MONOGRAPHS IN INEQUALITIES 1
Mond-Pecari¢ Method in Operator Inequalities

Inequalities for bounded selfadjoint operators on a Hilbert space

Josip Pecari¢, Takayuki Furuta, Jadranka Mici¢ Hot and Yuki Seo







Mond-Pecari¢ Method
in Operator Inequalities

Inequalities for bounded selfadjoint
operators on a Hilbert space

Josip Pecarié

Faculty of Textile Technology
University of Zagreb

Zagreb, Croatia

Takayuki Furuta
Department of Mathematical Information Science
Faculty of Science, Tokyo University of Science

Tokyo, Japan

Jadranka Miéi¢ Hot

Electrical Engineering Department
Polytechnic of Zagreb

Zagreb, Croatia

Yuki Seo

Tennoji Branch, Senior Highschool
Osaka Kyoiku University

Osaka, Japan

(ﬂ: \ N

Zagreb, 2013




MONOGRAPHS IN INEQUALITIES 1

Mond-Pecari¢ Method in Operator Inequalities

Inequalities for bounded selfadjoint operators on a Hilbert space

Josip Pecari¢, Takayuki Furuta, Jadranka Mic¢i¢ Hot and Yuki Seo

Consulting Editors

Frank Hansen

Institute of Economics

Copenhagen University
Copenhagen, Denmark

Sanja Varosanec
Department of Mathematics
University of Zagreb
Zagreb, Croatia

2" edition

Copyright(© by Element, Zagreb, 2005.
www.element.hr/english/

Printed in Croatia.
All rights reserved.

ISBN 978-953-197-571-1 (soft cover)
ISBN 978-953-197-572-8 (hard cover)

No part of this publication may be reproduced or distributed in any form
or by any means, or stored in a data base or retrieval system, without

the prior written permission of the publisher.



”Do you mean to say that the story has a moral?”

“Certainly,” said the Linnet.

“Well, really,” said the Water-rat, in a very angry manner, "I think you should have told me that
before you began. If you had done so, I certainly would not have listened to you; in fact, I should
have said "Pooh,’ like the critic. However, I can say it now;” so he shouted out ’Pooh,” at the top of
his voice, gave a whisk with his tail, and went back into his hole.

"The devoted Friend” by OSCAR WILDE
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This book is the results of several years of development of the Mond-Pecari¢ method and
its applications in the theory of matrices and bounded linear operators on a Hilbert space.
We select the most important and interesting topics, which have been introduced in many
mathematical journals, in books for operator and matrix theory and at several international
conferences.
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Preface

Jensen’s inequality for normalized positive linear maps between the algebras of bounded
linear operators on a Hilbert space is one of the most important inequalities in the func-
tional analysis as follows:

F(®(A)) <D(f(A)) forevery bounded selfadjoint operator A, )

where f is an operator convex function and @ is a normalized positive linear map. As a
special case there is Jensen’s operator inequality:

F(X*AX) < X" f(A)X for every bounded selfadjoint operator A, (i)

where X is an isometry and f is an operator convex function.

In this book the converses of Jensen’s inequality for bounded selfadjoint operators were
considered.

Mond and Pecari¢ showed several extensions of the Kantorovich type operator inequal-
ities on normalized positive linear maps and pointed out that the problem of determining
the upper estimates of the difference and the ratio in Jensen’s inequality is reduced to solv-
ing a single variable maximization or minimization problem by using the concavity of a
real valued function f. Based on the method, they showed the complementary inequalities
to the Holder-McCarthy inequality and Kantorovich type one, gave the estimation of the
difference and ratio of means of operators, and discussed various converses of Jensen’s
inequality for normalized positive linear maps. In the concave case of f they obtained the
dual problem. The principle yields a rich harvest in the field of operator inequalities. We
call it the Mond-Pecari¢ method.

This book consists of eight chapters:

In Chapter 1 a very brief and rapid review of some basic topics in Jensen’s inequality for
positive linear maps and Kantorovich inequality for several types are given. Some
basic ideas and the viewpoints of the Mond-Pecari¢ method are given.

In Chapter 2 general converses of Jensen’s inequality (i) are considered. The Mond-
Pecari¢ method is used to obtain the bounds. Many interesting inequalities are par-
ticularly considered.



In Chapter 3 a generalization of a theorem of Li-Mathias for the normalized positive lin-
ear maps as an application of Mond-Pecari¢ method is considered. Lower and upper
bounds in converses of Jensen’s type inequalities are given. The cases of the sharp
inequalities are investigated. The conversions of Jensen’s inequality and other in-
equalities are particularly considered.

In Chapter 4 the previous results and the same methods are applied to obtain the inequal-
ities for the means. Reverse inequalities of power operator means on positive linear
maps are studied. Several properties of power operator means under the chaotic or-
der are considered. New bounds in inequalities for power operator means are given.

In chapter 5 the theory of operator means established by Kubo and Ando assocaiated with
the operator monotone functions is introduced. Based on complementary inequali-
ties to Jensen’s inequalities on positive linear maps, complementary inequalities to
Ando’s inequalities assocaiated with operator means are studied.

In Chapter 6 the results and the same methods in the chapter 2 are applied to obtain
the inequalities for the Hadamard product. Then the reverses inequalities on the
Hadamard product of operators and operator means are considered. General in-
equalities for the Hadamard product of operators are observed.

In chapter 7 a brief survey of several applications of both Furuta inequality and general-
ized Furuta inequality is given.

In Chapter 8 the claims preserving the operator order and the chaotic order are consid-
ered as an application of the Mond-Pecari¢ method. The overall results on the func-
tions which preserve the operator order and the chaotic order are particularly con-
sidered.



Notation

R

C

A, U, V, etc.
F

H K, etc.

X,Y,2, etc.

A,B,C, etc.
1Al

Ip

the real numbers

the complex numbers

scalars

a field (usually R or C)

Hilbert spaces over C

vectors in H

inner product of the vector x and the vector y
norm of the vector x

algebra of all linear operators on Hilbert space H
to H with the operator norm

semi-algebra of all bounded linear operators
on a Hilbert space H to H

semi-space of all selfadjoint bounded operators
from A(H)

linear operators in (H — H)
operator norm of A

identity operator in A(H )
identity matrix in .}

zero scalar, vector or operator
spectrum of an operator A

positive operator, (Ax,x) > 0 for all x € H

xi



#*(H)
A>0

%++(H)
DY, Q, etc.
P[A(H), Z(K)]

>

xii

set of all positive operators in %, (H)

strictly positive operator, exists m € R, m > 0
such that (Ax,x) > m(x,x) for allx € H

set of all strictly positive operators in %, (H)
linear maps on A to &

set of all positive linear maps, ® : B(H) — A(K)
suchthat A € B (H) — ®(A) € B (K)

set of all normalized positive linear maps
in P[%(H)H%(K)] such that d)(lH) = 1[(

algebra of all n-range complex square matrices
with matrix norm

space of all n x n Hermitian matrices

set of all positive semi-definite matrices from .77,
set of all positive definite matrices from .77;,
operator means

weighted operator means

transpose Of mean O,
ifAc®B=BoA

adjoint to mean o,
ifAc*B=(A""'0o B*')f1 for every invertible A, B.

arithmetic means

harmonic means

geometric means

Hadamard product

Kronecker product or tensor product

chaotic order,
A > BiflogA > logB forall A,B >0
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Chapter

Fundamental inequalities
and Mond-Pecari¢ method

In this chapter, we have given a very brief and rapid review of some
basic topics in Jensen’s inequality for positive linear maps and the Kan-
torovich inequality for several types. We present some basic ideas and
the viewpoints of the Mond-Pecari¢ method for convex functions.

1.1 Classical Jensen’s inequality

In this section, we introduce a classical Jensen’s inequality associated with a convex func-
tion, and naturally extend it to an operator version. First we introduce some notations.

If a complex vector space H having the inner product is complete with respect to the
distance d(x,y) = ||x — y|| defined by the norm ||x|| := (x,x)'/2, then H is called a Hilbert
space. A linear operator A on a Hilbert space H is said to be bounded if

|A]]:= sup{[|Ax][ - [lx]| < Lx € H} <o
Then ||A|| is said to be the operator norm of A. The adjoint operator A* of A is defined by

(Ax,y) = (x,A*y) for x,y € H. Then it follows that ||A| = ||A*|| = |A*A||'/?. In an algebra
of all linear operators (H — H) on a Hilbert space H with the operator norm, we denote by

1



2 1 FUNDAMENTAL INEQUALITIES AND MOND-PECARIC METHOD

Z(H) a semi-algebra of all bounded (i.e., continuous) linear operators on H. The spectrum
of an operator A is the set

Sp(A)={A € C:A—Aly isnotinvertible in B(H)}.

The spectrum Sp(A) is nonempty and compact. A bounded linear operator A on a Hilbert
space H is said to be selfadjoint if A = A*. An operator A € #(H) is selfadjoint if and only
if (Ax,x) € R for every vector x € H. We denote by %, (H) a semi-space of all selfadjoint
operators in Z(H).

B(H)

H " H
&

Figure 1.1: Graphic chart of space #(H)

We introduce a partial order in %,(H) as follows:

Definition 1.1 An operator A € %,(H) is positive semi-definite , (simply, positive) and
we write A > 0, if (Ax,x) > 0 for every vector x € H. An operator A € B(H) is positive if
and only if A = B*B for some operator B € Z(H).

For operators A,B € B, (H) we write A< B (or B> A) if B—A >0, i.e., (Bx,x) >
(Ax,x) for every vector x € H. We call it the operator order. In particular, for some
scalars m and M, we write mly <A < Mly if m < (Ax,x) < M for every unit vector
x € H. Notice that for a selfadjoint operator A, Sp(A) C [m,M] implies mly <A < Mly.

A positive semi-definite operator A € 9B;,(H) is positive definite (strictly positive)
and we write A > 0, if there is a real number m > 0 such that A > mlp.

We denote by %+ (H) the set of all positive operators and B+ (H) the set of all strictly
positive operators (or positive invertible operators) in By, (H). The set B1(H) is the
convex cone contained in By (H).

Now, we review the continuous functional calculus. A rudimentary functional calculus
for an operator A can be defined as follows: For a polynomial p(¢) = le‘.:o o/, define

P(A) = 0l + A + A% + -+ oy AX.
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The mapping p — p(A) is a homomorphism from the algebra of polynomials to the algebra
of operators. The extension of this map to larger algebras of functions is really significant
in operator theory.

Let A be a selfadjoint operator on a Hilbert space H. Then the Gelfand map establishes
a x-isometrically isomorphism @ between the set C(Sp(A)) of all continuous functions on
Sp(A) and C*-algebra C*(A) generated by A and the identity operator 1 on H as follows:
For f,g € C(Sp(A)) and o, f € C

(i) ®(af +Pg) = a®(f) + BD(g).

(i) ®(fg) =P(f)®(g) and @(f) = @(f)".
(i) [ ()] = 171 (= suprespa) [F(2)])-
(iv) @(fo) = 1y and ®(f;) = A, where fo(r) =1 and f1(r) =1.
With this notation, we define
f(A)=o(f)
for all f € C(Sp(A)) and we call it the continuous functional calculus for a selfadjoint

operator A. This map is an extension of p(A) for a polynomial p. The continuous functional
calculus is applicable. For example, if A is a positive operator and f} /z(t) = /¢, then

A2 = f /2(A). If A is a selfadjoint operator and f(¢) is a real valued continuous function
on Sp(A) such that f(¢) > 0 on Sp(A), then f(A) > 0, i.e., f(A) is a positive operator.
Moreover, if g(¢) is a real valued continuous function on Sp(A) such that f(z) > g(z) on
Sp(A), then f(A) = g(A).

Next, we shall introduce a spectral decomposition theorem for selfadjoint, bounded
linear operators on a Hilbert space H. For the sake of convenience, we recall the following
well known diagonalization of Hermitian matrices in matrix theory.

If A is a Hermitian k X k matrix, then there exists a unitary matrix U (i.e., U*U =
UU* = 1) such that

A=U*AU, (1.1)

where A = diag(A4, -+, Ax) and the A;(€ R) are the eigenvalues of A. If we put
Ei = U'diag(1,0,---,0)U, E,=U*diag(1,1,0,--,0)U

E, = U*diag(1,1,---, 1)U,

then (1.1) can be rewritten as follows:

k
A=ME\+(Ey—E1) + -+ M(Ex — Ex_1) = Y, AAE;, (1.2)
j=1

where AE; = E; —E;_y and Eyp = 0. If f(z) is a real valued continuous function on the
spectrum Sp(A), then f(A) may be defined by

k
f(A) = f(A))AE;. (1.3)
j=1
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This result can be generalized to selfadjoint operators on a Hilbert space H.

Let A be a selfadjoint operator on a Hilbert space H and f(¢) a real valued continuous
function defined on an interval [m, M], where m = inf| ;—; (Ax,x) and M = max |y — (Ax,x).
Then A can be expressed as follows:

M
A= / AdE), (1.4)
m—0

where {E; : A € R} is a family of projections such that £ < E, if A < pu, E; o= Ej,
E_.. =0 and E. = ly. Since a selfadjoint operator A on a Hilbert space H is an exten-
sion of a selfadjoint matrix, (1.4) can be naturally considered as an extension of (1.2).
Therefore, we have an extension of (1.3) under the above situation as follows:

M
[(R)dE;. (1.5)

Next, we shall introduce a classical Jensen’s inequality as an inequality associated with
a convex function:

Theorem 1.1 (CLASSICAL JENSEN’S INEQUALITY) If f(¢) is a convex function on an
interval [m,M] for some scalars m < M, then for every x|,x3,-++ ,xx € [m,M] and every
positive real numbers ty,ty,- - 1 with ZIJ‘-:l tj=1,

k k
f(ZUXj) < tif(x)- (1.6)
j=1 =1

Proof. Since f(¢) is convex, then for each point (s, f(s)) there exists a real number /
such that

I(x—s)+ f(s) < f(x) forall xé€ [mM)|. (1.7)
Put s = ¥X_, 2jx; € [m, M], then it follows from (1.7) that
l(xj—s0)+ f(s0) < f(x;) for j=1,2,--- k.
Multiplying this inequality with ¢; € R and summing of j we have

k
z j—50) +f(s0)) z

=~

Since
k
th +f SO _l<ztjxj ztj> +f<s0):f(30)»
we have a desued inequality. O

We rephrase it under matrix situation. If we put
X1 0 \/H
A= and x= :

0 Xn \/t;
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then a classical Jensen’s inequality (1.6) in Theorem 1.1 is expressed as

F(Ax,x)) < (f(A)x,x) for every unit vector x.

The following theorem is an operator version of Theorem 1.1 (classical Jensen’s in-
equality).

Theorem 1.2 Let A € B),(H) be a selfadjoint operator with Sp(A) C [m,M] for some
scalars m < M. If f(t) is a convex function on [m,M), then

f((Ax,x)) < (F(A)x,x) (1.8)
for every unit vector x € H.

Proof. If we put s = (Ax,x), then m < s < M. For a given € > 0, there exist a straight
line I(¢) such that (i) I(r) < f(¢) for all ¢ € [m,M] and (ii) I(s) > f(s) — €. Then (i) implies
I(A) < f(A). Hence we have

(f(A)x,x) = (1(A)x,x) = I(s) = f(s) —

for every unit vector x € H. Since € is an arbitrary, we have (f(A4)x,x) > f((Ax,x)). O

The following theorem is a multiple operator version of Theorem 1.2:

Theorem 1.3 Let A; € ), (H) be selfadjoint operators with Sp(A;) C [m,M] (j=1,2,--- k)
for some scalars m < M. Let x1,x2,--- ,x; € H be any finite number of vectors such that
2]]‘-:1 x> = 1. If £(2) is @ convex function on [m,M), then

k k
f (2 (Ajxj,x)) ) Z 7)Xj5%5)- (1.9)
j=1 j=1

Proof. If we put

A] 0 X1
A= . and = : |,
0 Ak Xk
then we have Sp(A) C [m,M], ||Z|| = 1 and Z’;ZI(ijj,xj) = (A%, %). It follows from The-
orem 1.2 that f((A%,%)) < (f(A)Z,%) and hence we have (1.9). O

As a special case of Theorem 1.2, we have the following Holder-McCarthy inequality.

Theorem 1.4 (HOLDER-MCCARTHY INEQUALITY) Let A € %, (H) be a positive oper-
ator on a Hilbert space H. Then

(i) (A"x,x) > (Ax,x)" for all r > 1 and every unit vector x € H.
(ii) (A"x,x) < (Ax,x)" for all 0 < r < 1 and every unit vector x € H.
(iii) If A is invertible, then (A"x,x) > (Ax,x)" for all r < 0 and every unit vector x € H.

Proof. Since the power function f(¢) =" is convex for r > 1 or r < 0, and concave for
0 < r < 1, this theorem follows from Theorem 1.2. O
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1.2 Operator convexity

In this section, we consider another operator version of a classical Jensen’s inequality (1.6)
in Theorem 1.1. We rephrase it under another matrix situation. If we put

X1 0 Vi 0+ 0
A= and V= : ;
0 Xn \/IZOO

then a classic Jensen’s inequality is expressed as
FVEAV) < VEF(AV.

The formulation offers a fresh insight into the noncommutative case. Its noncommutative
version is considered in various way. We shall start with the following definition.

Definition 1.2 A real valued continuous function f(t) on an interval I is said to be op-
erator convex (resp. operator concave) if

F(A=2)A+AB) < (1-A)f(A)+Af(B) (1.10)

(resp.
F(A=2)A+AB) = (1-24)f(A)+Af(B)) (L.11)

for all A € [0,1] and for every selfadjoint operator A and B on a Hilbert space H whose
spectra are contained in 1. Also, the condition (1.10) can be replaced by the more special

condition
f<A42rB) < f(A)erf(B). (1.12)

Notice that a function f is operator concave if —f is operator convex.
A real valued continuous function f(t) on an interval I is said to be operator mono-
tone if it is monotone with respect to the operator order i.e.,

A<B withSp(A),Sp(B) CI implies f(A) < f(B).

Before we present basic examples of such functions, we prove some lemmas needed
later.

Lemma 1.5 [fA € #" (H) is positive, then X*AX > 0 for every X € B(H).

Proof. For every vector x € H, (X*AXx,x) = (AXx,Xx) > 0. a
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Lemma 1.6 IfA € %,(H) is selfadjoint and U is unitary, i.e. U'U = UU"* = ly, then
Ff(U*AU) = U* f(A)U for every f € C(Sp(A)).

Proof. Put B = U*AU, then B is selfadjoint and Sp(B) = Sp(A). Since B" = U*A"U
for every integer m > 0, we have p(B) = U*p(A)U for every polynomial p(z). Since there
exist polynomials {p;} such that || f — p;|| — 0 as j — o for a given f € C(Sp(A)), we
have

IF(UTAU) — UTf(AU < |[f(UAU) — p;(UAV) |
+ [lp;(UTAU) = Up;(A)U| + |U"p;(A)U = U™ f(A)U] — O

as j —eoand so f(U*AU) =U*f(A)U. a

Lemma 1.7 IfA € Z(H) and f € C([0,||A||?]), then Af(A*A) = f(AA*)A.

Proof. Since A(A*A)" = (AA*)"A for every integer n > 0, we have Ap(A*A) = p(AA*)A
for every polynomial p(r). Since there exist polynomials {p;} such that || f — p;|| — 0 as
j — oo for a given f € C([0, ||A||%]), we obtain Af(A*A) = f(AA*)A. i

Now, we study basic examples of such functions.

Example 1.1 The function f(t) = o+ Bt is operator monotone on every interval for all
o € Rand B > 0. It is operator convex for all oo, B € R.

Example 1.2 If f,g are operator monotone, and if o, B are positive real numbers, then
of + Bg is also operator monotone. If f, are operator monotone and f,(t) — f(t) as
n — oo, then f is also operator monotone.

Example 1.3 The function f(t) = t> on [0,%) is not operator monotone though it is
monotone increasing. As a matter of fact, if we put

21 10
then A > B and A® ZBZ since

) 2 (43

A2_B _(32) #0

Example 1.4 The function f(t) = t* is operator convex on every interval. To see it, for
any selfadjoint operators A and B,
A24B* [A+B\’

2 2

1 1
= Z(Az—i—Bz—AB—BA): Z(A—B)z >0.

This shows that the function f(t) = ot? + Bt + v is operator convex for all B,y € R, o > 0.
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Example 1.5 The function f(t) = t> on [0,) is not operator convex though it is convex

on [0,0). In fact, if we put
21 10
11) and B:(oo)’

=

A+B <A+B)3:1(11 9

then we have

2 2 97)20'

Example 1.6 The function f(t) = zl is operator convex on (0,00) and g(t) = ,ll is oper-

ator monotone on (0,°). In fact, for any positive invertible operators A and B

Al4 B! (A+B) -1

2 2
A4 B —4(AA T +B HB)!
- 2
_Afl_i_Bfl_4B—1(A—1+B—1)71A71
B 2
@ttt A B )2 — (AT +BTY)
2
:(A lfB 1)(A 1+2B 1) I(A lfB 1)20'

The last inequality holds by Lemma 1.5.
This fact shows that f(t) = tl is operator convex.

Next, let A> B> 0. Then 1y > A’%BA’%. Taking inverse both sides, we have Iy <
ATB~'A? and hence A~' < B!, Therefore it follows that —A~' > —B~" and hence g(t) =

1 -
— ¢ is operator monotone on (0, ).

To relate this, we introduce the following famous Lowner-Heinz inequality established
in 1934.

Theorem 1.8 (LOWNER-HEINZ INEQUALITY) Let A and B be positive operators on a
Hilbert space H. If A > B > 0, then A" > B” for all r € [0,1].

We need some elementary results in operator theory in order to prove it. The spectral
radius of an operator A is defined as

r(A) = max{|A|: A € Sp(A)}.

Notice that 7(A) < ||A|| and r(A) = ||A|| if A is a selfadjoint operator. Moreover, it follows
that 7(AB) = r(BA) for all A,B € B(H), since Sp(AB)\{0} = Sp(BA)\{0}. Also, if A is
positive, then A < 1 if and only if r(A) < 1. An operator A is a contraction (||A|| < 1) if
and only if A*A < 1g.
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Proof of Theorem 1.8. Let A > B > 0. Suppose that A is invertible. Put
A={reR:A">B"}.

Then the set A is closed since » — A", B" are norm continuous and 0 € A obviously. The
hypothesis A > B > 0 ensures 1 € A. Therefore, to prove [0,1] C A is sufficient to show
that r,s € A implies % €A

r r r r * r r
IfrecA thenly >A 5BA S = (BfAT) (B?AT) and hence

i s

<l1.

By the same argument, if s € A, then HB%A’% <.

So, we have

f(TX)B%A f(zﬂ)

|4

—(rt+s)  rgs  —(rts) —(rt+s)  rgs  —(rts) ) .
:r(A—4 BT AT ) by A=T BTATT ispositive

—(r+s) r4s  —(rts)  s—r
:r(ATA A AT) by r(ST)=r(TS)

— r(A%“B%A%v

<|aFBFAT| by 0 <x]
gHB%A’% HB%A’% <1
Therefore we have
—(r+8) rgs | —(rt+s)

AT BZA T+ <ly

and hence
AT > B e, r;s
This fact shows the theorem under the assumption that A is invertible.
Suppose that A is not invertible. For each € > 0, A+ €ly isinvertibleand A+ ely > B.
Therefore it follows from above argument that

cA.

