred to as the Edmundson-Lah-Ribari¢ operator inequality. Observe
that the operator inequality (4.2) is established by applying the functional calculus to the
well-known inequality

ft) <oyt + B, (4.3)

which holds for every convex function on the interval [m,M]. Recall that /(1) = st + B; is
the linear function limiting convex function f(¢) on interval [m, M] from the above.

On the other hand, Mi¢i¢, Pecari¢ and Peri¢ in [99] obtained the following improvement
of the Edmundson-Lah-Ribari¢ operator inequality

/T ¢ (f(x))du(r) < af /T ¢ (x/)dp(r) + Bl — X, (4.4)
where
x:%l—M#_m/T@ (|x,#1|> du(t) (4.5)
and
8y = )+ 5(o0) -2 ("5 ). 4.6)

Since f: [m,M] — R is convex function, it follows that x > 0 and &; > 0.

The techniques that will be used in the proofs are mainly based on the classical real and
functional calculus, especially on the well-known monotonicity principle for self-adjoint
elements of a C*-algebra o7 If x € &7 with a spectra Sp(x), then

f(t)>g(t),teSplx) = f(x)>gx), 4.7

where f and g are real continuous functions (for more details see [49]). Moreover, all the
results that follow include the Bochner integral, defined in this Introduction. If nothing else
is explicitly stated, (x;),cr is a bounded continuous field of self-adjoint elements in unital
C*-algebra whose spectra belongs to a domain of the corresponding function and (¢ );er
is a unital field of positive linear mappings between the corresponding unital C*-algebras.

The following results refer to functions that are convex in the classical sense. Although
regarding different inequalities, it appears that these two series of converses are closely
connected.

4.2 Converses of the Jensen and Edmundson-Lah-
-Ribari¢ operator inequality

First we give a series of converses for the Jensen operator inequality obtained in [65]. It
should be noticed here that the following theorem in the classical real case was proved
by Dragomir in the recent paper [37], and generalization of the same inequality for lin-
ear functionals was proved by Jaks$i¢ and Pecari¢ in [68]. In fact, such series of scalar
inequalities will be exploited in establishing the corresponding operator form.
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Theorem 4.1 Let f : I — R be a continuous convex function, and let m,M € R, m < M,
be such that interval [m, M| belongs to the interior of interval I. Further, suppose <7 and B
are unital C*-algebras, and (@ );cr is a unital field of positive linear mappings ¢, : </ — P
defined on a locally compact Hausdorff space T with a bounded Radon measure L. Then
the series of inequalities

/4’1 f(x))du() (/¢,x,du )
g%(Ml /q),xldu )(/dhx,du )

L1 m)( () — £ (m))1 @8

IN

holds for every bounded continuous field (x;),;er of self-adjoint elements in </ with spectra
contained in [m,M|. If f is concave on I, then the signs of inequalities in (4.8) are reversed.

Proof.  Taking into account the operator version of the Lah-Ribari¢ inequality (4.2), it

follows that
/¢l xl dl'L (/ d)l Xt dl,L )
< af/@ x)du () + Bl — (/ 00 (x0 ) (1) ) 4.9)

On the other hand, regarding convexity of f, we have the so-called gradient inequality,

f@O) = f(M) = fL(M)(t — M),

which holds for every ¢ € [m,M], that is,

(t=m)f(t) = (t=m)f(M) > fL(M)(t =M)(t —m), 1€ [m,M],

after multiplying with # — m. In the same way, it follows that
(M —1)f(t) = (M=1)f(m) = f(m)(M = 1)(t =m), € [m,M].
Now, adding the above two inequalities, and then, dividing by m — M, we have

fL (M) — f (m)

o (M=) —m). (4.10)

apt+Br—f(t) <

Moreover, taking into account the arithmetic-geometric mean inequality, the following
series of inequalities holds for all 7 € [m,M] (see also [37]):

£104) ~ £ (m)
M—m
L= m)(7 (M) = £1m). @1

IN

ot + Br— f(t) (M —1)(t—m)

IN
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Now, since ml < x; < M1 for every ¢ € T, it follows that m¢y (1) < ¢ (x;) < M¢, (1), that
is, m1 < [ ¢ (x;)du(t) < M1. Hence, applying the functional calculus to the above series
of inequalities, that s, setting [ ¢; (x;)du(¢) instead of z, we have

O‘f/@xtdﬂ )+ Br1— (/@xzdﬂ )
g%(Ml /q),xldu )(/q),xldu )

1
< S (M= m)(f- (M)~ ()1, (4.12)
Finally, comparing (4.9) and (4.12), we obtain (4.8), as claimed. O

Remark 4.1 Observe that in the statement of Theorem 4.1 the interval [m, M] belongs to
the interior of the interval /. This condition assures finiteness of the one-sided derivatives
in (4.8). Without this assumption these derivatives might be infinite.

Remark 4.2 It should be noticed here that the first expression in the series of inequalities
(4.8), that is, the element [ ¢ (f(x;))du(r) — f (Jr ¢ (x:)dpi(r)) is not positive in general.
This element is positive if f is in addition operator convex function, due to the Jensen
operator inequality (4.1).

The following result was also proved in [65] and it represents converses of the Ed-
mundson-Lah-Ribari¢ operator inequality (4.2):

Theorem 4.2 Suppose f : I — R is a continuous convex function, and m;M € R, m < M,
are such that interval [m,M] belongs to the interior of interval I. Further, let (¢ )T be
a unital field of positive linear mappings ¢; : o/ — 9B, where </ and % are unital C*-
algebras, defined on a locally compact Hausdorff space T with a bounded Radon measure
. Then the series of inequalities

0 < oy [ ailx)du(0)+Br1— [ o0t

< W/¢,([M1—xl][x,—ml])du(f)

g%(Ml /¢,x,du )(/dhx,du )

1

7 (M =m)(fZ(M) = f2.(m))1 (4.13)
holds for every bounded continuous field (x; )i of self-adjoint elements in < with spectra
contained in [m,M|. If f is concave on I, then the signs of inequalities in (4.13) are

reversed.

<

Proof. The first inequality in (4.13) holds by virtue of the Edmundson-Lah-Ribari¢ in-
equality (4.2). Further, starting from the scalar inequality (4.10), it follows that relation

s+ Bt — ) < DL gy )



110 4 CONVERSE INEQUALITIES IN COMPACT HAUSDORFF SPACE

holds for every t € T. Now, applying the positive linear mappings ¢ to the above relation,
we obtain

fL(M) = £ (m)

091 () + Bror (1) = ¢ (f () < ——— =& ([M1 —x]lx —m1]),

while integrating yields

o [ 0)du(e)+ B~ [ o(r)dn)

(M) — £ (m
< FODZ R g (b1~ mt) ()
so the second inequality in (4.13) holds.
Taking into account Theorem 4.1, it is enough to justify the third inequality sign in
(4.13). To prove our assertion, we note that the function

h(t)= (M —1)(t —m) = —1> + (M +m)t —Mm, t € [m,M]

is operator concave (see e.g. [49]). Finally, applying the Jensen operator inequality (4.1)
to the above function £, it follows that

[ ¢ (11— ] 3 — 1)) da 1)

< (w1 [awan®) ([ owdui-m).

and the proof is completed. O

Following results are obtained in [66] and they represent more precise converses of the
Jensen and Edmundson-Lah-Ribari¢ operator inequality, and they represent also refine-
ments of the inequalities (4.8) and (4.13) respectively. Such improved relations are also
accompanied with a convexity in the classical real sense.

In order to present our basic results, we define

L [fM)—f@t)  f(t) = f(m)
M—m M —t t—m ’

Af(t;m,M) = (4.14)

where m < M and f : I — R is a continuous convex function such that the interval [m, M]
belongs to the interior of interval /. Observe that expression (4.14) is actually the second
order divided difference of the function f at points m, ¢, and M, for every ¢ € (m,M).

Remark 4.3 Observe that the function f is defined on the interval I whose interior con-
tains interval [m, M]. This condition ensures finiteness of one-sided derivatives at points m
and M. Then,

lim Ay (r:m, M) = 1 [f(M)—f(m)

/
t—m M—m M—m f+(m)
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e I £(M) — £(m)
M) — f(m
-/
- M) L/ SV
Rl B

so A¢(-;m,M) may be regarded as a continuous function (in parameter 7) on the interval
[m,M]. Therefore, if x is a self-adjoint element in C*-algebra with spectra contained in
[m,M], then the expression As(x;m,M) is also meaningful. Clearly, this assertion holds
due to functional calculus.

lim A¢(t;m,M
ziﬁ* f( i ) M—m

Now we give two series of converses for the Jensen operator inequality. One of them
refines series (4.8). The classical real version of the following theorem was proved by
Dragomir in recent paper [38]. In fact, such scalar series of inequalities will be exploited
in establishing the corresponding operator forms.

Theorem 4.3 Let f: 1 — R be a continuous convex function, and let m,M € R, m < M,
be such that interval [m, M| belongs to the interior of interval I. Further, suppose </ and #
are unital C*-algebras, and (@ ),er is a unital field of positive linear mappings ¢, : </ — P
defined on a locally compact Hausdorff space T with a bounded Radon measure [. Then
the series of inequalities

/4’1 f(x))du() (/¢,x,du )
SmillJEMAf(l‘;m,M (Ml /([), X )du(t ) (/ & (x)d(r) )
g%<M1 /q),x,du )</¢1x,du >

< S m) (7 ()~ fL(m))1 (@.15)

/ FOn))du(t) (/(i)tx,d,u )

W’m%&/@&wm )

and

NH N

(M —m)(fL(M) — fi(m)1 (4.16)

hold for every bounded continuous field (x;);er of self-adjoint elements in </ with spectra
contained in [m,M). If f is concave on I, then the signs of inequalities in (4.15) and (4.16)
are reversed.

Proof. Taking into account the operator version of the Edmundson-Lah-Ribari¢ inequality
(4.2), it follows that

[ o trenau) </¢ )

<af/¢tx,du )+ Bl — (/dmdu ) @.17)
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On the other hand, the scalar inequality

0yt + By — £1) = 31— Fm) + <= (M)~ (1)

(M)t —m) [f(M) —f0)f0) —f(M)]
M —m M —t t—m
= (M~ 1)(t— m)Ap(rm, M)

< (M—1)(t—m) iltlgMAf(t,m,M) (4.18)

holds for all 7 € [m, M]. In addition, since

, _ fM) = f(@)  f(6) = f(m)
milzlEMAf(t,M7M) B —m mi];lEM |: M —t t—m :|
1 fM) - f(t) f() = f(m)
< o, S, ()
R g =)
M—-—m | ey M—t m<t<M  t—m
_ M) — fi(m)
= Tm* (4.19)
we have the following series of inequalities:
ot + By — f(1) < (M —1)(t —m) i‘:EMAf(’;m»M)
/! M _
S ff( Ajii:r(m) (M—t)(t—m)
< 2O —m)(f(41) — £ (m). (4.20)

Clearly, the last inequality sign in (4.20) holds due to the arithmetic-geometric mean in-
equality, that is, (M —1)(t —m) < L(M —m)>.

Now, since ml < x, < M1 for every r € T, it follows that m¢, (1) < ¢ (x,) < M¢, (1),
that is, m1 < [ ¢ (x;)du(¢) < M1. Hence, applying the functional calculus to the above
series of inequalities, that is, putting [} ¢ (x;)d i (¢) instead of 7, we have

(Xf/d)zxtd“ +ﬁf1 (/thd# )
Ap(tsm, M) ( ML= | ¢ (x)d v )d
R O A
/M_/
< L0040 (11 [ iayaute) ([ terant -

< L= m) (7 () — £ ()1, @21

Finally, comparing (4.17) and (4.21), we obtain (4.15), as claimed.
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To prove (4.16), we start with the scalar series of inequalities

Otfl-i-ﬁf—f(l) < (M—m)zAf(t;m,M)

< < (M —m)(fL(M) = f,(m)), t € [m,M], (4.22)

I

which obviously follows from (4.18), (4.19), and the arithmetic-geometric mean inequality.
Finally, setting [ ¢ (x;)di(r) in (4.22) and utilizing (4.17), we obtain (4.16) and the proof
is completed. O

Remark 4.4 Observe that the series of inequalities in (4.15) refines the series (4.8), since

SUP,cy ey Ap(tsm, M) < % For example, if f(¢) =t* and m < M, then
JL(M) — [ (m)

1= sup As(t;m,M) < — =2,
m<t<M f( M—m
while for f(¢) = t3 we have
! M _
m+2M = sup As(t;m,M) < S (M) = £ (m) =3(m+M),

m<t<M M—m

provided that 0 < m < M. However, a convex function needs not to be differentiable. To
see the corresponding example, let m < 0 < M and let f : R — R be defined by

2, >0

f(t):{—t,t<0'

Then,
m(m+1)
L= =y 120
Ap(t;m,M) = { M(%+l))(t )

e

and consequently,

(M—m)?

ML if —1<m<0

M>—2Mm-m

S ifm < —1
sup Ag(t;m,M) = o
m<t<M

On the other hand,
FL(M)— i (m) _ 2M 41
M—m T M-m’

! o
which implies that sup,, , ., Af(t;m,M) < M\th(’") since M > 0.

m ’

Remark 4.5 It should be noticed here that the first line in the series of inequalities (4.15)
and (4.16), that is, the element [, ¢, (f(x;))du(t) — f (7 & (x:)dp(r)) is not positive in
general. This element is positive if f is in addition operator convex function, due to the
Jensen operator inequality (4.1).
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The following result provides several converse series of inequalities for the Edmund-
son-Lah-Ribari¢ operator inequality (4.2). As we shall see below, one of them improves
the series (4.13).

Theorem 4.4 Suppose f : I — R is a continuous convex function, and m,M € R, m < M,
are such that interval [m,M) belongs to the interior of interval 1. Further, let (¢ )T be
a unital field of positive linear mappings ¢; : &/ — 9B, where </ and % are unital C*-
algebras, defined on a locally compact Hausdorff space T with a bounded Radon measure
W. Then the series of inequalities

OSO‘f/T(Pt(Xz)dN(I)JrBfl*/(Pt(f(Xz))du(t)

< sup Afth/q)t (M1 = x|, — m1])d(¢)

m<t<M
LD RD [ g (w1l —mt)an ()
§%<M1 /(]),xtd[.i )</¢,xtd[.1 >
< (M= m)(f () — FLom), (4.23)

00y [ ow)an)+B1— [ ars))n)

< sup As(t;m,M) ¢z (M1 —x;][x, —m1])du(z)

m<t<M

m, 1- tld tld
Smi‘:fMAf“mM(M foterano) (f seoauto—m)
/M*I

S%(Ml /"”d“ >(/"”’d“ )

< (M —m)(fL(M) = fi(m)1, (4.24)

4>|~

and
0<0y [ x)du(t) +Br1~ [ 6(/u))au()

(= m)? [ 9 (r(uim. M) du (o)

IN IN
Bl— b=
<

3

)(fL(M) = fi (m))1 (4.25)

hold for every bounded continuous field (x;);er of self-adjoint elements in </ with spectra
contained in [m,M). Moreover, if f is concave on I, then the signs of inequalities in (4.23),
(4.24), and (4.25) are reversed.
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Proof. The first inequality in (4.23) holds by virtue of the Edmundson-Lah-Ribari¢ in-
equality (4.2). Further, starting from the scalar inequalities (4.18) and (4.19), it follows
that the relation

opx,+ Bl — f(x) < sup Ag(t;m,M)(M1—x;)(x;, —ml)

m<t<M
< ﬁ]‘f‘}—:ﬁ(m(m —x)(x, —m1)

holds for every t € T. Now, applying the positive linear mappings ¢ to the above relation,
we obtain

001 (x) + By (1) = & (f(x)) < sup Ap(r;m, M)y ([M1— 2] —m1])

m<t<M
< fL(M) — £ (m)

M—m ¢ ([M1 —x ][, —m1]),

while integrating yields

o [ o))+ Br1= [ o(re)du)

< sup Ag(t;m,M) (]), (M1 — x| [xy —m1])du(r)

m<l<M
< S~ = fi(m) /¢ (M1 — x| [x, — m1])du(r).

Therefore, the second and the third inequality sign in (4.23) hold.

Taking into account Theorem 4.3, that is, the series of inequalities in (4.15), it suffices
to motivate the fourth inequality sign in (4.23). To prove our assertion, we note that the
function

h(t) = (M —1t)(t —m) = —t> + (M +m)t —Mm, t€ [m,M]

is operator concave (see e.g. [49]). Finally, applying the Jensen operator inequality (4.1)
to the above function £, it follows that

[ 0 (11 —x] 15— 1)) au o)

< (1 f o) [ otepiuts o),

and the proof of (4.23) is completed.

Further, the series of inequalities in (4.24) is established in the same way as the proof
of (4.23), except that we apply the above functional calculus to inequality (4.18) and utilize
scalar inequality (4.19).

Finally, the series of inequalities in (4.25) follows by applying the functional calculus
to the scalar series of inequalities in (4.22). m|

Remark 4.6 Taking into account the Remark 4.4, the series of inequalities in (4.23) re-
fines converse series (4.13) from Theorem 4.2.



116 4 CONVERSE INEQUALITIES IN COMPACT HAUSDORFF SPACE

Improved version of the Edmundson-Lah-Ribari¢ operator inequality (4.4) can be uti-
lized for obtaining more accurate refinements of the Jensen and Edmundson-Lah-Ribaric¢
inequality than those from Theorem 4.3 and Theorem 4.4. Results that follow are proved
in [67].

Theorem 4.5 Let f: 1 — R be a continuous convex function, and let m,M € R, m < M,
be such that interval [m,M] belongs to the interior of interval I. Further, suppose </ and #
are unital C*-algebras, and (@ );cr is a unital field of positive linear mappings ¢, : </ — P
defined on a locally compact Hausdorff space T with a bounded Radon measure [1. Let X
and &5 be defined in (4.5) and (4.6) respectively. Then the series of inequalities

[ e tresdu) </¢,xtdu )
gmiltlEMAf(t;m,M (Ml /q), X )du(t ) </ & (x,)dp(t) )—6f§

S%(Ml /q),x,d,u >(/q)txtdu >6f§

(M —m)(fL(M) — f.(m))1 - &;x (4.26)

4>|~

and

~

0 (F(x))du (1) ( | #au )
o —mpar ([ omdutoiman) orx

(M —m)(f.-(M) = f.(m))1 - &x, 4.27)

IN
4>|~ S

hold for every bounded continuous field (x;);cr of self-adjoint elements in <7 with spectra
contained in [m,M). Moreover, if [ is concave on I, then the signs of inequalities in (4.26)
and (4.27) are reversed.

Proof. Utilizing the improved version (4.4) of the Lah-Ribari¢ inequality, it follows that

/¢t (x:))dp(t) (/@Xxdﬂ )

< OCf/(Pt X, )dp(t JrBfl </ & (%, )du(t ) 76f§. (4.28)

On the other hand, it is easy to see that the scalar expression o/t + By — f(t) can be rewrit-
ten as (M —1)(t —m)A¢(t;m,M), so, it follows that the inequality

ot + By — f(t) < (M —1)(t —m) il;EMAf(r;m,M) (4.29)
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holds for all 7 € [m, M]. Moreover, since

sup [f (M)~ 1) _ f(1) - f(m)]

sup Ag(t;m,M) =

m<t<M — M p<t<M M —t tr—m
1 fM)—f(@) f(t) = f(m)
<y o, S e, (T
L P RO )
M—-—m |ty M—t m<t<M  t—m
_fL(M) - fi(m)
me*, (4.30)

i (M—t)(t—m) < H(M—m)? and (M —1)(t —m) < £(M —m)?, due to the arithmetic-
geometric mean inequality, we have the following set of inequalities:

ot +Br—f(t) < (M—1t)(t—m) sup Ag(t;m,M)
m<t<M
T(M)—f!
1
< (M —m)(fL(M) — fi.(m)). (4.31)
Now, since m1 < x, < M1 for every ¢ € T, it follows that m¢, (1) < ¢ (x,) < M¢,(1), that

is, m1 < [ ¢ (x;)du(r) < M1. Consequently, applying the functional calculus to above set
of scalar inequalities and subtracting 5f§, it follows that

O‘f/d’z X )dp(t) + Bl — </¢t X )dp(t )_5.1‘5
< sup As(t;m,M) (Ml /q), X )du(t ) (/ & (%, )dp(t) )—SfK
m<t<M

S%(Ml /q),x,d,u >(/q)txtdu >6f§

(M —m)(f"- (M) — £ (m))1 - &x. (4.32)

4>|~

Finally, comparing (4.28) and (4.32), we obtain (4.26), as claimed.
To prove (4.27), we start with the scalar series of inequalities

—_

oyt + B — f(t) < = (M —m)*As(t:m, M)

-lk»—\-lk

_(M m)(f ( )_fjr(m))v re [va]’ (4'33)

following from (4.30) and the arithmetic-geometric mean inequality.
Now, inserting [7 ¢ (x;)du(r) in (4.33) and utilizing (4.28), we obtain (4.27). a
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Remark 4.7 Observe that the series of inequalities in (4.26) refines the converse set of

(M)

inequalities from Theorem 4.3, since sup,,_, . Af(t;m,M) < f’Miifj(m), 0r >0, and

x > 0. For example, if f(¢) = > and m < M, then

/! M _
m<t<M M—m

and
(M —m)
Op=—7""""—>0.
/ 2

Besides the improved Edmundson-Lah-Ribari¢ operator inequality, the crucial step in
proving Theorem 4.5 was in estimating the scalar expression ot + By — f(r) from above.
Our next goal is to derive a different kind of upper bound for this scalar expression, which
will result in another converse of the Jensen operator inequality (4.1).

It should be noticed here that the improved version (4.4) of the Edmundson-Lah-Riba-
ri¢ inequality was derived by applying functional calculus to the left inequality in

min{p1, p2}0r < p1f(m) + p2f(M) — f(pim+ p2M) < max{p1, p2} 0y, (4.34)

where f: [m,M] — R is an arbitrary convex function and p1, p, € [0, 1] are real parameters
such that p; 4+ p» = 1. Obviously, the left inequality in (4.34) represents a refinement of
the classical Jensen inequality, while the second inequality sign means the converse of the
Jensen inequality (for more details, see [114, Theorem 1, p. 717]). Now, we show that this
converse relation can also be utilized to obtain another type of converses for the inequality
4.1).

Theorem 4.6 Let the assumptions from the previous theorem hold. If f : [m,M] — Ris a
continuous convex function, then

Jotrtnaue s ( [ oxaue)

< M‘Sjm ('/T@(xt)du(r)—#l +/T¢z (!x:—@li) du(f>)

< 1. (4.35)

Moreover, if f is concave, then the signs of inequalities in (4.35) are reversed.

Proof. The starting point is relation (4.28) from the proof of Theorem 4.5, this time ac-
companied with another method for estimating the expression ot [ ¢ (X, )dp(r) + Bl —
F (7 & (x:)du(r)). More precisely, we utilize the right inequality in (4.34), i.e. the con-
verse of the classical Jensen inequality, which reduces to

M-t t—m
ot +Br—f(r) < —\ ——— 0
i+ Py f()_maX{M—m’M—m} fr
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[m,M]. Now, since

{Mt tm} 1 1 ‘ m+M
max{ ——,——— > = — + t—

after setting p; =

M—m'M—m 2 M-—m

we have

11 M
ot +Br— f1) < (5 o ‘t _n D 5, (4.36)

and consequently,

ocf/d)lxldu )+ Bl — (/q),x,du )
< ( '/ 00 (x,)du (1 —MID 5, 4.37)

after applying the functional calculus. Now, the first inequality sign in (4.35) holds due to
(4.28), (4.37), and the definition of element X. Finally, the second inequality sign in (4.35)
holds due to obvious relations | [ ¢ (x;)dp(r) — 51| < Y71 and [, ¢y (|x — 25 1])
du(r) < 4-my. m

Remark 4.8 Note that the inequality (4.36) represents the converse of the classical Lah-
Ribari¢ inequality (4.3).

Remark 4.9 For the sake of completeness, let us mention that the results presented here
also cover the discrete case. For example, if 7 = {1,2,...,n} and u is a counting measure,
then the relation (4.26) reduces to

S 0i(F(x)) — f (z} ¢i<xi>>

i=1

< sup Ag(r;m,M) (Mli‘f’i(xi))(
i=1

m<t<M

-

(P,'(X,') — ml) — 5f§

i=1

S fi(]\;l&—:}fj»(m) (Ml — il(]),(xl)> (i (P,'(X,’) ml) — 6f§

(M —m)(f..(M) = £ (m))1 - &y,

4>|~

where x = 31 — /=7 ¢ (|x; — 25¥21|), f is a continuous convex function, x;,
i=1,2,...,n, are self—adjomt elements in C*-algebra with spectra contained in [m,M],
and ¢;, i = 1,2, ,n, are positive linear mappings provided that 3 | ¢;(1) = 1.

Applying the right inequality in (4.34), we can also establish a relation that is in some
way complementary to (4.2). This complementary relation represents the converse of the
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Edmundson-Lah-Ribari¢ inequality (4.2). In order to state the corresponding result, we
define X as

_ 1 1

x:§1+F/¢, <|x,——1|) du() (4.38)
where (x;);er is a bounded continuous field of self-adjoint elements in unital C*-algebra
whose spectra belongs to the interval [m,M]. Observe that %1 <x<landx+Xx=1.

Theorem 4.7 Let f: 1 — R be a continuous convex function, and let m,M € R, m < M,
be such that interval [m,M] belongs to the interior of interval I. Further, suppose </ and #
are unital C*-algebras, and (¢ ), is a unital field of positive linear mappings ¢ : of — B
defined on a locally compact Hausdorff space T with a bounded Radon measure (1. Let X
and 5f be defined in (4.38) and (4.6) respectively.

o [ x)da(e) + B1— [ gi(Fx))du(r) < &% (4.39)

holds for every bounded continuous field (x;);er of self-adjoint elements in </ with spectra
contained in [m,M|. Moreover, if f is concave on I, then the sign of inequality in (4.39) is
reversed.

Proof. The starting point in this proof is the scalar inequality (4.36), derived in the proof of
Theorem 4.6. Now, since m1 < x, < M1 for every ¢t € T, applying the functional calculus
to (4.36), it follows that

1
—-m

1
oxe + Bl — f(x) < <§1+ m

m+M
Xt — 2 ‘) 5f7
ie.

OCf(Pt(Xt) +ﬁf¢t(1) =0 (f(x)) < {%(pt(l) + ﬁ‘h <

+M
v o

after applying a linear mapping ¢. Finally, integrating the previous relation and using that
Jr & (1)du(r) =1, we get (4.39) and the proof is completed. O

Remark 4.10 At the first glance, it seems that the relation (4.39) may be utilized to obtain
refinements of the Jensen operator inequality (4.1). Namely, the converse relation (4.39)
yields the inequality

/q» Fx))du(r) </¢,xtdu )

(4.40)

Unfortunately, it turns out that the methods used in Theorems 4.5 and 4.6 are not really
applicable in obtaining the corresponding refinements.
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More precisely, since infy,<;<p Af(t;m,M) = 0, the method used in Theorem 4.5 ac-
companied with relation (4.40) yields the inequality

| 8 (roxan) </¢ X/ )du (1 )z—éfi,

which does not represent refinement of (4.1) since —6,X < 0.
On the other hand, following the lines as in the proof of Theorem 4.6, with the left
inequality in (4.34) instead of the right one, it follows that

o [ on(x)du(r) + Byl - (/(Pzdeu )
(1——’/¢,x,du —MID(Sf,

which together with (4.40) yields

/dh F(x))du(z) (/q),x,du )
i (o= o (- )

> —5f1.

Obviously, this set of inequalities does not improve the Jensen operator inequality due to
negative elements that are the right side of the inequality signs.

If we follow the proof of Theorem 4.4, but instead the Edmundson-Lah-Ribari¢ in-
equality (4.2) we take its improvement (4.4), we obtain the following result that provides
an improvement of Theorem 4.4.

Corollary 4.1 Let f : I — R be a continuous convex function, and let m;M € R, m < M,
be such that interval [m,M] belongs to the interior of interval I. Further, suppose <f and $
are unital C*-algebras, and (¢ )it is a unital field of positive linear mappings ¢ : of — B
defined on a locally compact Hausdorff space T with a bounded Radon measure [1. Let X
and 5f be defined in (4.5) and (4.6) respectively.

6x<ay [ 9(x)du(t) +Br1~ [ 6(/(n))an()

< sup Afth/(pt (M1 = x,] [ — m1]) (1)

m<t<M

S=M) = £ (m) /¢ (M1 = x| [x, — m1]) dp(t)

g%(Ml /¢,x,du )(/dhx,du )

<3 (1 =m)(7 (M) = FL m)1, @4
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Orx §af/T<P,(xt)du(t)+ﬁflf/(Pt(f(xt))d,u(t)

< sup Ag(t:m,M) /@ (M1 = x] [ — m1]) dpa (¢)

m<t<M

m, 1-— tld tld

< up, om0 (1= [ atca0)) [ ot -m)
/M*/

S%(Ml /"“'d“ >(/"”’d“ )

<< (M —m)(f.(M) - fi(m))1, (4.42)

4>|~

and
6x <0y [ 6(xu)dule)+Bri— [ ¢()au(e)
%(M m) /(pt A, M) dpa (1)
< Z (M —m)(f () ~ £ ()1 (443)

hold for every bounded continuous field (x;);er of self-adjoint elements in </ with spectra
contained in [m,M]. Moreover, if f is concave on I, then the signs of inequalities in (4.41),
(4.42) and (4.43) are reversed.

4.3 Applications to quasi-arithmetic operator means

The main objective of this section is application of general converses from the previous
section to the so-called quasi-arithmetic operator means. A generalized quasi-arithmetic
operator mean with regard to the Bochner integral (see Introduction), is defined by

My (x,9) = y! (/ & (w(xe))du(t )) (4.44)

where (¢ );er is a unital field of positive linear mappings, (x;);c7 is a bounded continu-
ous field of self-adjoint elements in the corresponding unital C*-algebra with spectra in
[m,M] CR, and y : [m,M] — R is a continuous strictly monotone function.

Roughly speaking, an arbitrary C*-algebra is isomorphic to a C*-algebra of bounded
operators on a Hilbert space %, denoted by B(¢). It is a consequence of the well-
known Gelfand-Naimark theorem (see [51]). Hence, for the reader convenience, from now
on, C*-algebras will be regarded as algebras of bounded operators on a Hilbert space.

Now, for the Hilbert spaces % and 7, let P [B (), B (%)) denote the set of all fields
(¢ )rer of positive linear mappings ¢ : B(5) — B( ), defined on a locally compact
Hausdorff space 7" with a bounded Radon measure p, which are unital.
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Recently, Mi¢i¢ et.al. in [102], [101] and [96] investigated an order among the above
quasi-arithmetic means My, (x,¢) and M, (x,¢). Such order was established by virtue of
the operator convexity and monotonicity of the corresponding functions appearing in these
means.

As before, let (x;);er be a bounded continuous field of self-adjoint operators, let (¢ );cr
be a unital field of positive linear mappings, and let y,y : I D [m,M] — R be continuous,
strictly monotone functions. Then the inequality

My (x,0) <My (x,9) (4.45)

holds if one of the following two conditions is fulfilled:

(i) x o w~ ! is operator convex and y ~! is operator monotone,

(ii) y o w~! is operator concave and —y ~! is operator monotone.
On the other hand, if

(i’) x o w~! is operator concave and y ! is operator monotone,
(ii”) x o w1 is operator convex and —y ~! is operator monotone,
then the sign of inequality in (4.45) is reversed.

Moreover, if y~! is operator convex and y !

is operator concave, then
MW(x’d))SMl (xvq))SMX(xad))’ (4.46)

while for operator concave function y~! and operator convex function y ~! the signs of
inequalities in series (4.46) are reversed.

In contrast to above reference related to the order among quasi-arithmetic means, the
corresponding converses are derived by virtue of convexity and monotonicity in the classi-
cal real sense.

In order to state the corresponding results, we first present some notation arising from
this particular setting. Throughout this section we denote

W = min{y(m),y(M)}, yy =max{y(m),y(M)},

where y : [m,M] — R is a continuous strictly monotone function. Moreover, with this re-
gard, it will be more convenient to use a slightly altered notation for the divided difference
of second order (4.14). More precisely, if y,y : I — R are continuous strictly monotone
functions such that y o w~! is well-defined and convex on (1), and the interval [m, M|
belongs to the interior of interval I, we define

N (1m, M) = 1 x(M)—x ()  x(r) —x(m)

y(M) —y(m) Ly(M) —w(t)  w()—w(m)

Remark 4.11 Taking into account the discussion from the previous section which con-
cerned the relation (4.14), the expression Aff,(-;m,M) may be regarded as a continuous
function (in parameter #) on the interval [m,M]. Consequently, the operator expression
Aif,(x;m,M) is meaningful whenever m1 < x < M1.

