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Preface

Two known inequalities provide the bounds of the integral
∫ b
a p(x) f (w(x))dx – while the

Jensen inequality gives the lower, the Lah-Ribarič inequality gives its upper bound:

The Jensen inequality. Let w : [a,b] → R be an integrable function and let
p : [a,b]→ R be a nonnegative function. If f is a convex function given on an
interval I such that w([a,b]) ⊆ I, then

f

(
1∫ b

a p(x)dx

∫ b

a
p(x)w(x)dx

)
≤ 1∫ b

a p(x)dx

∫ b

a
p(x) f (w(x))dx.

The Lah-Ribarič inequality. Let w : [a,b] → R be an integrable function such
that m≤w(x)≤M for x∈ [a,b], m < M, and let p : [a,b]→R be a nonnegative
function. If f is a convex function given on an interval I such that [m,M] ⊆ I,
then

1∫ b
a p(x)dx

∫ b

a
p(x) f (w(x))dx ≤ M− w̄

M−m
f (m)+

w̄−m
M−m

f (M),

where

w̄ =
∫ b
a p(x)w(x)dx∫ b

a p(x)dx
.

These two important inequalities are the motivation for this book, in which we want to
present recent progress and current trends involving them.

This book is divided in three chapters. The first chapter gives refinements of the Jensen
and the Lah-Ribarič inequality, for their discrete and integral forms. The technique used in
proving these refinements can be found in the proof of the Jensen-Boas inequality.

Using this results, a refinement of the integral Hölder and discrete Hölder inequality,
and refinements of some inequalities for power means and quasi arithmetic means are
obtained. Also from the refinement of the integral forms we get a refinement of the famous
Hermite-Hadamard inequality.

As applications of these refinements, in the last part of the chapter we give some inter-
esting estimates for the Csiszár divergence (discrete and integral case), and for the discrete
case we also consider the Zipf-Mandelbrot law.

v



In Chapter 2, we consider a generalization of the Jensen-McShane inequality for nor-
malized positive isotonic linear functional and convex (concave) functions defined on a
rectangle. We present the sequences of inequalities involving McShane generalization of
Jensen’s inequality. As applications of these inequalities, for various choices of the func-
tional F , we present extensions of known inequalities: the Diaz-Metcalf type inequalities
for bounded random variables, the Feyér and the Lupaş type inequalities for a function of
two variables and inequalities of the Petrović type for two non-negative real n-tuples.

A conversion of the Jensen-McShane inequality is obtained by the two-variables func-
tion. Under special conditions, the Gheorghiu-type inequality is proved.

The last chapter is dedicated to the recently introduced class of (h,g;m)-convex func-
tions, which unifies a certain range of convexity, thus allowing the generalizations of
known results. For this class, we present several types of inequalities such as Hermite-
Hadamard, Fejér, Lah-Ribarič and Jensen, which generalize and extend corresponding in-
equalities. From Lah-Ribarič type inequalities for (h,g;m)-convex functions we obtain
inequalities of Giaccardi, Popoviciu and Petrović. We also point out some special refined
results.

At the end, we use fractional calculus to obtain fractional version of the Hermite-
Hadamard inequality, involving Riemann-Liouville fractional integral operators, which
contain extended generalized Mittag-Leffler functions as their kernel. As an application,
the upper bounds of fractional integral operators for (h,g;m)-convex functions are given.

Authors
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Chapter1
Refinements of Jensen’s and
the Lah-Ribarič inequalities
and applications to the
Csiszár divergence

Research of the classical inequalities, such as the Jensen, the Hölder and similar, has
experienced great expansion. These inequalities first appeared in discrete and integral
forms, and then many generalizations and improvements have been proved. Lately, they
are proven to be very useful in information theory.

Since all of these inequalities are related to the class of convex functions, we start with
the definition of convex functions.

Definition 1.1 Let I be an interval in R. Function f : I → R is said to be a convex
function on I if for all x,y ∈ I and all  ∈ [0,1]

f (x+(1− )y)≤  f (x)+ (1− ) f (y)

holds. If inequality is strict for all x,y ∈ I, x �= y and for all  ∈ (0,1), then f is said to be
strictly convex. If the inequality is reversed, then f is said to be concave.

Jensen’s inequality is one of the most famous inequalities in convex analysis, which
special cases are other well-known inequalities (such as Hölder’s inequality, A-G-H in-
equality, etc.). Beside mathematics, it has many applications in statistics, information
theory and engineering.
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2 1 REFINEMENTS OF JENSEN’S AND THE LAH-RIBARIČ INEQUALITIES

Theorem 1.1 (JENSEN’S INEQUALITY) Let I be an interval in R and f : I →R a convex
function. If xxx = (x1, . . . ,xn) is any n-tuple in In and ppp = (p1, . . . , pn) a nonnegative n-tuple
such that Pn = n

i=1 pi > 0, then the following inequality holds:

f

(
1
Pn

n


i=1

pixi

)
≤ 1

Pn

n


i=1

pi f (xi) . (1.1)

If f is strictly convex then (1.1) is strict unless xi = c for all i ∈ { j : p j > 0
}
. If f is

concave, then (1.1) is reversed.

Strongly related to Jensen’s inequality is the converse Jensen inequality. One of the
most famous variants of the converse inequality is the Lah-Ribarič inequality (see [11]).

Theorem 1.2 (LAH-RIBARIČ INEQUALITY) Let f : I → R be a convex function on I,
[m,M]⊂ I, −< m < M < +. Let ppp be as in Theorem 1.1, xxx = (x1, . . . ,xn) is any n-tuple
in [m,M]n and x̄ = 1

Pn
n

i=1 pixi. Then the following inequality holds:

1
Pn

n


i=1

pi f (xi) ≤ M− x̄
M−m

f (m)+
x̄−m
M−m

f (M) . (1.2)

If f is strictly convex then (1.2) is strict unless xi ∈ {m,M} for all i ∈ { j : p j > 0
}
.

The Lah-Ribarič inequality has been largely investigated and the interested reader can
find many related results in the recent literature as well as in monographs such as [13] and
[16]. It is interesting to find further refinements of the above inequality.

Integral form of the Jensen inequality is given in the following theorem (see [2], [7], or
for example [8]).

Theorem 1.3 (INTEGRAL FORM OF JENSEN’S INEQUALITY) Let g : [a,b] → R be an
integrable function and let p : [a,b] → R be a nonnegative function. If f is a convex func-
tion given on an interval I that includes the image of g, then the following inequality
holds

f

(
1

P(b)

∫ b

a
p(t)g(t)dt

)
≤ 1

P(b)

∫ b

a
p(t) f (g(t))dt, (1.3)

where P(t) is defined as

P(t) =
∫ t

a
p(x)dx.

Integral form of the Lah-Ribarič inequality is given in the following theorem.



1.1 NEW REFINEMENTS 3

Theorem 1.4 (INTEGRAL FORM OF THE LAH-RIBARIČ INEQUALITY) Let g : [a,b] →
R be an integrable function such that m ≤ g(t) ≤ M, for all t ∈ [a,b], m < M, and let
p : [a,b] → R be a nonnegative function. If f is a convex function given on an interval I
such that [m,M] ⊆ I, then the following inequality holds

1
P(b)

∫ b

a
p(t) f (g(t))dt ≤ M− ḡ

M−m
f (m)+

ḡ−m
M−m

f (M), (1.4)

where P is defined as

P(t) =
∫ t

a
p(x)dx,

and ḡ is defined as

ḡ =
∫ b
a p(t)g(t)dt

P(b)
.

We give a new refinement of the Lah-Ribarič inequality (1.2), and using the same
technique we will give a refinement of the Jensen inequality (1.1) (see [17]).

We also give refinements of the integral form of Jensen’s inequality (1.3) and the Lah-
Ribarič inequality (1.4).

The idea for proving can be also found in a well known result (see [16, pages 55 - 60]).
Refinement of the inequality on the interval is obtained by applying the same inequality on
subintervals.

Using obtained results we give a refinement of the famous Hölder inequality and some
new refinements for the weighted power means and quasi arithmetic means.

Also, we give a historical remark about the Jensen-Boas inequality.
In the last section, we deal with the notion of f -divergences, the Csiszár f -divergences

in the first place, where by varying the generating functions we distinguish e.g. Jeffrey’s
distance, the KullbackLeibler divergence, the Hellinger distance, the Bhattacharyya dis-
tance. We deduce the relations for the mentioned f -divergences. In the discrete case, these
results are further examined for the Zipf-Mandelbrot law.

1.1 New refinements

The starting point for this consideration is the following lemma.

Lemma 1.1 Let f be a convex function on an interval I. If a,b,c,d ∈ I such that a ≤ b <
c ≤ d, then the inequality

c−u
c−b

f (b)+
u−b
c−b

f (c) ≤ d−u
d−a

f (a)+
u−a
d−a

f (d)

holds for any u ∈ [b,c].
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Proof. We can write

b =
d−b
d−a

a+
b−a
d−a

d

c =
d− c
d−a

a+
c−a
d−a

d

and since f is convex, it follows that

f (b) ≤ d−b
d−a

f (a)+
b−a
d−a

f (d)

f (c) ≤ d− c
d−a

f (a)+
c−a
d−a

f (d).

Now we have
c−u
c−b

f (b)+
u−b
c−b

f (c)

≤ c−u
c−b

[
d−b
d−a

f (a)+
b−a
d−a

f (d)
]

+
u−b
c−b

[
d− c
d−a

f (a)+
c−a
d−a

f (d)
]

=
d−u
d−a

f (a)+
u−a
d−a

f (d).

�

First main result is a refinement of the Lah-Ribarič inequality (1.2). As we will see, its
proof is based on the idea from the proof of the Jensen-Boas inequality.

Theorem 1.5 Let f : I → R be a convex function on I, [m,M] ⊂ I, − < m < M < +,
ppp is as in Theorem 1.1, xxx = (x1, . . . ,xn) be any n-tuple in [m,M]n and x̄ = 1

Pn
n

i=1 pixi.

Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m
i=1Ni = {1,2, . . . ,n},

 j∈Ni
p j > 0, for i = 1, . . . ,m and mi = min{x j : j ∈ Ni}, Mi = max{x j : j ∈ Ni}, for i =

1, . . . ,m. Then

1
Pn

n


i=1

pi f (xi) ≤ 1
Pn

m


i=1

(

j∈Ni

p j

)[
Mi − x̄i

Mi −mi
f (mi)+

x̄i−mi

Mi−mi
f (Mi)

]

≤ M− x̄
M−m

f (m)+
x̄−m
M−m

f (M) (1.5)

holds, where

x̄i =
1

 j∈Ni
p j

j∈Ni

p jx j.

If f is concave on I, then the inequalities in (1.5) are reversed.

Proof. We have

1
Pn

n


i=1

pi f (xi) =
1
Pn

[
m


i=1

j∈Ni

p j f (x j)

]

=
1
Pn

m


i=1

(

j∈Ni

p j

)[
1

 j∈Ni
p j

j∈Ni

p j f (x j)

]
.



1.1 NEW REFINEMENTS 5

Using the Lah-Ribarič inequality (1.2) for each of the subsets Ni, we get

1
Pn

m


i=1

(

j∈Ni

p j

)[
1

 j∈Ni
p j

j∈Ni

p j f (x j)

]

≤ 1
Pn

m


i=1

(

j∈Ni

p j

)⎡
⎣Mi − 1

 j∈Ni
p j
 j∈Ni

p jx j

Mi −mi
f (mi)+

1
 j∈Ni

p j
 j∈Ni

p jx j −mi

Mi −mi
f (Mi)

⎤
⎦

=
1
Pn

m


i=1

(

j∈Ni

p j

)[
Mi − x̄i

Mi −mi
f (mi)+

x̄i−mi

Mi −mi
f (Mi)

]
.

Using m ≤ mi ≤ x̄i ≤ Mi ≤ M, m < M,mi < Mi and Lemma 1.1, we get

1
Pn

m


i=1

(

j∈Ni

p j

)[
Mi − x̄i

Mi−mi
f (mi)+

x̄i −mi

Mi −mi
f (Mi)

]

≤ 1
Pn

m


i=1

(

j∈Ni

p j

)[
M− x̄i

M−m
f (m)+

x̄i −m
M−m

f (M)
]

=
M− x̄
M−m

f (m)+
x̄−m
M−m

f (M).

�

Remark 1.1 If Ni =
{
x j
}

(|Ni|= 1), the related term in the sum on the right-hand side of
the first inequality in the proof of Theorem 1.5 remains unaltered (i.e. is equal to f (x j)).

Using the same technique, we obtain the following refinement of the Jensen inequality
(1.1).

Theorem 1.6 Let I be an interval in R and f : I → R a convex function. Let xxx =
(x1, . . . ,xn) be any n-tuple in In and ppp = (p1, . . . , pn) a nonnegative n-tuple such that
Pn =n

i=1 pi > 0. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni∩Nj = /0 for i �= j, ∪m
i=1Ni =

{1,2, . . . ,n} and  j∈Ni
p j > 0, i = 1, . . . ,m. Then

f

(
1
Pn

n


i=1

pixi

)
≤ 1

Pn

m


i=1

(

j∈Ni

p j

)
f

(
 j∈Ni

p jx j

 j∈Ni
p j

)
≤ 1

Pn

n


i=1

pi f (xi) (1.6)

holds.
If f is concave on I, then the inequalities in (1.6) are reversed.

Proof. We have

f

(
1
Pn

n


i=1

pixi

)
= f

(
1
Pn

m


i=1

[

j∈Ni

p jx j

])

= f

(
1
Pn

m


i=1

(

j∈Ni

p j

)
 j∈Ni

p jx j

 j∈Ni
p j

)
.
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Using Jensen’s inequality (1.1), we get

f

(
1
Pn

m


i=1

(

j∈Ni

p j

)
 j∈Ni

p jx j

 j∈Ni
p j

)
≤ 1

Pn

m


i=1

(

j∈Ni

p j

)
f

(
 j∈Ni

p jx j

 j∈Ni
p j

)

≤ 1
Pn

m


i=1

(

j∈Ni

p j

)[
1

 j∈Ni
p j

j∈Ni

p j f (x j)

]

=
1
Pn

m


i=1

j∈Ni

p j f (x j) ,

which is (1.6). �

We can find this idea for proving the refinement of our main results (and the refinement
of the Jensen inequality) in one other well-known result (see [16, pages 55–60]).

In Jensen’s inequality there is a condition “ppp = (p1, . . . , pn) a nonnegative n-tuple such
that Pn = n

i=1 pi > 0”. In 1919. Steffensen gave the same inequality (1.1) with a slightly
relaxed conditions.

Theorem 1.7 (JENSEN-STEFFENSEN) If f : I →R is a convex function, x is a real mono-
tonic n-tuple such that xi ∈ I, i = 1, . . . ,n, and p is a real n-tuple such that

0 ≤ Pk ≤ Pn, k = 1, . . . ,n, Pn > 0.

Then (1.1) holds. If f is strictly convex, then inequality (1.1) is strict unless x1 = x2 = · · ·=
xn.

One of many generalizations of the Jensen inequality is the Riemann-Stieltjes integral
form of the Jensen inequality.

Theorem 1.8 (THE RIEMANN-STIELTJES FORM OF JENSEN’S INEQUALITY)
Let  : I → R be a continuous convex function where I is a range of a continuous function
f : [a,b] → R. The inequality



(∫ b
a f (x)d (x)∫ b

a d (x)

)
≤
∫ b
a  ( f (x))d (x)∫ b

a d (x)
(1.7)

holds, providing that  : [a,b]→ R is increasing, bounded and  (a) �=  (b).

Analogously, integral form of the Jensen-Steffensen inequality is given.

Theorem 1.9 (THE JENSEN-STEFFENSEN) If f is continuous and monotonic (either in-
creasing or decreasing) and  is either continuous or of bounded variation satisfying

 (a) ≤  (x) ≤  (b) for all x ∈ [a,b],  (a) <  (b),

then (1.7) holds.
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In 1970. Boas gave the integral analogue of Jensen-Steffensen’s inequality with slightly
different conditions.

Theorem 1.10 (THE JENSEN-BOAS INEQUALITY) If  is continuous or of bounded vari-
ation satisfying

 (a) ≤  (x1) ≤  (y1) ≤  (x2) ≤ ·· · ≤  (yn−1) ≤  (xn) ≤  (b)

for all xk ∈ (yk−1,yk), and  (b) >  (a), and if f : [a,b] → R is continuous and monotonic
(either increasing or decreasing) in each of the n− 1 intervals (yk−1,yk), then inequality
(1.7) holds for a continuous convex function  : I → R, where I is the range of the function
f .

In 1982. J. Pečarić gave the following proof of the Jensen-Boas inequality.

Proof. If  (a)< (x1)<  (y1)<  (x2)< · · ·<  (yn−1)< (xn)<  (b) with the notation

pk =
∫ yk

yk−1

d (x), tk =

∫ yk
yk−1

f (x)d (x)∫ yk
yk−1

d (x)
, k = 1, . . . ,n,

we have



(∫ b
a f (x)d (x)∫ b

a d (x)

)
= 

(
n

k=1

∫ yk
yk−1

f (x)d (x)

n
k=1

∫ yk
yk−1

d (x)

)
= 
(
n

k=1 pktk
n

k=1 pk

)
.

Using Jensen’s inequality (1.1), we get


(
n

k=1 pktk
n

k=1 pk

)
≤ 1

n
k=1 pk

n


k=1

pk (tk)

=
1

n
k=1 pk

[
n


k=1

pk

(∫ yk
yk−1

f (x)d (x)∫ yk
yk−1

d (x)

)]
.

Using the Jensen-Steffensen’s inequality (1.7) on each subinterval [yk−1,yk], k = 1, . . . ,n,
we get

1

n
k=1 pk

[
n


k=1

pk

(∫ yk
yk−1

f (x)d (x)∫ yk
yk−1

d (x)

)]

≤ 1

n
k=1 pk

[
n


k=1

pk
1∫ yk

yk−1
d (x)

∫ yk

yk−1

 ( f (x))d (x)

]

=
1

n
k=1

∫ yk
yk−1

d (x)

n


k=1

∫ yk

yk−1

 ( f (x))d (x)

=
∫ b
a  ( f (x))d (x)∫ b

a d (x)
.
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If  (y j−1) =  (y j), for some j, then d (x) = 0 on [y j−1,y j] and we can easily prove
that the Jensen-Boas inequality is valid. �

If we look at the previous proof, we see that the technique is the same as for our main
results and the refinement of the Jensen inequality.

Our next main result will be a refinement of the integral form of the Jensen inequality
(1.3).

Theorem 1.11 Let g be an integrable function defined on an interval [a,b], let a0,a1,
. . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. If f is a convex
function given on an interval I that includes the image of g, then

f

(
1

P(b)

∫ b

a
p(t)g(t)dt

)
≤ 1

P(b)

n


i=1

(∫ ai

ai−1

p(t)dt

)
f

(∫ ai
ai−1

p(t)g(t)dt∫ ai
ai−1

p(t)dt

)

≤ 1
P(b)

∫ b

a
p(t) f (g(t))dt (1.8)

is valid, where p : [a,b] → R is nonnegative function and P is defined as

P(t) =
∫ t

a
p(x)dx.

Proof. Let a0,a1, . . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b.
Applying Jensen’s inequality, we have

f

(
1

P(b)

∫ b

a
p(t)g(t)dt

)
= f

(
1

P(b)

n


i=1

∫ ai

ai−1

p(t)g(t)dt

)

= f

(
1

P(b)

n


i=1

(∫ ai

ai−1

p(t)dt

) ∫ ai
ai−1

p(t)g(t)dt∫ ai
ai−1

p(t)dt

)

≤ 1
P(b)

n


i=1

(∫ ai

ai−1

p(t)dt

)
f

(∫ ai
ai−1

p(t)g(t)dt∫ ai
ai−1

p(t)dt

)
,

which is the left-hand side of (1.8).
Now we will use the inequality (1.3) on each of the subintervals [ai−1,ai].

1
P(b)

n


i=1

(∫ ai

ai−1

p(t)dt

)
f

(
1∫ ai

ai−1
p(t)dt

∫ ai

ai−1

p(t)g(t)dt

)

≤ 1
P(b)

n


i=1

(∫ ai

ai−1

p(t)dt

)
1∫ ai

ai−1
p(t)dt

∫ ai

ai−1

p(t) f (g(t)dt,

which is the right-hand side of (1.8). �

Last main result is a refinement of the integral form of the Lah-Ribarič inequality (1.4).
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Theorem 1.12 Let g be an integrable function defined on an interval [a,b], let a0,a1,
. . . ,an−1,an be arbitrary such that a = a0 < a1 < · · ·< an−1 < an = b and mi ≤ g(t)≤ Mi,
for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi. If f is a
convex function given on an interval I that includes the image of g, then

1
P(b)

∫ b

a
p(t) f (g(t))dt

≤ 1
P(b)

n


i=1

pi

[
Mi − ḡi

Mi −mi
f (mi)+

ḡi−mi

Mi −mi
f (Mi)

]

≤ M− ḡ
M−m

f (m)+
ḡ−m
M−m

f (M) (1.9)

is valid, where p : [a,b] → R is nonnegative function, P is defined as

P(t) =
∫ t

a
p(x)dx

and ḡ, ḡi, pi are defined as

ḡ =
∫ b
a p(t)g(t)dt

P(b)
, ḡi =

∫ ai
ai−1

p(t)g(t)dt∫ ai
ai−1

p(t)dt
, pi =

∫ ai

ai−1

p(t)dt.

Proof. We will use (1.4) on each of the subintervals [ai−1,ai].

1
P(b)

∫ b

a
p(t) f (g(t))dt

=
1

P(b)

n


i=1

∫ ai

ai−1

p(t) f (g(t))dt

≤ 1
P(b)

n


i=1

(∫ ai

ai−1

p(t)dt

)⎡⎢⎢⎣
Mi −

∫ ai
ai−1 p(t)g(t)dt∫ ai

ai−1 p(t)dt

Mi −mi
f (mi)+

∫ ai
ai−1 p(t)g(t)dt∫ ai

ai−1 p(t)dt
−mi

Mi −mi
f (Mi)

⎤
⎥⎥⎦ ,

which is the left-hand side of inequality (1.9).
Since m ≤ mi ≤ ḡi ≤ Mi ≤ M,m < M,mi < Mi, then by Lemma 1.1 we get

1
P(b)

n


i=1

pi

[
Mi − ḡi

Mi −mi
f (mi)+

ḡi−mi

Mi −mi
f (Mi)

]

≤ 1
P(b)

n


i=1

[
piM− ∫ ai

ai−1
p(t)g(t)dt

M−m
f (m)+

∫ ai
ai−1

p(t)g(t)dt− pim

M−m
f (M)

]

=
1

P(b)

[
n

i=1 piM−n
i=1
∫ ai
ai−1

p(t)g(t)dt

M−m
f (m)+

n
i=1
∫ ai
ai−1

p(t)g(t)dt−n
i=1 pim

M−m
f (M)

]

=
M−

∫ b
a p(t)g(t)dt

P(b)

M−m
f (m)+

∫ b
a p(t)g(t)dt

P(b) −m

M−m
f (M),

which is the right-hand side of (1.9). �
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1.1.1 The Hermite-Hadamard inequality

Another famous inequality established for the class of convex functions is the Hermite-
Hadamard inequality.

Theorem 1.13 (HERMITE-HADAMARD) Let f be a convex function on [a,b]⊂R, where
a < b. Then

f

(
a+b

2

)
≤ 1

b−a

∫ b

a
f (x)dx ≤ f (a)+ f (b)

2
. (1.10)

This double inequality was first discovered by Hermite in 1881. This result was later
incorrectly attributed to Hadamard who apparently was not aware of Hermite’s discovery
and today, when relating to (1.10), we use both names.

This result can be improved by applying (1.10) on each of the subintervals [a, a+b
2 ],

[ a+b
2 ,b] and the following result is obtained (see [14, p. 37]):

f

(
a+b

2

)
≤ l ≤ 1

b−a

∫ b

a
f (x)dx ≤ L ≤ f (a)+ f (b)

2
, (1.11)

where l = 1
2

(
f
( 3b+a

4

)
+ f
(

b+3a
2

))
and L = 1

2

(
f
(

b+a
2

)
+ f (a)+ f (b)

2

)
.

The following improvement of (1.11) is given in [3].

Theorem 1.14 Assume that f : I → R is a convex function on I. Then for all  ∈ [0,1]
and a,b ∈ I, we have

f

(
a+b

2

)
≤ l( ) ≤ 1

b−a

∫ b

a
f (x)dx ≤ L( ) ≤ f (a)+ f (b)

2
, (1.12)

where

l( ) =  f

(
b+(2− )a

2

)
+(1− ) f

(
(1+ )b+(1− )a

2

)

and

L( ) =
1
2

( f (b+(1− )a)+ f (a)+ (1−) f (b)).

The inequality (1.12) for  = 1
2 gives inequality (1.11). Further improvement was

given in [4].

Theorem 1.15 Let I ⊆R be an interval and f : I →R be a convex function. Let  : [a,b]
→ I be such that f ◦ is also convex, where a < b. Then for n ∈ N, 0 = 0,n+1 = 1 and
arbitrary 0 ≤ 1 ≤ ·· · ≤ n ≤ 1, we have

f

(
1

b−a

∫ b

a
(x)dx

)
≤ l(1, . . . ,n) ≤ 1

b−a

∫ b

a
f ◦(x)dx (1.13)

≤ L(1, . . . ,n) ≤ f ◦(a)+ f ◦(b)
2

, (1.14)
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where

l(1, . . . ,n) =
n


k=0

(k+1−k) f

(
1

(k+1 −k)(b−a)

∫ (1−k+1)a+k+1b

(1−k)a+kb
(x)dx

)

and

L(1, . . . ,n) =
n


k=0

(k+1 −k)
f ◦((1−k)a+kb)+ f ◦((1−k+1)a+k+1b)

2
.

Applying the previous theorem for (x) = x and n = 1, we get the inequality (1.12).
Using refinements of Jensen’s and the Lah-Ribarič inequality we obtain a refinement

of the Hermite-Hadamard inequality.

Remark 1.2 If we set p(t) = 1 in Theorem 1.11 we get (1.13) in the form

f

(
1

b−a

∫ b

a
g(t)dt

)
≤ 1

b−a

n


i=1

(ai−ai−1) f

(∫ ai
ai−1

g(t)dt

ai−ai−1

)

≤ 1
b−a

∫ b

a
f (g(t))dt.

This gives for g(t) = t

f

(
a+b

2

)
≤ 1

b−a

n


i=1

(ai−ai−1) f

(
ai−1 +ai

2

)
≤ 1

b−a

∫ b

a
f (t)dt,

which is a refinement of the left-hand side of (1.12).
Analogously from Theorem 1.12, we have (for p(t) = 1)

1
b−a

∫ b

a
f (g(t))dt

≤ 1
b−a

n


i=1

(ai−ai−1)

⎡
⎢⎣Mi −

∫ ai
ai−1 g(t)dt

ai−ai−1

Mi −mi
f (mi)+

∫ ai
ai−1 g(t)dt

ai−ai−1
−mi

Mi −mi
f (Mi)

⎤
⎥⎦

≤ M−
∫ b
a g(t)dt
b−a

M−m
f (m)+

∫ b
a g(t)dt
b−a −m

M−m
f (M),

and for g(t) = t, mi = ai−1, Mi = ai, we get

1
b−a

∫ b

a
f (t)dt

≤ 1
b−a

n


i=1

(ai−ai−1)

[
ai− ai−1+ai

2

ai−ai−1
f (ai−1)+

ai−1+ai
2 −ai−1

ai−ai−1
f (ai)

]

=
1

b−a

n


i=1

(ai−ai−1)
f (ai−1)+ f (ai)

2

≤ f (a)+ f (b)
2

,

which is a refinement of the right-hand side of (1.12).
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1.1.2 Hölder’s inequality

One of the most important special cases of the Jensen inequality is the Hölder inequality.

Theorem 1.16 (DISCRETE HÖLDER’S INEQUALITY) Let p,q > 1 such that 1
p + 1

q = 1.
Let aaa = (a1,a2, . . . ,an), bbb = (b1,b2, . . . ,bn) such that ai,bi > 0, i = 1, . . . ,n. Then:

n


i=1

aibi ≤
(

n


i=1

ap
i

) 1
p
(

n


i=1

bq
i

) 1
q

.

By using Theorem 1.6 and Theorem 1.11, we obtain the following refinements of the
discrete Hölder and the integral Hölder inequality (for more about the Hölder inequality
see [16]).

First we give the refinement of the discrete Hölder inequality.

Corollary 1.1 Let p,q > 1 such that 1
p + 1

q = 1. Let aaa= (a1,a2, . . . ,an), bbb= (b1,b2, . . . ,bn)
such that ai,bi > 0, i = 1, . . . ,n. Then:

n


i=1

aibi ≤
(

n


i=1

bq
i

) 1
q
⎡
⎣ m


i=1

(

j∈Ni

bq
j

)1−p(

j∈Ni

a jb j

)p
⎤
⎦

1
p

≤
(

n


i=1

ap
i

) 1
p
(

n


i=1

bq
i

) 1
q

. (1.15)

Proof. We use Theorem 1.6 with pi = bq
i > 0, xi = aib

− q
p

i > 0. Then pixi = bq
i aib

− q
p

i =

aib
q− q

p
i = aib

q(1− 1
p )

i = aib
q 1

q
i = aibi and from (1.6), we get

f

(
1

n
i=1 bq

i

n


i=1

aibi

)
≤ 1

n
i=1 bq

i

m


i=1

(

j∈Ni

bq
j

)
f

(
 j∈Ni

a jb j

 j∈Ni
bq

j

)

≤ 1

n
i=1 bq

i

n


i=1

bq
i f

(
aib

− q
p

i

)
. (1.16)

For the function f (t) = t p from (1.16), we get

(
1

n
i=1 bq

i

n


i=1

aibi

)p

≤ 1

n
i=1 bq

i

m


i=1

(

j∈Ni

bq
j

)(
 j∈Ni

a jb j

 j∈Ni
bq

j

)p

≤ 1

n
i=1 bq

i

n


i=1

bq
i

(
aib

− q
p

i

)p

=
1

n
i=1 bq

i

n


i=1

ap
i .
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Multiplying with
(
n

i=1 bq
i

)p
, and raising to the power of 1

p , we get

n


i=1

aibi ≤
(

n


i=1

bq
i

)1− 1
p
⎡
⎣ m


i=1

(

j∈Ni

bq
j

)1−p(

j∈Ni

a jb j

)p
⎤
⎦

1
p

≤
(

n


i=1

bq
i

)1− 1
p
(

n


i=1

ap
i

) 1
p

,

which is (1.15). �

Corollary 1.2 Using the same conditions as in previous corollary for p∈R, p < 1, p �= 0,
we get

(
n


i=1

ap
i

) 1
p
(

n


i=1

bq
i

) 1
q

≤
m


i=1

(

j∈Ni

bq
j

) 1
q
(

j∈Ni

ap
j

) 1
p

≤
n


i=1

aibi. (1.17)

Proof. Let us consider the case 0 < p < 1. We use Theorem 1.6 with pi = bq
i > 0,

xi = ap
i b

−q
i > 0. Then pixi = bq

i a
p
i b−q

i = ap
i and from (1.6), we get

f

(
1

n
i=1 bq

i

n


i=1

ap
i

)
≤ 1

n
i=1 bq

i

m


i=1

(

j∈Ni

bq
j

)
f

(
 j∈Ni

ap
j

 j∈Ni
bq

j

)

≤ 1

n
i=1 bq

i

n


i=1

bq
i f
(
ap

i b−q
i

)
.

For the function f (t) = t
1
p , we get

(
1

n
i=1 bq

i

n


i=1

ap
i

) 1
p

≤ 1

n
i=1 bq

i

m


i=1

(

j∈Ni

bq
j

)(
 j∈Ni

ap
j

 j∈Ni
bq

j

) 1
p

≤ 1

n
i=1 bq

i

n


i=1

bq
i

(
ap

i b−q
i

) 1
p
.