)

(A+ely) >B" forall 0<r<1.

By letting € — 0, we have the desired inequality A" > B’. a

Now, we go back to Jensen’s inequality. We show some characterizations of operator
convexity and operator monotonicity based on the ideas due to Hansen-Pedersen. This
leads to some conditions equivalent to Jensen’s inequality.

Theorem 1.9 (JENSEN’S OPERATOR INEQUALITY) Let H and K be Hilbert space. Let
[ be a real valued continuous function on an interval I. Let A and A be selfadjoint oper-
ators on H with spectra contained in I (j =1,2,--- k). Then the following conditions are
mutually equivalent:
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(i) f is operator convex on I.

(ii) f(C*AC) < C*f(A)C for every A € By, (H) and isometry C € B(K,H), i.e., C*C =
1k.

(iii) f(C*AC) < C*f(A)C for every A € By,(H) and isometry C € B(H).

(iv) f (2’;:1 CiA ,cj) < Sk Cif(A))C for every A; € By(H) and C; € B(K,H) with
Y CiCi =1k (j=1, k).

) f (ZIJLIC;‘A ,»Cj) < Sk Cif(A))C; for every Aj € By(H) and C; € B(H) with
Y CiCi =1y (j=1,- k).

(i) f (le‘.:l PjAij) < le‘.:] Pif(A;)P;foreveryA; € %,(H) and projection P; € %, (H )
with ¥5_ Pj= 1y (j=1,--- k).

Proof. (i) = (ii): Let X = (6\ g) € %,(H @ K) for some selfadjoint operator B €
P, (K) with 6(B) C I and

C D C -D
U= (0 7C*),V: (0 o ) c BKOHHDK),
where D = /1y — CC*. Since C*D = /1x — C*CC* =0 € %,(H,K) and DC =C+\/1x — C*C =

0 € #,(K,H), it follows that both U and V are unitary operators of K & H onto H & K.
Then

vv. (C*'AC  C*AD
VXU = ( DAC DAD+CBC*)
and C*AC  —C*AD
VXV = ( “DAC DAD +CBC* )
So, we have
C*AC 0 _UXU+V*XV
( 0 D*AD-+CBC* ) — S

Hence, it follows from the operator convexity of f and Lemma 1.6 that

F(C*AC) 0 L (CAC 0
0  f(p*AD+cBcY) ) — 7 ( 0 D*AD+CBC*>
; (U*XU—Zi—V*XV)
o SUXU)+ f(VIXV) _ UTf(X)U+VEf(X)V

- 2 2

( C*f(A)C 0 >
0  D'f(AD+Cf(B)C* )"

Thus we have f(C*AC) < C*f(A)C by seeing the (1,1)-components.
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A] 0 Cl
A o

X = . €eBHo--oH),C=| .| | cBKH® - @H).
0 Ay Ck

Then C*C = 1k and hence it follow from (ii) that
k 5 5 5 B k
(D, CiAC)) = f(CXC) <C*f(X)C =Y C;f(A))C;.
j=1 j=1

(iv) = (vi): Obviously.

(vi) = (i): Let A and B be selfadjoint operators with spectrum in 7 and let 0 <7 < 1.

LetX = (’8 g),P:(lg 8) and U = ( v \l/gt \/li—tt) Then U is a unitary operator

on H & H. Thus we have

(f((l _tgA—HB) f(tA—i—?l —t)B)) = f(PU'XUP+ (1gon — P)UXU (1gsn — P))

IN

Pf(UXU)P+ (lggu — P)f(U'XU)(lygu — P)
= PU"f(X)UP+ (1pen — P)U" f(X)U(1pen — P)
(=0 f(A) +1£(B) 0 |
0 tf(A)+(1-1)f(B)
Hence f is operator convex on I by seeing the (1,1)-components.
Therefore, we proved the implications (i) = (ii) = (iv) = (vi) = (i).
To complete the proof, we need the implication (iii) = (v) because it is non-trivial in
(i) = (ii) = (iii) = (v) = (vi) = (i).
(iii) = (v): We only show the case of k = 2, which is essential. Let

Ay 0 ¢ 0 -0
Ay G 0 -
X = A and C=| 0 1y O
0 S

Then C is isometry in Z(H®H & ---), i.e., C*C = lgens.... Hence it follows from (iii)
that
F(CIAICL + C5ALG)
f(A2)

= f(C*XC) < C'f(X)C
Cif(ANCI+C5f(A2)Cy
_ f(A2)
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Thus we have f(C{A|C1+C3A4,Cr) < Cj f(A1)C1 +C; f(A2)C, by seeing the (1,1)-components.
O

By Theorem 1.9, we show the following Hansen-Pedersen type Jensen’s inequality.

Theorem 1.10 (HANSEN-PEDERSEN-JENSEN’S INEQUALITY) Let I be aninterval con-
taining 0 and let f be a real valued continuous function defined on 1. Let A and Aj be
selfadjoint operators on H with spectra containedin I (j =1,2,--- k). Then the following
conditions are mutually equivalent:

(i) f is operator convex on I and f(0) < 0.

(ii) f(C*AC) < C*f(A)C for every A € By(H) and contraction C € B(H), i.e., C*C <
1y.

(iii) f(E5_ CIA;C)) <TX_ Cif(A))C) for every A € B,(H) and Cj € (H) with _, CiC; <
1y

(iv) f(PAP) < Pf(A)P for every A € B;,(H) and projection P.

Proof. (i) = (ii): Suppose that f is operator convex and f(0) < 0. For every con-
traction C, put D = /1y — C*C. Since C*C+ D*D = 1y, it follows from (v) of Theorem
1.9 that

f(C*AC) = f(C*AC+ D*0D)
< C*f(A)C+D*F(0)D = C*f(A)C by f(0) <O

and hence we have (ii).

(ii) = (iii): Put X and C as in the proof (ii) = (iv) of Theorem 1.9, then C*C < 1y
and hence we have (iii).

(iiif) = (iv): obviously.

(iv) = (i): Under the same situation in the proof (iv) = (i) of Theorem 1.9, we have

( A= QA B) f?O) ) = f(PU*XUP)

< PU*f(X)UP = ((1 —t)f(/a) +1f(B) 8) _

Hence f is operator convex and f(0) < 0. a

Theorem 1.11 Let f € €([0,). If f(t) <0 for all t € [0,), then conditions (i)—(vi) in
Theorems 1.9 are again equivalent to the following condition
(vii)  —f is an operator monotone function.
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Proof. Suppose that f is operator convex. Let A,B € B(H), 0 < A < B. Then for any
0 < A < 1 we can write

Since f is operator convex, we have

108 <)+ (1= 2)7 (127 8- ))

Since —f(X) is positive for every positive operator X, it follows that f(AB) < Af(A).
Letting A tend to 1, we have f(B) < f(A). Hence — f is operator monotone.

Conversely, suppose that —f is operator monotone. Let C € (H) be an isometry.
Consider the unitary operator U on H ¢ H given by

v=(5¢)
where D = /1 — CC*. We put
x=(40) e BuHoH)

and note that C*AC —C*AD
UXU = (—DAC DAD )

Choose now a constant € > 0 and set

y — C*AC+ely 0
B 0 2A1y |

where A is a positive constant to be fixed later. We observe that

% [ ely C*AD
Y-UXU = (DAC Z)LlH—DAD>

811-1 F
(F* Al[-[) for A,IHZDAD,

Y

where F = C*AD. Furthermore let £, 1 € H, then

ely F IS I3
(5 ()-(3))
=e[&|*+ (F&.m)+ (F&.m)+A[n?
> e|[€l1* = 20IF 1€l +Aln]?
IFI?
€

>0 for A >

For a sufficiently large A we thus obtain

U'XU<Y
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and consequently the operator monotonicity of — f implies
UTf(X)U = f(U'XU) = f(Y)
or written as matrices

( C*f(A)C —C* f(A)D> - ( f(C*AC+ely) 0O >

D) DfAD ) o feay)
In particular we have C*f(A)C > f(C*AC+ €ly). Letting € tend to 0, we get the conclu-
sion of the theorem. ]

Corollary 1.12 Let f be a real valued continuous function mapping the positive half line
[0,00) into itself. Then f is operator monotone if and only if f is operator concave.

Theorem 1.13 Let f € €([0,r)) and r < e. Then the following conditions are mutually
equivalent.
(i) f is operator convex and f(0) < 0.

(ii) The functiont — @ is operator monotone on (0,r).

Proof. Suppose that f is operator convex. Let A,B € %;,(H) be selfadjoint oper-
ators with Sp(A),Sp(B) C (0,r) and A < B. Then A and B are invertible. If we put
C =B 242, then CC* = B~'/2AB~'/2 < 1y and ||C|| < 1. Since A = C*BC, it fol-
lows from (ii) in Theorem 1.10 that

f(A)=F(C"BC) <C*f(B)C = A'*B~' 2 f(B)B~ /242

and hence A~"/2f(A)A~"/2 < B~1/2f(B)B~'/2. Therefore we have A~ f(A) < B~ f(B)
and f(t)/t is operator monotone.

Conversely, suppose that f(¢) /7 is operator monotone on (0, ). Since f(z)/t < f(B)/B
for 0 <7 < fB <r, we have f(tr) < (f(B)/B)t. Letting t — 0, we have f(0) < 0. We
will show that f satisfies the condition (iv) of Theorem 1.10. Let P be any projection
and let A be any positive operator with spectrum in (0,r) and Sp((1+ €)A) C (0,r) for a

1
sufficiently small € > 0. Put P, = P+ €ly and X = PgZA%. Since P < (14¢€)1y, we have
A2P,A? < (1+¢)A. Since

(£) (atrat) = s (atrat) (strat)”

= FXXe) (X Xe) ™!
= Xo (XXX XX
= Xg f(XeX)X T

it follows from the operator monotonicity of f(¢)/¢ that
Xfl * *—1 f 1 1
e f(XeXg)Xy = (=) (A2PA2
(;) (1+¢e)A)

= (1+e) "AZf((1+e)A)A2,

IN
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Therefore we obtain

FXeX) < (1+) ' XeAZF((1+£)A)ATX]
= (L+e&) 'Pf((1 +€)A)Pe.

Let € — 0. This gives X X; — A2PA? and hence we have S(APA) < Pf(A)P as desired.
O

From the previous theorem we obtain the following corollary.

Corollary 1.14 Let f € €([0,00)) and f > 0. The function f is operator monotone if and
only if the function t/ f (t) is operator monotone.

Proof. Suppose that f is operator monotone. Since —f is operator convex, it fol-
lows from Theorem 1.13 that —f(¢)/¢ is operator monotone on (0,c0). Hence ¢/f(¢) =
—(—£(#)/t)~" is operator monotone on (0,). By the continuity of f, we have the desired
result.

Conversely, suppose that 7/ f(¢) is operator monotone. If we put g(r) = —¢/f(¢), then
g(t) > 0 and by Theorem 1.11 the operator monotonicity of —g(¢) implies the operator
convexity of g(¢) and g(0) < 0. It follows from Theorem 1.13 that g(z)/r = —1/f(¢) is
operator monotone on (0,c0) and this fact is equivalent to the operator monotonicity of

f@). ]

In general, for a finite interval 7, it seems that there is no conjunction between operator
concavity and operator monotonicity. For example, f(¢) = tanf is not operator concave
(or convex) on (—m/2,7/2) while it is operator monotone. However, they coincide if the
interval is infinite. The following theorem is a slight extension of Theorem 1.11.

Theorem 1.15 Let f be a real valued continuous function on an interval I = [a., ) and
bounded below, i.e., there exists m € R such that m < f(t) for all t € I. Then the following
conditions are mutually equivalent:

(i) f is operator concave on I
(ii) f is operator monotone on I

Proof. (i) = (ii): Letoly <A < B. Forevery 0 <t < 1, we have
t
t(B—oaly)+oaly=tA+(1—1) (l—t(BA)+a1H>

and ;
OC]HSI(B—OCIH)—I—OHH, ﬁ(B—A)-i-OClH.

Therefore, it follows from the operator concavity of f that

fe(B—aly)+aly) > tf(A)+(1 —t)f(%(B—A)—Hle)

tf(A)+ (1 —1)m.

Y]
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Let 7 — 1 and hence f(B) > f(A).

(ii) = (i): For every isometry C, put D = /1y — CC* and let

X:(g Oc(l)H>’ and U:(g 7%*)

Then U is a unitary operator. For sufficiently large M > o and small € > 0, we have

vur  (C'AC  C*AD C'AC+ely 0 \_
UXU*(DAC DAD+aCC*) << 0 MlH):XM,e~

Therefore it follows from an operator monotonicity of f that

(ST oyl e ) =0 o0 =sierxo)

C*AC 1 0
Sf(XM,e) = (f( O+£ H) f(MIH))

and hence C*f(A)C < f(C*(A+¢€ly)C). Letting € — 0, we have C*f(A)C < f(C*AC),
namely f is operator concave by Theorem 1.9. O

Corollary 1.16 The function f(t) =1t" is operator monotone on [0,0) if and only if 0 <
r < 1. The function f(t) =t" is operator convex on (0,o0) if either 1 <r <2 or—1<r<0
and is operator concave on (0,00) if 0 < r < 1.

Proof. If 0 < r < 1, then f(¢) =¢" is operator monotone by Theorem 1.8. If r is not in
[0,1], then f(z) =" is not concave on (0,o). Therefore, it cannot be operator monotone
by Corollary 1.12. Also, we can show directly that for each r > 1, there exist A > B >0
such that A" % B". In fact, if we put

AZ((%)%)) and B:(i i)»

then A > B > 0 and

3\’ 2" +4"
det(A"—B") = | = 3" — 0.
aw-m=(3) (v-55+)
Therefore we have A” % B'.
Next, if 1 < r < 2, then it follows that ¢/t = t"~! is operator monotone on (0, ) and
hence " is operator convex on (0,0) by Theorem 1.13. If —1 <r <0, thent" =1/ is
operator convex. O
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Example 1.7 The logarithm function f(t) = logt is operator monotone on (0, ). In fact,
by Lowner-Heinz inequality, it follows that for positive invertible operators A and B such
thatA > B >0,

Ar—1H>Br—1H

for O0<r<l1.

r r

Since hmrﬂ+o *— =logx, we have logA > logB.

Moreover, the function f(t) = logt is operator concave on (0,0). In fact, since t” is
r r r
operator concave for 0 < r < 1, we have (‘#) > A%Bfor 0 <r < 1and hence

(A+B)r71H A" 7]1.1 +Br 1y

2
r 2

By letting r — 0, it follows that log (252) > 1 (logA +logB).

Example 1.8 The exponential function f(t) = €' is neither operator convex nor operator
monotone. In fact, since f(t) is strictly convex, it follows from Corollary 1.12 that f(t) is
not operator monotone.

Example 1.9 The entropy function 1(t) = —tlogt is operator concave on (0,0). Firstly
we recall the following result

lim (A*% —1ly)n=—logA  forall A>0.

n—oo

Since t" is operator concave for r € [0,1], then for A >0, B> 0 and o, € [0,1] with
o+pB=1

(aA+BB)'~ z > oA+ ﬁBl Sfor any natural number n
and hence we obtain
(aA+BB) (A +BB) + — 1y )n> oA (A4 — 1y ) n+BB (B + — 1y )
Letting n tend to o, we have
—(aA+ BB)log(aA+ BB) > (—aAlogA — BBlogB)

and hence
n(aA+BB) > an(A)+pn(B).

Therefore, 1(t) is operator concave.
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1.3 Positive linear maps

In this section, we state fundamental properties of positive linear maps and introduce a non-
commutative Davis-Choi type Jensen’s inequality which extends matrix version mentioned
in§ 1.2.

The definition of a normalized positive linear map [24] is as follows:

Definition 1.3 A map ®: #(H) — Z(K) is linear if it is additive and homogeneous, i.e.
DAX +uY) =A0(X) +ud(Y) for any A,u € C and for any X,Y € B(H).

A linear map ® : B(H) — A(K) is positive if it preserves the operator order >, i.e.
A€ BT (H) implies ®(A) € BT (K).

A linear map ® : B(H) — HAB(K) is normalized if it preserves the identity operator,
ie. (I)(IH) = lg.

We denote P[AB(H), B(K)] as the set of all positive linear maps ® : Z(H) — ZA(K) and
Py[%(H),(K)] as the set of all normalized positive linear maps ® € P[ZB(H ), B(K)].

A positive linear map ® € P[B(H),B(K)] preserves order relation, that is, A < B
implies ®(A) < ®(B), and preserves adjoint operation, that is, ®(A*) = P(A)*. If D €
P[%#(H),#(K)] is normalized, then aly <A < B1y implies olx < ®(A) < Blg.

Example 1.10 (1) An affine map @ : Z(H) — %A(H),
DA)=0A+PBly for o,feR
is not a linear map generally. A map
D(A) =0A for ocRy

is a positive linear map, but is not normalized positive linear map if o # 1.
(II) Let P; € A(H), j =1,...,k be contractions with

k
> PP =1p.
Jj=1

Amap®: B(H)— B(H)
k
D(A) = Y PiAP;
=1

is a normalized positive linear map. In particular, if V is isometry in B(H), i.e., V¥V = lg,
then so is ®(A) = V*AV.



1.3 POSITIVE LINEAR MAPS 19

(IIT) We denote by .#, the set of all n x n square matrices, .77, the set of all positive
semi-definite hermitian matrices in .#, and %++ the set of all positive definite matrices
in .#,. Compression map @ : .4, — #}, k <n,

D((aij)1<ij<n) = (@ij)1<ij<k

is a normalized positive linear map.
(IV) Let K be a correlation matrix of X € 77,7, i.e.

K = (xij/ (xixjj)' %) for X = (x;j).

The matrix K is positive definite [107, Problem 5, p. 400]. We define a map @ : .#,, — .,
®(A) = Ko A, where o denotes the Hadamard product matrices. Then @ is a normalized
positive linear map.

(V) We denote by .#, the space of all n x k complex matrices. Let P,Q; € 4, ,
1<i<p,1<j<gq,suchthat

p q
S PP+ Y 0i0; =1
i=1 j=1
A map © : 4, — My defined as
p q ,
D(A) =Y AP+ Y, 0;ATQ;
i=1 j=1

is a normalized positive linear map [26]. In fact, the maps in the above two examples (III)
and (IV) are special cases of this map (V).

The normalized positive linear map @ : .#,, — .4} is decomposable if exist matrices
P;,Qj € M, such that D(A) = Y PFAP,+ QjATQj, for all A € .#,,. There arises a natural
question: Must every positive linear map be decomposable? The answer is negative. Man-
Duen Choi [26] made the following example: a map @ : .#3 — . such that

ay ap a3 ayp; —ap —aps a3z 0 0
D | az ax ax; =|—ay axp —a3|+| 0 a; O
asi asx as; —az —aszx 4 0 ax

is the simplest example of the positive linear map which is not decomposable. More about
matrix maps can be seen in [24, 25, 26].

We show Kadison’s Schwarz inequalities on a positive linear map.

Theorem 1.17 (KADISON’S SCHWARZ INEQUALITY) Let ® be a normalized positive
linear map in Py[ZB(H), B(K)|. Then ® has the following properties.

(i) ®(A?) > ®(A)? for all selfadjoint operators A € By,(H).

(ii) ®(A~") > ®(A)~! for all positive invertible operators A € %+ (H).
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To prove Theorem 1.17, we need the following Lemma:

Lemma 1.18 IfA € " (H) is a positive operator and B € %y,(H) is a selfadjoint oper-
ator, then

A B 2
(BlH)ZO —  A>B.

Also, if A,B € %7 (H) are positive invertible operators, then

A 1y ~1
(IH B)zo —  B>Al

()G (=0 mrmeen

(Ax,x) +2Re(Bx,y) + (y,y) > 0,

where Rez = (z+7)/2 is a real part of a complex number z. Replacing y by —Bx, since
(B%x,x) = Re(Bx, Bx), we have

(Ax,x) — 2Re(Bx, Bx) + (Bx, Bx) = (Ax,x) — (B*x,x) > 0

and hence A > BZ.
Also, the latter follows as in the proof above. O

Proof. Since

we have

Proof of Theorem 1.17.  (i): A selfadjoint operator A can be approximated uniformly
by a simple function A" = ¥ ;7;E; where {E;} is a decomposition of the unit 15. Since ®
is normalized, we have ), j O(E j) = 1k. Therefore, by Lemma 1.18 and the continuity of

. o D(A?) O(A")
@, it suffices to prove the positivity of < DA (1

H)

D(A?) DA 2 ®(E;) 1;0(E;)
(CD(A’) c1>(1H)) - 2( E O(E
Ej)

)

o)
2(61)(

> We have

)
g )(61)

O(E;) D(E)) O(E)'2 0 (@(E)"? o(E)!?
= >0.
(3] o)) = (S o) (& o)) =0
Hence we have (i).
(i1): By Lemma 1.18 and the continuity of @, it suffices to prove the positivity of

DA (1
(CI)((IH)) ¢(E4/H?))' We have

®(A") D(1 ti®(E;) O(E))
((ID((ly)) cb(EVHl))) - 2( ](D(Ej]) tjlfb(jEj))

J

because
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Hence we have (ii). O

Remark 1.1 Inequality (i) in Theorem 1.17 implies the following inequality:

@ (A%) < (I)(A)% for all positive operators A € #+ (H). (1.13)

2
In fact, if we replace A by AY2 in (i), then we have ® (A%) < ®(A) and hence by Theo-
rem 1.8 (Lowner-Heinz inequality) we have the desired inequality.

The following theorem unifies Kadison’s Schwarz inequalities (Theorem 1.17) into a
single form without the presence of normalization.

Theorem 1.19 Ler ® be a positive linear map. Then for any positive invertible operators
Aand B

®(B)D(A)'®(B) < ®(BA'B) (1.14)
holds.

Proof. Consider the map ¥ defined by

=

¥(X) = ®(B) 2 D(B2XB?)D(B) ?.

Then W(1y) = lg and ¥ is a positive linear map as @ is so. By Theorem 1.17, we have

(B2 O(A)"\O(B)} = ¥ (B’%AB’%) -

IN

¥ (B%A"B%>
— ®(B) 1 d(BA~'B)®(B) 2.

O

The following theorem is the Davis-Choi-Jensen’s inequality for operator convex func-
tions. We present a proof by means of Kadison’s Schwarz inequalities and the integral
representation of the operator convex function.

Theorem 1.20 (DAVIS-CHOI-JENSEN’S INEQUALITY) If ® is a normalized positive lin-
earmap in Py[B(H), A (K)|, and f is an operator convex function on an interval I, then

D(f(A)) = f(@(A))

for every selfadjoint operator A on H whose spectrum is contained in 1.
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Proof. Tt suffices to consider the case I = (—1,1). Then f admits a representation

1p2
f(k):a+bl+[1 T~

where b > 0, a is a real number and m is a positive finite measure. For A with —1y <A <

dm(t)

1y,
O(f(A)) = alg+bD(A) + [l DA (17 —1A) DYdm(1)
and |
FD(A)) = alg + bO(A) + ./71 O(A) (1 — 10(A)) dm(1).
By Theorem 1.17

1 1 1
@ (A% (1ly—tA) N =@ —=1lyg—-A+=(1yg —tA)"!
(W1 =1)") = @ (=3l = 1A+ 5l -1a) )
1 1 1 o
= ft—lef—CD(A)th—zCI)((letA) )

1 _
> — gl ®(A)+ 5 (1 —1®(4)) !
= O(A)?(1g —td(A)) "
This fact induces ®(f(A)) > f(D(A)). O
We show an alternative proof of Theorem 1.20 by means of the characterizations of the
operator convexity in Theorem 1.9.