Finally, with the abbreviations

71 B 1 N Wm+WM
XW*ZI 7WM_Wm/T(PI<|W(XI) 5 1|>d,u(t)
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and

8% = 10m) +2(00) - 20y (Y1),

we have the following consequence of Theorem 4.5, providing two series of converses for
quasi-arithmetic operator means.

Theorem 4.8 Let y,y : I — R be continuous strictly monotone functions and let the
interval [m, M| belongs to the interior of interval I. If the function y o w~" is well-defined
and convex on y(I), then the series of inequalities

X (My(x,9)) = x (My(x,9))

< t;u};/[)Aff,(t;m,M) [yl =y (My(x,9))] [w (My(x,0)) — yul] — 8ix,,

< o) (vn) = Groy ' () ¢
- Ym — Ym
< [ (My (x,0)) = yul] - 5§x,

(Wi =) [ o™ (wie) = (o w™ ), (W) | 1= 83x,, (4.47)

vl =y (My(x,9))]

4>|~

and

X (Mx(x 9)) — x (My(x,0))

< - (wM Vi) AL (My (x,0):m,M) — 8x,,

< %(WM— ) (o w2 (wm) = (o w™ ) (wm)] 1 - 80, (4.48)

holds for every bounded continuous field (x;);er of self-adjoint elements in C*-algebra,
with spectra contained in [m,M|. Moreover, if y oy~ is concave on y(I), then the signs
of inequalities in (4.47) and (4.48) are reversed.

Proof. Since v, < y(t) < yy, for all ¢ € [m, M], it follows that W, 1 < w(x,) < w1, for
every t € T. This means that the spectra of the field (y;);er7 = (¥(X/)):er is contained in
the interval [y, wa]. In addition, since the function y o y~! is continuous on y(I), the
interval [y, W] belongs to the interior of y(I).

Finally, utilizing the series of inequalities in (4.26) and (4.27) with W, Wy, x oy ',
(¥:)rer respectively instead of m, M, f, (X;);er, noting that

Aoyt (W) Wi, W) = AL (1:m, M),

and with definition (4.44) of quasi-arithmetic operator mean, we obtain (4.47) and (4.48).
O

Remark 4.12 Clearly, with assumptions from the Theorem 4.8, operator (Mx (x, )
X (Mw(x, (]))) generally is not necessarily positive. It is positive if the function y oy~ ! i
additionally operator convex on the appropriate interval.
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With the same setting as in the proof of Theorem 4.8, we also obtain another series of
converses of quasi-arithmetic means, which follows immediately from Theorem 4.6.

Corollary 4.2 Suppose x,y : [m,M] — R, are continuous strictly monotone functions. If
the function y o w~" is well-defined and convex on [Wy,, W), then

X (My(x,0)) — x (My(x,0))
X
’W(Mw(x,q))) W"’+WM ’+/¢t (Wxt "””;"’M1|) d,u(t)]

6‘!’
- Yy — Vnm
<81, (4.49)

Moreover; if oy~ is concave on [, Wy, then the signs of inequalities in (4.49) are
reversed.

In the same manner, Corollary 4.1 can be also utilized for obtaining converses of the
Edmundson-Lah-Ribari¢ inequality related to quasi-arithmetic operator means.

Corollary 4.3 Ler y,y : [m,M] — R be continuous strictly monotone functions. If the
function y oy~ is well-defined and convex on [, W], then we have

S, <KLy (1 (x.0)) + VLGOI (1. 0)

< sup 5$(I;m,M)/T<Pz([WM1*ll/(xt)}[ll/(%)*ll/ml])dﬂ(t)

v ™D (ym) = oyl ()
- Yy — Vnm

< [0yt = vy (o) = vl dia (1)
T

ow 1Y (vow 1Y
MoV TRV W) 1y 1y (i .0))] [ (M (5.6)) — it

Y —Ym
%(II/M vi) [(xow ™ (ym) — (xow™ )y (wm)] 1, (4.50)
5$§w<ﬁ]‘ﬁ2 i((nnz)‘I/(Mw(x 9)) W(M)I,)i((]\nj[))_KEZ))X(M)I_X(MJC(X»W)

< sup &F(em M) [ 6 (vl — W) wen) — vl du(e)

te(m,M)

Steiu% 85 (t:m, M) [yl —y (My (x,0))] [w (My(x,0)) —yl]

ow 1Y (vow 1Y -

S(x v )(WIIA//I]\;—E[fn v )+(W ) [Wlell/(MW(xa(p))} [W(Mlll(xa(p))fll/ml]
%(WM Yn) [ o v (wm) = (o w ™ (w1, (4.51)
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and
iy < X(M)—x(m . w(M)y(m) — y(m)x (M), .
s Sy MO T Gy A 9)
<3 = vi)? [ 0 (8 o, b)) du ()
s% (s =) [0y ™) (wm) = oy (wm) ] 1 (4.52)

Moreover, if y oy~ is concave on [W,,, W), then the signs of inequalities in (4.50), (4.51)
and (4.52) are reversed.

Remark 4.13 The first inequality from the relation (4.50) can be rewritten as

(W(M) = y(m))x (My(x,0)) — (x(M) = x(m))y (My(x,0))
< (M) (m) — y(m)x (M)1 = (y(M) — y(m))55x,,

which results in the improvement of the operator analogous of corresponding inequality
for the linear functionals (see [124], Theorem 4.3, p. 108).

Remark 4.14 Suppose that the function y is differentiable at the points m and M, and
vy~ is differentiable at v, and yy, so that y o w~! is differentiable at the points y,, and
Y. In this case, the points Y, and y in (4.47), (4.50) and (4.51) may respectively be
replaced by y(m) and (M), due to the symmetry. In addition, utilizing a chain rule, the
expression

(xovw ™) (w(M)—(xoy™ ) (w(m)

may be rewritten in a more suitable form, that is,

(xow ) (wM)—(xoy ) (y(m) =

This formula will frequently be used in the following subsection.

4.3.1 Examples with power operator means

The most common example of a quasi-arithmetic mean (4.44) is a power operator mean
(see e.g. [101]):

oy d Uradu@) .  r#0 |
Me(x.9) {ex@(.ﬁ@(logxt)du(r)),ro. (4.53)

In this subsection, our intention is to derive converses for power operator means by
utilizing results from the previous section. Having regard to this particular setting, we
define:

Al (t;mM) = G - , seER,r#0,
T _mr

1 M —1¢5 25 —m'
Mr —¢r r—m"
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N 1 logM —logt logt —logm
A 1 7M = - ) Oa
r( m ) M" —m’" |: M —¢r 7 —mr }"7&
, 1 M -7 ' —m'
A (t;m, M) = - 21 seRr.
logM —logm |logM —logt logt —logm

Due to Remark 4.11, the operator expressions Af(x;m, M), Ak (x;m,M), and A (x;m, M)
are well-defined whenever m1 < x < M1.
Now, with the abbreviations

. { 41— e o (37— 24201 ) o), r£0
%1 - 7IOnglogm Jr o (|logxt flog\/liDd/.L(t), r=0,
and
r Mr %
8 merMSZ(m a )  sER,r#£0,
2 2vVm'M”
5 = Z10g ML 4o,
r m"+M"

2
o) = (\/MS - \/ms> , s ER,
we obtain a whole range of converses of power operator means, arising from Theorem 4.8.

Corollary 4.4 Ler (X;)cr be a bounded continuous field of self-adjoint elements in C*-
algebra with spectra in [m,M], 0 < m < M.

(i) Ifeither s <0 <rorr<0<sorO0<r<sors<r<QO,thenthe series of inequalities

[M; (x, )] — [M, (x,)

< sup Ax(rim, M) [M"1— M, (x,0)]'][[M, (x,0)]" —m'1] - §x,

te(m,M)

MS*V o S—r , , - s

< ML= M (. 9] (M (x,0)) 1] - 8%,

s r r s—r s—r s
< M) (M ) - 8, (4.54)

and
, 1 ,

(M, (5, 0))° — [V (x, 0)]° < 7 (M — ' 25 (M, (x,6) s, M) — 5%,
S % (Mr _ mr) (Msfr _ msfr) 1— 5rSXr (455)

hold. Further, if 0 < s <r#0or 0 #r <s <0, then the signs of inequalities in
(4.54) and (4.55) are reversed.
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(ii) If r <O, then

0 <log[Mo (x,¢)] — log[M; (x, )]
< sup A(m, M) M1 — M, (x,9)]'][[M; (x,9)]" —m"1] - §x,

re(m,M)
— g ML= (M (x,0)) ) [M, (x,0)) 1] — &%,
(M7 —m")? i
ST T 10X (450

and
0< log [MO (X7 ¢)] - log [Mr (Xa ¢)]
< M7 8 (M, (x,0) s, M) — B,
(M —m)?
< _ — ) .
- 4rM™m" 1 6” X (4.57)

while for r > 0 the signs of inequalities in (4.56) and (4.57) are reversed.
(iii) The series of inequalities

(M (x,9)]" — [Mo (x,9)]"
< sup Al(t;m,M)[logM1 —log[My (x,9)]] [log [Mo (x, )] — logm1] — §]x,

te(m,M)
s(M* —m?®) ,
< " llogM1—log [M, log [M, —logml] — &
_logM—logm[Og og[Mo (x,9)]] [log[Mo (x,9)] —logm1] — &;x,
< % (logM — logm) (M* —m*)1 — 8'x, (4.58)
and

[M; (x,9))" — [Mo (x,9)]" < - (logM —logm)*AS (Mo (x,9) sm,M) — 8;%

< —(logM —logm) (M* —m*) 1 — &;x, (4.59)

Blo b —

hold for all s € R.

Proof. The proof is a consequence of Theorem 4.8, accompanied with particular choices
of functions y and y.

First, set x(¢) = ¢* and y(z) = ¢, where s and r are real parameters such that r # 0.
The function (}( o l//’l) (1) = ¢+ is convex on R if > <0or 3 > 1, which is possible in
each of the following four cases: s <O <rorr<0<sor0<r<sors<r<0. Finally,
since (yow™") (r) = 37, considering (4.47) and (4.48) with above functions y and y
on the interval [m,M], we obtain (4.54) and (4.55).

Conversely, the function (y oy ') (t) = 17 is concave on R, provided that 0 < 1<,
therefore, if 0 < s <r# 0 or 0 # r < s <0, we obtain relations (4.54) and (4.55) with
reversed signs of inequalities.
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It remains to consider non-trivial cases when one of parameters  and s is equal to
zero. If s =0, then, putting y(¢) = logt and y(t) =", it follows that (yoy 1) (t) =
}logt. Obviously, this function is convex (concave) for r < 0 ( > 0). In addition, since
(xoy™") () = L, we obtain (4.56) and (4.57) without the first inequality sign. The first
inequality sign in (4.56) and (4.57), as well as in the corresponding reversed inequalities,
holds due to the operator convexity (concavity) of the function %logt when r <0 (r > 0).

Finally, if r = 0, then, setting x(z) = #* and y(r) = logt, it follows that the func-
tion (i o y~1) (r) = exp(st) is convex for every s € R. Moreover, since (yow ') (1) =
sexp(st), we obtain (4.58) and (4.59), and the proof is completed. |

Remark 4.15 Generally speaking, the element [M; (x,¢)]* — [M, (x,¢)]’, appearing in
(4.54) and (4.55), is not positive semi-definite. Certainly, positivity of this element depends
on the operator convexity of a power function. It is well-known that the function f(¢) =¢"
is operator convex on R if either 1 <r <2 or —1 <r <0, and is operator concave on
R4+ when 0 < r < 1 (for more details, see e.g. [49]). Therefore, discussing the operator
convexity of the function (}( o l//’l) (1) = 17, as in the proof of Corollary 4.4, we obtain
conditions for parameters r and s under which the operator [M; (x,9)]* — [M, (x,9)] is
positive semi-definite. More precisely,

0< [M;(x,0)]" = [M,(x,0)] (4.60)
holds if either
0<r<s<2ror2r<s<r<0or0<s+r<r#0o0r0#r<r+s<0. (4.61)
On the other hand, if
0#£r<s<00r0<s<r#£0, (4.62)

then the sign of inequality in (4.60) is reversed. Moreover, since the operator convexity
(concavity) of a power function implies its usual convexity (concavity), it follows that
relations (4.54), (4.55), and (4.60) simultaneously hold under conditions as in (4.61). The
reverse relations simultaneously hold provided that conditions as in (4.62) are fulfilled.

Remark 4.16 Above discussion with regard to operator convexity can not be applied
to relations (4.58) and (4.59), since the exponential function f(7) = expt is not operator
convex (see e.g. [16]).

For the same choices of functions y and y as above, but in Corollary 4.2 and Corollary
4.3, we get the following results respectively.

Corollary 4.5 Ler (x;)cr be a bounded continuous field of self-adjoint elements in C*-
algebra with spectra in [m,M], 0 < m < M.

(i) If either s <O <rorr<0<sorO0<r<sors<r<Q0,then

M (x,0)]" - [M; (x,0)]°
il -2 o (-5 Yo

; H[M,«x,m] O

L —
= =]
<81
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Moreover, if 0 <s <r#00r0#r<s<O0, then the signs of inequalities are reversed.
(ii) If r <0, then
0 <log[Mo (x,9)] —log[M; (x,¢)]

5 .o M oM
§WH[Mr(X7¢)] i 1‘+/T¢t (!xt 5 1|) du(t)]

<51,

while for r > 0 the signs of inequalities are reversed.
(iii) The series of inequalities

[M; (XJP)]S — [Mo (x,9)]
[10g [My x¢)]flog¢_1\+/¢,(logxﬁlog\/_l{)du 1

~ logM— logm
< o1
hold for all s € R.

Corollary 4.6 Let (x;)cr be a bounded continuous field of self-adjoint elements in C*-
algebra with spectra in [m,M], 0 < m < M.

(i) If any of the relations s <O <rorr<0<sor0<r<sors<r<O0holds, then we

have
M’ —m® M — ™M
6% <3 M, (5, 0)) + T 1 — (M (v, )]
< sup 8 (em,M) [ ¢ (M=)l — 1)) dia(r)
te(mM) T
MSI S—r 3 )
<L [ g () — ) aute)
M~ — s
<2 T M M (5, 0)] )M, (3,9)) — 1]
S r r S—r S—r
gE(M fm)(M —m )1,

! MS . mS Mrms o mrMS
&%, < 2 My (x 9)]" + = 1= (M (x, 9)]

< sup ame/@ (M1 =] — m" 1)) dua(0)
re(m,M)

=< TUIL)(S y (t3m, M) (M1 — M, (x,9)]"] [[Mr (x,9)]" —m"1]
s MS*I‘ . mS*f

<2 M- M (. 9) ) (M, (x,0)) — 1)

% (Mr o mr) (Msfr o msfr) 17

IN
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and

, M —m® M'm — "M
O % <o~ [Mr (x,0)]"+ M

Mr

1 - -
< 1 =) [ 00 (8: i, M)) (o)
S% (Mr _ mr) (Msfr _ msfr) 1.

Additionally, if either 0 < s <r=#00r0# r <s <0 holds, then the signs of inequal-
ities are reversed.

1—[M(x,9)]

(ii) If r <O, then

M"logm —m"logM

S:X,‘Sﬁ[Mr(x, )]r+ M —m" I_IOg[MO(x7¢)]
< sup & (t;m,M) q), (M1 —X]][x; —m"1])dp(z)
re(m,M)
< [ 0= ) w1 ()
1
< e ML= M, (. 0)) V(M (x.0)) — ']
(M7 —m}?
T ar "
logM —1 M1 —m'logM
8, <= i B My (x.0)) = T R log M (x,9)]
< sup & (tm,M) | 6 (M1 =]l —m'1])dpr)
te(m,M) T
< sup & (6im, M) (M1~ M, (x.0)]'] (M (x,0)]" —m'1]
te(m,M)
1
< e ML= M, (3. 0)) ) [M (x.0)) = m'1]
(M7 —m'}?
T A
and
logM —1 M1 —m"logM
87, <o My (x,9)) = TR og [Mo(x,0)]
1 - .
<5 fm'>2/T¢, (8 (3, M)) du (1)

o r\2
S il Y
- 4rM™m”

while for r > 0 the signs of inequalities are reversed.
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(iii) Series of inequalities

£ S S £

8% <t og M (5. 0)] + T B — o (x.9))
< sup O&)(t;m,M) (]), [logM1 —logx,][logx, —logm1])du(t)
te(mM)
<L ¢ ([logM1 —logx;|[logx, —logm1])d
oz — 1ogm/’ g gx;|[logx; —logm1])du(r)
< SOIZ) o0 b1 og (Mo (x, )] log [Mo (x,6)] — logm]
~logM — logm ’ ’

g% (logM —logm) (M’ —m*) 1,

M s m*logM — M*logm
log [Mo (x,9)] +

8°xy <

m )
X0 S0 M —logm — [My(x,9)]

< sup 8l (t;m,M) ¢t [logM1 —logx;|[logx; —logml])du(t)

logM —logm

re(m,M)

< sup &;(t;m,M) [logM1 —log[Mo (x,9)]] [log [Mo (x,¢)] — logm1]
te(m,M)

M=) o 1 — og [Mo (x,0)]] [log [Mo (x, )] — logm]

= logh —logm %8 glMo (x,9)]]{log Mo (x, ¢ gm

§j—1 (logM — logm) (M* —m*)1,
and

M* —m?® m*logM — M*logm
ixg <—————— log [ M
0 ST~z e [Mo (x,)] +

SZ(IOgM_ logm)? /T & (85 (xe3m, M)

g% (logM —logm) (M* —m®) 1

o) - [Ms(xvq))]s

logM —logm

hold for every s € R.
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4.4 Jensen-type inequalities for bounded and
Lipschitzian functions

It is interesting that the estimates, mentioned and proved in the previous sections, can
be established even for some more general classes of functions. The main objective of
this section is to establish mutual bounds for the Jensen operator inequality (4.1) and the
Lah-Ribari¢ operator inequality (4.2) in the case of bounded real-valued functions and Lip-
schitzian functions. Further, obtained results are then applied to quasi-arithmetic operator
means, with a particular emphasis to power operator means. In such a way, we obtain some
new reverse relations for quasi-arithmetic and power operator means.

In order to do so, we first need to state the corresponding estimate for the scalar Lah-
Ribari¢ inequality obtained by Dragomir [40]: If f : [m,M] — [y,T] is a boundexd real-
valued function, then the inequality

logt + By — f(r)| <T—y (4.63)

holds for every ¢ € [m,M]. In addition, the constant I — 7 is the best possible in the sense
that it cannot be replaced by a smaller quantity.

In the same paper Dragomir also established a similar relation that correspond to L-
Lipschitzian functions. Recall that a function f: I — R is said to be L-Lipschitzian if there
exists a constant L such that

f(x) = f)| < Lix—y]
holds for all x,y € I. Now, if f: [m,M] — R is a L-Lipschitzian function, Dragomir showed
that the relation

M=n)=m) Loy (4.64)

ot + B — f(1)] < 2L

holds for every ¢ € [m,M].

Scalar inequalities (4.63) and (4.64) will be crucial in establishing our main results.

The techniques that will be used in the proofs are mainly based on the classical real
and functional analysis, and on a bounded Borel functional calculus, especially on the
monotonicity principle for self-adjoint operators on a Hilbert space: If X has a spectra
Sp(X), then

F0) = g0, 1€Sp(X) = f(X) > g(X),

where f and g are bounded Borel functions. For more details about the bounded Borel
functional calculus, the reader is referred to [8] or [132]. It should be noticed here that,
throughout this section, all the functions are assumed to be Borel measurable.

Our first result refers to an operator extension of the scalar inequality (4.63) with re-
spect to the Bochner integral defined in the Introduction.

Theorem 4.9 ([82]) Let f : [m,M] — [v,T] be a real-valued function. Further, suppose </
and B are unital C*-algebras and (¢ );er is a unital field of positive linear mappings ¢ :
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o — A defined on a locally compact Hausdorff space T with a bounded Radon measure
U. Then, inequalities

(=P <oy [ G0 +B1 - [0 E)dO < T=D1 @65)
and

or [ 9 X)au()+B1- [0 ()| <=9 @66

hold for every bounded continuous field (X, )cr of self-adjoint elements in < with spec-
tra contained in [m,M)|. In addition, the constant T — 7y cannot be replaced by a smaller
quantity.

Proof. Since (X;),er is a bounded continuous field of self-adjoint operators with spectra
contained in [m,M], it follows that m1 < X, < M1, for every ¢ € T. Hence, applying the
functional calculus to scalar inequality (4.63), that is, by setting X; instead of ¢, we get

*(F*V)l < O‘th+ﬁf1 *f(Xt) < (F* 7)1-

Now, (4.65) follows after applying ¢, to the previous relation and then integrating.
As regards the inequality (4.66), by squaring the inequality (4.63) it follows that

(ot + By — f(1))* < (T—p)?

holds for every t € [m,M]. Further, applaying the functional calculus to the above squared
inequality, we have

(X + Bl — f(X,))? < (T—p)°L.

Now, since the linear mapping preserves the order, applying ¢y to the above relation yields
2
0 ([oXi+By1 = F(X)]7) < (T=7P0u(1),
while integrating yields
2
[ o (L, + Bt = fx)]) auto) < (T 9P1,

dueto [7 ¢ (1)du(r) =1.
It should be noticed here that the function g(¢) = % is operator convex (see e.g. [16,
49]), so utilizing the Jensen operator inequality (4.1) it follows that

(o [ 0x)aue) + Bron) - | ¢t(f(Xt))du(t)>2
< [ o ([oX+B1 = 1(0)°) auo),
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and consequently

2
(o [ 0:00)am() +Br01) — [ 67 xau)) < (=971

Finally, relation (4.66) follows from definition of the absolute value of a self-adjoint oper-
ator and due to the operator monotonicity of the function (¢) = v/ (see e.g. [16, 49]).

Now, in order to show that the constant I" — 7 is the best possible in (4.66), assume that
inequality (4.66) holds with a multiplicative constant C as follows:

O‘f/T(Pt(Xt)dﬂ(’)Jrﬂfl */T(Pt(f(xt))d.u(’) <CT-7yl (4.67)
Let us consider the function
M;m7 t=m,
fe)y=¢0, re(mM),
M—
>, t=M.
Clearly, the function f is bounded, and we can set I' = @ and y = 0. Now, if we

substitute X; = %1 and the above function f in (4.67), it follows that

M — mtM _ miM _ _
5 .M m1+ 5 m.M m170§CM ml’
M—m 2 M—m 2 2
which reduces to
M—m

M—m
— 1 <C—-1.
2 ‘_ 2

The above inequality implies that C > 1 and shows that C = 1 is the best possible constant
in (4.67). a

Remark 4.17 By applying positive linear mappings ¢, t € T, to m1 < X; < M1 and
then, integrating, we get m1 < [ ¢, (X;)du(r) < M1. Since the function f is bounded, in
the same way it follows that [ ¢, (f(X;))du(¢) is bounded as well. This means that the
operator X := ot [ ¢ (X;)du(t) + Brér (1) — [ ¢ (f(X;))du(t) is bounded. Therefore, the
absolute value of X is |X| = VX*X = VX2, since X* = X.

Remark 4.18 In Theorem 4.9 we have established inequalities of the form —Y <X <Y
and |X| <Y, where X,Y are bounded self-adjoint operators. Generally speaking, if =Y <
X <Y, then it need not be true that |X | <Y. For more details, the reader is referred to [79].

By virtue of Theorem 4.9, we can establish mutual bounds for the Jensen operator
inequality (4.1), for the class of bounded real-valued functions.
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Theorem 4.10 ([82]) Let f : [m,M] — [y,T] be a real-valued function. Further, suppose
o/ and B are unital C*-algebras, and (¢, ),er is a unital field of positive linear mappings
@ : of — B defined on a locally compact Hausdorff space T with a bounded Radon mea-
sure l. Then

2('=y)1< / o (f(X;))du(r) (/ o (X )dp( )) <2('=y)1 (4.68)
holds for every bounded continuous field (X; );ct of self-adjoint elements in < with spectra
contained in [m,M].

Proof. Since (X;);er is a bounded continuous field of self-adjoint operators with spectra
contained in [m, M], we have m1 < X, < M1 forevery ¢t € T, so applying the positive linear
mapping ¢ and then integrating, we have

1< [ 6(X)dulr) <M1.
T

Therefore, applying the functional calculus to (4.63) by setting [ ¢ (X;)d(¢) instead of ¢,
it follows that

—T=y1< Otf/Td)t(Xt)du(t)JrBflf(/rd)t(Xz)du(t)) <=yl (469

After adding up (4.69) and (4.65) we get (4.68), and the proof is complete. O

Our next result refers to an operator extension of the scalar inequality (4.64) for a class
of Lipschitzian functions.

Theorem 4.11 ([82]) Let f : [m,M] — R be a L-Lipschitzian function. Further, suppose
o/ and B are unital C*-algebras, and (¢, ),er is a unital field of positive linear mappings
@ 2 of — B defined on a locally compact Hausdorff space T with a bounded Radon mea-
sure l. Then the set of inequalities

- %(M—m)l

—2L
SMm<M1_/¢zdeli )</¢1deli 1)— V”l)
- —2L

[(M1—X,) (X, —m1)]dp (1)

<o / 00X )du (1) + 1~ / 01 (X)) (1) (470
< 2 [ a1 =) (6 m1)) o)

<2t (Ml/q»x,du )(/q»x,du) )

(M—m)1

3

IA
| T~
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holds for every bounded continuous field (X; );cr of self-adjoint elements in < with spectra
contained in [m,M).

Proof.  Since ml < X; < M1 for every ¢t € T, applying the functional calculus to scalar
inequality (4.64), it follows that
2L

7F(M17X,)(Xt ml) <oy X + By — f(X;) < MZL

(M1 —X,)(X, — m1).

Furthermore, applying linear mappings ¢ to the above set of inequalities and then, inte-
grating, we have

f—/qx (M1 = X,)(X, — m1)]du(r)
<oy / o) (0)+ Bt = [ on(F(X))du(0)
/¢, (M1 = X,)(X, — m1)] du (7).

_Mf

Now, taking into account that the function g(¢) = —>+ (m+ M)t — mM is operator concave
(see e.g. [49]), application of the Jensen operator inequality (4.1) yields

2 a1 - %)% — 0] da()

M
< e (411 [oau)) ([ ox)aut) -m)

—2L

and

e e 0n =X —m)au()

= 2 ) ()

Finally, the first and the last inequality in (4.70) are direct consequences of the arithmetic-
geometric mean inequality

(M—1)(t —m) < 2 (M —m),

Bl

where 1 € [m,M]. a

In a similar way as before, Theorem 4.11 can also be utilized for establishing double
precision of the Jensen operator inequality (4.1), this time for a class of L-Lipschitzian
functions.

Theorem 4.12 ([82]) Let f : [m,M] — R be a L-Lipschitzian function. Further, suppose
of and B are unital C*-algebras, and (¢ )ier is a unital field of positive linear mappings
@ : of — B defined on a locally compact Hausdorff space T with a bounded Radon mea-
sure L. Then the set of inequalities
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—L(M—m)1

_MfLm(le@Xtdu )(/q»x,du) )
— [/@ (1) (%~ mD]dua 1)
M- [ 6,()du() )(/@Xtdu) ml)]
/@ (X)) d (1) (/¢ X, )d( )) @71)
< | Lol -x) (%~ m1))du()
(Ml/q»xtdu )(/q»xtdu) ml)]
sM“_Lm(Ml/@X,du )(/q»x,du) )

holds for every bounded continuous field (X, );cr of self-adjoint elements in </ with spectra
contained in [m,M).

A

Proof. In the same way as in the proof of the previous theorem, it follows that

ml < / 00 (X)du (1) < M1,
T

and so, by putting [, ¢ (X;)du () in (4.64) we obtain

2Lm< /@deu )(/@deu) )

<af/¢t X))dp(t) + Bl — f (/d) (X)) du()) 4.72)
<

< e (= [aan) ([ owduw -m).

Now, taking into account the set of inequalities (4.70) multiplied by —1, it follows that

e [ M1 =) (6 — 1) au ()
m.Jjr
< -0y /T 9 (Xo)dp(r) = Brl+ /T 9 (f (X))dp(t) (4.73)

[(M1—X,) (X, —m1)]du(z).
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When we add up inequalities (4.72) and (4.73), we get the first inequality sign in (4.71).
As in the proof of the previous theorem, the remaining inequality signs in (4.71) follow
by applying the Jensen operator inequality with respect to the operator concave function
t — —t>+ (m+ M)t — mM and due to the arithmetic-geometric mean inequality

[

(M—1)(t—m) < - (M—m)?

4;

which holds for every ¢ € [m,M]. O

It is well known that every convex function is bounded and Lipschitz continuous on
any compact subset of the interior of its domain (see e.g. [126]), so all of the results from
this section can be applied to the class of convex functions. The following consequence is
a special case of Theorems 4.9 and 4.10.

Corollary 4.7 ([82]) Let f : I — R be a convex function, and let m,M € R, m < M, be
such that interval [m, M| belongs to the interior of interval I. Suppose </ and % are unital
C*-algebras, and (@ );er is a unital field of positive linear mappings ¢, : &/ — B defined
on a locally compact Hausdorff space T with a bounded Radon measure L. Then there
exist 7,I" € R such that relations

0=y [0()du)+B1- [0 XNduO <T-p1 @74

and
~C=71< [ a(x))du() (/ 00 (X, )y )> <=1 4.75)

hold for every bounded continuous field (X, ),cr of self-adjoint elements in of with spectra
contained in [m,M].

Proof.  Since the interval [m, M] is compact, there exist 7,T" such that y < f(¢) <T for
every ¢t € [m,M]. Function f is convex, so by virtue of the scalar Lah-Ribari¢ inequality,
the relation (4.63) becomes

0<oyt+Br—f(t)<T'—y.

Now, inequalities (4.74) and (4.75) are obtained by following the lines as in the proofs of
Theorems 4.9 and 4.10, except that we utilize the above scalar relation instead of (4.63).
The last part follows from the Jensen operator inequality. O

Remark 4.19 If f is in addition an operator convex function, then the left term —(I'— )1
in (4.75) can be replaced by 0.

Our next result is a special case of Theorem 4.11, and it follows directly from the
Lah-Ribari¢ operator inequality (4.2).
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Corollary 4.8 ([82]) Let f : I — R be a convex function, and let m,M € R, m < M, be
such that interval [m, M| belongs to the interior of interval I. Let L be the Lipschitz constant
of the function f on [m,M|. Suppose </ and A are unital C*-algebras, and (¢ )icr is a
unital field of positive linear mappings ¢ : &/ — 9B defined on a locally compact Hausdorff
space T with a bounded Radon measure L. Then the set of inequalities

0 <0y [ o))+ 1~ [ o (r(X))du()

N V— (M1 —=X;) (X; —m1)]du(r) (4.76)
SMZ_Lm(le(p,Xtdy )</¢,Xtdu 1)~ )
S%(Mfm)l

holds for every bounded continuous field (X; )it of self-adjoint elements in < with spectra
contained in [m,M).

In order to conclude this section, we give the following result which is a special case
of Theorem 4.12.

Corollary 4.9 ([82]) Let f : I — R be a convex function, and let m,M € R, m < M, be
such that interval [m, M| belongs to the interior of interval I. Let L be the Lipschitz constant
of the function f on [m,M|. Suppose </ and A are unital C*-algebras, and (¢ )icr is a
unital field of positive linear mappings ¢ : &/ — 9B defined on a locally compact Hausdorff
space T with a bounded Radon measure L. Then the set of inequalities

s o011 =X (%~ m]au(r)
/ 0(f (%)) (1) f( | #()du )> @.77)

< (Ml/q), ) (/Tq),(X,)dy(t)ml)

(M —m)1

|~

holds for every bounded continuous field (X; )ict of self-adjoint elements in < with spectra
contained in [m,M).

Proof. Since f is a convex function, it follows that

(M—1)(t—m)
0 <oyt — <2L————~
<oyt +Br—f(1) < T
Now the proof follows the lines of the proof of Theorem 4.12 except that we use the above
scalar inequality instead of (4.64). O

Remark 4.20 If the function f is additionally operator convex, then the first line in (4.77)
can be replaced by 0.
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4.4.1 Applications to quasi-arithmetic operator means

It is well-known that an arbitrary C*-algebra is isomorphic to a C*-algebra of bounded
operators on a Hilbert space 77 (see, e.g. [51]). Hence, in order to simplify our further
discussion, from now on, C*-algebras will be regarded as algebras of bounded operators
on a Hilbert space, denoted here by B(.7).

The main goal in this subsection is an application of obtained general Jensen-type
inequalities to the so-called quasi-arithmetic operator means. As in the previous section,
generalized quasi-arithmetic operator mean is defined by

My (%.0) =y [ atvx)auc) ).

where (X;);cr is a continuous field of positive operators in B(7#) with spectra in [m, M]
for some scalars 0 < m < M, (¢ )it € P[B(S),B(%)], and y : [m,M] — R is a strictly
monotone bounded function.