Multiplying with
(
n

i=1 bq
i

) 1
p , and then with

(
n

i=1 bq
i

) 1
q , we get

(
n


i=1

ap
i

) 1
p
(

n


i=1

bq
i

) 1
q

≤
m


i=1

(

j∈Ni

bq
j

) 1
q
(

j∈Ni

ap
j

) 1
p

≤
n


i=1

aibi,

which is (1.17).
If p < 0, then 0 < q < 1, and the same result follows from symmetry. �

Now using Theorem 1.11 we give a refinement of the integral Hölder inequality.
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Corollary 1.3 Let p,q∈R such that 1
p + 1

q = 1. Let w,g1 and g2 be nonnegative functions

defined on [a,b] such that wgp
1 ,wgq

2,wg1g2 ∈ L1([a,b]).
(i) If p > 1, then

∫ b

a
w(t)g1(t)g2(t)dt

≤
(∫ b

a
w(t)gq

2(t)dt

) 1
q
(

n


i=1

(∫ ai

ai−1

w(t)gq
2(t)dt

)1−p(∫ ai

ai−1

w(t)g1(t)g2(t)dt

)p
) 1

p

≤
(∫ b

a
w(t)gp

1(t)dt

) 1
p
(∫

w(t)gq
2(t)dt

) 1
q

.

(ii) If p < 1, p �= 0, then

(∫ b

a
w(t)gp

1(t)dt

) 1
p
(∫

w(t)gq
2(t)dt

) 1
q

≤
n


i=1

(∫ ai

ai−1

w(t)gp
1(t)dt

) 1
p
(∫ ai

ai−1

w(t)gq
2(t)dt

) 1
q

≤
∫ b

a
w(t)g1(t)g2(t)dt.

Proof. For the case p > 1 we use Theorem 1.11 with p(t) = w(t)gq
2(t), g(t) = g1(t)g

− q
p

2
and with the function f (x) = xp which is convex for x > 0, p > 1. From (1.8) we get(

1∫ b
a w(t)gq

2(t)dt

∫ b

a
w(t)gq

2(t)g1(t)g
− q

p
2 dt

)p

≤ 1∫ b
a w(t)gq

2(t)dt

n


i=1

(∫ ai

ai−1

w(t)gq
2(t)dt

)⎛⎝∫ ai
ai−1

w(t)gq
2(t)g1(t)g

− q
p

2 (t)dt∫ ai
ai−1

w(t)gq
2(t)dt

⎞
⎠

p

≤ 1∫ b
a w(t)gq

2(t)dt

∫ b

a
w(t)gq

2(t)
(

g1(t)g
− q

p
2 (t)

)p

dt.

Using q− q
p = 1, multiplying with

∫ b
a w(t)gq

2(t)dt and raising to the power of 1
p , we have

(∫ b

a
w(t)gq

2(t)dt

) 1
p−1(∫ b

a
w(t)g1(t)g2(t)dt

)

≤
(

n


i=1

(∫ ai

ai−1

w(t)gq
2(t)dt

)1−p(∫ ai

ai−1

w(t)g1(t)g2(t)dt

)p
) 1

p

≤
(∫ b

a
w(t)gp

1(t)dt

) 1
p

.
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Now multiplying with
(∫ b

a w(t)gq
2(t)dt

) 1
q
, we get

∫ b

a
w(t)g1(t)g2(t)dt

≤
(∫ b

a
w(t)gq

2(t)dt

) 1
q
(

n


i=1

(∫ ai

ai−1

w(t)gq
2(t)dt

)1−p(∫ ai

ai−1

w(t)g1(t)g2(t)dt

)p
) 1

p

≤
(∫ b

a
w(t)gq

2(t)dt

) 1
q
(∫ b

a
w(t)gp

1(t)dt

) 1
p

.

For 0 < p < 1 we use Theorem 1.11 with p(t) = w(t)gq
2(t), g(t) = gp

1(t)g
−q
2 (t) and with

the function f (x) = x
1
p which is convex for x > 0, 0 < p < 1. From (1.8) we get(

1∫ b
a w(t)gq

2(t)dt

∫ b

a
w(t)gq

2(t)g
p
1(t)g

−q
2 dt

) 1
p

≤ 1∫ b
a w(t)gq

2(t)dt

n


i=1

(∫ ai

ai−1

w(t)gq
2(t)dt

)(∫ ai
ai−1

w(t)gq
2(t)g

p
1(t)g

−q
2 dt∫ ai

ai−1
w(t)gq

2(t)dt

) 1
p

≤ 1∫ b
a w(t)gq

2(t)dt

∫ b

a
w(t)gq

2(t)
(
gp

1(t)g
−q
2

) 1
p
dt.

Now using q− q
p = 1 and multiplying with

∫ b
a w(t)gq

2(t)dt we have

(∫ b

a
w(t)gp

1(t)dt

) 1
p
(∫

w(t)gq
2(t)dt

) 1
q

≤
n


i=1

(∫ ai

ai−1

w(t)gq
2(t)dt

) 1
q
(∫ ai

ai−1

w(t)gp
1(t)dt

) 1
p

≤
∫ b

a
w(t)g1(t)g2(t)dt.

If p < 0 then we have 0 < q < 1 and we have the same result from symmetry. �

1.1.3 Power and quasi arithmetic means

It is interesting to show how the previously obtained results impact on the study of the
weighted power means and the weighted quasi arithmetic means.

First we look at the discrete cases.
Let n ∈ N, n ≥ 2, xxx = (x1, . . . ,xn), ppp = (p1, . . . , pn), xi, piR

+ = (0,]. The weighted
discrete power means of order r ∈ R are defined as:

Mr(xxx, ppp) =

⎧⎨
⎩
(

1
Pn
n

i=1 pixr
i

) 1
r

, r �= 0,(
n

i=1 xpi
i

) 1
Pn , r = 0.
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Using Theorem 1.6, we obtain the following inequalities for the weighted discrete
power means. Let’s notice that the left hand side and right hand sides of both inequali-
ties are the same, only mixed means in the middle, which are a refinement, change.

Corollary 1.4 Let n∈N, n≥ 2, xxx = (x1, . . . ,xn), ppp = (p1, . . . , pn), xi, pi ∈R
+. Let s,t ∈R

such that s ≤ t. Then

Ms(xxx, ppp) ≤
[

1
Pn

m


i=1

(

j∈Ni

p j

)
Mt

s(xxxNi , pppNi
)

] 1
t

(1.18)

≤ Mt(xxx, ppp),

Ms(xxx, ppp) ≤
[

1
Pn

m


i=1

(

j∈Ni

p j

)
Ms

t (xxxNi , pppNi
)

] 1
s

(1.19)

≤ Mt(xxx, ppp),

where xxxNi = (xi
j1
, . . . ,xi

jki
), pppNi

= (pi
j1
, . . . , pi

jki
), ki = |Ni|, Ni = { ji1, . . . , jiki

}, for i = 1, . . . ,m.

Proof. We use Theorem 1.6 with f (x) = x
t
s for x > 0, s,t ∈ R, t > 0, s �= 0, s ≤ t. From

(1.6), we get(
1
Pn

n


i=1

pixi

) t
s

≤ 1
Pn

m


i=1

(

j∈Ni

p j

)(
 j∈Ni

p jx j

 j∈Ni
p j

) t
s

≤ 1
Pn

n


i=1

pix
t
s
i .

Substituing xi with xs
i , and then raising to the power of 1

t we get⎡
⎣( 1

Pn

n


i=1

pix
s
i

) 1
s
⎤
⎦

t

≤ 1
Pn

m


i=1

(

j∈Ni

p j

)⎡⎣( j∈Ni
p jxs

j

 j∈Ni
p j

) 1
s

⎤
⎦

t

≤ 1
Pn

n


i=1

pi(xs
i )

t
s ,

which is (1.18).
Similarly, we use Theorem 1.6 with f (x) = x

s
t for x > 0, s,t ∈ R, s, t > 0, s≤ t. We get(

1
Pn

n


i=1

pixi

) s
t

≥ 1
Pn

m


i=1

(

j∈Ni

p j

)(
 j∈Ni

p jx j

 j∈Ni
p j

) s
t

≥ 1
Pn

n


i=1

pix
s
t
i .

Substituing xi with xt
i , and then raising to the power of 1

s , inequality (1.19) easily follows.
Other cases follow similarly. �

Let I be an interval in R. Let n ∈ N, n ≥ 2, xxx = (x1, . . . ,xn), ppp = (p1, . . . , pn), xi ∈ I,
pi ∈ R

+, and Pn = n
i=1 pi. Then for a strictly monotone continuous function h : I → R the

discrete weighted quasi arithmetic mean is defined as:

Mh(x, p) = h−1

(
1
Pn

n


i=1

pih(xi)

)
.

Using Theorem 1.6, we obtain the following inequalities for quasi arithmetic means.
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Corollary 1.5 Let I be an interval in R. Let n∈N, n≥ 2, xxx = (x1, . . . ,xn), ppp = (p1, . . . , pn),
xi ∈ I, pi ∈ R

+. Let h : I → R be a strictly monotone continuous function such that
f ◦ h−1 convex. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni =
{1,2, . . . ,n} and  j∈Ni

p j > 0, i = 1, . . . ,m. Then

f (Mh(xxx, ppp)) ≤ 1
Pn

m


i=1

(

j∈Ni

p j

)
f
(
Mh(xxxNi , pppNi

)
)≤ 1

Pn

n


i=1

pi f (xi) ,

where xxxNi = (xi
j1
, . . . ,xi

jki
), pppNi

= (pi
j1
, . . . , pi

jki
), ki = |Ni|, Ni = { ji1, . . . , jiki

}, for i = 1, . . . ,m.

Proof. Theorem 1.6 with f substituting with f ◦ h−1 and xi with h(xi) gives:

f

(
h−1

(
1
Pn

n


i=1

pih(xi)

))
≤ 1

Pn

m


i=1

(

j∈Ni

p j

)
f

(
h−1
(
 j∈Ni

p jh(x j)
 j∈Ni

p j

))

≤ 1
Pn

n


i=1

pi f (xi) .
�

Now we give results for the integral variants.
Let p and g be positive integrable functions defined on [a,b]. Then the integral power

means of order r ∈ R are defined as follows:

Mr(g; p;a,b) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
1∫ b

a p(x)dx

∫ b
a p(x)gr(x)dx

) 1
r

, r �= 0,

exp

(∫ b
a p(x) logg(x)dx∫ b

a p(x)dx

)
, r = 0.

Let x = (x1, . . . ,xn) and w = (w1, . . . ,wn) be positive n-tuples. The weighted power
mean (of the n-tuple x with the weight w) of order r ∈ R is defined as

Mr (x;w) =

⎧⎪⎨
⎪⎩
(

1
n

i=1 wi
n

i=1 wixr
i

) 1
r

, r �= 0,

e
1

n
i=1 wi

n
i=1 wi logxi =

(
n

i=1 xwi
i

) 1
n

i=1 wi , r = 0.

We’ll use more suitable notation Mr
(
xi;wi;1,n

)
for Mr (x;w).

Using Theorem 1.11 we obtain following inequalities for integral power means.

Corollary 1.6 Let p and g be positive integrable functions defined on [a,b] and let a0,a1,
. . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Let s,t ∈ R be such
that s ≤ t. Then

Ms(g; p;a,b) ≤ Mt

(
Ms (g; p;ai−1,ai) ;

∫ ai

ai−1

p(x)dx;1,n

)
(1.20)

≤ Mt(g; p;a,b),

Mt(g; p;a,b) ≥ Ms

(
Mt (g; p;ai−1,ai) ;

∫ ai

ai−1

p(x)dx;1,n

)
(1.21)

≥ Ms(g; p;a,b).
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Proof. We use Theorem 1.11 with f (x) = x
t
s for x > 0, s,t ∈ R, s,t �= 0, s ≤ t (convex on

〈0,+〉). From (1.8) we get

(
1

P(b)

∫ b

a
p(x)g(x)dx

) t
s

≤ 1
P(b)

n


i=1

(∫ ai

ai−1

p(x)dx

)(
1∫ ai

ai−1
p(x)dx

∫ ai

ai−1

p(x)g(x)dx

) t
s

≤ 1
P(b)

∫ b

a
p(x)g

t
s (x)dx.

Substituing g with gs and raising to the power of 1
t , we get the result.

Similarly, we use Theorem 1.11 with f (x) = x
s
t for x > 0, s, t ∈ R, s,t �= 0, s ≤ t

(concave on 〈0,+〉). From (1.8) we get

(
1

P(b)

∫ b

a
p(x)g(x)dx

) s
t

≥ 1
P(b)

n


i=1

(∫ ai

ai−1

p(x)dx

)(
1∫ ai

ai−1
p(x)dx

∫ ai

ai−1

p(x)g(x)dx

) s
t

≥ 1
P(b)

∫ b

a
p(x)g

s
t (x)dx.

Substituing g with gt and raising to the power of 1
s , we get the result.

Cases t = 0 or s = 0 follows from the inequalities (1.20) and (1.21) by simple limiting
process. �

Means of the type

Mt

(
Ms (g; p;ai−1,ai) ;

∫ ai

ai−1

p(x)dx;1,n

)

can be regarded as mixed means.
Let p be positive integrable function defined on [a,b] and g be any integrable func-

tion defined on [a,b]. Then for a strictly monotone continuous function h whose domain
belongs to the image of g, the quasi arithmetic mean is defined as follows:

Mh(g; p;a,b) = h−1

(
1∫ b

a p(x)dx

∫ b

a
p(x)h(g(x))dx

)
.

Using Theorem 1.11 we obtain the following inequalities for quasi arithmetic means.

Corollary 1.7 Let p be a positive integrable function defined on [a,b], g any integrable
function defined on [a,b] and let a0,a1, . . . ,an−1,an be arbitrary such that a = a0 < a1 <
· · · < an−1 < an = b. Also assume that h is a strictly monotone continuous function whose
domain belongs to the image of g. If f ◦ h−1 is convex function then

f (Mh(g; p;a,b)) ≤ 1
P(b)

n


i=1

(∫ ai

ai−1

p(x)dx

)
f (Mh(g; p;ai−1,ai))

≤ 1
P(b)

∫ b

a
p(x) f (g(x))dx.

Proof. We use Theorem 1.11 with f substituting with f ◦ h−1 and g with h ◦ g. �
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1.2 Applications in information theory

In this section we give some interesting estimates concerning the discrete and the integral
Csiszár f -divergence, and also for its important special cases (see for example [1], [5], [6],
[10], [12], [15]).

Also, in the discrete case bounds for the Zipf-Mandelbrot law divergence are obtained.
First we consider the discrete case.
Let us denote the set of all probability densities by P, i.e. ppp = (p1, . . . , pn) ∈ P if

pi ∈ [0,1] for i = 1, . . . ,n and n
i=1 pi = 1.

In [1] Csiszár introduced the f−divergence functional as

Df (ppp,qqq) =
n


i=1

qi f

(
pi

qi

)
, (1.22)

where f : [0,+〉 is a convex function, and it represents a “distance function” on the set of
probability distributions P.

In order to use nonnegative probability distributions in the f -divergence functional, we
assume as usual

f (0) := lim
t→0+

f (t), 0 · f

(
0
0

)
:= 0, 0 · f

(a
0

)
:= lim

t→0+
t f
(a

t

)
,

and the following definition of a generalized f -divergence functional D̂ is given.

Definition 1.2 (THE CSISZÁR f−DIVERGENCE FUNCTIONAL) Let J ⊂ R be an inter-
val, and let f : J → R be a function. Let ppp = (p1, . . . , pn) be an n-tuple of real numbers
and qqq = (q1, . . . ,qn) be an n-tuple of nonnegative real numbers such that pi/qi ∈ J for
every i = 1, . . . ,n. The Csiszár f -divergence functional is defined as

D̂ f (ppp,qqq) :=
n


i=1

qi f

(
pi

qi

)
. (1.23)

Theorem 1.17 Let I be an interval in R and f : I → R a convex function. Let ppp =
(p1, . . . , pn) be an n-tuple of real numbers and qqq = (q1, . . . ,qn) be an n-tuple of nonnegative
real numbers such that pi/qi ∈ I for every i = 1, . . . ,n, and Pn = n

i=1 pi,Qn = n
i=1 qi.

Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m
i=1Ni = {1,2, . . . ,n},

 j∈Ni
q j > 0, i = 1, . . . ,m and

 j∈Ni
p j

 j∈Ni
q j

∈ I, i = 1, . . . ,m. Then

f

(
Pn

Qn

)
≤ 1

Pn

m


i=1

(

j∈Ni

q j

)
f

(
 j∈Ni

p j

 j∈Ni
q j

)
≤ 1

Qn
D̂ f (ppp,qqq) (1.24)

holds.
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Proof. Using Theorem 1.6 with pi substituting with qi and xi with pi
qi

, we get

f

(
1
Qn

n


i=1

qi
pi

qi

)
≤ 1

Pn

m


i=1

(

j∈Ni

q j

)
f

(
 j∈Ni

q j
p j
q j

 j∈Ni
q j

)
≤ 1

Qn

n


i=1

qi f

(
pi

qi

)
,

which is (1.24). �

Corollary 1.8 If in the previous theorem we take ppp and qqq to be probability distributions,
we directly get the following result:

f (1) ≤
m


i=1

(

j∈Ni

q j

)
f

(
 j∈Ni

p j

 j∈Ni
q j

)
≤ Df (ppp,qqq). (1.25)

Theorem 1.18 Let f : I → R be a convex function on I, [m,M]⊂ I, −< m < M < +.
Let ppp = (p1, . . . , pn) be an n-tuple of real numbers and qqq = (q1, . . . ,qn) be an n-tuple
of nonnegative real numbers such that m ≤ pi

qi
≤ M, i = 1, . . . ,n, and Pn = n

i=1 pi,Qn =
n

i=1 qi. Let Ni ⊆{1,2, . . . ,n}, i = 1, . . . ,m where Ni∩Nj = /0 for i �= j, ∪m
i=1Ni = {1,2, . . . ,n},

 j∈Ni
q j > 0, for i = 1, . . . ,m and mi = min{p j/q j : j ∈ Ni}, Mi = max{p j/q j : j ∈ Ni},

for i = 1, . . . ,m. Then

D̂ f (ppp,qqq) ≤
m


i=1

(

j∈Ni

q j

)⎡⎢⎣Mi −  j∈Ni
p j

 j∈Ni
q j

Mi −mi
f (mi)+

 j∈Ni
p j

 j∈Ni
q j
−mi

Mi−mi
f (Mi)

⎤
⎥⎦

≤
M− Pn

Qn

M−m
f (m)+

Pn
Qn

−m

M−m
f (M) (1.26)

holds.

Proof. Using Theorem 1.5 with pi → qi and xi → pi
qi

, we get

1
Qn

n


i=1

qi f

(
pi

qi

)

≤ 1
Qn

m


i=1

(

j∈Ni

q j

)⎡⎣Mi − 1
 j∈Ni

q j
 j∈Ni

q j
p j
q j

Mi −mi
f (mi)+

1
 j∈Ni

q j
 j∈Ni

q j
p j
q j
−mi

Mi −mi
f (Mi)

⎤
⎦

≤
M− 1

n
i=1 qi

n
i=1 qi

pi
qi

M−m
f (m)+

1
n

i=1 qi
n

i=1 qi
pi
qi
−m

M−m
f (M) ,

which is (1.26) �
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Corollary 1.9 If in the previous theorem we take ppp and qqq to be probability distributions,
we directly get the following result:

Df (ppp,qqq) ≤
m


i=1

(

j∈Ni

q j

)⎡⎢⎣Mi −  j∈Ni
p j

 j∈Ni
q j

Mi −mi
f (mi)+

 j∈Ni
p j

 j∈Ni
q j
−mi

Mi −mi
f (Mi)

⎤
⎥⎦

≤ M−1
M−m

f (m)+
1−m
M−m

f (M) . (1.27)

If ppp and qqq are probability distributions, the Kullback-Leibler divergence, also called
relative entropy is defined as

DKL(ppp,qqq) :=
n


i=1

pilog

(
pi

qi

)
.

Next corollary provides the bound for the Kullback-Leibler divergence of two proba-
bility distributions.

Corollary 1.10 Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni∩Nj = /0 for i �= j, ∪m
i=1Ni =

{1,2, . . . ,n} and  j∈Ni
q j > 0, i = 1, . . . ,m.

• Let ppp = (p1, . . . , pn), qqq = (q1, . . . ,qn) be n-tuples of nonnegative real numbers, Pn =
n

i=1 pi,Qn = n
i=1 qi.. Then

Pn

Qn
log

Pn

Qn
≤ 1

Pn

m


i=1

(

j∈Ni

p j

)
log

 j∈Ni
p j

 j∈Ni
q j

≤ 1
Qn

n


i=1

pi log
pi

qi
.

• Let ppp = (p1, . . . , pn), qqq = (q1, . . . ,qn) ∈ P be probability distributions. Then

0 ≤
m


i=1

(

j∈Ni

p j

)
log

 j∈Ni
p j

 j∈Ni
q j

≤ DKL(ppp,qqq).

Proof. Let ppp = (p1, . . . , pn) and qqq = (q1, . . . ,qn) be n-tuples of nonnegative real numbers.
Since the function t �→ t logt is convex, the first inequality follows from Theorem 1.17 by
setting f (t) = t log t.

The second inequality is a special case of the first inequality for probability distribu-
tions ppp and qqq. �

Corollary 1.11 Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni∩Nj = /0 for i �= j, ∪m
i=1Ni =

{1,2, . . . ,n} and  j∈Ni
q j > 0, for i = 1, . . . ,m.

• Let ppp = (p1, . . . , pn) and qqq = (q1, . . . ,qn) be n-tuples of nonnegative real numbers.
Let m = min{pi/qi : i = 1, . . . ,n}, M = max{pi/qi : i = 1, . . . ,n}, mi = min{p j/q j :
j ∈ Ni} and Mi = max{p j/q j : j ∈ Ni}, for i = 1, . . . ,m. Then

n


i=1

pi log
pi

qi
≤

m


i=1

(

j∈Ni

q j

)
1

Mi −mi
log

⎛
⎝m

mi(Mi−
 j∈Ni

p j
 j∈Ni

q j

i M
Mi(

 j∈Ni
p j

 j∈Ni
q j

−mi)

i

⎞
⎠

≤ 1
M−m

log
(
mm(M− Pn

Qn
)MM( Pn

Qn
−m)
)

.
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• Let ppp = (p1, . . . , pn) and qqq = (q1, . . . ,qn) ∈ P be probability distributions. Let m =
min{pi/qi : i = 1, . . . ,n}, M = max{pi/qi : i = 1, . . . ,n}, mi = min{p j/q j : j ∈ Ni}
and Mi = max{p j/q j : j ∈ Ni}, for i = 1, . . . ,m. Then

DKL(ppp,qqq) ≤
m


i=1

(

j∈Ni

q j

)
1

Mi −mi
log

⎛
⎝m

mi(Mi−
 j∈Ni

p j
 j∈Ni

q j

i M
Mi(

 j∈Ni
p j

 j∈Ni
q j

−mi)

i

⎞
⎠

≤ 1
M−m

log
(
mm(M−1)MM(1−m)

)
.

Proof. Let ppp = (p1, . . . , pn) and qqq = (q1, . . . ,qn) be n-tuples of nonnegative real numbers.
Since the function t �→ t logt is convex, the first inequality follows from Theorem 1.18 by
setting f (t) = t logt.

The second inequality is a special case of the first inequality for probability distribu-
tions ppp and qqq. �

Now we deduce the relations for some more special cases of the Csiszár f -divergence.

Definition 1.3 (JEFFREY’S DISTANCE) For ppp,qqq ∈ P the discrete Jeffrey distance is de-
fined as

Jd(ppp,qqq) =
n


i=1

(pi −qi) log
pi

qi
.

Corollary 1.12 Let ppp,qqq ∈ P. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for
i �= j, ∪m

i=1Ni = {1,2, . . . ,n} and  j∈Ni
q j > 0, i = 1, . . . ,m. Then

0 ≤
m


i=1

(

j∈Ni

p j − 
j∈Ni

q j

)
log

 j∈Ni
p j

 j∈Ni
q j

≤ Jd(ppp,qqq). (1.28)

Proof. Using Corollary 1.8 with f (t) = (t−1) logt, t ∈ R
+, we get

(1−1) log1 ≤
m


i=1

(

j∈Ni

q j

)(
 j∈Ni

p j

 j∈Ni
q j

−1

)
log

 j∈Ni
p j

 j∈Ni
q j

≤
n


i=1

qi

(
pi

qi
−1

)
log

pi

qi
,

and (1.28) easily follows. �

Corollary 1.13 Let m,M such that 0 < m < M < +, ppp,qqq ∈ P such that m ≤ pi
qi

≤
M, i = 1, . . . ,n. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni =
{1,2, . . . ,n}, j∈Ni

q j > 0, for i = 1, . . . ,m and mi = min{p j/q j : j∈Ni}, Mi = max{p j/q j :
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j ∈ Ni}, for i = 1, . . . ,m. Then

Jd(ppp,qqq) ≤
m


i=1

(

j∈Ni

q j

)⎡⎢⎣Mi −  j∈Ni
p j

 j∈Ni
q j

Mi −mi
(mi −1) logmi +

 j∈Ni
p j

 j∈Ni
q j
−mi

Mi −mi
(Mi −1) logMi

⎤
⎥⎦

≤ log

(
M
m

) (1−m)(M−1)
M−m

(1.29)

holds.

Proof. Using Corollary 1.9 with f (t) = (t −1) logt, t ∈ R
+, we get

n


i=1

qi

(
pi

qi
−1

)
log

pi

qi

≤
m


i=1

(

j∈Ni

q j

)⎡⎢⎣Mi −  j∈Ni
p j

 j∈Ni
q j

Mi −mi
(mi−1) logmi +

 j∈Ni
p j

 j∈Ni
q j
−mi

Mi−mi
(Mi −1) logMi

⎤
⎥⎦

≤ M−1
M−m

(m−1) logm+
1−m
M−m

(M−1) logM,

and (1.29) easily follows. �

Definition 1.4 (THE HELLINGER DISTANCE) For ppp,qqq ∈ P the discrete Hellinger dis-
tance is defined as

Hd(ppp,qqq) =
n


i=1

(
√

pi−√
qi)2.

Corollary 1.14 Let ppp,qqq ∈ P. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for
i �= j, ∪m

i=1Ni = {1,2, . . . ,n} and  j∈Ni
q j > 0, i = 1, . . . ,m. Then

0 ≤
m


i=1

(√

j∈Ni

p j −
√

j∈Ni

q j

)2

≤ Hd(ppp,qqq). (1.30)

Proof. Using Corollary 1.8 with f (t) = (
√

t−1)2, t ∈ R
+ (1.30) follows. �

Corollary 1.15 Let m,M such that 0 < m < M < +, ppp,qqq ∈ P such that m ≤ pi
qi

≤
M, i = 1, . . . ,n. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni =
{1,2, . . . ,n}, j∈Ni

q j > 0, for i = 1, . . . ,m and mi = min{p j/q j : j ∈Ni}, Mi = max{p j/q j :
j ∈ Ni}, for i = 1, . . . ,m. Then

Hd(ppp,qqq) ≤
m


i=1

(

j∈Ni

q j

)⎡⎢⎣Mi −  j∈Ni
p j

 j∈Ni
q j

Mi−mi
(
√

mi−1)2 +

 j∈Ni
p j

 j∈Ni
q j
−mi

Mi −mi
(
√

Mi −1)2

⎤
⎥⎦

≤ M−1
M−m

(
√

m−1)2 +
1−m
M−m

(
√

M−1)2 (1.31)
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holds.

Proof. Using Corollary 1.9 with f (t) = (
√

t−1)2, t ∈ R
+ (1.31) follows. �

Definition 1.5 (BHATTACHARYYA DISTANCE) For ppp,qqq ∈ P the discrete Bhattacharyya
distance is defined as

Bd(ppp,qqq) =
n


i=1

√
piqi.

Corollary 1.16 Let ppp,qqq ∈ P. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for
i �= j, ∪m

i=1Ni = {1,2, . . . ,n} and  j∈Ni
q j > 0, i = 1, . . . ,m. Then

−1 ≤ −
m


i=1

√

j∈Ni

p j 
j∈Ni

q j ≤−Bd(ppp,qqq). (1.32)

Proof. Using Corollary 1.8 with f (t) = −√
t, t ∈ R

+ (1.32) follows. �

Corollary 1.17 Let m,M such that 0 < m < M < +, ppp,qqq ∈ P such that m ≤ pi
qi

≤
M, i = 1, . . . ,n. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni =
{1,2, . . . ,n}, j∈Ni

q j > 0, for i = 1, . . . ,m and mi = min{p j/q j : j∈Ni}, Mi = max{p j/q j :
j ∈ Ni}, for i = 1, . . . ,m. Then

−Bd(ppp,qqq) ≤
m


i=1

(

j∈Ni

q j

) (√
miMi +

 j∈Ni
p j

 j∈Ni
q j

)(√
mi −

√
Mi
)

Mi −mi

≤ (
√

mM +1)(
√

m−√
M)

M−m
(1.33)

holds.

Proof. Using Corollary 1.9 with f (t) = −√
t, t ∈ R

+, (1.33) follows. �

Now we are going to derive the results from Theorems (1.17) and (1.18) for the Zipf-
Mandelbrot law.

The Zipf-Mandelbrot law is a discrete probability distribution and is defined by the
following probability mass function

f (i;M,s,t) =
1

(i+ t)sHM,s,t
, i = 1, . . . ,M,

where

HM,s,t =
M


i=1

1
(i+ t)s

is a generalization of the hormonic number and M ∈N, s > 0 and t ∈ [0,〉 are parameters.
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If we define q as a Zipf-Mandelbrot law M-tuple, we have

qi =
1

(i+ t2)s2HM,s2,t2
, i = 1, . . . ,M,

where

HM,s2,t2 =
M


i=1

1
(i+ t2)s2

,

and the Csiszar functional becomes

D̂ f (p, i,M,s2,t2) =
M


i=1

1
(i+ t2)s2HM,s2,t2

f (pi(i+ t2)s2HM,s2,t2) ,

where f : I → R, I ⊆ R, and the parameters M ∈ N, s2 > 0, t2 ≥ 0 are such that pi(i +
t2)s2HM,s2,t2 ∈ I, i = 1, . . . ,M.

If p and q are both defined as Zipf-Mandelbrot law M-tuples, then the Csiszar func-
tional becomes

D̂ f (i,M,s1,s2,t1,t2) =
M


i=1

1
(i+ t2)s2HM,s2,t2

f

(
(i+ t2)s2HM,s2,t2

(i+ t1)s1HM,s1,t1

)
,

where f : I → R, I ⊆ R, and the parameters M ∈ N, s1,s2 > 0, t1, t2 ≥ 0 are such that
(i+t2)s2 HM,s2 ,t2
(i+t1)s1 HM,s1 ,t1

∈ I, i = 1, . . . ,M.

Now from Theorem 1.17 we have the following result.

Corollary 1.18 Let I be an interval in R and f : I → R a convex function. Let ppp =
(p1, . . . , pn) be an n-tuple of real numbers, Pn =n

i=1 pi, and qqq = (q1, . . . ,qn) be an n-tuple
of nonnegative real numbers such that pi/qi ∈ I for every i = 1, . . . ,n. Let Ni ⊆{1,2, . . . ,n},
i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni = {1,2, . . . ,n}. Suppose s2 > 0, t2 ≥ 0
are such that pi(i+ t2)s2Hn,s2,t2 ∈ I, i = 1, . . . ,n,  j∈Ni

p j( j + t2)s2Hn,s2,t2 ∈ I, i = 1, . . . ,m.
Then

f (Pn) ≤ 1
Pn

m


i=1

(

j∈Ni

1
( j + t2)s2Hn,s2,t2

)
f

⎛
⎝  j∈Ni

p j

 j∈Ni
1

( j+t2)s2Hn,s2 ,t2

⎞
⎠

≤ D̂ f (p, i,n,s2,t2) (1.34)

holds.