Theorem 1.21 Ler f be a real valued continuous function defined on an interval 1. Then
the following conditions are equivalent:

(i) f is operator convex on I

(ii) f(®(A)) < D(f(A)) for every normalized positive linear map ® €
Py[#(H),B(K)] and every selfadjoint operator A with spectrum in I.

Proof. (i) = (ii): A selfadjoint operator A can be approximated uniformly by a simple
function A’ =¥ ;1,E; where {E;} is a decomposition of the unit 15. Since ® is normalized,

we have ¥; ®(E;) = 1. Then applying (iv) of Theorem 1.9 to C; = \/®(E;), it follows
that

f@@A)) = f (ZU‘I’(EJ')) =f (ZQUQ) < 2.Cif(1)C;
J J J

= 3 f(1))®(E)) = @ (Zf(tj)Ej> = a(f(A").
J J

Therefore, we have (ii) by the continuity of ®.
(ii) = (i): For every isometry C, putting ®(X) = C*XC, then it follows that ® is a
normalized positive linear map. Hence we have (i) by (ii) in Theorem 1.9. O
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Remark 1.2 By Stinespring decomposition theorem, we have another proof of Theo-
rem 1.20. In fact, let A be a selfadjoint operator on a Hilbert space H. Then a C*-algebra
C*(A) generated by A and 1y is a commutative C*-algebra. Then @ restricted to C*(A)
admits a decomposition ®(X) =V*¢(X)V for all X € C*(A), where ¢ is a representation
of C*(A) C B(H), and V is an isometry from H into H. Hence it follows from Theorem 1.9
that

f(®(A)) = F(VI9(A)V) VT f(e(A))V
= V'o(f(A)V = @(f(A)).

Corollary 1.22 Ler ® be a normalized positive linear map in Py[B(H), B(K)] and A €
BT (H) a positive invertible operator. Then

(i) ®A") < D) for0O<r<l.
(i) @A) <®D(A") forl<r<2.
(iii) D(A) < D(AT)T  for 1 <r <o,
(iv) DAT)r <DA) fork<r<i.
(v) ®(logA) < log®(A).

(vi) @(n(A)) < n(P(A)).

Proof. By Corollary 1.16 and Theorem 1.20, we have (i) and (ii). Since 17 is operator
concave for 1 < r < o, it follows from Theorem 1.20 that CI)(A%) < CD(A)% and replacing
A by A", we have (iii):

~i—

D(A) < DA

Since ¢7 is operator convex for % <r < 1, we have (iv) analogously. Finally (v) and
(vi) follow from Theorem 1.20 because of the operator concavity of logt and the entropy
function 1 (7). a

An operator convex function plays an essential role in the above result. The following
example shows that Theorem 1.21 would be false if we replace an operator convex function
by a general convex function: The function f(r) = ¢* is convex but not operator convex.
It is sufficient to put dimX = 3 and in this case we have the following matrix case: For

101
® : M3 — > the contraction map @((a;j)1<i j<3) = (aij)1<ij<> and A = lO 0 1] we
o o 111

have ®(A)* = [(1) 8} e [g g} = D(A%).
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1.4 Kantorovich inequality

In this section, we shall introduce the celebrated Kantorovich inequality which is a start
point in our book. The Kantorovich inequality enables us to take another approach to study
Jensen’s inequalities associated with convex functions.

Theorem 1.23 (KANTOROVICH INEQUALITY) Let A be a positive operator on a Hilbert
space H satisfying M1y > A > mly > 0 for some scalars m < M. Then

(M +m)?

(Ax,x) (A" 'x,x) < i

(1.15)

for every unit vector x € H.

To prove it, we need the following lemma:

Lemma 1.24 Let A be a positive operator on H satisfying M1y > A > mly > 0 for some
scalars m < M. Then
(M+m)ly >MmA™" +A.

Proof. Since M1y —A > 0, %1H —A~!> 0 by the hypothesis and M1 — A and %1;, —
A~! commute, it follows that

(Mly —A) (lly —A]) >0
m

from which we find that
(M+m)ly >MmA™" +A.

Proof of Theorem 1.23. By Lemma 1.24, we have
(M+m)ly >MmA~" +A

and hence
M +m > Mm(A™x,x) + (Ax,x)

for every unit vector x € H. By using the arithmetic-geometric mean inequality, it follows
that

M +m > Mm(A~'x,x) + (Ax,x) > 2\/Mm(A*1x,x) (Ax,x).
Square both sides, we obtain the desired inequality

(M—i—m)z.

(Ax,x)(A™ lx,x) < A

The following theorem is a multiple version of the Kantorovich inequality.
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Theorem 1.25 Let A; be positive operators on H satisfying M1y > A; > mly > 0 for
some scalars m <M (j=1,2,--- k). Let x1,x2,--- ,X; be any finite number of vectors in
H such that 21]‘-:1 x> = 1. Then

k k M 2
(2(/4/%1»)6] ) (2 (A7 xj,x; ) < (4%::). (1.16)
j=1

J=1

Proof. If we put

A] 0 X1
A= and ¥=[ : |,
0 Ak Xk
then we have Sp(A) C [m,M], ||%|| = 1 and le‘»:l(ijj,xj) = (A%,%). It follows from The-
orem 1.23 that (A%, %)(A~'%,%) < (Aﬁ/,:? * and hence we have the desired inequality (1.16).

O

Next, finding the square roots of both sides of the Kantorovich inequality, we have

{(Ax,x) (A~ ]x,x)}f < W

for every unit vector x € H. We show an extension of the form associated with a positive
linear map.

(1.17)

Theorem 1.26 Let ® be a normalized positive linear map in Py[A(H), B(K)|. IfAis a
positive operator on H satisfying M1y > A > mly > 0 for some scalars m < M, then

M-+m

2v/Mm’

To enter the proof, we need some explanations. The geometric mean AfB of positive
operators A and B is defined as

D(A4) f@(A™") <

(1.18)

AtB=A? (A’%BA’%>2A%

if A is invertible. If A and B commute, then AgB = v/AB, i.e., AtB is the usual geometric
mean. The geometric mean is symmetric in the sense that A § B= B # A. In fact, let
C=A""2B'2 = y|C| be the polar decomposition of A~!/2B'/2, where U is unitary. Then
we have
* B —1 P
c(cre) :cr =vulC||cI|clu =U|CclU = (CC*)2

and hence | O 1 L
AtB=A2(CC")2A2 =B2(C*C)"2B2 =B { A.

Then the noncommutative arithmetic-geometric mean inequality holds.
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Theorem 1.27 The geometric mean is not greater than the arithmetic mean;

A+B
AﬁBg%

for every positive operator A and B.

Proof. Since /7 < L for all > 0, it follows that

1 _1 _1
(A’%BA’%>2 < 1H+A223A 2

and multiplying both sides by A7 we have

1
A2 (A*EBA*Q) 24T < A_JZFB
Therefore we have A § B < AZLB. ]

Proof of Theorem 1.26. Since M1y > A > mly > 0, it follows from Lemma 1.24 that
(M+m)ly >MmA™" +A.
Since @ is a normalized positive linear map, we have
O((M+m)ly) > O(MmA™") + D(A)

and hence
(M+m)lg > Mm®(A™") + d(A).

By using Theorem 1.27, we have
(M +m)1g > Mm®(A™") + ®(A) > 2v/Mm (®(A™") £ D(A)).

Therefore it follows that

_ _ M+m
DA N 1DA) =dA) DA< ,
(A7) @) = @(4) s o4~ < D
since the geometric mean is symmetric, cf., Definition 5.2 in § 5.1. d

If we put ®(X) = 2’;:1 U;XUj for contractions U; with 2’;:1 UiUj =1y, then @ is a
normalized positive linear map. Therefore, Theorem 1.26 implies the following corollary
which is another extension of the Kantorovich inequality.

Corollary 1.28 Let U; be contractions with ZIJ‘-:l UiUj=1u (j=1,2,--- k). IfAisa
positive operator on H satisfying M1y > A > mly > 0 for some scalars m < M, then

k k
_ M+m
UiAau; | ¢ | Y uiA™'U; | < ——.
(jl ! j) (jl ! j) 2vMm
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We investigate several operator inequalities obtained by a view of the Kantorovich
inequalities. Let A be a positive operator on H satisfying M1y > A > mly > 0 for some
scalars m and M. By Cauchy-Scwarz inequality, we have

2
1= (x,x)*= (A%x,Af%x> < HA%x

200 12

= (Ax,x)(A"'x,x)

for every unit vector x € H. We can realize that the Kantorovich inequality estimates the
upper boundary of (Ax,x)(A~'x,x) by means of the spectrum of A. The Holder-McCarthy
inequality implies

(Ax,x)? < (A%x,x)
for every unit vector x € H. We show the following result by the Kantorovich inequlaity.

Theorem 1.29 Ler A be a positive operator on H satisfying M1y > A > mly > 0 for
some scalars m < M. Then
(M +m)?

Ax x) <
(A%x,x) < 4Mm

(Ax,x)?
for every unit vector x € H.

1
Proof. Substituting 23 for a unit vector x in the Kantorovich inequality, we have

flA2x]|
(AA%x,A%x) (A’]A%x,A%x) (M +m)
T
and hence )
(A%x,x) < (MA;—’—TZ)(AX’X)Z'
O
Next, we investigate the estimations of the upper boundary of the difference (A2x,x) —

(Ax,x)? by means of the spectrum of A.

Theorem 1.30 Let A be a selfadjoint operator on H satisfying M1y > A > mly for some

scalars m < M. Then )
M—
(Azx,x) - (A)c,)c)2 < (Tm)

for every unit vector x € H.

Proof. We first note that (M —¢)(t —m) < (Mgm)z for all real numbers 7. Hence it
follows from (M1y —A)(A —mly) > 0 that
(A%x,x) — (Ax,x)?
= (M — (Ax,x))((Ax,x) —m) — (M1y — A)(A —mlg)x,x)
< (M~ (A 0)((Ax,x) — m)
(M —m)’

<
- 4
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for every unit vector x € H. O

Theorem 1.31 Ler A be a positive operator on H satisfying M1y > A > mly > 0 for
some scalars m < M. Then

(A~ x,x) — (Ax,x) 71 < (\/_A/Iﬂ;im\/_w

for every unit vector x € H.
Proof. By Lemma 1.24, we have
(M+m)ly >MmA~" +A

and hence Iy |
m — (Ax,x)

(Aflx,x) <
Mm Mm

for every unit vector x € H. Then it follows that
(A 1x,x) — (Ax x)~!
+
2
2= (Ax’x) 2 )

I
7N N

s\
\_/ \_/
/\

3>

=

=

N~—
rol—

and hence we have

O

Similarly we have the following Kantorovich type inequalities for positive linear maps.

Theorem 1.32 Ler @ be a normalized positive linear map in Py[B(H), B(K). IfAis a
positive operator on H satisfying M1y > A > mly > 0 for some scalars m < M, then

(i) ®A2)—dA)? < My

VM —y/m)*

(i) DA H-DA)! k-

| /\

(iii)  D(A?) < M (a2,

(iv) @A) < M gp)-1,
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Proof. Since (M1g — ®(A))(DP(A) —mlg) > 0, it follows that

D(AY) — D(A)? = (Mg — D(A))(D(A) — mlg) — D(M1y —A)A—mlg))

IA
S
>

\
&
2
)
2

\
3
<

IN

and so we have (i).
We have the proof of (ii) by the same method as in Theorem 1.31.
For (iii), since (M1y —A)(A —mly) > 0, we have

(M +m)A —A>—Mmly >0

and so
(M +m)®(A) — ®(A%) — Mmlg > 0.

Also, (M +m)®(A) — 2Mmlg)? > 0 implies
(M +m)*®(A)? — 4AMm(M + m)®(A) + 4M*m* 1 > 0.
Combined with two inequalities above, we have

®(A%) < (M +m)D(A) — Mmlg
(M +m)?

<
- 4Mm

D(4)°

and so we have (iii).
Similarly we have (iv). O

1.5 Mond-Pecari¢ method

In this section, we shall introduce the Mond-Pecari¢ method which gives complementary
inequalities to Jensen’s type inequalities associated with convex functions.

Let () be a real valued continuous convex function and A a selfadjoint operator on a
Hilbert space H. Then Jensen’s inequality for a vector state asserts that

f((Ax,x)) < (f(A)x,x) (1.19)
for every unit vector x € H. In particular, if £(t) = 1/t (resp. t?), then we have
(Ax,x)"' < (A7 1x,x) (resp. (Ax,x)? < (A%x,x)) (1.20)

for every unit vector x € H since f(t) = 1/t (resp. t?) is convex.
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The Kantorovich inequality asserts that if A is a positive operator on H satisfying
M1y > A > mlyg > 0 for some scalars m and M, then

M 2
(Ax,x) (A" x,x) < % (1.21)
for every unit vector x € H. If we rephrase it by
M 2
(A~ 'x,x) < ﬂ(%\x,x)*l, (1.22)

dMm

then it can be recognized as a complementary inequality to Jensen’s inequality for the
convex function f(¢) = 1/z. Namely, it estimates the upper boundary of the ratio in Jensen’s
inequality. Moreover, Theorem 1.31 says that
VM — )

A1) — (Ax,) - < M VM) 1.23

(A7) — (Ax, )7t < D (123)
From this point of view, Theorem 1.31 can be recognized as an estimates of the upper
boundary of the difference in Jensen’inequality.

Many authors have been investigated on extensions of the Kantorovich inequality.
Among others, we pay our attentions to a long research series of Mond and Pecari¢ [141,
143, 144, 145, 146]. They established the method which gives complementary inequal-
ities to Jensen’s type inequalities associated with convex functions. Consequently they
gave complementary inequalities to the Holder-McCarthy inequality and extensions of the
Kantorovich type one. Furuta [74, 76] moreover gave extensions of Ky Fan [30] and Mond-
Pecari¢ generalizations of the Kantorovich one by applying both ideas of Ky Fan, Mond
and Pecari¢. On the other hand, in the integral expression, S.-E.Takahasi et al. [182] gave
another formula for a complementary inequality to Jensen’s inequality which includes the
Kantorovich inequality as a special case. By reconstructing both ideas of Furuta and Taka-
hasi, we discover new merits in the method established by Mond and Pecari¢ and apply it
to obtain complementary inequalities to Jensen’s inequality for convex functions.

We consider complementary inequalities to Jensen’s type inequalities associated with
convex functions in a general setting. More precisely, if a selfadjoint operator A on H
satisfies M1y > A > mlyg > 0 for some scalars m and M and a real valued continuous
function f(¢) is convex on [m,M], then there exists the most suitable real number 3 such
that for a given real number o and a real valued continuous function g(#)

(f(A)x,x) < og((Ax,x)) + B (1.24)

holds for every unit vector x € H. The generalization gives us a unified view to the operator
inequalities (1.22) and (1.23). Plainly speaking, if we put o« = 1 and g = f in (1.24), then
the upper estimation of the difference in Jensen’s inequality is given by

(f(A)x,x) = f((Ax,x)) < B. (1.25)

If we choose o such that B = 0 and g = f in (1.24), then the upper estimation of the ratio
in Jensen’s inequality is given by

(f(A)x,x) < arf((Ax,x)). (1.26)
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Thus, we consider the problem of determining the upper estimates of such a 8 in comple-
mentary inequalities to Jensen’s inequalities.

Since f(r) is convex on [m,M], then we have
ft) <IU(t)=ppt+ vy on [m,M] (1.27)

where

f(M)—f(m) Mf(m)—mf(M)
M—m M—m

that is, a straight line /() is a linear function limiting f(¢) from above. Using the operator

calculus it follows that

iy = and  vp= (1.28)

FA) <A+ vily
and
fm)ly <A+ vely < f(M)1y

Then such a f3 is obtained as follows: The hypothesis ensures the inequality m < (Ax,x) <
M. Then it follows that

(f(A)x,x) — ag((Ax,x)) < ((rA+ vr)x,x) — ag((Ax,x))
uf'(Ax,x) +Vr—= ch((Ax,x))
max {f(m)+pe(rt —m)—og(r)}.

m<t<M

IN

Therefore, if we put B = max,,<,<y{f(m)+ s (t —m) — og(r)}, then we have the desired
inequality.

By this view, we can realize that the problem of determining such a f3 is reduced to
solving a single variable maximization or minimization problem by using the convexity
of f(¢). Based on the method, we shall deal with general complementary inequalities to
Jensen’s inequalities for convex functions. Under this formulation, the concept of comple-
mentary inequalities is simplified and, notions and proofs become clearer. This point of
view is quite available for the study of the Hadamard product, positive linear maps, opera-
tor means and order preserving operator inequalities. The principle yields a rich harvest in
the field of operator inequalities. We call it the Mond-Pecarié¢ method.

1.6 Notes

Theorem 1.2 is due to Mond and Pecari¢ [141] and [148]. The original proof of The-
orem 1.4 is due to McCarthy [129] and another proof of Theorem 1.4 (ii) appeared in
Kitamura and Seo [119]. For fundamental results associated with C*-algebras we refer to
Arveson [12].
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The examples in Section 1.2 are from a work of Bhatia [19] in Chapter V. For the
Lowner-Heinz inequality we refer a simplified proof in Pedersen [170]. A proof of The-
orem 1.8 is given in Heinz [102] and more general form of the Lowner-Heinz inequality
had been given in Lowner [125]. Theorem 1.9 and Theorem 1.15 are due to J.I.Fujii and
M.Fujii [39], Hansen and Pedersen [99]. The implication (iii) = (v) of Theorem 1.9 is due
to M.Fujii [53]. The implication (ii) = (i) of Theorem 1.13 is due to M.Fujii, T.Furuta
and R.Nakamoto [56]. The main results concerning some characterizations of operator
concavity and operator monotonicity are due to Hansen and Pedersen [98]. Example 1.9 is
due to Furuta [82].

The study of positive linear maps on an algebra of bounded linear operators on a Hilbert
space has been developed by many authors (T.Ando, W.B.Arveson, M.D.Choi, T.Y.Lam,
E.G.Effres, C.Davis, R.V.Kadison, E.H.Lieb, M.B.Ruskai, W.E.Stinespring, E.Stgrmer,
S.L.Woronowicz). Theorem 1.17 and Theorem 1.20 are due to Ando [3]. Theorem 1.21
is due to J.I.Fujii and M.Fujii [39]. A proof of Theorem 1.20 in Remark 1.2 by using
the Stinespring decomposition theorem [180] is due to Davis [27] and Choi [25]. The
counterexample in Theorem 1.21 is due to Choi [25].

Kantorovich [115] firstly showed Theorem 1.23 in the case of sequences. Greub and
Rheinboldt [96] formulated an operator version (Theorem 1.23) of the inequality due to
Kantorovich and proved it by a somewhat different way. Nakamura [161] gave a simple
proof of Theorem 1.23 by using a convexity of f(¢) = ¢!, which is based on the idea of
Mond-Pecari¢ method. Equality problems on the Kantorovich inequality are considered
by Henrici [103] and Tsukada and Takahasi [188]. For another proof of the Kantorovich
inequality, we refer to M.Fujii, Furuta, Nakamoto and Takahasi [57]. An extension (The-
orem 1.26) of the Kantorovich inequality associated with a positive linear map is due to
Nakamoto and Nakamura [160]. Theorem 1.32 is due to Mond and Pecari¢ [140] and
[145]. Theorem 1.29 appeared in Krasnoselskii and Krein [120] (see, e.g., Mond [138]).
Theorem 1.30 is due to J.I.Fujii, M.Fujii, Nakamoto and Takahasi [57].



Chapter

Converses of Jensen’s
inequalities

In this chapter, we study complementary inequalities to Jensen’s inequal-
ities for normalized positive linear maps in a more general setting. Un-
der this formulation, the concept of complementary inequalities is made
clear and proofs are unified and so become clearer.

2.1 Converses of Jensen’s inequalities for positive
linear maps

First, we give a generalization of Jensen’s inequality for normalized positive linear maps.
For convenience, we denote by & ([m,M]) the set of all real valued continuous functions
on an interval [m, M].

Lemma 2.1 Ler A; € %y (H) be selfadjoint operators with Sp(A;) C [m,M| for some
scalars m < M and ®; € Py[HB(H ), B(K)| normalized positive linear maps (j=1,...,k).
Let @, @, -, o € R be any finite number of positive real numbers such that 2’;:1 ;=
L. If f € €([m,M)]) is operator convex on [m,M), then

33
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k k
f (Zl wﬂ’j(Aj)) < lejCD; (f(A)))- 2.1)
Jj= Jj=

Proof. Since f is operator convex, using mathematical induction, if @; > 0 and 2’;:1 ;=
1, then we have

k k
f (2 ij;> <Y 0;f(A)).
j=1 j=1
Moreover, Davis-Choi-Jensen’s inequality (Theorem 1.20) says that
Using two inequalities above, we have
k k k
X 0@(4)) | <X oif (@;(4)) < Y 0;@;(f(4))).
j=1 j=1 j=1
O

By using Lemma 2.1, we have the following Jensen’s type inequality associated with
two functions.

Lemma 2.2 LerAj, ®; and wj, j=1,...,k be as in Lemma 2.1. Let f,g € € ([m,M])
and f < g on [m,M]. If f is operator convex on [m, M|, then

k k
f (2‘1 wj‘l’j(Aj)> < lej‘l’j (8(A})). (2.2)
j= Jj=

Proof. It follows from the spectral theorem and the map positivity of ®; that f < g
on [m,M] implies ®; (f(A;)) < ®;(g(A;j)), j=1,...,k. Multiplying this inequality with
®; € Ry and summing of j we have

k k
; ;®; (f(A;)) < ; ;P;(g(A;)).

Since f is operator convex, it follows from Lemma 2.1 that

k k
f (Z qu)j(Aj)> < X 0P, (f(4)))-
j=1 j=1
Using two inequalities above, we have the desired inequality (2.2) as in Lemma 2.1. O

Here, we present converses of Jensen’s inequality for positive linear maps in general
form. This extremely shows the basic idea of Mond-Pecari¢ method. As a special case,
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we obtain many applications as mentioned after chapters. Notice that we don’t assume the
operator convexity of f.
For convenience, let k(7) be a real valued continuous function on the interval [m,M].
We define: T " iy
KOO km) L Mk(n) = k(M)
M—m M—m
We remark that a straight line [(z) = gz + vy is a line thought two points (m,k(m)) and

(M, k(M)).

Theorem 2.3 Let Aj € By (H) be selfadjoint operators with Sp(A;j) C [m,M| for some
scalars m < M, ®; € Py[B(H), B(K)| normalized positive linear maps (j = 1,...,k).
Let wy,--- , @ € R be any finite number of positive real numbers such that 2’;:] w; =1
Let f,g € €([m,M]) and F(u,v) be a real valued continuous function defined on U X V,
where U D flm,M|, V D g[m,M|. If F (u,v) is operator monotone on a first variable u and
f is convex on [m,M], then

F

k k
_lejd’j (f(4))).& (2'1 w@j(/*j)ﬂ < {mTfLXMF [uft+vf,g(t)]} k. (2.3)
j= Jj= ==

In the dual case (when f is concave) we have the opposite inequality with dual extreme
(min instead of max).

