Chapter

Refinements of Jensen’s and
the Lah-Ribaric inequalities
and applications to the
Csiszar divergence

Research of the classical inequalities, such as the Jensen, the Holder and similar, has
experienced great expansion. These inequalities first appeared in discrete and integral
forms, and then many generalizations and improvements have been proved. Lately, they
are proven to be very useful in information theory.

Since all of these inequalities are related to the class of convex functions, we start with
the definition of convex functions.

Definition 1.1 Let I be an interval in R. Function f: I — R is said to be a convex
Sunction on I if for all x,y € I and all A € [0,1]

FOAx+1=A)y) <Af(x)+(1—-2)f(y)

holds. If inequality is strict for all x,y € I, x # y and for all A € (0,1), then f is said to be
strictly convex. If the inequality is reversed, then f is said to be concave.

Jensen’s inequality is one of the most famous inequalities in convex analysis, which
special cases are other well-known inequalities (such as Holder’s inequality, A-G-H in-
equality, etc.). Beside mathematics, it has many applications in statistics, information
theory and engineering.
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Theorem 1.1 (JENSEN’S INEQUALITY) Let I be anintervalin R and f: I — R a convex
function. Ifx = (x1,...,X,) is any n-tuple in I and p = (p1, . .., pn) a nonnegative n-tuple
such that B, = Y| pi > 0, then the following inequality holds:

1 & 1 &
f(;nizlpixt) < szif(xi)- (1.1)

ni=1

If f is strictly convex then (1.1) is strict unless x; = ¢ for all i € {j: pj> 0}. If fis
concave, then (1.1) is reversed.

Strongly related to Jensen’s inequality is the converse Jensen inequality. One of the
most famous variants of the converse inequality is the Lah-Ribari¢ inequality (see [11]).

Theorem 1.2 (LAH-RIBARIC INEQUALITY) Let f: I — R be a convex function on I,
[m,M] C I, —eo <m < M < +oo. Let p be as in Theorem 1.1, x = (x1,...,X,) is any n-tuple
in [m,M]" and x = Pln Yo pixi. Then the following inequality holds:

M—x xX—m
Fom+ 2

1 n
5 2 bif () < fM). (1.2)
ni=1

<
3

If f is strictly convex then (1.2) is strict unless x; € {m,M} for all i € {] pj> 0}.

The Lah-Ribari¢ inequality has been largely investigated and the interested reader can
find many related results in the recent literature as well as in monographs such as [13] and
[16]. It is interesting to find further refinements of the above inequality.

Integral form of the Jensen inequality is given in the following theorem (see [2], [7], or
for example [8]).

Theorem 1.3 (INTEGRAL FORM OF JENSEN’S INEQUALITY) Let g: [a,b] — R be an
integrable function and let p: [a,b] — R be a nonnegative function. If f is a convex func-
tion given on an interval I that includes the image of g, then the following inequality
holds
1 b 1 b
(57 | p0star) < s [ pi0 st (13

where P(t) is defined as

P(t) = / p()dx.

Integral form of the Lah-Ribari¢ inequality is given in the following theorem.
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Theorem 1.4 (INTEGRAL FORM OF THE LAH-RIBARIC INEQUALITY) Ler g: [a,b] —
R be an integrable function such that m < g(t) < M, for all t € |a,b], m < M, and let
p: [a,b] — R be a nonnegative function. If f is a convex function given on an interval I
such that [m,M] C I, then the following inequality holds

%/abp(t)f(g(t))dt < ]]‘\/[/[:if(m)wL M—_mf(M)7 (1.4)

where P is defined as
1
Pt = [ plrax
a

and g is defined as
- Lpgta
P(b)

We give a new refinement of the Lah-Ribari¢ inequality (1.2), and using the same
technique we will give a refinement of the Jensen inequality (1.1) (see [17]).

We also give refinements of the integral form of Jensen’s inequality (1.3) and the Lah-
Ribaric¢ inequality (1.4).

The idea for proving can be also found in a well known result (see [16, pages 55 - 60]).
Refinement of the inequality on the interval is obtained by applying the same inequality on
subintervals.

Using obtained results we give a refinement of the famous Holder inequality and some
new refinements for the weighted power means and quasi arithmetic means.

Also, we give a historical remark about the Jensen-Boas inequality.