Proof. If we define q as a Zipf-Mandelbrot law n-tuple with parameters s2,t2, then from
Theorem 1.17 it follows

f (Pn) ≤ 1
Pn

m


i=1

(

j∈Ni

1
( j + t2)s2Hn,s2,t2

)
f

⎛
⎝  j∈Ni

p j

 j∈Ni
1

( j+t2)s2Hn,s2 ,t2

⎞
⎠

≤
n


i=1

1
( j + t2)s2Hn,s2,t2

f (pi(i+ t2)s2Hn,s2,t2) ,
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which is (1.34). �

From Theorem 1.18 we have the following result.

Corollary 1.19 Let f : I → R be a convex function on I, [m,M] ⊂ I, − < m < M <
+. Let ppp = (p1, . . . , pn) be an n-tuple of real numbers, Pn = n

i=1 pi.. Suppose s2 > 0,
t2 ≥ 0 are such that m ≤ pi(i + t2)s2Hn,s2,t2 ≤ M, i = 1, . . . ,n. Let Ni ⊆ {1,2, . . . ,n},
i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni = {1,2, . . . ,n}, pi(i + t2)s2Hn,s2,t2 ∈ I,

i = 1, . . . ,n,
 j∈Ni

p j

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

∈ I, i = 1, . . . ,m and mi = min{p j/( j+ t2)s2Hn,s2,t2 : j ∈Ni},
Mi = max{p j/( j + t2)s2Hn,s2,t2 :
j ∈ Ni}, for i = 1, . . . ,m. Then

D̂ f (p, i,n,s2, t2) ≤
m


i=1

(

j∈Ni

1
( j + t2)s2Hn,s2,t2

)

×

⎡
⎢⎢⎣

Mi−  j∈Ni
p j

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

Mi −mi
f (mi)+

 j∈Ni
p j

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

−mi

Mi −mi
f (Mi)

⎤
⎥⎥⎦

≤ M−Pn

M−m
f (m)+

Pn−m
M−m

f (M) (1.35)

holds.

Proof. If we define q as a Zipf-Mandelbrot law n-tuple with parameters s2, t2, then from
Theorem 1.18 it follows

n


i=1

1
( j + t2)s2Hn,s2,t2

f (pi(i+ t2)s2Hn,s2,t2)

≤
m


i=1

(

j∈Ni

1
( j+t2)s2Hn,s2,t2

)

×

⎡
⎢⎢⎣

Mi−  j∈Ni
p j

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

Mi−mi
f (mi)+

 j∈Ni
p j

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

−mi

Mi−mi
f (Mi)

⎤
⎥⎥⎦

≤ M− Pn
1

M−m
f (m)+

Pn
1 −m

M−m
f (M) ,

which is (1.35) �

Now from Theorem 1.17 we also have the following result.
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Corollary 1.20 Let I be an interval in R and f : I → R a convex function. Let Ni ⊆
{1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni = {1,2, . . . ,n}. Suppose

s1,s2 > 0, t1,t2 ≥ 0 are such that
(i+t2)s2Hn,s2 ,t2
(i+t1)s1Hn,s1 ,t1

∈ I, i = 1, . . . ,n,  j∈Ni

( j+t2)s2 Hn,s2 ,t2
( j+t1)s1 Hn,s1 ,t1

∈ I,

 j∈Ni
1

( j+t1)s1 Hn,s1,t1

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

∈ I, i = 1, . . . ,m. Then

f (1) ≤ 1
Pn

m


i=1

(

j∈Ni

1
( j + t2)s2Hn,s2,t2

)
f

⎛
⎝ j∈Ni

1
( j+t1)s1 Hn,s1 ,t1

 j∈Ni
1

( j+t2)s2 Hn,s2 ,t2

⎞
⎠

≤ D̂ f (i,n,s1,s2,t1,t2) (1.36)

holds.

Proof. If we define p,q as a Zipf-Mandelbrot law n-tuples with parameters s1,t1,s2,t2,
then from Theorem 1.17, we get (1.36). �

From Theorem 1.18 we have the following result.

Corollary 1.21 Let f : I → R be a convex function on I, [m,M]⊂ I, −< m < M < +.

Suppose s1,s2 > 0,t1,t2 ≥ 0 are such that m ≤ (i+t2)s2 Hn,s2 ,t2
(i+t1)s1 Hn,s1 ,t1

≤ M, i = 1, . . . ,n. Let Ni ⊆
{1,2, . . . ,n}, i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni = {1,2, . . . ,n}, (i+t2)s2 Hn,s2 ,t2
(i+t1)s1 Hn,s1 ,t1

∈ I, i = 1, . . . ,n,
 j∈Ni

1
( j+t1)s1 Hn,s1,t1

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

∈ I, i = 1, . . . ,m and mi = min
{

( j+t2)s2Hn,s2 ,t2
( j+t1)s1Hn,s1 ,t1

: j ∈ Ni

}
,

Mi = max
{

( j+t2)s2 Hn,s2 ,t2
( j+t1)s1 Hn,s1 ,t1

: j ∈ Ni

}
, for i = 1, . . . ,m. Then

D̂ f (i,n,s1,s2,t1,t2)

≤
m


i=1

(

j∈Ni

1
( j + t2)s2Hn,s2,t2

)

×

⎡
⎢⎢⎢⎢⎣

Mi −
 j∈Ni

1
( j+t1)s1 Hn,s1,t1

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

Mi−mi
f (mi)+

 j∈Ni
1

( j+t1)s1Hn,s1,t1

 j∈Ni
1

( j+t2)s2Hn,s2,t2

−mi

Mi −mi
f (Mi)

⎤
⎥⎥⎥⎥⎦

≤ M−1
M−m

f (m)+
1−m
M−m

f (M) (1.37)

holds.

Proof. If we define p,q as a Zipf-Mandelbrot law n-tuples with parameters s1,t1,s2,t2,
then from Theorem 1.18, we get (1.37). �

Since min1≤i≤n{qi} = 1
(n+t2)s2Hl,s2 ,t2

and max1≤i≤n{qi} = 1
(1+t2)s2Hl,s2 ,t2

, from the right-

hand side of (1.34) and the left-hand side of (1.35), we get the following result.
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Corollary 1.22 Let f : I → R
+ be a convex function on I, [m,M] ⊂ I, − < m < M <

+. Let ppp = (p1, . . . , pn) be an n-tuple of real numbers, Pn = n
i=1 pi. Suppose s2 >

0, t2 ≥ 0 are such that m ≤ pi(i + t2)s2Hn,s2,t2 ≤ M, i = 1, . . . ,n. Let Ni ⊆ {1,2, . . . ,n},
i = 1, . . . ,m where Ni ∩Nj = /0 for i �= j, ∪m

i=1Ni = {1,2, . . . ,n}, pi(i + t2)s2Hn,s2,t2 ∈ I,

i = 1, . . . ,n,
 j∈Ni

p j

 j∈Ni
1

( j+t2)s2 Hn,s2,t2

∈ I, i = 1, . . . ,m and mi = min{p j/( j+ t2)s2Hn,s2,t2 : j ∈Ni},
Mi = max{p j/( j + t2)s2Hn,s2,t2 : j ∈ Ni}, for i = 1, . . . ,m. Then

1
Pn(n+ t2)s2Hn,s2,t2

m


i=1

|Ni| f
⎛
⎝  j∈Ni

p j

 j∈Ni
1

( j+t2)s2Hn,s2 ,t2

⎞
⎠

≤ D̂ f (p, i,n,s2,t2)

≤ 1
(1+ t2)s2Hn,s2,t2

m


i=1

[
Mi |Ni|− (1+ t2)s2Hn,s2,t2  j∈Ni

p j

Mi−mi
f (mi)

+
(n+ t2)s2Hn,s2,t2  j∈Ni

p j −mi |Ni|
Mi −mi

f (Mi)
]

(1.38)

holds.

Proof. Using min1≤i≤n{qi} = 1
(n+t2)s2Hl,s2,t2

and max1≤i≤n{qi} = 1
(1+t2)s2 Hl,s2,t2

from the

right-hand side of (1.34) and the left-hand side of (1.35), we get

1
Pn

m


i=1

(

j∈Ni

1
(n+ t2)s2Hn,s2,t2

)
f

⎛
⎝  j∈Ni

p j

 j∈Ni
1

( j+t2)s2Hn,s2 ,t2

⎞
⎠

≤ D̂ f (p, i,n,s2,t2)

≤
m


i=1

(

j∈Ni

1
(1+ t2)s2Hn,s2,t2

)

×

⎡
⎢⎢⎣

Mi −  j∈Ni
p j

 j∈Ni
1

(1+t2)s2 Hn,s2,t2

Mi −mi
f (mi)+

 j∈Ni
p j

 j∈Ni
1

(n+t2)s2 Hn,s2,t2

−mi

Mi −mi
f (Mi)

⎤
⎥⎥⎦ ,

and (1.38) follows. �

Now we consider the integral case.

Definition 1.6 (CSISZÁR DIVERGENCE) Let f : I → R be a function defined on some
positive interval I and let p,q : [a,b] → R

+ be two probability density functions such that
p(t)
q(t) ∈ I, for all t ∈ [a,b]. The Csiszár divergence is defined as

Cd(p,q) =
∫ b

a
q(t) f

(
p(t)
q(t)

)
dt.
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Theorem 1.19 Let f : I → R be a convex function defined on some positive interval I, let
p,q : [a,b] → R

+ be probability density functions such that p(t)
q(t) ∈ I, for all t ∈ [a,b], and

let a0,a1, . . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

f (1) ≤
n


i=1

(∫ ai

ai−1

q(t)dt

)
f

(∫ ai
ai−1

p(t)dt∫ ai
ai−1

q(t)dt

)
≤Cd(p,q).

Proof. Using Theorem 1.11 with p substituting with q and g with p
q we obtain the result.

The condition p(t)
q(t) ∈ I, for all t ∈ [a,b] obviously implies 1 ∈ I and

∫ ai
ai−1 p(t)dt∫ ai
ai−1 q(t)dt

∈ I for

every i = 1, . . . ,n. �

Theorem 1.20 Let f : I → R be a convex function defined on some positive interval I, let
p,q : [a,b] → R

+ be probability density functions such that p(t)
q(t) ∈ I, for all t ∈ [a,b], and

let a0,a1, . . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Let mi ≤
p(t)
q(t) ≤ Mi, for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi.
Then

Cd(p,q) ≤
n


i=1

(∫ ai

ai−1

q(t)dt

)⎡⎢⎢⎣
Mi −

∫ ai
ai−1 p(t)dt∫ ai
ai−1 q(t)dt

Mi −mi
f (mi)+

∫ ai
ai−1 p(t)dt∫ ai
ai−1 q(t)dt

−mi

Mi −mi
f (Mi)

⎤
⎥⎥⎦

≤ M−1
M−m

f (m)+
1−m
M−m

f (M).

Proof. Using Theorem 1.12 with p substituting q and g with p
q we obtain the result. �

Definition 1.7 (KULLBACK-LEIBLER DIVERGENCE) Let p,q : [a,b]→R
+ be two prob-

ability density functions. The Kullback-Leibler divergence is defined as

KLd(p,q) =
∫ b

a
p(t) log

(
p(t)
q(t)

)
dt.

Corollary 1.23 Let p,q : [a,b] → R
+ be probability density functions and let a0,a1,

. . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

0 ≤
n


i=1

(∫ ai

ai−1

p(t)dt

)
log

(∫ ai
ai−1

p(t)dt∫ ai
ai−1

q(t)dt

)
≤ KLd(p,q).

Proof. Using Theorem 1.19 with f (t) = t log t, t ∈ R
+, we obtain the result. �

Corollary 1.24 Let p,q : [a,b] → R
+ be probability density functions, let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b and let mi ≤ 1
q(t) ≤ Mi,
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for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi. Then

KLd(p,q) ≤
n


i=1

(∫ ai

ai−1

q(t)dt

)⎡⎢⎢⎣
Mi−

∫ ai
ai−1 p(t)dt∫ ai
ai−1 q(t)dt

Mi −mi
mi logmi +

∫ ai
ai−1 p(t)dt∫ ai
ai−1 q(t)dt

−mi

Mi −mi
Mi logMi

⎤
⎥⎥⎦

≤ M−1
M−m

m logm+
1−m
M−m

M logM.

Proof. Using Theorem 1.20 with f (t) = t logt, t ∈ R
+ we obtain the result. �

Definition 1.8 (VARIATIONAL DISTANCE) Let p,q : [a,b]→R
+ be two probability den-

sity functions. The variational distance is defined by

Vd(p,q) =
∫ b

a
|p(t)−q(t)|dt.

The following corollary can be also proved elementary by using the triangle inequality
for integrals.

Corollary 1.25 Let p,q : [a,b] → R
+ be probability density functions and let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

0 ≤
n


i=1

∣∣∣∣
∫ ai

ai−1

p(t)dt−
∫ ai

ai−1

q(t)dt

∣∣∣∣≤Vd(p,q).

Proof. Using Theorem 1.19 with f (t) = |t−1|, t ∈ R
+ we obtain the result. �

Corollary 1.26 Let p,q : [a,b] → R
+ be probability density functions, let a0,a1,

. . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b and let mi ≤ p(t)
q(t) ≤

Mi, for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi. Then∫ b

a
|p(t)−q(t)|dt

≤
n


i=1

[
Mi
∫ ai
ai−1

q(t)dt− ∫ ai
ai−1

p(t)dt

Mi −mi
|mi −1|+

∫ ai
ai−1

p(t)dt−mi
∫ ai
ai−1

q(t)dt

Mi −mi
|Mi −1|

]

≤ 2(M−1)(1−m)
M−m

.

Proof. Using Theorem 1.20 with f (t) = |t − 1|, t ∈ R
+ and m ≤ 1 ≤ M we obtain the

result. �

Definition 1.9 (JEFFREY’S DISTANCE) Let p,q : [a,b] → R
+ be two probability density

functions. The Jeffrey distance is defined by

Jd(p,q) =
∫ b

a
(p(t)−q(t)) log

(
p(t)
q(t)

)
dt.
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Corollary 1.27 Let p,q : [a,b] → R
+ be probability density functions and let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

0 ≤
n


i=1

(∫ ai

ai−1

p(t)dt−
∫ ai

ai−1

q(t)dt

)
log

(∫ ai
ai−1

p(t)dt∫ ai
ai−1

q(t)dt

)
≤ Jd(p,q).

Proof. Using Theorem 1.19 with f (t) = (t −1) logt, t ∈ R
+ we obtain the result. �

Corollary 1.28 Let p,q : [a,b] → R
+ be probability density functions, let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b and let mi ≤ p(t)
q(t) ≤ Mi,

for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi.

Jd(p,q) ≤
n


i=1

[
Mi
∫ ai
ai−1

q(t)dt− ∫ ai
ai−1

p(t)dt

Mi −mi
(mi −1) logmi

+

∫ ai
ai−1

p(t)dt−mi
∫ ai
ai−1

q(t)dt

Mi −mi
(Mi −1) logMi

]

≤ (M−1)(1−m)
M−m

log
M
m

.

Proof. Using Theorem 1.20 with f (t) = (t −1) logt, t ∈ R
+ we obtain the result. �

Definition 1.10 (BHATTACHARYYA DISTANCE) Let p,q : [a,b] → R
+ be two probabil-

ity density functions. The Bhattacharyya distance is defined by

Bd(p,q) =
∫ b

a

√
p(t)q(t)dt.

Corollary 1.29 Let p,q : [a,b] → R
+ be probability density functions and let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

1 ≥
n


i=1

√∫ ai

ai−1

p(t)dt
∫ ai

ai−1

q(t)dt ≥ Bd(p,q).

Proof. Using Theorem 1.19 with f (t) = −√
t, t ∈ R

+ we obtain the result. �

Corollary 1.30 Let p,q : [a,b] → R
+ be probability density functions, let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b and let mi ≤ p(t)
q(t) ≤ Mi,

for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi. Then

Bd(p,q) ≥
n


i=1

[
Mi
∫ ai
ai−1

q(t)dt− ∫ ai
ai−1

p(t)dt

Mi −mi

√
mi +

∫ ai
ai−1

p(t)dt−mi
∫ ai
ai−1

q(t)dt

Mi −mi

√
Mi

]

≥ 1+
√

mM√
m+

√
M

.
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Proof. Using Theorem 1.20 with f (t) = −√
t, t ∈ R

+ we obtain the result. �

Definition 1.11 (HELLINGER DISTANCE) Let p,q : [a,b] → R
+ be two probability den-

sity functions. The Hellinger distance is defined by

Hd(p,q) =
∫ b

a
(
√

p(t)−
√

q(t))2dt.

Corollary 1.31 Let p,q : [a,b] → R
+ be probability density functions and let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

0 ≤
n


i=1

(√∫ ai

ai−1

p(t)dt−
√∫ ai

ai−1

q(t)dt

)2

≤ Hd(p,q)

Proof. Using Theorem 1.19 with f (t) = (
√

t−1)2, t ∈ R
+ we obtain the result. �

Corollary 1.32 Let p,q : [a,b] → R
+ be probability density functions, let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b and let mi ≤ p(t)
q(t) ≤ Mi,

for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi. Then

Hd(p,q) ≤
n


i=1

[
Mi
∫ ai
ai−1

q(t)dt− ∫ ai
ai−1

p(t)dt

Mi −mi
(
√

mi −1)2

+

∫ ai
ai−1

p(t)dt−mi
∫ ai
ai−1

q(t)dt

Mi−mi
(
√

Mi−1)2

]

≤ 2
(
√

M−1)(1−√
m)√

m+
√

M
.

Proof. Using Theorem 1.20 with f (t) = (
√

t−1)2, t ∈ R
+ we obtain the result. �

Definition 1.12 (TRIANGULAR DISCRIMINATION) Let p,q : [a,b] → R
+ be two proba-

bility density functions. The triangular discrimination between p and q is defined by

Td(p,q) =
∫ b

a

(p(t)−q(t))2

p(t)+q(t)
dt.

Corollary 1.33 Let p,q : [a,b] → R
+ be probability density functions and let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

0 ≤
n


i=1

(∫ ai
ai−1

p(t)dt− ∫ ai
ai−1

q(t)dt
)2

∫ ai
ai−1

p(t)dt +
∫ ai
ai−1

q(t)dt
≤ Td(p,q).

Proof. Using Theorem 1.19 with f (t) = (t−1)2
t+1 , t ∈ R

+ we obtain the result. �
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Corollary 1.34 Let p,q : [a,b] → R
+ be probability density functions, let a0,a1, . . . ,

an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b and let mi ≤ p(t)
q(t) ≤ Mi,

for all t ∈ [ai−1,ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi. Then

Td(p,q) ≤
n


i=1

[
Mi
∫ ai
ai−1

q(t)dt− ∫ ai
ai−1

p(t)dt

Mi −mi

(mi −1)2

mi +1

+

∫ ai
ai−1

p(t)dt−mi
∫ ai
ai−1

q(t)dt

Mi −mi

(Mi −1)2

Mi +1

]

≤ 2(M−1)(1−m)
(M +1)(m+1)

.

Proof. Using Theorem 1.20 with f (t) = (t−1)2
t+1 , t ∈ R

+ we obtain the result. �

A note on the Shannon entropy

After the concept of information theory, Shannon entropy is defined as

SE(ppp) = −
n


i=1

pi log pi,

where ppp ∈ P in its discrete case.
Integral form of the Shannon entropy assumes the following form

SE(p) = −
∫ b

a
p(t) log p(t)dt,

where p : [a,b] → R
+ be a probability density function.

The corresponding bounds for the Shannon entropy in its discrete form are given as
follows.

Corollary 1.35 Let qqq∈ P. Let Ni ⊆ {1,2, . . . ,n}, i = 1, . . . ,m where Ni∩Nj = /0 for i �= j,
∪m

i=1Ni = {1,2, . . . ,n} and  j∈Ni
q j > 0, i = 1, . . . ,m. Then

− logn ≤
m


i=1

(

j∈Ni

q j

)(
log 

j∈Ni

q j − log |Ni|
)

≤−SE(qqq).

Proof. Using Theorem 1.17 with f (t) = − log t,t ∈ R
+ and qqq ∈ P, we get

− log(Pn) ≤
m


i=1

(

j∈Ni

q j

)(
− log

(
 j∈Ni

p j

 j∈Ni
q j

))
≤

n


i=1

qi

(
− log

pi

qi

)
.

For pi = 1, i = 1, . . . ,n inequality (1.39) follows.
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Corollary 1.36 Let m,M such that 0 < m < M < +, qqq ∈ P such that m ≤ 1
qi
≤ M, i =

1, . . . ,n. Let Ni ⊆{1,2, . . . ,n}, i = 1, . . . ,m where Ni∩Nj = /0 for i �= j, ∪m
i=1Ni = {1,2, . . . ,n},

 j∈Ni
q j > 0, for i = 1, . . . ,m and mi = min{1/q j : j ∈ Ni}, Mi = max{1/q j : j ∈ Ni}, for

i = 1, . . . ,m. Then

−SE(qqq) ≤
m


i=1

(

j∈Ni

q j

)⎡⎣ |Ni|
 j∈Ni

q j
−Mi

Mi −mi
logmi +

mi−|Ni|
 j∈Ni

q j

Mi −mi
logMi

⎤
⎦

≤ n−M
M−m

logm+
m−n
M−m

logM (1.39)

holds.

Proof. Using Theorem 1.18 with f (t) = − logt,t ∈ R
+, qqq ∈ P and pi = 1, . . . ,n, we get

n


i=1

qi

(
− log

1
qi

)

≤
m


i=1

(

j∈Ni

q j

)⎡⎣Mi − |Ni|
 j∈Ni

q j

Mi −mi
(− logmi)+

|Ni |
 j∈Ni

q j
−mi

Mi −mi
(− logMi)

⎤
⎦ ,

and (1.39) easily follows.
Now we consider the integral case.
In its integral form, analogous results are as follows.

Corollary 1.37 Let q : [a,b]→R
+ be a probability density function and let a0,a1, . . . ,an−1,an

be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b. Then

− log(b−a)≤
n


i=1

(∫ ai

ai−1

q(t)dt

)
log

(∫ ai
ai−1

q(t)dt

ai−ai−1

)
≤−SE(q).

Proof. Using Theorem 1.19 with f (t) =− logt,t ∈R
+ and p(t) = 1

b−a ,t ∈ [a,b] we obtain
the result.

Corollary 1.38 Let q : [a,b] → R
+ be a probability density function, let

a0,a1, . . . ,an−1,an be arbitrary such that a = a0 < a1 < · · · < an−1 < an = b, and let mi ≤
1

q(t) ≤ Mi for all t ∈ [ai−1, ai], mi < Mi, i = 1, . . . ,n, m = min1≤i≤n mi,M = max1≤i≤n Mi.
Then

−SE(q)+ log(b−a)

≤
n


i=1

(∫ ai

ai−1

q(t)dt

)⎡⎣
ai−ai−1

(b−a)
∫ ai
ai−1 q(t)dt

−Mi

Mi −mi
logmi +

mi − ai−ai−1

(b−a)
∫ ai
ai−1 q(t)dt

Mi −mi
logMi

⎤
⎦

≤ 1−M
M−m

logm+
m−1
M−m

logM.

Proof. Using Theorem 1.20 with f (t) =− logt,t ∈R
+ and p(t) = 1

b−a ,t ∈ [a,b] we obtain
the result.
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[10] M. Adil Khan, -D. Pečarić, J. Pečarić, New refinement of the Jensen inequality asso-
ciated to certain functions with applications, J. Inequal. Appl. (2020) Article ID 76,
11 pages.
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Chapter2

Jensen-McShane type
inequalities on a rectangle
and applications

Let  be a nonempty set and L be a linear class of real-valued functions

f : → R,

having the properties:

L1: f ,g ∈ L ⇒ ( f +g) ∈ L, for all , ∈ R;

L2: 1 ∈ L, i.e., if f (t) = 1 for all t ∈, then f ∈ L.

Throughout this chapter we consider normalized isotonic positive linear functional

F : L → R,

that is, we assume

A1: F( f +g) = F( f )+F(g) for f ,g ∈ L,, ∈ R (linearity);

A2: f ∈ L, f ≥ 0 on ⇒ F( f ) ≥ 0 (positive isotonicity);

A3: F(1) = 1.

37
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For instance, some normalized linear positive functionals are:

• F( f ) = 1
()

∫
 f d, for positive measure  on ;

• F( f ) =
1

k∈ pk

k∈

fk pk, for discrete measure on = {1,2, . . .},
where 0 < 

k∈
pk <  and pk ≥ 0.

The Jensen inequality for concave (convex) functions is one of the most important in-
equalities in mathematics and statistics. There are many forms of this famous inequality
(discrete form, integral form, etc.). We will consider the McShane generalizations of the
Jensen inequality (see [13], [14, p. 48–49]).

Theorem A 1 (THE MCSHANE INEQUALITY) Let  be a continuous concave function
on a closed convex set K in R

n and F be a normalized isotonic positive linear functional
on L. Let gi be functions in L, i = 1, . . . ,n, such that (g1(t), . . . ,gn(t)) is in K for all
t ∈  and the components of (gi) are in the class L. Then (F(g1), . . . ,F(gn)) is in K,
(F(g1), . . . ,F(gn)) is defined and this inequality holds

F((g1), . . . ,(gn)) ≤ (F(g1), . . . ,F(gn)). (2.1)

If  is a continuous convex function then the reverse inequality holds.

Note that Raşa in [16] pointed out that  has to be continuous.
In this chapter we provide an extension of the McShane inequality for  being a con-

cave (convex) function defined on a rectangle D = [a,A]× [b,B] and functions g1,g2 ∈ L
such that g1(t) ∈ [a,A], g2(t) ∈ [b,B] for all t ∈ . The lower bound for F((g1),(g2))
is obtained by geometrical consideration of the secant planes of the surface z = (x,y).

This chapter is based on the results from the papers [3], [8] and [9].
Notation will be our first issue for clarifications purposes. We are observing rectangle

D = [a,A]× [b,B] separated into triangles in the two different ways:
(i) D = 1 ∪2, where 1 is a triangle with vertices (a,b),(A,b) and (a,B), and 2 =

((A,B),(a,B),(A,b)). Note that the following is valid:

1∩2 = {(x,y) : (A−a)y+(B−b)x−AB+ab= 0},
(x,y) ∈ 1 ⇔ (A−a)y+(B−b)x−AB+ab≤ 0, (2.2)

(x,y) ∈ 2 ⇔ (A−a)y+(B−b)x−AB+ab≥ 0. (2.3)

(ii) D = 3 ∪ 4, where 3 is a triangle determined with vertices (a,b),(A,B) and
(a,B), while the 4 is determined with (a,b),(A,B) and (A,b). Note that the following is
valid

3∩4 = {(x,y) : (A−a)y− (B−b)x−Ab+aB= 0},
(x,y) ∈ 3 ⇔ (A−a)y− (B−b)x−Ab+aB≥ 0, (2.4)

(x,y) ∈ 4 ⇔ (A−a)y− (B−b)x−Ab+aB≤ 0. (2.5)
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For the continuous concave (convex) function  we denote the vertices

T1(a,b,(a,b)), T2(A,B,(A,B)), T3(a,B,(a,b)) and T4(A,b,(A,B))

and the planes k determined by the vertices as follows:

1(T1,T3,T4), 2(T2,T3,T4), 3(T3,T1,T2) and 4(T4,T1,T2).

These planes are the graphs of affine functions k : D → R:

k(x,y) = kx+ ky+k, k ∈ {1,2,3,4} (2.6)

with the coefficients:

1 = 4 =
(A,b)−(a,b)

A−a
, 1 = 3 =

(a,B)−(a,b)
B−b

,

2 = 3 =
(A,B)−(a,B)

A−a
, 2 = 4 =

(A,B)−(A,b)
B−b

, (2.7)

1 = (a,b)−1a− 1b, 2 = (A,B)−2A− 2B,

3 = (a,B)−3a− 3B, 4 = (A,b)−4A− 4b.

Let us denote
 = (a,b)−(a,B)−(A,b)+(A,B). (2.8)

In this geometrical setting, a condition  > 0 means that the edge T3T4 lies below the
edge T1T2.

Let Mij,mi j : D → R, (i, j) ∈ {(1,2),(3,4)} denote functions defined by

Mij(x,y) = max{i(x,y), j(x,y),
mi j(x,y) = min{i(x,y), j(x,y)}. (2.9)

The compositions of functions Mij(g1,g2) : → R and mi j(g1,g2) : → R are well
defined for g1,g2 ∈ L such that g1(t) ∈ [a,A],g2(t) ∈ [b,B] for all t ∈ by

Mij(g1,g2)(t) = Mij(g1(t),g2(t)) = max{i(g1(t),g2(t)), j(g2(t),g2(t))},
mi j(g1,g2)(t) = Mij(g1(t),g2(t)) = min{i(g1(t),g2(t)), j(g2(t),g2(t))}.

These functions Mij,mi j : D → R can be defined also as follows:

Mij(x,y) =
(i + j)x+(i +  j)y+i + j

2
+

|(i− j)x+(i−  j)y+i− j|
2

and

mi j(x,y) =
(i + j)x+(i +  j)y+i + j

2
− |(i− j)x+(i−  j)y+i− j|

2
.

We introduce the functions:

12(x,y) =
{
1(x,y), (x,y) ∈ 1

2(x,y), (x,y) ∈ 2
and 34(x,y) =

{
3(x,y), (x,y) ∈ 3

4(x,y), (x,y) ∈ 4.
(2.10)

The compsite functions 12(g1,g2) :→ R and 34(g1,g2) :→ R, are well defined for
g1,g2 ∈ L such that g1(t) ∈ [a,A], g2(t) ∈ [b,B] for all t ∈.

The following lemma integrates the previously presented relations.



40 2 J-MCS TYPE INEQUALITIES ON A RECTANGLE AND APPLICATIONS

Lemma 2.1 Let Mi j,mi j , 12 and 34 be functions defined in (2.9) and (2.10). For a
function  : D → R and  defined by (2.8) we have

(i) if  ≥ 0, then for all (x,y) ∈ D

12(x,y) ≤ 34(x,y), (2.11)

and
12(x,y) = M12(x,y) and 34(x,y) = m34(x,y); (2.12)

(ii) if  ≤ 0, then for all (x,y) ∈ D

12(x,y) ≥ 34(x,y), (2.13)

and
12(x,y) = m12(x,y) and 34(x,y) = M34(x,y). (2.14)

Proof. Using elementary algebra, we can obtain some convenient formulas. Namely, in
the term of  there exist relations:

2(x,y)−1(x,y) =  · (A−a)y+(B−b)x−AB+ab
(B−b)(A−a)

; (2.15)

4(x,y)−1(x,y) =  · y−b
B−b

; (2.16)

3(x,y)−1(x,y) =  · x−a
A−a

; (2.17)

3(x,y)−2(x,y) =  · B− y
B−b

; (2.18)

4(x,y)−2(x,y) =  · A− x
A−a

; (2.19)

4(x,y)−3(x,y) =  · (A−a)y− (B−b)x−Ab+aB
(B−b)(A−a)

. (2.20)

According to (2.16), (2.17), (2.18) and (2.19) for all (x,y) in D we have

 j(x,y)−i(x,y) ≥ 0 for j ∈ {3,4}, i ∈ {1,2},

and (2.11) holds by (2.10).
To prove the claims in expression (2.12), we check that for (x,y) ∈ 1, (2.2) and (2.15)

entail that 1 ≥ 2 and consequently M12(x,y) = 1(x,y) = 12(x,y).
If (x,y) ∈ 2, then (2.3) and (2.15) give us that 1 ≤ 2, and therefore M12(x,y) =

2(x,y) = 12(x,y).
Furthermore, we note that for (x,y) ∈ 3, (2.4) and (2.20) entail that 4 ≥ 3 and

m34(x,y) = 3(x,y) = 34(x,y).
Finally, for (x,y) ∈ 4, (2.5) and (2.20) ensure that 4 ≤ 3, so m34(x,y) = 4(x,y) =

34(x,y) according to definitions (2.10), as previously mentioned. �
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2.1 Jensen-McShane type inequality on a rectangle

2.1.1 Main result

Here we state the basic result of this chapter, a refinement of the Jensen-McShane type
inequality on a rectangle proved in [3].