Proof. We only prove the case where f is convex on [m,M]. Since f(t) < ust + vy for
every t € [m,M], it follows that f(A;) < ugAj+ vyly forall j=1,--- k. Since ®; is a
normalized positive linear map, we have

D;(f(A})) < @;(usA;+ vrlp)
5 (4;) + v, (1y)
= uPj(A;)+velg forj=1,--- k.

Further, multiplying them with @; € R, summingofall j=1,...,k, and using 2’;:1 w; =
1 we have

k k
D 0;®;(f(A)) < up Y, 0;®i(A;)+vslk. (2.4)
j=1 =

Since mly <A; < M1y we have mlg < 35_; 0;®;(A;) < Mlg, ie.

Sp (2’;:1 0;; (A,-)) C [m,M]. Now, using an operator monotonicity of F(-,v), we obtain

k
z wjd)j (f(Aj))’g (z wj¢j<Aj)>] <

Jj=1

k
<F [ﬂf‘ Z 0;Pi(A;) +vrlk,g (
=

-

0;®; (Aj)>

1

J

< . )
< {mlglagxMF [‘llft+\/f,g(l‘)} } 1k,
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which is a desired inequality. ]

We consider complementary problems to Jensen’s type inequality ( 2.2 ) in Lemma 2.2.
We attempt to determine upper estimates for 2’;:1 o;®;(f(A)))— (2 _ 0;D;(A j)> by
means of scalar multiples of the identity operator 1g, that is,

k
Y 0;®;(f(A)) —og (Z w;® ) <Blg
j=1

and upper estimates for le‘.:] ®;P;(f(A;)) by means of scalar multiples of g (le‘.:l 0;P; (Aj)) ,
that is,

ij <06g<2w; ))-

J

To this goal, a particular choice of the function F' in Theorem 2.3 implies the following
complementary inequality to Jensen’s inequality, by which is given the unified view of
upper estimates in two expressions above.

Theorem 2.4 Let A;,®;,w;, j=1,...,k be as in Theorem 2.3 and f,g € € ([m,M)]). If
f is convex on [m,M], then for any real numbers o, € R

2 ;P )< og (Z ;P ')) +Blg, (2.5)
J
where

B = max {usp—+vy—og(t)}. (2.6)

m<t<M
Further, suppose that the function g satisfies either of the following conditions:
(i) ogis concave.
(ii) og is strictly convex differentiable.

Then for the boundary B we have

B= max {f(s)—oag(s)}

se{m,M}
in the case (i) and
max {f(s)—ags)} < B

SE{
min {f(s) —og(s) + |t — g’ (s)] (M —m)}

ve{m M}

in the case (if).
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We can determine more precisely the value B = B(m,M, f, g, ) in (2.6) as follows:

B = tsto+ vy —aglto),

where ]
,OZ{M if > Ollg,

m if 1y < o, in the case (i),

and

m if ag'(m)>puy, in the case (if).

{ g Nuy/a) if ag'(m) < pp<ag (M),
t, =
M if og' (M) <uy,

In the dual case we have the opposite inequality with dual extreme, with the dual esti-
mation for B and the opposite condition while determining t,.

Proof. We only prove the convex case. Put Ty = 2’;:1 ®;®;(A), then the hypothesis
ensures the inequality mlg < Ty < M1k. Put

F(u,v) =u—ov.

Then F is operator monotone on u and hence it follows from Theorem 2.3 that

k k
lej‘bj(f(f‘j))—ag(lejd’j(/*j)> < max F(ust+vy,g(t)) 1k
j= j=

m<t<M

= max {ust+vy—og(t)lk,
which gives the desired inequality (2.5).
Put h(t) = pust + vy — ag(t). Further, suppose (i), i.e., org is a concave function on
[m,M]. Then h(t) is a convex function and hence 8 = max,,<,<p h(t) = max{h(m),h(M)}.
Next, suppose (if), i.e., ag is a strictly convex differentiable function on [m,M]. Then
og(t)—og(s) > oag'(s)(t—s) forall #s,t,s € [m,M]. Hence fort =1, and s = m,M we
have

B = f(s)+up(to —s) — 0g(to) = f(s) — agls) + [1y(to — 5) — g (to) + g (s)]
< f(5) = ag(s) + [y — ag ()] (to —5) < f(s) — ag(s) + |wy — g/ (s)] (M —m),

so that we have an upper estimate of 3. The lower estimate of f3 is evident.

More precisely, since h(z) is concave, ' (z) is evidently a strictly decreasing function on
[m, M]. Then we have one of three possibilities. If #’'(m) > 0 and /(M) < 0, in other words,
ag'(m) < up < ag' (M), then the equation /() = 0 has exactly one solution #, € (m, M)
where the function 4 attains the maximum value for o = g'~! (/). If ' (m) < 0, then
h' <0 on [m,M], since h is a decreasing function on [m,M] and the maximum value is
attained for r = m. If W' (M) > 0, then &’ > 0 on [m,M], i.e., h is an increasing function on
[m,M] and the function 4 attains the maximum value forz = M. O
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Remark 2.1 Notice that the operator convexity of f and the condition f < g on [m,M]
are not assumed in Theorem 2.4.

If we put g = f in Theorem 2.4, then we obtain the following complementary inequality
to Jensen’s inequality in Lemma 2.1.

Theorem 2.5 Let A;,®;,w;, j=1,...,k be as in Theorem 2.3. Let f € € ([m,M]) be a
nonnegative real valued continuous strictly convex twice differentiable function on [m,M].
Then for any positive real numbers o.(> 0) € R

k k
D 0;®;(f(A)) <of (Z wj(bj(Aj)> +Blk, 2.7
J=1 j=1

where B = pst, + vy — af(t,) and

{f’l(uf/a) if af(m) <ur<of (M),
to=q m if af'(m) = uy, :
M if of (M) < py.

In the dual case we have the opposite inequality with dual extreme, with the dual esti-
mation for B and the opposite condition while determining t,.

Proof. Since o/f is strictly convex twice differentiable, this theorem follows from The-
orem 2.4. ]

Corollary 2.6 Ler A; € #"(H) be positive operators with Sp(A;) C [m,M) for some
scalars 0 <m <M, ®; € Py[ZB(H), B(K)| normalized positive linear maps (j =1,... k).
Let wy,- -, € Ry be any finite number of positive real numbers such that 21;11 w; = 1.
Let f € €(Im,M]) and q,ca. € R. If f is convex, then

k k q
D 0;®;(f(A)) <o (2 qu)j(Aj)> +B 1k (2.8)
j=1 j=1
holds for

- &
ﬂ{a(ql)(g—f;)q +vr lfm<(5—];)q7 <M and aq(g—1) >0,
max{f(m) —om?, f(M)— oM?} otherwise.

If f is concave, then

k k q
D 0@ (f(Aj) > o (2 wj(bj(Aj)> +B 1k (2.9)
j=1 =
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holds for

ﬁ:{ (q—l)(aq)qzl +vr o ifm< (Z—g)"j <Mand og(qg—1) <0,
min{f(m) — oam?, f(M) — oM?} otherwise.

In particular, if p € R\ [0, 1], then

k k q
Y 0;®;(A)) <o (Z w;<1>j<A;)> + B 1k, (2.10)
j=1 j=1

g 1
ﬁlz{(x(q—l)(M>ql+v,p lfm<(“’p) <M and ag(q—1) >0,

max{ f(m) iqocmq,f(M) oM} otherwise.

If p € (0,1], then
k k d
Y 0@ (AT) > o Y w;@;(A)) | +Bilk (2.11)
j=1 j=1
where

oq oq

g .
ﬁlz{oc(q—l)(M v ifm< (B2)" < Mand og(g—1) <0,
min{ f(m) — om?, f(M) — oM} otherwise.

Proof. We only prove the case where f is convex on [m,M]. If we put g(¢) =9 in

1
Theorem 2.4, then we obtain the boundary 8 = sz, + vy — ord, where 1, = (g—;) “if
oq(qg—1)>0i.e., or? is convex, and m < t, < M; t, = m,M if otherwise . Further, if we
put f(z) =7, p € R\[0,1) in (2.8), then we have (2.10). ad

Corollary 2.7 LetA;,®;,w;, j=1,...,k be as in Corollary 2.6. Let f € € ([m,M]) and
o € R If f is convex, then

k k
Y ;@ (f(A; <alog<2 >+ﬁ11K (2.12)
j=1 =
where
By — o + vy +log(FL)® if Mug<o<mus<O0,
max{f(m)—logm®, f(M) —logM®*} otherwise
and

k
Zw, <(xexp<z w;® ~)>+ﬁ21K (2.13)

jf
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where

A\ M
BZZ foluf+10g(%:) ! lf 0<(X€m<‘llf<a€M,
max {f(m) —oe", f(M)— OCEM} otherwise.

If f is concave, then we obtain the opposite inequalities with dual value of constants
ﬁl and ﬁz.

Proof. This corollary follows from the Theorem 2.4 if we put g(z) = logs and
glr)=¢e" O

The following corollary is complementary inequalities to the logarithmic function, the
exponential function and the power function.
Recall that the logarithmic mean L(m, M) is defined for 0 < m < M as

M—m

LmM) = ————
(rm, M) logM — logm

(M>m) and L(m,m)=m.

It is easy to see that m < L(m,M) < M.

Corollary 2.8 Let A;,®;,w;, j=1,...,k be as in Corollary 2.6. Let a € R be a given
positive real number. Then

Z ®;®;(log(A;)) > alog (2 ;P -)) + B 1k, (2.14)
J
where
Mlogm—mlogM .
—olog(aL(m,M))+ ===~ if m<oal(mM)<M,
Bi=<¢ (1-a)logM if M<oaLmM),
(I —a)logm if oaL(m,M)<m
and
k
2 w;®;(exp(A;)) < aexp | Y, 0;®;(A;) | + B2 1k, (2.15)
Jj=1
where
ez73;111 g eéj/[—f}ji) =+ (M+1)eﬂ':’[:5'rln+1)e l‘f m<10g e(AA/;;e;Z) <M,
Br=q (1—-a)e” if M <log o(M—m) m)
(I—a)e™ if log e(M’e;Z) <m.

If p € R\[0,1], then

k k 14
Y 0;®;(AN) <a (Z wjd’j(Aj)> + B3 1. (2.16)
j=1 =1
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If p €(0,1], then

k k p
ijq’j(Af)Za<zqu’j(Aj)> + B3 1k, (2.17)
=1 j=1
where
=i T
Ot(p—l)(’[%;)’ Fve if m< (52)" <M,
_1
Bs=1q (1-o)m? ir M= ()"
1—o)mP [} 1214 ﬁ<m
if » <

2.2 Ratio type reverse inequalities

In this section, as applications of our general theorem (Theorem 2.3), we show ratio type
reverse inequalities to Jensen’s inequalities and give the explicit expressions in the estima-
tions of the ratio.

If we choose the constant ¢ such that § = 0 in Theorem 2.4, then we obtain the fol-
lowing ratio type reverse inequality as a complementary inequalities to Jensen’s type in-
equality.

Theorem 2.9 Let A; € %, (H) be selfadjoint operators with Sp(A;) C [m,M] for some
scalarsm <M, ®; € Py[B(H), B(K)] normalized positive linear maps (j=1,...,k). Let
@y, , 0 € Ry be any finite number of positive real numbers such that 21]‘-:1 ;= 1. Let
f,8 € €([m,M]) and suppose that either of the following conditions holds:

(i) g(t) >0 forallt € [m,M],
(ii) g(t) <Oforallt € [m,M].

If f is a convex function on [m,M|, then

k k
2, i (f(A)) < %8 (2 wj(bj(Aj)> ; (2.18)
=1 b=
where 1
O = 2% gt (ust+vy) in the case (i),
. 1 . )
or Qo = mlgntlgnM %(nuft +vy) in the case (ii)
and " b ;
nu“f = M and Vf = M
M—m M—m

Furthermore, suppose that either of the additional conditions holds:



42 2 CONVERSES OF JENSEN’S INEQUALITIES

(iii) f(m)>0,f(M) > 0and g(t) is a strictly concave differentiable function in the case
of (i),

(iv) f(m) <0, f(M) <0 and g(t) is a strictly convex twice differentiable function in the
case of (ii).

Then the boundary o, satisfies the following conditions:

0, > max {&} >0 inthe case (iii),
se{m.M} g(S)
f(s)

seI{IEﬁl}{;g(—S)} >0, >0 inthe case (iv).

We can determine more precisely the value o, = o,,(m,M, f,g) in (2.18) as follows:

_ Kot vy
T glty)
where i
M if ZLv,>vg
lo = f i = in the case (iii),
mif Ve < Vi,
or
the solution of ,(M)
m if pp< f(m) '"

in the case (iv).

In the dual case (f concave, g strictly convex or strictly concave) we have the opposite
inequality with dual extreme, with the dual estimation for o, and the opposite condition
while determining t,.

Proof. Suppose that (i). If we put F(u,v) = v~'/2uv=1/2 in Theorem 2.3, then we have

k
) < h M iDi(A;
z CO] mI£1ta<X (t m, f7 <1241 w] ]( ])) ’
where Wit +v
— f f
h(t)=h(t,mM, f,g) = ———.
(1) = )=H
Moreover, suppose that (iii). We have /' (t) = H(t)/g(t)?, where

H(t) = urg(t) — (st + vr)g'(t)-

Since f(m) >0 and f(M) > 0, we have [t + vy = f(m)(Mfltv)[J:{'fM)(l*m) >0 forallt e

[m,M]. Since g(¢) is a strictly concave twice differentiable function on [m,M], i.e. g"(t) <
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0, it follows that H' (1) = —(ust 4 v¢)g” (t) > 0, so that H (¢) is an increasing function on
[m,M]. If H(m) > 0, then /’(r) > 0 and hence the maximum value of A(¢) is attained for
t =M. If HM) <0, then /() < 0 and hence the maximum value of A(¢) is attained for
t =m. If H(m) < 0 and H(M) > 0, then the maximum value of A(¢) is attained for 7 = m
ort = M since H(r) is increasing. Since h(m) < h(M) is equivalent to Vs < LfV,, the
proof in the case (i) and (iii) is complete.

Next, suppose that (ii). If we put g;(¢) = —g(¢) > 0 for all # € [m,M], then as proved
above, we have

IN

k k
Y wi®;(f(A))) m'l’f‘éuh(t m,M, f,g1) 81 (Z wﬂ’j(Aj))
Jj=1 J=1
k
= S (2 “”"D"(A")>

k
mr<nll<n h(l m,M f, (JX‘] a)j(IDj(Aj)> .

Moreover, suppose that (iv). Since f(m) < 0and f(M) <0, we have ust+ vy = ! (m)(Mflt&t{n(M) (t=m)
0 for all # € [m,M]. Since g(¢) is a strictly convex twice differentiable function on [m, M],
ie. g"(t) >0, it follows that H'(t) = —(ust + v¢)g"(t) > 0, so that H(z) is an increasing

function on [m,M]. If H(m) > 0, then uy < f(m ) Al ) and /(1) >0 and hence the mini-

mum value of k(z) is attained for r = m. If H(M) < 0 then ur > f(M)=E ( )) and /(1) <0

and hence the minimum value of h(t) is attained for t = M. If H(m) < 0 and H(M) > 0,
then the equation H (¢) = 0 has exactly one solution 7 € [m,M]. Hence the minimum value
of h(t) is attained forz =7, since h'(¢) < 0 (r <7), '(t) >0 (t >7) and /' (7) = 0. Thus the
proof in the case (ii) and (iv) is complete. O

<

Remark 2.2 For o, in above theorem we have also the following estimation: 0, g' (M) <
U < 0,8 (m) if g is strictly concave differentiable function or o6, g'(m) < tr < o, 8'(M)
if g is strictly convex differentiable.

If we put g = f in Theorem 2.9, then we have the following corollary.

Corollary 2.10 LetA;,®;,w;, j=1,...,k be as in Theorem 2.9. Let f € € ([m,M]) be a
strictly convex twice differentiable function on [m,M)|. Suppose that either of the following
conditions holds

(i) f(t) >O0forallt € [m,M],

(ii) f(t) <O forallt € [m,M].
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Then
k
Y 0@ (f(A)) <anf (Z ;0 )
=1

where the boundary o, satisfies the conditions ¢, > 1 in the case (i) and 1 > o, > 0 in the
case (ii).
More precisely the value o, is given by

‘llfto + Vf
Oy = ———
f(t0)

for the unique solution t, of the equation s f(t) = f'(¢t)(Ust + vy).

Proof. Suppose that (i). Then we have

k k
; <mlga<xMhthf (Z )

where
Byt + Vi

h(t) = h(t,mM, f) = 0

Now, /' (t) = H(t)/f(t)?, where
H(t) = ppf(e) = (gt +ve) f'(0).

Since f(m) > 0 and f(M) > 0, we have it + v, = L= tan( Ji=m) 0 for all ¢ €
[m,M]. Since f(¢) is a strictly convex twice differentiable function on [m, M], i.e. f”(t) >0,
it follows that H'(r) = —(ust + v¢)f”(t) <0, so that H(t) is a decreasing function on
[m,M]. Since f'(m) < us < f'(M), the condition H(m)H (M) < 0 automatically holds.
Therefore the equation H(7) = 0 has exactly one solution #, € [m,M] and hence the maxi-
mum value of A(¢) is attained for t =1,.

Suppose that (ii). Then we have this corollary by replacing g by f in Theorem 2.9. O

For the sake of convenience, we prepare some notations. Let f(7) be a real valued
continuous function on an interval [m, M]. We introduce the following constants:

_ ()= MF ) (= D)~ S
wnan0) =S8 (Gt o)) @19

where ¢ is a real number.
In particular, if we put f(¢) =7, then

mMP — MmP (g—1)(MP —mP)\*
Km0 = s (S y ) o
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Moreover, if we put ¢ = p, then

K(m,M,t* p) = (2.21)

mMP —MmP [ (p—1)(MP —mP)\”
(p— 1) —m) \plm? — M7
The constant K (m, M,t?,q) (resp. K(m,M,t”, p)) is denoted simply by K (m, M, p,q) (resp.
K(m,M, p)).

Corollary 2.11 Let Aj € %" (H) be positive operators with Sp(A;) C [m,M) for some

scalars 0 <m <M, ®; € Py[B(H), B(K)] normalized positive linear maps (j=1,... k).

Let @1, -+, € Ry be any finite number of positive real numbers such that Zl;:] w;=1.
If f € €([m,M)) is convex, then

k k q
D> 0@ (f(A) <oy (Z wjd)j(Aj)> (2.22)
j=1 =
holds for

KoM pa) i Bg <y < Bflgand p(g—1)>0,
: max{ﬁ—?),f}/’—ﬁq/’)} otherwise.

If f € €([m,M)) is concave, then
k q
z ;0 ) > oy (2 ;0 A,)) (2.23)
Jj=1
holds for

KMo fa) i Bgs > Blgand pp(g—1) <0,
= min{M M} otherwise.

md > md

In particular, if p € R\[0, 1), then
k q
Zw, )< o (2 ;P Aj)> (2.24)
j=1
holds for

o — L KmM.p.q) if gm’' <pp <gMP~"and g €R\[0,1), pg >0,
2 max{m? =9, MP~1} otherwise,

and if p € (0,1], then

k q
ij (AP) > o (2 ;O A,)) (2.25)

]7
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holds for

o~ | KmM.p.q)  if qMP~' <pp <gmP~'and g€ (0,1],
27\ min{mP~9,MP~9} otherwise.

Proof. We only prove the case where f is convex. If we put h(t) = b tt:vf then we

have 1'(r) = (lng# and 1'(t,) = 0 if and only if 7, = L Z u Suppose that 0 < m <
to <M and us(g—1) > 0. We remark that the condition 0 <m <1y <M is equivalent

0 #’f)q <up< %q. Then we have A" (1y) = qﬂ < 0 and hence the maximum value
0

of h(t) is attained for 7 = f,. If fo < m or M < fy, then h(¢) is monotone on [m,M] and
its extreme occurs at m or M. If us(qg—1) <0, then us(1 —g) > 0 and hence /(1) is
increasing on [m, M]. Therefore its extreme occurs at m or M. If iy =0 or g = 1, then h(z)
is evidently nonincreasing or nondecreasing on [m, M].

Next, we show (2.24). Suppose that p € R\ [0, 1). Note that the condition tr(g—1) >0
is equivalent to p,q > 1 or p,q < 0 since we have 7y < 0 for 0 < g < 1. Therefore, if we
put f(z) =t in (2.22), then we have (2.24). O

If we put p = g in inequalities (2.24) and (2.25), then since pm?~! < p,p < pMP~!, we
have the following corollary.

Corollary 2.12 Let A;, ®;,wj, j=1,...,k be as in Corollary 2.11. If p € R\[0,1), then

k p
Zw] 7y < K(m,M,p) (z ) (2.26)

and if p € (0,1], then

k p
Z ;®;(4}) = K(m, M, p) (Z qu’j(Aj)> : (2.27)
j=1
Corollary 2.13 LetAj,®;,0;, j=1,...,k be as in Corollary 2.11 and p € R.
Then
k -p
Z wj < o (2 (DJ Aj)> (228)
]7
holds for
4 M p+1 .
o = (pﬁ)l’“% if H<p<¥ and p>0,
max{mP~! MP~'} otherwise
and
k p+l1
Z ©;P;(A7) < 0 (Z w;® ﬂ) (2.29)
j
holds for

(p+1)P ™! ()"

pP o (meM)PTN L M
oy | T I B <p<M and p>0,
max{m!~ ”,M1 ”} otherwise.
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Proof. The inequality (2.28) follows from (2.24) in Corollary 2.11 if we put f(z) = ¢~
and replace g by —p. The inequality (2.29) follows from (2.24) if we put f(z) = > and
replace g by p+ 1 for p > 0. O

Remark 2.3 If we put p =1 in Corollary 2.13, then we have a variant of Kantorovich
inequality:

(i) 2’}:1 wj(Dj(A;]) < (A;{m <2k 1 0;P; (AJ)>

m)? 2
(i) 3k w;0;(a3) < Lo (2’}:10’1‘1’;'(Aj)> :

In the next corollary we show ratio type reverse inequalities to Jensen’s type inequali-
ties for the exponential function analogous to the inequality (2.13).

Corollary 2.14 LetAj,®;,0;, j=1,...,k be as in Theorem 2.9 and A € R\{0}.
If f € €([m,M)) is convex, then

2 ;P ) < ayexp (l Y w® )) (2.30)

j=1
holds for
B %exp(kuvff) if m<llu <M and pp(A—1)>0,
“= max{M M} otherwise
elm ) e}LM .

If f is concave, then we obtain opposite inequality with dual value of the constant o.;.
Additionally, if B € R is such that A3 > 0, then

k
2 ©;®;(exp(BA;)) < cexp (A Y a)jCIDj(Aj)> (2.31)
j=1
holds for ~
15 exp(%) if AePm << LePM,
O =
max {e(B’M’”, e(ﬁ’l)M} otherwise,
where
_ PM _Bm — MePm— e
u=———> and Ve ————————
M—m M—m

In particular, if A € By, (H) is a selfadjoint operator with Sp(A) C [m, M), then

M _ m m __ M
@ () g{ e € (MM e )}e‘D(A). (2.32)

e(M—m) eM —em

Proof. We can prove this corollary by a similar method as Corollary 2.11. O
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2.3 Difference type reverse inequalities

In this section, as applications of our general theorem (Theorem 2.3), we show difference
type reverse inequalities to Jensen’s inequalities and give the explicit expressions in the
estimations of the difference.