In Section 4.3 we have established reverse relations for quasi-arithmetic operator means
which rely on convexity and monotonicity in the classical real sense. Now, our intention
is to derive mutual bounds for quasi-arithmetic means in described setting. In such a way,
we will obtain some new reverse relations for quasi-arithmetic means that correspond to
bounded and Lipschitzian functions. Before we state such results, we have to introduce
some notations arising from this particular setting. Throughout this section we denote

Y =min{y(m), y(M)}, yy =max{y(m), y(M)}

and
Yy =min{y(r), t €m,M]}, T, =max{x(r), € [m M|},

where y, x : [m,M] — R are strictly monotone bounded functions.
The first result in this subsection is carried out by virtue of our Theorem 4.9.

Theorem 4.13 ([82]) Ler y,y : [m,M] — R be strictly monotone bounded functions,
where 0 < m < M. Further, suppose that x oy~ is well-defined on [, Y. If (¢ )it €
P[B(I),B(HX )], where A,  are Hilbert spaces and T is a locally compact Hausdorff
space with a bounded Radon measure L, then the series of inequalities

(Tt < EEIEELy (y (x0) + L= VO,
—x (My(X,0)) < (Ty — )1 (4.78)

holds for every continuous field (X;);er of positive operators in B () with spectra in
[m,M].

Proof.  Since v : [m,M] — R is a bounded strictly monotone function, it follows that
W < (1) < yy, for all ¢ € [m,M]. Moreover, by virtue of the functional calculus, it
follows that y,,1 < w(X;) < w1 for every ¢ € T. This means that the spectra of the field
(Y))ier = (w(X;))ser is contained in the interval [y, Wy].
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Now, regarding Theorem 4.9, that is, utilizing the series of inequalities in (4.65) with
Vs Wt, X O WL, (Y;);er respectively instead of m, M, f, (X;);er, and with definition
(4.44) of the quasi-arithmetic mean, we obtain (4.78), as claimed. O

Following the lines as in the proof of the previous result, Theorem 4.10 can also be ex-
ploited in establishing some new reverses of the Jensen operator inequality related to quasi-
arithmetic means. First, we establish the corresponding mutual bounds quasi-arithmetic
means.

Theorem 4.14 ([82]) Letr y,y : [m,M] — R be strictly monotone bounded functions,
where O < m < M. Further, suppose that x oy~ is well-defined on [, Wu|. If (¢ )rer €
P[B(),B(HX )], where 7, & are Hilbert spaces and T is a locally compact Hausdorff
space with a bounded Radon measure L, then the series of inequalities

“2(Ty = 1)1 < x (My(X,9)) — x (My(X,0)) <2(Ty — 1)1 (4.79)

holds for every continuous field (X;),er of positive operators in B () with spectra in
[m,M].

Remark 4.21 Let y,y : I — R be strictly monotone functions and let the interval [m, M]
belongs to the interior of interval /. If the function y o y~! : I — R is additionally convex
on [W, W], inequalities in (4.78) become

X (M) — x(m) Y (M)x (m) —y(m)x (M)
O <~y ¥ MOy
—x (My(X,0)) < (Ty — )1, (4.80)
while inequalities in (4.79) become
—(Ty =)l < x (My(X,9)) —x (My(X,9)) < (T — 1)1 (4.81)

If the function y o y~! is additionally operator convex, then the left term —(I'y — 7)1 in
(4.81) can be replaced by 0. This is a consequence of Corollary 4.7.

Our next result arises from Theorem 4.11 and it provides Lah-Ribari¢-type estimates
for quasi-arithmetic operator means, for a class of Lipschitzian functions.

Theorem 4.15 ([82]) Ler y : [m,M] — R be a strictly monotone bounded function and
let x : [m,M] — R be an Ly-Lipschitzian function, where 0 < m < M. Further, suppose
that y oy~ is well-defined on [Wm, W] If (& )icr € P[B(H),B(K)], where A, X
are Hilbert spaces and T is a locally compact Hausdorff space with a bounded Radon
measure U, then the series of inequalities
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- %X(WM — Ym)1

< ﬁ (vl =y (My (X, 0))) (v (My(X,9)) — yl)

< sz / o ([t~ WX W CX) — yn L) dp(0)

< W / 0 (wwd — w(X)][y(X,) — yul]) dis (1)
<o (= v (4 (X.0))) (v (1 (X.9)) )

L
< TX(WM - l//m)

holds for every continuous field (X; )it of positive operators in B(I) with spectra in
[m,M].

Proof.  As in the proof of Theorem 4.13, since y : [m,M]| — R is a bounded strictly
monotone function, it follows that W, < y(r) < yy, for all ¢ € [m,M], and by virtue of
the functional calculus we have y,,1 < y(X;) < w1, for every 7 € T. This means that the
spectra of the field (V;),er = (W(X;))rer belongs to the interval [y, wi].

On the other hand, the function y o ! is obviously L, -Lipschitzian on y([m,M]), so
we can utilize the series of inequalities in (4.71) with y,,, yay, x 0 14/*‘, (Y;)rer respectively
instead of m, M, f, (X, ),cr. Finally, taking into account (4.44) we obtain (4.82). O

In the same manner as described above, Theorem 4.12 enables us to establish mu-
tual bounds of the Jensen operator inequality for Lipschitzian functions, related to quasi-
arithmetic means.

Theorem 4.16 ([82]) Let v : [m,M] — R be a strictly monotone bounded function and
let x : [m,M] — R be an Ly-Lipschitzian function, where 0 < m < M. Further, suppose
that y oy~ is well-defined on (W, Wu). If (& et € P[B(H),B(X )], where 4, H
are Hilbert spaces and T is a locally compact Hausdorff space with a bounded Radon
measure U, then the series of inequalities

— Ly (yy — yim)1
= % (WMI - W(MW(X7¢))) (W(MW(X7¢)) - ll/ml)
w,;ZLi,C/m / ¢ ([l — y(Xo)|[w(X;) — winl]) di(1)

+ (w1 =y (My(X,9))) (¥ (My(X,9)) — yinl)
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<X (My(X,0)) — x (My(X,9)) (4.83)

< | oyt = O] (0) — it ()

+ (w1 — v (My(X,0))) (v (My(X,0)) — wl)

= ﬁ (WMI - W(MW(X7¢))) (W(MW(X7¢)) - l[/ml)

< Ly (v — W)l

holds for every continuous field (X;);er of positive operators in B () with spectra in
[m,M].

Remark 4.22 If the function y o 1//’1 is convex, then, due to the fact that every convex
function on a compact set that belongs to the interior of its domain is Lipschitzian, the
inequalities in (4.82) become

X(M) — x(m) y(M)x(m)—y(m)x(M)_
0§W<M)_w(m)w(Mw(X,¢))+ von ) ! x (My(X,0))
<o [0 (lyart = w0y (%) ~ it du () (4.84)
<25 (1 y (11, (X,9))) (v (My(X.0)) — 1)

- Yum — Yn
L
< (¥ — Yin),
while inequalities in (4.83) read
2L,
— [ gyt - WO ) — ) ()
Ym — Ym JT

< x (My(X,9)) —x (My(X,9)) (4.85)

< 22 (yarl = w (M (X.9))) (v (4 (X.9)) — v

L
< 71 (WM - Wm)l
In addition, if y o w~! is operator convex, then the first line in (4.85) can be replaced by 0.
These inequalities follow from Corollaries 4.8 and 4.9.
4.4.2 Examples with power operator means
Let us recall, a common example of a quasi-arithmetic mean (4.44) is a power operator

mean
_Vraxnane)r,  r#0
M. (X,9) { exzi)(fT o (logX,)du(t)), r=0 }
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already defined in the previous section by (4.53).

Clearly, the method developed in this section can be applied to the above power means.
More precisely, as a consequence of results from the previous section we obtain a whole
series of estimates for power operator means. In particular, we obtain some new reverse
relations for power operator means.

Corollary 4.10 ([82]) Let (¢ )icr € P[B(5),B(X)|, where S,  are Hilbert spaces
and T is a locally compact Hausdorff space with a bounded Radon measure |1, and let
(X;)ier be a continuous field of positive operators in B () with spectra in [m,M] C R..

(i) If either s <O <rorr<0<sorO0O<r<sors<r<QO,then

M —mS . M —m'M®

OSM"—m" (M-(X,0)) Ry
andif 0 <s<rorr<s<O0,then

M —m? M 'm* —m"M?
(M,(X,0)) + =

1-(My(X,0))" <M’ —m|]1, (4.86)

— M —m|1 < 1- (My(X,9))' <0. (4.87)

M —m"

(ii) Forr € R, r <0 we have

M"logm —m"logM
M —m"

0 Slonglogm

M —m’ (M (X,9))" +

M
1- IOg (MO(X7 (P)) < log_ 17

m

(4.88)
and for r > 0 we have

logM —logm
M" —m"

M"logm —m"logM
M" —m"

(M (X, 0))"+ 1—log(Mo(X,9)) <0,

(4.89)

m
log—1<
OgM =

Proof. The proof is a consequence of Theorem 4.13 and Remark 4.21. More precisely, we
utilize series of inequalities in (4.80) with particular choices of functions y and y.

First, we set  (t) =¢* and y(r) =", where s and r are real parameters such that sr # 0.
Further, the function (}( o l//’l) (t)= {7 is convex on Ry if f <Oor Ii > 1, which is possible
in each of the following fourcases: s <0 <r,r<0<s,0<r <s,5s <r<0. Now, utilizing
inequalities in (4.80) with the above functions ¥ and y on the interval [m,M], we obtain
(4.86).

On the other hand, the function (yow™') () =" is concave on R provided that
0< f <1, hence,if 0 <s<rz#0or0#r<s<0, we obtain (4.87).

It remains to consider non-trivial cases when one of parameters r or s is equal to zero.
Without loss of generality, let s = 0. Here we set () = logt and y(¢) =", and it follows
that (y oy~!) (t) = Llogt. Clearly, this function is convex for r < 0, while it is concave
for r > 0. Now, relations (4.88) and (4.89) follow from inequalities in (4.80) and the proof
is completed. O

By following the same procedure as in the proof of the previous corollary and taking
into account inequalities in (4.81), we can also obtain a consequence of Theorem 4.14 that
corresponds to Jensen-type inequalities for power operator means.
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Corollary 4.11 ([82]) Let (¢ )icr € P[B(5),B(X)|, where 5,  are Hilbert spaces

and T is a locally compact Hausdorff space with a bounded Radon measure |, and let

(X;)ier be a continuous field of positive operators in B () with spectra in [m,M] C R..
(i) Fors,r € R such that sr # 0 we have

— M —m'[1 <(M,(X,9))" — (M:(X,9))’ < [M* —m’[1, (4.90)
(ii) Forr € R, r <0 we have
M
0 <log (Mo(X,)) ~log (M (X, 9)) < log™ 1, (491)

and for r > 0 we have

Remark 4.23 It is well-known that the function f(¢) =¢" is operator convex on R if
either 1 <r <2or —1 <r <0, and is operator concave on R, when 0 < r < 1. Hence,
discussing the operator convexity of the function (xo 1//*1) (1) = ¢, as in the proof of
Corollary 4.10, we obtain conditions on parameters r and s under which one of the outer
terms in (4.90) is equal to 0. If either

0<r<s<2ror2r<s<r<0or0<s+r<r#0o0r0#r<r+s<0, (4.93)
then (4.90) reads
0 <(My(X,9)) — (M:(X,9))" < |M* —m'[1,

and if
0#£r<s<0o0r0<s<r#£0, (4.94)

then (4.90) becomes
—[M* —m'|1 <(My(X,9))" — (M:(X,9))" <0.

The following results rely on Theorem 4.15, Theorem 4.16 and Remark 4.22, and they
provide a different class of Lah-Ribari¢ and Jensen-type inequalities for power operator
means then those obtained above.

Corollary 4.12 ([82]) Let (¢ )icr € P[B(5),B(X)), where 5, & are Hilbert spaces
and T is a locally compact Hausdorff space with a bounded Radon measure |, and let
(X;)ier be a continuous field of positive operators in B(H) with spectra in [m,M] C R..
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(i) If either 0 <r <sors<r <0, then

05 ST (M(X,0))" + Mﬁgﬁﬁ—mamf
< [ Xty (4.95)
< % (M"1— (M, (X,9))") (M, (X,0))" —m1)
< SA;_ M —n'|1,

~ 1
2sm’T . -
M| (M"1— (M, (X,0))") (M- (X,9))" —m'1)
zsmYT r r r r
< _W/T(p,(w 1- XX/ — 1)) du () (4.96)
M* —n?’ , M'm' —m" M s
< o Mr(X,0)) + — e 1~ (M(X,9))" < 0

andif s <0 <rorr <0 <sthen the inequality signs in (4.96) are reversed.

(ii) Forr € R, r < 0 we have

logM —logm . M"logm—m"logM
< — (M (X 1 —log (My(X
0< 22T (1, (x,9)) + — og (Mo (X, 9))
2
< M1-X|[X —m"1])du(t 4.97
< i ] Jy O (ML XX ) ) @97)
2L M —m"
<— = _(M1-M, (X M, (X,0)) —m'1) < 1,
< ity (ML (4 (X,0))) (M, (,6)) =) < T
and if » > 0, then the inequality signs in (4.97) are reversed.
(iii)) Fors € R, s > 0 we have
M’ —m* m*logM — M*logm s
<——Flog(My (X — (My(X ’
_IOgM_]Ogm Og( 0( 7¢))+ logM—logm ( S( ’(p))
<z / ([logM1 — log X, ][log X; — logm1])dy (1) (4.98)
~logM —logm T¢t g g X |[log Xy gm u :
o B a1~ log (Mo (X.9))) (log (Mo (X, 8)) — logm1)
= logh —logm %8 g(Mo (X, ¢ g(Mo (X, ¢ gm
sesM

M
log—1,
m
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and for s < 0 we have
M —m® m*logM — M*logm 1

<———log (M (X M(X. )
0 <ioahl —Togm & Mo (X, 0)) + = oam (M(X,9))

25" . .
logm —logh - - .
_IOgm—IOgM/T(pt([lOgM IOgXt][IOgXI logm ])d[.i(l‘) (4 99)
< 25" (logM1 —log(My (X,9))) (log(My (X, 9)) —1 1)
~logm —logM 8 og (Mo (X,9))) (log (Mo (X, ¢ ogm

Sm
Sse logﬁl,

M

Proof. The proof is similar to the proof of Corollary 4.10 except that we use relations in
(4.84) instead of inequalities in (4.80).

More precisely, let y () =¢° and y(¢) =", where s and r are mutually different real
parameters not equal to zero. As noticed before, the function (x ) 14/*') (t)= 17 is convex
onRy ifeithers <O <rorr<0<sorO0O<r<sors<r<0,anditisconcaveif 0 <s<r
orr<s<0.

Since the function (x o 1//*1) (1) = 17 is differentiable, we can use the mean value the-
orem

(xoy )@ —(xow ) )
x—y
and deduce that for finding its Lipschitz constant it is sufficient to find a bound L such that

= (xoy™ ) (1), x<r<y,

’(%oqf])/(t)’ <L forallt € [m,M].

We have

s—r

—1\/ S s—r
oy ) () ==-r7,
and since the function f(¢) =¢“ is increasing for ¢ > 0 and decreasing for a < 0, it follows
that

Ly = EM¥ forO<r<sors<r<o;
r

S s—r
LX:__m 7
r

fors<O<rorr<0<s;

S ser
Ly=- 0 forO<s<rorr<s<0.
r

In first two cases the function y o y~! is convex, so relations (4.95) and (4.96) with reversed
signs of inequality follow directly from (4.84). In the third case the function y o y~! is
concave, so inequalities in (4.96) follow from (4.84) and due to convexity of —y o y~!.

We still need to consider the cases when one of the parameters r and s is equal to zero.
If s = 0, then setting () = logt and y(t) = ", it follows that (yoy~!)(t) = Llogr.
Clearly, this function is convex for » < 0, while it is concave for » > 0. Moreover, since
it is differentiable we can calculate (o w~')(r) = 1, and from the mean value theorem
we get

1 1
Ly=—— forr<0 and Ly =— forr>0.
rm rm
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Since in the first case the function y o y~! is convex and yy; = m’", W, = M", inequalities
in (4.97) follow directly from (4.84), and in the second case the reversed inequalities in
(4.97) follow from (4.84) due to the convexity of the function — -+ logt when r > 0.

Finally, if r = 0, then setting y () = #* and y(¢) = logt, it follows that the function
(xow™!)(t) = e is convex for every s # 0. In addition, (x o 1//*1)/ (r) = se”, so the
mean value theorem yields

Ly = se'™ fors>0 and Ly = —se’™ fors <O0.

Now relations (4.98) and (4.99) follow from (4.84). O

In the same manner as described above and relying on inequalities in (4.85), we obtain
the following result with which we conclude the paper.

Corollary 4.13 ([82]) Let (¢ )ier € P[B(I),B(X)], where S, # are Hilbert spaces
and T is a locally compact Hausdorff space with a bounded Radon measure |1, and let
(X;)ser be a continuous field of positive operators in B(H) with spectra in [m,M] CR..

(i) If either 0 <r <sors<r <0, then

e 8 X it

< (My(X,9))" — (M:(X,9))° (4.100)
< ML (0, (X 0)) ) (M, (X, 0)) 1)
<

e el LA
L (4,05,0))) (¥ (. 9)) )

< (,X,0))° — (M, (X, 0)) @101
< LX),

andif s <0 <rorr<0 <sthen the inequality signs in (4.101) are reversed.

(ii) Forr € R, r < 0 we have
0 <log(Mo(X,9)) —log(M-(X,9))

< (M- (M, (X,0)) (M, (X,0)) —m1)  (4.102)
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and if » > 0, then the inequality signs in (4.102) are reversed.

(iii) For s € R, s > 0 we have

sM

2

_ m/ﬁ% ([logM1 —log X;|[log X, — logm1])du(t)

< (My(X,9))" — (Mo(X,9))’ (4.103)
2se’™

S Togm —Togh (logM1—1log (Mo (X,9))) (logM1 —log (Mo (X, 9)))

s sM
<

M
log —1,
m

and for s < 0 we have

zser
m/T¢z([10gM1—10ng][logX,—logml])du(,)

2 Sm
< o Togir 108M1~1og(Mo (X,9)) (log (M (X, 6)) ~ logm1)
sesm m

log 1.
2 %y

<

Remark 4.24 Inequalities (4.100) and (4.101) can be further altered in accordance with
the positivity and negativity of the term (M(X,¢))* — (M,(X,¢))® which has already been
discussed in Remark 4.23.

4.5 Mutual bounds for Jensen-type operator
inequalities related to higher order convexity

The main objective of this section is to establish lower and upper bounds for the difference
between the left-hand side and the right-hand side of the Lah-Ribari¢ operator inequality
(4.2), which hold for a class of n-convex functions. The results that follow will be es-
tablished in a general setting, as described in the Introduction. Therefore, throughout, we
assume that <7 and 2 are unital C*-algebras, and (¢ ),c7 is a unital field of positive linear
mappings ¢ : o/ — % defined on a locally compact Hausdorff space 7" with a bounded
Radon measure pt.

Our first extension of the Lah-Ribari¢ inequality (4.2) that holds for n-convex functions
follows by virtue of Lemma 2.3, and is given in the following theorem. Throughout this
paper, whenever mentioning the interval [a,b], we assume that a, b are real numbers such
that a < b.
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Theorem 4.17 ([83]) Let f € €™ ([a,b]) be n-convex function. If n > m > 3 are of differ-
ent parity, then the inequality

[ 9 rean) oy [ ais)duo —p1

< (flard) - flarB) ( [ ot —al)

+”‘21 f(k,i!(a)/T@ ((x,—al)k) du(r)

k=2
; m k—1
+kzlf[u»w]/T¢z ((xl—al) (x, — b1) )du(t)

m times k times

(4.105)

holds for every bounded continuous field (x; );er of self-adjoint elements in </ with spectra
contained in [a,b]. Inequality (4.105) holds also when f is n-concave and n and m are
of equal parity. Moreover, when f is n-convex and n and m are of equal parity, or when
f is n-concave and n and m are of different parity, then the inequality sign in (4.105) is
reversed.

Proof.  Since f € €"(|a,b]), it follows that its n-th order divided difference f,(¢) =
flt;a,...,a; b,b,...,b] is continuous, so consequently the function R,,(¢) defined by (2.64)
—— ——
m times (n—m) times
is also continuous. Therefore, applying the functional calculus to scalar relation (2.65), i.e.
setting x; instead of scalar #, we have

m—1 (k) a
o)~ s = B = o ) (flosa)— Lo + 5, T -t
-2 :
&S Flaraiby bl — al)" (5 — 51 4 Rxe).
o —~——~—

m times k times

Now, applying the positive linear mapping ¢ to the above relation and then by integrating,
it follows that

[ 0redu0 o [ ¢(x)an -yt
= (flara] — fla.b]) < [ o sdu) al)

ESA )
+k§2 - /T(pt ((xtfal)k> du(r) (4.106)
+I;lf[a,...,a;b,...,b]/r¢, ((Xt*al)m(xtfbl)k*1>d‘u([)

m times k& times

+ [ ¢ Ratw))duto).
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In order to complete our proof, we discuss positivity of the term [} ¢, (R (x;)) dpi(z). Due
to the monotonicity property, it suffices to study the sign of the function
Ru(t)=(t—a)" (t—b)""flt;a,...,a; b,b,...,D].
—— N——
m times (n—m) times
Since a <t < b, it follows that (1 — a)m > 0 for any choice of m. Similarly,  —b < 0 implies

that (r —b)" ™ < 0 when n and m are of different parity, and ( —5)"~™ > 0 when n and m
are of the same parity. Finally, according to the definition, f[t;a,...,a; b,b,...,b] > 0(<0)
—— ——

m times (n—m) times
for n-convex (n-concave) function, so the inequality (4.105) easily follows from relation
(4.106) and the proof is completed. O

Our next result provides another extension of the Lah-Ribari¢ operator inequality (4.2)
for n-convex functions in terms of divided differences, and it follows by virtue of Lemma
2.4,

Theorem 4.18 ([83]) Let f € € (|a, b)) be n-convex function. If m > 3 is odd and m < n,
then the inequality

[ o rean) = oy [ as)duo —py1

< (flab) — flb,b) <b1 -/ <Pz(xt)du(t))

590 e

£ 3 b nbisnd) [0 (=01 (5 —al) ") du(o)

m times k times

(4.107)

holds for every bounded continuous field (x; );er of self-adjoint elements in o/ with spectra
contained in [a,b]. Inequality (4.107) also holds when f is n-concave and m is even.
Moreover, when f is n-convex and m is even, or when f is n-concave and m is odd, then
the inequality sign in (4.107) is reversed.

Proof. In a similar manner as in the proof of the previous theorem, since every involved

function is continuous, we can replace ¢ with operator x; in (2.69), and then apply positive
linear mapping ¢ to the obtained relation and integrate it. In such a way we have

[ ortsdun) —ay [ ox)du(o) -1
= (rlat] - 110.6) (01~ [0 i)

m—1 f(k) (b)
2 /T‘P’ (o —b1)") du(r) (4.108)
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+k§ f[b,...,b;a,...,a]/T(pt (5= b1 (5 — a1 ) dp(r)

m times k times
+ [ o (R ) dua ).

Following the lines of the previous theorem, it remains to discuss positivity of the term
J7 & (R, (x;))du(z). Again, due to the monotonicity property, it is enough to study the
sign of the function

R (1) = (1 — b)Yt — )" ™ f[t:b,....b; a.a,....a).
—_—— ——
m times (n—m) times

Since ¢ € [a,b], we have (t —a)"™ > 0 for every ¢ and for any choice of m. Similarly,
(t—b)" <0 whenm is odd, and (r — b)™ > 0 when m is even. Finally, taking into account
the definition of n-convex (n-concave) function and relation (4.108), we obtain (4.107), as
claimed. a

Remark 4.25 In the proofs of previous two theorems, when discussing positivity of terms
J7 & (Rim(x;))du(z) and [ ¢ (RS, (x,)) du(z), it was enough to discuss the sign of functions
R, (t) and R}, (¢) since for a continuous and positive function f and a self-adjoint operator
X, the operator f(x,) is positive definite. Moreover, since a positive linear mapping ¢
preserves positivity, it follows that [ ¢ (f(x))du(t) > 0.

By combining results from Theorem 4.17 and Theorem 4.18, we get the following
bounds for the difference between the left-hand side and the right-hand side of the Lah-
Ribari¢ operator inequality (4.2), which are valid for the class of n-convex functions.

Corollary 4.14 ([83]) Let f € €"(|a,b]) be n-convex function, where n is an odd number.
If m > 3 is odd and m < n, then the series of inequalities

(Flaa] — fla.b]) ( [ ot —al)

+’”i' f(k,i!(a)/r@ ((x,—al)k) dp(r)

k=2
+ zf[a,...,a;b,...,b]/T(p, ((xl—al)’”(xl—bl)kfl)du(t)

n—m
k=1

m times k times

< [ atrean = oy [ ox)du() — B2 #.109)
< (lat] - 8] (01 [ o)au))

LSS [ 0 (s =01) duatr)

e
I N

+ Z‘] 1lb, ...,b;a,...,a]/T(P, (=15 — a1 ) dp(e)

m times k times
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holds for every bounded continuous field (x; );er of self-adjoint elements in </ with spectra
contained in [a,b]. Inequality (4.109) also holds when f is n-concave and m is even.
Moreover, when f is n-convex and m is even, or when f is n-concave and m is odd, then
the inequality signs in (4.109) are reversed.

The following result also provides mutual bounds for the difference between the left-
hand side and the right-hand side of the Lah-Ribari¢ operator inequality, and it relies on
scalar relations (2.62) and (2.63).

Theorem 4.19 ([83]) Let f € €"(|a,b]) be n-convex function, where n > 3 is an odd
number. Then the inequalities

n—1

3 flaib..b [ ¢ (65 —an) e — b1 ) dute)
k times

< [otrtndue) —as [ ov)du(n) - py1

(4.110)
< flaaib [ 9 (o —al) (s — 1) dua (1)

+ 2 flasazbieat] [ o0 (=) —b1)"") dua(r)
k times
hold for every bounded continuous field (x;);cr of self-adjoint elements in <7 with spectra
contained in [a,b). Inequalities in (4.110) also hold when f is n-concave and n is even. In

the case when f is n-convex and n is even, or when f is n-concave and n is odd, then the
inequality signs in (4.110) are reversed.

Proof. Following the lines as in the proofs of the previous two theorems, we can replace
t by x; in (2.62) and (2.63) respectively, and then, apply a positive linear mapping ¢ to the
established relations and integrate them. By doing so, we get

/4’1 f(x))du(r) O‘f/d’zxtd# t) — Byl
n—1

:l;zf[a;%]/rﬁ (=) = b04 ) o) + [ 0 (Raon))ei0) @11
and
[ o re)an) - oy [ ax)au - p1
:f[a»a§b]/¢z((xz—al)(xz—bl))du(¢)
4.112)

+ Zfa aibet] [ 60 (= a1 —b1) ") dp()

k times

+ [ 8 Ratw))auo).
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Now, taking into account the discussion about positivity of term [ ¢ (R, (%)) du(z) as in
the proof of Theorem 4.17, it follows that if m = 1, then

o [ ¢ (Ri(x:))du(r) >0 when f is n-convex and n is odd, or when f is n-concave
and n even;

o [ ¢ (Ri(x))du(t) <0 when f is n-concave and n is odd, or when f is n-convex
and n even.

Hence, if [; ¢ (Ri(x;))du(t) > 0, the relation (4.111) yields the first inequality sign in
(4.110). Moreover, if [ ¢ (R1(x;))du(¢) <0 the corresponding inequality sign is reversed.
In the same manner, if m = 2, then

o [ ¢ (Ra(x:))du(r) <0 when f is n-convex and n is odd, or when f is n-concave
and n even;

o [ ¢ (Ra(x:))du(t) > 0 when f is n-concave and n is odd, or when f is n-convex
and n even.

Consequently, if [ ¢ (R2(x;)) du(r) <0, the relation (4.112) provides the second inequal-
ity sign in (4.110), while for [ ¢ (R2(x;))dp(r) > 0 the corresponding sign is reversed.
This completes the proof. |

In order to conclude this topic, we give yet another pair of mutual bounds for the
difference between the left-hand side and the right-hand side of the Lah-Ribari¢ operator
inequality. The corresponding result relies on Lemma 2.4 and it is interesting since it holds
for all n € N, not only for the odd ones.

Theorem 4.20 ([83]) If f € €"([a,b]) is n-convex function, where n > 3, then the in-
equalities

flbbia) [ ¢ (05— b1)(x —a) dua(r)

n—2
+k§,2f[b,b;a,...,a]/r¢, ((xt —bl)z(x, —al)k*]) d‘u(l‘)

k times (4.113)
< [ oGedut) —as [ o (dut) - p1

n—1
<3 fbiad) [ o (06 =01 —al) 1) du(o)
k=2 N~~—JT
k times
hold for every bounded continuous field (x;)cr of self-adjoint elements in <7/ with spec-

tra contained in |a,b). If the function f is n-concave, the inequality signs in (4.113) are
reversed.
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Proof.  We follow the same procedure as in the proof of Theorem 4.19 except that we
utilize relations (2.66) and (2.67) instead of (2.62) and (2.63). In such a way we obtain
relations

[ 0renan) o [ ou)an -1

) ) (4.114)
kg,zf[b a, ]/T¢t ((x,—bl)(x,—al)k ])dﬂ(f)‘f‘/T@ (RY(x))du(t)
k times
and
[ ortsdn® - o [ ardut) - p1
= flb.bia) [ ¢ (05— b1)(x — ) dua(r)
(4.115)

n—2
+kz,2f[b,b;a,...,a]/T¢l ((xl —bl)z(x, —al)k*]) du(l‘)

k times

+ / o0 (R3(x)) (1),

Now, we refer to discussion about positivity of the term [ ¢ (R}, (x;))d(t), as in the
proof of Theorem 4.18. If m = 1, then (t — b)'(t —a)"~' < 0 for every t € [a,b], so
J7 & (R (x))du(t) > 0 when the function f is n-concave, and [ ¢ (Rf(x))du(r) <0
when f is n-convex. Therefore the relation (4.114) yields the second inequality sign in
(4.113) for an n-convex function f, while for n-concave function f the corresponding sign
is reversed.

Similarly, for m =2 we have (t —b)?(t —a)"~2 > 0 for every ¢ € [a,b], s0 [ ¢ (R5(x;))
du(r) > 0 when f is n-convex, and [ ¢ (R5(x;))d(t) <0 when f is n-concave. In this
case the identity (4.115) yields the first inequality sign in (4.113), which completes the
proof. O

Remark 4.26 It should be noticed here that if f is 3-convex function, then the series of
inequalities in (4.110) and (4.113) coincide, providing the relation

flbbia) [ (0= b1 (5 =) da(r)
/ & (f(x))du(e) af/ O (x:)du(r) — Brl (4.116)
< flaaib [ 0 (o = b1 05— ab)dua().
In the remainder of this section we will utilize the results from above, as well Lemma

2.3 and Lemma 2.4, in order to obtain several Jensen-type operator inequalities that cor-
respond to n-convex functions. More precisely, we will establish several mutual bounds
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for the difference between the right-hand side and the left hand side of the Jensen opera-
tor inequality (4.1). The results that follows will be derived in the same setting as in the
previous section.

Our first estimate for the difference in the Jensen inequality (4.1) relies on Corollary
4.14.

Theorem 4.21 ([83]) Let f € 6" ([a,b]) be n-convex function, where n is an odd number.
If m > 3 is odd and m < n, then the series of inequalities

1(a,b) /@ Flx))dur) </@&du )smwu% @.117)
where

Hy(a,b) = (f(a) — f(b)+bf'(b) —af'(a)) 1+ (f'(a) *f'(b))/r@(ﬁ)dﬂ(t)
) (a (k) 3
f k!( )/T(pt ((xtfa1)k> du(r) b) (/T(pt(x,)d‘u(t)bl) ]

3 i) [0 (= al)" =51/ ) du(o)

k=1

m—1
+2
k=2

m times k times

=S octsad ([ ot 1) ([ aane -at)

m llmes k times

hold for every bounded continuous field (x;);cr of self-adjoint elements in <7 with spectra
contained in [a,b). Inequalities in (4.117) also hold when f is n-concave and m is even.
In the cases when f is n-convex and m is even, or when f is n-concave and m is odd, the
inequality signs in (4.117) are reversed.