In the last section, we deal with the notion of f-divergences, the Csiszar f-divergences
in the first place, where by varying the generating functions we distinguish e.g. Jeffrey’s
distance, the KullbackLeibler divergence, the Hellinger distance, the Bhattacharyya dis-
tance. We deduce the relations for the mentioned f-divergences. In the discrete case, these
results are further examined for the Zipf-Mandelbrot law.

1.1 New refinements

The starting point for this consideration is the following lemma.

Lemma 1.1 Let f be a convex function on an interval 1. If a,b,c,d € I such that a < b <
¢ <d, then the inequality

c—u u—>b d—u u—a
+

c—bf(b)Jrc—b

holds for any u € [b,c|.
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Proof. We can write

1=ttt
c= Z:Ca + Ziad
and since f is convex, it follows that
7)< T2 (@) + =2 (@)
fle) < S @)+ =2 pta.
Now we have
)+ A
<Ml pay ZZf(d)] T [jZﬂaH ——10
= T )+ 5= ().

O

First main result is a refinement of the Lah-Ribari¢ inequality (1.2). As we will see, its
proof is based on the idea from the proof of the Jensen-Boas inequality.

Theorem 1.5 Let f: I — R be a convex function on I, [m,M] C I, —eo <m < M < o,
p is as in Theorem 1.1, x = (x1,...,x,) be any n-tuple in [m,M]" and x = %2;’:1pixi.
Let N; C {1,2,...,n}, i=1,...,m where NNNN; =0 for i # j, U" N; = {1,2,...,n},
Yjenpj >0, fori=1,...,mand m; = min{x;: j € N;}, M; = max{x;: j € Ni}, fori=
1,....,m. Then

= M; —x; Xi —m
2 i () < Ez(zp,> [Mij;ﬂmw S )

”z] i

IN

—f (M) (1.5)

holds, where

If f is concave on I, then the inequalities in (1.5) are reversed.

Proof. We have

1 & 1 | &
E;Pif(xi) = 5 lz

I
oo -
M=

7~

LM
3

S~
| — |

M
I
Py

L=
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Using the Lah-Ribari¢ inequality (1.2) for each of the subsets N;, we get

1 m
_2 219; ZPJf
Lt (jeN,- ) [ZJEN Pj jen; ]
Mi— <L 3. v pix; 3. vpixi—m
1 & 7 Sien, pj £IEN Pt Sjen; pi SN PiXi '
< — j ! m;) + : M;
Pn?%(jg%p]) [ M;—m; o M; —m 1o
1 & M; —x; Xi —m; }
_ . m;) + M) .
P"izzl (jezzvipj> [Mi—mif( ) Mi—mif( 0
Usingm <m; <x; <M; <M, m <M,m; < M; and Lemma 1.1, we get
1 M; — x; Xi —mj }
— . m;) 4+ (M
Pn,Zl(jeN,.”’) o )+ (o)
1 & M —Xx; X;i—m
<D Xpi { f(m)+ f(M)}
s (jeN,- ) M—m M—m
M—x xX—m
= M).
T )+ S (M)
O

Remark 1.1 If N, = {x ]} (|N;| = 1), the related term in the sum on the right-hand side of
the first inequality in the proof of Theorem 1.5 remains unaltered (i.e. is equal to f (x;)).

Using the same technique, we obtain the following refinement of the Jensen inequality

(1.1).

Theorem 1.6 Ler I be an interval in R and f: I — R a convex function. Let x =
(x1,...,%,) be any n-tuple in I" and p = (pi,...,pn) a nonnegative n-tuple such that
P, =3Y",pi>0.Let N;C{1,2,...,n},i=1,...,mwhere NNOAN; =0 fori# j, U" N;=
{1,2,...,n} and ¥ jen, pj >0, i=1,...,m. Then

< 2p1x1>_—2<2pj>f<w)s%n2pif<xi) (1.6)

JEN; YjeN; Pj

holds.

If f is concave on I, then the inequalities in (1.6) are reversed.

f (%ﬂﬁl‘mz') - f( 1 L;v,-ijjD

B N\ Zjen; PiXj
f( 1<Jezzvp’> jen; Pi )

Proof. We have

T =
v

=)~
M=

I
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Using Jensen’s inequality (1.1), we get

1 & 2jeN; PjXj
fl—= pi SN 7T <
Pni; jezNi ! ZjeN,-pj

=
Ms

i
N -/

2 jeN; p iXj
pj f( jE Jv
= ZjeNi pj

1 m
<=>1>p 2 pif (xj)
L JEN; ZJeN Pj je
1 m
ni=1jeN;
which is (1.6). 0

We can find this idea for proving the refinement of our main results (and the refinement
of the Jensen inequality) in one other well-known result (see [16, pages 55-60]).