If we put @ = 1 in Theorem 2.4 then we obtain the following difference type reverse
inequalities as a complementary inequality to Jensen’s inequality.

Corollary 2.15 Let Aj € B, (H) be selfadjoint operators with Sp(A ) C [m, M| for some
scalars m < M and ®; € Py[AB(H), B (K)] normalized positive linear maps (j =1,... k).
Let @1, -+, 0 € Ry be any finite number of positive real numbers such that 21]‘-:1 w; =
1. If f,g € €([m,M]) and f is a convex function on [m,M|, then

k
> 0@, (f(A; (2 ;P ) <Blxg, (2.33)
j=1

where
B= max {ust+vy—g(n)} (2.34)
and
fM)— f(m) Mf(m) —mf(M)

d vi=
M—m an ! M—m

Furthermore, if g is a strictly convex differentiable function on [m,M), then the constant 3
satisfies the following condition:

fm) —g(m) < B < f(m)—g(m)+ (uy— &' (m)(M —m).

We can determine more precisely the value B = B(m,M, f,g) in (2.34) as follows:

My =

B = uysto+ vy —glto),

where
the solutlon of

g/(t) } if g( )</.Lf§g'(M),

M if &'M)<uy,
m if wr<g(m).

Proof. If we put F(u,v) = u — v in Theorem 2.3, then we have

k
Zla)jd)j( (Z w;® ) < max h(t;m,M, f,¢)1k,
j=

m<t<M

where
h(t)=h(t:m,M, f,g) = ust +vy—g(t).
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Since g(z) is a differentiable function and g’(¢) is strictly increasing on [m,M], it follows
that /' (r) = uy — g'(¢) is strictly decreasing on [m,M]. If g'(m) < uy < g'(M), then the
equation g'(r) — 1y = 0 has exactly one solution 7y € [m,M] and the maximum value of
h(t) is attained for r = 9. If 1y < g’(m), then we have h'(r) < 0 on [m,M] because /' (t)
is a decreasing function. Therefore A(t) is a decreasing function and hence the maximum
value of A(t) is attained for 7) = m. Similarly, we have to = M if uy > ¢'(M).

Next, since g(¢) is a strictly convex function, it follows that

g(m) —g(to) < g'(m)(m—19) if m<t<M
Then we have

B = uyto+ vy —glto) = f(m) — g(m) + (g(m) — g(t0) + py(to — m))

< f(m) —g(m) + (=g'(m) + py) (to — m)
< f(m) —g(m)+ (=g (m) + piy)(M —m)
Hence we have the upper boundary for 3. The lower boundary is evident. O

If g = f in Corollary 2.15, then we have the following corollary.

Corollary 2.16 LetA;,®;,w;, j=1,...,k be as in Corollary 2.15. If f € €([m,M)) is a
strictly convex differentiable convex function on [m,M], then

k k
> 0@ (f(A)—f (Z qu)j(Aj)> < Blk, (2.35)
j=1 =1
where
B= max {ust+vy—f@)} (2.36)

The constant 3 satisfies the condition 0 < B < (M —m)(us— f'(m)).
More precisely, the constant 3 for (2.36) may be determined as follows: let t = to be
the unique solution in [m, M| of the equation f'(t) = py. Then B = Usto+ vy — f(to).

For the sake of convenience, we prepare some notations. Let f(¢) be a real valued
continuous function on an interval [m, M]. We introduce the following constants:

q

_Mim)—mfM) (M) = fOm) \ T
where ¢ is a real number.
In particular, if f(¢) = P, then
MmP —mMP MP —mP \ 7T
ClmM,1?,q) = — — —+(¢-1) <m) (2.38)
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Moreover, if we put ¢ = p, then

C(m,M,t",p) =

-
MmP —mMP MP —mP \ T
—+(p—1) ( ) (2.39)

M—m p(M —m)

The constant C(m,M,t",q) (resp. C(m,M,t?,p)) is denoted simply by C(m,M, p,q) (resp.
C(m,M,p)).

If we put & = 1 in Corollary 2.6, then we have the following corollary.

Corollary 2.17 Let A; € %7 (H) be positive operators with Sp(A;) C [m,M] for some
scalars 0 <m <M, ®; € Py[B(H), B(K)] normalized positive linear maps (j=1,...,k).
Let wy,--- , @ € Ry be any finite number of positive real numbers such that ZIJ‘-:l w;j =1
Let f € €(Im,M]) and g € R.

If f is convex, then

k k gl
D, 0;®; (f(A)) — (Z wj(bj(Aj)> <Blx, (2.40)
j=1 j=1
where
g—{ CmM, f,q) if qmi~' <pp <gM9" and q(g—1) >0,
T max{f(m) —mi, f(M)— M7} otherwise.
If f is concave, then
k k 7
2, 0;®;(f(A)) — (Z wj(bj(Aj)> > Blx, (2.41)
Jj=1 Jj=1
where
ﬁ— C(m7M7f7q) l:f‘]mq71 S.uquMQ71 andq(q71)<07
T min{f(m) —m, f(M)— M1} otherwise,

and C(m,M, f,g) is defined as (2.37).

If we put f(z) = t” and ¢ = p in Corollary 2.17, then the conditions in Corollary 2.17
automatically satisfies because m < (%,u,p)l/”’l < M holds. Therefore we have the fol-
lowing corollary.

Corollary 2.18 Let A;,®;, 0, j=1,...,k be as in Corollary 2.17.
If p<0orp>1, then

oo

If0 < p <1, then

k

J

P
wj‘bj(Aj)> +C(m,M,p) 1.
1

k
j=

k P
lej‘l’j (Af) > (2 wj‘l’j(Aj)> +C(m,M,p) Ik,
=

where C(m,M, p) is defined as ( 2.39 ).
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Moreover, we show some deformations of the Kantorovich inequality by Corollary 2.17.

Corollary 2.19 Let A;,®;, 0, j=1,...,k be as in Corollary 2.17 and p € R. Then

wa (Zw; '>p§B11K

where
1 .
Bl: Af”vl_(]ﬂ\lrs)% lf mp<p< andp(p+ ) O
max { - — W}—p, % — A}p otherwise,
and
& k pt+1
>, 0j®;(A7) — (2 wﬂ’j(z“j)) <Pl
Jj=1 Jj=1
where
(p+1)/p
ﬁz{p(%> —mM if M+m<p+1<M+m (p+1)>
max{m? —m'*P M? — M'*P} otherwise.
Additionally, if f € € ([m,M]) is convex and o € R, then
k k
D 0;®;(f(A)) + o Y 0;®(A)) < P31k
= =
holds for
if a= —Hy,

Vs
B = max{f(m)+am,f(M)+ oM} otherwise.

>0,

(2.42)

(2.43)

(2.44)

Proof. The inequality (2.42) follows from (2.40) in Corollary 2.17 if we put f(¢) =~
and ¢ = —p. The inequality (2.43) follows from (2.40) if we put f(t) =t and g = p+ 1 in
Corollary 2.17. The inequality (2.44) follows from Theorem 2.4, if we put g(¢) = —at. The
constant f33 is the maximum value on [m, M] of the linear function h(r) = (ot + us)t + vy.

O

Remark 2.4 If we put p =1 in (2.42) and in (2.43), then we have a variant of the Kan-

torovich inequality (Theorem 1.32) :

-1 —Jm)?
(i) S5 00,(47") — (T 0,05(4))) - < W,

2
(i) B4y 0,04 — (T w@;(4))) < 1
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Corollary 2.20 Let Aj,®;,w;, j=1,...,k be as in Corollary 2.17, f € €([m,M]) be
convex, f > 0 on [m,M] and q € R. Suppose that either of the following conditions holds:

(@) f(m) > f(M) if g <0 or (ii) f(m) < f(M) if 0 <q <1 Let fuin = minu<i<m f(1),

Smax = maxy,<,<p f(t). Then the following inequality

k k q
D @A) — (Z wj(bj(f(Aj))> <Bilg
J=1 j=1
holds for

— i (g D) (upg)? 9 if 1fé;f’<u < Lo,
Bl = ef."’_#_lffmin_f:rllin if Hr = qf in >
_#“‘ﬂ_lffmax_frcrlmx if ur< (llfmmu

V¢ _
< — L gD,
My

in the case (i), and the following inequality

k
(2 qu)j( ) wa <ﬁ21K
j=1
holds for

o+ (=) ()0 i L, <u < L fonad
BZ = Vf 1fm1n+fg‘m lf wy _,11 mm )
Vf 1fmax + fhax if pp> ;fmax»
Vf

< (1 a0
My

in the case (if).
In particular, if p > 0, then

k k -r
2 0®j(A))~ (2“’1"131'(14,'1)) <Bslk
j=1

holds for
p/(1+p)
M+m_(1+P)<TM> if <P<mﬂp»
ﬁS - M — MP lf p< ]}%”
m—mP if rzuw

IN

b\ PL+)
M+m(1+p)<7> 5

(2.45)

(2.46)

(2.47)
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and if p > 1, then

1/p
k
(2 chb,»(A;)) Z 0;®P;(A;) < Balk (2.48)
j=1
holds for
1/(p—1) ) P/ (P=1)
— i+ 25 (Mam) i m? < (22) <M
~1
Bo=< m¥r—m if (#)pm’ )<m2,
~1
MZ/p -M lf (M;m)l’/(p ) ZM27
Mm  p—1 <M+m>‘/<P‘)
J— + .
M+m p p

Proof. Let (i) be satisfied. Since p1y < 0 and 21 L@ (f(A)) <
“fzj:l“’j i(Aj) + velg, we have

k 1 k
Z wjd)j<Aj) = _v_f. Ik + . 2 wj(bj (f(AJ))
=1 Hr =

My

and hence

2]]{' 1wj(b'(Aj)—(2]; 1 0;9;(f(A))) )q

g (2.49)
< Hgr L 3h 05 ((4) - (4 0,05(7(47))

Because 0 < fmin < f(#) < fmax holds, then the operator calculus give fmin 1z < f(A;) <
fmax 1a, j=1,... k. Tt follows fiin 1x < @;(f(A;)) < fmax 1k, j=1,...,k. Multiplying
with @; and summing, we have Sp (2’]‘-:1 ;D (f(Aj))> C [finins fmax]. From (2.49) it
follows that

k k q
2‘1 ;®;(A;) — (2‘1 qu)j(f(Aj))> <Bi 1k
Jj= Jj=

where ) = maXe[f . oo {f Y -+ t — t‘/} Further we obtain the bound ; by common

differential calculus.

We prove the case (ii) in the same way. We obtain the inequality (2.47) if we put
f(t) =t~" in (2.45) and replace ¢ by —p, and the inequality (2.48) we obtain if we put
f(t) =t*in (2.46) and replace ¢ by i. a

Corollary 2.21 Let A;,®;,wj, j=1,...,k be as in Corollary 2.15, f € € ([m,M]) be
convex. Suppose that either of the following conditions holds:

(i) f(m) < f(M) and o > 0 is a positive real number.



54 2 CONVERSES OF JENSEN’S INEQUALITIES

(ii) f(m) > f(M) and o < 0 is a negative real number.

Then
2 ;0 ) —exp <2 aw;®;(A ~)> < Bi 1k, (2.50)
Jj=1

where

a max{ f(m) — e*", f(M) — e*"} otherwise.

_ { UL 1 B (1og i *Al) if e < iy < e
¥

Corollary 2.22 Let A;,®;, 0, j=1,...,k be as in Corollary 2.15. Then for any real
number o # 0

k k
2'1 w;®;(e™) —exp (Z 0w;®@; (Aj)>

j=1
Me®™m — meaM eaM _ pum 6‘ocM — eom
< lo 1.
_( M—m JrOt(M—m) g(ae(M—m))) K

In particular, if A € By,(H) is a selfadjoint operator with Sp(A) C [m, M), then

Me™ —meM M — e M — e
D) — W < 1 k. 251
() =™ < = T o eM—m))) ¥ 2.51)

2.4 A generalization of Ky Fan type inequalities

In this section we choose the map ®@; : B(H) — HA(K) as follows: Let xi,...,x; be
any finite number of vectors in a Hilbert space H such that 2]]‘-:1 ||x]|?> = 1. For every
Aje PB(H), j=1,...,k, define (Dj(Aj) = (ijj,xj)/(Xj,xj). Then @; : PH)—Risa
normalized positive linear functional. Further, if we get @; € Ry such that ®; = (x},x;),
j=1,...,k, then we have 2’; LO;D;(A)) = Z’; 1(Ajx;j,x}), so all statements from Sec-
tions 2.1 and 2.3 hold, when we replace 2 _10;Pj(4;) by lezl(ijj,xj).

Because, in this case ®;(A;) € R, then in statements before where we demanded func-
tions be operator convex or monotone, now we request some weaker conditions, i.e. we
demand (real) convex or monotone functions. Additionally, in this case we consider neces-
sary and sufficient conditions at which the equality holds. We cite more interesting results.
All of results from this section and many another results, besides the latest theorem, were
proved directly in [136].

First we restate the Jensen’s inequality for a convex function and its opposite inequality.
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Lemma 2.23 Ler A; € %), (H) be selfadjoint operators withSp(A;) C [m,M] (j=1,...,k)
for some scalars m < M. Let x1,x2,--- ,x; € H be any finite number of vectors such that
21]‘-:1 lxjl|? = 1. If f € €([m,M)) is a convex function on [m,M), then

k k
f <Z(ijjvxj ) < Z, Aj)xj,xj)

Jj=1

< M (2(ijj,x]-) m) + f(m).

M—m =

(2.52)

Proof. The first inequality follows from Theorem 1.3 and the second inequality follows
from the convexity of f. In fact, since f(¢) < /‘(1&7/‘('")0 —m) + f(m) for all t € [m,M],

m
we have f(A;) < %(Aj—mjly)—i—f(m)ly forall j=1,--- k. Therefore we have
the desired inequality. O

The following theorem is a consequence of the main Theorem 2.3.

Theorem 2.24 Let A; € B),(H) be selfadjoint operators with Sp(A;j) C [m,M] for some
scalars m <M (j=1,...,k), and x1,x2,---x; € H any finite number of vectors such that
2]]‘-:1 lxjl|> = 1. Let f,g € € (Im,M)) and F(u,v) be a real valued function defined on
U xV, where U D flm,M), V D glm,M|. If F(u,v) is non-decreasing in u and f is a
convex function on [m, M), then

e[ o (£ )|

j=1

m>+f<m>,g<r>] (2.53)

= max F(0(m)+ (1= 0)f(M).g (6m-+ (1 - O)M)].

Proof. The second expression on the right side of (2.53) follows from the change of
variable 0 = 2L 501 =0m+ (1—60)M with0< 6 < 1. O

—m’

Remark 2.5 In Theorem 2.24, if F is non-increasing in u and f is concave, then we
obtain the inequality (2.53) again. If F is non-increasing in u and f is convex or if F is
non-decreasing in u and f is concave, then we obtain the opposite inequality with dual
extreme.

As an application of Theorem 2.24, we discuss complementary inequalities to Jensen’s
type inequalities for convex functions, which gives us a unified view to several inequalities
due to Ky Fan, Furuta and Mond-Pecaié¢. Moreover we shall consider the conditions under
which the equality holds. For convenience, we define

k(M) — k(m)
=———- and Vy=——-—"—"-+
e M—m k M—m

for a real valued function k on an interval [m, M].
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Theorem 2.25 Let Aj, xj, j=1,...,k as in Theorem 2.24 and f,g € € ([m,M]). If f is
convex, then for any real number o € R

k k
;Ummmﬁ§%<;meO+ﬁ (2.54)
J= Jj=
where
B= max {us+vy—aglr)}.

m<t<M

Further, suppose in addition that the function g satisfies either of the following condi-
tions:

(i) og is concave
(ii) og is strictly convex differentiable.

Then we can determine more precisely the value of B = B(m,M, f,g, o) in (2.25) as fol-
lows:

B = uysty+vy—og(ty),
where

e (M mrz ok

m if < oy, in the case (i),

or

m if ag'(m)>puy, in the case (if).

{ g Nus/a) if ag'(m) < pp < og'(M),
t, =
M if ag'(M) < uy,

Moreover, suppose that B = |1y 21]‘-:1 (Ajxj,xj)+vy— ch(zlj‘»:l (Ajxj,x;)) for some vec-
tors x;j in H such that ZIJ‘.:] lxjl|? = 1. Then the equality is attained in (2.54) if and only if
there exist orthogonal vectors y; and z;j such that

xj=yj+zj, Ajyj=my;, Ajz;j=DMz;. (2.55)

Proof. This theorem follows from Theorem 2.4, with exception of conditions under
which the equality holds. We investigate this conditions. Putz, = 2]]‘-:1 (Ajxj,x;j), then the
hypothesis Sp(A ;) C [m,M] ensures the inequality m <, <M.

Suppose that the equality 2];:1 (f(Aj)xj,xj) = ag(ty) + B holds. By definition of f3
in (2.54), notice that the equality le‘.:] (f(Aj)xj,x;) = ag(to) + B holds if and only if the
equality 2’;:1 (f(Aj)xj,xj) = Usto+ vy holds. Let E;(¢) be the spectral resolution of the
identity of A;, thatis, A; = [ [ tdE;(t). Put P; = E;j(M) — E;(M —0), Q; = E;(M —0) —
E](m) and Rj = E](m) ij(m 70) Then (Aij)Cj,Xj) = M(ijj',x]') and (AjRij,Xj) =
m(R;x;,x;). Notice also that

(FA)Pxjx)) = ol o f(Od(Ej(t)Pixj.xj) = f(M)(Pixj,x))

= (M +Vp)Pjxj,x))
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and
(F(AR;xjxj) = [0 f(6)d(E;(t)Rjxj,x;) = f(m)(Rjx;,x;)

= ((Lrm+ ve)Rjxj,x;).

Since X (f(A))x}xj) = Wsto + vy, it follows that 35, (1rA + vy — f(A}) QX)) =
0 and hence Qjx; = 0 for every j because s+ vy — f(s) > 0 for s € (m,M). Thus we
obtain the desired decomposition of x; setting y; = R;x; and z; = Pjx;.

Assume conversely (2.55). Then it follows that

tpto+ vy =p I (mlly;l1*+ Ml|zi11%) + v S5 (il + llz11)
= (pm+vp) T yill2+ (M + ve) 35 1z
= X5 (Fm)yjoy) + X (F(M)z),2)) = S5, (F(A))x),x)),

which is the desired equality. O

Remark 2.6 If we put oo = 1 in Theorem 2.25 and g(t) is a real valued strictly convex
twice differentiable function on [m,M), then

k k
Z P)Xjxj) <8 (2 JXjsXj ) +B (2.56)

where B = usto+ vy — g(to) and

Yuwp) if g'(m) < pp <g' (M),
to={m if g(m)>ﬂf»
M if ¢(M)<py.

If we choose o such that B = 0 in Theorem 2.25, then we have the following corollary.

Corollary 2.26 Let Aj,xj,j =1,....k, as in Theorem 2.24. Let f,g € € ([m,M]) and
suppose that either of the following conditions holds:

(i) g(t) >0 forallt € [m,M]
(ii) g(t) <Oforallt € [m,M].

If f(¢) is convex, then

k k
Y (f(A))x),x)) < cog <Z(ijjvxj)> (2.57)
Jj=1 Jj=1
holds for
0p = max {(,uft +vy)/g(t)} in the case (i),
or o, = mm {(upt+vy)/gt)} in the case (ii).

<t<M
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Further, suppose that with (i) or (ii) the addition condition holds: (i) f(m) >0, f(M) >0
ifg>0or(iiy) f(m) <0, f(M) <0if g <0, and additionally let either of following con-
ditions be valid: (iii) g is a strictly concave differentiable or (iv) g is a strictly convex twice
differentiable function. Then the value of 0, = 0,y (m,M, f,g) in (2.57) we can determine
as follows: o, = (sto+V¢)/g(t,), where

M if ﬂvg > Vy,

t, = Ilg> in the case (iii),
m if Ghve<vy,
or

the solution of ¢ (m) ¢ (M)
=l o)) } S5 < < FODZED,

(M

=AM if > FM) S

m if o< fmE,

in the case (iv).
In the dual case we have the opposite inequality with dual extreme, with the dual esti-
mation for o, and the opposite condition while determining t,.

If we put g = f in Theorem 2.25, then we have the following theorem:

Theorem 2.27 LetAj,xj,j=1,...,k asin Theorem2.24. Let f € € ([m,M)) be a strictly
convex twice differentiable function on [m,M|. Then for any positive real number o € R

k k
Z 7)Xj,%;) <0‘f<2( ijvxj)> + B, (2.58)

J=1 Jj=1

where
B =tyto+ve—af(t)
and
S /o) if m< f- 1( )<M
=4 M ir M (%),
m if ! (%{) <m.

The equality is attained in (2.58) if and only if there exist orthogonal vectors y; and z; in
H such that

xj=yjtzj, Ajyj=myj,
Ajzj=Mzj and 1o, =m35_; |lyjl]* +M Z5_; ||z (2.59)

Proof. Since the graph of of(¢) + B touches the line of f(m)+ p(z, —m) at the point
t,, it follows that the equality

k k
Z )Xj5%7) —af<2 JXirXj >+ﬁ

]:
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holds if and only if two equalities 7, = ¥5_, (A;x;,x;) and ¥5_, (f(A;)x;,x;) = f(m) +
W (t, —m) hold. Therefore we obtain Theorem 2.27 by the same proof as Theorem 2.25. O

Remark 2.7 If we put oo = 1 in Theorem 2.27 and f is a strictly convex twice differen-
tiable function on [m, M), then

k

k
Z 7)xjs X)) <f<2( ijvxj)> +PB. (2.60)

J=1 j=1
where
B = uysto+ vy — f(to)
and t, € (m,M) is the unique solution of the equation f’(t) = Liy.

Corollary 2.28 Let Aj,xj,j = 1,....k, as in Theorem 2.24. Let f € €([m,M]) be a
strictly convex twice differentiable function on [m,M] and suppose that either of the fol-
lowing conditions holds:

(i) f(t) >O0forallt € m,M].
(ii) f(t) <O forallt € [m,M].
Then

k k
2 Pxjxg) < a0f<2(ijj,xj)> (2.61)
j=1 j=1

holds for o, > 1 in the case (i), or 0 < a, < 1 in the case (ii). More precisely the value o,
may be determined as follows:

WUrto+Vy
Oy, = ————
f(t)

and t, is the unique solution of the equation [ f(t) = f'(t)(st + vy).

If we put a power function f(¢) = #” and g(¢) = ¢4 in Theorems 2.25 and 2.27, then we
have the following three corollaries.

Corollary 2.29 Let Aj € #"(H) be positive operators with Sp(A;) C [m,M) for some
scalars 0 <m < M, x; € H such that 2’;:] Ixi[>=1(j=1,....k). If p € R\[0, 1] (resp.
p € (0,1)), then for any real number o0 € R

>~

k q
)y (Ai')xf’xf) = (2 JXjsXj ) + B, (2.62)
j=1

j:
(resp.

e~

' q
(Aij’xj) > o (2 JXjXj ) +B2),

j= Jj=1
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where

a 1
ﬁlz{a(q—l)(aiquzp)ql—i-vlp if m<(%§z> - <M and ag(g—1) >0,
max{m? — am,MP — aM?} otherwise.

(resp.

g 1
ﬁzz{a(q—l)(alquﬂ)>ql +vp if m< (“”’)‘H <Mand ag(q—1) <0,
min{m?” — am,MP — aM?} otherwise).