Proof. Since al < x, < b1 for every ¢ € T, it follows that ag, (1) < ¢ (x;) < b¢y(1), i.e
al < [7 ¢ (x)du(t) < b1. Hence, applying the functional calculus to relation (2.65), i.e.
setting [ ¢ (x;)du(¢) instead of ¢, it follows that

</@&wt) o [ o))~ Byl

= (/T ¢,(x,)du(r)—a1) (f[a,a]—f[a,b])—f—ni] f(k]i!(a) (/T ¢z(xz)du(t)—al>k

k=2

+ 3 o) ([owauo-a) ([ ¢z(xz)du(t)—bl)k1

m tlmes k times

wra( [ ¢,<x,>du<r>) -

Now, we study positivity of the term R,, ([7- ¢ (x;)d(¢)). Namely, since al < [, ¢ (x,)dp(z)
< b1, due to the monotonicity property, it suffices to study positivity of the scalar function
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Ry, (¢) for t € [a,b], which we have already done in the proof of Theorem 4.17. Hence, if f
is an n-convex function and n and m > 3 are of different parity, or if f is n-concave and n
and m > 3 are of the same parity, the above relation yields the inequality

</¢,xtdu ) O‘f/‘f)txtd.u) Bl

< ([ otw)dut—at) (flad 2 @ ([ g e)aute)—a)
/ > (]

+nztnf (/q), X )du(t —al) (/4’1 X )du(t) )k].

m tlmes k times

Clearly, if f is n-convex and n and m > 3 are of the same parity, or if f is n-concave and n
and m > 3 are of different parity, the inequality sign is reversed.

Now, in the same way as above, applying the functional calculus to (2.69) and taking
into account discussion about the sign of the scalar function R}, (¢) for ¢ € [a,b] (see the
proof of the Theorem 4.18), we obtain the inequality

</¢,xtdu ) o [ aa)du) Byt

< (m— / ¢t(xz)dﬂ(f)) (Flab) - flob) + 3, Lo @) ( / ¢z(Xz)du(t)—bl)k

k=2 .
+3 rtsgd ([ oo -01)" ([ oane -at)

m tlmes k times

which holds for n-convex function f and an odd number m > 3 or for n-concave function
f and an even number m > 3. If f is n-convex and m is even, or if f is n-concave and m is
odd, the inequality sign is reversed.

By combining the previous two inequalities, it follows that the series of inequalities

(/T@(x,)du(t)—al) (fla,a] — fla,b]) 5 (2!@ (/Tq),(xl)du(t)_a])k
+ﬂzr,nf (/ O (x:)du(r —al) (/ 0 (x ) (1) )k1

m tlmes k times

(/¢z X ) (t )_O‘f/¢z X )dp(t) — Brl
(01 d)t(xt)du(t)) a0+ 2 ([ ot -o1)
+ 3 e [ owann-n) ([ b)) —a1)

m tlmes k times

I A

IN
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holds if f is n-convex and m is odd, or if f is n-concave and m is even. If f is n-convex

and m is even, or f is n-concave and m is odd, then the inequality signs are reversed.
Finally, multiplying the above series of inequalities by —1 and then, adding it to

(4.109), we obtain exactly the relation (4.117), as claimed. O

Our next result provides yet another lower and upper bound for the difference in the
Jensen operator inequality for n-convex functions, this time obtained by virtue of Lemma
2.3 and Theorem 4.19.

Theorem 4.22 ([83]) Let f € €"([a,b]) be n-convex function, where n > 3 is an odd
number. Then the series of inequalities

fla,a;b] <bl—/¢1x, du(t )</¢1x, du( )—al)

I Ry CER R I

k times

2p—2 —1
(/(])txtd,u al) Zfaab </¢,xtdy )

k times

/¢z flx))du(t) (/(p, X, )du(t ) (4.118)

< flaasb] [ ¢ (s —at)(x = b1) dua(r)

(/(])txtd,u al)Zfab (/(i)txtd,u ) B

k times
n—2
. 2 k—1
+ 3, floah Y [ 0 (= a1 1)) )

k times

holds for every bounded continuous field (x; );er of self-adjoint elements in </ with spectra
contained in |a,b]. Inequalities in (4.118) also hold when f is n-concave and n is even.
In the cases when f is n-convex and n is even, or when f is n-concave and n is odd, the
inequality signs in (4.118) are reversed.

Proof. By following the same procedure as in the proof of the previous theorem, we start
by replacing ¢ with [ ¢ (x;)dL(¢) in relations (2.62) and (2.63). Therefore we get

(/¢txt du(t > af/(Ptxt du(t) — Byl
- Zfa b,. (/ & (x)du(t —al) (/ ¢ (xi)dp(t) — bl)k]+R1 (/T@(xz)du(t))

k times

and
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(/@xzdﬂ ) O‘f/@xtd# 1) = Brl
= rlaat] [ onaut) o) [ oau 1)
+2faab (/(i)tx,d,u a1> </¢,xtdy > B

k times

whe( [ o).

respectively. Now, taking into account discussion about the sign of scalar terms R (7) and
Ry (1), t € [a,b], from Theorem 4.19, the above relations imply that the series of inequalities

Zfab (/q),xldu —al)(/q),xldu) bl)kl

k times

<f(/¢tx,d,u > O‘f/‘l)txtdﬂ) Brl
Fla,a;b] </ 0 (x al) (/ (pt(x,)du(t)bl)
+:22f[aab (/q),xldu —al) (/dhx,du ) B

k times

holds when 7 is odd and f is n-convex, or when n is even and f is n-concave. If n is odd
and f is n-concave, or if n is even and f is n-convex, then the corresponding inequality
signs are reversed.

Finally, inequalities in (4.118) follow after multiplying the above series by —1 and
adding it to (4.110). O

In an analogous way as described in the proof of the previous theorem, this time by
virtue of Lemma 2.4 and Theorem 4.20, we can get a similar lower and upper bound for
the difference between the right-hand side and the left-hand side of (4.1) that holds for all
n > 3, not only for the odd ones.

Theorem 4.23 ([83]) If f € €"([a,b]) is n-convex function, n > 3, then the inequalities

Flb,bia /(pt — 1) (o —al))du(t)

(/(]),xt du(r) bl)sza </¢,xt dul(t )al)k]

k times

Zzzf[bvb’m] /T o ((x, —b1)*(x, fal)"”) du(r)

k times
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< /d)t f(a))du(t) </ & (o )du(t ) (4.119)
§f[bba<b1/q),xtdy )</¢t Ydu( )a1>
+:Z:f[b;%:§]/T¢, ((x,fbl)(xﬁa)k*l)du(t)
2n-2 k—1
(/(Ptxtdu ) Zfbba </¢,xtdu )al)

k times

hold for every bounded continuous field (x;);er of self-adjoint elements in </ with spectra
contained in [a,b]. In addition, if f is n-concave, then the inequality signs in (4.119) are
reversed.

Remark 4.27 It should be noticed here that if f is 3-convex function, then the relations
(4.118) and (4.119) coincide, giving the series of inequalities

fla,a;b] (bl/(pt X )dp(t ></¢t X )d( )al)

+flb.bial [ 6 (G —al) (s~ b1)du(o)
/ & (F(x))dp(r) ( / & ()t ) (4.120)
< flbbsd] (bl—/q), )t )(/¢,x, du( )—al)

flasaib) [ 0 (o —at) (s — 1) dua().

4.5.1 Applications to quasi-arithmetic operator means

Our goal in this subsection is an application of general Jensen-type inequalities established
above to the so-called quasi-arithmetic operator means. In such a way, we shall obtain
mutual bounds for the differences of quasi-arithmetic means.

A few years ago, Mic¢i¢ et al. [101], investigated an order among quasi-arithmetic
means My (x,¢) and My (x,¢). Such order was derived by virtue of operator convexity
and operator monotonicity of the corresponding functions appearing in these means. A
similar conclusion can be drawn for quasi-arithmetic means in a view of higher convexity.
More precisely, utilizing the Jensen-type inequalities from above, we will establish several
mutual bounds for the difference y (M, (x,9)) — x (My (x,¢)) of quasi-arithmetic means.

Before we state our results, we will first introduce some notation arising from this par-
ticular setting. Throughout this section we denote F = y oy~ ! and y, = min{y(a), y(b)},
v, = max{y(a),y(b)}, where ¥ and v are strictly monotone functions. It is obvious that
if v is increasing, then v, = y(a), ¥, = y(b), and if v is decreasing, then vy, = y(b),
Vv, = W(a). Furthermore, since  : [a,b] — R is a continuous strictly monotone function,



162 4 CONVERSE INEQUALITIES IN COMPACT HAUSDORFF SPACE

it follows that w,1 < w(x,) < y,1, for every r € T, which means that the spectra of the
field (y;);er = (W (x;))ier is contained in the interval [y, ).

Now, rewriting Theorem 4.21 with F = y o ™!, (y(x;))ser and [y, ] instead of f,
(x¢)rer, and [a, b], respectively, we obtain the following result:

Corollary 4.15 ([83]) Ler x, v : [a,b] — R be continuous strictly monotone functions
such that F = yoy~' € €"([a,b]). If the function F is n-convex, m > 3 is odd and m < n,
then the series of inequalities

HF(WLZ’WI?) < X (MX (x’d))) —X (MW (x7¢)) < HF (Wb’wa)v (4'121)

where Hy(a,b) is defined in the statement of Theorem 4.21, hold for every continuous field
(x¢)ter of self-adjoint operators in B(H) with spectra in [a,b]. Inequalities in (4.121)
also hold when F is n-concave and m is even. In the cases when F is n-convex and m is
even, or when the F is n-concave and m is odd, the inequality signs in (4.121) are reversed.

Similarly to the previous corollary, Theorems 4.22 and 4.23 also provide mutual bounds
for the difference y (M (x,9)) — x (My (x,9)). In order to simplify our further discussion,
we give the corresponding result for the case when Theorems 4.22 and 4.23 coincide,
i.e. for the case of 3-convex function. Namely, rewriting relation (4.120) with F' = y o
v L, (w(x:))er and [Wy, yp) instead of f, (x;)er, and [a,b], respectively, we obtain the
following result:

Corollary 4.16 ([83]) Let y,y : [a,b] — R be continuous strictly monotone functions
such that F = yoy~! € €3([a,b]). If F is 3-convex function, then the series of inequalities

FYa, Y Y] (%1 /¢, y(x))du(t >(/¢t v(x))du(t) — %1)

Py wival [ 9 (wi) — v (i) — 1) du (o)
< 2 (My (5,9)) — x (My (x,0))
< FWp, Wi Wal (lI/bI/(Pt w(x))du(t )</ O (w(x))du(t) — 1I/a1>

F (Y, Vi ) / o ((w(x) — wal) (w(x) — yp 1)) dpa (o)

holds for every continuous field (x;);er of positive operators in B () with spectra in
[a,b]. If F is 3-concave, the corresponding inequality signs are reversed.

The simplest example of a quasi-arithmetic mean (4.44) is a power operator mean
defined by (see e.g. [101]):

o) = d Ure()du(r)) r#0
M: (x,9) {ex;(qu),(logxl)du(t)), r=0.

Since power operator means are special cases of quasi-arithmetic operator means for par-
ticular choices of functions )y and v, let us first set y (#) =¢* and y(¢) =1", 1 > 0, where s
and r are real parameters such that r, s # 0.

~1—
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Now, the function F (1) = (y oy~ 1)(¢) = #*/" belongs to the class " (R) for any n € N,

and we have ¢ /s s s
F() == (— - 1) (— —2) (— —n+ 1>t§*".
r\r r r

It is straightforward to check that:

e if r <0 < sors <0< r, then the function F is n-convex for any even n € N, and
n-concave for any odd number 7;

e if 0 <s<rorr<s <0, then the function F is n-convex for any odd n € N, and
n-concave for any even number n;

e if 0 <r<sors<r<0,then the function F' is n-convex when Lf
odd, or when | £ | is odd and n is even, and F is n-concave when |
either even or odd.

| is even and n is
2] and n are both

It remains to consider the cases when one of the parameters r and s is equal to zero. If
1
s = 0, then setting x (1) = logt and y(t) = t", it follows that F(t) = (y o y~1)(¢) = ~log?
r
belongs to the class ¢”*(R) for any n € N, and we have

FU (1) = 1(4)"*1(% nre

-
It is easy to see that:
e the function F is n-convex if r > 0 and n € N is odd, or if r < 0 and n € N is even;
e the function F is n-concave if » > 0 and n € N is even, or if r < 0 and n € N is odd.

In cases when r < 0 the function y(z) =" is strictly decreasing, so we have y, = b"
and y, = d’, and in cases when 0 < r the function y is strictly increasing, so we have
W, =a and y, =b".

Finally, if r = 0, then setting y () = #* and y(¢) = logt, it follows that the function
F(t) = (x oy 1)(t) = " belongs to the class " (R) for any n € N, and we have

FW (1) =s" .
Trivially,
e if s > 0, then the function F' is n-convex for any n € N;

e if § <0, then F is n-convex for any even number n, and n-concave for any odd
number n.

The function y(¢) = logz is strictly increasing, so in this case we have y, = loga and
v, = logb.

We see that all of our results regarding quasi-arithmetic means can be applied to power
operator means, considering our discussion from above (see also [108]).
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e If0 < s <ror0<2r<sholds, then

b,.iarl(ib” ) e er -0 ) dut)

+(Zj_zlia )(b’l/q), X du(t >(/¢t X du( )al>]

< (MS (xv qb))S - (Mr (xv qb))S

1 R
Sbfaf[(;bSI_br )(brl—/q), x;)du(t )(/4’1 X)) du( )—al)

(et [a <<x:—b’l)(x{—a"l))dua)]

If s <0< ror0<r<s <2r, then the above inequalities are reversed.
o If r <s<0ors<2r<0holds, then

1 b'—a S s—r r r r r
b —a’ [(bl‘_al‘ 7;a )\/T(pf((xl =b 1)(xl —a 1))61.[1([)

+<§b” Zi_ ;)(’1—/@ XY du(r )</¢, ) du( )—al)]

< (M, (x,9))" — (M (x,9))
< | (i) (1 o) ([ 1)
+(Crr-5=2) ¢,<<x;b*1><x:a’1>>du<r>]

If r <0 <sor2r<s<r<0,then the inequalities are reversed.
o If r # 0, then

1 I logh—1 ;
ml(@%)/wa:b’l)(x{a'l))du(r)

logh —1
+<ogbr figa nllr)(rl_/@ X du(r )(/@ X)) du( )—al)
<log (Mo (x,9)) —log (M, (x,9))
1 1 logh—1
Sbrar[(w_%) (brl_/¢t xt d“ )(/¢l xt d“ )_a 1)

(e L) [ r 6 ) ant >]
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e If s > 0, then

@[( - log >/¢z —ypl)(logx; —logal))du(t)

b*—a’
+< logg —sas> (logbl—/@ Ingl)d“ ) (/ O IOng)dN( )—logal”

< (M;(x,9))" = (Mo (x,))°

1 i b —a
< log [(sbs o ) <10gb1 /q)t (logx:)) dp(t > (/ ¢ (logx,)dp(r )10ga1>

" (b o —> /4 ((0g21 ~togb1)(10ga; - logan)dum}
log 2 T

and if s < 0, the inequality signs are reversed.







Chapter

Converses of Ando’s and
Davis-Choi’s inequality

In this chapter, several converses of Ando’s inequalitiy and Davis-Choi’s inequality of
different types have been proved, as well as the Edmundson-Lah-Ribari¢ inequality and
its difference type converse for positive linear mappings. Also, a difference type converse
for solidarities, one of which is of a special type that includes connections, and a quotient
reverse inequality (or a reverse of the operator Holder inequality) for connections and for
the special type of solidarities that includes connections are given. In the case of converses
in the form of a difference, the estimations are expressed using a kind of variation of the
involved family of operators. As an application of the obtained results, operator reverses of
inequalities for the general weighted power mean are given in a difference and a quotient
form.

Also, by exploiting different scalar equalities obtained via Hermite’s interpolating poly-
nomial, we will obtain lower and upper bounds for the difference in Ando’s inequality and
in the Edmundson-Lah-Ribari¢ inequality for solidarities that hold for the class of n-convex
functions. As an example, main results are applied to some operator means and relative
operator entropy.

167
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5.1 Introduction

Let H be Hilbert space and let A be a linear operator on H. Operator norm of A is defined
as

[|A] == sup{[|Ax]| - [|]x]| < 1, x € H}.

Adjoint operator A* of A is defined as a unique operator on H such that (Ax,y) = (x,A*y)
holds for every x,y € H. Tt follows that ||A|| = ||A*|| = [|AA*||/2.

Operator A is bounded if ||A|| < eo. With Z(H) we denote a C*-algebra of all bounded
(that is continuous) linear operators on H.

Spectrum of an operator A is defined as a set

Sp(A) ={A € C:A— A1y notinvertible in A(H)}.

We say that a bounded linear operator A € #(H) is self-adjoint if A = A*. Operator A
is self-adjoint if and only if (Ax,x) € R holds for every x € H. We say that a self-adjoint
operator A is positive semi-definite (or simply positive) and write A > 0 if (Ax,x) > 0 holds
for every vector x € H.

The theory for connections and means of pairs of positive operators has been developed
by Kubo and Ando in [86]. Connection o, as a binary operation on the set of positive
definite operators, is characterized by the relation

AoB:Al/zf(A’I/ZBA’I/z)Al/z, (5.1)

where f is a positive operator monotone function on (0, ) called the representing function
for 0. The axiomatic properties of connections are as follows:

(1) A<LC,B<Dimplies AcB < CoD,

(2) C(AoB)C < (CAC)o6(CBC),

(3) from A, | A and By | B it follows that A,oB;, | AGB.
A mean is a connection with normalization condition:

4) Iol=1.

A binary operation ¢ on the set of positive definite operators is called solidarity if
the representing function f in (5.1) is just operator monotone on (0,e). The theory of
solidarities has been developed in [46]. The relative operator entropy

S(A|B) = A" log (/rl/zB/rl/z)Al/2

is an example of solidarity.
The following properties are proved in [46].
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Theorem 5.1 ([46]) If ¢ is a solidarity, then
e (A4+B)o(C+ D) > AcC+ BoD (subaditivity)
o (AA1+(1—A)A2)0(AB1+(1—A)By) > A(A10B1)+(1—1)(A20B,),0< A <1

(joint concavity).
A simple consequence of the stated properties is the following Jensen type inequality.

Corollary 5.1 ([46]) Let p; >0, A;,B; >0,i=1,...,n. Then

n n n
Y piAioB; < <2 PiAi> o (Z PiBi> (5.2)
i=1 i=1 i=1

for any solidarity ©.
The basic examples of connections and their representing functions are:
e The weighted arithmetic mean
AVeB=(1—-0)A+aB,0<a <],
with representing functiont — (1 — o) + ot.

e The weighted harmonic mean
AlgB=[1-a)A " +aB '] 0<a<],
with representing function  — m.

e The weighted geometric mean
o
A#,B = A2 (A’I/ZBA’1/2> A2 0<a<l,

with representing function ¢ +— ¢%.

e The weighted power mean
p11/p
A#,oB=AY?|(1 —oc)l—i—oc(A’l/zBA’l/z) } A2 0<a<1,—1<p<l,

with representing function — [(1 — &) + Ottp]l/p.

In this way the Holder inequality for positive definite operators A;, B; and p; > 0,
i=1,....,n
n n n
Y piAittp.aBi < piAi | #p.0 | D, PiBi (5.3)
i=1 i=1 i=1

holds, where 0 < a <1, -1 <p < 1.
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Although it is common to call inequality (5.3) the Holder inequality, it is worthwhile
to mention that in the real case inequality (5.3) reduces to

n P n P 117
S pi[(1— )al + abl]? < l(la) (219%') +a (2171'1’1') ] ;
i=1 =1 =1

which holds for p < 1 and the reversed inequality holds for p > 1. This is discrete
Minkowski’s inequality. A more general form of which is

n m ll’ m n p Il’
Yri| Xaid; ) <|Xai| X piai , (5.4)
i=1 j=1 j=1 i=1

where a; j >0, pi,q; >0,i=1,...,n, j=1,...,m, p<1. For p > 1 the reversed inequality
holds in (5.4).
Note that inequality (5.4) is, due to homogeneous property, equivalent to inequality

In the operator case the only known result of this type is proven in [4] for the harmonic

mean:
-1 —17!
n m 1 m n
2245 <X 24y ,
i=1 \j=1 j=1 \i=1
where A; ;,i=1,...,n, j=1,...,m are positive invertible operators.

Main goal of the first section is to give reverse inequalities to (5.2) of a difference and
quotient type for the special type of solidarities that includes connections. In the case of the
weighted power mean the explicit estimations of reverse inequalities of (5.3) in a difference
and quotient form are obtained. The difference case for the relative operator entropy is also
given. The methods used in this paper and related results in this area can be found in the
monographs [48] and [49]. The next result has been proved [24].

Theorem 5.2 ([24]) Let A;,B; >0, i = 1,...n be such that mA; < B; < MA; for some
scalars 0 <m <M. Then, if 0 < o < 1

n n 1 n
A | # Bi| < — ) Ai#fyB; 5.5
(S0 (£0) < ey St 55

Mm® —mM®* [(1—a M%*—m* \“
(I —a)(M—m) o Mm% —mM®

where

K(m,M, o) =
is the Kantorovich constant.

A reverse type result is given in [47].
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Theorem 5.3 ([47]) Let A;, B; be positive definite matrices such that mA; < B; < MA; for
some 0 <m<Mandi=1,...,n Then forevery o € [0,1]
n n n
N Ai |#a | D Bi | = D A#taBi < C(m,M,00) Y Aj, (5.6)
i=1 i i=1 i=1

i=1 =

where "
M* —m% \ T Mm% —mM*
a(M—m)> M-m

In the same paper, using Theorem 5.3 and S(A|B) = limg_0 M‘X[‘#, the following

corollary is proven.

CmM,a)=(1-a) <

Corollary 5.2 ([47]) Let A;, B; be positive definite matrices such that mA; < B; < MA;
forsome O <m<Mandi=1,...,n. Then

n n n n
N <2Ail 2) — Y S(AilBi) <logS(h) Y A;, (5.7)
i=1 i=1 i=1 i=1
where .
(h— 1)h"=T
=7
S() elogh

is the Specht ratio and h = %

A mapping ®: B(H) — B(K) is said to be linear if:

* O(X+Y)=D(X)+D(Y) forall X,Y € A(H) (additivity);

* D(AX) =AD(X) forall X € A(H) i A € C (homogeneity).

A linear mapping ®: B(H) — AB(K) is positive if it preserves the operator order, that is if
A > 0implies ®(A) > 0. A linear mapping ®: B(H) — Z(K) is unital if it preserves the
identity operator, that is, if ®(1y5) = 1.

It is clear from the definition that a positive linear mapping preserves the adjoint oper-
ation, that is ®(A*) = ®(A)*, and if @ is additionally unital, then from aly <A < Bly it
follows alx < ®(A) < Bk, where o, 8 € C.

Main goal of the second section is to obtain a converse of the well-known Davis-Choi

inequality, which states that for an operator convex function f : I — R, where I C R is an
interval, and for a positive unital linear mapping ® we have

f(®(4)) <@ (f(4)), (5.8)

where A is a self-adjoint operator such that Sp(A) C I (see [30], [35]).
Next result is another Jensen type inequality, but for connections (see [10]).

Theorem 5.4 (Ando’s inequality, [10]) If @ is a positive linear mapping, then for any
connection ¢ and for any positive definite operators A and B we have

®(AoB) < D(A)oD(B). (5.9)



172 5 CONVERSES OF ANDO’S AND DAVIS-CHOI’S INEQUALITY

From Theorem 5.4 it is easy to draw the conclusion that also holds a generalization of
Ando’s inequality

Zp, (4j08)) (ij )o(ilppj(z;,.)), (5.10)
pa

where o is a connection, A}, B; are positive definite operators, ®; are positive linear map-
pings and we have p; >0, j=1,....n

Another goal of the second section is to obtain an estimation for the upper bounds for
the differences generated by Ando’s inequality and by the generalization of the Edmund-
son-Lah-Ribari¢ inequality using a kind of variation of the involved family of operators.
Method is based on the method from [38].

5.2 Converse inequalities of the quotient type
for connections and solidarities

First result is a generalization of the Edmundson-Lah-Ribari¢ inequality for the special
type of solidarities that includes connections.

Theorem 5.5 Ler A;, B; be positive definite operators such that mA; < B; < MA, for some
0<m<M, pi >0, and let ®; be positive linear maps, i = 1,...,n. Suppose that ¢ is a
solidarity generated by an operator monotone and operator concave function f. Then

Zpl i (A;0B;) (5.11)

MZ, 10i®i (A;) =YL, pi®; (Bi) Y pi®@i(Bi) —mY | pi®;(A)
M—m M—m

f(m)+ f(M).

Proof. Since f is concave on (0, ), by the Edmundson-Lah-Ribari¢ inequality (see [124])

we have Mt .
£0) 2 () +

m
M), t € m,M]|. 5.12
(M), 1 € [, (5.12)
11
From mA; < B; < MA; easily follows mI <A; *B;A;, > <MI,i=1,...,n. Using the func-
tional calculus and (5.12), we obtain

1 1 1 1
S| Mly—A. 2BA; 2 A; ’BA; * —ml
f<A,» *BiA, ) > SH AL TR f(m) 4+ S T ), i =1,

M—m ' M—m ' ’
(5.13)
Multiplying (5.13) twice by A , acting by ®;, then multiplying by p; and summing, it
follows
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,leiq)i (Al%f( 2BA %>A >

le 1 Pi®i (Ai) — py 1 Pi®i (Bi)
M—m

T Il—

YL pi®i (Bi) —mEL, pi®i (Ai)
M—m

f(m)+

f(M).
O

A difference counterpart of the operator Holder inequality (5.1) is given in the follow-
ing theorem.

Theorem 5.6 Ler A;, B; be positive definite operators such that mA; < B; < MA, for some
0<m<M, p; >0, A €R, and let ®; be positive linear maps, i = 1,...,n. Suppose that 6
is a solidarity generated by f| and o, is a solidarity generated by an operator monotone
and operator concave function f>. Then

A (ipiq)i (Ai)> o (ipiq)i i ) zpz i (Ai02B;)
i=1 i=1

< max (10— (o + g hon )| Zpoa). G

(sz i z)) (ipﬂ%(&)) (ipﬂ%(&))

_ {MZ%P:‘D: (A) — 3 pi z(Bz)fz(m)Jr21'1:117@(30*"12?1:1%‘1% (Ai)

=
M
—
-
=
L)
>
C/
I\)lb—

M—m

(gome) (sron)

M= (31, pii (A) 2 (S0, pi® (B)) (S, pi (A1) 2 :
M—-—m ’

I\JI»—

i i (A;) 2 (21 1P1(D(Bz)) (2?:1171'(1)1' (A))"2 _mfz(M)H (ipiq)i (Ai)> 7

M—m

< max [0 (ol + 5 00 )| 3 i)

As a corollary we give a reverse of the operator Holder inequality.
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Corollary 5.3 Let A;, B; be positive definite operators such that mA; < B; < MA; for some
0<m<M, p; >0, and let ®; be positive linear maps, i = 1,...,n. Suppose that o1 is a
connection generated by f| and o, is a solidarity generated by an operator monotone and
operator concave function f,. Then

2 p, A GzB

a2 (m) 4 (M é
2, R (S ) (Spm ). 1

i=1

S

Proof. Notice that f1 > 0. Setin (5.14)
[{4M::11f2( )+M mf2( )

* B0, 70)
Notice that for A chosen in this way, it follows
t t—m
RAO) = 31— falm) = 3 (M) < 0, 1 € [m, M)

Since the function fj is continuous on [m, M|, there exists fy € [m,M] such that

B £ (m) + 2 6 (M)
fi(n) ’

)y =
which implies that for this 4

max 4110~ (1 sl + =200 ) | =0,

m<t<M M

which obviously gives (5.15). O

An alternative approach can be given using Mond-Pecari¢ method described in [49].
The following results deal with reverses of the Davis-Choi and Ando’s inequality (5.9).
The proofs of matrix reverses of Holder’s inequality given in [24], [90], [78] are based on
Gelfand-Naimark-Segal construction.

Lemma 5.1 Let A be a self-adjoint operator with Sp(A) C [m, M) for some m < M. Sup-
pose that f,g € C([m,M)]), where f is a concave function and ® is a normalized positive
linear map. Then

D (f(A)) = ag(®(A)) + Bk,

where B = min, <<y [[.Lft +vr— ch(t)], Uy = fii(ﬁ;\l;:ﬁm) Mf(m)—mf (M)

’ vf: M—m

Proof.  Since f is concave, it follows f(r) > ust 4+ vy. This implies f(A) > A + vel.
Applying the normalized positive linear map @ it follows

@ (f(A)) = uy®(A) + e,

which gives

D(f(A)) — g (P(A)) = py®(A) + vl — og (P(A)) = BI. 0
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Theorem 5.7 Let A, B be positive definite operators such that mA < B < MA for some
0 <m <M. Let 0 be a connection generated by f and T a connection generated by g.
Suppose that ® is a normalized positive linear map and o. € R. Then

®(AoB) > a®(A)T®(B) + PD(A),
where B = min,<;<u [Hst + vy — og(1)].
Proof. Define a normalized positive linear map ‘¥ by
P(X) = D(A) IO (A%XA%) d(A) L.

Using Lemma 5.1 we have:

Corollary 5.4 Ler A, B be positive definite operators such that mA < B < MA for some
0<m< M. Let 6 be a connection generated by f and T a connection generated by g.
Suppose that © is a normalized positive linear map. Then

. . I+Vy . . . .
Proof.  Set in Theorem 5.7 o¢ = min,,<;<m Wg(t) L. Since g is continuous, there exists

11 € [m, M] such that min,,<; < “2757 = BEEEE Notice that for this o it holds 0 < it —

vy —og(t), but usty + vy —ag(t;) =0,so B =0 and (5.4) is proven. a

As an application we give the following theorem which is a generalization of Theorem
5.2

Theorem 5.8 Let A;, B; be positive definite operators such that mA; < B; < MA; for some

0 <m < M, ®; positive linear maps, p; > 0,i=1,...,n, andlet -1 <p<1,0<a<1.
Then

(2171 i ) I’a(zpl i ><KMmP7 ZPz A#paB)
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where

K(m,M,p, o)
Mf

m
- 1 1
M(1—oa+oamP)r —m(l — o+ oMP)?

T

_ P
(lfoc)ﬁJral%P (M(l o+ om?)
(1—o+amp)

l1-p

1 i 1 1 Vv =
- — (l—oc)W+aW<—f> :
Vil My

and f(t) = [1 — a+ otP]'/P.

m(thLOCM”)%) o
(1— o+ amp)?p

1
P

Proof. 'We give a sketch of long but routine calculations. Set in (5.15) f(z) = f2(¢) =
(1—a+ ar?)"/?. Define

(M —m)(1 —a+oah)/P
(M —1)(1— o+ amP)' /P 4 (t —m) (1 — o+ amp) /P

F(r) =
By straightforward calculations F’(z) = 0 is equivalent to equation
orP! {(Mft) (1— o+ am’) P+ (t—m)(1 - a+ aMP)l/f’}
=(1—o+ot?) [(1 —a+oaMP)P—(1- oc—i—ocm”)l/”} ,
which by obvious reduction is equivalent to equation
o (M(l —a+oam’)P —m(1—a+ ocM”)l/”)
=(1—a)'r ((1 —a+aMP)P—(1— o+ ocm”)l/”) ,
which finally gives

1
B ( o )llv (M(lOchOCm”)l/Pm(lOtJrOtM”)]/p) b

l-a (1—a+aMr)"/? — (1 — o+ amp)'/?

Plugging this value in F and rearranging, the constant K (m, M, p, o) can be easily obtained.
O

The following corollary is proven by setting @ = —1 in the previous theorem.

Corollary 5.5 Let A;, B; be positive definite operators such that mA; < B; < MA; for some
0 <m <M, ®; positive linear maps, 0 < o« < 1 and p; > 0,i=1,...,n. Then

(ipiq)i( z) (sz i ><KMm zp, i (Ai'aBi)
i=1
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where
(I—a)m+a)((1- )M+06)

((1— ) Vmh + o)’

Generalization of Theorem 5.3 is given in the following theorem.

K(mM,—1,a) =

Theorem 5.9 Ler A;, B; be positive definite operators such that mA; < B; < MA, for some
0 <m <M, ®; positive linear maps, p; > 0,i=1,....nandlet -1 <p<1,0<a < 1.

Then
n n n n
(2&) #p.0 (2 Bl-) — D Aty aBi < C(m,M,p, ) 3 A,
i=1 i=1

i=1 i=1

where

1
l—a\? u
C(maMap)a): ( ) f 1-p *Vf,

and f(t) = [1— a+ ouP]'/P.
Proof. We use Theorem 5.14forA =1, fi(r) = fo(t) = f(t) =[1 — o+ Oct”]l/”. Set
F(r)=[1— o+ a’]/? — st — vy,

It is easy to see that equation F'(¢) = 0 gives

1
(1—05)5 1
t= -
o { 1 »

ou)*lufl. P

Plugging this value in F and rearranging, the constant C(m, M, p, o) easily follows. O

Now we can give a direct proof of Corollary 5.2 using Theorem 5.6.