In Jensen’s inequality there is a condition “p = (py,..., p,) @ nonnegative n-tuple such
that P, =Y | p; > 0”. In 1919. Steffensen gave the same inequality (1.1) with a slightly
relaxed conditions.

Theorem 1.7 (JENSEN-STEFFENSEN) [f f: I — Risa convex function, X is a real mono-
tonic n-tuple such that x; € I, i =1,...,n, and p is a real n-tuple such that
0<P <Py, k=1,....n, P,>0.

Then (1.1) holds. If f is strictly convex, then inequality (1.1) is strict unless x| =x, = --- =
Xp-

One of many generalizations of the Jensen inequality is the Riemann-Stieltjes integral
form of the Jensen inequality.

Theorem 1.8 (THE RIEMANN-STIELTJES FORM OF JENSEN’S INEQUALITY)

Let ¢ : I — R be a continuous convex function where I is a range of a continuous function
[ la,b] — R. The inequality

b
¢<faf(x)d ())_f 0 (/(x))d2 (x) (1.7)

I da(x) S dA(x)
holds, providing that A : [a,b] — R is increasing, bounded and A (a) # A (b).

Analogously, integral form of the Jensen-Steffensen inequality is given.

Theorem 1.9 (THE JENSEN-STEFFENSEN) If f is continuous and monotonic (either in-
creasing or decreasing) and A is either continuous or of bounded variation satisfying

Ala) <A(x) <A(D) forall x € la,b], A(a)<A(b),

then (1.7) holds.
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In 1970. Boas gave the integral analogue of Jensen-Steffensen’s inequality with slightly
different conditions.

Theorem 1.10 (THE JENSEN-BOAS INEQUALITY) [If A is continuous or of bounded vari-
ation satisfying

Ala) SA() SA() SAMn) < <A(n-1) SA(a) < A(D)

Sorall x; € (yk—1,yx), and A(b) > A(a), and if f: [a,b] — R is continuous and monotonic
(either increasing or decreasing) in each of the n — 1 intervals (yi_1,yx), then inequality
(1.7) holds for a continuous convex function ¢ : I — R, where I is the range of the function
I

In 1982. J. Pecari¢ gave the following proof of the Jensen-Boas inequality

Proof. IfA(a) <A(x1) <A(y1) <A(x2) <+ <A(yu—1) < A(xn) < A(b) with the notation

o R FWdAR)
pk_/yk,|dA<X)7 tk_ma =1,...,n,

Yk—1

fabf(x)d)t(x) _ 2k1y}<1f( )d/l() o ZZzlpkrk
¢< J2 dA(x) )"’( S ) )"’( ; >

Vi1 Yk—1DPk

we have

Using Jensen’s inequality (1.1), we get

ZZIPktk> < 1
¢ ( Zzzlpk Ek 1 Pk = ZPk(P tk

Lo fa (1 A
= Sm Lﬂ“"’( [ ) )]

Using the Jensen-Steffensen’s inequality (1.7) on each subinterval [y;_1,yx], k

_ ,k=1,....n
we get
L Ta 2 f()d ()
Sm lkzlpk‘p( T ) )]
! z [ b (p))da)
o Ek 1Pk P y};kldk( x) Sy : !
:221&]{1‘”“( 2 }’kl *) )

o) dA)
fPart)
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If A(yj—1) = A(yj), for some j, then dA(x) =0 on [y;_1,y;] and we can easily prove
that the Jensen-Boas inequality is valid. O

If we look at the previous proof, we see that the technique is the same as for our main
results and the refinement of the Jensen inequality.

Our next main result will be a refinement of the integral form of the Jensen inequality
(1.3).

Theorem 1.11 Let g be an integrable function defined on an interval [a,b], let ay,ay,
.,an_1,an be arbitrary such that a = ag < a; < -+ < an—1 < a, = b. If f is a convex
function given on an interval I that includes the image of g, then

(gt oo < 3 ([ o) (Er )
< o | PO w8

is valid, where p: [a,b] — R is nonnegative function and P is defined as

P(r) = /alp(x)dx.