Corollary 2.30 LetAj,xj, j=1,...,k beasin Corollary 2.29. Let the constant C(m,M,p,q)
be defined by (2.38) and K (m,M, p,q) defined by (2.20).
If p € R\[0,1), then

k k q
z (A xJ"xJ) (z jxjaxj ) ﬁv (263)

j=1

where
7
[;:{C(m,M,p,q) if m< (‘ll,u,p)r <M andg(g—1)>0
max{m? —m?,MP — M1} otherwise
and
k k a
z (47x;,5)) < o 2 Apix) | (2.64)
=1 =
where
o K(m,M,p,q) if m< qi‘;ﬂ; <M and g € R\[0,1), pg >0
max{m?~9,MP~1} otherwzse
But if p € (0,1), then
k k 7
3 (431:3) = | T | +B. (2.65)
j=1 j=1
where
1
ﬁ:{c<m’M7paq) lf m < (%I»W)qil <MandQ(q_1)<O
min{m? —m4,MP — M7} otherwise
and
k k a
z (A x,,x,) o E(ijj’xj) , (2.66)
j=1 j=1
where

lIIJp

o K(m,M,p,q) if m<iLiL <M and q€(0,1)
min{m?~ 4, MP~9} otherwme



2.5 A GENERALIZATION OF KY FAN TYPE INEQUALITIES 61

If we put ¢ = p in Corollary 2.30, then we have the following corollary.

Corollary 2.31 LetAj,xj, j=1,...,k beasin Corollary 2.29. Let the constant C(m,M, p)
be defined by (2.39) and K(m,M, p) defined by (2.21). If p & [0, 1], then

k

P
(47xj.7) < (Z(Mw;)) +C(m. M. p) (2.67)

j=1

M=

j=1

and
k

k P
3 (Ayxj,xj> < K(m,M.,p) <Z(ijj,xj)> . (2.68)
=1

J=1

If p € (0,1), then we have the opposite inequalities.

If we put an exponential function f(z) = ¢* in Theorems 2.27 and 2.28, then we have
the following two corollaries.

Corollary 2.32 Let Aj € By, (H) be selfadjoint operators with Sp(A ;) C [m, M| for some
scalarsm <M (j=1,...,k) and x1,x2,--- ,x; € H any finite number of vectors such that
21]‘-:1 lx;l|? = 1. Then for any real number o # 0

k oM om om oM k
e —e o(Me™™ — me™™)
E ijvxj mexp( ooM _ gam )exp ((X EI(AJ)C],)CJ)> .
j:

Corollary 2.33 Let Aj,xj, (j=1,...,k) as in Corollary 2.32. Then for any real number
a#0

H'M»

k
z Aixj,x;) —exp( (ijj,xj)>
J=1 J=1

Me™ — e oM eocM — e0m eocM — eOm
< lo
ST M—m aM=m) g(ae(Mm))

Corollary 2.34 LetAj,xj, j=1,...,k be as in Corollary 2.29. Then

2“’1 (logAj) —10g<2 ;® ))

Jj=1
Mlogm —mlogM

> 1—log(L(m,M
> 1~ log(L(m, M)) + 22—
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2.5 Converses of Jensen’s inequality for selfadjoint
operators

In this section we choose the identical map ®; € Py[A(H),#A(K)|, j=1,...,k, in Sec-
tion 2.1,i.e. H=K and ®;(A;) =A; forevery A; € #,(H), j=1,...,k. Then Jensen’s
inequality for many operator maps from Lemma 2.1 becomes Jensen’s inequality for sum
of operators:

k k
f (2 ij]'> <D 0;f(A)),
j=1 =1

where A; € %,(H) with Sp(A;) C [m,M] for some scalars m < M, ®; € Ry such that
2’;:1 ®;j=1(j=1,...,k) and f is an operator convex function on [m, M].
From the main Theorem 2.3 we obtain immediately the following corollary:

Corollary 2.35 Let Aj € By, (H) be selfadjoint operators with Sp(A ) C [m,M] for some
scalars m < M, ®; € Ry such that 2];':1 wj=1(j=1,...,k). Let f,g € €(m,M]) and
F(u,v) be a real function define on U x V, where U D fim,M], V D glm,M). If F(u,v) is
an operator monotone on u and f is convex, then

< { max F [tist + vy, g(1)] } ly. (2.69)

m<t<M

k k
F [Z w;f(Aj).8 (Z ij;’>
f= =

If f is a concave function, then we have opposite inequality with dual extreme.

By Theorems 2.4 and Theorem 2.5, we have converses of Jensen’s inequality for sum
of operators as follows:

Corollary 2.36 LetAj,xj, j=1,...,k be as in Corollary 2.35 and f,g € € ([m,M)). If f
is convex on [m,M), then for o. € R we have

k k
D> 0if(A)) <og ( ijj> +B1u,
j=1 =1

]7
where
ﬁ = mlgzagxM{‘uft + Vi — (Xg(l)} .

Additionally, let either of the following conditions be valid: (i) g > 0 on [m,M] or (ii)
g <0on[m,M)]. Then

k k
> 0f(A) < ang <Z ijj> ;
j=1 j=1
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where
0p = mTZa<XM{ wet+vye)/g(t)} in the case (i),
or 0 = mISIIIISHM{ et +vye)/g(t)} in the case (if).

If f is concave on [m,M|, then opposite inequalities hold with dual extreme in bound-
ary.

As an application, we estimate the boundary of the operator convexity for convex func-
tions.

Theorem 2.37 LetAj,xj, j=1,...,k be as in Corollary 2.35 and f € € ([m,M)]). If f is
convex on [m,M] such that f(t) > 0 on [m,M], then

%f(jil‘”f/*f) Za’ff <aof<2‘*’f>

j
where oy = max{fg—l)(/.ifth ve) it € m,M]}.

Proof. For a unit vector x € H, put x; = ,/@; x in Corollary 2.28, then we have

i Dox) < auf (Zw] ,xx>

Hence it follows that

(3 i) (S o) < (1 ($00) )

and the last inequality holds by the convexity of f. Therefore we have

i <a0f<2a), )

Next, since f is convex, it follows from Thereom 1.3 that

(ﬁa)jf(/\j) ) z a)j x X >f (i wj Ajx, x))

j=1

Since m < 2];':1 w;A; <M, it follows from Corollary 2.28 that

(Bomes ) r(((Zon))) (o))
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Therefore we have
1 k k
—f (2 ij;> < 0 f(A)).
G \j= =1
O

We have the following complementary result of Theorem 2.37 for concave functions.

Theorem 2.38 LetAj,xj, j=1,...,k be as in Corollary 2.35 and f € € ([m,M)). If f is
concave on [m,M| such that f(t) > 0 on [m,M], then

1 (& £ :
—f (2 (UjAj> > Y 0;f(A)) ZWf( a’j“‘f) ,
o\ o j=1 =1

J

where 0 = min{fé—t)(uft +vy) it € [m,M]}.

2.6 Determinant for positive operators

In this section, we shall extend the notion of the determinant to vector states in the manner
of Fuglede and Kadison. We discuss it as a continuous (weighted) geometric mean (with
the weighted x) and observe some inequalities around the determinant from this point of
view. By using the Mond-Pecari¢ method, we show an operator version of Specht’s theo-
rem which gave the ratio of the arithmetic mean to the geometric one.

There are some attempts to extend the notion of the determinant for matrices. In 1950s,
Fuglede and Kadison defined the determinant on invertible operators A in /1;-factor M with
the canonical (normalized ) trace Tr as

A(A) =expTr(log|A])

and discussed the properties of this determinant. Afterwards, Arveson developed it in
general von Neumann algebras and investigated some additional properties.

Here, note that the determinant of a positive definite matrix is the product of all eigen-
values, which contrasts with the fact that the trace of it is the sum of them. The normaliza-
tion of the trace in A(A) yields another view for the determinants. For a positive definite
n X n matrix A with the spectrum Sp(A) = {#,,--- ,#}, the determinant in their sense is just
the geometric mean

n
H til /n
i=1

while the normalized trace is the arithmetic mean % Zf:l t; . So their determinant for pos-
itive operators is considered as the the continuous geometric mean, which reminds us of
the product integral introduced by G.Birkhoff [20].
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Definition 2.1 Let A be a positive invertible operator on a Hilbert space H and x a unit
vector in H. The determinant A, (A) for A at x is defined as

A¢(A) = exp(logAx,x).

Note that this definition is easily extended to that at a state on a suitable operator algebra
via the GNS representation.
It immediately follows by definition that

AtA) =1A(A) and A (ly) =1

for all positive numbers . We also have the norm continuity for the maps x — A,(A) and
A — A(A). Moreover the latter map is monotone by the operator monotonicity of the
logarithm function.

Theorem 2.39 The map A — A.(A) is monotone:
A<B implies A(A) <A(B).

It is easy to see
n n
Ay (2;@) = 15 (2.70)
i=1 i=1

for the projections E; with Y,; E; = 1. Then the equation (2.70) prompts us to consider
another ’product’ integral for a positive operator A after G.Birkhoff [20]. By the simple

() ()

functionA, =¥t of A converging uniformly to A = f,,’? tdE;, we define

n (E("),\-.x)
H/ td(Ex,x) 711mHt .

n—»oc
This definition makes sense by the above properties and it also shows
M
I / 1d(Evx,x) = Ay(A).
m

Thus we may say that the determinant for positive operators is a continuous weighted
geometric mean with the weighted x. Similarly we may consider (A~!x,x)~! as a contin-
uous harmonic mean. Thereby a continuous version of the arithmetic-geometric-harmonic
mean inequality is the following basic one:

Theorem 2.40 The determinant A((A) is not greater (resp. smaller ) than (Ax,x) (resp.
(A~ x,x)").
(A~1x,x) " < A(A) < (Ax,x)

for every unit vector x € H.

We immediately have the following inequalities:
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Corollary 2.41 [fA € Z(H)"™" is a positive invertible operator, then
1A < Ax(4) < r(A) = Al
where r(A) is the spectral radius of A.

Moreover it is well-known that the power (arithmetic) means

xq+...+xz 1/r
n

Mr(xly"' 7xn) = (

make a path of means from the harmonic one at r = —1 to the arithmetic one at » = 1 via
the geometric one at r = 0 (precisely the limit as r — 0). Since (A" x,x)l/ " is considered
as a continuous power mean from the above viewpoint, we have an extension of Theorem
2.40:

Theorem 2.42 For a positive invertible operator A, the continuous power mean (A’x,x)]/’
converges monotone decreasingly (resp. increasingly) to Ax(A) asr | 0 (resp. r 1 0).

Proof. For the case of r | 0, the monotonicity follows from Jensen’s inequality: If
0 <r<s,then

1<Z implies (Ax,x)"" < (A"6/7x x) = (A*x,x),

Nl e

therefore it follows that (A"x,x)'/" < (A%x,x)!/.
As for the convergence, the I’Hospital theorem shows
log(A’ Al AllogA
lim og(A’x,x) — tim d(A'x,x)/dt _ lim( 0gAX, X)
110 t 110 (Alx,x) 110 (Alx,x)

= (logAx, x),
so that we have the required convergence. Similarly we have the proof of the case of
r10. O

In the Kubo-Ando theory of operator means in chapter 5, the notion of duality was
introduced. In terms of the power mean, M, is the dual of M_,;

Mr(xfl,~~~ ,x;l) =M _ (x1, - ,x)" L
In particular, the geometric mean is selfdual, which reflects the following property:
Corollary 2.43 For a positive invertible operator A,

AATh) = AvA)!

for every unit vector x € H.

‘We observe various inequalities around the determinant. First we pose the well-known
Ky Fan inequality, which follows from the operator concavity of the logarithm:
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Theorem 2.44 [f A and B are positive invertible operators and oo > 0, B > 0 such that
o+ B =1, then
Ac(0A+BB) > AX(A)aAX(B)ﬁ

for every unit vector x € H.

Next we discuss Arveson’s inequality, which is an extension of the Ky Fan inequality.
Note that A (AB) = A, (A)A,(B) for commuting A and B.

Theorem 2.45 The determinant Ay(A) is the infimum of the set
{(ABx,x) |AL(B) > 1,B € {A}'}.
Proof. Since a positive operator B commutes with A and A,(B) > 1, we have
AX(AB) = Ax(A)Ax(B) 2 AX(A)-
On the other hand, consider B = A,(A)A~!. Then A.(B) = 1 and
(ABx,x) = A (A)(AA™x, x) = A((A),

which shows the above formula. O
Corollary 2.46 If A and B commutes, then Ay(A+ B) > A(A) + Ay (B).

Following Turing, the condition number / = h(A) of an invertible operator A on H is
defined by /1(A) = ||A||||A~!||. If a positive operator A satisfies the condition M1y > A >

mly >0, i.e., Sp(A) C [m,M], then it may be thought as M = ||A|| and m = ||A~"|| 71, so
thath =h(A) = 4.
Also, Specht [178] estimated the upper boundary of the arithmetic mean by the geo-
metric one for positive numbers: For xj,--- ,x, € [m,M] with M > m > 0,
(h—1)hit +
Bl v > @2.71)
elogh n
where h =2 (> 1). It is well known that
Xt X > VXX, (2.72)
n
holds for positive numbers x1,x3,--- ,xx. Therefore, the Specht theorem (2.71) means a
ratio type reverse inequality of the arithmetic-geometric mean inequality (2.72).
So we define the following constant:
P
tP— 1)1
S(t,p) = L= 2.73)

pelogt
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for all p € R and all positive numbers 7. We call S(¢, p) the Specht ratio. If we putt =7
and p =1 in (2.73), then we have

(h— )i

S(h.1) = elogh

(2.74)

We collect basic properties of the Specht ratio:
Lemma 2.47 Lett >0and p € R.
(i) S(t,p) =SSP, 1) forall p e R andt > 0.
(ii) S(1,1)=1.
(iii) S(t,p) =S(t~',p) forall pcRandt > 0.

(iv) A function S(t,1) is strictly decreasing for 0 < t < 1 and strictly increasing fort > 1.

==

(v) lim,_oS(t,p)7 = 1.
(vi) limy— S(t,p)? =1 fort > 1 andlimy...S(t,p)? =1~ for 1 >1 > 0.

Proof. We have (i) by definition. We have by L'Hospital’s theorem

=1 logt logt
limlogS(z,1) = limlog ———— = lim (i —1 —logi)
t—1 t—1 elogt™T —1\t—1 t—1

1 1
=lim(-—1-log—)=0
ngll<t Ogt) '
1

For (iii), we may assume that p = 1 by (i). Then the equation (ll) Ul =71 = ¢ 471
implies the equation

and so S(1,1) = 1.

1
til 1o t-ti-1
s 1y = ) =

— =S8(r,1).

e]og(t*l)tfll—l elogttfl

Furthermore we have by a differential calculation

d d (logt logt
ElogS(r,l)—(i 110g£>

Tdr\r—1 r—1
ot Me=1)—logt 1—117"(r—1)—logt
(r—1)2 logt (r—1)2

(logt —t+1)(1 -t~ —logt)
(r—1)%logs '
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So for all # > 1, the function S(z,1) is strictly increasing from j—tlogS(t, 1) > 0. On the
other hand, for 0 < ¢ < 1 we see that a function S(z, 1) is strictly decreasing.

For (v), put g(p) = ;rp%, then we have S(z,p) = elfg(ggp)

. It is easily obtained that

1
lim =the’ =e
Jim 8(p)

tP — 1 — ptPlogt p
/ p_
gp)= { 1) }ttl T logt.

Then g'(p) is bounded as p — +0 since

and

P—1—ptP]
fim Lo toprflogt 1
p—+0 (1P —1)2 2
Then we have

logg(p) —log(logg(p)) — 1

lim log S, p)p = lim

p—+ p—+0 p
' 1
_ fim @) {1 }
p—+0 g(p) logg(p)
=0

)

1
so that lim,_,0S(¢,p)» = 1.
For (vi), we mat assume that # > 1 by (iii). Since

tP—1
pelogt

1
p_1 0 P
tP-1p —¢t" =1 and — 1t as p— oo,

it follows that S(z, p)!/? — t as p — oo

We rephrase the Specht theorem (2.71) under matrix situation. If we put

x31 0 -0 1
0 Xy e 0 1
0 0 - xy,

then the Specht theorem implies S(%, 1)Ax(A) > (Ax,x).
Then the following lemma is a geometric representation of the Specht theorem:

Lemma 2.48 Let A be a positive operatoron H withO <mly <A <Mly. Ifa=L(m,M)

__ mlogM—Mlogm
and b = TogM—Togm then

(Ax,x) < ae}%an(A)

and the equality holds if and only if ((logA)x,x) = (a — b)/a and a unit vector x is a linear
combination of eigenvectors corresponding to m and M.
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Proof. Since y = €' is a convex function, then, for the line ar + b crossing ¢’ att = logm
and r =logM, we have

b7
d<at+b<aea e

on [logm,logM]. In fact, F(t) = ae’a ¢ — at — b is also a convex function with the mini-
mum zero att = (a—b)/aby F'((a—b)/a) =0and (a—b) /a € [logm,log M] is guaranteed
by the inequalities m < L(m,M) < M. Thus we have the latter inequality. Putting S = logA,
we have
(e5x,x) < ((aS+b)x,x) = a(Sx,x) +b < ae’a %)

so that, we have the required inequality. Since ¢’ < at +b forr € (logm,log M), the equality
(e5x,x) = ((aS+ b)x,x) holds if and only if x is a linear combination of eigenvectors cor-
responding to m and M. Moreover the only zero of F is (a — b)/a, and hence the equality

a(Sx,x) + b = ae"a* 5 holds if and only if (Sx,x) = (a — b)/a. i
Then the above inequality itself is an estimation of Specht’s type:

Theorem 2.49 Let A be a positive operator with 0 < mly < A < My, x a unit vector
and h = M /m the condition number. Then the ratio of (Ax,x) to the determinant for A at x
is not greater than the Specht ratio:

(Ax7x) S S(ha I)AX(A)
and the equality holds if and only if both m and M are eigenvalues of A and

Y L Y B S
TV =1 10gh ™\ logh 1M

where e, and ey are corresponding unit eigenvectors to m and M respectively.

Proof. The number e’ in Lemma 2.48 is exactly the Spechtratio. In fact, a = (hl;_gl’)lm
and

b mlogM —Mlogm  logM —hlogm  log(hm'™")

a M—m h—1 h—1
and hence we have
1/(h—1
e’ — (h— l)m(hmlfh)l/(hfl)efl _ (h—D)h'/¢ )'

logh elogh

To verify the equality condition, we can put x = /1 — t2e,, + tey, for a number 0 < ¢ < 1
by Lemma 2.48. Then it follows from Lemma 2.48 again that

—b 1 h 1-h
log (mlftZMﬂ) = (Sx,x) = S M -1 +10g(h1/(17h)m),
a h—1
or t?logh = 1+1logh'/ (=) Thus
t2:1+1/(1—h)10gh: 1 _
logh logh h—1

Incidentally we have a variation of our theorem:
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Corollary 2.50 In the notations in the above theorem,
(APx,x) < S(h,p)Ac(A?)
for all real numbers p € R.

Proof. Since the condition number of A? is h” for p > 0, we have the above inequality
immediately for p > 0 by Theorem 2.49. Suppose p < 0. Then the condition number of
AP is h~P and hence

(APx,2) < (P, 1)AL(AP).
However we have S(h7,1) = S(h~!, p) = S(h, p) by Lemma 2.47. O
Remark 2.8 The above corollary is obtained by Corollary 2.32:

We can easily modify into the conditions m > 0 and all real nnumberst. In fact, putting
B =logA, | =logm and L =logM in the above inequality, we have

(¢'Bx,x) = (A'x,x) and exp(t(Bx,x)) = A (A")

and

el — ¢! t(Le' —1e'h) M —nt m' logM' — M" logm’
ex =
te(L—1) P\ e et eloght M —m!
H—1 logM" — W' logm'
!
" elogh ( W1

h—1 tlogh
=m ( og 10gm’>

" toght TP\ w1
(I/llf l)hl/(htfl)
= Tghl :S(h,[)

On the other hand, Mond and Shisha gave an estimate of the difference between the
arithmetic mean and the geometric one: For positive numbers xy,--- ,x, € [m,M] with
M>m>0andh = 1,"—”1,

XX X + D(m,M) > XX+ X (2.75)
n
where
h—1 1
D(m,M)=60M+(1—0)m—Mm'=% and 6=1 —. 2.7
(m,M)=6M+ (1 —0)m m and 6 0g<10gh)logh (2.76)

We call D(m,M) the Mond-Shisha difference. Notice that (2.75) means a difference type
reverse inequality of the arithmetic-geometric mean inequality.
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Lemma 2.51 The Mond-Shisha difference coincides with the following constant via the
Specht ratio: If M > m > 0 and h = % > 1, then

D(mP ,MP) = L(m? ,M")logS(h,p) 2.77)
forall p e R.
Proof. If we put 6 = log (;’i;’glh) pkigh, then we have
mP(hP — 1) hP —1 plogh
L(m? MP)logS(h,p) = ——= (1 -1
(m”, M")logS(h, p) Dlogh (og (plogh)+h,,1

(1o h? —1 hp—1+1 h? —1
= m —_
5 plogh ) plogh plogh

- (9(h” 1) +1 fh”‘))
— D(mP,MP).
O

‘We show the following result, which is considered as a continuous version of the Mond-
Shisha result (2.75):

Theorem 2.52 Let A be a positive operator on H satisfying Mlg > A > mlyg > 0. Put
h =M Then the difference between (Ax,x) and the determinant A¢(A) for A at a unit
vector x € H is not greater than the Mond-Shisha difference:

(A)C,X) 7AX(A) < D(va)v

where D(m,M) is defined in (2.76) and the equality holds if and only if both m and M are
eigenvalues of A and

el (Y Ly e ()
T g logh loghem 5 logh logheM7

where ey, and ey are corresponding unit eigenvectors to m and M respectively.

Proof. Put S =logA, a = L(m,M) and b = %, then we have

(8x,x) < a(Sx,x) +b < ) taloga+b—a.

m(h—1)

W and

The number aloga + b — a is exactly the Mond-Shisha difference. In fact, a =
hence we have

logM —1 — (M —m)1
aloga+b—a = a <10ga+m( og Ogﬁl:;) ( m)logm 1>
—m

m(h—1)

logh
= — | log(h—1)—log(logh) + — — 1
o (toeth = 1)~ togtogn) + 224 1)

(h—1)lo hody Lo A
" g logh ) logh logh

= m((h—1)0+1—h%)
= D(m,M),
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where 6 = log (%) @‘

To verify the equality condition, we can put x = v/1 —t2e,, +tey for a number 0 < ¢ <
1. Then it follows that

mh—1)

] =201 — (Sx,x) = loga =1
ogm (Sx,x) =loga = log logh

and so we have

2.7 A generalized Kantorovich constant

In this section, we investigate basic properties of a generalized Kantorovich constant. First
we recall the celebrated Kantorovich inequality: Let A be a positive operator on a Hilbert
space H satisfying M1y > A > mly for some scalars 0 < m < M. Then

(M +m)?

(Ax )7 < (A7) < 20

(Ax,x)~"!
for every unit vector x € H and this inequality is just equivalent to the following one

(M +m)?