Theorem 2.1 Let F : L → R be a normalized isotonic positive linear functional, where
L is a linear space of real-valued functions defined on a nonempty set . Moreover, let
g1,g2 ∈ L be functions such that g1(t) ∈ [a,A], g2(t) ∈ [b,B] for all t ∈  and 12,34 be
functions defined by (2.10).

If  : D = [a,A]× [b,B]→ R is a continuous concave function then

max{F(12(g1,g2)),F(34(g1,g2))}
≤ F(max{12(g1,g2),34(g1,g2)})
≤ F((g1,g2)) ≤ (F(g1),F(g2)), (2.21)

and if  : D → R is a continuous convex function then

min{F(12(g1,g2)),F(34(g1,g2))}
≥ F(min{12(g1,g2),34(g1,g2)})
≥ F((g1,g2)) ≥ (F(g1),F(g2)). (2.22)

Proof. Note that from the property A1 we can obtain

A1’: F(l(g1,g2, . . . ,gn)) = l(F(g1),F(g2), . . . ,F(gn))
for every function l that is linear on R

n.
So, for linear functions i defined by (2.6) we conclude that

F(i(g1,g2)) = i(F(g1,g2)), i = 1, . . . ,4,

and F(max{12(g1,g2),34(g1,g2)}) is well defined. The statement of the McShane theo-
rem ensures that (F(g1),F(g2)) ∈ D.

The first inequality (2.21) follows by applying the monotonicity property of the func-
tional F :

12(g1,g2) ≤ max{12(g1,g2),34(g1,g2)},
34(g1,g2) ≤ max{12(g1,g2),34(g1,g2)},

F(12(g1,g2)) ≤ F(max{12(g1,g2),34(g1,g2)}),
F(34(g1,g2)) ≤ F(max{12(g1,g2),34(g1,g2)}).

The concavity of  : D → R provides that for all t ∈  and (g1(t),g2(t)) ∈ i,
i = 1, . . . ,4 it holds:

i(g1(t),g2(t)) ≤ (g1(t),g2(t)). (2.23)
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In the case of  being a convex function, the inequalities are reversed.
Using (2.10) and inequalities (2.23) we show that the following inequalities hold for

concave functions  , for all t ∈:

12(g1,g2) ≤ (g1,g2) and 34(g1,g2) ≤ (g1,g2).

Hence we have

max{12(g1,g2),34(g1,g2)} ≤ (g1,g2).

Applying the normalized positive linear functional F we obtain the second inequality
in (2.21).

The third inequality in (2.21) is the well-known Jensen inequality which was modified
by Jessen and generalized by McShane (2.1).

To prove (2.22), note that if  is convex, then − is a concave function. �

By setting conditions  ≥ 0 or  ≤ 0 then Theorem 2.1 can be generalized as fol-
lows.

Theorem 2.2 Let F : L → R be a normalized isotonic positive linear functional, where
L is a linear space of real-valued functions defined on a nonempty set . Moreover, let
g1,g2 ∈ L be functions such that g1(t) ∈ [a,A], g2(t) ∈ [b,B] for all t ∈  , 12,34 be
functions defined by (2.10) and Mi j,mi j be functions defined by (2.9).

(i) Suppose that  : D = [a,A]× [b,B] → R is a continuous and concave function and
 is defined by (2.8).

(i1) If  ≥ 0, then

M12(F(g1),F(g2)) ≤ F(M12(g1,g2))
≤ max{F(12(g1,g2)),F(34(g1,g2))}
≤ F(max{12(g1,g2),34(g1,g2)})
= F(m34(g1,g2)) ≤ F((g1,g2))
≤ (F(g1),F(g2)). (2.24)

(i2) If  ≤ 0, then

M34(F(g1),F(g2)) ≤ F(M34(g1,g2))
≤ max{F(12(g1,g2)),F(34(g1,g2))}
≤ F(max{12(g1,g2),34(g1,g2)})
= F(m12(g1,g2)) ≤ F((g1,g2))
≤ (F(g1),F(g2)). (2.25)

(ii) Suppose that  : D = [a,A]× [b,B] → R is a continuous and convex function and
 is defined by (2.8).
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(ii1) If  ≤ 0, then

m12(F(g1),F(g2)) ≥ F(m12(g1,g2))
≥ min{F(12(g1,g2)),F(34(g1,g2))}
≥ F(min{12(g1,g2),34(g1,g2)})
= F(M34(g1,g2)) ≥ F((g1,g2))
≥ (F(g1),F(g2)).

(ii2) If  ≥ 0, then

m34(F(g1),F(g2)) ≥ F(m34(g1,g2))
≥ min{F(12(g1,g2)),F(34(g1,g2))}
≥ F(min{12(g1,g2),34(g1,g2)})
= F(M12(g1,g2)) ≥ F((g1,g2))
≥ (F(g1),F(g2)).

Proof. (i) First, we consider a concave function  : D → R.

(i1) Since 1(g1,g2) ≤ M12(g1,g2) and 2(g1,g2) ≤ M12(g1,g2), properties of func-
tional F ensure that

F(1(g1,g2)) = 1(F(g1),F(g2)) ≤ F(M12(g1,g2))

and

F(2(g1,g2)) = 2(F(g1),F(g2)) ≤ F(M12(g1,g2)),

so the first inequality in (2.24) states.
Since  is a concave function with  ≥ 0, the second, fourth and fifth inequalities in

(2.24) are consequence of (2.11) and (2.12) in Lemma 2.1.
The third and the last inequality are rewritten from (2.21).

(i2) If we assume that  is a concave function with  ≤ 0, the first inequality in (2.25)
is consequence of isotonicity.

The second, fourth and fifth inequalities in (2.25) are consequence of (2.13) and (2.14)
in Lemma 2.1.

The third and the last inequality are rewritten from (2.21).

(ii) Similarly we can prove (ii1) and (ii2). �

Remark 2.1 The figure 2.1 visualises the Jensen-McShane type inequality on the rect-
angle D for linear isotonic positive functional E , and for a concave function  such that
 ≥ 0 (Theorem 2.2 case (i1)).
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Figure 2.1: Jensen-McShane type inequality on a rectangle

Remark 2.2 Let  : D → R be a continuous and concave function and  = 0. Then
holds

F(g1)+ F(g2)+ ≤ F((g1,g2)) ≤ (F(g1),F(g2)),

with  = k,  = k and  = k, k = 1, . . . ,4.
Let  : D → R be a continuous and convex function and  = 0. Then holds

F(g1)+ F(g2)+ ≥ F((g1,g2)) ≤ (F(g1),F(g2)),

with  = k,  = k and  = k, k = 1, . . . ,4.

2.2 Applied results

In this section we present applied results proved in [3], the sequence of inequalities which
include the McShane generalization of the Jensen inequality on a rectangle for different
choices of the functional F .
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2.2.1 Diaz-Metcalf type inequalities

The results of this section were inspired by the research of V. Csiszár and T. F. Móri based
on the Diaz-Metcalf inequality in the probability settings ( see [2]. [15]). They got a result
related to the random variables, for the expectation E and for the concave function defined
on a rectangle.

For the random variables  , defined on a probability space (,,P) with P(m1 ≤
 ≤M1) = 1, P(m2 ≤  ≤M2) = 1,M1,M2,m1,m2 > 0, Diaz-Metcalf inequality holds [5]
:

m2M2E[ 2]+m1M1E[2] ≤ (m1m2 +M1M2)E[ ].

Csiszár and Móri in [2] obtained the lower bound for E[ ] for known E[ 2] and E[2] as
follows:

E[ 2]+ E[2]+ ≤ E[ ]. (2.26)

This result can be interpreted according to our investigation:

Theorem A 2 (THE DIAZ-METCALF TYPE INEQUALITY) Suppose that  : D = [a,A]×
[b,B] → R is a concave function. Let (X ,Y ) be a random vector, P[(X ,Y ) ∈ D] = 1 and
E[X ],E[Y ] be the expectations of random variables X and Y with respect to probability P.

If  ≥ 0, then

M12(E[X ],E[Y ]) ≤ E[(X ,Y )] ≤ (E[X ],E[Y ])

holds and if  ≤ 0, then

M34(E[X ],E[Y ]) ≤ E[(X ,Y )] ≤ (E[X ],E[Y ])

holds, where M12 and M34 are defined by (2.9) and  is defined by (2.8).

As an application of Theorem 2.2 for mathematical expectations and bounded random
variables X ,Y : → R we obtain the following refinement of the Theorem A2.

Theorem 2.3 Suppose that  : D = [a,A]× [b,B]→ R is a concave function. Let (X ,Y )
be a random vector with P[(X ,Y ) ∈ D] = 1 and E[X ],E[Y ] be the expectations of random
variables X and Y with respect to probability P.

If  ≥ 0, then

M12(E[X ],E[Y ]) ≤ E(M12(X ,Y ))
≤ max{E[12(X ,Y )],E[34(X ,Y )]}
≤ E[max{12(X ,Y ),34(X ,Y )}]
= E[m34(X ,Y )] ≤ E[(X ,Y )]
≤ (E[X ],E[Y ]),

and if  ≤ 0, then
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M34(E[X ],E[Y ]) ≤ E[M34(X ,Y )]
≤ max{E[12(X ,Y )],E[34( f ,g)]}
≤ E[max{12(X ,Y ),34(X ,Y )}]
= E[m12(X ,Y )] ≤ E[(X ,Y )]
≤ (E[X ],E[Y ]).

Remark 2.3 By substituting (x,y) = (xy)
1
2 , a = m2

1, A = M2
1 , b = m2

2 and B = M2
2 in

Theorem A2, we get the Csiszár and Móri’s coefficients:
(i) If

(M2
2 −m2

2)E[ 2]+ (M2
1 −m2

1)E[2] ≤ M2
1M2

2 −m2
1m

2
2

holds, then Csiszár and Móri’s coefficients are:

 = 1 =
m2

m1 +M1
,  = 1 =

m1

m2 +M2
and  = 1 = (M1M2 −m1m2)11.

(ii) If

(M2
2 −m2

2)E[ 2]+ (M2
1 −m2

1)E[2] ≤ M2
1M2

2 −m2
1m

2
2

holds, then Csiszár and Móri’s coefficients are:

 = 2 =
M2

m1 +M1
,  = 2 =

M1

m2 +M2
and  = 2 = (m1m2−M1M2)22.

Remark 2.4 Theorem 2.3 improves Csiszár and Móri’s result:
(i) If

(M2
2 −m2

2)E[ 2]− (M2
1 −m2

1)E[2] ≤ m2
1M

2
2 −M2

1m2
2,

holds, then Csiszár and Móri’s coefficients are:

 = 3 =
M2

m1 +M1
,  = q3 =

m1

m2 +M2
and  = r3 = (M1m2 −m1M2)33.

(ii) If

(M2
2 −m2

2)E[ 2[−(M2
1 −m2

1)E[2] ≥ m2
1M

2
2 −M2

1m2
2

holds, then Csiszár and Móri’s coefficients are:

 = p4 =
m2

m1 +M1
,  = q4 =

M1

m2 +M2
and  = r4 = (m1M2 −M1m2)44.

According to Lemma 2.1 for functional E we have that new lower bound for E[ ] is
greater than bound in Remark 2.3:

iE[ 2]+ iE[2]+i ≤  jE[ 2]+  jE[2]+ j, (i, j) ∈ {(1,2),(3,4)}.
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2.2.2 Hadamard and Fejér type inequalities

In this section we obtain a refinement of Feyér type inequalities calculated by | | as an
application for a functional defined as weighted integral over the rectangle D.

In [10] authors obtained the following result considering the extension of the weighted
version of the Hadamard inequality known as by Fejér’s inequality for functions of two-
variables defined on a rectangle (see [7], [14, p. 138]).

Theorem A 3 (THE FEJÉR TYPE INEQUALITY) Let w : D = [a,A]× [b,B]→R be a non-
negative integrable function such that w(s,t) = u(s)v(t), where u : [a,A] → R is an in-
tegrable function such that

∫ A
a u(s)ds = 1, u(s) = u(a + A− s), for all s ∈ [a,A], and

v : [b,B] → R is an integrable function such that
∫ B
b v(t)dt = 1, v(t) = v(b + B− t),for

all s ∈ [a,A]. If  : D → R is a concave function, then

(A,b)+(a,B)
2

≤
∫

D
w(x)(x)dx ≤ 

(
a+A

2
,
b+B

2

)
.

As an application of Theorem 2.1 for a functional defined as a weighted integral over
the rectangle D, we obtain a refinement of Feyér’s inequalities calculated by | |.
Theorem 2.4 Let w : D = [a,A]× [b,B] → R be a nonnegative integrable function such
that w(s, t) = u(s)v(t), where u : [a,A]→R is an integrable function,

∫ A
a u(s)ds = 1, u(s) =

u(a+A− s), for all s ∈ [a,A], and v : [b,B] → R is an integrable function,
∫ B
b v(t)dt = 1,

v(t) = v(b+B− t), for all t ∈ [b,B]. If  : D → R is a continuous concave function, then

max

{
(a,b)+(A,B)

2
,
(A,b)+(a,B)

2

}
−O(| |)

≤
∫

D
w(x)(x)dx ≤ 

(
a+A

2
,
b+B

2

)
. (2.27)

If  : D → R is a continuous convex function, then


(

a+A
2

,
b+B

2

)
≤
∫

D
w(x)(x)dx

≤ min

{
(a,b)+(A,B)

2
,
(A,b)+(a,B)

2

}
+O(| |), (2.28)

where

O(| |) =
| |

2

{
1

A−a

∫ A

a
su(s)

(∫ B− B−b
A−a (s−a)

b+ B−b
A−a (s−a)

v(t)dt
)
ds

+
1

B−b

∫ B

b
tv(t)
(∫ A− A−a

B−b (t−b)

a+ A−a
B−b (t−b)

u(s)ds
)
dt

}
.

Proof. Suppose that  : D→ R is a concave function. We apply Theorem 2.1 and Lemma
2.1 for a functional F defined on L, the class of integrable real functions on  = D by
F( f ) =

∫
D w(x) f (x)dx, for f := D → R.
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Let g1,g2 ∈ L be such functions that g1(s,t) = s, g2(s,t) = t, for all (s, t) in  = D.
Using the properties of functions w,u and v, we may check that F(g1) = a+A

2 as follows:

F(g1) =
∫

D
w(x)g1(x)dx =

∫ A

a

∫ B

b
w(s,t)sdsdt

=
∫ A

a
su(s)

(∫ B

b
v(t)dt

)
ds

=
∫ a+A

2

a
su(s)ds+

∫ A

a+A
2

su(a+A− s)ds

= use the substitution a+A− s = x

=
∫ a+A

2

a
su(s)ds+

∫ a+A
2

a
(a+A− x)u(x)dx

= (a+A)
∫ a+A

2

a
u(x)dx =

a+A
2

.

Similarly, we can show that F(g2) = b+B
2 .

If  ≥ 0, then we calculate F(m34(g1,g2)) using a fact that min{a,b}=
a+b−|a−b|

2
:

F(m34(g1,g2)) =
1
2

∫
D
[(3 +4)s+(3 + 4)t +3 +4]u(s)v(t)dsdt

−1
2

∫
D
|(3−4)s+(3− 4)t +3−4|u(s)v(t)dsdt

=
(a,b)+(A,B)

2
−O()

=
(a,b)+(A,B)

2
−O(| |).

We obtain the final expression for O() by elementary calculus as follows.

O() =
1
2

∫
D
|(3−4)s+(3− 4)t +3−4|u(s)v(t)dsdt.

For  ≥ 0, (s,t) ∈ 3 implies

(3 −4)s+(3− 4)t +3−4 ≥ 0,

and (s, t) ∈ 4 implies that

(3 −4)s+(3− 4)t +3−4 ≤ 0.

O() =
1
2

∫
3

[(3−4)s+(3− 4)t +3−4]u(s)v(t)dsdt

−1
2

∫
4

[(3−4)s+(3− 4)t +3−4]u(s)v(t)dsdt
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=

2

{
1

(A−a)

[∫
3

su(s)v(t)dsdt−
∫
4

su(s)v(t)dsdt
]

− 1
(B−b)

[∫
3

tu(s)v(t)dsdt−
∫
4

tu(s)v(t)dsdt
]

− aB−Ab
(A−a)(B−b)

[∫
3

u(s)v(t)dsdt −
∫
4

u(s)v(t)dsdt)
]}

=

2

{
1

(A−a)

[∫ A

a
su(s)

(∫ B

B−b
A−a (s−a)+b

v(t)dt
)
ds

−
∫ A

a
su(s)

(∫ B−b
A−a (s−a)+b

b
v(t)dt

)
ds
]

− 1
(B−b)

[∫ B

b
tv(t)
(∫ A−a

B−b (t−b)+a

a
u(s)ds

)
dt

−
∫ B

b
tv(t)
(∫ A

A−a
B−b (t−b)+a

u(s)ds
)
dt
]

− aB−Ab
(A−a)(B−b)

[∫ A

a
u(s)
(∫ B

B−b
A−a (s−a)+b

v(t)dt
)
ds

−
∫ A

a
u(s)
(∫ B−b

A−a (s−a)+b

b
v(t)dt

)
ds
]}

=

2

{
1

(A−a)

[∫ A

a
su(s)

(∫ B

B−b
A−a (s−a)+b

v(t)dt−
∫ B−b

A−a (s−a)+b

b
v(t)dt

)
ds
]

− 1
(B−b)

[∫ B

b
tv(t)
(∫ A−a

B−b (t−b)+a

a
u(s)ds−

∫ A

A−a
B−b (t−b)+a

u(s)ds
)
dt
]

− aB−Ab
(A−a)(B−b)

[∫ A

a
u(s)
(∫ B

B−b
A−a (s−a)+b

v(t)dt

−
∫ B−b

A−a (s−a)+b

b
v(t)dt

)
ds
]}

.

Since u(s) = u(a+A− s) for all s ∈ [a,A] and v(t) = v(b+B− t) for all t ∈ [b,B], we
have

O() =

2

{
1

(A−a)

[∫ A

a
su(s)

(∫ B

B−b
A−a (s−a)+b

v(t)dt−
∫ B−b

A−a (s−a)+b

b
v(b+B− t)dt

)
ds
]

− 1
(B−b)

[∫ B

b
tv(t)
(∫ A−a

B−b (t−b)+a

a
u(s)ds+

∫ A

A−a
B−b (t−b)+a

u(a+A− s)ds
)
dt
]

− aB−Ab
(A−a)(B−b)

[∫ A

a
u(s)
(∫ B

B−b
A−a (s−a)+b

v(t)dt−
∫ B−b

A−a (s−a)+b

b
v(b+B−t)dt

)
ds
]}

.

We use substitutions a+A− s = x, b+B− t = y and calculate:
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O() =

2

{
1

(A−a)

[∫ A

a
su(s)

(∫ B

B−b
A−a (s−a)+b

v(t)dt +
∫ B− B−b

A−a (s−a)

B
v(y)dy

)
ds
]

− 1
(B−b)

[∫ B

b
tv(t)
(∫ A−a

B−b (t−b)+a

a
u(s)ds+

∫ a

A− A−a
B−b (t−b)

u(x)dx
)
dt
]

− aB−Ab
(A−a)(B−b)

[∫ A

a
u(s)
(∫ B

B−b
A−a (s−a)+b

v(t)dt +
∫ B− B−b

A−a (s−a)

B
v(y)dy

)
ds
]}

=

2

{
1

(A−a)

[∫ A

a
su(s)

(∫ B− B−b
A−a (s−a)

B−b
A−a (s−a)+b

v(t)dt
)
ds
]

+
1

(B−b)

[∫ B

b
tv(t)
(∫ A− A−a

B−b (t−b)

A−a
B−b (t−b)+a

u(s)ds
)
dt
]

− aB−Ab
(A−a)(B−b)

[∫ A

a
u(s)
(∫ B− B−b

A−a (s−a)

B−b
A−a (s−a)+b

v(t)dt
)
ds
]}

.

It is easy to see that third integral equals to zero.
For  ≤ 0 we have to calculate F(m12(g1,g2)):

F(m12(g1,g2)) =
1
2

∫
D
[(1 +2)s+(1 + 2)t +1 +2]u(s)v(t)dsdt

−1
2

∫
D
|(1−2)s+(1− 2)t +1−2|u(s)v(t)dsdt

=
(a,B)+(A,b)

2
+O() =

(a,B)+(A,b)
2

−O(| |).

Now, the inequalities in (2.21)

max{F(12(g1,g2)),F(34(g1,g2))} ≤ F((g1,g2)) ≤ (F(g1),F(g2)),

Lemma 2.1, relations (2.12) and (2.14) imply (2.27).
In the case of  being a convex one, note that − is concave and we use the previous

proof. The term O(| |) is a consequence of (2.22), (2.14) and the fact that max{a,b} =
a+b+ |a−b|

2
. �

Special choice of u,v in Theorem 2.4 gives a refinement of the Hadamard inequality
for a concave and convex function of two variables obtained in [10].

Corollary 2.1 Suppose that  : D = [a,A]× [b,B]→ R is a continuous concave function.
(i) If  ≥ 0, then it holds

2(a,b)+2(A,B)+(a,B)+(A,b)
6

≤
∫ A
a

∫ B
b (t,s)dtds

(A−a)(B−b)

≤ 
(

a+A
2

,
b+B

2

)
. (2.29)
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(ii) If  ≤ 0, then it holds

2(a,B)+2(A,b)+(a,b)+(A,B)
6

≤
∫ A
a

∫ B
b (t,s)dtds

(A−a)(B−b)

≤ 
(

a+A
2

,
b+B

2

)
. (2.30)

Proof. Substituting u(s) = 1
A−a and v(t) = 1

B−b in (2.28) and (2.27) one can get O(| |) =
| |

6
. �

Corollary 2.2 Suppose that  : D = [a,A]× [b,B]→ R is a continuous convex function.
(i) If  ≥ 0, then


(

a+A
2

,
b+B

2

)
≤
∫ A
a

∫ B
b (t,s)dtds

(A−a)(B−b)

≤ 2(a,B)+2(A,b)+(a,b)+(A,B)
6

. (2.31)

(ii) If  ≤ 0, then


(

a+A
2

,
b+B

2

)
≤
∫ A
a

∫ B
b (t,s)dtds

(A−a)(B−b)

≤ 2(a,b)+2(A,B)+(a,B)+(A,b)
6

. (2.32)

Remark 2.5 Allasia in [1, Theorem 1] gave the Hermite-Hadamard inequality for a tri-
angle which implies our result in Corollary 2.2. The right side of the inequality in Theorem
1, for a convex function  and for the special choice of triangles 1,2 and 3,4 gives

∫ A
a

∫ B
b (s, t)dsdt

(A−a)(B−b)

≤ min

{
(a,b)+2(A,b)+2(a,B)+(A,B)

6
,
2(a,b)+(A,b)+(a,B)+2(A,B)

6

=

{
1
6 [(a,b)+2(A,b)+2(a,B)+(A,B)],  ≥ 0

1
6 [2(a,b)+(A,b)+(a,B)+2(A,B)],  ≤ 0.

2.2.3 Lupaş type inequalities

In this section we apply normalized positive linear functional defined by

F( f ) =

∫ x1+h

x1−h

∫ yi+k

yi−k
f (s,t) ·w(s,t)dsdt

∫ x1+h

x1−h

∫ y2+k

y2−k
w(s,t)dsdt

, i = 1,2, for f : = D → R. (2.33)
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A local property of concave functions inspired by the Feyér inequality has been given
by Vasić, Lacković (1974, 1976) and Lupaş (1976), (see [6, p. 5]).

Theorem A 4 (THE LUPAŞ INEQUALITY) Let p,q be given positive real numbers and
a1 ≤ a ≤ b ≤ b1. Moreover, let w : [a1,b1] → R be a positive symmetric function with

respect to x0 =
pa+qb
p+q

, i.e. w(x0 + s) = w(x0 − s), for 0 ≤ s ≤ h.

Then the inequalities

p(a)+q(b)
p+q

≤

∫ x0+h

x0−h
w(x)(x)dx

∫ x0+h

x0−h
w(x)dx

≤ (x0) (2.34)

hold for all continuous concave functions : [a1,b1]→R if and only if h≤ b−a
p+q ·min{p,q}.

Theorem A4 inspired us to give the following result related to Theorem 2.1.

Theorem 2.5 Let L be a linear space of real-valued functions defined on a nonempty set
 and g1,g2 ∈ L be functions such that g1(t)∈ [a,A], g2(t)∈ [b,B] for all t ∈. Moreover,
let F : L → R be a normalized isotonic positive linear functional such that

F(g1) =
pa+qA
p+q

and F(g2) =
qb+ pB
p+q

or F(g2) =
pb+qB
p+q

(2.35)

where p,q ≥ 0 and p2 +q2 > 0.
(i) Suppose  : D = [a,A]× [b,B]→ R is a concave continuous function. Then

max

{
p(a,B)+q(A,b)

p+q
,
p(a,b)+q(A,B)

p+q
− | |

2

}
≤ F((g1,g2))

≤ min

{

(

pa+qA
p+q

,
pb+qB
p+q

)
,
(

pa+qA
p+q

,
qb+ pB
p+q

)}
. (2.36)

(ii) Suppose  : D = [a,A]× [b,B]→ R is a continuous convex function. Then

max

{

(

pa+qA
p+q

,
pb+qB
p+q

)
,
(

pa+qA
p+q

,
qb+ pB
p+q

)}
≤ F((g1,g2))

≤ min

{
p(a,B)+q(A,b)

p+q
,
p(a,b)+q(A,B)

p+q
− | |

2

}
. (2.37)

Proof. (i) First we suppose that  : D → R is a concave continuous function,  ≥ 0

and F(g2) =
qb+ pB
p+q

. According Theorem 2.1, Theorem 2.2 and Lemma 2.1, we have to

calculate

F(m34(g1,g2)) = F

(
3(g1,g2)+4(g1,g2)−|3(g1,g2)−4(g1,g2)|

2

)
.
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The properties of F and (2.7) enable us to continue with

F(m34(g1,g2)) =
1
2

(
3

pa+qA
p+q

+ 3
qb+ pB
p+q

+(a,B)−3a− 3B

)

+
1
2

(
4

pa+qA
p+q

+ 4
qb+ pB
p+q

+(A,b)−3A− 3b

)

−1
2
F(|3(g1,g2)−4(g1,g2)|).

Using some algebra operations with (2.20) we obtain

F(m34(g1,g2)) =
(p+q)((a,b)+(A,B))+ (p−q)((a,B)−(A,b))

2(p+q)

−1
2

| |
(B−b)(A−a)

F(|(A−a)g2− (B−b)g1−Ab+aB|).

Note that the maximum value of |(A−a)g2− (B−b)g1−Ab+aB| is (B−b)(A−a) so we
can claim that

F(m34(g1,g2)) ≥ (p+q)((a,b)+(A,B))+ (p−q)((a,B)−(A,b))
2(p+q)

− 
2

.

Using Theorem 2.2 and (2.35) we have

p(a,B)+q(A,b)
p+q

≤ F((g1,g2)) ≤ 
(

pa+qA
p+q

,
qb+ pB
p+q

)
. (2.38)

The same analysis can be used with the assumption that F(g2) =
pb+qB
p+q

, to prove:

p(a,b)+q(A,B)
p+q

− | |
2

≤ F((g1,g2)) ≤ 
(

pa+qA
p+q

,
pb+qB
p+q

)
. (2.39)

Taking the maximum of (2.38) and (2.39), we obtain the desired inequality (2.36).
Very similar procedures for  ≤ 0 give the same result (2.36).
For the convex case we use Theorem 2.1, Theorem 2.2, Lemma 2.1, and calculate

F(M12(g1,g2)) = F

(
1(g1,g2)+2(g1,g2)+ |1(g1,g2)−2(g1,g2)|

2

)
.

�

Generalization of Theorem A4 for concave functions of two variables is obtained in
the following corollary.

Corollary 2.3 Let w : D = [a,A]× [b,B] → R be a nonnegative integrable function such
that w(s, t) = u(s)v(t), where u : [a,A] → R and v : [b,B] → R are integrable functions
with properties: u(x1 + s) = u(x1 − s), for all s ∈ [0,h], v(yi + t) = v(yi − t), i = 1,2, for
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all t ∈ [0,k] where x1 =
pa+qA
p+q

, y1
pb+qB
p+q

and y2 =
qb+ pB
p+q

are fixed and determined

with given numbers p,q ≥ 0, p2 +q2 > 0. For all h,k > 0 such that

0 ≤ h ≤ A−a
p+q

min{p,q}, 0 ≤ k ≤ B−b
p+q

min{p,q}, (2.40)

it holds
(i) if  : D → R is a continuous concave function, then

p(a,B)+q(A,b)
p+q

+
−| |

4
≤

∫ x1+h

x1−h

∫ y2+k

y2−k
w(s,t)(s,t)dsdt

∫ x1+h

x1−h

∫ y2+k

y2−k
w(s, t)dsdt

≤  (x1,y2) (2.41)

and

p(a,b)+q(A,B)
p+q

− + | |
4

≤

∫ x1+h

x1−h

∫ y1+k

y1−k
w(s,t)(s,t)dsdt

∫ x1+h

x1−h

∫ y1+k

y1−k
w(s, t)dtds

≤  (x1,y1) ; (2.42)

(ii) if  : D → R is a continuous convex function then

p(a,b)+q(A,B)
p+q

− −| |
4

≤

∫ x1+h

x1−h

∫ y1+k

y1−k
w(s,t)(s,t)dsdt

∫ x1+h

x1−h

∫ y1+k

y1−k
w(s, t)dsdt

≤  (x1,y1)

and

p(a,B)+q(A,b)
p+q

+
+ | |

4
≤

∫ x1+h

x1−h

∫ y2+k

y2−k
w(s,t)(s,t)dsdt

∫ x1+h

x1−h

∫ y2+k

y2−k
w(s, t)dsdt

≤  (x1,y2) .

Proof. (i) To prove (2.41) we check that conditions [x1 − h,x2 + h] ⊂ [a,A] and [yi −
k,yi + k] ⊂ [b,B] are satisfied by (2.40). We use Lemma 2.1 and Theorem 2.1 for  = D,
functions g1(s, t) = s and g2(s,t) = t. The functional is defined by

F( f ) =

∫ x1+h

x1−h

∫ yi+k

yi−k
f (s,t) ·w(s,t)dsdt

∫ x1+h

x1−h

∫ y2+k

y2−k
w(s,t)dsdt

, i = 1,2, for f : = D → R. (2.43)
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The functional (2.43) is positive, linear and F(1) = 1, so the proof is similar to the proof
of Theorem 2.5. �

Remark 2.6 In the cases p = q, h =
A−a

2
and k =

B−b
2

, Theorem 2.3 is expressed as

the Corollary 3.1 in [10].

Integral version of Hadamard’s inequalities for concave function of two variables is a
consequence of Theorem 2.3.

Remark 2.7 Using Corollary 2.3 for w(s,t) = u(s) = v(t) = 1 the functional acquires the
shape

F(g1) =
1

4hk

∫ x1+h

x1−h

∫ y2+k

y2−k
sdsdt = x1.

The inequalities obtained from Corollary 2.3 with the mentioned shape of the functional,
show how the local feature from the Hadamard inequality is enlarged on the functions of
two variables.

Remark 2.8 For p = q, h =
A−a

2
, k =

B−b
2

, u,v such that
∫ A

a
u(s)ds =

∫ B

b
v(t)dt = 1

one can get Corollary 3.2 in [10].

2.2.4 Petrović type inequalities

In this section we present a refinement of one discrete generalization of the Petrović in-
equality as an application of Theorem 2.2 in a discrete case including the special choice
of  and F .

In [10] authors achieved the following generalization of the famous Petrović inequality.