Corollary 5.6 Let A;, B; be positive definite operators such that mA; < B; < MA; for some
0 <m <M, ®; positive linear maps and p; > 0,i=1,...,n. Then

n n
S(zpiq)i(Ainpiq)i z) ZPzz (Ai|B:)) <logS(h ZPz
i=1 i=1

where S(h) is defined in Corollary 5.2.
Proof. Setin Theorem 5.6 f|(¢) = f>(r) =logt and A = 1. Define

M —t t—m
F(t) =logr — 1 — logM.
(1) =logt — —logm — --——log

Trivially F'(¢) = 0 is equivalent to

- M—m
~ logM —logm’
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It is straightforward to check that

F (&) — logS(h),

logM —logm
where h = M /m. a

5.3 Converses of Ando’s and Davis-Choi’s
inequality in a difference form

The following theorem is given in [66] in integral form. For the sake of completeness we
will prove the discrete version. It is about a difference type convese of the generalized
Davis-Choi’s inequality (5.8).

Theorem 5.10 Ler A; be self-adjoint operators such that Sp(A;) C [m,M] for some scalars
m < M and let ®; be normalized positive linear maps, j = 1,...,n. If f is a concave func-
tion on an interval I whose interior contains [m,M] and py, ..., p are positive real numbers
such that 3} pj = 1, then

f( Zn‘,lqu’j(Aj)) - i pi®;i(f(A;)
= -

n

S e T (r5m, M (MIK Zp] ) (121 Pi®;(4;) *le)
= %( 21’1 ) (jil’jd’j(/*j) —mlk)
%(M m)(f1.(m) — f"(M))1k, (5.16)

where W (-;m,M): (m,M) — R is defined by

P (t:m,M) = Mim (f(]‘;g:{(t) _ f(ti :fn(m)) = [m,1,M; f], (5.17)

and [m,t,M; f] denotes second order divided difference.

Proof. Since f is concave, from the Edmundson-Lah-Ribari¢ inequality we have

M —t t—m

) 2 S m) 3 (M) (5.18)

for every t € [m,M], so we can replace ¢ with A; in (5.18) and then apply ®@;:

MlecI)j(Aj) CDj(Aj) fle
M—m M—m

®;(f(Aj) = f(m)+ f(M).
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Multiplying the previous inequality with p;, and then summing it, we get

n Mg — 3", p®;(A; " piDi(A) —ml
> p®;(f(A)) = — %ﬁi’ i ’)f(m)+zf*1p’M’E;) K f). (5.19)
j:

Using functional calculus and (5.19) we obtain

1(Zrsian) - X p0i04))

) Mg —Xj1pj®)(A) Y 1pi®i(A; 1
Sf(zlpj(l)j(/\j))_ K A/;:’l;/ i J)f(m) = 1P1M( m) m Kf(M
=

1

g (e $000)) ($ ) i)

(e s(E ) (e $ i) -
(f(jipj‘bj(/*j)) —f(m ) (i MIK>1]

=(M1k—i1pj )(Zp; i(4)) mlk)(—‘V.f(iqu’j(Aj);m,M))

<— inf (\Pf(r;m,M))(MlK—_zlpj )(Zp, le)
=

re(m,M)

since 3}y p;j®;(A;) € (m,M). The last two inequalities in (5.16) follow directly from:

— inf Wp(tm,M) < < frlm =2 (M)
te(m,M) M—m

and (M —1)(t —m) < L(M —m)2. 0

Remark 5.1 We need to observe that if in Theorem 5.10 we take p; = 1, we obtain a
difference type reverse of the Davis-Choi inequality:

f(@(A)) —@(f(A))
<— inf W(tim,M)(M1x — (A))(D(A) — mlk)

T te(mM)
Ji(m) — f7. (M)
M

< (Mg —©(A))(P(A) —mlk)

(M —m)(f} (m) — f2.(M)) 1. (5.20)

4>|~
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Theorem 5.11 Let A;,B;, j = 1,...,n, be positive definite operators such that mA; <
B; < MA; for some 0 <m <M < oo and p; > 0 such that 27:1Pj =1. Let 0 be a
solidarity generated by an operator monotone and operator concave function f. If ®; are
normalized positive linear maps for j = 1,...,n, then we have

n n n- D (A -1 D ; .
(Z P®; (Aj)> ° (Z Pj®; (Bj)> — ](1\;)_ mzjilp] j(B])f(m)
=] -

Z'; 10j®;(B)) — mz] 1PjPj(A))

Y —m f(M)
<= dnf Erm M) (szf Aj) = ill’j‘bj(Bj)) ( _ilpj‘bj(Aj))l
J= j=

(ZPJ mZp, )
< %% (M ;pj ij ) (iqu’j(Aj))l

x ( il’jd’j(Bj) —m i pﬂ’j(f‘j))
%(M m)(f (m) (Zp, ) (5.21)

where W ¢(-;m,M) is defined in (5.17).

Proof. LetI be an interval of real numbers such that [m, M| belongs to the interior of 7 and
let us suppose that ¢ : I — R is a concave function. Then from the Edmundson-Lah-Ribari¢
inequality we easily get

M—t t—m

0(1) = 20 (m) — - (M)
,(M,,)(tfm)Ml_m(‘P(Aﬁ:;P(f)7‘P(’3:i(m)>

=—M-1)t—m)¥Yo(t;m,M) < (M —1t)(t —m) iugm(—‘yq)(t;m,M))

< —n—mEOZCM) Lo o) 622

M—m 4

forevery t € (m,M).
From mA; < B; < MA; easily follows that

"= (jzn‘llqu)j(AjD% (j’zl:lpfq)f(Bi)) (j’zl:lqu’j(Aj))Z <M,

so using functional calculus and (5.22) we get the following inequalities:
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f(( ipjd)j(Aj)); ( ilpjd’j(Bj)) ( ilpjd’j(f‘j))é)

_1
2

Mg — (27:1 ij)j(Aj)) (27:1 ij)j(Bj)) (Z’}:1 ijDj(Aj))

- M —m f(m)
_( =17/ ) ( - 1P1M (Bm))(Zﬁ*leq’j(Aj));—mlkf(M)

< — inf "I"fth( le(
re(m,M)

H M =
v
\
[T
/N
D=
S
~
2
C
~.
N
/N
D=
S
~
L
>
~
N
-
SN—

: ((ip;@j(/*j))iz ( ;qu)j(Bj)) ( zpjcbj(Aj))*% _le)
< s (Somim) (S r00) (Epma) )

/'\
TM=
=
~.
L
N
~.
=
o
N
M=
B~ ]
[y
=)
~.
ou]
t.-,/
N—
N
M=
B~ ]
~
=)
~
b
<
N—
|
3
2
=
N——

Now, if we multiply the inequalities above twice by (ZZ:1 PPy (Ak)) , inequalities (5.21)
follow. O

As an immediate consequence of Theorems 5.5 and 5.11 we have the following corol-
lary which is a difference type converse of Ando’s inequality (5.10).

Corollary 5.7 LetAj,Bj, j=1,...,n, be positive definite operators such that mA; < Bj <
MA; for some 0 < m <M < oo and p; > 0 such that 2?:1 = 1. Let ¢ be a solidarity
generated by an operator monotone and operator concave function f. If ®; are normalized
positive linear maps for j = 1,....n, then we have

(ij ) (ZPJ ) Zp, i(AjoB;)
S, nf s (t;m, M) (M 21’] (4)) jzlqu’j(Bj)) (jiqu’j(f\j))l
x ( le’jd’j(Bj) —m Z} pﬂ’j(f‘j))
= =
< W (Mj’zl,lpjd’j(/*j) —jnzlqu’j(Bj)) (Jilpj‘bj(/*j))l

n

x ( pj®;(Bj) —milpjd’j(f‘j))
p

j=1
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(M m) (/. (m) (i ).

4>|~

where Y ¢(-;m,M) is defined in (5.17).

Result that follows is a special case of the previous corollary forn = 1 and p; = 1, but
we will give an alternative proof using the converse of Davis-Choi’s inequality (5.20).

Corollary 5.8 Let A, B be positive definite operators such that mA < B < MA for some
0<m <M <eo, Let 0 be a solidarity generated by an operator monotone and operator
concave function f. If ® is a normalized positive linear map, then we have

D(A)oD(B) — D(ACB)

= _te&flvl)\yf(t s, M) (M®(A) — (D(B))(D(A)4 (®(B) —mD(A))

< (M®(A) — B(B))®(A) " (P(B) — md’“”%ﬂ()

—m
< S M —m)(£L(m) — 7 (M))B(A),
where W ¢(-;m,M) is defined in (5.17).
Proof. Let us define an auxiliary linear map
Y(X) = D(A) TD(ATXA?)D(A) 2.

It is straightforward to check that ¥ is unital and positive. Now from the inequality (5.20)
it follows that

FYX) =Y (F(X))

< int Wy (m M)~ 00)) (¥~ mlk)

< f+(m)—fi(M)
- M—m

< S (M =m)(FL(m)— £ (M), (523)

(M1g =¥ (X)) (¥(X) —mlk)

—_—

holds for a self-adjoint operator X such that Sp(X) € [m,M]. From mA < B < MA we easily
getm < A’%BA’% <M, so we can put X = A’%BA’% in (5.23) and obtain:

F(@(A) 2 @(B)D(A) F) —@(A) (AL f(A1BA)AT)0(A) !

<= nf, Frlem M) (Mg — @A)~ 1O(B)D(A) "1 )(P(A) 2 D(B)D(A) "2 —ml)
o film) — 1 (M)
o M—m

< (M —m)(fi.(m) = f2(M)) 1.

(Ml D(A) 2 D(B)D(A)”

N
/N
oy
=
|
D=
&
=
iy
=
\

3

p—

=
N—

.l;»—k
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Sought inequalities are obtained by multiplying the inequalities from above twice with
1
D(A)2. O

As applications of Corollary 5.7 we give reverses of this type for basic examples of
operator means and relative operator entropy.

Corollary 5.9 Let A;,B;, i = 1,...,n, be positive definite operators such that mA; < B; <
MA,; for some 0 < m <M < oo and let p; > 0 be real numbers such that 3} p; = 1.

e [fac|0,1]andp € [—1,1], then

(2 piAi> tpa (2 PiBi> — > piAitp.oBi
i=1 i= i=1

< — inf Wy(r;m,M)

re(m,M)
(MZPtA sz ) (iw&) (ip'Bimzn‘,piAi>
i=1 i=1 i=1
_glet(am 1}‘[52‘ M P) 7

M:
M:

n
piBi — m2p1A1> .

1 i=1

(ke Eon) (8)

o [fa€]0,1], then

(i piAi> fo (Z piBi> - iPiAiﬁaBi
i=1 =1 i=1

< — inf Wu(r;m,M)
te(m,M)

n n n L/, n
X (MZPiAi - ZPiBi> (Z PiAi> <2 piBi— mzpi/\i>
i=1 i=1 i=1 i=1 i=1

—1
a mocfl _M(Xfl n n n
% MY piAi— Y piBi | | X piAi
—m i=1 i=1 i=1 i

o If o €0,1], then

n n n
> piAi) la ( > PiBi) — Y piAilaB
i=1 i=1

i=1

=

M=
'M=

piBi—m

IN

Pii | .
1

Il
—_

1

< f Ye(t;mM
_1622M>f(m)

n n —1 n n
X (MZPiAi_ ZPiBi) (ZPiAi) (ZPiBi_mzpiAi)
i1 i=1 i=1 i1 i=1
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o (a+(1—a)ym)™2—(a+(1—a)M)?
- M—m

n n n _1,.n n
X (sziAi - ZPiBz) (ZPiAz) (ZPiBi *mzpiAi)
i=1 i=1 i=1 i=1 i=1
o We also have

n n
S(zpiAi 'Bi) — > piS(AilB))
= < ~

< — inf ‘Pt M
o teg»:M) f(m )

(S $om)($0

1
< Um (M;piAi - ZP:’&) (

i=1

\1/

|
-
M s

mzp, )
mzp, )

(e
- E

m)“(

In each case W¢(-;m,M): (m,M) — R is defined in (5.17), where f is the appropriate
generating function.

5.4 Inequalities of Ando’s type for n-convex
functions

In this section the difference generated by the Edmundson-Lah-Ribari¢ inequality is es-
timated from below and from above by Hermite’s interpolating polynomials in terms of
divided differences.

For the rest of the chapter, let ®; be normalized positive linear maps and let A;, B;,
i=1,...,r, be positive definite operators such that aA; < B; < bA; forsome 0 < a < b < oo
and p; > 0 such that 3}, p; = 1. Let o be a solidarity generated by an operator mono-
tone function f € " ([a,b]). In order to simplify the obtained relations, we introduce the
following notations:

Our first result is a generalization of the Edmundson-Lah-Ribari¢ inequality for soli-
darities that holds for the class of n-convex functions.

T RIl—

r 1 i
= ZpiCI)i(Ai); A B,g Zpl < 1,2 ( ZBA 2>A
i=1
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Theorem 5.12 ([109]) If the function f is n-convex and if n > m > 3 are of different
parity, then we have

A (AGB) — oyAT (B) — B/AT (A) (5.24)

% (a)
k!

m—1
< (flaa) = flab) (83 (B) ~as3 (4)) + 3, = =A7 (4.B:t —a)')

' kg'l fw;u]/\? (A,B; (t—a)" (t — b)k—l) -

m times  k times
Inequality (5.24) also holds when the function f is n-concave and n and m are of equal
parity. In case when the function f is n-convex and n and m are of equal parity, or when

the function f is n-concave and n and m are of different parity, the inequality sign in (5.24)
is reversed.

Proof. Since f € €"([a,b]), it is continuous and its n-th order divided difference f,(¢) =
flt;a,...,a; b,b,...,b] is also continuous, so consequently the function R,,(7) defined in
—— ——

m times (n—m) times
(2.64) is also continuous.

11
From aA; < B; < bA; easily follows al <A, °B;A; > <bl, i=1,...,n. Using the
functional calculus and (2.65), we get

_1 _1 _1 _1
f<Ai ZB,'Ai 2) 7OCfAl~ ZBiAi 2 7Bf1

1 1 m—1 (k) | . k
~ st (AizBiAiz _al) t2 e (Ai BiA; ? —al)

n—m 1 1 m 1 1 k—1
+ 3 fla,...ab,....b] (Ai 2B, —al) (A,. B, —bl)
=1 S~ =

m times k times

_1 _1
+ Ry, (Ai 2B,‘Ai 2) .

1
After multiplying the obtained relation twice by A/, acting by @;, then finally multiplying
by p; and summing, it follows:

A7 (AGB) — ay Ay (B) — BrA7 (A) (5.25)

m—1 (k) a
= (fla,a] — fla,b]) (Ag’ (B) — aA® (A)) + ;2 f kf )Ag’ (A,B; (1 —a)k)

n—m
+Y flay,asb,...,b]AZ (A,B; (t—a)" (;-b)“) + A% (A,B:Ry(1)).
m times k times

We want to remove the term Ag’ (A,B;Ry(t)) from the equality above, so we need to
check its positivity (negativity). Due to the monotonicity property, it is actually enough to
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study positivity and negativity of the function:

Ru(t) = (t—a)" (t — b)Y " fltsa,...,a; b,b,...,b].
—— ——

m times (n—m) times

Since a <t < b, we have (r — a)m > 0 for any choice of m. For the same reason we have
(t —b) < 0. Trivially it follows that (r — 5)"~™ < 0 when n and m are of different parity,
and (# — b)"™ > 0 when n and m are of equal parity. When the function f is n-convex,
then its nth order divided differences are nonnegative, and when it is n-concave, then those
divided differences are less or equal to zero.

Now we see that Ag’ (A,B;R,(t)) < 0 when the function f is n-convex and n and
m are of different parity or when f is n-concave and n and m are of equal parity, and
A (A,B;Ry (1)) > 0 in the remaining cases, so inequality (5.24) easily follows from (5.25).
O

Remark 5.2 Sum of positive definite operators is again positive, and for positive definite
operators A and B, operatorA%BA% is positive definite, so in the proof of Theorem 5.12, in
the discussion about the positivity and negativity of the term Ag’ (A,B;R,(t)) it was enough
to discuss the positivity and negativity of function R,,(z) because for a continuous and
positive function R,, and a selfadjoint operator A, the operator R,,(A) is positive definite.

Following result provides with a similar generalization of the Edmundson-Lah-Ribari¢
inequality, and it is obtained from Lemma 2.4.

Theorem 5.13 ([109]) If the function f is n-convex and if n > m, where m > 3 is an odd
number; then

A (AGB) — 0/AT (B) — BrAT (A) (5.26)
m—1 r(k)
< (fla.b) 1.0 (43 (4) -2 (B)) + 5, To0) 5o (4.8 b))
3 Aol L aA® (A.B(—b)"(—a) ).

m times k times

Inequality (5.26) also holds when the function f is n-concave and m is even. In case when
the function f is n-convex and m is even, or when the function f is n-concave and m is odd,
the inequality sign in (5.26) is reversed.

Proof.  As in the proof of Theorem 5.12, since all the involved functions are continuous,
_1 _1
we can replace ¢ with operator A; *B;A; * in (2.69), multiply the obtained relation twice

1
by A/, act by @;, then finally multiply it by p; and sum it and get
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AS (AGB) — oyAS (B) — BrAR (A) (5.27)
m—1 r(k)
= (flab) - £1b.6) (622 (4) - a2 (B)) + ¥, T PA2 (4B (1 1))
- K
+12?f[b, bia,.,dAY (A,B; (t —b)"(t — a)k”) +AS (A,B:R},(1)).

m times k times

As before, in order to remove the term Ag’ (A,B;R;,(1)), we need to know when it is
positive, and when it is negative. Due to the monotonicity property, it is enough to check
positivity and negativity of the function:

Ri(1) = (t — b)™(t —a)" " ft:b,....b; a,a, ... ].
N~ ——
m times (n—m) times

Since ¢ € [a,b], we have (t—a)"™ > 0 for every ¢ and any choice of m. For the same

reason we have (1 —b) < 0. Trivially it follows that (r — b)" < 0 when m is odd, and
(t—b)™ > 0 when m is even. If the function f is n-convex, then its n-th order divided
differences are greater of equal to zero, and if the function f is n-concave, then its n-th
order divided differences are less or equal to zero.

Now it follows that Ag’ (A,B;R},(t)) <0 when the function f is n-convex and m is odd
or f is n-concave and m is even. In the remaining cases the inequality sign is reversed,
(5.26) easily follows from (5.27). O

As a direct consequence of Theorem 5.12 and Theorem 5.13, we get lower and upper
bounds for the difference in the Edmundson-Lah-Ribari¢ inequality that hold for the class
of n-convex functions.

Corollary 5.10 ([109]) If the function f is n-convex, where n is an odd number, and if
m >3 is odd, then

m=1 ¢(k) (4
(fla.a] — flab]) (A% (B) —anp (4)) + P ! k!( Jx2 (4.B:(c - a)t)
+]Zlf[a,...,a;b,...,b]Ag’ (A,B;(tfa)m(tfb)k*)
m times k times
< A% (AGB) — ayA3 (B) — BAT (A) (5.28)
m—1 (k)
< (flosb = 16,5 (13 (4) - o2 8)) + 5, a2 (4,320 1)

n—m

+ 2 fb,....b;a, ...,a]Ag’ (A7B; (t *b)m(t—a)k’1> .

m times k times

Inequality (5.28) also holds when the function f is n-concave and m is even. In case when
the function f is n-convex and m is even, or when the function f is n-concave and m is odd,
the inequality signs in (5.28) are reversed.
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The following result also provides with a lower and upper bound for the difference in
the Edmundson-Lah-Ribaric¢ inequality, and it is obtained from Lemma 2.3.

Theorem 5.14 ([109]) If the function f is n-convex and if n > 3 is odd, then

n—1

. [ . k—
k;zf[a,b,...,b]/\p (4.Bs(—a)(— b))
k times

< AS (AGB) — oy AS (B) — BrAS (A) (5.29)
< fla, a~b]A“’ (A,B;(t—a)(t—Db))

+ Zfa ab,. ]A“’ (A B:(t—a) (r—b)k”),
k times
where x € H is a unit vector. Inequalities (5.29) also hold when the function f is n-concave

and n is even. In case when the function f is n-convex and n is even, or when the function
f is n-concave and n is odd, the inequality signs in (5.29) are reversed.

_1 _1
Proof.  Again, using the functional calculus, we can replace r with A, *B;A; * in (2.62)

1
and (2.63), multiply obtained relations twice by A7, act by ®;, then finally multiply them
by p; and sum them. In that way we get

A (AoB) — oyAS (B) — BrAS (A) (5.30)
_ Zfa boob (A Bi(t— )(t—b)k*') + A% (A,B:R, (1))
ktlmes
and
A7 (AcB) — o A7 (B) — BrAy (A) (5.31)
= fla,a;b|Ay (A, B; (1 —a)(t— b))
+nzzfa ab,. ]A“’ (A B(i— )2(tfb)’<*1) + A2 (A,B;R (1))

k times

We have already discussed positivity and negativity of the term Ag’ (A,B;Ry,(t)) in the

proof of Theorem 5.12. For m = 1 it follows that Ag’ (A,B;R(r)) > 0 when the function
f is n-convex and n is odd, or when f is n-concave and n even, and when the function f is
n-concave and n is odd, or when f is n-convex and n even the inequality sign is reversed,
so the relation (5.30) gives us

A2 (AGB) — oA (B) — BrAR (A)
n—1

>2fa,b, bIA (AB( )(tfb)k”)

k times
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for Ag’ (A,B;R(r)) > 0, and in case Ag’ (A,B;R,(r)) <0 the inequality sign is reversed.
In the same way, for m = 2 it follows that Ag’ (A,B;R>(t)) < 0 when the function f is
n-convex and n is odd, or when f is n-concave and n even, and Ag’ (A,B;R,(t)) > 0 in the

remaining cases.
The relation (5.31) for Ag’ (A,B;R(r)) <0 gives us
Ay (AGB) — oAy (B) — BrAy (A)
< fla,a:b]AS (A,B:(t —a)(t — b))
S @ 2 k-1
+ a,a;b,....b|A; (A,B;(t —a)*(t — b)),
g Ap (AB:(t—ap(r— b))

k times

and when Ag’ (A,B;Ry(t)) > 0 the inequality sign is reversed.
When we combine the two inequalities obtained above, we get exactly (5.29). O

By utilizing Lemma 2.4 we can get similar lower and upper bounds for the difference
in the Edmundson-Lah-Ribari¢ operator inequality that hold for all n € N, not only the odd
ones.

Theorem 5.15 ([109]) If the function f is n-convex, n > 3, then
flb,b:alAy (A,B:(t —b)(t — a))

n—2
+ b,b:a,....a)A® (A,B;(t — b)*(t — a)*!
P - Ap (AB: (= b))

< A} (AoB) — oAy (B) — BrAy (A) (5.32)

3
|
—_

< f[b;a,...,a]Ag’ (A’B;(t_b)(t_a)kfl)_

k times

T
[\S]

If the function f is n-concave, the inequality signs in (5.32) are reversed.

Proof. This proof follows the lines of the proof of Theorem 5.14. We start with replacing
_1 _1
t with operator A; *B;A; * in (2.66) and (2.67) respectively, and after multiplying obtained
1

relations twice by A7, acting by ®;, then finally multiplying them by p; and summing them
we get

Ay (AcB) — oy A7 (B) — BrAy (A) (5.33)

and
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AS (AGB) — 0fAT (B) — BrAS (A) (5.34)
= f[b,b:a]Ay (A,B:(t —b)(t — a))
+Zij[b,b;u]Ag’ (A,B; (t —b)*(t fa)kfl) +AS (A,B:R5(1)).

k times

Now we return to the discussion about positivity and negativity of the term Ag’ (A,B;R;,(1))
from the proof of Theorem 5.13. For m = 1 we have Ag’ (A,B;R;(r)) > 0 when the function

f is n-concave, and Ag’ (A,B;R’]k ()) < 0 when the function f is n-convex, so the relation
(5.33) for a n-convex function f gives us

Ay (AGB) — o A7 (B) — BrA7 (A)

n—1
<Y flsa, . a A (A,B: (=)t —a)"),
= \,_/
k times

and if the function f is n-concave, the inequality sign is reversed.

Similarly, for m = 2 we have Ag’ (A,B;R5(r)) > 0 when the function f is n-convex, and
Ag’ (A,B;R5(r)) <0 when the function f is n-concave. In this case the identity (5.34) for
a n-convex function f gives us

Ay (AGB) — oAy (B) — BrAy (A)
> f[b,b:a] Ay (A,B; (1 —b)(1 —a))

n—2
. @ . )
+k§,2f[bab,U]Ap (A’B’(t_b)2<t—a)k ])’

k times

and if the function f is n-concave, the inequality sign is reversed.
When we combine the two results from above, we get exactly (5.32). O

In the rest of this section we will utilize the results from above, as well as Lemma 2.3
and Lemma 2.4, in order to obtain some Jensen-type inequalities that hold for the class of
n-convex functions. in that way we will obtain lower and upper bounds for the difference
generated by the Jensen inequality for solidarities.

Again, let ®@; be normalized positive linear maps and let A;,B;, i = 1,...,r, be positive
definite operators such that aA; < B; < bA; for some 0 < a < b < o and p; > 0 such
that 3/, p; = 1. Let o be a solidarity generated by an operator monotone function f €
€"(|a,D)).

Our first result is a consequence of Corollary 5.10 and Lemma 2.3 and 2.4.

Theorem 5.16 ([109]) Let n be an odd number. If the function f is n-convex, n > m, and
if m > 3 is odd, then
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. (] . m k—1
+ Y flay b, ..., bA (A,B,(tfa) (t—b) )

m times k times

—Zijf[w;u] (a7 (@)

m times k times

D=
N

3 [ i) L ()

x ((Ag’ (A))f% (22 (B)) (a2 (A))i% —al)k (a2 (A))E]
+12rlnf[w;$,_g]/\g’ (A,B; (t—b)"(t _a)k*l) .
S resnn(w)' ($0) (30) (gw) o)

m times k times

x ((Ag’ (A))i% (Ag’ (B)) (Ag’ (A)) %bl)k] (Ag’ (A))%

Inequalities (5.35) also hold when the function f is n-concave and m is even. In case
when the function f is n-convex and m is even, or when the function f is n-concave and m
is odd, the inequality signs in (5.35) are reversed.

Proof. From aA; < B; < bA; it follows that

1

1
2

alS(_ﬁ‘inq’j(Aj)) (ilpjd’j(Bj)) (Zr‘,lpjd’j(f\j)> <bl,

so using functional calculus and (2.65), and then multiplying twice by (¥/_; pi®i(A; ))%
we get the following relation:
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Ay (A) Ay (B) — opAy (B) — BrAy (A)
~ (fla.a] - fla.b]) (A3 (B) — arf ()
+':22] f(k]if“) (a2 (A))% ((Ag’ (A))i% (a2 (B)) (a9 (A))ié a1>

S ar o n(aw) ((s3w) " (s3m) (ap) ot

m times k times

X ((Ag’ (A))’% (Ag’ (B)) (Ag’ (A))i% —bl)k
+(s24)" R, (a2 @) (a2®) (a2 <A>)5) (a2w)’.

We want to remove the last term from the equality above, so we need to check its
positivity (negativity). Again, due to the monotonicity property and Remark 5.2, it is
actually enough to study positivity and negativity of the function R,,(¢), and we already
have that discussion in the proof of Theorem 5.12, so for n-convex function f and n and
m > 3 of different parity, or n-concave function f and n and m > 3 of the same parity, from
the previous equality it follows

AS (A) 6AZ (B) — a Ay (B) — BrAS (A) (5.36)
< (fla.a] ~ flab]) (A3 (B) —anp (4))

S ) (sw)  (sr) (5w) ') ()’

k=2

+gnfuu] (a9 (A))% <(Ag’ (A))*% (22(B)) (a5 () é_al)m

m times k times

(lsm)” (sm) ) o) (3w

and for n-convex function f and n and m > 3 of the same parity, or n-concave function f

and n and m > 3 of different parity, the inequality sign is reversed.
1

1 1
In the same way we can replace 7 with (A9 (A)) 2 AD (B) (A% (A)) 2 in (2.69) and
then multiplying twice by (¥, p,-CI),-(Al))% we get
AS (A)oAy (B) — Ay (B) — BrAS (A)
= (fla,b] — flb,]) (bAS (4) ~ A7 (B))

m—1 (k)
+3 2P

k=2

>
~ B
>
N—
BI—
VRS
oS
>
~ 8
>
N——
-
—
>
~ 8
=
N——
oS
>
~ e
>
N—
|
BI—
|
ol
J—
N—
-
oS
o>
~ e
>
N——
BI—
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n—m

+k§ f[u;u] (Ag (A))% <(Ag’ (A))’% (A}? (B)) (Ag’ (A)> %bl)m
m times k times

X <(A;P (A))ié (A;P (B)) (A?(A)>%a1) : (Ag’(A))%

+ (Ag’ (A))%an <(Ag’ (A))i% (Ag’ (B)) (Ag’ (A))f) (Ag’ (A)) :

To remove the last term from the previous equality, we need to study its positivity and

negativity. For the same reasons as before, it is enough to check positivity and negativity

of the function R}, and we have that discussion in the proof of Theorem 5.13. The equality

above now turns into
A (A) 07 (B) — oy Ap (B) — BrAp (A)
< (fla,b] — flb,b]) (bR (4) - A3 (B))

+k22‘ f”‘]i!(b) (42 (a)) : ((A‘; (a)) E (a2(B)) (a3 4)) T bl)k (22 4)) :

+ 3 oband (W) (2w) " (53@) (spa) " -o1)

m times k& times

() ! (@) () * ) (ag)’

for n-convex function f and an odd number m > 3 or n-concave function f and an even

number m > 3. If f is n-convex and m is even, or if f is n-concave and m is odd, the
inequality is reversed.

By combining inequalities (5.36) and (5.37) we get that
(fla.a] — fla,b]) (A9 (B) —anp (4))

+j:221fk! %( % (22(B)) (29 (4)) %al) (A?(A))%
+ 3 fla (A?(A))z(

m times k times

(5.37)

X ((Ag (A))’% (Ag’ (B)) (Ag’ (A))*% —bl)kl (Ag’ (A))%
<A (A) AP (B) — AP (B) — Byap (4)
< (fla,b] — f1b.b]) (bAD (4) — A3 (B))

B () ((rw) () () ) (51m)
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S e g (W) (W) (o) (gw) )

m times k times
x ((Ag’ (A))i% (Ag’ (B)) (Ag’ (A))ié a1>kl (Ag’ (A))%

holds if n is odd and f is n-convex and m is odd, or f is n-concave and m is even. If f
is n-convex and m is even, or f is n-concave and m is odd, then the inequality signs are
reversed.

When we multiply series of inequalities (5.38) by —1 and add to (5.28), we get exactly
(5.35), and the proof is complete. O

Nextresult also provides with an estimate from below and from above for the difference
generated by Ando’s inequality, and it is obtained from Theorem 5.14 and Lemma 2.3.

Theorem 5.17 ([109]) If the function f is n-convex and if n > 3 is odd, then

b,...,b]
——

k times

n—1
> flasb,....bJAR (A’B;(t_a)(t_b)kfl)
k=2

~fla.ait] (2 ) ((A‘; @)

n— 1 1 1 2
kzzf[a,a;%.;;f] (A?(A))Z ((Ag’ (A)) * A% (B) (Ag’(A)) ’ a1>
x ((Ag’ (A))i%Ag’ (B) (a9 (A))i% —bl)kl (a9 (A)>%
< A% (AcB)— A} (A) oA (B) (5.39)
< fla,a;b]Ay (A, B;(t —a)(i — b))

n—2
+ 3 fla,ab,....b]AS (A,B; (1 fa)z(tfb)l“l)
k=2 k times

n—1

-3 st (W) () 2 em) () -
k times

X ((Ag (A))i%Ag’ (B) (Ag’ (A))

(5.40)
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Inequalities (5.39) also hold when the function f is n-concave and n is even. In case
when the function f is n-convex and n is even, or when the function f is n-concave and n

is odd, the inequality signs in (5.39) are reversed.

Proof. By following a similar procedure as in the proof of the previous theorem, we start
1 _1
by replacing 7 with (A% (A)) % AT (B) (A (A)) ? in with relations (2.62) and (2.63) from

1
Lemma 2.3, and then multiplying them twice with (Ag’ (A))%. We get

A2 (A)GAL (B) — oA (B) — Byal (A)

= kz;f[a;w] (Aﬂ’ (A))% ((Aﬁ’ <A>)7

k times

+:zz fla.a....b) (a7 (4))° ((A;P (A))i% A2 (B) (a3 (4))

k times
x ((A;}’ (A))i%Ag’ (B) (A;P (A))ii —bl>kl (A;P (A)>%
+ (a9 (A))%Rz <(Ag’ (4)) %Aﬁ’ (B) (a9 (A)>%) (a9 (A))%

respectively. After discussing the positivity an negativity of the last terms in the equalities
from above and removing them in the same way as in the proof Theorem 5.16, we get a

series of inequalities

5 et (s 0) (apw) “ape (spw) *-a)

(5.41)
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k times

x ((Ag (A))i%Ag’ (B) (a9 (A))i% —bl)kl (ap4)°

that holds when 7 is odd and f is n-convex, or when n is even and f is n-concave. If n is
odd and f is n-concave, or if n is even and f is n-convex, then the inequality signs in (5.41)
are reversed.