(Ax,2)? < (A%xx) < =

(Ax, x)2

(M+m)?
4Mm

for every unit vector x € H. We remark that the constant

follows: 5
(M+m)2 _ M42»m
AMm v Mm ’

that is, inside the bracket ( ), the numerator is the arithmetic mean and the denominator is
the geometric one of m and M, respectively. This constant is said to be the Kantorovich
constant.

can be expressed as

By Corollary 2.31, we have the converse of Holder-McCarthy inequality as an exten-
sion of the Kantorovich inequality.

Theorem 2.53 Let A be a positive operator on a Hilbert space H satisfying Mg > A >
mly for some scalars 0 < m < M. Then

(Ax,x)? < (APx,x) < K(m,M,p)(Ax,x)? forp &[0,1]
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and
(Ax,x)P > (APx,x) > K(m,M, p)(Ax,x)P  for p €[0,1]

for every unit vector x € H, where

(2.78)

MP — MmP —1 MP—mP \?
Ko, p) = B0 (91

(p—D(M—m)\ p mMP—Mm?P
for any real number p € R.

Definition 2.2 Ler h > 0. A generalized Kantorovich constant K (h, p) is defined by

(W —h)  [(p—1h —1\”
)= 5 (5 ) 27

for any real number p € R and K (h, p) is sometimes denoted by K(p) briefly.

We remark that K(m,M, p) just coincides with K(h,p) by putting & = 2 > 1 and

2
K(m,M,p) is an extension of the Kantorovich constant (Aﬁr,l'r';) , in fact, K(m,M,2) =

2
K(m,M,—1) = (1‘;1117;) . We mention some important properties of K(k, p).

Theorem 2.54 Let h > 0 be given. Then a generalized Kantorovich constant K (h, p) has
the following properties.

(i) K(h,p)=K(}.p) forall p € R.
(ii) K(h,p) =K(h,1—p)forall p e R.
(iii) K(h,0)=K(h,1)=1and K(1,p) =1 forall p € R.

(iv) K(h,p) is increasing for p > % and decreasing for p < %

L -
(v) K (h", )P:K(h”,é) for pr#0.
(vi) K(h,p) <h?~! forall p>1and h> 1.
We need the following lemma to give a proof of Theorem 2.54.

Lemma 2.55 Leth > 1 and p > % Then the following (i) and (ii) hold:

hP (WP —1+p—ph) < 1
(i) & hl’ D(hr—h) = 2°

Y

(i) 6}’2/”,7};5')21.
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Proof. Recall i/ —h>0forp>1land h’» —h<Oforl1>p> %, so that we can divide
the case p > % intothecase p>1land1>p> % to prove (i) and (ii).
(i). (i-a) in the case p > 1. To prove (i) in this case, it suffices to show

2hP (WP — 14 p — ph) — (WP — 1)(h — h)
=hP(hP —h'"P—2p—1)(h—1))>0

and we have only to prove the following
filhy=n"—h'""P—2p—1)(h—1)>0 forh>landp>1. (2.80)
In fact, fi(1) =0 and f{(h) = ph? ' — (1 — p)h P — (2p — 1), so that f](1) = 0 and
() = p(p—1)(W"~2—=h~P~1) >0 holds for p > 1 (2.81)

therefore f{(h) > 0 by f{(1) = 0 and (2.81), so that fi (k) > 0 by f;(1) =0and f](h) >0,
that is, we have (2.80).

(i-b) in the case 1 > p > % To prove (i) in this case, it suffices to show by the same
way as (i-a)

2hP(—hP + 1 — p+ ph) — (h? — 1) (h — hP)
=hP(—hP +h'"P+(2p—1)(h—1))>0

and we have only to prove the following
fo(h)=—=h"+h"P+(2p—1)(h—1)>0 forh>1land1>p> 1. (2.82)
In fact, f>(1) =0 and f3(h) = —ph?~'+ (1 — p)h =P+ (2p — 1), so that f3(1) = 0 and
Y(h)=p(1—p)(W" =Py >0 forl>p>3 (2.83)
therefore f3(h) > 0 by f5(1) = 0 and (2.83), so that f>(h) > 0 by f>(1) =0 and f3(h) >0,

that is, we have (2.82). Whence the proof of (i) is complete by (i-a) and (i-b).
(ii). (ii-a) in the case p > 1. To prove (ii) in this case, it suffices to show

B (p—1)(W” — 1) — p(h" — )
={p-nmr-1)-p(w1-nt)}nt >0

and we have only to prove the following

l—

f3(h)=(p—1)(hl’—1)—p(h1’* —h%)zo forp > 1. (2.84)

In fact, f3(1) =0 and

1 1 _ 4
A0 ={ -t —p(p- 3wt Db o sy
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where g3(h) in (2.85) is defined by

_1 N
ga(h) = (p=Dph" = —p(p— '+ L.

We have g3(1) = 0 and
1
gi(h) = p(p—1) <p 5) (hf’*% 4;!’*2) >0 holdsforp>1  (2.86)

so that g3(1) > 0 by g3(1) = 0 and (2.86), so that f5(k) > 0 by (2.85), therefore f3(h) >0
by f3(1) =0and f;(h) > 0, so we have (2.84).

(ii-b) in the case 1 > p > % To prove (ii) in this case, it suffices to show by the same
way as (ii-a)

h2(1—p)(h* 1)~ p(h—h?)

—{a=pwr-1)=p(nt-w3)but =0
and we have only to prove the following
f4(h):(l—p)(h”—l)—p(h%—h”’%) >0 forl>p>1L. (2.87)
In fact, f4(1) =0 and
/ p—4d I\ o1 Pl,3t 1
fah) =3 (L=p)ph? 2+ p(p—5 | I =5 ¢ h> =ga(h)h (2.88)
where g4(h) in (2.88) is defined by
1 Lo,
g4(h) = (1= p)ph?~2 + p(p — )" 1*%
We have g4(1) = 0 and
1 k
galh) = p(1=p)(p—5) (W3 =H"2) >0 holds for 1> p >} (2.89)

so that g4(h) > 0 by g4(1) = 0 and (2.89), so that f; (k) > 0 by (2.88), therefore f4(h) >0
by f4(1) =0 and f;(h) > 0, so we have (2.87). Therefore the proof of (ii) is complete by
(ii-a) and (ii-b). Whence we have finished a proof of Lemma 2.55. O

Proof of Theorem 2.54. (i) By an easy calculation, we have

LN =) (=D -1
K(h”’) - <p1><h11>< 7 T) )

__(hr-1 ((pl)(lh”)>”
(p—=1(A=h)\ p(1—hr~1)
_ (WP —h) ((p—l)(h”—l))”
(p—D(h=1)\  p(h*—h)

= K(h,p).
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(ii) For all p € R, we have

N Gt D N A (V) BV [t AN
1= = i (o)

_ h'P—h ( —p(h' P —1) )1”
~ —p(h—=1) \ (1 —p)(h'=P—h)
_ ki <(p1)(hh”“))”

- (h=1D)(1-p) p(h—hr)
- K(h,p).

(iii) By (i) and (ii), it suffices to prove the case of & > 1. Then we have

W —h p—1 w1
logK(h,p) = longrplongrplog
1-h
log————+0x1 0 x loglogh =0
— Og(fl)(hfl)—i_ X0g17h+ x loglog ,

as p — +0. Therefore we have K(h,0) = lim,_oK(h,p) = 1 and we obtain K(h,1) =1
by (ii). Since

h? —h
li =lim(ph* ' —1)=p—1
hlf} h—1 hlﬂ(p )=r
and
h? —1 . phr~! p

lim = lim =
h—1h? —h h—1ph?~'—1 p—1

by 1’Hospital’s theorem, we have K (1, p) = lim;,_ K(h,p) = 1.

(iv) We may assume h > 1 by (i). Let p > % Since 'Z’:]h >0forl>p> % and

h:%{’ZOfOrpZI,Wehave

hP —h
. >0 foranyp> 1. (2.90)
p—
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Differentiate K (p) by p, we obtain K'(p) as follows:

(550 iy
/ — p — P(hP — —
K'(p) (h—l)(hﬂ—l)(p—l){h (h? —1+4 p—hp)logh

+(h? = 1)(h? — h)log (P p(zl(ﬁ”h) 1) }

—1) (hP—1
_ ((pn : Ehl’—hg)p (h”—h){h”(h”— 14+p—hp)

(h=1)  (p—1) L (h?—1)(h? —h)
(5= (e —h) (1 (p—1)(hP— 1)
SRSy (p—l){iloghﬂog p(h? —h) }
by (i) of Lemma 2.55, (2.90) and logh > 0

logh—l—logw}

p(h? —h)

B G%%%%ﬁ%V<mam{m hﬁplxhﬂn}

(h=1)  (p—1) p(h? —h)
> 0 by (ii) of Lemma 2.55 and (2.90),

so that K(p) is an increasing function of p for p > %, and this result implies that K(p) is a
decreasing function of p for p < % by (ii).

(v) By a simple calculation, we have
1 1 1
CPYE (W= \r (=D =1’
K(h7) ((5—1)(}1’—1)) ( F(h? — 1) )
_1 _1
_ W —h? TG DW =D\
(5 =D —1) 5 (A" —hP)
l.

- K(hp,f) :
p

(vi) Let p > 1 and g > 1 such that % + é = 1. Then the inequality

(p—1)i—pti+1>0 2.91)
holds for 7 > 1. Multiplying (2.91) by 7, then

1 1
0<(p—1)ttr —pt+rv,

that is,

——<p fort>1. (2.92)
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Taking exponent % in (2.92) and taking exponent é in (2.92), respectively, we have

1
1 " 1
trt—1\" 1 tar—1\" 1
—— <pr and —— <q1. (2.93)
L gv—1 |

Modifying (2.93), we have

r—1 p

N N T S
Taking exponent p of both sides,
Y p

G &tl}q)_ 5 < _pl)pfl for > 1. 2.94)

Putting t = h? in (2.94), we have
w-rr
G TP T 2 =

and so K(h,p) <hP~!forp>1landh > 1. |

‘We have the representation of the Specht ratio by the limit of Kantorovich constant.
Theorem 2.56 Ler h > 0 be given. Then
(i) lim,_oK (h",2) = S(h,p).
Proof. For (i), it follows that
K(hr B) :h”fhr r W—1 p—r g
T p—r h—1 p hP—nh
-1 1

Luit = s(h,p) 0
—— —hWP-T = asr—
p loghe P ’

where the convergence of the final term is assured by 1’Hospital’s theorem as follows:

W—1 p—r

plog - (W — I AN
fim ( p b h) i P (hP —h")+ (p—r)h"logh

r—0 r r—0p—r h? —h"

1. _»
=—-1+ P logh:log(—hh_l’l_l).
e

h? —1

K(h’,p+r) _ K(h’,l—p+r) :K<(l) ’£>
r r h —r

— S(h',p)=S(h,p) asr— 0.
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L T B N B N O R R N N N e e A
. gy

Figure 2.1: Relation between K(p) and S(p)

O
Moreover, we have the following most crucial result on the Kantorovich constant.
Theorem 2.57 Let h > 1. Then
S(h,1) = K0 = K0,
Proof. Differentiate K (p) by p, we obtain K’'(p) as follows:
5K (p) = (2.95)
—1) (l"—1)\? —1)(h’—1
5 (25 =)" [ WP h 14 p — hp)logh + (b — 1) (? — ) log D7 -1

(h—1) (1) p—1
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By using I’Hospital’s theorem to (2.95), we have

h—1 1 h—1
limK'(p) = ————dnlogh(hlogh+1—h) + (h— 1)hloghlog| ———
Jim K(p) hlogh(hfl)z{ ogh(hlogh+1—h)+ (h—1)hlog Og{hlogh”

h h—1 pi
5——logh—1+log| ——| = 8log| ————| = 8logS(h,1
AR Og[hlogh} Og[doghh'l} ogS(h, 1)

so that we have S(h,1) = ¢X'(1) and also S(h,1) = ¢ X'(0) by the same way. a

Next, we observe the difference type of Kantorovich inequality. Let A be a positive
operator on a Hilbert space H satisfying M1y > A > mly for some scalars 0 < m < M. By
Theorem 1.30 and Theorem 1.31, we have

2
0< (A 'xx)— (Ax,x)"' < (\/A_/IMT\/’%)

and
(M —m)?

0< (Azx,x) — (Ax,)c)2 < 2

for every unit vector x € H.
By using the Mond-Pecari¢ method, we have the difference type converse of Holder-
McCarthy inequality by Corollary 2.31.

Theorem 2.58 Let A be a positive operator on a Hilbert space H satisfying Mg > A >
mly for some scalars m and M. Then

0 < (APx,x) — (Ax,x)? < C(m,M, p) forp €10,1]

and
0> (APx,x) — (Ax,x)’ > C(m,M,p)  forp€0,1]

for every unit vector x € H, where

a
MP —mP ) =T MmP —mMP

O] - (2.96)

C(I’l’l,M,p) = (p_ 1) (

for any real number p € R.

We collect basic properties of C(m, M, p):

Lemma 2.59 Let M >m > 0andp € R

(i) Clm, M, p) = "=t { K¢ (m,1,p) 71 — 1},
(ii) 0 < C(m,M,p) <M(MP~' —mP~1) forall p > 1.
(iii) C(m,M,1) =0.
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(iv) lim,—oC (m",M", B) = L(m?,MP)logS(h,p) for all p € R and h = %

Proof. (i) By a simple calculation, we have (i).
(ii) Since K (m, M, p) > 1 for p > 1, we have C(m,M, p) = mM—Mm"

M—m
{K(m,M,p)ﬁ - 1} > 0. By Theorem 2.54, we have

C(m,M,p) <
(m,M,p) < ——

= M(MP~' —mP 1),

mMP —Mm?P (M 1
m

(iii) We have to only put p = 1 in (ii).
(iv) For all p € R, we have

"MP — M "mP >
Clot 7 2y = MM [ e )7y
r M"—m" r

K (m", M7, 2) 77 — 1

_ " b
g =) r
1 1
- @(Mhmp)logsm,p)é (as r — 0)

— L(m?,M)logS(h,p).

Finally, we study several inequalities on the continuous power mean.
Theorem 2.60 Let A be a positive invertible operator on a Hilbert space H and x a unit
vector in H. Then the continuous power mean (A’x,x)l/ " is monotone increasing forr € R,

that is,
(Ax, )" < (ASx, )V forr<ss.

Proof. The case of 0 < r < s and r < s < 0 are shown in Theorem 2.42. For the case of
r < 0 < s, by Theorem 1.4 (Holder-McCarthy inequality)

<o implies  (A’x,x)"/" < (A"¢/"x, x) = (A*x,x).
,
By raising both sides to the power % > 0, we have the desired inequality. O

By virtue of Theorem 2.53, we show a ratio type reverse inequality to Theorem 2.60.

Theorem 2.61 Ler A be a positive invertible operator on a Hilbert space H such that
Mly > A > mly > 0 for some scalars m and M. Then forr <s

(Asx,x)]/s < A(h,r,s) (Arx,x)]/r



2.7 A GENERALIZED KANTOROVICH CONSTANT 83
for every unit vector x € H, where

roh Vsros -\
srh’l) (rs h"l) if s 70,

N

A(h,rs) = if r=0,
Y eloghhs T

>l/r
—_— if s=0.
(eloghh"l> s

Proof. Suppose that s > r > 0. By using Theorem 2.53 to M" 1y > A" > m" 1y > 0, we
have

K(mr,Mr,—s> (A"x, )3? > (A'x,x),
r
since > > 1. Therefore it follows that

E(Ax)c)'l

K(m’,M’,f) > (A%x,x)5,
r

since 1 . >0.
Suppose that 0 > s > r. By using Theorem 2.53 to m*1y > A®* > M*1y > 0, we have

r
s

K (M, 2) (A% = (A7x,),
N

since § > 1. Therefore it follows that
] s % 1 1
K (M“,m“, —) (A%x,x)s < (A"x,x)7r,
K
since % < 0 and hence we have

1 1
r

K (mr,Mr, E) “(Ax,x)T = K (Ms,ms, 5)7 . (Arx,x)%
r s

~ =

> (A%x,x) ;.

In the case s > 0 > r, we can show this theorem similarly. If we put » — 0, then notice that

(A" x,x)% — Ax(A) by Theorem 2.42. In the case r = 0 < s, it follows from Corollary 2.50
that
(A%x,x) < S(h,s)Ax(A®).

Since s > 0, we have
(A%x,2) T < S(h,5)7Ad(A%)
Similarly, in the case r < 0 = s, we have

Av(A) < S(h,r) "7 (ATx,x) 7.
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Remark 2.9 If we put s =1 and r — 0 in Theorem 2.61, then we obtain a continuous
version of the Specht theorem (Theorem 2.49):

(Ax,x) < S(h,1)exp(logAx,x) = S(h,1)A(A)

for every unit vector x € H.

Therefore we have the following expression: Let 2 > 0 and r,s € R. Then

K(h, %) it rs£0,
A(h,rs) =< A(h,0,5) = S(h*)s if r=0, (2.97)
A(h,1,0) =S(h")"7 if s=0.

In particular, if we put » =0 and s = 1, then A(h,0,1) = S(h,1). Thus we call A(h,r,s) a
generalized Specht ratio. We investigate basic properties of a generalized Specht ratio,
also see Lemma 2.47.

Theorem 2.62 For given r < s, a generalized Specht ratio have the following properties.

(i) For given r < s, a function A(h,r,s) is strictly decreasing for 0 < h < 1 and strictly
increasing for h > 1.

(ii) A(1,r,s) =1 and A(h,r,s) =A(h~,r,s) forallh> 0.
(iii) Forh> 1, A(h,r,s) — h ass — ee.

(iv) For0 <h<1, A(h,r,s) — ,ll as s — oo,

(v) A(h,r,s) = A(h,s,r)~".

(vi) A(h,—s,—r) = A(h,s,r).
(vii) A(h,r—s,s) = A(h,s, }’)Ey fors> 0.

Proof. Let A(h) = A(h,r,s). Since

1 r k' —=n" 1 s h—=h
logA(h) = -1 ——1
ogA(h) s0g<srh’1) r0g<srh"l)’

it follows from L’Hospital’s theorem that

1 hsfl o hrfl 1 hsfl o hrfl
limlogA(h) = lim—10g< — " >—log< >0 - )
r

h—1 h—1 S s—r rhr—1 s—r shs—1
1 1
= —logl ——-logl
s r
=0

and so A(1) = 1. Also, we have A(h) = A (%) by a direct computation. Therefore, we have
(i).
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Furthermore we have by a differential calculation

d . r(h*—1)—s(h"—1)
an e = 1K) G e e — )

where
k(h)=(s—r)h* —sh* " +r.
W1

Suppose that 0 < r < s. Then we have k(%) > 0 since &’(h) > 0 and k(1) = 0. Since *—
is strictly increasing for r € R, it follows that 0 < r < s implies s(h" — 1) < r(h* —1).
Therefore we have 4-logA(h) > 0. Similarly we have % logA(h) > 0 in the case of r <
0 < sorr<s<0 and hence a function A(h) is strictly increasing for all # > 1. On the
other hand, we see that a function A(h) is strictly decreasing for all 0 < & < 1. Therefore
we have (i).

Suppose that 7 > 1. Then

s h -\ 11—\
= (—— 1
<s—rhs—1> <1—§1—hs> -

as s — oo and by L’Hospital’s theorem

r hS—h"
log (E 1 )

) PO 1/s )
}gglog (s—r h"—1 ) N slgg s
) hs 1
= Slg‘ilo <hs—h’ logh — s—r) — logh.

Therefore we have A(h,r,s) — has s — oo. If 0 < h < 1, then 1/h > 1 and as we proved
above, we have A(h,r,5) = A(h ™!, r,5) — h™! as s — oo by (ii). Therefore we have (iii) and

(@iv).
By definition, we have (v),(vi) and (vii). O

Next, we show a difference type reverse inequalities to Theorem 2.60.

Theorem 2.63 Let A be a positive invertible operator on a Hilbert space H such that
M1y > A > mly > 0 for some scalars m and M. Then forr <s

(A0 = ()" < max {(OM° + (1= 0)m')s — (6M"+ (1 - 0)m')7 }
0€(0,1]

for every unit vector x € H.

Proof. Suppose that 0 < r <. Since 0 < £ < 1, we have

r M5 —ms Mm5s —mM'
As > A 1y.
- M-—m + M—m 1

Replacing A by A®, we have

S =

(H(A°x,x) + V)" < (A"x,%)
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for every unit vector x € H, where

- M -m d Mem" —m*M”
M —mS an M —m )

<|
I

Therefore, it follows that

S =

(Asx7x)1/s o (Arx7x)1/r

IN

(Asx,x)l/s - (ﬁ(Asx,x) +V)
max {7 — (@ +7)" |,

teT

where T denotes the open interval joining m® to M* and T is the closure of 7. We set
0 = (r—m®)/(M* —m?®). Then a simple calculation implies fir +V = OM" + (1 — 6)m’. O

Remark 2.10 [f we put s =1 and r — 0 in Theorem 2.63, then we obtain a continuous
version of the Mond-Shisha theorem (Theorem 2.52):

(Ax,%) — Ad(A) = (Ax,3) — exp(logAx,x) < D(m, M)
for every unit vector x € H, because

max {OM + (1 — 0)m — M°m' =%} = D(m, M).
6<[0,1]

Finally, we show an alternative proof of Theorem 2.57 by means of a generalized
Specht ratio:

Theorem 2.64 The following property on K(p) = K(h, p) and S(h) = S(h, 1) hold:
S(h) = KD = K0,

Proof. Since A(h,r,1) =K (h',1) = K(h,r)~!/", we have

log K (i
logS(h) = }fg)logA(h,r,l)Z}ij?)—iog ,< )
logK (h,r) —logK (h,0 K'(0
_ fim _ (08K () —logK(1,0) _ ():—K’(O)
r—0 r—=0 K(O)

and hence log S(h) = —K’(0). On the other hand,
A(h,p,p+ 1P = A(h,0,1) =S(h) asp—0

and hence

1 1
logA(h,p,p+1)PT! = logK(hp,p+ ) zlogK(h,p—i—l);
p

logK(h,p+1)—1logK(h,1)  K'(h,1)
—
p+1-1 K(h,1)

=K'(h,1)

as p — 0. Therefore we have logS(h) = K'(h, 1). a
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2.8 Notes

A generalization of the Kantorovich inequality is firstly initiated by Ky Fan [30], a power
mean version generalization by Mond [138] and a matrix version generalization by Mond
and Pecari¢ [151] and [146]. Mond and Pecaric¢ established the method which gives com-
plementary inequalities to Jensen’s type inequalities associated with convex functions in
[141] and [150]. Elementary proofs of both extensions of Ky Fan and Mond and Pecarié¢
generalizations of the Kantorovich type inequalities are given in Furuta [71, 72, 78]. On
the other hand, S.-E.Takahasi, Tsukada, Tanahashi and Ogiwara [182] discussed an inverse
type of Jensen’s inequality for convex functions in the framework of integral theory. By
reconstructing both ideas of Furuta and Takahasi, we rediscover new merits for the Mond-
Pecari¢ method and have many applications in operator inequalities.