Theorem A 5 (THE PETROVIĆ TYPE INEQUALITY) Let p = (p1, . . . , pn) and q =
(q1, . . . ,qn) be n-tuples of nonnegative real numbers with Pn := n

i=1 pi (> 0) and Qn :=
n

j=1 q j (> 0). Suppose that x = (x1, . . . ,xn) and y = (y1, . . . ,yn) are n-tuples of non-
negative real numbers such that 0 ≤ xk ≤ n

i=1 pixi ≤ c and 0 ≤ yk ≤ n
j=1 q jy j ≤ d, for

k = 1,2, . . . ,n.
Let  : [0,c]× [0,d]→ R be a concave function.
(i) Suppose that

(0,0)+

(
n


i=1

pixi,
n


j=1

q jy j

)
≥ 

(
n


i=1

pixi,0

)
+

(
0,

n


j=1

q jy j

)
.

If
1
Pn

+
1
Qn

≤ 1, then

1
Pn


(
n


i=1

pixi,0

)
+

1
Qn



(
0,

n


j=1

q jy j

)
+
(

1− 1
Pn

− 1
Qn

)
(0,0)

≤ 1
PnQn

n


i=1

n


j=1

piq j(xi,y j).
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If
1
Pn

+
1
Qn

≥ 1, then

(
1
Pn

+
1
Qn

−1

)


(
n


i=1

pixi,
n


j=1

q jy j

)
+
(

1− 1
Qn

)


(
n


i=1

pixi,0

)

+
(

1− 1
Pn

)


(
0,

n


j=1

q jy j

)

≤ 1
PnQn

n


i=1

n


j=1

piq j(xi,y j).

(ii) Suppose that

(0,0)+

(
n


i=1

pixi,
n


j=1

q jy j

)
≤ 

(
n


i=1

pixi,0

)
+

(
0,

n


j=1

q jy j

)
.

If Pn ≥ Qn, then

1
Pn


(
n


i=1

pixi,
n


j=1

q jy j

)
+
(

1
Qn

− 1
Pn

)


(
0,

n


j=1

q jy j

)
+
(

1− 1
Qn

)
(0,0)

≤ 1
PnQn

n


i=1

n


j=1

piq j(xi,y j).

If Qn ≥ Pn, then

1
Qn



(
n


i=1

pixi,
n


j=1

q jy j

)
−
(

1
Qn

− 1
Pn

)


(
n


i=1

pixi,0

)
+
(

1− 1
Pn

)
(0,0)

≤ 1
PnQn

n


i=1

n


j=1

piq j(xi,y j).

We obtain a refinement of Theorem A5 as an application of Theorem 2.2 in a discrete
case including the special choice of  and F .

Theorem 2.6 Let p = (p1, . . . , pn) and q = (q1, . . . ,qn) be n-tuples of nonnegative real
numbers with Pn := n

i=1 pi (> 0) and Qn := n
j=1 q j (> 0). Suppose that x = (x1, . . . ,xn)

and y = (y1, . . . ,yn) are n-tuples of nonnegative real numbers such that 0≤ xk ≤n
i=1 pixi =

A ≤ c and 0 ≤ yk ≤ n
j=1 q jy j = B ≤ d, for k = 1,2, . . . ,n.

Let  : [0,c)× [0,d)→ R be a concave function.
(i) If

(0,0)+

(
n


i=1

pixi,
n


j=1

q jy j

)
≥ 

(
n


i=1

pixi,0

)
+

(
0,

n


j=1

q jy j

)
,
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then

(0,0)+
(A,B)−(0,0)

2

(
1
Pn

+
1
Qn

)
+
(A,0)−(0,B)

2

(
1
Pn

− 1
Qn

)

− 
2PnQn

n


i=1

n


j=1

∣∣∣xi

A
− y j

B

∣∣∣
≤ 1

PnQn

n


i=1

n


j=1

piq j(xi,y j). (2.44)

(ii) If

(0,0)+

(
n


i=1

pixi,
n


j=1

q jy j

)
≥ 

(
n


i=1

pixi,0

)
+

(
0,

n


j=1

q jy j

)
,

then

(0,0)+
(A,B)−(0,0)

2

(
1
Pn

+
1
Qn

)
+
(A,0)−(0,B)

2

(
1
Pn

− 1
Qn

)

−
2

[
1− 1

PnQn

n


i=1

n


j=1

∣∣∣xi

A
+

y j

B
−1
∣∣∣
]

≤ 1
PnQn

n


i=1

n


j=1

piq j(xi,y j). (2.45)

Proof. We use Theorem 2.2. Let L be a linear class of real-valued functions defined on
2 = {1,2, . . . ,n}×{1,2, . . . ,n} having the conditions L1 and L2. We consider a func-
tional F on L defined by

F(h) =
n

i=1
n
j=1 piq jh(i, j)

n
i=1 pin

j=1 q j
, for h : 2 → R (2.46)

where p = (p1, p2, . . . , pn) and q = (q1,q2, . . . ,qn) are given nonnegative n-tuples.
Let’s put a = b = 0, A = n

i=1 pixi, B = n
j=1 q jy j and define g1,g2 : 2 → R by

g1(i, j) = xi and g2(i, j) = y j.

Using definition (2.46) we have F(g1) = n
i=1 pixi

Pn
=

A
Pn

and F(g2) =
B
Qn

.

If  ≥ 0 then we obtain the result in (2.44) using the inequality (2.24) F(m34(g1,g2))≤
F((g1,g2)) in Theorem 2.2.

Similarly, if  ≤ 0, the inequality in (2.45) we obtain using the inequality (2.25) for
F(m12(g1,g2)). �

Remark 2.9 The left side of (2.44) can be rewritten as:

(0,0)
(

1− 1
Pn

− 1
Qn

)
+

1
Pn
(A,0)+

1
Qn

(0,B)

+

2

[
1
Pn

+
1
Qn

− 1
PnQn

n


i=1

n


j=1

∣∣∣xi

A
− y j

B

∣∣∣
]

.
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Note that for  ≥ 0 and
1
Pn

+
1
Qn

≤ 1 in Theorem A5 there is the similar right side.

According to Theorem 2.2 we obtain:

1
Pn

+
1
Qn

− 1
PnQn

n


i=1

n


j=1

∣∣∣xi

A
− yi

B

∣∣∣≥ 0.

Similarly, for all cases in Theorem A5 we can obtain the following results as the conse-
quences of Theorem 2.2

1−
∣∣∣∣ 1Pn

+
1
Qn

−1

∣∣∣∣− 1
PnQn

n


i=1

n


j=1

∣∣∣xi

A
− y j

B

∣∣∣ ≥ 0;

1−
∣∣∣∣ 1
Qn

− 1
Pn

∣∣∣∣− 1
PnQn

n


i=1

n


j=1

∣∣∣xi

A
+

y j

B
−1
∣∣∣ ≥ 0.

We obtain the following estimations as a consequence of the refinement made in Re-
mark 2.9.

Corollary 2.4 Let p = (p1, . . . , pn) and q = (q1, . . . ,qn) be n-tuples of nonnegative real
numbers. Suppose that x = (x1, . . . ,xn) and y = (y1, . . . ,yn) are n-tuples of nonnegative
real numbers such that 0≤ xk ≤n

i=1 pixi and 0≤ yk ≤n
j=1 q jy j, for k = 1,2, . . . ,n. Then

n


i=1

n


j=1

∣∣∣∣ xi

n
k=1 xk pk

− y j

n
k=1 ykqk

∣∣∣∣ ≤ n


i=1

n


j=1

piq j −
∣∣∣∣∣

n


i=1

n


j=1

piq j −
n


i=1

pi−
n


i=1

qi

∣∣∣∣∣ ;
n


i=1

n


j=1

∣∣∣∣ xi

n
k=1 xk pk

+
y j

n
k=1 ykqk

−1

∣∣∣∣ ≤ n


i=1

n


j=1

piq j −
∣∣∣∣∣

n


i=1

pi −
n


j=1

q j

∣∣∣∣∣ .

2.3 Advanced conversion

In this section, the conversion of the Jensen-McShane inequality by a two-variable func-
tion is given. Under the special conditions the Gheorghiu-type inequality is proven. The
following results are given in [8] and [9]. More general conversion and refinement in
Theorem 2.2 is proven in [4].

2.3.1 Main result

In this subsection, the conversion of the Jensen-McShane inequality, which was considered
in Theorem 2.2, is given by functions of two variables F .
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Theorem 2.7 Let  , : D = [a,A]× [b,B] → R be continuous and  be concave with
the notation  = (a,b)+(A,B)−(A,b)−(a,B) and Mi j, mi j are defined by (2.9).
For g1,g2 ∈ L assume that (g1(t),g2(t)) ∈ D for all t ∈. Let F be a normalized isotonic
positive linear functional on L. Suppose that (D) ⊆U and (D) ⊆ V and suppose that
F : U ×V ⊆ R

2 → R is increasing in the first variable.
(i) If  ≥ 0 then

min
(t,s)∈D

F (M12(t,s),(t,s)) ≤ F (F((g1,g2)),(F(g1),F(g2))) .

(ii) If  ≤ 0, then

min
(t,s)∈D

F (M34(t,s),(t,s)) ≤ min
(t,s)∈D

F (F((g1,g2)),(F(g1),F(g2))) .

Proof. Since (F(g1),F(g2)) ∈ D, then

min
(t,s)∈D

F (M12(t,s),(t,s)) ≤ F ((M12(F(g1),F(g2)),(F(g1),F(g2))) .

If  ≥ 0, then by Theorem 2.2 we have that

M12(F(g1),F(g2)) ≤ F((g1,g2)).

Since F is increasing in the first variable, we get

min
(t,s)∈D

F (M12(t,s),(t,s)) ≤ F (F((g1,g2)),(F(g1),F(g2)))

and obtain the desired inequality. �

A multiplicative conversion is made by taking F (x,y) =
x
y
.

Corollary 2.5 Suppose that the assumptions of Theorem 2.7 hold with (D) > 0 addi-
tionally.

If  ≥ 0, then

min
(t,s)∈D

M12(t,s)
(t,s)

·(F(g1),F(g2)) ≤ F((g1,g2)) ≤ (F(g1),F(g2)).

In opposite, if (a,b)+(A,B)−(A,b)−(a,B)≤ 0, then

min
(t,s)∈D

M34(t,s)
(t,s)

·(F(g1),F(g2)) ≤ F((g1,g2)) ≤ (F(g1),F(g2)).

Proof. According to Theorem 2.7 with assumption that (D) ⊂V we have that holds

min
(t,s)∈D

F (M12(t,s),(t,s)) ≤ F (F((g1,g2)),(F(g1),F(g2))) .

By taking F (x,y) =
x
y

we obtain conversion (i). �

A conversion by medium value is given by the next lemma.
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Lemma 2.2 Assume that  ,g1,g2 and F are as in Theorem 2.7 and i, i andi, i ∈
{1, . . . ,4} are defined by (2.7). Let , ≥ 0 be such that  + = 1.

If  ≥ 0 then

(1 +2)F(g1)+ (1 +2)F(g2)+1 +2 ≤ F((g1,g2)).

If  ≤ 0, then

(3 +4)F(g1)+ (3 +4)F(g2)+3 +4 ≤ F((g1,g2)).

Proof. Considering that

M12(F(g1),F(g2) = max{1F(g1)+ 1F(g1)+1,2F(g1)+ 2F(g2)+2},
we obtain the first inequality if  ≥ 0. �

A conversion with a very special condition is given bellow.

Proposition 2.1 Suppose that the assumptions of Lemma 2.2 hold.
(i) If  ≥ 0 and 1 ·2 < 0, then

U12F(g1)+V12F(g2) ≤ F((g1,g2)) ≤ (F(g1),F(g2)),

where:

U12 =
21−12

2 −1
, V12 =

21−12

2−1
.

(ii) If  ≤ 0 and 3 ·4 < 0, then

U34 =
43−34

4 −3
, V34 =

43−34

4−3
.

Proof. Solving the system

{
 + = 1

1 +2 = 0
by , we obtain that 1 + 2 = U12

and 1 +2 = V12. �

Considering Corollary 2.5, the next proposition is given.

Proposition 2.2 Let  : D → R be a continuous concave positive function, g1,g2 ∈ L
and F normalised positive linear functional on L.

(i) If  ≥ 0 and 1 ·2 < 0, then:

min
(t,s)∈D

U12t +V12s
(t,s)

·(F(g1),F(g2)) ≤ F((g1,g2)) ≤ (F(g1),F(g2)). (2.47)

(ii) If  ≤ 0 and 3 ·4 < 0, then:

min
(t,s)∈D

U34t +V34s
(t,s)

·(F(g1),F(g2)) ≤ F((g1,g2)) ≤ (F(g1),F(g2)),

where values U12 V12, U34 and V34 are given in Proposition 2.1.

Remark 2.10 The figures 2.2 and 2.3 visualise the conversion of the Jensen-McShane
type inequalities on a rectangle D for linear isotonic positive functional E .
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Figure 2.2: Conversion by Csiszár and Móri
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Figure 2.3: Conversion by a medium value
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2.3.2 Gheorghiu type inequality

The Gheorghiu type inequality is a converse of Hölder’s type inequality. In this section a
proof for a refinement is presented.

The original Gheorghiu inequality from [17] can be expressed as follows:
Suppose that a1,a2, . . .an, b1,b2, . . .bn are given positive real numbers. Let the pair

(a,A) represents the minimal and maximal number among a1,a2, . . . ,an and in the same
manner let (b,B) be the pair of those among the b1,b2, . . . ,bn. Assume that p is a real
number greater than 1. Then we have

1 ≤
(
n

k=1 ap
k

)(
n

k=1 b
p

p−1
k

)p−1

(n
k=1 akbk)

p ≤  , (2.48)

where

 =
(p−1)p−1

pp · A
p−1

ap−1 · B
b
·

(
1− apb

p
p−1

ApB
p

p−1

)p

(
1− ab

1
p−1

AB
1

p−1

)(
1− ap−1b

Ap−1B

)p−1
. (2.49)

The left inequality has been demonstrated by Hölder and Jensen. This inequality could
be presented in the terms that are given in the introduction of this chapter.

Theorem A 6 (THE GHEORGHIU INEQUALITY) Suppose that  = {1,2,3, . . . ,n} and
g1,g2 :→R are given real functions. Let a= min{g1(k),k∈}, A=max{g2(k),k∈},
b = min{g2(k),k ∈} and B = max{g2(k),k ∈}. Let F(g) =

1
n

n


k=1

g(k).

If p,q > 1,
1
p

+
1
q

= 1, then

1 ≤ F(gp
1)

1
p ·F(gq

2)
1
q

F(g1 ·g2)
≤ 

1
p , (2.50)

where  is given by (2.49).

Inequality (2.50) can be expressed as the chain of inequalities:

− 1
p ·F(gp

1)
1
p ·F(gq

2)
1
q ≤ F(g1 ·g2) ≤ F(gp

1)
1
p ·F(gq

2)
1
q . (2.51)

The next theorem is a refinement of Theorem A6.

Theorem 2.8 Let F be a normalized isotonic positive linear functional on L and for
g1,g2 ∈ L let us assume that g1() ⊂ [a,A] and g2() ⊂ [b,B] for positive real numbers

a,b. Let p,q be positive real numbers such that
1
p

+
1
q

= 1 holds. Then

p
1
p q

1
q (abAB)

1
pq

(
(AB)

1
p − (ab)

1
p

) 1
p
(
(AB)

1
q − (ab)

1
q

) 1
q

AB−ab
· (F(g1))

1
p (F(g2))

1
q

≤ F

(
g

1
p
1 ·g

1
q
2

)
≤ (F(g1))

1
p (F(g2))

1
q . (2.52)
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Proof. The function (x,y) = x
1
p y

1
q is continuous, concave and positive for all (x,y) ∈

[a,A]× [b,B]. Because
(
A

1
p −a

1
p

)(
B

1
q −b

1
q

)
> 0, for application of Proposition 2.2 it is

enough to prove that

1 = a
1
p b

1
q −ab

1
q
A

1
p −a

1
p

A−a
−a

1
p b

B
1
q −b

1
q

B−b
≥ 0

and

2 = A
1
p B

1
q −AB

1
q
A

1
p −a

1
p

A−a
−A

1
p B

B
1
q −b

1
q

B−b
≤ 0.

Since the function f (x) = x
1
p is concave for p > 1, f ′(x) is continuous and decreasing.

So there exists c∈ [a,A] such that f ′(c) =
A

1
p −a

1
p

A−a
and f ′(a)≥ f ′(c)≥ f ′(A) which gives

1
p
a

1
p−1 ≥ A

1
p −a

1
p

A−a
≥ 1

p
A

1
p−1.

Multiplying with ab
1
q and AB

1
q we get

a
1
p b

1
q

p
≥ ab

1
q
A

1
p −a

1
p

A−a
and AB

1
q
A

1
p −a

1
p

A−a
≥ A

1
p B

1
q

p
.

Similar consideration on f (x) = x
1
q gives

1
q
b

1
q−1 ≥ B

1
q −b

1
q

B−b
≥ 1

p
A

1
p−1.

Multiplying with a
1
p b and A

1
p B we get

a
1
p b

1
q

q
≥ a

1
p b

B
1
q −b

1
q

B−b
and A

1
p B

B
1
q −b

1
q

B−b
≥ A

1
p B

1
q

q
.

Now we have

1 = a
1
p b

1
q −ab

1
q
A

1
p −a

1
p

A−a
−a

1
p b

B
1
q −b

1
q

B−b

1 ≥ a
1
p b

1
q − a

1
p b

1
q

p
− a

1
p b

1
q

q
= a

1
p b

1
q

(
1− 1

p
− 1

q

)
= 0.

2 = A
1
p B

1
q −AB

1
q
A

1
p −a

1
p

A−a
−A

1
p B

B
1
q −b

1
q

B−b

2 ≤ A
1
p B

1
q − A

1
p B

1
q

p
− A

1
p B

1
q

q
= A

1
p B

1
q

(
1− 1

p
− 1

q

)
= 0.
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It is necessary to minimize
U12t +V12s

t
1
p s

1
q

= min
(t,s)∈D

(
U12 ·

( t
s

) 1
q
+V12 ·

(s
t

) 1
p

)
.

Supstitution z =
t
s

and easy calculus provide

min
(t,s)∈D

U12t +V12s
(t,s)

= U
1
p

12V
1
q

12p
1
p q

1
q .

Note that (2.52) is equal to (2.47) by coefficients

U12 =
B

1
q b

1
q

(
(AB)

1
p − (ab)

1
p

)
AB−ab

and V12 =
A

1
p a

1
p

(
(AB)

1
q − (ab)

1
q

)
AB−ab

.

Applying the inequality (2.47) we get (2.52) and the proof is done. �

Remark 2.11 Using substitutions g1 � gp
1 and g2 � gq

2 in the previous Theorem 2.8 we
get the following Gheorghiu type inequality:

p
1
p q

1
q (AbBq−abqB)

1
p (ApaB−apbA)

1
q

ApBq−apbq · (F(gp
1))

1
p (F(gq

2))
1
q

≤ F (g1 ·g2) ≤ (F(gp
1))

1
p (F(gq

2))
1
q . (2.53)

Remark 2.12 Theorem 2.8 is refinement of Theorem A6. The next lemma shows that
left inequality in (2.53) is better than the left inequality in (2.51).

Lemma 2.3 Under the assumptions of Theorem 2.8 and using Remark 2.11, the next is
valid:

p
1
p q

1
q (AbBq−abqB)

1
p (ApaB−apbA)

1
q

ApBq−apbq = p ·− 1
p . (2.54)

Proof. Using elementary algebra for (2.49) we get

− 1
p =

q
1
q a

1
q b

1
p

(
AB

q
p −ab

q
p

) 1
p
(
A

p
q B−a

p
q b
) 1

q

p
1
q A

p
q2 +1−p

B
q
p2 +1−q

(ApBq−apbq)
.

Separately, using relation p− 1 =
p
q

, we have
p
q2 + 1− p = −1

q
and

q
p2 + 1− q = − 1

p
.

The proof is prolonging with

− 1
p =

q
1
q A

1
q a

1
q B

1
p b

1
p

(
AB

q
p −ab

q
p

) 1
p
(
A

p
q B−a

p
q b
) 1

q

p
1
q (ApBq−apbq)

.

By selective multiplying factors and brackets with the same exponent we have

− 1
p =

q
1
q

(
AbB

q
p +1−ab

q
p +1B

) 1
p
(
aA

p
q +1B−a

p
q +1bA

) 1
q

p
1
q (ApBq−apbq)

.
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Considering that
q
p

+1 = q and
p
q

+1 = q we finally obtain that

− 1
p =

p
1
p q

1
q (AbBq−abqB)

1
p (aApB−apbA)

1
q

p(ApBq−apbq)
.

The last equation is the same as (2.54) and the proof is finished. �

Remark 2.13 As an application of Theorem 2.8 we get a refinement of normalized Ghe-
orghiu inequality in [11]. Let (,,P) be a probability space, functions g1 = X and g2 =Y
be random variables and functional F(g1) = E[X ] be the mathematical expectation of ran-
dom variable X .

Corollary 2.6 Suppose that random variables X and Y capture their values 0 <  ≤ X ≤
1 and 0 <  ≤ Y ≤ 1. Equality

1
p

+
1
q

= 1 implies

p
1
p q

1
q ( − q)

1
p (− p )

1
q

1− p q (E[X p])
1
p (E[Yq])

1
q ≤ E[XY ] ≤ (E[X p])

1
p (E[Yq])

1
q

in the case of positive p and q.

In [12] author proved the converse of the Hölder inequality for a measure space.
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[3] V. Čuljak, B. Ivanković, J. Pečarić, On some inequalities of Jensen-McShane’s
type on rectangle and applications, Rad Hrvatske akademije znanosti i umjetnosti.
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[12] J. Matkowski, A Converse of the Hölder Inequality Theorem Mathematical Inequal-
ities and Applications, (2009), 12 (1), 21–32.

[13] E. J. McShane, Jensen’s inequality, Bull. Amer. Math. Soc., (1937), 43, 521–527.
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[16] I. Raşa, A note on Jensen’s inequality, It. Sem. Funct. Eq. Approx. Conv., Cluj-
Napoca, (1988), 275–280.

[17] M. Serban and A. Gheorghiu, Note sur une Inégalité de Cauchy, Bull. Math. Soc.
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Chapter3
Class of (h,g;m)-convex
functions and certain
types of inequalities

A convex function is one whose epigraph is a convex set, or, as in the basic definition:

A function f : I ⊆ R → R is said to be convex function if

f (x+(1− )y)≤  f (x)+ (1− ) f (y) (3.1)

holds for all points x and y in I and all  ∈ [0,1].

It is called strictly convex if the inequality (3.1) holds strictly whenever x and
y are distinct points and  ∈ (0,1). If − f is convex (respectively, strictly
convex) then we say that f is concave (respectively, strictly concave). If f is
both convex and concave, then f is said to be affine.

Motivated by a large number of different classes of convexity, we present a new con-
vexity that unifies a certain range of them. Starting from the above convex function up to
a recent convexity [27]:

A function f : I ⊂ R → R is called exponentially (s,m)-convex in the second
sense if the following inequality holds

f (x+m(1− )y) ≤  s

ex f (x)+
(1− )s

ey m f (y) (3.2)

for all x,y ∈ I and all  ∈ [0,1], where  ∈ R, s,m ∈ (0,1].

67
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we noticed that the whole range in-between could be covered if we use on the right-hand
side functions h and g in a form

f (x+m(1− )y)≤ h( ) f (x)g(x)+mh(1− ) f (y)g(y).

We named this convexity an (h,g;m)-convexity.
Here are several more varieties of convexity that will be generalized with this:

• A non-negative function f : I ⊂ R → R is called P-function if the inequality holds

f (x+(1− )y) ≤ f (x)+ f (y)

for all x,y ∈ I and all  ∈ [0,1].

• A function f : [0,) → [0,) is called s-convex in the second sense if the inequality
holds

f (x+(1− )y) ≤  s f (x)+ (1− )s f (y)

for all x,y ∈ [0,) and all  ∈ [0,1], where s ∈ (0,1].

• A non-negative function f : I ⊂ R → R is called Godunova-Levin function if the
inequality holds

f (x+(1− )y) ≤ f (x)


+
f (y)

1−
for all x,y ∈ I and all  ∈ (0,1).

• A non-negative function f : I ⊂ R → R is called h-convex if the inequality holds

f (x+(1− )y) ≤ h( ) f (x)+h(1− ) f (y)

for all x,y ∈ I and all  ∈ (0,1), where h : J → R is a non-negative function, h �≡ 0,
(0,1) ⊆ J.

• A function f : [0,b]→ R is called m-convex if the inequality holds

f (x+m(1− )y) ≤  f (x)+m(1− ) f (y)

for all x,y ∈ [0,b] and all  ∈ [0,1], where m ∈ [0,1].

• A non-negative function f : [0,b] → R is called (h−m)-convex if the inequality
holds

f (x+m(1− )y) ≤ h( ) f (x)+mh(1− ) f (y)

for all x,y ∈ [0,b] and all  ∈ (0,1), where h : J → R is a non-negative function,
h �≡ 0, (0,1) ⊆ J and m ∈ [0,1].

• A non-negative function f : I ⊂ R → R is called (s,m)-Godunova-Levin function of
the second kind if the inequality holds

f (x+m(1− )y) ≤ f (x)
 s +

mf (y)
(1− )s

for all x,y ∈ I and all  ∈ (0,1), where m ∈ (0,1], s ∈ [0,1].
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• A function f : I ⊂ R → R is called exponential convex if the inequality holds

f (x+(1− )y) ≤ 
ex f (x)+

1−
ey f (y)

for all x,y ∈ I and all  ∈ [0,1], where  ∈ R.

• A function f : I ⊂ R → R is called exponentially s-convex in the second sense if the
inequality holds

f (x+(1− )y) ≤  s

ex f (x)+
(1− )s

ey f (y)

for all x,y ∈ I and all  ∈ [0,1], where  ∈ R, s ∈ (0,1].

More detailed information may be found in [8, 10, 12, 15, 20, 23, 24, 27, 35, 36].
Furthermore, recall that a real valued function f on the interval I is said to be starshaped

if
f (x) ≤  f (x)

whenever x ∈ I,x ∈ I and  ∈ [0,1].
This chapter is based on our results from [1], [2], [3], [6] and [7].

3.1 A class of (h,g;m)-convex functions

Definition 3.1 Let h be a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0 and let g be a
positive function on I ⊆ R. Furthermore, let m ∈ (0,1]. A function f : I → R is said to be
an (h,g;m)-convex function if it is nonnegative and if

f (x+m(1− )y)≤ h( ) f (x)g(x)+mh(1− ) f (y)g(y) (3.3)

holds for all x,y ∈ I and all  ∈ (0,1).
If (3.3) holds in the reversed sense, then f is said to be an (h,g;m)-concave function.

Remark 3.1 For different choices of functions h, g and parameter m in (3.3), we can
obtain corresponding convexity, e.g., if we set h( ) =  s, s ∈ (0,1], g(x) = e−x,  ∈ R,
then (h,g;m)-convexity reduces to exponentially (s,m)-convexity in the second sense (3.2).

Lemma 3.1 If f : I → [0,) is an (h,g;m)-convex function such that f (0) = 0, g(x) ≤ 1
and h( ) ≤  , then f is starshaped.

Proof. Let f be an (h,g;m)-convex function. Then we have

f (x) = f (x+m(1− )0)
≤ h( ) f (x)g(x)+mh(1− ) f (0)g(0)
≤  f (x).

Therefore, f is a starshaped. �
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Remark 3.2 Let g be a positive function such that g(x)≥ 1. If f is a nonnegative (h−m)-
convex function on [0,), then we have

f (x+m(1− )y) ≤ h( ) f (x)+mh(1− ) f (y)
≤ h( ) f (x)g(x)+mh(1− ) f (y)g(y).

Hence, f is an (h,g;m)-convex function.
If additionally h( ) ≥  , then for nonnegative m-convex function f on [0,) we have

f (x+m(1− )y) ≤  f (x)+m(1− ) f (y)
≤ h( ) f (x)+mh(1− ) f (y)
≤ h( ) f (x)g(x)+mh(1− ) f (y)g(y),

i.e., f is an (h,g;m)-convex function. An example of a function that satisfies h( ) ≥  is
h( ) =  k, where k ≤ 1 and  ∈ (0,1).

Similarly, if g(x) ≤ 1, then all nonnegative (h−m)-concave functions are (h,g;m)-
concave functions on [0,). Furthermore, if g(x) ≤ 1 and h( ) ≤  , then all nonnegative
m-concave functions are (h,g;m)-concave functions on [0,).

Proposition 3.1 Let h1,h2 be nonnegative functions on J ⊆ R, (0,1) ⊆ J, h1,h2 �≡ 0,
such that

h2( ) ≤ h1( ),  ∈ (0,1).

Let g be a positive function on I ⊆R and m∈ (0,1]. If f : I → [0,) is an (h2,g;m)-convex
function, then f is (h1,g;m)-convex.

If f : I → [0,) is an (h1,g;m)-concave function, then f is (h2,g;m)-concave.

Proof. Let f be an (h2,g;m)-convex function. Then we have

f (x+m(1− )y) ≤ h2( ) f (x)g(x)+mh2(1− ) f (y)g(y)
≤ h1( ) f (x)g(x)+mh1(1− ) f (y)g(y).

Hence, f is an (h1,g;m)-convex function.
If f is an (h1,g;m)-concave function, then analogously follows that f is (h2,g;m)-

concave. �

Proposition 3.2 Let h be a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0 and g be a
positive function on I ⊆ R. Furthermore, let m ∈ (0,1] and  > 0. If f1, f2 : I → [0,) are
(h,g;m)-convex functions, then f1 + f2 and  f1 are (h,g;m)-convex.

If f1, f2 : I → [0,) are (h,g;m)-concave functions, then f1 + f2 and  f1 are (h,g;m)-
concave.

Proof. Let f1, f2 be (h,g;m)-convex functions and  > 0. Then we have

f1(x+m(1− )y)≤ h( ) f1(x)g(x)+mh(1− ) f1(y)g(y)
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and
f2(x+m(1− )y)≤ h( ) f2(x)g(x)+mh(1− ) f2(y)g(y).

Adding the above we obtain

[ f1 + f2] (x+m(1− )y) ≤ h( ) [ f1 + f2] (x)g(x)+mh(1− ) [ f1 + f2] (y)g(y).

Furthermore,

[ f1] (x+m(1− )y) ≤ h( ) f1(x)g(x)+mh(1− ) f1(y)g(y)
= h( ) [ f1] (x)g(x)+mh(1− ) [ f1] (y)g(y).

We conclude that f1 + f2 and  f1 are (h1,g;m)-convex.
If f1, f2 : I → [0,) are (h,g;m)-concave functions, then analogously follows that f1 +

f2 and  f1 are (h,g;m)-concave. �

Proposition 3.3 Let h be a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0 and g be a
positive increasing function on I ⊆ R. Furthermore, let 0 < n < m ≤ 1. If f : I → [0,) is
an (h,g;m)-convex function such that f (0) = 0, g(x) ≤ 1 and h( )≤  , then f is (h,g;n)-
convex.

Proof. Let f be an (h,g;m)-convex function. From f (0) = 0, g(x) ≤ 1 and h( ) ≤  by
Lemma 3.1 follows f (x) ≤  f (x). Considering also that g is an increasing function, we
obtain

f (x+n(1− )y) = f
(
x+m(1− )

( n
m

y
))

≤ h( ) f (x)g(x)+mh(1− ) f
( n

m
y
)
g
( n

m
y
)

≤ h( ) f (x)g(x)+mh(1− )
n
m

f (y)g(y),

which proves that f is (h,g;n)-convex. �

Proposition 3.4 Let h1,h2 be nonnegative functions on J ⊆ R, (0,1)⊆ J, h1,h2 �≡ 0 and
let

h(t) = max{h1(t),h2(t)}, t ∈ J.

Let g1,g2 be positive functions on I ⊆ R and let m1,m2 ∈ (0,1]. For i = 1,2, let fi : I →
[0,) be (hi,gi;mi)-convex functions. If the functions f1 g1 and f2 g2 are monotonic in the
same sense, i.e.