Inequalities (5.39) are obtained after multiplying (5.41) by —1 and adding it to (5.29).

O

In the analogous way as described in the proof of the previous theorem, but this time
utilizing Lemma 2.4 and Theorem 5.15, we can get similar lower and upper bounds for the

difference generated by Ando’s inequality that hold for all n € N, not only the odd ones.

Theorem 5.18 ([109]) Let A € B),(H) be a selfadjoint operator with Sp(A)
let f € €"([a,b)). If the function f is n-convex, n > 3, then

flb.b;a] AT (A,B:(t — b)(t —a))

ktlmes
+Zfbba QA2 (A,B, (1 —a)t 1)
<A®(AcB) ;‘;EZ;YGA“’ (B) (5.42)
< flb,bsd] (Ag’ (A)) (bl— (Ag’(A)) %Ag’(a) (Ag’(A))é) ((Ax,x) —al)
+:2;f[b;%;::?]A§’ (A,B; (t—b)(t—a)k”)
— (a2 (A))% ((Ag’ (A))i% A (B) (a9 (A))i% bl)2
<5l (38 0) a2 (s2) a1>“ (a2w)".

k times

C [a,b] and
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If the function f is n-concave, the inequality signs in (5.42) are reversed.

5.4.1 Applications

As applications of the results from this section, we give reverses of this type for basic
examples of some operator means and relative operator entropy.

Let A;,B;, i =1,...,r, be positive definite operators such that aA; < B; < bA; for some
0<a<b<eoandp; >0suchthat}; p;=1.

Some examples of connections and solidarities and their representing functions to
which our results are applicable are as follows.

e The weighted harmonic mean
AlgB=[(1-a)A " +aB ] 0<a<],

has representing function f(z) = 0 L We can calculate that forn € N

Taita
) = (=1 (1 — o) (1— o)t +a) "

Since o € [0, 1], it is easy to see that this generating function is n-convex when n is
odd, and it is n-concave when 7 is an even number.

e The weighted geometric mean
A# B = Al/? (A*I/ZBA*I/Z)O‘AV% 0<a<l,
has representing function f(z) = t*. After an easy calculation we get that
M) =ala—1)(0—2) - (t—n+1)*"

Because o € [0, 1], we see that this generating function is n-convex when n is odd,
and it is n-concave when # is an even number.

e The relative operator entropy
S(A|B) = A" log (A"/ZBA"/Z)A'/Z
has representing function f(¢) = logs. After an easy calculation we get that

@) = (1" n— 1)

We immediately see that this generating function is n-convex when n is odd, and it
is n-concave when 7 is an even number.






Chapter

Inequalities on time scales

In this chapter, some converses of the Jensen and Edmundson-Lah-Ribari¢ inequality in
terms of time scale calculus are proved. We will also obtain new refinements of those con-
verse relations with respect to the multiple Lebesgue delta integral for convex functions.
The applicability of these results is illustrated in refinements of converse inequalities re-
garding monotonicity properties of generalized means, power means and some refinements
of converse Holder’s inequality, which are all proved in the time scale setting.

Additionally, by utilizing some scalar inequalities obtained via Hermite’s interpolating
polynomial, we will obtain lower and upper bounds for the difference in Jensen’s inequality
and in the Edmundson-Lah-Ribari¢ inequality in time scale calculus that hold for the class
of n-convex functions. Those results are later applied to generalized means, with a partic-
ular emphasis to power means, and in that way some new reverse relations for generalized
and power means that correspond to n-convex functions are obtained.

6.1 Introduction

The theory of time scales was introduced by Stefan Hilger in his PhD thesis [59] in 1988
as a unification of the theory of difference equations with that of differential equations,
unifying integral and differential calculus with the calculus of finite differences, extending
to cases “in between” and offering a formalism for studying hybrid discrete-continuous
dynamic systems. It has applications in any field that requires simultaneous modelling of

199
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discrete and continuous time. Now, we briefly introduce the time scales calculus and refer
to [1, 60, 61] and the books [22, 23] for further details.

By a time scale T we mean any closed subset of R. The two most popular examples of
time scales are the real numbers R and the integers Z. Since the time scale T may or may
not be connected, we need the concept of jump operators.

Fort € T, we define the forward jump operator 6 : T — T by

o(t)=inf{s€T:s>1}
and the backward jump operator by
p(t) =sup{seT:s<r}.

In this definition, the convention is inf @ = sup T (that is, o(z) = ¢ if T has a maximum
t)and sup @ =inf T (i.e., p(r) =7 if T has a minimum 7). If o(¢) > 7, then we say that ¢
is right-scattered, and if p(¢) < ¢, then we say that ¢ is left-scattered. Points that are right-
scattered and left-scattered at the same time are called isolated. Also, if o(r) =, then ¢
is said to be right-dense, and if p(z) = ¢, then ¢ is said to be left-dense. Points that are
simultaneously right-dense and left-dense are called dense. The mapping t : T — [0,00)
defined by

p(e)=olr)—1
is called the graininess function. If T has a left-scattered maximum M, then we define
T* = T\ {M}; otherwise T* =T. If f: T — R is a function, then we define the function
f°:T—Rby
f°@)=f(o(r)) forall reT.
In the following considerations, T will denote a time scale, It=1In T will denote a time

scale interval (for any open or closed interval I in R), and [0, ) will be used for the time
scale interval [0,00) N'T.

Definition 6.1 Assume f : T — R is a function and let t € T*. Then we define f*(t)
to be the number (provided it exists) with the property that given any € > 0, there is a
neighborhood U of t such that

flo() = f(s) = f2t) (o(t) —s)| < elo(t) —s| forall seUrp.

We call f2(t) the delta derivative of f att. We say that f is delta differentiable on T*
provided f*(t) exists for all t € T*.

For all € T, we have the following properties:
(1) If f is delta differentiable at ¢, then f is continuous at 7.
(i) If f is continuous at # and ¢ is right-scattered, then f is delta differentiable at ¢ with

Ay — flol)—f0)
FO=""0
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(iii) Ifz is right-dense, then f is delta differentiable at 7 iff the limit lim LSO exists as
s—t

t—s
a finite number. In this case, f2(t) = lim HO-Ss)
§— :

(iv) If f is delta differentiable at 7, then f(c(¢)) = f(¢) + u(t)f2(r).

Definition 6.2 A function f : T — R is called rd-continuous if it is continuous at all
right-dense points in T and its left-sided limits are finite at all left-dense points in T. We
denote by C.q the set of all rd-continuous functions. We say that f is rd-continuously delta
differentiable (and write f € CL) if f2(t) exists for all t € T* and f* € Cyq.

Definition 6.3 A function F : T — R is called a delta antiderivative of f : T — R if
FA(t) = f(t) for all t € T*. Then we define the delta integral by

/a " Fs)As = F(t) — F(a).

The importance of rd-continuous function is revealed by the following result.
Theorem 6.1 Every rd-continuous function has a delta antiderivative.

Now we give some properties of the delta integral.

Theorem 6.2 [fa,b,c €T, B € Rand f,g € Cyq, then

() F () + ()M = [ )M+ gty
b b
(i) Fouf()ar = oo f f(0)s

a

a

Gii) | faya = i
b c b
(i) [ F(O)A = [ F(O)A+ [ £(0)0;
(v) | F0)Ae =0;

(vi) if f(t) > 0 for all t, then jlzf(t)At > 0.

In order to show the connection between positive linear functionals and time scale
integrals, we first need to define the appropriate settings.

Let E be a nonempty set and L be a linear class of real-valued functions f : E — R
having the following properties.

(L)) If f,g € Land o, € R, then (of + Bg) € L.
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(Ly) If f(r) =1forallz € E, then f € L.

A positive linear functional is a functional A : L — R having the following properties.
(A) If f,ge Land o, B € R, then A(af + Bg) = aA(f) + BA(g).

(Ay) If f€Land f(¢r) > 0forall € E, then A(f) > 0.

In[6, 17,9, 21], the authors presented a series of inequalities for the time scale integral
and showed that it is not necessary to prove such kind of inequalities “from scratch” in the
time scale setting as they can be obtained easily from well-known inequalities for positive
linear functionals since the time scale integral is in fact a positive linear functional. The
results on classical inequalities that are proved for the positive linear functionals, given in
the monograph [124], are used to get new inequalities for the time scale integral.

Now we quote three theorems from [6] that we need in our research.

Theorem 6.3 Let T be a time scale. For a,b € T with a < b, let

E=[a,b)NT and L=Cy(E,R).

b
Then (L) and (Ly) are satisfied. Moreover, the delta integral [ f(t)At is a positive linear
a

functional which satisfies conditions (A1) and (Az).

Corresponding versions of Theorem 6.3 for nabla and a-diamond integrals are also
given in [6].

Multiple Riemann integration and multiple Lebesgue integration on time scale was
introduced in [19] and [20], respectively, and both integrals are also positive linear func-
tionals.

Theorem 6.4 Let Ty,...,T, be time scales. For a;,b; € T; with a; < b;, 1 <i<n, let
& C ([a1,b1)ﬂT1) X oo X ([an,b,,)ﬂT,,)

be Lebesgue A-measurable and let L be the set of all A-measurable functions from & to R.
Then (Ly) and (Ly) are satisfied. Moreover, the multiple Lebesgue delta integral on time
scales [ f(t)At is a positive linear functional and satisfies conditions (Ay) and (Az).

&

J () f () At
Theorem 6.5 Under the assumptions of Theorem 6.4, the delta integral W, where
&

h: & — Ris nonnegative, A-integrable and [ h(t)At > 0, is also a positive linear functional
&
satisfying (A1), (A2) and A(1) = 1.
Using the known Jessen inequality for positive linear functionals ([124, Theorem 2.4])

and Theorem 6.5, M. Anwar, R. Bibi, M. Bohner and J. Pecari¢ proved in [6] the following
generalization of Jessen’s inequality on time scales.
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Theorem 6.6 Assume ¢ € C(I,R) is convex, where I C R is an interval. Let & C R" be
as in Theorem 6.4 and suppose f is A-integrable on & such that f(&) = I. Moreover, let

h: & — R be nonnegative, A-integrable such that [ h(t)At > 0. Then
&

Jr@)f(@)Ae\  [h(t)¢(f(2))Ar

TThOA ) ST Jhm ©.1)
& &

¢

Lah and Ribari¢ proved in [89] the converse of Jensen’s inequality for convex functions
(see also [120]). Beesack and Pecari¢ gave in [14] the generalization of Lah—Ribari¢’s
inequality for positive linear functionals. Applying the fact that the multiple Lebesgue
delta time scale integral is a positive linear functional (Theorem 6.5) to Beesack—Pecari¢’s
result from [14], the following theorem is proved in [6].

Theorem 6.7 Assume ¢ € C(I,R) is convex, where I = [m,M] C R, with m < M. Let
& C R" be as in Theorem 6.4 and suppose f is A-integrable on & such that f(&) = L
Moreover, let h: & — R be nonnegative, A-integrable such that [ h(t)At > 0. Then

%
gh(f)f(f)m gh(f)f(f)m
gh(fW(f(f))Af M — o Thoa ™
ThON S T O o) ©.2)
&

6.2 Converses of the Jensen and Edmundson-Lah-
-Ribaric¢ inequalities

In this section, we prove new converses of Jensen’s inequality on time scales. For simplic-
ity, we introduce the notations

LA(f):/gf(t)At and ZA(f,h):%7

where f: & — R is A-integrable and & : & — R is nonnegative A-integrable such that
[ h(t)Ar > 0.

Theorem 6.8 ([12]) Let ¢ € C(I,R) be convex, where I = [m,M]| C R, with m < M.
Assume & is as in Theorem 6.4 and suppose f is A-integrable on & such that f(&) = I.
Moreover; let h: & — R be nonnegative A-integrable such that [ h(t)At > 0. Then

&

0 < La(¢(f),h) — ¢ (La(f,h)) (6.3)
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IN

(M —La(f.h)) (La(f.h) -
1
4

IN

(M —m)(¢” (M) — ¢/, (m)).
If ¢ is concave on I, then all inequalities in (6.3) are reversed.

Proof. Let ¢ be a convex function. The first inequality in (6.3) follows directly from
Jensen’s inequality on time scales given in Theorem 6.6. Now, let us take the inequality
(6.2) from Theorem 6.7. Adding the term —¢ (ZA(f,h)) on both sides of (6.2), we obtain

La(¢(f)h) — ¢ (La(f,h))
- M —Lx(f,h)
- M—m

ZA(fvh) —m

olm)+ =2

¢(M)— ¢ (La(f.h)) =:B. (6.4)
By the convexity of ¢, it follows
o(x) —¢(M) > 9. (M)(x—M),  x€[mM] (6.5)
Multiplying inequality (6.5) with (x —m) > 0, we get
(xr—m)p(x) — (x—m)o(M) > ¢/ (M)(x—M)(x—m),  x€[mM].  (6.6)

Similarly, multiplying the inequality ¢ (x) — ¢ (m) > ¢/ (m)(x —m) with (M —x) > 0, we
obtain

(M =x)¢(x) = (M = x)¢(m) = ¢ (m)(x—=m)(M —x),  x&[mM].  (6.7)
Adding (6.6) to (6.7) and dividing by (M —m), for any x € [m,M], we have

(M —x)¢(m) + (x —m)p(M)
M—m

(M —x)(x—m)
M—m

—o(x) < (¢~ (M) =9l (m)).  (6.8)

Replacing x in (6.8) with Ls(f,h), leads to

_ _ (M) — ¢! (m

B < (M- Ta(f.)) (Ta(f.) - m) D020 ©9)
—m

Combining (6.4) and (6.9) brings us to the second inequality in (6.3). The third inequality

in (6.3) follows from the elementary estimate W < %(M —m) for every x € R. If

the function ¢ is concave, then —¢ is convex, so applying (6.3) to —¢ gives us the reversed

inequalities in (6.3). O

Remark 6.1 The proof of Theorem 6.8 can be obtained directly from Theorem 1.5 since
the multiple Lebesgue delta time scale integral is a positive linear functional, according to
Theorem 6.5.
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Theorem 6.9 ([12]) Suppose that all assumptions from Theorem 6.8 hold. Then

o - %ﬁ,mme%mmm(mn,h)
Jh(e) (M = f(2)) (f(£) —m) At
oL (M) — 9! (m)
R T T o
&
< QLD =) T (1)) (Talfoh) —m)

- M—m
1
< (M — (6 (M1) ~ 9}, (m).
If ¢ is concave on I, then all inequalities in (6.10) are reversed.
Proof.  Assume that ¢ is convex. The first inequality in (6.10) follows directly from

inequality (6.2) in Theorem 6.7. We now replace x in (6.8) by f(¢), r € & (notice that
m < f(r) < M since f(&) =1 by the assumptions) so that

T gy 4 L= 1) — 910
- (M_f;;))f],;(t)_m) (6 (M) — ¢'.(m)) . (6.11)

Since the multiple Lebesgue delta time scale integral is a positive linear functional, multi-

plying inequality (6.11) by % and integrating the resulting inequality, we get

ML) o ) 4 AL 07y 7 (o).
PHOWTONO-m
B Jh(t)At M—m
&

which is the second inequality in (6.10). Using the fact that the function g : R — R, defined
as g(x) = (M —x)(x—m), is concave and applying Theorem 6.6 to the function g instead
of the function ¢, we deduce

gp[h(t)(M—f(f)) (f(t) —m)Ar

Jh(t)Ar
&

< (M—Tx(f,h)) (La(f.h) —m),

which implies the third inequality in (6.10). The last inequality in (6.10) is the same one
as the last inequality in Theorem 6.8. If the function ¢ is concave, then —¢ is convex, so
applying (6.10) to —¢ gives us the reversed inequalities in (6.10). O
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The following results are converses of Jensen’s inequality on time scales which refine
the results from the above for multiple Lebesgue delta integral. For simplicity, we intro-
duce the following notations

_ La(f.h) = deLOlh®)]Ar
f)= [ f0a ana Ta(ra) = EErERE
where f,h : & — R are A-integrable and [ |h(1)|Ar > 0.

Theorem 6.10 ([13]) Let ¢ € C(I,R) be convex, where I = [m,M] C R, with m < M.
Assume & C R" is as in Theorem 6.4 and suppose f is A-integrable on & such that (&) =
I. Moreover, let h: & — R be A-integrable such that [ |h(t)|At > 0. Then

< (M—La(f,h)) (La(f,h) —m) sup Wy(t;m,M)

re(m,M)
< (M= Ta(7.0)) (Ealr.1) —m) - =00 0Lm) 6.12)

< M- m) (! (4) ~ 9! (m),
where Wy (-;m,M): (m,M) — R is defined by
1 (‘P(M)*q)(f) B (P(f)*(f)(m)).

M—m M—t t—m

If ¢ is concave on I, then all inequalities in (6.3) are reversed.

‘*I’q)(t;m,M) =

Proof. Since ¢ is a convex function, first inequality in (6.12) follows from Theorem 6.6.
From Theorem 6.7, we have

LA(9(f):h) — ¢ (La(f:h)) (6.13)

M;/[Li(nf:h)(p(mHLA(AJ;{)’;%(M)W(ZA(f,h))
= L (M TA(f)) (Ta(fh) —m)

m

M—m

<¢(M 0 (L fah))_‘P(ZA(fah))q)(m))
L

M

h) ZA(fvh) -

= ZA(f’h ) (LA
h

) —m) ¥y (ZA(f,h);m,M)

)—m) sup W(t;m,M),
re(mM)

< (M— La(f,h)) (La
which is the second inequality in (6.12), provided that Ls(f,h) # m,M. When La(f,h) is
equal to m or M then inequality (6.12) is obvious.

Since,

¢M)—0() () - ¢(m)}

1
sup Wy (t;m,M)=—— sup { T p—

re(mM) M—m re(mM)
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1 o(M)—9(1) —(9(1) — 9(m))
=M (IE?&% M- +ze?:zl£\/l> ?)
 M-m le(m,I/)\/l> M—1 te(m,M) t—m B M—m )

the third inequality in (6.12) is true. The last inequality in (6.12) follows from the elemen-
tary estimate W < %(M —m), for every x € R. If the function ¢ is concave, then
—¢ is convex, so applying (6.12) to —¢ gives the reversed inequalities in (6.12). This

completes the proof. O

Remark 6.2 According to (6.13), with the same assumptions as in Theorem 6.10, follow-
ing inequalities are also true

0 < La(¢(f),h) — ¢ (La(f.h))
< S(M—m)¥ (Ta(f,0):m M)

30— m)(.(v) — 0}, (m))

Using the refinement of the converse Jensen inequality for normalized positive lin-
ear functionals, given in Theorem 1.10, we derive the following theorem which refines
inequality (6.12) from Theorem 6.10.

IN

Theorem 6.11 ([13]) Let ¢ € C(I,R) be convex, where I = [m,M] C R, with m < M.
Assume & CR" and L are as in Theorem 6.4 with additional property that for every f,g € L
we have that min{f,g} € L and max{f,g} € L. Let f be A-integrable on & such that
f(&)=1. Moreover, let h: & — R be A-integrable such that [ |h(t)|At > 0. Then,

0 < La(¢(f),h) — & (La(f,h))

< (M —La(f.h)) (La(f,h) —m) ?ugw>w¢(f§maM)—ZA(f,h)5¢
< (M-Ta(r-) Ta(r.m)—m)- EDZE) 77005, 614)
< LM —m)(6! (M) — 0}, (m)) ~La(F. 1),

4

where

_ meM

F=t= T 8 = om)+ (M) —29(54)
and Wy (-;m,M): (m,M) — R is defined by

Wo(t;m M) = - (¢<M>f¢(z> _ ¢(13:Z('"))~

—m M—t
If ¢ is concave on I, then the above inequalities are reversed.

Proof. Inequality (6.14) follows directly from the result from Theorem 1.10 and the fact
that multiple Lebesgue delta integral is a positive linear functional. O
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6.3 Inequalities of the Jensen and Edmundson-Lah-
-Ribaric¢ type on time scales for n-convex
functions

For simplicity, we introduce the notations

. Jo F(0)h(1)Ar
L :/ t)At and La(f,h) = =—=—7—,
where f: & — R is A-integrable and & : & — R is nonnegative A-integrable such that

[oh(t)Ar > 0.

Throughout this section, whenever mentioning the interval [a,b], we assume that a,b
are finite real numbers such that @ < b. We can write the Edmundson-Lah-Ribaric¢ inequal-
ity (C) in the form

g La(f,h)+ By —La(@(f), 1) = 0 (6.15)
with standard notation
_9(b)—¢(a) _ bg(a) —ag(b)
A and f3y = [ .
A generalization of the Edmundson-Lah-Ribari¢ inequality (C) obtained from Lemma

2.3 is given in the following theorem.

Theorem 6.12 ([108]) Ler ¢ € €™ ([a,b]) be an n-convex function. Assume & is as in

Theorem 6.4 and suppose f is A-integrable on & such that (&) = |a,b]. Moreover, let

h: & — R be nonnegative A-integrable such that [ h(t)At > 0. If n > m > 3 are of different
&

parity, then

La(9(f),h) = ot La(f, 1) = By (6.16)

m—1 4 (k) a)_
< () =) (') ~9la) + 3, ST (17— a1

v kg‘l MM’U]ZA ((f—al)m(f_bl)k—l’h) _

m times k times

Inequality (6.16) also holds when the function ¢ is n-concave and n and m are of equal
parity. In case when the function ¢ is n-convex and n and m are of equal parity, or when
the function ¢ is n-concave and n and m are of different parity, the inequality sign in (6.16)
is reversed.
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Proof. Since f(&) = |a,b] by the assumptions, we have a < f(r) < b, so we can replace ¢
with f(¢) in (2.65) and obtain:

1 ! ¢(k)(a) k
O(f(1)) = e (1) = By = (f(1) =) (¢'(a) = 0la,b]) + 3, ——(f(r) —a)

k=2
S 0lar b, BIFE) — @) (F() — B+ Ru(£(1))-
= S~ =

m times k times

Since the multiple Lebesgue delta time scale integral is a positive linear functional,

multiplying the previous inequality by f h( )_ and then integrating the resulting inequality

yields
LA($(f). 1) — o La(f.h) — By (6.17)
T ) (6 — o) 1S 00@ (1) — afhio)ar
N . Je (f(£) —a)" (f(t) =b)'h(t)Ar  [is Ru(f(2))h(t) At
t bt T h(1) 0 RO

m times k& times

Now we set our focus on positivity and negativity of the term

fg Rm(f(t))h(t)m
Jeh(Ar

Because multiple Lebesgue delta time scale integral takes nonnegative values for posi-
tive functions, it is enough to study positivity and negativity of:

Ru(f(1)) = (f(t) —a)" (f(t) = B)" "™ 9[f(t):a,....a: b,b,....b].

m times (n—m) times

Since by assumptions we have a < f(t) < b, we have (f(¢) —a)™ > 0 for any choice of
m. For the same reason we have (f(¢) —b) < 0. Tr1v1ally it follows that (f(z) —b)" " <0
when n and m are of different parity, and (f(¢) — b)"~" > 0 when n and m are of equal

parity.
If the function ¢ is n-convex, then ¢[f();a,...,a; b,b,...,b] > 0, and if the function ¢
—_—— ——

m times (n—m) times
is n-concave, then ¢[f(¢);a,...,a; b,b,....b] <0 for any ¢ € [a,b]. Inequality (6.16) now
—— ——
m times (n—m) times

easily follows from (6.17). O

Next result is another generalization of the Edmundson-Lah-Ribari¢ inequality in terms
of divided differences, obtained from Lemma 2.4 that also holds for the class of n-convex
functions.
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Theorem 6.13 ([108]) Ler ¢ € €™ ([a,b]) be an n-convex function. Assume & is as in

Theorem 6.4 and suppose f is A-integrable on & such that f(&) = [a,b]. Moreover, let

h: & — R be nonnegative A-integrable such that [ h(t)At > 0. For an odd number m > 3
&

such that m < n we have

LA($(f), 1) — o La(f 1) — By (6.18)
7 / ! ¢(k)(b)_ k
< (b—La(f.)) (6la,b] = '8) + ¥, Lo (=61 ,h)

k=2

n—m
+ 3 0lb,...,bsa, ...l ((ffbl)m(ffal)kfl,@ .
= S~ —~—
m times k times

Inequality (6.18) also holds when the function ¢ is n-concave and m is even. In case when
the function ¢ is n-convex and m is even, or when the function ¢ is n-concave and m is
odd, the inequality sign in (6.18) is reversed.

Proof. In a similar manner as in the proof of the previous theorem, we can replace ¢ with

f(r) in (2.69), multiply the obtained inequality by % and then integrate the resulting

&
inequality. In that way we get

ZA(d)(f)vh)_adJZA(f’h)_ﬁQ) (6.19)

7 m=1 (k) AV
— (b-Ta(F.h) (Dlasb] - 9'(B)) + 3, S B) S () — bV Rt}

= K Joh(r)Ar
5 . Je(f() =b)"(f(1) —a)* "h(t)Ar | [ Ry, (f(2))h(t)At
+ §¢[b,...,b,a,...,a] T h()Ar + T h()A .

m times k times
Next, we study positivity and negativity of the term
Jo R (f(2))h(2)Ar
Je h(t)At
Again, it is enough to study positivity and negativity of the function:
Ry, (f(0)) = (f(t) =D)"(f () —a)" "¢[f(2):], ..., b: a,a,...,a].
—— N——

m times (n—m) times

Since f(t) € [a,b], we have (f(t) —a)"™™ > 0 for every ¢ and any choice of m. For the
same reason we have (f(z) —b) < 0. Trivially it follows that (f(z) — )™ < 0 when m is
odd, and (f(¢) —b)™ > 0 when m is even. If the function ¢ is n-convex, then its n-th order
divided differences are greater of equal to zero, and if the function ¢ is n-concave, then
its n-th order divided differences are less or equal to zero. Now (6.18) easily follows from
(6.19). ]

The following corollary is a direct consequence of the previous two theorems, and it
provides with a lower and an upper bound for the difference in the Edmundson-Lah-Ribari¢
inequality for time scales.
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Corollary 6.1 Let ¢ € €"(|a,b]) be an n-convex function. Assume & is as in Theorem
6.4 and suppose f is A-integrable on & such that (&) = |a,b]. Moreover, leth: & — R
be nonnegative A-integrable such that [ h(t)At > 0. If m > 3 is odd and m < n, then

&

m—1

(La(f,n) —a) (¢ (a) — ab)+2

+’§~:’1¢[av"'7a;b’ N7b]ZA((fia1)m(f*bl)kil,h)
= S~ =

m times k times

A((f —al)’,h)

< La(6(f):h) — a9 La(f,h) — By (6.20)
< (b= La(f,h)) (9la,b] = ¢ (b)) + 2

A((f = b1)"h)

+’§~:’1¢[bv""b;a’ '“’a]ZA((fibl)m(f*al)k717h)'
= S~~~

m times k times

Inequality (6.20) also holds when the function ¢ is n-concave and m is even. In case when
the function ¢ is n-convex and m is even, or when the function ¢ is n-concave and m is
odd, the inequality signs in (6.20) are reversed.

In our next result we establish another set of bounds for the difference in the Edmund-
son-Lah-Ribari€ inequality. It is obtained from Lemma 2.3.

Theorem 6.14 ([108]) Let ¢ € €"([a,b]) be an n-convex function. Assume & is as in
Theorem 6.4 and suppose f is A-integrable on & such that f(&) = [a,b]. Moreover, let
h: & — R be nonnegative A-integrable such that [ h(t)At > 0. If n > 3 is odd, then

el

n—1
Z (p[a;bv"'?b]zA((f*al)(fibl)kilvh)
i —

k times
SLA(O(f),h) — o La(f,h) — By < @la,a; b]LA((f —al)(f —b1),h) (6.21)
n—2
+ Y dla,a;b, ... bLa((f —al)*(f — b1)* h).
=2 \r—/

k times

Inequalities (6.21) also hold when the function ¢ is n-concave and n is even. In case when
the function ¢ is n-convex and n is even, or when the function ¢ is n-concave and n is odd,
the inequality signs in (6.21) are reversed.

Proof. Again we can replace ¢ with f(¢) in (2.62) and (2.63), multiply the obtained
inequality by f h 7, and then integrate the resulting inequality. In that way we get
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LA(¢<f)7h) - OC(IJZA(f’h) - ﬁq) (6.22)
el gfh(f)(f(f)—a)(f(f)—b)HAf gfh(l)&(f(f))m
- ,(22(““;%] Th@s * Th@s

and

) ) [HE) ()~ a) ()~ D)
La(0():1) ~ 0o Ta(f. ) ~ By = 9la b} ——— o
&

[h(t)(f(t) —a)*(f(r) = b) 't (.p[h(t)Rz(f(t))At

n—2 .
. &
+k§:2¢[a,a,b, ..,b] gh(r)m + ol’“’)A’ . (6.23)

k times

From the discussion about positivity and negativity of the term
(.i"h(t)Rm(f(t))At
Jh(@t)Ar
&

LA(Rm(f)vh) -

that is, about positivity and negativity of the function R,,(f(¢)) in the proof of Theorem
6.12, for m = 1 it follows that

* La(R(f),h) > 0 when the function ¢ is n-convex and n is odd, or when ¢ is n-
concave and n even;

* La(Ry(f),h) <0 when the function ¢ is n-concave and n is odd, or when ¢ is n-
convex and n even.

Now the relation (6.22) becomes inequality

n—1
LA((P(f)7h) - aq)ZA(f,]’l) 7[3(1, > 2 (p[a; b ZA((f*al)(ffbl)kil,h)
k=2

b,...,b]
——

k times

that holds for Lx(R; (f),h) >0, and in case Lx(R; (f),h) < 0 the inequality sign is reversed.
In the same manner, for m = 2 it follows that

% La(R2(f),h) <0 when the function ¢ is n-convex and n is odd, or when ¢ is n-
concave and n even;

* La(R2(f),h) > 0 when the function ¢ is n-concave and n is odd, or when ¢ is n-
convex and n even.

In this case the relation (6.23) for Lx(Ra(f),h) < 0 gives us
ZA(q)(f)ah) - a¢ZA(f7h) - ﬁd) < ¢[a7a;b]ZA((f_al)<f_ bl)ah)

n—2
+ Y dla,a:b, ... b]LA((f —al)*(f — b1)* 1 h),
i— N——

k times
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and when La(R>(f),h) > 0 the inequality sign is reversed.
When we combine the two inequalities obtained above, we get exactly (6.21). O

By utilizing Lemma 2.4 we can get a similar lower and upper bound for the difference
in the Edmundson-Lah-Ribari¢ inequality that holds for all n € N, not only the odd ones.

Theorem 6.15 ([108]) Let ¢ € €"([a,b]) be an n-convex function, n > 3. Assume & is
as in Theorem 6.4 and suppose f is A-integrable on & such that f(&) = [a,b]. Moreover,
let h: & — R be nonnegative A-integrable such that [ h(t)At > 0. Then we have

&

n—2
O[b,b;alLA((f — b1)(f —al),h)+ Y. 0[b,bia,...,a]La((f — b1)*(f —al)* "', h)
k=2 k times
n—1

<Ta((f),h) — aLa(f,h) —Bo < Y. $lbsa, ..., dLa((f — b1)(f —al) "1 n) (6.24)

k times

If the function ¢ is n-concave, the inequality signs in (6.24) are reversed.

Proof. We follow the lines from the proof of Theorem 6.14, with the difference that we
start with equalities (2.66) and (2.67) from Lemma 2.4, and then we return to the discussion
about positivity and negativity of the term Ly (R};,(f),h) from the proof of Theorem 6.13
form=1and m=2. O

In the rest of this section we will utilize the results from above, as well Lemma 2.3
and Lemma 2.4, in order to obtain some Jensen-type inequalities that hold for n-convex
functions.

Our first result is a consequence of Corollary 6.1, and it provides with a lower and an
upper bound for the difference in the Jensen inequality for time scales (6.1).