Proof. Letag,ay,...,ay—1,a, be arbitrary such thata = a9 < a; < --- < a,—1 < a, = b.
Applying Jensen’s inequality, we have

f<$/abp(t)g(t)dt) = (#lil :. t)

IA Il
~ ~
@"—‘/—\
"U
M= -
A~
\ M=
\ 2
"3 \
'E
\/
~ E:
/_\v
%
?: 3:
L "B_ =
NG =~
QB?QB?
5= E’S
-
-~ -~
N——— ~~—

which is the left-hand side of (1.8).
Now we will use the inequality (1.3) on each of the subintervals [a;_1,q;].

A (L o) L o)

< S ( / l_“"lpmdf) T PO,

which is the right-hand side of (1.8). |

Last main result is a refinement of the integral form of the Lah-Ribari¢ inequality (1.4).
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Theorem 1.12 Let g be an integrable function defined on an interval [a,b], let ay,ay,

. an—1,ay be arbitrary suchthata =ap < a; < ++- < ay—1 < ay =b andm; < g(t) <M,
for allt € [ai,l,ai], mi<M;,i=1,....n,m= minlgignmi,M = maxlSiSnM,-. Iff is a
convex function given on an interval I that includes the image of g, then

1 Mifg g_l m;
: P(b) ,lepi {Mi—mif(mi)+ mf(Mi)
< Mfgf(m)#» Mf(M) (1.9)
m —m

and g, g;, p; are defined as

_ [Pp(ngdr  — o, ()
S0 ST pi= [ 0

Proof. We will use (1.4) on each of the subintervals [ai,l ,ail.

/ ple
2 g(1))dt
Mo— Jai_ p(t)g(0)dt oy PWDg()dr

1 a a Jai | p()d Jai_, p(t)dt
- ey e N e POE )
< P—(b) 2 (/ailp(l‘)dl) M, —m, f(ml) + M, —m; f(Ml) )

i=1
which is the left-hand side of inequality (1.9).
Since m <m; < g; < M; < M,m < M,m; < M;, then by Lemma 1.1 we get

1 & M; — g, gi—mj
P(b 2: {M m; m1)+Mi—mif( 2

1 piM — [ p(t)g(t)dt Ja p(t)g(t)dt — pim
Sp(b)Zl M—m f(m)+ M—m f(M)]
1 im1 piM— 3 att’,l p(t)g(t)dt i1 Jar o p(t)g(t)di—X1 pim
= 0 Y f(m)+ Fy— f(M)l
I Jip(t)g
M= O
*Mi_mf(m)ﬂL M —m f(M),

which is the right-hand side of (1.9). |
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1.1.1 The Hermite-Hadamard inequality

Another famous inequality established for the class of convex functions is the Hermite-
Hadamard inequality.

Theorem 1.13 (HERMITE-HADAMARD) Let f be a convex function on [a,b] C R, where

a <b. Then )
b 1 b
f(“; ) <5 | fear< M (1.10)

This double inequality was first discovered by Hermite in 1881. This result was later
incorrectly attributed to Hadamard who apparently was not aware of Hermite’s discovery
and today, when relating to (1.10), we use both names.

This result can be improved by applying (1.10) on each of the subintervals [a, azib],

[t2.b] and the following result is obtained (see [14, p. 37]):

f(““’)gzs ! /abf(X)dxﬁLSM (L11)

2 b—a 2 ’

(a)+f(b
where [ = 1 (f (32t 4 £ (2539)) and L= 1 (f(b%) 4 flares >>.
The following improvement of (1.11) is given in [3].

Theorem 1.14 Assume that f: I — R is a convex function on I. Then for all A € [0,1]
and a,b € I, we have

f(“;b) <)< 5 [ rears 2oy < LOTIO )
where
o) “</1b+(§/1)a> ‘a Mf((lm)b;u x)a)
and

L(A) =5 (f(Ab+ (1= A)a) + A f(a) + (1 =A)f (D))

| =

The inequality (1.12) for A = % gives inequality (1.11). Further improvement was
given in [4].

Theorem 1.15 Let I C R be an interval and f: I — R be a convex function. Let ®@: |a,b]
— I be such that f o ® is also convex, where a < b. Thenforn €N, Ay =0,A,.1 = 1 and
arbitrary 0 < Ay < -+ < A, < 1, we have

A

1 b L b
f(b_a/a qJ(x)dx) <Ay Ay) < b_a/a fo®(x)dx (1.13)

< LA, h) < foq)(a);rfodJ(b),

(1.14)