[ f1(x)g1(x)− f1(y)g1(y)] [ f2(x)g2(x)− f2(y)g2(y)] ≥ 0, x,y ∈ I,

and if c > 0 such that
h( )+mh(1− )≤ c,  ∈ (0,1),

where m = max{m1,m2}, then f1 f2 is a (ch,g1g2;m)-convex function.
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Proof. Let fi : I → [0,) be (hi,gi;mi)-convex functions, i = 1,2. From hypotheses on
functions, for x,y ∈ I we have

f1(x)g1(x) f2(x)g2(x)+ f1(y)g1(y) f2(y)g2(y)
≥ f1(x)g1(x) f2(y)g2(y)+ f1(y)g1(y) f2(x)g2(x).

Let  and  > 0 be positive numbers such that  + = 1. Then we have

f1 f2(x+y)
≤ [h1() f1(x)g1(x)+m1h1( ) f1(y)g1(y)]

×[h2() f2(x)g2(x)+m2h2( ) f2(y)g2(y)]
≤ [h() f1(x)g1(x)+mh( ) f1(y)g1(y)]

×[h() f2(x)g2(x)+mh( ) f2(y)g2(y)]
= h2() f1(x)g1(x) f2(x)g2(x)+mh()h( ) f1(x)g1(x) f2(y)g2(y)

+mh()h( ) f1(y)g1(y) f2(x)g2(x)+m2h2( ) f1(y)g1(y) f2(y)g2(y),

hence

f1 f2(x+y)
≤ h2() f1(x)g1(x) f2(x)g2(x)+mh()h( ) f1(x)g1(x) f2(x)g2(x)

+mh()h( ) f1(y)g1(y) f2(y)g2(y)+m2h2( ) f1(y)g1(y) f2(y)g2(y)
= [h()+mh( )]

× [h() f1(x) f2(x)g1(x)g2(x)+mh( ) f1(y) f2(y)g1(y)g2(y)]
≤ ch() f1(x) f2(x)g1(x)g2(x)+mch( ) f1(y) f2(y)g1(y)g2(y).

This proves that f1 f2 is (ch,g1g2;m)-convex. �

Analogously follows the following proposition.

Proposition 3.5 Let h1,h2 be nonnegative functions on J ⊆ R, (0,1)⊆ J, h1,h2 �≡ 0 and
let

h(t) = min{h1(t),h2(t)}, t ∈ J.

Let g1,g2 be positive functions on I ⊆ R and let m1,m2 ∈ (0,1]. For i = 1,2, let fi : I →
[0,) be (hi,gi;mi)-concave functions. If the functions f1 g1 and f2 g2 are monotonic in
the opposite sense, i.e.

[ f1(x)g1(x)− f1(y)g1(y)] [ f2(x)g2(x)− f2(y)g2(y)] ≤ 0, x,y ∈ I,

and if c > 0 such that

h( )+mh(1− )≥ c,  ∈ (0,1),

where m = min{m1,m2}, then f1 f2 is a (ch,g1g2;m)-concave function.
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3.2 Hermite-Hadamard type inequalities for
(h,g;m)-convex functions

The famous Hermite-Hadamard inequality gives us an estimate of the (integral) mean value
of a continuous convex function.

Theorem 3.1 (THE HERMITE-HADAMARD INEQUALITY) Let f : [a,b] → R be a con-
tinuous convex function. Then

f

(
a+b

2

)
≤ 1

b−a

∫ b

a
f (x)dx ≤ f (a)+ f (b)

2
.

Of course, equality holds in either side only for affine functions. In this section we
prove the Hermite-Hadamard inequality for (h,g;m)-convex functions and we point out
some special results. Furthermore, several known inequalities are improved.

Recall, by Lp[a,b], 1 ≤ p < , the space of all Lebesgue measurable functions f for
which | f p| is Lebesgue integrable on [a,b] is denoted.

Theorem 3.2 Let f be a nonnegative (h,g;m)-convex function on [0,) where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and
m ∈ (0,1]. If f ,g,h ∈ L1[a,b], where 0 ≤ a < b < , then the following inequalities hold

f

(
a+b

2

)
≤ h
(

1
2

)
b−a

∫ b

a

[
f (x)g(x)+mf

( x
m

)
g
( x

m

)]
dx

≤ h
(

1
2

)
f (a)g(a)

b−a

∫ b

a
h

(
b− x
b−a

)
g(x)dx

+
mh
(1

2

)
f
(

b
m

)
g
(

b
m

)
b−a

∫ b

a
h

(
x−a
b−a

)
g(x)dx

+
mh
(

1
2

)
f
(

a
m

)
g
(

a
m

)
b−a

∫ b

a
h

(
b− x
b−a

)
g
( x

m

)
dx

+
m2h
( 1

2

)
f
(

b
m2

)
g
(

b
m2

)
b−a

∫ b

a
h

(
x−a
b−a

)
g
( x

m

)
dx. (3.4)

Proof. Let f be an (h,g;m)-convex function. Then for  = 1
2 we have

f

(
x+my

2

)
≤ h

(
1
2

)
[ f (x)g(x)+mf (y)g(y)] .

Choosing y ≡ y
m we obtain

f

(
x+ y

2

)
≤ h

(
1
2

)[
f (x)g(x)+mf

( y
m

)
g
( y

m

)]
. (3.5)
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Let x = a+(1− )b and y = (1− )a+b. Then

f

(
a+b

2

)
≤ h

(
1
2

)[
f (a+(1− )b)g(a+(1− )b)

+mf

(
(1− )

a
m

+
b
m

)
g

(
(1− )

a
m

+
b
m

)]
.

In the following step we will need to integrate the above over  ∈ [0,1]. From

∫ 1

0
f (a+(1− )b)g(a+(1− )b)d =

1
b−a

∫ b

a
f (u)g(u)du

and

∫ 1

0
f

(
(1− )

a
m

+
b
m

)
g

(
(1− )

a
m

+
b
m

)
d =

1
b−a

∫ b

a
f
( u

m

)
g
( u

m

)
du

we obtain

f

(
a+b

2

)
≤ h
(1

2

)
b−a

∫ b

a

[
f (u)g(u)+mf

( u
m

)
g
( u

m

)]
du. (3.6)

By (h,g;m)-convexity of f we have

f (a+(1− )b)≤ h( ) f (a)g(a)+mh(1− ) f

(
b
m

)
g

(
b
m

)
.

Multiplying the above inequality by g(a+(1− )b) and integrating over  ∈ [0,1] we
obtain

1
b−a

∫ b

a
f (u)g(u)du ≤ f (a)g(a)

∫ 1

0
h( )g(a+(1− )b)d

+mf

(
b
m

)
g

(
b
m

)∫ 1

0
h(1− )g(a+(1−)b)d

=
f (a)g(a)
b−a

∫ b

a
h

(
b−u
b−a

)
g(u)du

+
mf
(

b
m

)
g
(

b
m

)
b−a

∫ b

a
h

(
u−a
b−a

)
g(u)du. (3.7)

Again, by (h,g;m)-convexity of f we have

f

(
(1− )

a
m

+
b
m

)
≤ h(1− ) f

( a
m

)
g
( a

m

)
+mh( ) f

(
b
m2

)
g

(
b
m2

)
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and if we multiply above inequality by g
(
(1− ) a

m + b
m

)
and integrate over  ∈ [0,1] we

obtain

1
b−a

∫ b

a
f
( u

m

)
g
( u

m

)
du ≤ f

( a
m

)
g
( a

m

)∫ 1

0
h(1− )g

(
(1− )

a
m

+
b
m

)
d

+mf

(
b
m2

)
g

(
b
m2

)∫ 1

0
h( )g

(
(1− )

a
m

+
b
m

)
d

=
f
(

a
m

)
g
(

a
m

)
b−a

∫ b

a
h

(
b−u
b−a

)
g
( u

m

)
du

+
mf
(

b
m2

)
g
(

b
m2

)
b−a

∫ b

a
h

(
u−a
b−a

)
g
( u

m

)
du. (3.8)

Now from (3.6), (3.7) and (3.8) we obtain (3.4). �

In the sequel we state several corollaries, using special functions for h and/or g, and
choosing the parameter m. We start with the first special case: if g ≡ 1, then we have the
Hermite-Hadamard inequality for (h−m)-convex functions.

Corollary 3.1 Let f be a nonnegative (h−m)-convex function on [0,) where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0 and m ∈ (0,1]. If f ,h ∈ L1[a,b], where
0 ≤ a < b < , then the following inequalities hold

f

(
a+b

2

)
≤ h
(

1
2

)
b−a

∫ b

a

[
f (x)+mf

( x
m

)]
dx

≤ h

(
1
2

)∫ 1

0
h(x)dx

[
f (a)+mf

(
b
m

)
+mf

( a
m

)
+m2 f

(
b
m2

)]
. (3.9)

Proof. We use

∫ b

a
h

(
b− x
b−a

)
dx =

∫ b

a
h

(
x−a
b−a

)
dx = (b−a)

∫ 1

0
h(u)du.

�

Remark 3.3 In [24, Theorem 9] authors gave the following Hermite-Hadamard type in-
equality for (h−m)-convex functions:

f

(
a+b

2

)
≤ h
( 1

2

)
b−a

∫ b

a

[
f (x)+mf

( x
m

)]
dx

≤ h

(
1
2

)[
f (a)+mf

(
b
m

)
+mf

( a
m

)
+m2 f

(
b
m2

)]
. (3.10)

For all functions h such that
∫ 1
0 h(x)dx ≤ 1, our result (3.9) will improve (3.10).

If g ≡ 1 and m = 1, then we have the Hermite-Hadamard inequality for h-convex func-
tions ([36]):
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Corollary 3.2 Let f be a nonnegative h-convex function on [0,) where h is a nonnega-
tive function on J ⊆ R, (0,1) ⊆ J, h �≡ 0. If f ,h ∈ L1[a,b], where 0 ≤ a < b < , then the
following inequalities hold

1
2

f

(
a+b

2

)
≤ h
( 1

2

)
b−a

∫ b

a
f (x)dx

≤ h

(
1
2

)
[ f (a)+ f (b)]

∫ 1

0
h(x)dx. (3.11)

For h being identity and g ≡ 1, the Hermite-Hadamard type inequality for m-convex
functions holds ([11]):

Corollary 3.3 Let f be a nonnegative m-convex function on [0,) with m ∈ (0,1]. If
f ∈ L1[a,b], where 0 ≤ a < b < , then the following inequalities hold

f

(
a+b

2

)
≤ 1

2(b−a)

∫ b

a

[
f (x)+mf

( x
m

)]
dx

≤ 1
4

[
f (a)+mf

(
b
m

)
+mf

( a
m

)
+m2 f

(
b
m2

)]
.

Of course, if h(x) = x, g≡ 1 and m = 1, then we have the Hermite-Hadamard inequality
given in Theorem 3.1.

An interesting Hermite-Hadamard type inequality follows if h is an identity.

Corollary 3.4 Suppose that assumptions of Theorem 3.2 hold and let h(x) = x. Then

f

(
a+b

2

)
≤ 1

2(b−a)

∫ b

a

[
f (x)g(x)+mf

( x
m

)
g
( x

m

)]
dx

≤ f (a)g(a)
2(b−a)2

∫ b

a
(b− x)g(x)dx

+
mf
(

b
m

)
g
(

b
m

)
2(b−a)2

∫ b

a
(x−a)g(x)dx

+
mf
(

a
m

)
g
(

a
m

)
2(b−a)2

∫ b

a
(b− x)g

( x
m

)
dx

+
m2 f
(

b
m2

)
g
(

b
m2

)
2(b−a)2

∫ b

a
(x−a)g

( x
m

)
dx. (3.12)

Next we use h( ) =  s, s ∈ (0,1] and a special case of a positive function g(x) = e−x,
 ∈ R, to obtain a following new Hermite-Hadamard inequality for exponentially (s,m)-
convex functions in the second sense.

Corollary 3.5 Let f be a nonnegative exponentially (s,m)-convex function in the second
sense on [0,) where s,m ∈ (0,1]. If f ∈ L1[a,b], where 0 ≤ a < b <, then the following
inequalities hold
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f

(
a+b

2

)
≤ 1

2s(b−a)

∫ b

a

[
f (x)e−x +mf

( x
m

)
e−

x
m

]
dx

≤ f (a)e−a

2s(b−a)s+1

∫ b

a
(b− x)s e−x dx

+
mf
(

b
m

)
e−

b
m

2s(b−a)s+1

∫ b

a
(x−a)s e−x dx

+
mf
(

a
m

)
e−

a
m

2s(b−a)s+1

∫ b

a
(b− x)s e−

x
m dx

+
m2 f
(

b
m2

)
e−

b
m2

2s(b−a)s+1

∫ b

a
(x−a)s e−

x
m dx. (3.13)

The next result is for exponentially convex functions: a special case of Theorem 3.2
when h( ) =  , g(x) = e−x and m = 1.

Corollary 3.6 Let f be a nonnegative exponentially convex function,  �= 0. If f ∈
L1[a,b], where 0 ≤ a < b < , then the following inequalities hold

f

(
a+b

2

)
≤ 1

b−a

∫ b

a
f (x)e−x dx

≤ e−2a f (a)− e−2b f (b)
(b−a)

+
[
e−b− e−a

] e−a f (a)− e−b f (b)
2(b−a)2 . (3.14)

Proof. The second part of (3.14) follows from

e−a f (a)
(b−a)2

∫ b

a
(b− x)e−x dx+

e−b f (b)
(b−a)2

∫ b

a
(x−a)e−x dx

=
e−2a f (a)− e−2b f (b)

(b−a)

+
[
e−b− e−a

] e−a f (a)− e−b f (b)
2(b−a)2 .

�

Remark 3.4 In [8, Theorem 1] authors gave the following Hermite-Hadamard type in-
equality for an exponentially convex function

f

(
a+b

2

)
≤ 1

b−a

∫ b

a
f (x)e−x dx

≤ e−a f (a)+ e−b f (b)
2

.
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Actually, this result holds only for  > 0 (not for all  ∈ R, as the authors stated). In that
case, our result (3.14) is an improvement of the above inequality since

e−2a f (a)− e−2b f (b)
(b−a)

+
[
e−b− e−a

] e−a f (a)− e−b f (b)
2(b−a)2

=
e−a f (a)
(b−a)2

∫ b

a
(b− x)e−x dx+

e−b f (b)
(b−a)2

∫ b

a
(x−a)e−x dx

≤ e−a f (a)
(b−a)2

∫ b

a
(b− x)dx+

e−b f (b)
(b−a)2

∫ b

a
(x−a)dx

=
e−a f (a)+ e−b f (b)

2
.

We use the basic property of the exponential function: e−x ≤ 1 for x ∈ [0,) and  > 0.

Next we present few other inequalities of the Hermite-Hadamard type.

Theorem 3.3 Let f be a nonnegative (h,g;m)-convex function on [0,) where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and
m ∈ (0,1]. If f ,g,h ∈ L1[a,b], where 0 ≤ a < b < , then the following inequality holds

1
b−a

∫ b

a
f (x)dx

≤ min
{

f (a)g(a)+mf

(
b
m

)
g

(
b
m

)
; f (b)g(b)+mf

( a
m

)
g
( a

m

)}

×
∫ 1

0
h(x)dx. (3.15)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and  ∈ (0,1). Then

f (a+(1− )b) = f

(
a+m(1− )

b
m

)

≤ h( ) f (a)g(a)+mh(1− ) f

(
b
m

)
g

(
b
m

)

and

f (b+(1− )a) ≤ h( ) f (b)g(b)+mh(1− ) f
( a

m

)
g
( a

m

)
.

Integrating on [0,1] with respect to the variable  we obtain

∫ 1

0
f (a+(1− )b)d

≤ f (a)g(a)
∫ 1

0
h( )d +mf

(
b
m

)
g

(
b
m

)∫ 1

0
h(1− )d
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and ∫ 1

0
f (b+(1− )a)d

≤ f (b)g(b)
∫ 1

0
h( )d +mf

( a
m

)
g
( a

m

)∫ 1

0
h(1− )d .

The inequality (3.15) now follows from
∫ 1
0 h( )d =

∫ 1
0 h(1− )d and

∫ 1

0
f (a+(1− )b)d =

∫ 1

0
f (b+(1− )a)d =

1
b−a

∫ b

a
f (x)dx.

�

Theorem 3.4 Suppose that the assumptions of Theorem 3.3 hold with f ,g,h ∈ L1[ma,b].
Then

1
mb−a

∫ mb

a
f (x)dx+

1
b−ma

∫ b

ma
f (x)dx

≤ (m+1) [ f (a)g(a)+ f (b)g(b)]
∫ 1

0
h(x)dx. (3.16)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and  ∈ (0,1). Then

f (a+m(1− )b) ≤ h( ) f (a)g(a)+mh(1− ) f (b)g(b),
f ((1− )a+mb) ≤ h(1− ) f (a)g(a)+mh( ) f (b)g(b)

and

f (b+m(1− )a) ≤ h( ) f (b)g(b)+mh(1− ) f (a)g(a),
f ((1− )b+ma) ≤ h(1− ) f (b)g(b)+mh( ) f (a)g(a).

Next we add the above inequalities

f (a+m(1− )b)+ f ((1− )a+mb)
+ f (b+m(1− )a)+ f ((1− )b+ma)

≤ (m+1) [ f (a)g(a)+ f (b)g(b)] [h( )+h(1− )]

and integrate to obtain

∫ 1

0
f (a+m(1− )b)d +

∫ 1

0
f ((1− )a+mb)d

∫ 1

0
f (b+m(1− )a)d +

∫ 1

0
f ((1− )b+ma)d

≤ (m+1) [ f (a)g(a)+ f (b)g(b)]
∫ 1

0
[h( )+h(1− )]d .
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The inequality (3.16) now follows from

∫ 1

0
f (a+m(1− )b)d =

∫ 1

0
f ((1− )a+mb)d =

1
mb−a

∫ mb

a
f (x)dx

and

∫ 1

0
f (b+m(1− )a)d =

∫ 1

0
f ((1− )b+ma)d =

1
b−ma

∫ b

ma
f (x)dx.

�

Remark 3.5 For h being identity and q ≡ 1, (h,g;m)-convexity reduces to m-convexity.
Therefore, Theorems 3.3 and 3.4 generalize [11, Theorem 2, Theorem 5], respectively.

Notice, if m∈ (0,1] then ma < b, but there is no guarantee that a < mb, so the resulting
inequality from [11, Theorem 5]

1
m+1

[∫ mb

a
f (x)dx+

mb−a
b−ma

∫ b

ma
f (x)dx

]
≤ (mb−a)

f (a)+ f (b)
2

should not be multiplied with (mb−a).

We emphasize that all other correspondingHermite-Hadamard inequalities for different
types of convexity, which follow from this section, can be done analogously.

3.3 Fejér type inequalities for (h,g;m)-convex
functions

The Fejér inequality is a weighted version of the Hermite-Hadamard inequality:

Theorem 3.5 (THE FEJÉR INEQUALITY) Let f : [a,b] → R be a convex function and
w : [a,b]→ R nonnegative, integrable and symmetric about a+b

2 . Then

f

(
a+b

2

)∫ b

a
w(x)dx ≤

∫ b

a
f (x)w(x)dx ≤ f (a)+ f (b)

2

∫ b

a
w(x)dx. (3.17)

Here we prove the Fejér inequality for an (h,g;m)-convex function and give some similar
results.

Theorem 3.6 (THE SECOND FEJÉR INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Let f be a nonnegative (h,g;m)-convex function on [0,) where h is a nonnegative func-
tion on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and m ∈ (0,1]. Let
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0 ≤ a < b <  and f ,g,h ∈ L1[a,b]. Furthermore, let w : [a,b] → R be a nonnegative,
integrable and symmetric about a+b

2 . Then the following inequality holds

∫ b

a
f (x)w(x)dx

≤ 1
2

[
f (a)g(a)+ f (b)g(b)+mf

( a
m

)
g
( a

m

)
+mf

(
b
m

)
g

(
b
m

)]

×
∫ b

a
h

(
x−a
b−a

)
w(x)dx. (3.18)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and x ∈ [a,b]. First we
use

f (x) = f

(
b− x
b−a

a+m
x−a
b−a

b
m

)
,

f (a+b− x) = f

(
b− x
b−a

b+m
x−a
b−a

a
m

)
.

Next, since
∫ b
a f (x)dx =

∫ b
a f (a + b− x)dx and w is symmetric with respect to a+b

2 , i.e.
w(x) = w(a+b− x), we have

∫ b

a
f (x)w(x)dx =

1
2

[∫ b

a
f (x)w(x)dx+

∫ b

a
f (a+b− x)w(a+b− x)dx

]

=
1
2

∫ b

a
[ f (x)+ f (a+b− x)]w(x)dx

=
1
2

∫ b

a

[
f

(
b− x
b−a

a+m
x−a
b−a

b
m

)
+ f

(
b− x
b−a

b+m
x−a
b−a

a
m

)]
w(x)dx.

Applying (h,g;m)-convexity of f , we obtain

∫ b

a
f (x)w(x)dx ≤ 1

2

∫ b

a

[
h

(
b− x
b−a

)
f (a)g(a)+mh

(
x−a
b−a

)
f

(
b
m

)
g

(
b
m

)

+h

(
b− x
b−a

)
f (b)g(b)+mh

(
x−a
b−a

)
f
( a

m

)
g
( a

m

)]
w(x)dx

=
1
2

[ f (a)g(a)+ f (b)g(b)]
∫ b

a
h

(
b− x
b−a

)
w(x)dx

+
m
2

[
f
( a

m

)
g
( a

m

)
+ f

(
b
m

)
g

(
b
m

)]∫ b

a
h

(
x−a
b−a

)
w(x)dx.

From symmetric property of w and with suitable substitution we obtain
∫ b

a
h

(
b− x
b−a

)
w(x)dx =

∫ b

a
h

(
b− x
b−a

)
w(a+b− x)dx

=
∫ b

a
h

(
x−a
b−a

)
w(x)dx. (3.19)
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Hence, the inequality (3.18) is proved. �

Remark 3.6 If q ≡ 1 and m = 1, then (h,g;m)-convexity reduces to h-convexity. There-
fore, Theorem 3.6 generalizes [31, Theorem 5].

Next we have two similar results.

Theorem 3.7 Suppose that the assumptions of Theorem 3.6 hold. Then∫ b

a
f (x)w(x)dx

≤
[

f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]∫ b

a
h

(
x−a
b−a

)
w(x)dx. (3.20)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and  ∈ (0,1). Then, as
before,

f (a+(1− )b)≤ h( ) f (a)g(a)+mh(1− ) f

(
b
m

)
g

(
b
m

)
.

If we multiply the above with w(a+(1− )b) and integrate on [0,1] we obtain∫ 1

0
f (a+(1− )b)w(a+(1−)b)d

≤
∫ 1

0

[
h( ) f (a)g(a)+mh(1− ) f

(
b
m

)
g

(
b
m

)]
w(a+(1− )b)d

= f (a)g(a)
∫ 1

0
h( )w(a+(1− )b)d

+mf

(
b
m

)
g

(
b
m

)∫ 1

0
h(1− )w(a+(1− )b)d .

Of course, ∫ 1

0
f (a+(1− )b)w(a+(1− )b)d =

1
b−a

∫ b

a
f (x)w(x)dx.

From the symmetry of the weight w it follows w(a+(1− )b)= w((1− )a+b) which
gives us ∫ 1

0
h( )w(a+(1− )b)d =

∫ 1

0
h(1− )w((1− )a+b)d

=
1

b−a

∫ b

a
h

(
x−a
b−a

)
w(x)dx.

Therefore,

1
b−a

∫ b

a
f (x)w(x)dx ≤ 1

b−a
f (a)g(a)

∫ b

a
h

(
x−a
b−a

)
w(x)dx

+
m

b−a
f

(
b
m

)
g

(
b
m

)∫ b

a
h

(
x−a
b−a

)
w(x)dx,
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from which we obtain (3.20). �

Theorem 3.8 Suppose that the assumptions of Theorem 3.6 hold. Then

∫ b

a
f (x)w(x)dx ≤

[
f (b)g(b)+mf

( a
m

)
g
( a

m

)]∫ b

a
h

(
b− x
b−a

)
w(x)dx. (3.21)

Proof. We start with

f (a+(1− )b) = f
(
m

a
m

+(1− )b
)
≤ h(1− ) f (b)g(b)+mh( ) f

( a
m

)
g
( a

m

)
and following the same steps as in the proof of the previous theorem we obtain the inequal-
ity (3.21). �

Remark 3.7 If we use (3.19) and add inequalities (3.20) and (3.21), then we obtain (3.18).
Theorems 3.7 and 3.8 both generalize [36, Theorem 3] – the second Fejér inequality

for an h-convex function.
Furthermore, if we apply the symmetry of w and suitable substitution, we can see that

[31, Theorem 5] and [36, Theorem 3] are the same results.

We continue with the first part of the Fejér inequality.

Theorem 3.9 (THE FIRST FEJÉR INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Suppose that the assumptions of Theorem 3.6 hold. Then

f

(
a+b

2

)∫ b

a
w(x)dx

≤ h

(
1
2

)∫ b

a
f (x)g(x)w(x)dx+mh

(
1
2

)∫ b

a
f
( x

m

)
g
( x

m

)
w(x)dx. (3.22)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and x ∈ [a,b]. Applying
(h,g;m)-convexity of f and

f

(
a+b

2

)
= f

(
1
2
(a+b− x)+m

1
2

x
m

)

we obtain

f

(
a+b

2

)∫ b

a
w(x)dx

=
∫ b

a
f

(
1
2
(a+b− x)+m

1
2

x
m

)
w(x)dx

≤
∫ b

a

[
h

(
1
2

)
f (a+b− x)g(a+b− x)+mh

(
1
2

)
f
( x

m

)
g
( x

m

)]
w(x)dx.
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Now from the above and∫ b

a
f (a+b− x)g(a+b− x)w(x)dx =

∫ b

a
f (a+b− x)g(a+b− x)w(a+b− x)dx

=
∫ b

a
f (x)g(x)w(x)dx

where we use the symmetry of w, follows the inequality (3.22). �

Next we give a lemma that will be used in the last given Fejér type inequality.

Lemma 3.2 Let f be a nonnegative (h,g;m)-convex function on [0,) where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and
m ∈ (0,1]. Then for all x ∈ (a,b) ⊂ [0,) there exists  ∈ (0,1) such that

f (a+b− x)≤ [h( )+h(1− )]
[

f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]
− f (x). (3.23)

If f is an (h,g;m)-concave function, then the reversed inequality holds.

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and x ∈ (a,b). Then
there exists  ∈ (0,1) such that x = a+(1− )b. Therefore

f (a+b− x) = f ((1− )a+b)

≤ h(1− ) f (a)g(a)+mh( ) f

(
b
m

)
g

(
b
m

)

= h(1− ) f (a)g(a)+mh( ) f

(
b
m

)
g

(
b
m

)

±h( ) f (a)g(a)± mh(1− ) f

(
b
m

)
g

(
b
m

)

= [h( )+h(1− )
[
f (a)g(a)+mh( ) f

(
b
m

)
g

(
b
m

)]

−
[
h( ) f (a)g(a)+mh(1− ) f

(
b
m

)
g

(
b
m

)]

≤ [h( )+h(1− )]
[

f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]
− f (x).

�

Theorem 3.10 Suppose that the assumptions of Theorem 3.6 hold. Then for every  ∈
(0,1) there is the representation

∫ b

a
f (x)w(x)dx

≤ h( )+h(1− )
2

[
f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]∫ b

a
w(x)dx. (3.24)
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Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and  ∈ (0,1). Set
x = a+(1− )b. If we multiply the inequality (3.23) with w(x) and integrate we obtain∫ b

a
f (a+b− x)w(x)dx ≤ [(h( )+h(1− )]

[
f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]∫ b

a
w(x)dx

−
∫ b

a
f (x)w(x)dx.

If we use the symmetry of w and∫ b

a
f (a+b− x)w(a+b− x)dx=

∫ b

a
f (x)w(x)dx

then we obtain the inequality (3.24). �

Remark 3.8 If we set q ≡ 1 and m = 1, then Theorems 3.9 and 3.10 generalize the in-
equalities for an h-convex function in [31, Theorem 6].

Using special functions for h and/or g, as well as choosing a fixed parameter for m,
inequalities for other different types of convexity can be derived from results of this section.

3.4 Lah-Ribarič type inequalities for (h,g;m)-convex
functions

Two known inequalities provide bounds of the integral
∫ b
a p(x) f (w(x))dx. While the Jensen

inequality gives the lower, the Lah-Ribarič inequality gives its upper bound:

Theorem 3.11 (THE JENSEN INEQUALITY) Let w : [a,b]→ R be an integrable function
and let p : [a,b] → R be a nonnegative function. If f is a convex function given on an
interval I such that w([a,b]) ⊆ I, then

f

(
1∫ b

a p(x)dx

∫ b

a
p(x)w(x)dx

)
≤ 1∫ b

a p(x)dx

∫ b

a
p(x) f (w(x))dx.

Theorem 3.12 (THE LAH-RIBARIČ INEQUALITY, [19]) Let w : [a,b] → R be an inte-
grable function such that m ≤ w(x) ≤ M for x ∈ [a,b], m < M, and let p : [a,b] → R be a
nonnegative function. If f is a convex function given on an interval I such that [m,M] ⊆ I,
then

1∫ b
a p(x)dx

∫ b

a
p(x) f (w(x))dx ≤ M− w̄

M−m
f (m)+

w̄−m
M−m

f (M), (3.25)

where

w̄ =
∫ b
a p(x)w(x)dx∫ b

a p(x)dx
.
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The Lah-Ribarič inequality derives certain results of Hermite-Hadamard, Fejér, Gi-
accardi, Popoviciu and Petrović (see [21, 25]), which was the main motivation for this
section. We want to prove these inequalities in a more general setting, using the recently
introduced class of (h,g;m)-convex functions ([6]).

We have already investigated certain Hermite-Hadamard and Fejér type inequalities
for (h,g;m)-convex functions, but here we will observe those that we can obtain from the
Lah-Ribarič inequality.

First we prove the Lah-Ribarič inequality for an (h,g;m)-convex function.

Theorem 3.13 (THE LAH-RIBARIČ INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Let w : [a,b] → R be an integrable function such that 0 ≤ a < b < ,  ≤ w(x) ≤ M for
x ∈ [a,b],  < M, and let p : [a,b] → R be a nonnegative function. Let f be a nonnega-
tive (h,g;m)-convex function on [0,) such that [ ,M] ⊆ [0,), where h is a nonnegative
function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,), m ∈ (0,1] and
f ,g,h ∈ L1[a,b]. Then the following inequality holds

∫ b

a
p(x) f (w(x))dx ≤ f ()g()

∫ b

a
p(x)h

(
M−w(x)
M− 

)
dx

+mf

(
M
m

)
g

(
M
m

)∫ b

a
p(x)h

(
w(x)− 
M− 

)
dx. (3.26)

Proof. For x ∈ [a,b] we have

f (x) = f

(
M− x
M− 

+m
x− 
M− 

M
m

)
.

Applying (h,g;m)-convexity of f , we obtain

f (x) ≤ h

(
M− x
M− 

)
f ()g()+mh

(
x− 
M− 

)
f

(
M
m

)
g

(
M
m

)
.

If we substitute x with w(x), multiply the above with p(x) and integrate on [a,b], then we
obtain (3.26). �

Analogous inequality can be obtain for an (h,g;m)-concave function.
Interesting results arise for (h,g;m)-convex (concave) functions if we set h to be a

super(sub)multiplicative function. For this we need the following definition.

Definition 3.2 A function h : J → R is said to be a supermultiplicative function if

h(xy) ≥ h(x)h(y) (3.27)

for all x,y ∈ J.
If the inequality (3.27) is reversed, then h is said to be a submultiplicative function. If

the equality holds in (3.27), then h is said to be a multiplicative function.
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Theorem 3.14 Suppose that assumptions of Theorem 3.13 hold and let h be a supermul-
tiplicative function with M−w(x),w(x)−  ,M−  ∈ J. Then

∫ b

a
p(x) f (w(x))dx ≤ f ()g()

h(M− )

∫ b

a
p(x)h(M−w(x))dx

+
m

h(M− )
f

(
M
m

)
g

(
M
m

)∫ b

a
p(x)h(w(x)− )dx. (3.28)

If additionally
h( )+h(1− )≤ 1,  ∈ (0,1), (3.29)

then

∫ b

a
p(x) f (w(x))dx ≤ f ()g()

[∫ b

a
p(x)dx− 1

h(M− )

∫ b

a
p(x)h(w(x)− )dx

]

+
m

h(M− )
f

(
M
m

)
g

(
M
m

)∫ b

a
p(x)h(w(x)− )dx. (3.30)

Proof. For x ∈ [a,b] we have

M−w(x)
M− 

∈ (0,1) ⊆ J,
w(x)− 
M− 

∈ (0,1) ⊆ J.