Theorem 6.16 ([108]) Let ¢ € 6" ([a,b]) be an n-convex function. Assume & is as in

Theorem 6.4 and suppose f is A-integrable on & such that (&) = |a,b]. Moreover, let

h: & — R be nonnegative A-integrable such that [ h(t)At > 0. If m > 3 is odd and m < n,
&

then
6(a) — 9(6) +b9'(b) ~at'(a) + (&' (a) — (b)) TalF, 1)
m=l (&) (q)_ (k) _
v 3 (S0 - 0 (LA<f,h>b>k>

+ N ¢la,...,a;b, ..., b|La((f — al)" (f — b1 1)
=1 S~~~

m times k times

— Y 0[b,....bsa,....al(La(f.h) — b)" (La(f, 1) —a)*
k=1 m times k times

S La(¢(f),h) — ¢(La(f,h)) (6.25)
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+ ¢[b’"'7b;a7"-’a]ZA((f—bl)"’(f—a])k”?h)
=1 S~ =

m times k times

\
M2

Ola,...,a:b,...,b](La(f,h) —a)" (La(f,h) — b)!
—— ——

m times k times

k=1

Inequalities (6.25) also hold when the function ¢ is n-concave and m is even. In case when
the function ¢ is n-convex and m is even, or when the function ¢ is n-concave and m is
odd, the inequality signs in (6.25) are reversed.

Proof.  Because f(&) = [a,b], we have ah(t) < f(¢)h(t) < bh(t), and consequently
La(f,h) € |a,b], so we can substitute # with L (f, /) in (2.65) and obtain

(P(ZA(fah)) - a¢ZA(fah) - B¢ (626)

T / ! ¢(k)(a) T k
= @a(f.h)=a) (¢'(@) = glanbl) + 3 == Talfih) —a)

S 0l i B Ta () — @) Taf ) — )+ R (Ta (1),
k=1 SN—— N~

m times k times

We need to study positivity and negativity of the term:

Ru(La(f.h)) = (La(f.h) —a)" (La(f,h) — b)" " [La(f.h);a,...,a; b,b,...,D].

m times (n—m) times

Since La(f,h) € [a,b], we have (La(f,h) —a)"™ > 0 for any choice of m, and (La(f,h) —
b)"~™ < 0 when n and m are of different parity, and (La(f,h) —b)"™™ > 0 when n and m
are of equal parity.

If the function ¢ is n-convex, then ¢[La(f,h);a,...,a; b,b,....;b] > 0, and if the func-

—— ——
m times (n—m) times
tion ¢ is n-concave, then the inequality sign is reversed.

Now the relation (6.26) for n-convex function ¢ and n and m > 3 of different parity, or
n-concave function ¢ and n and m > 3 of the same parity, becomes

¢(ZA(f’h)) - a¢ZA(f’h) - ﬁ¢ (627)
. m—1 (k) a
< @) =) (0'0) - 9la) + 3, Tl -
=2 .
+ninq)[a,...,a;b,...,b](ZA(f,h) a)"(La(f,h) —b)F 1,
k=1

m times k& times
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and for n-convex function ¢ and n and m > 3 of the same parity, or n-concave function ¢
and n and m > 3 of different parity, the inequality sign is reversed.
In the same way we can replace ¢ with Ly (f, /) in (2.69) and get

O(La(fsh)) = o La(f ) = By (6.28)
= (b=La(f,1)) (9la,b] = 9'(b)) + 3, = (Lalf 1) = )

+ 2 (f)[b,...,b;a, "'7a](ZA(fah) 7b)m(zA(f7h) 7a)k71 +R:1(ZA(fah))'

m times k times

As before, we study positivity and negativity of the term R}, (La(f,h)):

R (La(f,h)) = (La(f,h) — b)" (La(f,h) — a)" ™ @[La(f,h);b,...,b; a,a,...,a].

m times (n—m) times

Again, since La(f,h) € [a,b], we have (La(f,h)—a)" " > 0 for any choice of m, and

(LA(f,h) —b)™ <0 whenmis odd, and (LA(f,h)—b)™ >0 when m is even. If the function

¢ is n-convex, then its n-th order divided differences are greater of equal to zero, and if the

function ¢ is n-concave, then its n-th order divided differences are less or equal to zero.
Equality (6.28) now turns into

(P(ZA(fah')) - a¢ZA(f7 ) - ﬁ(l) (629)
m— 1
< (b—La(f,h)) (9la,b] - ¢'()) + fh) = b)
+n§l¢[b,---,b;a,---»a](zA(f,h) —b)"(La(f,h) —a)*"!
& ==

m times k times

for n-convex function ¢ and an odd number m > 3 or n-concave function ¢ and an even
number m > 3. If ¢ is n-convex and m is even, or if ¢ is n-concave and m is odd, the
inequality is reversed.

By combining inequalities (6.27) and (6.29) we get that

(Ea(f. 1)~ @) (0 (@) ~ Olasb]) + 2¢k, (1) - a)
+n§1¢[a,...,a;b,...,b](ZA(f,h)—a)"’(ZA(f,h)—b)"*l
=1 S~ =

m times k times

< O(La(f,h)) — otLa(f,h) — By (6.30)

_ m—1 (k) o
< (b= Tar0) (olast)— ¢(8) + 3, TP Tatr -
—2 :
S 0lb..o i) (Talf o) — b)Y Talfo ) — @)

m times k times
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holds if n is odd and ¢ is n-convex and m is odd, or ¢ is n-concave and m is even. If ¢
is n-convex and m is even, or ¢ is n-concave and m is odd, then the inequality signs are
reversed.

When we multiply series of inequalities (6.30) by —1 and add to (6.20), we get exactly
(6.25), and the proof is complete. O

Next result also provides with a lower and upper bound for the difference in the Jensen
inequality for time scales, and it is obtained from Theorem 6.14 and Lemma 2.3.

Theorem 6.17 ([108]) Ler ¢ € €™ ([a,b]) be an n-convex function. Assume & is as in
Theorem 6.4 and suppose f is A-integrable on & such that f(&) = [a,b]. Moreover, let
h: & — R be nonnegative A-integrable such that [h(t)At > 0. If n > 3 is odd, then

&

n—1
¢[a7a;b]<b_ZA(fvh))(ZA(fvh) _a) + z ¢[a;b’"'7b]ZA(<f_al)(f_bl)kil’h)
k=2 k times
n—2
— (La(f,h) —a)* Y, dla,asb, ..., b)(La(f.h) — b)* !
k=2 k times
< La(@(f):h) — ¢(La(f,h)) (6.31)

n—1

< 9la,a;b|La((f — al)(f = b1),h) = (La(f,h) —a) Y. 9lasb, ..., b)(La(f,h) —b)*!
k=2 k times

n—2
+ Y ¢la.a:b, ... bILA((f — al)*(f — b1)* 1 h).
i— N——"

k times
Inequalities (6.31) also hold when the function ¢ is n-concave and n is even. In case when

the function ¢ is n-convex and n is even, or when the function ¢ is n-concave and n is odd,
the inequality signs in (6.31) are reversed.

Proof. By following a similar procedure as in the proof of the previous theorem, we start
by replacing ¢ with Lx(f, /) in with relations (2.62) and (2.63) from Lemma 2.3. We get

(P(ZA(fvh)) - a(PZA(fah) 7B¢

n—1
= Y 9lasb,...b|(La(f,h) — @) (Ta(f,h) = b)Y + Ri(La(f,h)) (6.32)
k=2 V

k times

and
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(P(ZA(fah)) - a¢ZA(fah) - B¢ (633)
= 9la, a'b](ZA(f; ) —a)(La(f,h) —b)

+2¢aab DI(La(f,h) — a)*(La(f,h) = b) ' + Ro(La(f, 1))

k times

respectively. After discussing the positivity an negativity of terms R;(La(f,h)) and
Ry(LA(f,h)) in the same way as in the proof Theorem 6.16, from relations (6.32) and
(6.33) we get a series of inequalities

(La(f,h) —a 2¢ab bI(La(f,h) — b)*" < (La(f, 1)) — o La(f,h) — By (6.34)

k times

< ¢la,a:b](La(f h)—a)(La(f,h) = b)+(La(f, h)—a)’ Z la,a:b,. ](LA(f’ )—b)*!

k times

that holds when n is odd and ¢ is n-convex, or when 7 is even and ¢ is n-concave. If n

is odd and ¢ is n-concave, or if n is even and ¢ is n-convex, then the inequality signs in
(6.34) are reversed.

Inequalities (6.31) are obtained after multiplying (6.34) by —1 and adding it to (6.21).

O

In the analogous way as described in the proof of the previous theorem, but with uti-
lizing Lemma 2.4 and Theorem 6.15, we can get a similar lower and upper bound for the
difference in the Jensen inequality (6.1) that holds for all n» € N, not only the odd ones.

Theorem 6.18 ([108]) Let ¢ € €"([a,b]) be an n-convex function, n > 3. Assume & is
as in Theorem 6.4 and suppose f is A-integrable on & such that f(&) = [a,b]. Moreover,
let h: & — R be nonnegative A-integrable such that [ h(t)At > 0. We have

&

n—1

9[b,b:alLa((f = b1)(f —al),h) — (La(f,h) Z ¢[b; &8 a)(La(f.h) —a)*"!

kllmes
n—2
+ Y 0[b.bia,....aLa((f — b1)*(f —al)* ' h)
k=2 k times
< La(O(f),h) — ¢(La(f,h)) (6.35)
n—1
< flb,bsal(b—La(f,0)(La(f,h) —a)+ Y, d[bsa,...,aLa((f —b1)(f —al)* ' h)
k=2 k times
— (La(f,h) = b)? 2 0[b,bsa,....a)(Ta(f,h) —a)< .
—

k times

If the function ¢ is n-concave, the inequality signs in (6.35) are reversed.
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6.4 Applications

In this section, we use the results obtained in the previous sections from this chapter in
order to get new converse inequalities for generalized means, power means and the Holder
inequality in the time scale setting.

6.4.1 Generalized means
Let us define the generalized mean in terms of the multiple Lebesgue delta time scale

integral using the definition of weighted generalized mean on time scales proved in [7].

Definition 6.4 Suppose Y : I — R is continuous and strictly monotone and f is A-integ-

rable on & such that f(&) = I, where & C R" is as in Theorem 6.4. Let h: & — R be

nonnegative A-integrable such that [ h(t)At > 0. The generalized mean with respect to the
&

multiple Lebesgue delta time scale iﬁtegral is defined by
My (f,La(f 1) =¥~ (La(¥(£),h)) - (6.36)

Theorem 6.19 ([13]) Suppose I = [m,M], —o <m <M < oo, W, x : I — R are continuous
and strictly monotone and ¢ = y oy~ is convex. Assume & C R" is as in Theorem 6.4
and f,h: & — R are A-integrable on & such that f(&) =1 and [ |h(t)|At > 0. Then,

0 < x(My (f.La)) — x (My (f.La))
< (My —La(w(f).1)) (La(y(f),h) — my) Jue Yoy 1 (W(t)imy, My)
< (My/ _ZA(W(f)vh)) (ZA(W(f)’h) - mW)
. ()C ° Wﬁl)L(MW) — (% ° Wﬁl)ﬁr(mll/) (6.37)
My —my
< % (My —my) ((xow ) (My) = (xoy™ )i (my)).

where [my,My| = y([m,M)). If ¢ is concave, then all inequalities in (6.37) are reversed.

Proof. The claim follows from Theorem 6.4, Theorem 6.10 and Theorem 1.17. O

Theorem 6.20 ([12]) Let all assumptions from Theorem 6.19 be valid. If the function
¢ = x oy~ is convex, then

o = My=La(¥() )

LA(Y(f),h) — my
+ M
My —my 9(m) My —my o

—x (My (£ La(¥(f),h)))

)
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o (My) — oL (my) 31O My =W () (W(F0)) = my) A1

- My —my gh(r)At

< 9" (My) — ¢’ (my) (My —Ta(P (). 1)) (Ta(P(F). 1) — my) (6.38)
My —my

< % (My —my) (9. (My) — ¢/ (my)).

where [my,My] = y([m,M]). If ¢ is concave on I, then all inequalities in (6.38) are
reversed.

Proof.  The inequalities in (6.38) follow directly from Theorem 6.9 by replacing m by
my, M by My, ¢ by o w1, and f by wo f. All conditions of Theorem 6.9 are satisfied
because y o y~! is obviously continuous and convex by assumption. Also, we have My <
v(f(r)) < My for every t € [m,M] since my = y(m) and My, = y(M) if y is increasing
and my = y(M) and My, = y(m) if y is decreasing. If the function ¢ = y oy~ ! is concave,
then the function —¢ = —y o y~! is convex so, replacing ¢ by —¢ in (6.38), we obtain the
reversed inequalities. O

Next, our intention is to obtain some new reverse relations for generalized means that
correspond to n-convex functions and in that way get some mutual bounds for generalized
means.

Before we state such results, we have to introduce some notations arising from this
particular setting. Throughout this section we denote

O=yoy !, op=

and
Vo= min{l//(a)v W(b)}v Vp = max{u](a)’ l[/(b)},

where y and y are strictly monotone functions. It is obvious that if the function v is
increasing, then vy, = w(a), W, = y(b), and if y is decreasing, then y, = w(b), Wy, =
v(a).

Since for a A-integrable function f on & such that f(&) = [a,b] we have y(f(&)) =
[Wa, W), all of the results from previous sections can be exploited in establishing some new
reverses of Jensen’s inequality and the Edmundson-Lah-Ribari¢ inequality for selfadjoint
operators related to quasi-arithmetic means by substituting ¢ with ® = y o y~! and f with
w(f).

We start with some Edmundson-Lah-Ribari¢ type inequalities for generalized means
which arise from the previous section. The first result of this type is carried out by virtue
of our Theorem 6.12.

Corollary 6.2 ([108]) Suppose y,x : [a,b] — R are continuous and strictly monotone
and ® = y oy~ € 6"([a,b]) is n-convex. Assume f is A-integrable on & such that f(&) =
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[a,b], where & CR" is as in Theorem 6.4. Let h: & — R be nonnegative A-integrable such
that [h(t)At > 0. If n > m > 3 are of different parity, then
&

X (My(f,La(f,h))) — 0w (My(f,La(f,h))) — B (6.39)
- , oW () - k
< (Law(f), 1) = ya) (¥ (Wa) = @[y, 1)) + 3, = La ((w(f) — 1) h)
k=2 :
£ O i )T (W) = vl (W) = w )" ).
k=1 m times k times

Inequality (6.39) also holds when the function ® is n-concave and n and m are of equal
parity. In case when the function @ is n-convex and n and m are of equal parity, or when
the function ® is n-concave and n and m are of different parity, the inequality sign in (6.39)
is reversed.

The following result is a direct consequence of Theorem 6.13.

Corollary 6.3 ([108]) Suppose y,x : [a,b] — R are continuous and strictly monotone
and ® = y oy~ € €"(|a,b]) is n-convex. Assume f is A-integrable on & such that (&) =
[a,b], where & CR" is as in Theorem 6.4. Let h: & — R be nonnegative A-integrable such
that [ h(t)At > 0. For an odd number m > 3 such that m < n, we have

&

X (My(f,La(f5h))) — ey (My(f,La(f,h))) — Bo (6.40)
. m—1 (k) -
< (W = La(y(£), 1) (@[Ya, 1) = @' (y)) + 3 (DT(,%)LA((W(J‘) — w1 h)
k=2 :
S O W Vs VTS W) — W 1) (W () — v .
=1 —— ——

m times k times

Inequality (6.40) also holds when the function ® is n-concave and m is even. In case when
the function ® is n-convex and m is even, or when the function ® is n-concave and m is
odd, the inequality sign in (6.40) is reversed.

Our next result arises from Theorem 6.14.

Corollary 6.4 ([108]) Suppose y,x : [a,b] — R are continuous and strictly monotone
and ® = y oy~ € €"([a,b]) is n-convex. Assume f is A-integrable on & such that f(&) =
[a,b], where & CR" is as in Theorem 6.4. Let h: & — R be nonnegative A-integrable such
that [ h(t)At > 0. If n > 3 is odd, then

&

n—1
> W Yoo WBILA(W(f) = ) (w(f) — v 1) 1)
=2 k times

< x (My(f,La(f.h))) — cwoy (My(f,La(f.h))) — Bo (6.41)
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@[, Was Wl La (W (f) — wal) (W (f) — 1), h)

n—2

+ X O, Wa Voo -, Wl La(W(f) — wal)* (w(f) — 1), ).

i— A,_/
k times

Inequalities (6.41) also hold when the function @ is n-concave and n is even. In case when

the function @ is n-convex and n is even, or when the function @ is n-concave and n is odd,

the inequality signs in (6.41) are reversed.
As a consequence of Theorem 6.15, we have the following result.

Corollary 6.5 ([108]) Suppose w,x : [a,b] — R are continuous and strictly monotone
and ® = y oy~ ' € €"([a,b]) is n-convex, n > 3. Assume f is A-integrable on & such
that f(&) = [a,b], where & C R" is as in Theorem 6.4. Let h: & — R be nonnegative
A-integrable such that [ h(t)At > 0. Then we have

&

D[y, Wo: Vol La((w(f) — v 1) (W(f) — val), h)

n—2
3 By Y Y A (W) — WP () — vl )
= k times
(MX f’LA f’ )) o %W(MW(fva(fah))) 7134) (642)

—1
< Z (W03 War -, Wa LA (W () — W D) (w(f) — wa )" ).
i— —_———

k times

If the function @ is n-concave, the inequality signs in (6.42) are reversed.

The corollaries below arise from the Jensen-type inequalities on time scales for n-
convex functions and give us Jensen type inequalities for quasi-arithmetic means. They
are obtained from Theorem 6.16, 6.17 and 6.18 respectively.

Corollary 6.6 ([108]) Suppose v, x : [a,b] — R are continuous and strictly monotone
and ® = y oy~ € €"([a,b]) is n-convex. Assume f is A-integrable on & such that f(&) =
[a,b], where & C R" is as in Theorem 6.4. Let h : & — R be nonnegative A-integrable such
that [ h(t)At > 0. If m > 3 is odd and m < n, then

&

D(ya) — () + V@ (W) — Va®' (W) + (@' (W) — ' (W) La(W(f), 1)

m—1 (k) _ (k) B
+3 (—q’ ST () e~ S T - W)

+nimq>[%7-~-, Wai Yo, - WILa (W (f) — v )" (w(f) = wp1) 1)

k=1 : .
m times k times

S Y W W W Ta W (), ) — ) T () ) — i)t
=1

m times k times
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X (My (f,La(f, 1)) — x (My (f,La(f,1))) (6.43)
D(yp) — P(Wa) + Va® (Wa) — W @' (W) + (D' (W) — D' (wa) ) La (W (). )
m—1 (k) _ (k) .
+3 (q’ AL ()~ w2 kf‘”“(LA(w(f),h)—wa)k)
P ! !

n—m

£ DY Y Ve Wl Ea (W F) — 1) (W () — )L )
k=1

<
<

m times k times

*ninq)[%,m, Was Wy s W) (La (W(f) ) = Wa) " (LW (f), ) — )<
_—

m times k times

Inequalities (6.43) also hold when the function @ is n-concave and m is even. In case when
the function ® is n-convex and m is even, or when the function ® is n-concave and m is
odd, the inequality signs in (6.43) are reversed.

Corollary 6.7 ([108]) Suppose v, x : [a,b] — R are continuous and strictly monotone
and ® = y oy~ € €"([a,b]) is n-convex. Assume f is A-integrable on & such that f(&) =
[a,b], where & C R" is as in Theorem 6.4. Let h: & — R be nonnegative A-integrable such
that [ h(t)Ar > 0. If n > 3 is odd, then

&

DWa, Va3 Wl (W — La(w(f), 1) Ta(W(f), k) — Wa)
n—1
+ 3 Oy Yo WILa((W(F) — wal) (W) — yp)* ' 1)
k=2 N—_——

k times

n—2
— (La(w(f).h) = Wa)® Y @ W, Vs Vs - W) (La (W (f), ) — wp)* !

k=2 k times
X (My (f,La(f:h))) — X (My (f,La(f,h))) (6.44)
Oy, o Yo La(W(f) — wal) (w(f) — wi1),h)

_ n—1

— (LAY (f), 1) = Wa) Y, DWai Yoo oo W) (La (W (f), 1) — i)
k=2 ——

k times

n—2
+ 3 @[, Wai Wou oo, W) (La (W () — Wal)*(w(f) — wp 1) ).
k=2 —

k times

<
<

Inequalities (6.44) also hold when the function @ is n-concave and n is even. In case when
the function @ is n-convex and n is even, or when the function ® is n-concave and n is odd,
the inequality signs in (6.44) are reversed.

Corollary 6.8 ([108]) Suppose v, x : [a,b] — R are continuous and strictly monotone
and ® = y oy~! € €"([a,b]) is n-convex, n > 3. Assume f is A-integrable on & such
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that f(&) = [a,b], where & C R" is as in Theorem 6.4. Let h: & — R be nonnegative
A-integrable such that [ h(t)At > 0. Then we have
&

D[y, Wo: Vo La((w(f) — v 1) (W(f) — val), h)

n—1
— (Law(f),h) = W) Y, @[V Was - Wal (La (W (f), 1) — wia) !
=2 k times
n—2
+ 2 @Y, W3 Yar - Yo La((W () = W) (w(f) — wal )1 1)
k=2 N——

k times

< x (My(f,La(f>h))) = x (My(f,La(f,R))) (6.45)
< @Yy, Vs Wa (W — La(w (f), 1)) (La(w(f), h) — Wa)

n—1

+ X (Y Wy oo, W La (W (f) — v D) (W(f) — yul)* ')

k=2 k times
n—2
— (La(w(f) 1) = wi)* Y, @Y, Wi Was oo W) (LA (W (f), ) — W)
k=2 N——

k times

If the function @ is n-concave, the inequality signs in (6.45) are reversed.

6.4.2 Power means

First we need to define the power mean in terms of the multiple Lebesgue delta time scale
integral.

Definition 6.5 Assume & C R" is as in Theorem 6.4 and f is A-integrable on & such
that f(&) =1and f(t) >0,t € &. Let h: & — R be nonnegative A-integrable such that
[h(t)At > 0. For r € R, suppose " and (log f) are A-integrable on &. The power mean
&

with respect to the multiple Riemann delta time scale integral is defined by

exp (ZA(Ing,h)) ) lf r=0.

According to definition of power mean on time scales with respect of the multiple
Lebesgue delta integral ([12]), we derive the following result.

MY (f.La(f,h)) = {GA(fr,hDr? A (6.46)

Theorem 6.21 ([13]) Suppose & C R" is as in Theorem 6.4, f is A-integrable on & such
that f(&)=Tand 0 <m < f(t) <M < oo, fort € & m,M € R. Let h: & — R be A-
integrable such that [ |h(t)|At > 0. For r,s € R suppose f, f*, (logf) are A-integrable
oné.

(i) If0O<r<sorr<0<s, then

0< (M(7.L0)) — (M (1.La)

s
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< (M"=Lx(f",h)) (La(f",h) —m") sup Wo(t"sm",M")

re(mM)
N ;= - — - , M~ — ST
< = (M7 =La(f, 1)) (La(f" 1) =) = (6.47)
S r r S—r S—r
< E (M —m ) (M —m ) .

(ii) If r <s <0, then

0> (M[s] (f,ZA))S— (M[r] (f,ZA))
> (M —La(f".h)) (Ta(f'h) —m") sup Wo(t"sm’ . M")

s

re(m,M)
S, = — M
S r r S—r S—r
> y (M"—m") (M —m ) .

(iii) If s=0andr <0, then

log (M[O} (f,ZA)> —log (MM (f,ZA)>

(Mr 7ZA(fr7h)) (ZA(fr7h) 7mr) ?up >lP¢(tr;Mr7mr)
te(mM
1 (=L ) Talf k) — )
r Mrm"
1 (Mr_mr)Z

4r M'm"

0

IN

IN

IN

(6.49)

(iv) If r=0and s > 0, then

0 < (MY (£,Tn)) = (MO(£.Ta))

< (logM —Lx(log f,h)) (La(log f,h) —logm) sup Wy (logt;logm,logM)
re(mM)
— — s(M* —m")
< (logM — La(1 h)) (La(l h)—1 —— 6.50
< (log a(log f,h)) (La(log f,h) —logm) TogM _logm (6.50)
M
< s(M°—m’)log —.
m
Proof. The claim follows from Theorem 6.4, Theorem 6.10 and Theorem 6.19. O

Theorem 6.22 ([12]) Suppose that the same hypotheses as in Theorem 6.21 are valid.
1) IfO<r<sorr<0<s, then

M" —La(f",h) 4 La(f" h) —m"

0<
- M" —m’ M" —m’

w— (MY (£La(£.1)) (65D
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IN

<

<

(i) Ifr<s<0,

0>

Y

>

>

[h(t) (M" = f7(2)) (f" () —m")) At

s MSfr 7ms7r éa
; ’ M —m’" ’ fh(l)Al
&
M~ —ms—r _ _
S (M =L, 1)) (Talf ) )
N r r S—7r s—r
E(M —m" ) (M —m’).
then
M — ZA(frah)mS + La(f" 1) —m"
M —m" M —m"
o THO(M = ) (70— ) A
s M7 —m &
; ’ M" —m" ’ fh(l‘)At
&
M~ — s~ _ X — . -
LA (=Tl ) (a7 ) )
M=) ).

(iii) If s=0andr <0, then

0 <

IN

IN

IN

0<

IN

IN

M"—Lx(f",h)

M"—m
THOO 70 (0= )

s La(f",h) —m"
1 4.8V
R VT

Jh(1)Ar
&

|
N | =

M™m"

L (M =LA(f7 ) (La(fs ) —m7)

r

Ml‘ml‘

Loy (L
4r O\ )

@iv) Ifr=0and s > 0, then

logM — La(log f, h)

. La(logf,h)—logm

logM —logm " logM —logm
(e gy () (Qogh —log(£(0)) (log((0)) ~togm))
logM —logm [h(t)At
&
s(esM _ esm) _ _
ogil —logm (1°8M ~ La(log 1) (La(log f,h) ~logm)
%(esM —e™)log %

225

w— (MY (I 1)) (6.52)

™ JogM — log (M[O] (f,ZA(f,h))) (6.53)

w— (MY (£ Ta(£.1)) (654
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Proof. The above inequalities follow from Theorem 6.9. Namely,

(i) if0<r<sorr<0<s, then we can take the function ¢ to be of the form ¢ (r) = rr
because ¢ is now continuous and convex and all the conditions of Theorem 6.9 are
satisfied. Now, inequality (6.51) follows from (6.10) with replacing m by m”", M by
M, and f by f" if r > 0 (because the function f” is then strictly increasing) and with
replacing M by m", m by M", and f by f" if r < 0 (because the function f” is then
strictly decreasing);

(ii) if r < s < 0, then the function ¢(¢) = ¢¥ is concave so we obtain inequality (6.52)
from the inequalities reversed to (6.10) making following replacements: M by m”, m
by M”, and f by f” (f" is now strictly decreasing);

(iii) if s =0 and r < 0, then we take ¢(z) = Illogt which is continuous and convex and

we deduce inequality (6.53) from (6.10) interchanging M by m”, m by M", and f by
ST (f" is now strictly decreasing);

(iv) if r =0 and s > 0, then we take ¢(¢) = ¢” which is continuous and convex and
inequality (6.54) follows from (6.10) interchanging m by logm, M by logM, and f
by log f (log f is strictly increasing).

This completes the proof. |

Theorem 6.23 Suppose & C R" is as in Theorem 6.4 and f is A-integrable on & such that

f(E)=Tand0<m < f(t) <M < oo, fort €&, m,M €R. Let h: & — R be nonnegative

A-integrable such that [h(t)At > 0. For r,s € R suppose ", f*, (logf) are A-integrable
&

oné&.
(1) Ifr<0<sorr<s<Q0,then

r

0.< (M7 (£.Ls(r.1)) — (P (£.Ls(1:))

Fones T o(gs T (s M2 —m
< < (M =La(£ 1) (La(F ) =) —
< w5, 639

(1) If0O<r<s, then
0> (M (£ Ta(r,m)) = (MY (£.Ta(r.1))
_ , _ , M= — ™S
= g (M* —La(f*,h)) (La(f°,h) —m") TZ‘
p

4_s (Ms o ms') (Mrfs o mrfs) . (656)

Y
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(iii) Ifs=0andr <0, then

r

0< (W (1 Tatr)) - (MO Tatrm))

(logM — La(log f,h)) (La(log f,h) —logm) - r(M” —m’)

logM —logm

IN

M
< g(Mf —m)log . (6.57)

@iv) Ifr=0ands > 0, then

0 > log (MY (£,La(f,h)) ) ~log (M) (£.Za(f. 1))

1 YT \ T \ N 1
> L L) ) )
1, (1

Proof. The above inequalities follow directly from Theorem 6.8. Namely,

(i) if r <0< sorr<s<0,then we can take the function ¢ to be of the form ¢(r) = 15
because ¢ is now continuous and convex and all the conditions of Theorem 6.8 are
satisfied. Now, inequality (6.55) follows from (6.3) with replacing m by m*, M by
M°* and f by f* if s > 0 (because the function f* is then strictly increasing) and
replacing M by m®, m by M* and f by f* if s < O (because the function f* is then
strictly decreasing);

(i) if 0 < r < s, then the function ¢ (¢) = 15 is concave so we obtain inequality (6.56)
from the inequalities reversed to (6.3) making following replacements m by m*, M
by M* and f by f* (f* is now strictly decreasing);

(iii) if s =0 and r < 0, then we take ¢(¢) = ¢ which is continuous and convex and we
deduce inequality (6.57) from (6.3) replacing m by logm, M by logM and f by log f
(log f is strictly increasing);

(iv) if r=0and s > 0, then we take ¢ (r) = Al,logt which is continuous and concave and

inequality (6.58) follows from (6.3) replacing m by m*, M by M*, and f by f* (f* is
now strictly increasing).

This completes the proof. O
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Theorem 6.24 Suppose the hypotheses of Theorem 6.23 hold.

1) Ifr<s<O0orr<0<s, then

s _ T S h T S ) — md B ,
0< M MSLf(nJ;v )mr+ LA(AJ;S,_)msm M (M[r] (f,LA(f,h))> (6.59)
s s O = £(0) (£() —m*)) Ar
< - €
s M-m [ h(t)Ar
e

< DM o () (Ta(f ) —

< 3 T M= Lalf ) (La(f ) —m')

< M ),

(1) If0O<r<s, then

Ms_z S,h . Z S,h S . . _ r
[ fif; b+ A(]f;s f)msm M~ (MV(f.La(£,1)) (6.60)

s JHOWF = PO 0 - &

s M —m Jh(t)Ar
&

0>

v

r Mrfl'imr*S ! _ ! _
Z S T (M* —La(f*,h)) (La(f* 1) —m")
> 4_2(Ms o mS)(Mrfs - ml‘*S).
(iii) If s=0andr <0, then

longZA(logf,h) r ZA(]ng,]’l) - logm o [r] T "
logM —logm " logM — logm M (M (f’LA(f’h))) ©6.61)

(M — ) 'C.g:h(t) ((logM —log(f(1))) (log(f (1)) —logm)) At

logM —logm S h(t)Ar
&

0<

IN

r(M"—m")

< —_— 7
~ logM —logm

(logM —La(log £, h)) (La(log f,h) —logm)
< ‘—';(Mr—m’)log%.

@iv) Ifr=0and s > 0, then

M —Ta(f°,1) La(f*,h) = m* o
T 10gm+W10gM—10g(M (f,LA(f,h)))

JHO@E =) 0)-)) 0
1 ({h(t)Az

- s Msm?®

0>
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1 (=T ) (Lol ) — )
s Mom®

1 1 1
M —m*) | ——— ).
s( m)<M‘ m")

Proof.  All the inequalities can be obtained directly from Theorem 6.9 using inequality
(6.10) and the same technique and substitutions as in the proof of Theorem 6.23. O

Y

(6.62)

Y

Since power means are a special case of generalized means for particular choices of
functions y and y, in order to utilize our results on generalized means for obtaining similar
results on power means, first let us set y(¢) =¢* and y(¢) =", where s and r are real
parameters such that r % 0 and ¢ > 0.

Now, the function ®(r) = (y o w~")(r) = */" belongs to the class € (R) forany n € N,

and we have s /s s s .
003 (1-0) (=3 (e )

It is straightforward to check that:

e if r <0 < sors <0< r, then the function @ is n-convex for any even n € N, and
n-concave for any odd number 7;

o if 0 <s<rorr<s <0, then the function @ is n-convex for any odd n € N, and
n-concave for any even number n;

e if 0 <r<sors<r<0, then the function ® is n-convex when L%
odd, or when || is odd and n is even, and ® is n-concave when |
either even or odd.

| is even and n is
2| and n are both

It remains to consider the cases when one of the parameters r and s is equal to zero. If
1
s = 0, then setting ¥ (t) = logt and y(¢) =1’ it follows that ®(z) = (y o y~!)(t) = ~log?
r
belongs to the class " (R) for any n € N, and we have
1
M (1) = —(=1)" Y n—1)1 17"
r

It is easy to see that:
e the function @ is n-convex if » > 0 and n € N is odd, or if » < 0 and n € N is even;
e the function @ is n-concave if r > 0 and n € N is even, or if » < 0 and n € N is odd.

In cases when r < 0 the function y(z) =" is strictly decreasing, so we have y, = b"
and y, = a’, and in cases when 0 < r the function y is strictly increasing, so we have
Y, =a and y, =b".