Since h is a supermultiplicative function, and M−w(x), w(x)− , M− are in J, we have

h(M−w(x)) = h

(
M−w(x)
M− 

· (M− )
)
≥ h

(
M−w(x)
M− 

)
h(M− )

and

h(w(x)− ) ≥ h

(
w(x)− 
M− 

)
h(M− ).

Hence, (3.28) is proved.
If we apply the condition (3.29), then

h

(
M−w(x)
M− 

)
= h

(
1− w(x)− 

M− 

)
≤ 1−h

(
w(x)− 
M− 

)
≤ 1− h(w(x)− )

h(M− )
,

which proves the inequality (3.30). �

Next we present several corollaries of Theorems 3.13 and 3.14, using special functions
for h and/or g, as well as choosing a fixed parameter for m. We start with the first special
case: Lah-Ribarič type inequalities for (h−m)-convex functions, obtained by setting g≡ 1.

Corollary 3.7 Let w : [a,b] → R be an integrable function such that 0 ≤ a < b < ,
 ≤ w(x) ≤ M for x ∈ [a,b],  < M, and let p : [a,b] → R be a nonnegative function. Let
f be a nonnegative (h−m)-convex function on [0,) such that [ ,M] ⊆ [0,), where h is
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a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, m ∈ (0,1] and f ,h ∈ L1[a,b]. Then the
following inequality holds∫ b

a
p(x) f (w(x))dx ≤ f ()

∫ b

a
p(x)h

(
M−w(x)
M− 

)
dx

+mf

(
M
m

)∫ b

a
p(x)h

(
w(x)− 
M− 

)
dx.

Corollary 3.8 Suppose that assumptions of Corollary 3.7 hold and let h be a supermulti-
plicative function with M−w(x),w(x)−  ,M−  ∈ J. Then∫ b

a
p(x) f (w(x))dx ≤ f ()

h(M− )

∫ b

a
p(x)h(M−w(x))dx

+
m

h(M− )
f

(
M
m

)∫ b

a
p(x)h(w(x)− )dx.

If additionally (3.29) holds, then∫ b

a
p(x) f (w(x))dx ≤ f ()

[∫ b

a
p(x)dx− 1

h(M− )

∫ b

a
p(x)h(w(x)− )dx

]

+
m

h(M− )
f

(
M
m

)∫ b

a
p(x)h(w(x)− )dx.

If g ≡ 1 and m = 1, then we have Lah-Ribarič type inequalities for h-convex functions.

Corollary 3.9 Let w : [a,b] → R be an integrable function such that 0 ≤ a < b < ,
 ≤ w(x) ≤ M for x ∈ [a,b],  < M, and let p : [a,b] → R be a nonnegative function.
Let f be a nonnegative h-convex function on [0,) such that [ ,M] ⊆ [0,), where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0 and f ,h ∈ L1[a,b]. Then the following
inequality holds ∫ b

a
p(x) f (w(x))dx ≤ f ()

∫ b

a
p(x)h

(
M−w(x)
M− 

)
dx

+ f (M)
∫ b

a
p(x)h

(
w(x)− 
M− 

)
dx.

Corollary 3.10 Suppose that assumptions of Corollary 3.9 hold and let h be a supermul-
tiplicative function with M−w(x),w(x)−  ,M−  ∈ J. Then∫ b

a
p(x) f (w(x))dx ≤ f ()

h(M− )

∫ b

a
p(x)h(M−w(x))dx

+
f (M)

h(M− )

∫ b

a
p(x)h(w(x)− )dx.

If additionally (3.29) holds, then∫ b

a
p(x) f (w(x))dx ≤ f ()

[∫ b

a
p(x)dx− 1

h(M− )

∫ b

a
p(x)h(w(x)− )dx

]

+
f (M)

h(M− )

∫ b

a
p(x)h(w(x)− )dx.
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Finally, Lah-Ribarič type inequality for m-convex functions holds for h being an iden-
tity and g ≡ 1.

Corollary 3.11 Let w : [a,b] → R be an integrable function such that 0 ≤ a < b < ,
 ≤w(x) ≤M for x ∈ [a,b],  < M, and let p : [a,b]→R be a nonnegative function. Let f
be a nonnegative m-convex function on [0,) such that [ ,M] ⊆ [0,) with m ∈ (0,1] and
f ∈ L1[a,b]. Then the following inequality holds

1∫ b
a p(x)dx

∫ b

a
p(x) f (w(x))dx ≤ M− w̄

M− 
f ()+m

w̄− 
M− 

f

(
M
m

)
,

where

w̄ =
∫ b
a p(x)w(x)dx∫ b

a p(x)dx
.

Of course, if h(x) = x, g(x) = 1 and m = 1, then we have the Lah-Ribarič inequality
for a convex function, as given in (3.25).

3.4.1 Obtaining Hermite-Hadamard and Fejér inequalities

From the Lah-Ribarič inequality given in Theorem 3.13, we can deduce the right Hermite-
Hadamard inequality for an (h,g;m)-convex function as follows.

Theorem 3.15 Let f be a nonnegative (h,g;m)-convex function on [0,), where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and
m ∈ (0,1]. If f ,g,h ∈ L1[a,b], where 0 ≤ a < b < , then following inequality holds

1
b−a

∫ b

a
f (x)dx ≤

[
f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]∫ 1

0
h(x)dx. (3.31)

Proof. If we set M = b,  = a with p(x) = 1 and w(x) = x on [a,b] in Theorem 3.13, then
we obtain ∫ b

a
f (x)dx ≤ f (a)g(a)

∫ b

a
h

(
b− x
b−a

)
dx

+mf

(
b
m

)
g

(
b
m

)∫ b

a
h

(
x−a
b−a

)
dx.

Now (3.31) follows from

∫ b

a
h

(
b− x
b−a

)
dx =

∫ b

a
h

(
x−a
b−a

)
dx = (b−a)

∫ 1

0
h(t)dt.

�

Remark 3.9 In addition to the inequalities already obtained in Theorems 3.2 and 3.3, the
above theorem gives us yet another inequality of Hermite-Hadamard type.
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A weighted version of the Hermite-Hadamard inequality is the Fejér inequality, also
known in literature as the Hermite-Hadamard-Fejér inequality. If we add the symmetry
of the weight p, then we can obtain one of the Fejér type inequality for (h,g;m)-convex
functions.

Theorem 3.16 Let f be a nonnegative (h,g;m)-convex function on [0,), where h is a
nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and
m ∈ (0,1]. Let 0 ≤ a < b <  and f ,g,h ∈ L1[a,b]. Furthermore, let p : [a,b] → R be a
nonnegative, integrable and symmetric about a+b

2 . Then the following inequality holds

∫ b

a
p(x) f (x)dx ≤

[
f (a)g(a)+mf

(
b
m

)
g

(
b
m

)]∫ b

a
p(x)h

(
x−a
b−a

)
dx. (3.32)

Proof. If we set M = b,  = a with w(x) = x on [a,b], then from (3.26) we obtain

∫ b

a
p(x) f (x)dx ≤ f (a)g(a)

∫ b

a
p(x)h

(
b− x
b−a

)
dx

+mf

(
b
m

)
g

(
b
m

)∫ b

a
p(x)h

(
x−a
b−a

)
dx.

From symmetric property of p and with suitable substitution we have

∫ b

a
p(x)h

(
b− x
b−a

)
dx =

∫ b

a
p(a+b− x)h

(
b− x
b−a

)
dx

=
∫ b

a
p(x)h

(
x−a
b−a

)
dx, (3.33)

which gives us the inequality (3.32). �

Remark 3.10 The previous result, as well as the similar one

∫ b

a
p(x) f (x)dx ≤

[
f (b)g(b)+mf

( a
m

)
g
( a

m

)]∫ b

a
p(x)h

(
b− x
b−a

)
dx, (3.34)

are proved in Theorems 3.7 and 3.8. If we use weight’s symmetry (3.33) and add inequal-
ities (3.32) and (3.34), then we obtain (3.18) in Theorem 3.6.

3.4.2 Inequalities of Giaccardi, Popoviciu and Petrović

We present applications of previous results from this section to inequalities of Giaccardi,
Popoviciu and Petrović.

Let f be a convex function on an interval I, p a nonnegative n-tuple with

n


i=1

pi �= 0
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and x a real n-tuple. If x ∈ In and x0 ∈ I are such that

n


i=1

pixi = x̃ ∈ I, x̃ �= x0

and
(xi − x0)(x̃− xi) ≥ 0, i = 1, . . . ,n,

then the Lah-Ribarič inequality (3.25) with m = x0 and M = x̃ yields the Giaccardi inequal-
ity

n


i=1

pi f (xi) ≤ A f (x̃)+B

(
n


i=1

pi−1

)
f (x0),

where

A = n
i=1 pi(xi − x0)
n

i=1 pixi− x0
, B = n

i=1 pixi

n
i=1 pixi− x0

.

When xi ≥ 0 (i = 1, . . . ,n) are such that they satisfy

x j ≤
n


i=1

pixi, j = 1, . . . ,n,

then from the Lah-Ribarič inequality (3.25) with m = 0 and M = x̃ follows the Popoviciu
inequality

n


i=1

pi f (xi) ≤ f (x̃)+

(
n


i=1

pi −1

)
f (0).

If xi ≥ 0 (i = 1, . . . ,n) and f is a convex function of [0,n
i=1 xi], then we obtain the Petrović

inequality from the Lah-Ribarič inequality (3.25) by setting m = 0, M =n
i=1 xi and pi = 1

for i = 1, . . . ,n, i. e.
n


i=1

f (xi) ≤ f

(
n


i=1

xi

)
+(n−1) f (0).

More on the above inequalities can be found in [21, 25].
Now we present these inequalities for an (h,g;m)-convex function using Theorem 3.13

as follows.

Theorem 3.17 (THE GIACCARDI INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Let p be a nonnegative n-tuple with n

i=1 pi �= 0 and x be a real n-tuple. Let x ∈ In and
x0 ∈ I be such that

n


i=1

pixi = x̃ ∈ I, x̃ �= x0

and
(xi − x0)(x̃− xi) ≥ 0, i = 1, . . . ,n.

Let f be a nonnegative (h,g;m)-convex function on [0,) such that I ⊆ [0,), where h is
a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and
m ∈ (0,1]. Then the following inequality holds
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n


i=1

pi f (xi) ≤ f (x0)g(x0)
n


i=1

pi h

(
x̃− xi

x̃− x0

)

+mf

(
x̃
m

)
g

(
x̃
m

) n


i=1

pi h

(
xi − x0

x̃− x0

)
. (3.35)

Proof. Proof follows directly from Theorem 3.13 for  = x0 and M = x̃. �

Corollary 3.12 (THE POPOVICIU INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Let p and x be nonnegative n-tuples with n

i=1 pi �= 0. Let x ∈ [0,a]n, 0 < a < , be such
that

n


i=1

pixi = x̃ ∈ (0,a]

and
x̃− xi ≥ 0, i = 1, . . . ,n.

Let f be a nonnegative (h,g;m)-convex function on [0,), where h is a nonnegative func-
tion on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and m ∈ (0,1]. Then the
following inequality holds

n


i=1

pi f (xi) ≤ f (0)g(0)
n


i=1

pi h

(
x̃− xi

x̃

)

+mf

(
x̃
m

)
g

(
x̃
m

) n


i=1

pi h
(xi

x̃

)
. (3.36)

Corollary 3.13 (THE PETROVIĆ INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Let x be a nonnegative n-tuple. Let f be a nonnegative (h,g;m)-convex function on [0,)
such that [0,n

i=1 xi]⊆ [0,), where h is a nonnegative function on J ⊆R, (0,1)⊆ J, h �≡ 0,
g is a positive function on [0,) and m ∈ (0,1]. Then the following inequality holds

n


i=1

f (xi) ≤ f (0)g(0)
n


i=1

h

(
n

j=1 x j − xi

n
j=1 x j

)

+mf

(
1
m

n


i=1

xi

)
g

(
1
m

n


i=1

xi

)
n


i=1

h

(
xi

n
j=1 x j

)
. (3.37)

Next we observe Giaccardi’s inequality for an (h,g;m)-convex function, where h is a
supermultiplicative function.

Theorem 3.18 Suppose that assumptions of Theorem 3.17 hold and let h be a supermul-
tiplicative function with x̃− x0 ∈ J and x̃− xi, xi− x0 ∈ J for i =,1, . . . ,n. Then

n


i=1

pi f (xi) ≤ f (x0)g(x0)
h(x̃− x0)

n


i=1

pi h(x̃− xi)

+
m

h(x̃− x0)
f

(
x̃
m

)
g

(
x̃
m

) n


i=1

pi h(xi− x0). (3.38)
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If additionally (3.29) holds, then

n


i=1

pi f (xi) ≤ f (x0)g(x0)

[
n


i=1

pi − n
i=1 pi h(xi− x0)

h(x̃− x0)

]

+
m

h(x̃− x0)
f

(
x̃
m

)
g

(
x̃
m

) n


i=1

pi h(xi − x0). (3.39)

Proof. Proof follows from Theorem 3.14 for  = x0 and M = x̃. Here, for i = 1, . . . ,n we
have

x̃− xi

x̃− x0
∈ (0,1) ⊆ J,

xi− x0

x̃− x0
∈ (0,1) ⊆ J.

Since h is a supermultiplicative function, with assumptions that x̃− x0, x̃− xi, xi − x0 for
all i = 1, . . . ,n are in J, we obtain (3.38).

The second inequality (3.39) follows from

h

(
x̃− xi

x̃− x0

)
≤ 1− h(xi− x0)

h(x̃− x0)
.

�

Remark 3.11 Setting g≡ 1 and m = 1 in (3.39) we obtain the result for h-convex function
given in [29, Theorem 2.1]:

n


i=1

pi f (xi) ≤ f (x0)

[
n


i=1

pi − n
i=1 pi h(xi− x0)

h(x̃− x0)

]
+

f (x̃)
h(x̃− x0)

n


i=1

pi h(xi− x0).

Taking x0 = 0 gives us [29, Theorem 2.2]:

n


i=1

pi f (xi) ≤ f (0)

[
n


i=1

pi− n
i=1 pi h(xi)

h(x̃)

]
+

f (x̃)
h(x̃)

n


i=1

pi h(xi).

Corresponding inequalities can be stated using special functions for h and/or g, and
choosing a fixed parameter for m. However, the details are omitted.

3.4.3 Applications: Converses of the Jensen inequality

We consider converses of Jensen’s inequality, using an analogue of the Mond-Pečarić
method in operator inequalities, to obtain the bounds. Numerous applications of the fol-
lowing theorem can be given as in monographs [13, 14] involving operators, or for real
variables as in [25].

Theorem 3.19 Let w : [a,b] → R be an integrable function such that 0 ≤ a < b < ,
 ≤ w(x) ≤ M for x ∈ [a,b],  < M, and let p : [a,b] → R be a nonnegative function. Let
f be a nonnegative (h,g;m)-convex function on [0,) such that [ ,M] ⊆ [0,), where h
is a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive function on [0,),
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m ∈ (0,1] and f ,g,h ∈ L1[a,b]. Furthermore, let F : U ×U → R be a function such that
f ([ ,M]) ⊂U. If F is increasing in the first variable and h is a concave function, then the
following inequality holds

F

[
1∫ b

a p(x)dx

∫ b

a
p(x) f (w(x))dx, f

(
1∫ b

a p(x)dx

∫ b

a
p(x)w(x)dx

)]

≤ max
x∈[,M]

F

[
h(M− x)
M− 

f ()g()+m
h(x− )
M− 

f

(
M
m

)
g

(
M
m

)
, f (x)

]
.

(3.40)

Proof. Since h is a concave function, then from Theorem 3.13 we obtain

∫ b

a
p(x) f (w(x))dx

≤ f ()g()
∫ b

a
p(x)h

(
M−w(x)
M− 

)
dx+mf

(
M
m

)
g

(
M
m

)∫ b

a
p(x)h

(
w(x)− 
M− 

)
dx

≤ f ()g()
(∫ b

a
p(x)dx

)
h

(
1∫ b

a p(x)dx

∫ b

a
p(x)

M−w(x)
M− 

dx

)

+mf

(
M
m

)
g

(
M
m

)(∫ b

a
p(x)dx

)
h

(
1∫ b

a p(x)dx

∫ b

a
p(x)

w(x)− 
M− 

dx

)

that is

∫ b
a p(x) f (w(x))dx∫ b

a p(x)dx
≤ h(M− w̄)

M− 
f ()g()+m

h(w̄− )
M− 

f

(
M
m

)
g

(
M
m

)

where

w̄ =
∫ b
a p(x)w(x)dx∫ b

a p(x)dx
.

Using the increasing property of F(·,y) we have

F

[∫ b
a p(x) f (w(x))dx∫ b

a p(x)dx
, f (w̄)

]

≤ F

[
h(M− w̄)

M− 
f ()g()+m

h(w̄− )
M− 

f

(
M
m

)
g

(
M
m

)
, f (w̄)

]

≤ max
x∈[,M]

F

[
h(M− x)
M− 

f ()g()+m
h(x− )
M− 

f

(
M
m

)
g

(
M
m

)
, f (x)

]
,

which gives us the inequality (3.40). �



3.5 JENSEN TYPE INEQUALITIES FOR (h,g;m)-CONVEX FUNCTIONS 95

Remark 3.12 If we apply Theorem 3.19 on the function F(x,y) = x−y, then a difference
type of converse of Jensen’s inequality for (h,g;m)-convex functions follows

1∫ b
a p(x)dx

∫ b

a
p(x) f (w(x))dx− f

(
1∫ b

a p(x)dx

∫ b

a
p(x)w(x)dx

)

≤ max
x∈[,M]

[
h(M− x)
M− 

f ()g()+m
h(x− )
M− 

f

(
M
m

)
g

(
M
m

)
− f (x)

]
.

Setting U = (0,) and F(x,y) = x/y in Theorem 3.19, we obtain a ratio type converse of
Jensen’s inequality for (h,g;m)-convex functions

1∫ b
a p(x)dx

∫ b
a p(x) f (w(x))dx

f

(
1∫ b

a p(x)dx

∫ b
a p(x)w(x)dx

)

≤ max
x∈[,M]

[
h(M− x)

f (x)(M− )
f ()g()+m

h(x− )
f (x)(M− )

f

(
M
m

)
g

(
M
m

)]
.

Therefore, a particular choice of the function F in Theorem 3.19 implies complementary
inequality to Jensen’s inequality, by which is given the unified view of upper estimates.
Thus the problem of determining the upper estimates is reduced to solving a single variable
maximization problem.

3.5 Jensen type inequalities for (h,g;m)-convex
functions

The following lemma is equivalent to the definition of a convex function (3.1).

Lemma 3.3 ([25]) Let x1,x2,x3 ∈ I be such that x1 < x2 < x3. The function f : I → R is
convex if and only if the following inequality holds

(x3− x2) f (x1)+ (x1− x3) f (x2)+ (x2− x1) f (x3) ≥ 0.

By mathematical induction, we can extend the inequality (3.1) to the convex combi-
nations of finitely many points in I and next to random variables associated to arbitrary
probability spaces. These extensions are known as the discrete Jensen inequality and the
integral Jensen inequality, respectively.

Theorem 3.20 (THE DISCRETE JENSEN INEQUALITY) A real-valued function f defined
on an interval I is convex if and only if for all x1, . . . ,xn in I and all scalars 1, . . . ,n in
[0,1] with n

i=1i = 1 we have

f

(
n


i=1

ixi

)
≤

n


i=1

i f (xi).
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The above inequality is strict if f is strictly convex, all the points xi are distinct and all
scalars i are positive.

Here we will obtain Schur and Jensen type inequalities for (h,g;m)-convex functions,
which will generalize and extend corresponding inequalities for the classes of convex func-
tions that already exist in literature. We will use super(sub)multiplicative functions as in
Definition 3.2.

3.5.1 Schur type inequalities

We start with a result related to the definition of (h,g;m)-convex functions.

Proposition 3.6 Let f be a nonnegative (h,g;m)-convex function on I ⊆ R, where h is a
nonnegative supermultiplicative function on J ⊆R, (0,1)⊆ J, h �≡ 0, g is a positive function
on I and m ∈ (0,1]. Then for x1,x2,x3 ∈ I, x1 < x2 < x3 with x3 − x2,x2 − x1,x3 − x1 ∈ J
the following inequality holds

h(x3− x2) f (x1)g(x1)−h(x3− x1) f (x2)+mh(x2− x1) f
(x3

m

)
g
(x3

m

)
≥ 0. (3.41)

If f is an (h,g;m)-concave function where h is a submultiplicative function, then inequality
(3.41) is reversed.

Proof. Let f be an (h,g;m)-convex function and x1,x2,x3 ∈ I. From the assumptions, we
have

x3− x2

x3− x1
∈ (0,1) ⊆ J,

x2− x1

x3− x1
∈ (0,1) ⊆ J

and
x3− x2

x3− x1
+

x2− x1

x3− x1
= 1.

Since h is a supermultiplicative function and x3− x2,x2 − x1,x3 − x1 ∈ J, we obtain

h(x3− x2) = h

(
x3− x2

x3− x1
· (x3− x1)

)
≥ h

(
x3− x2

x3− x1

)
h(x3− x1)

and also

h(x2− x1) ≥ h

(
x2− x1

x3− x1

)
h(x3− x1).

Assume h(x3− x1) > 0. If we set in (3.3)  = x3−x2
x3−x1

, x = x1, y = x3, then we obtain

f (x2) = f
(
x+m(1− )

y
m

)
≤ h( ) f (x)g(x)+mh(1− ) f

( y
m

)
g
( y

m

)
= h

(
x3− x2

x3− x1

)
f (x1)g(x1)+mh

(
x2− x1

x3− x1

)
f
(x3

m

)
g
(x3

m

)
(3.42)

≤ h(x3− x2)
h(x3− x1)

f (x1)g(x1)+m
h(x2− x1)
h(x3− x1)

f
(x3

m

)
g
(x3

m

)
.
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Hence, (3.41) is proven.
Analogously follows reversed inequality (3.41) if f is an (h,g;m)-concave function

where h is a submultiplicative function. �

Recall the Schur inequality:

If x,y,z are positive numbers and if  is real, then

x (x− y)(x− z)+ y(y− z)(y− x)+ z(z− x)(z− y)≥ 0

with equality if and only if x = y = z.

This inequality follows from (3.41) for f (x) = x ,  ∈ R, h(x) = 1
x , g ≡ 1 and m = 1.

A related inequality was proved in [22] by Mitrinović and Pečarić:

(x1− x2)(x1 − x3) f (x1)+ (x2− x1)(x2− x3) f (x2)+ (x3− x1)(x3− x2) f (x3) ≥ 0

where f is a Godunova-Levin function, that is an (h,g;m) ≡ (x−1,1;1)-convex function:

f (x+(1− )y)≤ f (x)


+
f (y)

1−
.

Next inequality is of Schur type for (x−k,g;m)-convex (and concave) functions, ob-
tained for h(x) = 1

xk , k ∈ R:

Corollary 3.14 Let f be a positive (x−k,g;m)-convex function on I ⊆ R, where k ∈ R, g
is a positive function on I and m ∈ (0,1]. Then for x1,x2,x3 ∈ I, x1 < x2 < x3 the following
inequality holds

f (x1)g(x1)(x3− x1)k(x2− x1)k − f (x2)(x3 − x2)k(x2 − x1)k

+ mf
(x3

m

)
g
(x3

m

)
(x3− x1)k(x3− x2)k ≥ 0. (3.43)

If the function f is a positive (x−k,g;m)-concave function, then inequality (3.43) is re-
versed.

As an example of a special case, if we set h(x) = xs, s∈ (0,1], g(x) = e−x,  ∈R, then
we obtain following Schur type inequality for convexity (3.2), i.e., exponentially (s,m)-
convex functions in the second sense.

Corollary 3.15 Let f be an exponentially (s,m)-convex function in the second sense on
I ⊆ R, where s,m ∈ (0,1]. Then, for x1,x2,x3 ∈ I, x1 < x2 < x3, the following inequality
holds

(x3− x2)s

ex1
f (x1)− (x3− x1)s f (x2)+

m(x2 − x1)s

e

m x3

f
(x3

m

)
≥ 0. (3.44)

If the function f is an exponentially (s,m)-concave function in the second sense, then
inequality (3.44) is reversed.

Remark 3.13 Using special functions for h and/or g, as well as choosing a fixed param-
eter for m, Schur type inequalities for different types of convexity can be derived. For
instance, setting g ≡ 1 and m = 1 in (3.41) and (3.43), we obtain results for h-convex
functions given in [36].
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3.5.2 Jensen type inequalities

We continue with Jensen type inequalities for (h,g;m)-convex functions, where h is super-
multiplicative function. In the following, for n ∈ N, let

Pn =
n


i=1

pi, (3.45)

Xn =
1
Pn

n


i=1

pixi, (3.46)

Gn
i =

n


j=i

g(Xj), i ≥ 1. (3.47)

We will set empty products equal to 1, for example Gn
n+1 =

n


j=n+1

g(Xj) ≡ 1.

Notice that P1 = p1, X1 = x1 and Gn
n = g(Xn). Furthermore, the following recursive

formulas hold
Gn

i = g(Xi) ·Gn
i+1, i = 1, . . . ,n, (3.48)

Gn
i = Gn−1

i ·g(Xn), i = 1, . . . ,n. (3.49)

Theorem 3.21 (THE JENSEN INEQUALITY FOR (h,g;m)-CONVEX FUNCTIONS)
Let p1, . . . , pn be positive real numbers. Let f be a nonnegative (h,g;m)-convex function on
[0,) such that I ⊆ [0,), where h is a nonnegative supermultiplicative function on J ⊆R,
(0,1) ⊆ J, h �≡ 0, g is a positive function on [0,) and m ∈ (0,1]. Then, for x1, . . . ,xn ∈ I,
the following inequality holds

f

(
1
Pn

n


i=1

pixi

)
≤ h

(
p1

Pn

)
f (x1)Gn−1

1 +m
n


i=2

h

(
pi

Pn

)
f
( xi

m

)
g
(xi

m

)
Gn−1

i . (3.50)

If f is an (h,g;m)-concave function where h is a submultiplicative function, then inequality
(3.50) is reversed.

Proof. We will prove the theorem by the mathematical induction.
If n = 2, then (3.50) is equivalent to (3.3) with  = p1

P2
, 1− = p2

P2
, x = x1 and y = x2

m

(notice, G1
1 = g(X1) = g(x1) and G1

2 ≡ 1).
Assume that (3.50) holds for n−1. Then, for p1, . . . , pn and x1, . . . ,xn we have

f

(
1
Pn

n


i=1

pixi

)
= f

(
m

pn

Pn

xn

m
+

Pn−1

Pn

n−1


i=1

pi

Pn−1
xi

)

≤ mh

(
pn

Pn

)
f
(xn

m

)
g
(xn

m

)

+h

(
Pn−1

Pn

)
f

(
n−1


i=1

pi

Pn−1
xi

)
g

(
n−1


i=1

pi

Pn−1
xi

)
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≤ mh

(
pn

Pn

)
f
(xn

m

)
g
(xn

m

)

+h

(
Pn−1

Pn

)[
h

(
p1

Pn−1

)
f (x1)Gn−2

1

+m
n−1


i=2

h

(
pi

Pn−1

)
f
( xi

m

)
g
( xi

m

)
Gn−2

i

]
g(Xn−1).

Since h is a supermultiplicative function, we obtain

f

(
1
Pn

n


i=1

pixi

)
≤ mh

(
pn

Pn

)
f
(xn

m

)
g
(xn

m

)
+h

(
p1

Pn

)
f (x1)g(Xn−1)Gn−2

1

+m
n−1


i=2

h

(
pi

Pn

)
f
( xi

m

)
g
( xi

m

)
g(Xn−1)Gn−2

i .

Now, we apply the recursive formula (3.49) to find inequality (3.50). �

Remark 3.14 As before, if we use special h, g and m in (3.50), then we obtain Jensen
type inequalities for different types of convexity. Hence, Theorem 3.21 is a generalization
of Jensen’s inequality for h-convex functions given in [36].

The last result is a conversion of Jensen’s inequality.

Theorem 3.22 Let p1, . . . , pn be a positive real numbers and [ ,M] ⊆ [0,). Let f be a
nonnegative (h,g;m)-convex function on [0,), where h is a nonnegative supermultiplica-
tive function on (0,), g is a positive function on [0,) and m∈ (0,1]. Then for xi ∈ ( ,M)
and M− xi

m > 0 (i = 1, . . . ,n), the following inequalities hold

f

(
1
Pn

n


i=1

pixi

)
−h

(
p1

Pn

)
f (x1)Gn−1

1

≤ m
n


i=2

h

(
pi

Pn

)
f
( xi

m

)
g
( xi

m

)
Gn−1

i

≤ m
n


i=2

h

(
pi

Pn

)[
h

(
M− xi

m

M− 

)
f ()g()

+mh

( xi
m − 
M− 

)
f

(
M
m

)
g

(
M
m

)]
g
(xi

m

)
Gn−1

i . (3.51)

If f is an (h,g;m)-concave function where h is a submultiplicative function, then inequality
(3.51) is reversed.

Proof. From (3.42) in Proposition 3.6 we have

f (x2) ≤ h

(
x3− x2

x3− x1

)
f (x1)g(x1)+mh

(
x2− x1

x3− x1

)
f
(x3

m

)
g
(x3

m

)
,
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which gives us for x1 =  , x2 = xi
m and x3 = M for i = 1, . . . ,n

f
( xi

m

)
≤ h

(
M− xi

m

M− 

)
f ()g()+mh

( xi
m − 
M− 

)
f

(
M
m

)
g

(
M
m

)
.

Notice, since m ≤ 1, then  < xi
m , and by the assumption we have xi

m < M. With this, h
function can by applied.

If we multiply the above with

mh

(
pi

Pn

)
g
(xi

m

)
Gn−1

i ,

then, after adding all inequalities, from Theorem 3.21, (3.51) follows. �

Remark 3.15 Corresponding conversions of Jensen’s inequality for different types of
convexity can be stated. However, the details are omitted.

If, in (3.42), we let x1 =  , x2 = xi, x3 = M and if we multiply such inequality with
pi, then after adding all inequalities for i = 1, . . . ,n we obtain the discrete Lah-Ribarič
inequality for an (h,g;m) convex function

n


i=1

pi f (xi) ≤ f ()g()
h(M− )

n


i=1

pih(M− xi)+
m

h(M− )
f

(
M
m

)
g

(
M
m

) n


i=1

pih(xi− ).

Integral version of this inequality is given in Theorem 3.14.

3.6 Fractional inequalities of the Hermite-Hadamard
type for (h,g;m)-convex functions

In recent years, in the field of applied sciences, fractional calculus has been used with
different boundary conditions to develop mathematical models relating to real-world prob-
lems. This significant interest in the theory of fractional calculus has been stimulated by
many of its applications, especially in the various fields of physics and engineering.

Inequalities involving integrals of functions and their derivatives are of great impor-
tance in mathematical analysis and its applications. Inequalities containing fractional
derivatives have applications in regard to fractional differential equations, especially in es-
tablishing the uniqueness of the solutions of initial value problems and their upper bounds.
This kind of application motivated the researchers towards the theory of integral inequali-
ties, with the aim of extending and generalizing classical inequalities using different frac-
tional integral operators.

The motivation for this research on Hermite-Hadamard-type integral inequalities was
provided by recent studies on these inequalities for different types of integral operators
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(see [4, 5, 26, 28, 30, 33, 34, 37]) and different classes of convexity (see [2, 6, 12, 20, 23,
24, 27, 35, 36]).

We observe the Hermite-Hadamard inequality given in Theorem 3.1, and its fractional
version, involving Riemann-Liouville fractional integrals, given in [32]:

Theorem 3.23 ([32]) Let f : [a,b] → R be a convex function with f ∈ L1[a,b]. Then for
 > 0

f

(
a+b

2

)
≤ ( +1)

2(b−a)
[
Ja+ f (b)+ Jb− f (a)

]≤ f (a)+ f (b)
2

.

Recall that the left-sided and the right-sided Riemann-Liouville fractional integrals of
order  > 0 are defined as in [18] for f ∈ L1[a,b] with

Ja+ f (x) =
1

()

∫ x

a
(x− t)−1 f (t)dt, x ∈ (a,b], (3.52)

Jb− f (x) =
1

()

∫ b

x
(t− x)−1 f (t)dt, x ∈ [a,b). (3.53)

Our aim is to prove Hermite-Hadamard’s inequality in more general settings, and for
this we need an extended generalized Mittag-Leffler function with its fractional integral
operators and a class of (h,g;m)-convex functions.

An extended generalized form of the Mittag-Leffler function

The Mittag-Leffler function

E(z) =



n=0

zn

(n+1)
(z ∈ C, () > 0)

with its generalizations appears as a solution of fractional differential or integral equations.
The first generalization for two parameters was carried out by Wiman [37]:

E , (z) =



n=0

zn

(n+)
, z, , ∈ C, () > 0, (3.54)

after which Prabhakar defined the Mittag-Leffler function of three parameters [26]:

E
 , (z) =




n=0

( )n

(n+)
zn

n!
, z, , , ∈ C, () > 0. (3.55)

Recently we presented in [4] (see also [5]) an extended generalized form of the Mittag-
Leffler function E ,c,v,r

 , , (z; p):

Definition 3.3 ([4]) Let  , ,, ,c ∈ C, (),(),() > 0, (c) >( ) > 0 with
p ≥ 0, r > 0 and 0 < q ≤ r+(). Then the extended generalized Mittag-Leffler function

E ,c,q,r
 , , (z; p) is defined by

E ,c,q,r
 , , (z; p) =




n=0

Bp( +nq,c−  )
B( ,c−  )

(c)nq

(n+)
zn

()nr
. (3.56)
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Note, we use the generalized Pochhammer symbol (c)nq = (c+nq)
(c) and an extended

beta function Bp(x,y) =
∫ 1
0 tx−1(1− t)y−1e

− p
t(1−t) dt, where (x),(y),(p) > 0.

Remark 3.16 Several generalizations of the Mittag-Leffler function can be obtained for
different parameter choices. For instance, the function (3.56) is reduced to

(i) the Salim-Faraj function E ,,q
 , ,r(z) for p = 0 [30],

(ii) the Rahman function E ,q,c
 , (z; p) for  = r = 1 [28],

(iii) the Shukla-Prajapati function E ,q
 , (z) for p = 0 and  = r = 1 [33],

(iv) the Prabhakar function E
 , (z) for p = 0 and  = r = q = 1 [26],

(v) the Wiman function E , (z) for p = 0 and  = r = q =  = 1 [37],

(vi) the Mittag-Leffler function E(z) for p = 0,  = r = q =  = 1 and  = 1.

Next we have corresponding fractional integral operators, the left-sided , ,c,q,r
a+, , , f and

the right-sided , ,c,q,r
b−, , , f , where the kernel is a function E ,c,q,r

 , , (z; p):

Definition 3.4 ([4]) Let  , , ,, ,c ∈ C, (),(),() > 0, (c) > ( ) > 0
with p ≥ 0, r > 0 and 0 < q ≤ r+(). Let f ∈ L1[a,b] and x ∈ [a,b]. Then the left-sided

and the right-sided generalized fractional integral operators , ,c,q,r
a+, , , f and , ,c,q,r

b−, , , f are
defined by

(
, ,c,q,r
a+, , , f

)
(x; p) =

∫ x

a
(x− t)−1E ,c,q,r

 , , ((x− t) ; p) f (t)dt, (3.57)

(
, ,c,q,r
b−, , , f

)
(x; p) =

∫ b

x
(t − x)−1E ,c,q,r

 , , ((t− x) ; p) f (t)dt. (3.58)

Remark 3.17 If we apply different parameter choices, then (3.57) is a generalization of

(i) the Salim-Faraj fractional integral operator , ,q,r
a+, , , f (x) for p = 0 [30],

(ii) the Rahman fractional integral operator , ,q,c
a+, , f (x; p) for  = r = 1 [28],

(iii) the Srivastava-Tomovski fractional integral operator , ,q
a+, , f (x) for p = 0 and  =

r = 1 [34],

(iv) the Prabhakar fractional integral operator ( , ; ;) f (x) for p = 0 and  = r =
q = 1 [26],

(v) the left-sided Riemann-Liouville fractional integral Ja+ f (x) for p =  = 0, that is,
(3.52).
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We listed reductions for the left-sided fractional integral operator, whereas the analogs
are valid for the right-sided.

More details on this generalized form of the Mittag-Leffler function and its fractional
integral operators can be found in [4, 5]. Here are some results we will use in this study:

Theorem 3.24 ([4]) If , , , ,, ,c ∈ C, (),(),() > 0, (c) > ( ) > 0
with p≥ 0, r > 0 and 0 < q≤ r+(), then for power functions (t−a)−1 and (b− t)−1

follow(
, ,c,q,r
a+, , , (t −a)−1

)
(x; p) = ()(x−a)+−1E ,c,q,r

 ,+ ,((x−a) ; p), (3.59)

(
, ,c,q,r
b−, , , (b− t)−1

)
(x; p) = ()(b− x)+−1E ,c,q,r

 ,+ ,((b− x) ; p). (3.60)

If we set a = 0 and x = 1 in (3.59), or b = 1 and x = 0 in (3.60), then we obtain the
following corollary.

Corollary 3.16 ([4]) If , , , ,, ,c ∈ C, (),(),() > 0, (c) >( ) > 0
with p ≥ 0, r > 0 and 0 < q ≤ r+(), then

1
()

∫ 1

0
t−1(1− t)−1E ,c,q,r

 , , ((1− t) ; p)dt = E ,c,q,r
 ,+ ,( ; p).

Setting  = 1 in theorem 3.24, we obtain following identities for the constant function:

Corollary 3.17 ([5]) Let the assumptions of Theorem 3.24 hold with  = 1. Then(
, ,c,q,r
a+, , , 1

)
(x; p) = (x−a)E ,c,q,r

 ,+1,((x−a) ; p), (3.61)(
, ,c,q,r
b−, , , 1

)
(x; p) = (b− x)E ,c,q,r

 ,+1,((b− x) ; p). (3.62)

Here we will use simplified notation to avoid a complicated manuscript form:

EEE(z; p) := E ,c,q,r
 , , (z; p)

and
(a+ f )(x; p) :=

(
, ,c,q,r
a+, , , f

)
(x; p),

(b− f )(x; p) :=
(
, ,c,q,r
b−, , , f

)
(x; p).

Of course, the conditions on all parameters  , ,, , ,c,q,r are essential and will be
added to all theorems.

Another direction for the generalization of the Hermite-Hadamard inequality is the use
of different classes of convexity. For this we need a class of (h,g;m)-convex functions.
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3.6.1 Fractional Hermite-Hadamard inequalities

Hermite-Hadamard type inequalities for (h,g;m)-convex functions are obtained in Section
3.2, where some special results are pointed out and several known inequalities are improved
upon. Here we will obtain their fractional generalizations, using (3.56)–(3.58), that is, the
extended generalized Mittag-Leffler functionEEE with fractional integral operators a+ f and
b− f in the real domain.

In this section, it is necessary to introduce the following conditions on the parameters
and the interval [a,b]:

Assumption 3.1 Let  ∈ R,  , , > 0, c >  > 0 with p ≥ 0 and 0 < q ≤ r +  .
Furthermore, let 0 ≤ a < b < .

We start with the left side, i.e., the first Hermite-Hadamard fractional integral inequality
for (h,g;m)-convex functions involving the extended generalized Mittag-Leffler function.

Theorem 3.25 Let Assumption 3.1 hold. Let f be a nonnegative (h,g;m)-convex function
on [0,), where h is a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0, g is a positive
function on [0,) and m ∈ (0,1]. If f ,g ∈ L1[a, b

m ], then the following inequality holds

f

(
a+b

2

)
(a+1)(b; p) ≤ h

(
1
2

)[
(a+ f g)(b; p)+m+1

(
b−

m

f g
)( a

m
; p
)]

, (3.63)

where

 =


(b−a)
,  =

m
(b−a)

. (3.64)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1]. Then for t = 1
2 we have

f

(
x+my

2

)
≤ h

(
1
2

)
f (x)g(x)+mh

(
1
2

)
f (y)g(y).

Choosing y ≡ y
m we obtain

f

(
x+ y

2

)
≤ h

(
1
2

)[
f (x)g(x)+mf

( y
m

)
g
( y

m

)]
.

Let x = ta+(1− t)b and y = (1− t)a+ tb. Then

f

(
a+b

2

)
≤ h

(
1
2

)[
f (ta+(1− t)b)g(ta+(1− t)b)

+mf

(
(1− t)

a
m

+ t
b
m

)
g

(
(1− t)

a
m

+ t
b
m

)]
.
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In the following step we will need to multiply both sides of the above inequality by
t−1EEE(t ; p) and integrate on [0,1] with respect to the variable t, which gives us

f

(
a+b

2

)∫ 1

0
t−1EEE(t ; p)dt

≤ h

(
1
2

)∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)t−1EEE(t ; p)dt

+mh

(
1
2

)∫ 1

0
f

(
(1− t)

a
m

+ t
b
m

)
g

(
(1− t)

a
m

+ t
b
m

)
t−1EEE(t ; p)dt.

With substitutions u = ta+(1− t)b and v = (1− t) a
m + t b

m we obtain

1
(b−a)

f

(
a+b

2

)∫ b

a
(b−u)−1EEE((b−u) ; p)du

≤ h
(

1
2

)
(b−a)

∫ b

a
f (u)g(u)(b−u)−1EEE((b−u) ; p)du

+
m+1 h

(1
2

)
(b−a)

∫ b
m

a
m

f (v)g(v)
(
v− a

m

)−1
EEE
(

(
v− a

m

)
; p
)
dv.

Since m ∈ (0,1], then a ≤ a/m, b ≤ b/m and [a,b] ⊂ [a, b
m ]. Therefore, the condition

f ,g ∈ L1[a, b
m ] is stated in this theorem. The above inequality can be written as

1
(b−a)

f

(
a+b

2

)
(a+1)(b; p)

≤ h
( 1

2

)
(b−a)

[
(a+ f g)(b; p)+m+1

(
b−

m
f g
)( a

m
; p
)]

.

Note that with Corollary 3.17 we can obtain the constant (a+1)(b; p). This completes
the proof. �

Next we have the second Hermite-Hadamard fractional integral inequality.

Theorem 3.26 Let the assumptions of Theorem 3.25 hold with f ,g,h ∈ L1[a, b
m ]. Then

(a+ f g)(b; p)+m+1
(
b−

m

f g
)( a

m
; p
)

≤ f (a)g(a)
∫ b

a
h

(
b− x
b−a

)
g(x)(b− x)−1EEE((b− x) ; p)dx

+mf

(
b
m

)
g

(
b
m

)∫ b

a
h

(
x−a
b−a

)
g(x)(b− x)−1EEE((b− x) ; p)dx

+m+1 f
( a

m

)
g
( a

m

)∫ b
m

a
m

h

(
b−mx
b−a

)
g(x)
(
x− a

m

)−1
EEE
(

(
x− a

m

)
; p
)
dx

+m+2 f

(
b
m2

)
g

(
b
m2

)∫ b
m

a
m

h

(
mx−a
b−a

)
g(x)
(
x− a

m

)−1
EEE
(

(
x− a

m

)
; p
)
dx,

(3.65)
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where  and  are defined by (3.64).

Proof. Due to the (h,g;m)-convexity of f we have

f (ta+(1− t)b)≤ h(t) f (a)g(a)+mh(1− t) f

(
b
m

)
g

(
b
m

)
.

Multiplying both sides of above inequality by g(ta+(1− t)b)t−1EEE(t ; p) and inte-
grating on [0,1] with respect to the variable t, we obtain∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)t−1EEE(t ; p)dt

≤ f (a)g(a)
∫ 1

0
h(t)g(ta+(1− t)b)t−1EEE(t ; p)dt

+m f

(
b
m

)
g

(
b
m

)∫ 1

0
h(1− t)g(ta+(1− t)b)t−1EEE(t ; p)dt.

With the substitution u = ta+(1− t)b we obtain

1
(b−a)

∫ b

a
f (u)g(u)(b−u)−1EEE((b−u) ; p)du

≤ f (a)g(a)
(b−a)

∫ b

a
h

(
b−u
b−a

)
g(u)(b−u)−1EEE((b−u) ; p)du

+
m f
(

b
m

)
g
(

b
m

)
(b−a)

∫ b

a
h

(
u−a
b−a

)
g(u)(b−u)−1EEE((b−u) ; p)du,

that is

(a+ f g)(b; p)

≤ f (a)g(a)
∫ b

a
h

(
b−u
b−a

)
g(u)(b−u)−1EEE((b−u) ; p)du

+m f

(
b
m

)
g

(
b
m

)∫ b

a
h

(
u−a
b−a

)
g(u)(b−u)−1EEE((b−u) ; p)du.

(3.66)

Again, due to the (h,g;m)-convexity of f we have

f

(
(1− t)

a
m

+ t
b
m

)
≤ h(1− t) f

( a
m

)
g
( a

m

)
+mh(t) f

(
b
m2

)
g

(
b
m2

)
.

Multiplying both sides of above inequality by g
(
(1− t) a

m + t b
m

)
t−1EEE(t ; p) and in-

tegrating on [0,1] with respect to the variable t, we obtain∫ 1

0
f

(
(1− t)

a
m

+ t
b
m

)
g

(
(1− t)

a
m

+ t
b
m

)
t−1EEE(t ; p)dt

≤ f
( a

m

)
g
( a

m

)∫ 1

0
h(1− t)g

(
(1− t)

a
m

+ t
b
m

)
t−1EEE(t ; p)dt

+m f

(
b
m2

)
g

(
b
m2

)∫ 1

0
h(t)g

(
(1− t)

a
m

+ t
b
m

)
t−1EEE(t ; p)dt.
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With the substitution v = (1− t) a
m + t b

m we obtain

m

(b−a)

∫ b
m

a
m

f (v)g(v)
(
v− a

m

)−1
EEE
(

(
v− a

m

)
; p
)
dv

≤ m f
(

a
m

)
g
(

a
m

)
(b−a)

∫ b
m

a
m

h

(
b−mv
b−a

)
g(v)
(
v− a

m

)−1
EEE
(

(
v− a

m

)
; p
)
dv

+
m+1 f

(
b

m2

)
g
(

b
m2

)
(b−a)

∫ b
m

a
m

h

(
vm−a
b−a

)
g(v)
(
v− a

m

)−1
EEE
(

(
v− a

m

)
; p
)
dv,

that is(
b−

m

f g
)( a

m
; p
)

≤ f
( a

m

)
g
( a

m

)∫ b
m

a
m

h

(
b−mv
b−a

)
g(v)
(
v− a

m

)−1
EEE
(

(
v− a

m

)
; p
)
dv

+m f

(
b
m2

)
g

(
b
m2

)∫ b
m

a
m

h

(
vm−a
b−a

)
g(v)
(
v− a

m

)−1
EEE
(

(
v− a

m

)
; p
)
dv.

(3.67)

Inequality (3.65) now follows from (3.66) and (3.67). �

In the following we derive fractional integral inequalities of Hermite-Hadamard type
for different types of convexity, and state several corollaries, using special functions for h
and/or g, and the parameter m. The first consequence of Theorems 3.25 and 3.26 obtained
via the setting g ≡ 1 (i.e., g(x) = 1) is the Hermite-Hadamard fractional integral inequality
for (h−m)-convex functions given in ([16], Theorem 2.1):

Corollary 3.18 Let Assumption 3.1 hold. Let f be a nonnegative (h−m)-convex function
on [0,) where h is a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0 and m ∈ (0,1]. If
f ∈ L1[a, b

m ] and h ∈ L1[0,1], then the following inequalities hold

f

(
a+b

2

)
(a+1)(b; p) ≤ h

(
1
2

)[
(a+ f )(b; p)+m+1

(
b−

m

f
)( a

m
; p
)]

≤ h

(
1
2

)
(b−a)

{[
f (a)+m2 f

(
b
m2

)]
(1−h)(0; p)

+
[
mf
( a

m

)
+mf

(
b
m

)]
(0+h)(1; p)

}
, (3.68)

where  and  are defined by (3.64).

Proof. First we use substitutions t = b−x
b−a and z = mx−a

b−a in Theorem 3.26, after which we
apply identities ∫ 1

0
h(t)t−1EEE(t ; p)dt = (1−h)(0; p) (3.69)
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and

∫ 1

0
h(1− t)t−1EEE(t ; p)dt

=
∫ 1

0
h(z)(1− z)−1EEE((1− z) ; p)dz = (0+h)(1; p). (3.70)

The result now follows from the above and Theorem 3.25. �

By setting the function g ≡ 1 and the parameter m = 1, the previous result is reduced
to the Hermite-Hadamard fractional integral inequality for h-convex functions:

Corollary 3.19 Let Assumption 3.1 hold. Let f be a nonnegative h-convex function on
[0,) where h is a nonnegative function on J ⊆ R, (0,1) ⊆ J, h �≡ 0. If f ∈ L1[a, b

m ] and
h ∈ L1[0,1], then the following inequalities hold

f

(
a+b

2

)
(a+1)(b; p)

≤ h

(
1
2

)[
(a+ f )(b; p)+ (b− f )(a; p)

]

≤ h

(
1
2

)
(b−a) [ f (a)+ f (b)]

[
(1−h)(0; p)+ (0+h)(1; p)

]
, (3.71)

where  is defined by (3.64).

In the following, we set the function h ≡ id, the identity function. With g ≡ 1 we
obtain the Hermite-Hadamard fractional integral inequality for m-convex functions from
([17], Theorem 3.1):

Corollary 3.20 Let Assumption 3.1 hold. Let f be a nonnegative m-convex function on
[0,) with m ∈ (0,1]. If f ∈ L1[a, b

m ], then the following inequalities hold

f

(
a+b

2

)
(a+1)(b; p) ≤ 1

2

[
(a+ f )(b; p)+m+1

(
b−

m

f
)( a

m
; p
)]

≤ (b−a)

2

{[
f (a)+m2 f

(
b
m2

)]
(1− id)(0; p)

+
[
mf
( a

m

)
+mf

(
b
m

)]
(0+ id)(1; p)

}
, (3.72)

where  and  are defined by (3.64).

The Hermite-Hadamard fractional integral inequality for convex functions is given in
([17], Theorem 2.1). Here it is a merely a consequence for h ≡ id, g ≡ 1 and m = 1:
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Corollary 3.21 Let Assumption 3.1 hold. Let f be a nonnegative convex function on
[0,). If f ∈ L1[a,b], then the following inequalities hold

f

(
a+b

2

)
(a+1)(b; p) ≤ 1

2

[
(a+ f )(b; p)+ (b− f )(a; p)

]

≤ f (a)+ f (b)
2

(a+1)(b; p), (3.73)

where  is defined by (3.64).

Proof. Here we use

(0+ id)(1; p)+ (1− id)(0; p)

=
∫ 1

0
tEEE(t ; p)dt +

∫ 1

0
t(1− t)−1EEE((1− t) ; p)dt

=
∫ 1

0
(1− t)EEE((1− t) ; p)dt +

∫ 1

0
t(1− t)−1EEE((1− t) ; p)dt

=
∫ 1

0
(1− t)−1EEE((1− t) ; p)dt

= (0+1)(1; p)

=
1

(b−a)
(a+1)(b; p).

�

We have presented several Hermite-Hadamard-type inequalities for the (h,g;m)-convex
function using fractional integral operators, where the kernel is an extended generalized
Mittag-Leffler function. If we apply different parameter choices, as in Remark 3.17, then
we obtain corresponding inequalities for different fractional operators.

Several properties of fractional integral operators a+ f and b− f

At the end of this section we give several results for fractional integral operators.

Proposition 3.7 Let  , , ,, ,c ∈ C, (),(),() > 0, (c) > ( ) > 0 with
p ≥ 0, r > 0 and 0 < q ≤ r+().

(i) If the function f ∈ L1[a,b] is symmetric about a+b
2 , then

(a+ f )(b; p) = (b− f )(a; p). (3.74)

In particular,
(a+1)(b; p) = (b−1)(a; p). (3.75)

(ii) Furthermore,(
a+(t −a)−1)(b; p) = (b−(b− t)−1)(a; p), (3.76)(
a+(b− t)−1)(b; p) = (b−(t−a)−1)(a; p). (3.77)
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In particular, (
0+t−1)(1; p) = (1−(1− t)−1)(0; p), (3.78)(
0+(1− t)−1)(1; p) = (1−t−1)(0; p). (3.79)

Proof. (i) If the function f is symmetric about a+b
2 , i.e., f (t) = f (a+b−t) for all t ∈ [a,b],

then, substituting z = a+b− t, (3.74) easily follows:

(a+ f )(b; p) =
∫ b

a
(b− t)−1EEE((b− t) ; p) f (t)dt

=
∫ b

a
(z−a)−1EEE((z−a) ; p) f (a+b− z)dz

=
∫ b

a
(z−a)−1EEE((z−a) ; p) f (z)dz

= (b− f )(a; p).

Note that (3.75) also follows directly from Corollary 3.17 if we set x = b in (3.61) and
x = a in (3.62).

(ii) Equations (3.76) and (3.77) follow with the substitution z = a+b− t. Furthermore,
(3.76) follows directly from Theorem 3.24 if we set x = b in (3.59) and x = a in (3.60).
The final two equations are obtained for a = 0 and b = 1. �

Remark 3.18 To obtain the Hermite-Hadamard inequality for convex functions involving
Riemann-Liouville fractional integrals, given in Theorem 3.23, first we need to set p = =
0 in (3.56)

EEE(z;0) =



n=0

( )nq

(n+)
zn

()nr
.

Since EEE(0;0) = E ,c,q,r
 , , (0;0) = 1

() , setting p =  = 0 in (3.57) we obtain Riemann-
Liouville fractional integrals

(0
a+ f )(x;0) =

1
()

∫ x

a
(x− t)−1 f (t)dt = Ja+ f (x),

(0
b− f )(x;0) =

1
()

∫ b

x
(t − x)−1 f (t)dt = Jb− f (x).

Note that a direct consequence of Theorem 3.24 is(
0+ id

)
(1; p) = E ,c,q,r

 ,+2,( ; p). (3.80)

For the reader’s convenience, we will directly prove this:

(0+ id)(1; p) =
∫ 1

0
t(1− t)−1EEE((1− t) ; p)dt

=
∫ 1

0
t(1− t)−1




n=0

Bp( +nq,c−  )
B( ,c−  )

(c)nq

(n+)
n(1− t)n

()nr
dt
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=



n=0

Bp( +nq,c−  )
B( ,c−  )

(c)nq

(n+)
n

()nr

∫ 1

0
t(1− t)n+−1dt

=



n=0

Bp( +nq,c−  )
B( ,c−  )

(c)nq

(n+)
n

()nr
B(2,n +)

=



n=0

Bp( +nq,c−  )
B( ,c−  )

(c)nq

(n+)
n

()nr

(2)(n +)
(2+n+)

=



n=0

Bp( +nq,c−  )
B( ,c−  )

(c)nq

(n+( +2))
n

()nr

= E ,c,q,r
 ,+2,( ; p).

Hence, (
0

0+ id
)
(1;0) =

1
( +2)

and

(0
1− id)(0;0) =

∫ 1

0
tEEE(0; p)dt =

1
( +1)()

, (3.81)

from which follows (
0

0+ id
)
(1;0)+ (0

1− id)(0;0) =
1

( +1)
.

Finally, if we set h(x) = x, g ≡ 1, m = 1 and p =  = 0, then Theorems 3.25 and 3.26
are reduced to Theorem 3.23.

3.6.2 Applications: Bounds of fractional integral operators for
(h,g;m)-convex functions

As an application, we obtain the upper bounds of fractional integral operators for (h,g;m)-
convex functions.

Assumption 3.2 Let  ∈ R,  , , > 0, c >  > 0 with p ≥ 0 and 0 < q ≤ r+ . Let f
be a nonnegative (h,g;m)-convex function on [0,) where h is a nonnegative function on
J ⊆ R, (0,1)⊆ J, h �≡ 0, g is a positive function on [0,), and m ∈ (0,1]. Furthermore, let
0 ≤ a < b < .

Theorem 3.27 Let Assumption 3.2 hold. If f ,g ∈ L1[a,b] and h ∈ L1[0,1], then for x ∈
[a,b] the following inequality holds

1
(x−a)

(a
a+ f )(x; p)

≤ f (a)g(a)(1−h)(0; p)+ m f
( x

m

)
g
( x

m

)
(0+h)(1; p). (3.82)

where
a =


(x−a)

. (3.83)
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Proof. Let f be an (h,g;m)-convex function on [0,), x ∈ [a,b], m ∈ (0,1] and t ∈ (0,1).
Then, similarly to Theorem 3.26, we use

f (ta+(1− t)x)≤ h(t) f (a)g(a)+mh(1− t) f
( x

m

)
g
( x

m

)
.

Multiplying both sides of the above inequality by t−1EEE(t ; p) and integrating on
[0,1] with respect to the variable t, we obtain

∫ 1

0
f (ta+(1− t)x)t−1EEE(t ; p)dt

≤ f (a)g(a)
∫ 1

0
h(t)t−1EEE(t ; p)dt

+m f
( x

m

)
g
( x

m

)∫ 1

0
h(1− t)t−1EEE(t ; p)dt.

With the substitution u = ta+(1− t)x and identities (3.69), (3.70), we obtain the inequality
(3.82). �

Theorem 3.28 Let Assumption 3.2 hold. If f ,g ∈ L1[a,b] and h ∈ L1[0,1], then for x ∈
[a,b] the following inequality holds

1
(b− x)

(b
b− f )(x; p)

≤ f (b)g(b)(1−h)(0; p)+m f
( x

m

)
g
( x

m

)
(0+h)(1; p), (3.84)

where
b =


(b− x)

. (3.85)

Proof. Using

f (tb+(1− t)x)≤ h(t) f (b)g(b)+mh(1− t) f
( x

m

)
g
( x

m

)
,

the proof follows analogously to that of Theorem 3.27. �

From the two previous theorems we can directly obtain the following result.

Corollary 3.22 Let Assumption 3.2 hold. If f ,g ∈ L1[a,b] and h ∈ L1[0,1], then for x ∈
[a,b] the following inequality holds

1
(x−a)

(a
a+ f )(x; p)+

1
(b− x)

(b
b− f )(x; p)

≤ [ f (a)g(a)+ f (b)g(b)](1−h)(0; p)

+2m f
( x

m

)
g
( x

m

)
(0+h)(1; p). (3.86)

where a and b are defined by (3.83) and (3.85).
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If we set x = b in Theorem 3.27 and x = a in Theorem 3.28, then we obtain the next
fractional integral inequality of the Hermite-Hadamard type.

Theorem 3.29 Let Assumption 3.2 hold. If f ,g,h ∈ L1[a,b], then the following inequali-
ties hold

1
(b−a)

[
(a+ f )(b; p)+ (b− f )(a; p)

]
≤ [ f (a)g(a)+ f (b)g(b)](1−h)(0; p)

+m

[
f
( a

m

)
g
( a

m

)
+ f

(
b
m

)
g

(
b
m

)]
(0+h)(1; p), (3.87)

where  is defined by (3.64).

In the following we will extend our interval to [ma,b]. Since m ∈ (0,1], then ma ≤ a,
mb ≤ b, and [a,b]⊂ [ma,b].

Theorem 3.30 Let Assumption 3.2 hold. If f ,g ∈ L1[ma,b] and h ∈ L1[0,1], then the
following inequality holds

1
(mb−a)

[(
1

a+ f
)
(mb; p)+

(
1

mb− f
)

(a; p)
]

+
1

(b−ma)
[(
2

b− f
)
(ma; p)+

(
2

ma+ f
)
(b; p)

]
≤ (m+1) [ f (a)g(a)+ f (b)g(b)]

[
(1−h)(0; p)+ (0+h)(1; p)

]
, (3.88)

where
1 =


(mb−a)

, 2 =


(b−ma)
. (3.89)

Proof. Let f be an (h,g;m)-convex function on [0,), m ∈ (0,1] and t ∈ (0,1). Then

f (ta+m(1− t)b)≤ h(t) f (a)g(a)+mh(1− t) f (b)g(b),

f ((1− t)a+mtb)≤ h(1− t) f (a)g(a)+mh(t) f (b)g(b)

and
f (tb+m(1− t)a)≤ h(t) f (b)g(b)+mh(1− t) f (a)g(a),

f ((1− t)b+mta)≤ h(1− t) f (b)g(b)+mh(t) f (a)g(a).

First we add the above inequalities, i.e.,

f (ta+m(1− t)b)+ f ((1− t)a+mtb)+ f (tb+m(1− t)a)+ f ((1− t)b+mta)
≤ (m+1) [ f (a)g(a)+ f (b)g(b)]h(t)+ (m+1) [ f (a)g(a)+ f (b)g(b)]h(1− t).

Then we use multiplication by t−1EEE(t ; p) and integration on [0,1] with respect to
the variable t to obtain∫ 1

0
f (ta+m(1− t)b)t−1EEE(t ; p)dt

+
∫ 1

0
f ((1− t)a+mtb)t−1EEE(t ; p)dt
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+
∫ 1

0
f (tb+m(1− t)a)t−1EEE(t ; p)dt

+
∫ 1

0
f ((1− t)b+mta)t−1EEE(t ; p)dt

≤ (m+1) [ f (a)g(a)+ f (b)g(b)]
∫ 1

0
h(t)t−1EEE(t ; p)dt

+(m+1) [ f (a)g(a)+ f (b)g(b)]
∫ 1

0
h(1− t)t−1EEE(t ; p)dt.

For the left side of the inequality we need several substitutions. For instance, if we set
u = ta+m(1− t)b, then we get

∫ 1

0
f (ta+m(1− t)b)t−1EEE(t ; p)dt

=
1

(mb−a)

∫ mb

a
f (u)(mb−u)−1EEE

(


(mb−a)
(mb−u); p

)
du.

Hence,

1
(mb−a)

∫ mb

a
f (u)(mb−u)−1EEE

(


(mb−a)
(mb−u) ; p

)
du

+
1

(mb−a)

∫ mb

a
f (u)(u−a)−1EEE

(


(mb−a)
(u−a) ; p

)
du

+
1

(b−ma)

∫ b

ma
f (u)(u−ma)−1EEE

(


(b−ma)
(u−ma) ; p

)
du

+
1

(b−ma)

∫ b

ma
f (u)(b−u)−1EEE

(


(b−ma)
(b−u) ; p

)
du

≤ (m+1) [ f (a)g(a)+ f (b)g(b)](1−h)(0; p)
+(m+1) [ f (a)g(a)+ f (b)g(b)](0+h)(1; p),

that is

1
(mb−a)

(



(mb−a)

a+ f

)
(mb; p)+

1
(mb−a)

(



(mb−a)

mb− f

)
(a; p)

+
1

(b−ma)

(



(b−ma)

b− f

)
(ma; p)+

1
(b−ma)

(



(b−ma)

ma+ f

)
(b; p)

≤ (m+1) [ f (a)g(a)+ f (b)g(b)]
[
(1−h)(0; p)+ (0+h)(1; p)

]
.

This provides the required inequality. �

Remark 3.19 With an extended generalized Mittag-Leffler function from Definition 3.3
and a class of (h,g;m)-convex functions as in Definition 3.1, for different parameters p,  ,
r, q,  and for different choices of functions h, g and parameter m, we obtain corresponding
upper bounds of different fractional operators for different classes of convexity.
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