Finally, if r = 0, then setting x(¢) = ¢* and w(¢) = logt, it follows that the function
®(t) = (p oy 1) (¢) = ¢ belongs to the class €”*(R) for any n € N, and we have

q)(n) (l‘) — et
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Trivially,
e if s > 0, then the function @ is n-convex for any n € N;

e if § <0, then @ is n-convex for any even number n, and n-concave for any odd
number n.
The function y(¢) = logz is strictly increasing, so in this case we have y, = loga and

v, =logh.
We see that all of the results regarding generalized means obtained in the previous
subsection can be applied to power means, considering our discussion from above.

6.4.3 Holder’s inequality

In this subsection, we deduce some converses of Holder’s inequality on time scales using
the results from the previous section and the following Holder inequality for delta time
scale integrals proved in [6].

Theorem 6.25 ([6]) For p > 1, defineq=p/(p—1). Let & C R" be as in Theorem 6.4.
Assume |w||f|?, are A-integrable on &. Then,

/ WO O] < / wOllFOrar) | [ wollg)a
&

This inequality is reversed if 0 < p < 1 and [ |w(t)||g(t)|9At > 0, and it is also reversed
if p<0and [|w(t)||f(t)["Ar > 0.

Now, we can prove new converses of Holder’s inequality in terms of time scale calculus
and A-integral.

1
q

Theorem 6.26 ([13]) Assume & C R" is as in Theorem 6.4 and w, f, g are real functions

on & suchthatw, f,g > 0. Form,M € R such that —eo <m <M <ooletm < f(t)g(t) <M,

t €& IfwfP, wgl, wfg are A-integrable on & and [w(t)g?(t)At > 0, where p > 1 and
&

q=p/(p—1), then

A(wf?) - LT (wg?) — L2 (wf)

0<L
< (MLa(wg?) — La(wfg)) (La(wfg) — mLa(wg?)) (6.63)
sup Wo (r;m,M) - L% (wg?)
re(m,M)
< (MLa(wg?) —La(wfg)) (La(wfg) — mLa(wg?)) (6.64)
.p(Mp];: mP1) ,LZ*Z(wgq)

< B —m) ! —mP DL (wg?),

For p <0, inequalities (6.64) hold if [, w(t)f(t)g(t)Ar > 0,1 € &. Incase 0 < p <1, all
inequalities in (6.64) are reversed.
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Proof. Inequalities (6.64) follow directly from Theroem 6.10 by taking the function ¢ to
be of the form ¢ (¢) = #” and replacing i by wg? and f by fgf%. For p <0Oand p > 1, the
function #? is convex and inequalities (6.64) follow from inequalities (6.12). For0 < p < 1,
the function #? is concave and, according to Theorem 6.10, all inequalities in (6.64) will be
reversed. O

Theorem 6.27 ([12]) Let all assumptions of Theorem 6.26 hold. For p <0 or p > 1, we

have
o < ML) LT | LI Lato)
o pMr =)
- M—m
'/(MW(f)g"(f) —w(t)f(1)g(1)) (w(t)f(1)g(r) —mw(1)g?(r)) At
&
1l
< P e (MLa(w) = La(f))
S(La(wfg) —mLa(wg?)) (6.65)
< B(M—m)(MIFl —mP Y La(w, g%).

4
If 0 < p < 1, then all inequalities in (6.65) are reversed.

Proof. Inequalities (6.65) follow directly from Theorem 6.9 by taking the function ¢ to be

of the form ¢ (¢) = ¢” and replacing h by wg? and f by fgfg. If p < 0and p > 1, then the
function ¢” is convex and inequalities (6.65) follow from inequalities (6.10). ForO < p < 1,
the function ¢? is concave and, according to Theorem 6.9, all inequalities in (6.65) will be
reversed. O

Theorem 6.28 ([13]) Assume & C R" is as in Theorem 6.4 and f,g > 0 such that f?,
g9, fg are A-integrable on & and [ g(t)At > 0, where 0 < p < l and g = p/(p —1). For
&

m,M € R such that —eo <m <M < oo, let m < f(t)g 9(t) <M, t € &. Then,

0 < La(fg)~ L5 (/)L (&) (6:66)
S Taten) MLale") = Lalf)) (La(f7) _MLA@q));e?Zg@ Wo(1:m,M)
< 2 i s ML) = L) (La(f7) = mLa(s”)
< i ) (ME ) Lae?).

For p <0, inequalities (6.66) hold if [ fP(t)At >0, t € &. In case p > 1, all inequalities
in (6.66) are reversed.
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Proof. Inequalities (6.66) follow directly from Theroem 6.10 by taking the function ¢ to
1 "p
be of the form ¢(¢z) =7 and replacing & by g7 and f by é—;. Namely, when p < 1, the

1
function 77 is convex and inequalities (6.66) follow from inequalities (6.12). For p > 1,
the function ¢? is concave and, according to Theorem 6.10, all inequalities in (6.66) will be
reversed. o

Theorem 6.29 ([12]) Let p < 1 and let the assumptions from Theorem 6.28 hold. Then,

0 < MLA(iZ):an(fp)m}? + LA(fp])V;_man(gq)M% —La(f3)
LM T —m i (Mg?(r) — fP()(f7 (1) — g’ (1))
= T M—m (Z gi(t) o oor
| M0 —m i
< T T M8~ L")
(La(7) — mLa(g?)
< #(M—m) (M*i —m*"i)LA(g")-

If p > 1, then all inequalities in (6.67) are reversed.

Proof. Inequalities (6.67) follow directly from Theroem 6.9 by taking the function ¢ to
1
be of the form ¢(¢z) =7 and replacing /& by g7 and f by g—s. Namely, when p < 1, the

1
function 77 is convex and inequalities (6.67) follow from inequalities (6.10). For p > 1,
the function 77 is concave and, according to Theorem 6.9, all inequalities in (6.67) will be
reversed. m]

Theorem 6.30 ([13]) Assume & C R" is as in Theorem 6.4 and f,g > 0 such that g4, fg
are A-integrable on & and [ g4(t)At > 0, where p <0 or p > 1 and g=p/(p—1). Let
&

m,M € R such that —o <m <M < o andm < f(t)g'~9(t) <M, t € &. Then,

0 < La(f?)-LL (g") — I(£.2) 6.68)
< Woltm M) L&) ~Lal ) (La7g) ~mLalg) L (8"

—1 —m —1 -
< p(MpM—_mp) (MLa(g%) = La(f8)) (La(f8) — mLa(g")) L} *(g")

< (M —m)(MP~ = mP IR (g9).

El S

In case 0 < p < 1, all inequalities in (6.68) are reversed.
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Proof. Inequalities (6.68) follow directly from Theroem 6.10 by taking the function ¢
to be of the form ¢ (¢) = 7 and replacing h by g7 and f by fg'!=9. Namely, for p < 0 or
p > 1, the function 77 is convex and inequalities (6.68) follow from inequalities (6.12). For
0 < p < 1, the function #” is concave and, according to Theorem 6.10, all inequalities in
(6.68) will be reversed. O

Theorem 6.31 ([12]) Suppose that the assumptions from Theorem 6.30 hold. For p <0
or p > 1, we have

) _ La(e?
0< MLa(g9) LA(fg)mp+LA(fg) La(g )Mp

M—m M—m
MP—1 — 1

T m /(Mg"(t) —f(0)g(0) (f(1)g(t) —mg?(r)) At

&

—La(f?)
=p

MP—1 — 1 1
M—m 'LA(g‘I)
-(La(fg) —mLa(g"))
p

= 1(1‘4’*"1)(1‘4")7l —mP)La(g%).

IN

p (MLA(g") — La(fg))

(6.69)

If0 < p < 1, all inequalities in (6.69) are reversed.

Proof. Inequalities (6.69) follow directly from Theroem 6.9 by taking the function ¢ to
be of the form ¢ (t) = ¢” and replacing i by g% and f by fg'~9. Namely, for p < 0 and
p > 1, the function #” is convex and inequalities (6.69) follow from inequalities (6.10). For
0 < p < 1, the function #? is concave and, according to Theorem 6.9, all inequalities in
(6.69) will be reversed. O






Chapter

Inequalities of the Levinson
type

This chapter begins with a short historical comment on the connection between the Ed-
mundson-Madansky and the Lah-Ribari¢ inequality, and an overview of some already
known results. Both inequalities are special cases of the same inequality, so they have been
united under the name of Edmundson-Lah-Ribari¢ inequality. Further, a Levinson’s type
generalization of the Edmundson-Lah-Ribari¢ inequality for a class of functions which
contains the class of 3-convex functions will be proved, and it will be examined under
what conditions the mentioned inequality is valid. Also it will be shown that analogous
inequalities hold for the operator Edmundson-Lah-Ribari¢ inequality in Hilbert space, as
well as for the scalar product of Hilbert space operators.

7.1 Introduction

In 1960, Levinson [91], obtained a very important inequality concerning two different
sequences of real numbers. That result, today known as the Levinson inequality, is stated
in the next theorem.

Theorem 7.1 ([91]) Let the function f: {0,2¢) — R satisfy f > 0 and let p;,x;,y; for
i=1,...,nbesuchthat p; >0, ¥ pi=10<x;<cand

X1t+yr=x2+y2=... =Xy +yn = 2c. (7.1)

235
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Then we have the following inequality:
2 pif (i) = f(X) < X pif ) = F (), (7.2)
i=1 i=1

where x =Y, pix; and'y = Y| piyi denote weighted arithemic means.

In order to weaken the assumption on the differentiability of the function f, divided
differences were observed. Divided difference of the k-th order of a function f: I — R
defined on the interval I in mutually different points xo,x1,...,x; € I is defined recursively
by relation

[x,']f = f(x,-), for i = 0, ...,k

[x07~-~,xk]f — [xla"'vxk]fi [X(), -~-,Xk,1]f'
Xk — X0

We say that a function f: I — R is k-convex if [xo,...,x¢]f > 0 holds for every choice
of k+ 1 mutually different points xg,x1,...,x; € I. If k-th derivation of a convex function
exists, then f' (k) >0, but f (%) doesn’t need to exist (for properties of the divided differences
and k-convex functions see [124]).

Numerous mathematicians have dealt with the weakening of the conditions under which
Levinson’s inequality (7.2) holds. Bullen in his paper [25] generalized Levinson’s in-
equality to an interval [a,b] and showed that if the function f is 3-convex and if p;,x;,;
(i=1,...,n)are such that p; > 0, ¥ | pi =1, a < x;,y; < b holds, and if we have (7.1) and

max{xy,...,x, } <max{yi,...,yn}, (7.3)

then the inequality (7.2) holds. He also showed that the reverse is true as well, that is,
he showed that the function f is 3-convex if for p;,x;,y; (i = 1,...,n) which satisfy the
conditions from above the inequality (7.2) holds.

Pecari¢ in paper [119] additionally weakened Bullen’s conditions, that is, he proved
that the inequality (7.2) is valid if the condition (7.3) is replaced with a weaker one:

d DiXi + Pn—i+1Xn—i+1

<c, fori=1,2,...,n
Di+ Pn—i+1

Xi+Xp—ir1 <2c¢ an
where x; +y; =x2+y2 = ... =X, + v, = 2c.
Mercer in [95] obtained a significant improvement by completely replacing the sym-
metry condition (7.1) by equality of variances, that is he proved that the inequality (7.2)
holds under the following conditions:

n

f”/ > 07 pi > 07 Zpl = 17 a Sxid’i < ba max{xl,...,xn} < max{)’l»---a)’n}
i=1

> pilxi—x)> =" pilyi—)*. (7.4)
i=1 i=1

Witkowski in [131] showed that in Mercer’s assumptions, instead of the condition
f" >0, it is enough to assume that the function f is 3-convex. Further, Witkowski even
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additionally weakened the condition (7.4) and showed that the sign of equality can be re-
placed by a sign of inequality in a certain direction.

In paper [11] Baloch, Pe¢ari¢ and Praljak introduced a new class of functions .. (a,b)
which extends the class of 3-convex functions and can be interpreted as functions that
are “3-convex in the point ¢ € (a,b)”. They showed that .#.' (a,b) is the largest class of
functions for which Levinson’s inequality (7.2) holds under Mercer’s assumptions, that is,
they showed that f € %, (a,b) if and only if the inequality (7.2) holds for arbitrary weights
pi >0, Y, pi = 1 and sequences x; and y; that satisfy x; <c <y; fori=1,2,...,n.

Here, a definition of the class %! (a,b) extended to an arbitrary interval I C R is given.

Definition 7.1 Let f: I — R and let ¢ be an arbitrary point from the interior of the
interval 1. We say that f € #.N(I) (f € #2(1)) if there exists a constant D such that
function F(x) = f(x) — 8x? is concave (convex) on (—eo,c| NI and convex (concave) on
[c,4eo) N1

7.2 Levinson’s type generalization of the
Edmundson-Lah-Ribari¢ inequality

Throughout this section, E(Z) and Var(Z) denote expectation and variance of a random
variable Z respectively, and without further emphasis, we assume these values are fi-
nite. Pecari¢, Praljak and Witkowski in [123] proved the following probabilistic version of
Levinson’s inequality.

Theorem 7.2 ([123]) Let X: Q| — [ and Y : Q; — I be two random variables defined
on probability spaces (Qy, p) and (Qa,q) respecively, and let us assume that there exists ¢
from the interior of the interval I such that

ess sup X(w) <c <ess inf Y(o) (7.5)
0eQ, weQy

and
Var(X) = Var(Y) < eo.

Then for every function f € . (I) such that E(f(X)) and E(f(Y)) are finite we have:
E(f(X)) - FEX)) <E(f(¥)) — f(E(Y)).

As a simple consequence of the previous theorem, they obtained the following gener-
alization of the results from the paper [11]. This resulted in a significant improvement of
Levinson’s inequality, because not only they additionally weakened the conditions, but the
sequences of the involved real numbers are of mutually different lenght and with different
weights.
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Corollary 7.1 ([123]) Ifxi € IN(—eo,c], y; €IN[c,+o0), pi >0, q; >0 fori=1,...,n and
j=1,...mare such that 3} p; = X" q; = 1 and T|_ pi(x; —x)? = iai(v) —y)?,
then

ipif(xz')—f(ﬂ < i‘ljf()’j)_f@) (7.6)

holds for every f € KM (I).

Since the Edmundson-Lah-Ribari¢ inequality resulted from the Jensen iequality, they
are closely related. Jensen’s inequality gives us a lower, while the Edmundson-Lah-Ribaric¢
inequality gives us an upper bound for the expectation of convex functions. Therefore it is
natural to expect that a generalization of the Edmundson-Lah-Ribari¢ inequality analogous
to the one from Theorem 7.2 will hold. Aim of this section is to find such generalization,
and to see under what different condition that inequality holds.

The main result in this section is a Levinson’s type generalization of the Edmundson-
Lah-Ribari¢ inequality for the mathematical expectation obtained in paper [70].

Theorem 7.3 Let —0c <a<A<b<B<+e. Let X: Q| — [a,A] and Y : Q; — [b,B]
be two random variables on probability spaces (Q1,p) and (y,q) respectively such that
(7.5) holds and

A—E(X) , E(X)-a

B B—E(Y) EY)-b ,
A—a “ A—a

2 2y _ 2 _ 2
A —E(X?) = —— =b'+ =B —E(Y?). (1)

Then for every function f € #.'(a,B) such that E(f(X)) and E(f(Y)) are finite we have

AB) a1+ B0 pa) B x)
= %f@”%ﬂlf)*ﬂf&))- (7.8)

Proof.  Let F(x) = f(x) — 2x, where D is the constant from Definition 7.1. Since
F: [a,A] — R is concave, from Edmundson-Madansky inequality (g) immediately follows

02 428 p(a) 4 200 ) r(x)
= ) i+ B ) —mr00))
B e L)
After resetting the previous inequality we get
DA e gy
= _A;%E(aX) (a) - %ﬂf‘) +E(f(X)). (1.9
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Similarly, F: [b, B] — R is convex, so in the same manner we obtain

and after resetting we have

D/B-EY) , EY)-b_, 2
5( B=b U B ° ]E<Y))
B—E(Y) E(Y)-b
< ﬁf(b) + ﬁf(B) —E(f(Y)). (7.10)
After summing up (7.9) and (7.10), we get
_D/B-EY) , EY)-b , 2
0_5( 5=y 0Ty BB
A-EX) , EX)—a,, 2
— - AT B )
B—E(Y) E(Y)-b
< T_Z)f(b) + ﬁf(B) —E(f(Y))
A—E(X) E(X)—a
- ) - 2 ) + B ()
Thus the theorem assertion is proved. O

Remark 7.1 One can see from the proof of the previous theorem that the inequality (7.8)
holds even if we replace the equality condition (7.7) with a weaker one

B-E(Y) , E¥)-b, 2
D( e
CA-E(X) , EX)-a
A—a A—a

A2 +IE(X2)) >0.

Since f”(c) <D < f(c) (for details see [11]), if additionally the function f is convex
(respectively concave), this condition can be further weakened to

B-E(Y) , E¥)-b, 2
e SRRy
CA-E(X) , E(X)-a
A—a 4 A—a

A2+ E(X?) > 0 (respectively <0).
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From (7.9) and (7.10) one can see that the inequality (7.8) can be also written as

A ) 4 B ) () <0
< BB ) B2 i) ()
or
A2 pa+ 2= i) - < 2
< BB ) B iy (v,

where C is equal to any of the sides in the equality (7.7).

Next result is a discrete version of the Levinson’s type generalization of the Edmund-
son-Lah-Ribari¢ inequality, and it is easily obtained as a simple consequence of the previ-
ous theorem.

Corollary 7.2 Let —~ <a <A <c¢<b<B< +eo. Ifx; € [aAl] yj€[b,B] pi>0,
q;>0fori=1,...,nij=1,....mare real numbers such that 3} | p; = ZTZI qj=1and

A—x ,

B—y
T ZP, f—bz Zq,y,, (7.11)

where x =Y pix; and y = Y, q;y;, then for every function f € K (a,B) we have

A

- i _B-y - m
- f<a>+A sz Fi) € 5= F0)+ 5 F(B) = X a;f v))- (7.12)

j=1
Proof. Let X be a discrete random variable taking the value x; with probability p; for every
i=1,2,...,nand let Y be a discrete random variable taking the value y; with probability ¢
for every j = 1,2,...,m. It can be seen immediately that randon variables X and Y satisfy
the conditions from Theorem 7.3, so inequality (7.12) follows directly from (7.8). O
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7.3 Levinson’s type generalization of the operator
Edmundson-Lah-Ribari¢ inequality

In this section we consider a general form of the Edmundson-Lah-Ribari¢ inequality for
self-adjoint operators in Hilbert space.

Recall that if A is a self-adjoint operator and f is a continuous real function defined on
the spectrum Sp(A) of the operator A, then from f(z) > 0 for every t € Sp(A) it follows that
f(A) >0, that is, f(A) is a positive operator on H. Equivalently, if f and g are continuous
real functions on Sp(A), then the following property is valid:

from f(r) > g(¢) forevery r € Sp(A) it follows that f(A) > g(A) (7.13)

in the operator order of Z(H).
Lower and upper bound of a self-adjoint operator X € Z(H) is defined respectively as:

my = inf (X&,&) and My = sup (X&,&).
l1€]]=1 [1E]|=1

A mapping ®: B(H) — A(K) is linear if it is additive and homogeneous, that is, if
we have ®(oX + fY) = o ®(X) + BD(Y) for every o, € C and X,Y € #(H). Linear
mapping ®: B(H) — AB(K) is positive if it preserves the operator order >, that is if
for a positive operator A € #(H) the operator ®(A) is also positive. Linear mapping
®: B(H) — A(K) is unital if it preserves the identity operator, that is if the relation
(I)(IH) = 1[( holds.

A continuous function f: I — R is operator convex if

JAX+ (A =2)Y) SAf(X)+(1=2A)f(¥)

holds for each A € [0, 1] and every pair of self-adjoint operators X and ¥ on Hilbert space
H with spectra in I. When the inequality sign is reversed, function f is operator concave.
If a function f: I — R is operator convex, then the Jensen operator inequality

F(@X)) < O(f(X)) (7.14)

holds for every positive unital linear mapping ® on #(H) and for every operator X €
Py, (H) with spectrum contained in the interval I.

Mici¢ Hot, Pecari¢ and Praljak in [100] proved a generalization of Levinson’s inequal-
ity for self-adjoint operators in Hilbert space. Since their result is based on the operator
convexity and concavity, before showing the mentioned result, we need to state definition
of the class 2. (I) from [100].

Definition 7.2 Let f: I — R, and let the point ¢ belong to the interior of the interval
1. We say that f € X.\(I) (that is f € J£2(I)) if there exists a constant D such that the
function F(x) = f(x) — 2x? is operator concave (that is operator convex) on (—eo,c| N1,
and operator convex (that is operator concave) on [c,+eoo) N 1.
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Theorem 7.4 ([100]) Let X;,Y; € By(H), i=1,...,n, j=1,....k be self-adjoint operators
with spectra contained in intervals [mx,Mx| and [my,My] respectively such that my <

My <c<my <My. Let ®;,¥;: B(H) — B(K),i=1,....n, j=1,....k be positive linear
mappings such that Y}, ®;(1y) = 1 and Zl;:] Wi(1y) =1k. Let f € AN (mx,My). If

Dra& n 2

=z | Yo - (Te) | <c [Z\P (r?) - (zw )]

i=1 i=1

holds, then we have

n k
3 @;(f (X)) (Z(I) )<c1<c2<2\}' - (X)), @15
i=1 =1

The following generalization of the Edmundson-Lah-Ribari¢ inequality for self-adjoint
operators in Hilbert space is proved in [49].

Theorem 7.5 ([49]) Let Aj € %;,(H ) be self-adjoint operators with spectra contained in
the interval [m,M] for some scalars m < M, and let ®;: B(H) — HB(K) be positive linear
mappings for j = 1,...,n such that ¥;_, ®;(1p) = 1x. If f: [m,M] — R is a continuous
convex function, then we have

n M1 —2’?: (I)(A) ’!: d)'(A' —ml
D> ®i(f(A)) < k Mj—lln P fm) + 22 1 1\]/[: K

f(M).  (1.16)

First and main result in this section is a Levinson’s type generalization of the Edmund-
son-Lah-Ribari¢ inequality for operators in Hilbert space, and it was proved in [71] by
using a similar method as the one from the previous section.

Theorem 7.6 Let X;,Y; € By(H) fori=1,...,nand j = 1,....k be self-adjoint operators
with spectra contained in the intervals [my,Mx] and [my,My] respectively, where my <
Myx < c <my < My are some scalars. Let ®;,¥;: B(H) — AB(K), i=1,...n, j=1,...,k
be positive linear mappings such that ¥}, ®;(1y) = 1x and 21]‘-:1 Y;(1y) = 1k hold. Let
f e ! (my,My). If

g[MXlK_E?:](Di(Xi)mX I PiXi) —myxlg ;z(—i(bi(xiz)}

Mx — my My —my
D (Mylg — 3, ¥,(¥)) X1 () —mylg L
=== — y+ == M3 — ‘P~Y'2}
1=6=3 My —my my + My —my Y ng 1(,)
(7.17)

holds, then we have

Ml 2o @0 ) Bt OO0 =LK g 5 (x,

My —my My —my
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Mylg =Yk (v, kWY —myl k
<O <G < YKME;;’(ﬂﬂmn+2"ﬁ;ﬂmmYKﬂMm;?PUWX

(7.18)

If f € #2(mx,My) and Cy > Cy, then the inequality signs in (7.18) are reversed.

Proof. We will only prove the case when f € J.!(mx,My). Let F(x) = f(x) — 2x%,
where D is the constant from Definition 7.1. Since the function F': [my,c] — R is concave,
the Edmundson-Lah-Ribari¢ inequality for operators in Hilbert space (7.16) immediately
gives us:

0> MxlkszlmX i i)F(mx)—l— ;l:l(jll)/;)((xi)n;meIK i
7§[MX1KM—X2_;’;;DI~(X1~)mX Py 1<]I‘>/[)(( —)meXlK i }
that is, we obtained
Mxlkj\/[—xﬁfzréji(xi)f(mx) 4 i1 j\);ixi),;xm}(l,(f(MX) _ icbi(f(Xi)) <C;. (7.19)

In the same way, because the function F: [¢,My] — R is convex, we get
Mylg —3k_ ¥i(y; kWY —myl](
< 2171 ]( j)F(my +2171 J( J)
My — my My —my

_ Mylg =35 ¥, (Y)) Tho () *mle

-
i

my )+
My — my f( Y) My —my j=1
DMyl =35 ¥i(Y)) 2, W) — mYlK g
-5 my + Z }
2 My —my My —my j=1

and after resetting the obtained relation we have

Cyk oy j-1 i) -
o Myl Zlewf(yj)f(my)—i—2]:1\}’]()/]) l’l’lYIKf(M )

k
My —my T — Y —jgl‘*’](f(y;))
(7.20)

Finally, by combining the inequalities (7.19) and (7.20), and taking into account (7.17), we
get exactly (7.18), and the claim of the theorem is proved. O

Remark 7.2 Condition (7.17) can be replaced by a stronger one:

(DZOIAXg&/) or (DSOandAy§6x),
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where 8y < Ay (respectively 8y < Ay) lower and upper bound of the positive operator X
(respectively Y) defined as

Mxlg =30 ®i(Xi) 5 X ®i(Xi) —mylg, » < 2
X = = L My — ) ®;(X;
My — iy my + My — iy X ; i(X77)
(respectively
Myl =35 (V) , S50 ¥(Y) —mylk 4
Y = i= ml 4+ 2= M2 — \P~Y.2).
Myfmy Y Myme Y j:z,l J(j)

Remark 7.3 If in the addition the function f is convex (respectively concave), then we
have f”(c) <D < f7(c) (respectively f(c) <D < f”(c)), so the condition (7.17) can be
weakened to (see [11])

X <Y, (respectively ¥ <X).
The next result is a simpler version of inequality (7.18).

Corollary 7.3 Let X;,Y; € #,(H), i=1,....n, j = 1,...,k be self-adjoint operators with
spectra contained in [mx ,Mx| and [my ,My| respectively, where my < My < ¢ <my < My
are some scalars. Let ®;,¥;: B(H) — B(K), i=1,...,n, j =1,....k be positive linear
mappings such that ¥}, ®;(1y) = 1 and le‘.:] Y;i(1g) =1k. Let f € J/cl (mx,My). If

Myl =37 ®i(Xi) 5 X @i(Xi) —mxlg 5 < P
c My — my my + My — mx X 1:21 i(X7)
Mylg =35 Wi(v;) , S5Wi) —mylx & 2
= M; — Y. (Y: 21
My —my my My —my ! Z‘] ]<j) 72D
holds, then
Mx1g — 3 i(X)) i1 Pi(Xi) —mx g :
My)— Y O;(f(X;
My — my f(mX)+ My — my f( X) 1:21 l(f( l))
Mylg =3k W;(v;) S Wi —mylk
<C< /= =17 M,
<c< T —— fmy) + r—— D)
k
= 2 Wi(f(Y)). (7.22)
=1

If f € 2 (mx,My), then the inequality signs in (7.22) are reversed.

7.3.1 Results on scalar product

Micié¢ Hot, Pecari¢ and Praljak in [100] also proved a generalization of Levinson’s inequal-
ity for scalar product of self-adjoint operators in Hilbert space. Unlike their previously
stated result, where operator convexity or concavity was required, this result only requires
convexity or concavity in the classical sense.



7.3 LEVINSON’S TYPE GENERALIZATION OF THE OPERATOR INEQUALITY 245

Theorem 7.7 ([100]) Let X;,Y; € By(H), i=1,...,n, j =1,...,k be self-adjoint operators
with spectra contained in the intervals [my,Mx| and [my,My] respectively such that my <
My <c<my <My. Letzj,w; €H,i=1,....n, j=1,....,k be vectors such that ¥, ||zi||* =
Land 5_, [|wjl[* = 1. Let f € . (mx,My). If

_ k
(X —X1p)zi,z) <Coi= = (¥, — Y1u)?wj,w;)
1 j=1

C] =

DT

e

NI@

1

holds, then

k
(f(Xi)zizi) — f(X) <C1 <C Z wiw,) — F(Y), (7.23)

M=

1

where X = (X 1Zz;Zz>andY 2 1(Yjwj, wj).

In this subsection we will derive a Levinson’s type generalization of the scalar Edmund-
son-Lah-Ribari¢ inequality for operators in Hilbert space. In order to state our assertions,
first we need to state a generalized version of the Edmundson-Lah-Ribari¢ inequality for
scalar product which we will need in the proof of the mentioned assertion.

Theorem 7.8 ([49]) Let Ay, ...,Ay be self-adjoint operators on Hilbert space H with spec-
tra contained in the interval [m, M| for some scalars m < M. If f is a convex function on

[m,M], then

M =37 (Aixi,xi)
M—m

Y (A, xi) —m
M—m

f(M) (7.24)

-

(f(Ai)xi,xi) < F(m)+

i=1

holds for every n-tuple of vectors xi,...,x, € H such that ¥, |xi||* =

The technique used in the proof of the following result is analogous to the one used in
the proof of Theorem 7.6, but for the sake of completeness we give it in full.

Theorem 7.9 Let X;,Y; € #,(H), i =1,...,n, j = 1,....k be self-adjoint operators with
spectra contained in the intervals [my ,Mx| and [my My] respectively such that my < MX <
c<my <My. Let zj,w; € H, i = 1,...,n, j = 1,....k be vectors such that ¥}, ||z,H =1

andilj‘»:l ijHz = 1. Let f € . (mx,My). If

DMy — 31 (Xizi,zi) 5 2 (Xizi,zi) —mx 5 e o0
- — + Mz =Y (X2, }
2[ My — my i My — my X l.:]< 27)
D Myle‘.:]Q’jwj,wj} zk:]<Yjo,Wj>fmy k
=C <C:—[ ! 242 M2 =N (YPw;, ]
=277 My —my y My —my ! j§'1<jwj vi)

(7.25)
holds, then we have

Myx — Y7 (Xizi,zi) 1 (Xizi zi) —my

Mx —my flmx) + Mx —my F(Mx) = 241Xz )

i=1
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2] {(Yjwj,wi)—my
My —my

MY*ZIJ‘:](Y;'WJ',Wﬁf(
My — my

M»

<6<

my)+

Yj)wj,wj).
(7.26)
If f € #*(mx,My) and Cy > Cy, then th inequality signs in (7.26) reversed.

Proof.  As before, we will only prove the case when f € %' (myx,My). Let F(x) =
f(x) — 2x%, where D is the constant from the Definition 7.1. Since F: [mx,c] — Ris a
concave function, the generalized Edmundson-Lah-Ribari¢ inequality for scalar product
(7.24) implies

My — 37 (Xizi, zi)
MX — my

_ Mx— Y (Xiziy zi)

Y (Xizi, i) —my
My —my

S (Xizi,zi) —mx -

0>

F(myx)+

My) — X;
My — 1y fmy) + Y — f(Mx) :1<f( )zi,2i)
D MX Zl 1< 1Z;,Zl> 2 Z <XthZt n :|
X
2 |: MX my my + MX My ; ZiyZi
whereby we get
MX — 2;171 <XiZi7Zi> 2?,1 <XiZiaZi> — n
B = V<G (127
My —my U Mx—mx )= S (F(X)aiz) <Ci. (1.27)

i=1

Due to convexity of F : [c,My] — R, in a similar way we get

S5 (Yjwj,wy) —my

_ My -3k 1<Yjo,Wj>F

M=

< my )+ F(My)— F(Yi)w;iw;
i ) e Sy ) = Xy
MY—E,;:1<YJ'WJ'»W]> 2] 1 (Yjwj wj) —my 4
= my )+ My ) — Yi)wi,w;
iy S ) S ) = 3218wy
DSt Sy
P My —my Y My —my Y “ JWYI Wil
and after resetting, the upper relation becomes
My =35 ((Yjw;,w)) S5 (Yjwj,wj) — m L
G, < j= J
2 < My —my flmy)+ My —my = 2 F @ wyw)).

Jj=1
(7.28)

Inequality (7.26) directly follows as a combination of the inequalities (7.27) and (7.28) and
taking into account the condition (7.25). O

Remark 7.4 Mappings ®;,¥,;: B(H) — B(K),i=1,...,n, j = 1,...,k from the previous
section can be chosen in the following way. Let z1,...,z, 1 wy, ..., w; be vectors from H such
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that 37, ||z;||* = 1 and 2];':1 ijH2 = 1. Forany A € (H) we define a mapping ®; with
®;(A) = (Az,z), and a mapping ¥; with ¥;(A) = (Aw;,w;). Then ®;,¥;: BZ(H) — R
are positive linear functionals such that ¥ | @;(1y) = 2];':1 W;(1x) = 1. Now we see that

L Oi(X) =31 (Xiziyzi) izlj‘-:l YY) = 2’;:1 (Yjwj,w;) holds. That way Theorem 7.9

directly follows from Theorem 7.6 (see [49]).
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