The results included in Sections 2.1, 2.2 and 2.3 are essentially due to Mond and
Pecari¢ [144, 145]. For our exposition in Section 2.4 we have used [136]. The de-
terminant for invertible operators to the canonical trace was introduced by Fuglede and
Kadison [32, 33] and afterwards Arveson [11] developed it in general von Neumann al-
gebras. An extension of the notion of the determinant to vector states is due to J.I.Fujii
and Seo [49], and J.I.LFujii, Izumino and Seo [45]. The results in Section 2.6 are due to
[52, 186, 49, 45, 51]. Theorem 2.45 is due to Arveson [11]. The Specht ratio is due to
Specht [178] and rediscovered by Izumino [45]. Properties of the Specht ratio are due to
Tominaga [186] and J.I.Fujii, Seo and Tominaga [52]. Corollary 2.50 is essentially due to
[72]. Theorem 2.54 and Lemma 2.55 are due to Furuta [87] and J.I.Fujii, M.Fujii, Seo and
Tominaga [43]. Theorem 2.56 is due to Yamazaki and Yanagida [199]. Theorem 2.57 is
due to Furuta [88]. Lemma 2.59 is due to Yamazaki [197]. Difference and ratio inequalities
in power means are due to Mond [138], Mond and Shisha [158, 159, 177] and Yamazaki
[197]. The condition number is introduced by Turing [189].






Chapter

Li-Mathias type inequality

In this chapter we develope a generalization of a theorem of Li-Mathias
as an application of Mond-Pecari¢ method. We study complementary
inequalities to Jensen’s type inequalities under a more general setting
without the assumption of the convexity and the concavity. Lower and
upper boundaries in converses of Jensen’s type inequalities are given. In
the finite dimensional case we see that boundaries on complementary in-
equalities are the optimum estimate in the sense that a non trivial positive
linear map attaining the equality is given.

3.1 Preliminary and Li-Mathias inequality

In this section we first introduce results due to Li and Mathias. Let .#, be an algebra of
all n x n complex square matrices with matrix norm and %, subspace of all n x n Her-
mitian matrices with partial order. Li and Mathias showed the following complementary
inequalities to Jensen’s type inequalities under a more general setting:

Theorem 3.1 Ler f € €([m,M)]) be a real valued continuous function on an interval
[m,M] and A € 7, a n x n Hermitian matrix with Sp(A) C [m,M] for some scalars m < M.
Let © € Py [y, 4] be a normalized positive linear map. Then

89
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¢ € {conc.} m<t<M
f<eo -

[ max min {f(t)(p(t)}] 1
< f(®(A)) —D(f(A)) 3.
< Ll_:?}‘gl.)ngf‘g"M{f(t)_‘p@}] L.
Additionally, if f(t) > 0 for all t € [m,M], then

[ max - min {f(z)/¢@(1)}| P(f(A))

¢ € {conc.} m<t<M
f<o -

< f(@(A)) 3.2)

< | min max {f(¢)/(t)}

- [ ff 62{2;’/;‘0} m<t<M

(f(A)),

where {conx.} (resp. {conc.}) is the set of all matrix convex (resp. matrix concave) func-
tions on [m,M].

Furthermore, if f is concave or convex, then they showed that boundaries in Theorem
3.1 are the optimum estimate. We denote by Ain(A) = min{A|A € Sp(A)} and Apux(A) =
max{A|A € Sp(A)} for a Hermitian matrix A € .72,.

Theorem 3.2 Let A € I, be a n x n Hermitian matrix with Ayin(A) = m and Apax(A) =
M. Let f € € ([m,M)) and put

f(M)*f(m)(
M —m

h(r) = t—m)+ f(m).

If f is concave (resp. convex) on [m,M)], then the minimum (resp. maximum) in the upper
(resp. lower) boundary in (3.1) in Theorem 3.1 are attained at the linear function h and
in each case there is a normalized positive linear map ® for which f (®(A)) — D (f(A)) is
equal to the upper (resp. lower) boundary.

Li and Mathias applied their inequalities to the power functions and obtained the fol-
lowing converses of Jensen’s type inequalities in Corollary 1.22 (i) and (ii): Let A € 77,
be a Hermitian matrix with Sp(A) C [m, M| for some scalars m < M and ® € Py[.4,,, #}]
be a normalized positive linear map. Then real constants o;; and f8; (j = 1,2) such that for

p € R\{0}

B2l < @(A)Y — D(AP) < By 1y, (3.3)
0 ®(A7) <D(A)P < oy D(AP), (3.4)

are explicitly determined, which depends on m, M, p and h = M /m.
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Remark 3.1 The quantity

_ JIA=Y|||A]|| if A is nonsingular,
h(A) = { oo if A is singular.

is called the condition number for matrix inversion with respect to the matrix norm || - ||
[107, pp. 336-340]. If A € 7, is a Hermitian positive definite matrix with A;,(A) =m
and A, (A) = M, then it follows that h(A) = M /m.

Moreover, Li and Mathias cited that the following two problems for continuous func-
tions f and g could be studied.

Problem 1. Determine f3;, 3, such that for a given Hermitian matrix A with Sp(A) C
[m, M],
Bl < ®(f(A)) —g(P(A)) < B L.

For solution of this problem they said that we can let

B = max min {t—(Cffl(f)‘i‘d)}’

g()<ct+d m<t<M
i -1
= min max t—(cf (1) +d
P g(t)>ct+d m<t<M { (cf~ (1) )}
if £~1 exists.

Problem 2. Determine o, & such that for a given Hermitian matrix A with Sp(A) C
[m,M],
o P(f(A)) <g(P(A)) < @(f(A)).

In the following section, we show converses of Jensen’s type inequalities as the solu-
tions of problems 1 and 2 due to Li and Mathias.

Though it is just a repetition of the previous chapter, we observe converses of Jensen’s
inequality in the framework of matrix theory as a special case of (3.1) in the remainder
of this section. We recall the famous Kantorovich inequality in the framework of matrix
theory, which is given by Nobel prize winner Leonid Vitalevi¢ Kantorovi¢ [2, 195] in 1948:
Let A € 5, be a n x n Hermitian matrix with eigenvalues 0 < A; < ... < A, and x € C".

Then
Ax- AT (A +A)?

3.5
(x*x)? = 4MA, (-5

The equality is attained if and only if
M=..= <A< .. <AL n<Aypi1=-.=n, (3.6)

where 1 > 1 and h > 1 are multiple of A and A, respectively and

1
X = —(E1M1 iEzuz).

V2

Here E| € My, and E; € M, j, are matrices which columns contain orthogonal eigenvec-
tors of matrix A corresponding to Ay and A, respectively, and uy and uy are unit vectors. A
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converse of the inequality (3.5) is: 1 < x*Ax-x*A~!x/(x*x)2. This is the well know version
of Cauchy-Schwartz inequality: (x*y)? < x*x-y*y, where x,y # 0 are vectors.

In 1966 Ky Fan [30] proved the following inequality. Let A; € 7, with Sp(A;) C
m,M], j=1,...,k xj € C" such thatz lx xj=1landp#0,1 arbztrary integer number
(not necessarlly posmve) Then

Sk xiAPx; — 1)t MP — mP)P
J=17] < \p
(25w ) pr (M —m)(mM? — Mmp)r~!

If we put p = —1 in (3.7) we obtain a generalized Kantorovich inequality (3.5):

3.7

M +
ZxAx] ZxA xj < (4Mnn11) ,

which was proved by Ky Fan in 1959.
In 1997 Mond and Pecari¢ [154, Theorems 3, 4] gave the following two generalization
of Ky Fan inequality (3.7) :

Theorem 3.3 Let A; € J%, with Sp(Aj) C [m,M], j=1,--- ,k and U; € M., such that
21;11 U]-U;k = 1,. Let f be a strictly convex differentiable function on [m,M]. Then the
inequality

ZUJ U*<ﬁ1r+2f(U]A U?) (3.8)
j=1
holds for some 3 such that 0 < B < (M —m)(uy — f'(m)). The value of B (which depends
onm, M, f) in (3.8) can be determined more precisely as follows: Lett =t be the unique
solution of f'(t) = U, (m <t <M); then B = f(m) — f(t) + u(t — m) is sufficient for the
inequality (3.8).

Theorem 3.4 Let A;,U}, j=1,--- ,k be as in Theorem 3.3. Let f be a strictly convex
two differentiable function on [m,M|. Assume that, additionally, either of the following
conditions holds: (i) f > 0 on [m,M] or (ii) f <0 on [m,M]. Then the inequality

ZUJf U*<oc02f(UAU) 3.9)

J=

holds for o, > 1 in case (i); or 0 < 0, < 1 in case (ii). The value of 0, in (3.9) can
be determined more precisely as follows: If iy =0, let t = t be the unique solution of
fl(t)=0,(m<t<M) then o, = f(m)/f(t) is sufficient for the inequality (3.9). If iy # 0,
let t =1 be the unique solution of s f(t) — f'(t)(f(m) + s (t —m)) =0, (m <t < M); then
o, = Uys/ f (1) is sufficient for the inequality (3.9).

In the following section we give a generalization of the inequalities (3.1) and (3.2) due
to Li and Mathias in the framework of operator theory. In the last section we apply these
inequalities to power functions and obtain a generalization of Ky Fan type inequalities
(3.8) and (3.9). We moreover devote special attention to consideration the cases where the
equality holds.
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3.2 Generalization of Li-Mathias inequality

We first cite the following Jensen’s type inequality for two functions as a special case of
Lemma 2.2.

Lemma 3.5 Let A € B, (H) be a selfadjoint operator with Sp(A) C [m,M] for some
scalars m < M and ® € Py[B(H),B(K)| a normalized positive linear map. Let f,g €
€ ([m,M]) such that f < g on [m,M]. If f € € ([m,M)) is operator convex on [m,M), then

F(@(4)) < D(g(A)). (3.10)

In the case where f is operator concave such that f > g on [m,M), we have the opposite
inequality.

We shall generalize a theorem of Li-Mathias (Theorem 3.1). Notice that the convexity
of f is not assumed in Theorem 3.6. We denote by {conx.} (resp. {conc.}) the set of all
operator convex (resp. operator concave) functions on [m, M].

Theorem 3.6 Let A € By, (H) be a selfadjoint operator with Sp(A) C [m, M| for some
scalars m < M and ® € Py[B(H),B(K)| a normalized positive linear map. Let f,g €
€ ([m,M]) and F (u,v) a real valued function defined on U x V, where U and V are in-
tervals such that U D f[m,M], V D glm,M]. If F(u,v) is operator monotone in the first
variable u, then

{ max min F[(p(t),g(t)]} I

¢ € {conc} m<t<M
o<f -

< F[@(f(4)).g((4))] G.11)

< i Flo(t t 1.
_{W%(l;{”}_)nggagxM [o(t),8( )]} K

Proof. We prove the right hand inequality of (3.11). Let ¢ be an operator concave
function on [m, M] such that f < ¢ on [m,M]. It follows from Lemma 3.5 that ® (f(A)) <
@ (P(A)) . Using the operator non-decreasing character of F(-,v), we have

F[®(f(A)),8(P(A))] <F[p(D(A)),8(D(A))]
< { max F[(p(t),g(t)]}lkS{ max F[fp(t),ga)]}lk-

teSp(P(A)) m<t<M

Therefore, we minimize this boundary over all operator concave functions ¢ on [m, M|
such that ¢ > f to obtain the upper boundary in (3.11). We prove the left hand inequality
in the same way. O

As a complementary result, we cite the following theorem:



94 3 LI-MATHIAS TYPE INEQUALITY

Theorem 3.7 Under the same hypothesis as in Theorem 3.6, except that F is operator
non-increasing in its first variable, the following inequalities hold

{ max min F[(p(t),g(t)]} g

¢ € {conc.} m<t<M
o=f -

SF@(f(A)),8(P(A))] (3.12)

< { min  max F[(p(t),g(t)]} lk.

¢ € {conx.} m<t<M
o<f
Proof. We prove this theorem in the same way as Theorem 3.6. O

If we put g = f in Theorem 3.6, then we have the following corollary:

Corollary 3.8 Let A, ® and F be as in Theorem 3.6. If f € € ([m,M]), then

{ max min F[(p(t),f(t)]}lK

¢ € {conx} m<t<M
o<f -

SF@(f(A)),f(P(A))] (3.13)

< i F 1k.
< { i, max, [(P(t),f(t)]} «

Remark 3.2 Notice that the set {¢ | ¢ € {conc.}, ¢ > fon[m,M]} is partial ordered with
relation >. Because the constant function @ (¢) = max,,<s<p f(s) and y(¢) = min,<;<p f(s)
for all + € [m,M] are matrix concave functions, this set is not-empty and is bounded from
above. We can show that there indeed is a function ¢ that attains the minimum at the
boundary of the right-hand side of (3.11) over all real valued continuous concave func-
tions. Then ¢ is a linear function which is equal to f at m and M.

If f is a convex function, then we can determine explicitly an operator concave function
¢ on [m,M] in the right hand inequality of (3.11) which bounded f at upper side and for
which the minimum is attained. For the left hand inequality of (3.11) we similarly have the
dual result. This is contents of the following theorem.

Theorem 3.9 Let A, ©, F, f and g be as in Theorem 3.6. If f is convex, then

Fb(£(A)) . (D(A))] < { max F [+ vy (1) } Ix. G.14)

m<t<M

If f is concave, then

F(®(f(A)).¢ (@(A))] > { min F [0+ vy (1) } Ik, (3.15)

m<t<M
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where
f(M) — f(m)
M—m

wnd vy ME) —mr (1)

Hr= M—m

Proof. 1f we put (h(t) = Ugt+ vf), then # is operator concave. The convexity of f
ensures that f(z) < k() for all 7 € [m,M]. If ¢ € {conc.} is an operator concave function
and f(¢) < @(r) for all + € [m,M] then h(m) = f(m) < @(m) and h(M) = f(M) < ¢(M).
Since an operator concave function is necessarily (real) concave, we have h(r) < ¢(t) for
all t € [m,M]. Using the operator non-decreasing character of F(-,v), we have

Fh(t),gt)] < Flo(t),g(t)] forallz € [m,M].

It follows that the minimum in the right hand of (3.14) is attained at 4. Thus we proved the
inequality (3.14). The inequality (3.15) is proved in the same way. O

Remark 3.3 Notice that in hypothesis of Theorem 3.9 we do not need the condition that
f is operator concave (resp. operator convex) .

3.3 Li-Mathias type complementary inequalities

As applications of Theorem 3.6, we discuss an extension of Theorem 3.1, which give us a
unified view to boundaries in two Li-Mathias inequalities (3.1) and (3.2). As a matter of
fact, if we choose an appropriate value of the constant ¢, then we obtain two converses of
Jensen’s type inequality. Moreover, we shall consider the optimality of our results.

Theorem 3.10 Let A € By,(H) be a selfadjoint operator with Sp(A) C [m, M| for some
scalars m < M and ® € Py[B(H),B(K)| a normalized positive linear map. Let f,g €
€ ([m,M]). Then for any real numbers o € R

og(P(A)) + Pi 1k < @(f(A)) < og(P(A)) + B Lk, (3.16)

where

Bi= max min {¢(t)—oag(t)},

¢ € {conx.} m<t<M
o=f -

Bo= min max {@(r)—og(r)}.

o {eonc) m<t<M
Q=f -

Proof. Let us put F (u,v) = u— av in Theorem 3.6. Then it follows from the right-hand
side of (3.11) that

O(f(A)) —og(®(A)) < min max Flo(r),g(1)]1k

T e feonc) m<t<M
o>f -

i — k.
wr;glr:} Jmax {(r) - og(t)} 1k
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We prove the left hand side inequality in (3.16) in the same way. O

Remark 3.4 Boundaries in Theorem 3.10 are rather hard to be evaluated in a general
way. One may consider only linear functions ¢ instead of all operator concave or operator
convex functions. This simplifies the evaluation of boundaries at the cost of the possibility
to get lower accuracy. For example, we observe the right hand inequality of (3.16) in
a special case when o € Ry and f = g is a concave function on [m,M]. Then we can
consider the graph of the linear function ¢, which satisfies ¢, > f and
min - max {¢(r) —af(1)} < max {¢.(1)—af()},
m<t<M

¢ {eonc) m<t<M
Q=f -

being a tangent to the graph of y = f(¢) passing through a point (r, f(r)) with m <r < M,
that is,

(1) = f(r)+ f ()t —r).

The maximum value (max,,<,<p{@-(t) — 0.f(¢)}) occurs atr = m or M. It follows that the
optimal solution of this maximization problem occurs at the function ¢, such that

¢r(m) —af(m) = (M) — o f(M).

We are not sure whether the obtained inequality

@ (f(A) —of (®(A)) < | max {@(t) —af(t)}| 1k = [@(m) —af(m)] 1k

m<t<M
is sharp or not in the sense of the following definition.

Definition 3.1 A right hand (a left hand) inequality of (3.16) is said to be sharp if for
any selfadjoint operator A € %,(H) with Sp(A) C [m,M] for some scalars m < M and

any two function f,g € € ([m,M)) there is a non-trivial normalized positive linear map
D) € Py[AB(H), B(K)] for which the boundary is attained:

Do(f(A)) = arg(Po(A)) + Blk.

If we put o = 1 in Theorem 3.10, then we obtain a generalization of the inequality
(3.1) in Theorem 3.1. Furthermore, a simple differential calculus determines the point for
which the extreme value of function ¢ — g needed for Section 3.4 is attained.

Corollary 3.11 Let A, @, f and g as in Theorem 3.10. Then

max min {(p(t)g(t)}] Ik

<pe¢(z§o;x.} m<t<M
< @(f(A) —g(P(A)) (3.17)

<

min  max {(p(t)—g(t)}] lk.

¢ € {conc.} m<t<M
o=>f -
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Moreover if g is a strictly convex differentiable function on [m,M), then for any differ-
entiable function @ € {conc.} such that ¢ > f on [m,M]

max {@(1)—g(t)} = o(t,) —g(t,),

m<t<M

where t, € (m,M) is defined as the unique solution of ¢'(t) = g'(¢) if ¢'(m) > g'(m) and
©' (M) < g (M), otherwise t, is defined as m or M according as ¢'(m) < g'(m) o (p’(M) >
g'(M).

In the dual case, i.e. if g is strictly concave and @ is operator convex on [m,M), the
conditions determining t, change their order.

Proof. The inequality (3.17) follows from Theorem 3.10 if we put oo = 1. Next, let g
be strictly convex and @ (operator) concave and both differentiable. Let i(r) = @(¢) — g(¢).
Obviously /' (r) is strictly decreasing on [m, M]. Then we have one of three possibilities. If
K (m) >0 and h'(M) < 0, then the equation /() = 0 has exactly one solution ¢, € (m,M)
and hence the function 4 has the maximum value on [m,M] which is attained for t =1¢,. If
W' (m) <0, then i’ <0 on [m,M]. It follows that /1 is decreasing on [m, M] and its maximum
(on [m,M)]) is attained for t = m. If ¥'(M) > 0 then /' > 0 on [m,M], i.e. h is increasing on
[m, M] and it has the maximum value for 7 = M. The case when g is a strictly concave and
¢ a strictly convex both differentiable function is proved in the same way. O

Remark 3.5 If we put g = f and F(u,v) = u — v in Theorem 3.6, then we obtain the first
inequality (3.1) in Theorem 3.1 due to Li-Mathias.

If we choose the constant o such that 8 = 0 in Theorem 3.10, then we obtain a general-
ization of an inequality (3.2) in Theorem 3.1. Furthermore, we determine the point where
we have the extreme value of function ¢ /g that is needed for Section 3.4.

Corollary 3.12 Let A, @, f and g as in Theorem 3.10. Suppose in addition that either of
the following conditions holds:

(i) g(t) > O forallt € [m,M]

or

(ii) g(r) < Oforallt € [m,M].

Then
. t
max min m
¢ € {conx} m<t<M g
o<f

<®(f(A)) (3.18)

min max {23}

<
® Eq’(g}zr-) m<t<M | & l)
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in the case (i), or

s {20} o)

<O(f(A)) (3.19)

. . fo@)
— DA
qggmg&{ﬂﬂHg<<»
in the case (ii).

Furthermore, if g is a strictly convex twice differentiable function on [m,M] and if
f/g >0 on [m,M] under (i) or (ii), then for any strictly operator concave twice differen-
tiable function ¢ € {conc.} such that ¢ > f on [m,M|

max M = 0(to) resp. min M = P(to)
’"S%M{ 8(t) } 8(to) ( P mSZSM{ g(t) } g(t,) ) ’
where 1, € [m,M] is defined as the unique solution of ¢'(t)g(t) = @(1)g'(t) if ¢'(m)

>
o(m) % and @' (M) < o(M) i:((M)) otherwiset, is defined as m or M according to ¢’ (m) <

8
! ! M
o(m)Sid or ¢/ (M) > o(M) 5.
Inthe dual case, i.e. if g is strictly concave, f/g < 0 on [m,M] and @ is operator convex
on [m,M), the conditions determining t, change their order.

<

Proof. Inequalities (3.18) and (3.19) follow from Theorem 3.10 if we put the value of
constant o; such that B; = 0 (j = 1,2). By the simple differential calculus, we obtain the
corollary. O

Remark 3.6 If we put g = f > 0 in Corollary 3.12 and we take into consideration that
t+— —t~', ¢ > 0, is an operator monotone function, then we obtain the second inequality
(3.2) in Theorem 3.1 due to Li and Mathias.

When we add new hypothesis about convexity or concavity of f in Theorem 3.10 we
obtain sharp inequalities in the sense of Definition 3.1 in the matrix case.

To prove that complementary inequalities are sharp, we need the following lemma.

We denote by

k(M) — k(m)
=" d w=——"—"—"7-—
He M—-m an k M—m
for a real valued function & on an interval [m, M].

Lemma 3.13 Let A € 7, be a n x n Hermitian matrix with Amin(A) = m and Apax(A) =
M. Let f,g € € (m,M)]) and F (u,v) a real function defined on U x V, where U D f[m,M]
andV D g[lm,M)]. Then for any t* € [m,M] there is a real valued normalized positive linear
map © € Py[A,,C] such that

F(®(f(A)),8(P(A)] =F [pst" + vy g(t")] .
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Proof. Let U be a unitary matrix such that
U'AU = diag(?tl,?tz, e ,),n),

where (A; =m) and (A, = M.) For ¢* € [m,M], we denote 6 = (M —t*)/(M —m). We
define a map @ : .7, — C by

() = (Voo +VT=6e:) X (Voer +VT=0es) (3.20)

where e and e; are unit eigenvectors of A corresponding to A; and A, respectively. Then
it follows that the map @ is a normalized positive linear map (see Example 1.10-V). Now
we have

g ((\/561 + ME2>*A (\/561 + Me2)>
=g(0A +(1-0)A) =g (0m+(1-0)M)=g(1")

8(@(4))

and

D(f(A)) = (\/5(.»1 + \/ﬂez)*f(A) (\/561 + mez)

M —t* t*—m

= 0f(m)+(1-0)f(M) = —f(m) + - ——

f(M) = ppt™+ vy,

Thus we have
F[®(f(A)),g(®(A)] =F [upr" +vy,g(c")],

as required. O

By using Lemma 3.13, we show that the upper boundary of complementary inequalities
are the optimum estimate in the matrix case. We cite Theorem 2.4 in § 2.1 for the case of
k =1 as follows:

Theorem 3.14 Let A € %y,(H) be a selfadjoint operator with Sp(A) C [m, M| for some
scalarsm <M, ® € Py[B(H),B(K)] a normalized positive linear map and f,g € € ([m,M)).
If f is convex (resp. concave) on [m,M), then for any real numbers o € R

D(f(A)) < ag(®(A)) +B 1k (resp. D(f(A)) = ag(P(A)) + B 1k), (321

where

B= max {s1+v,—ag(n)} (p B =mgi§nM{uft+vf—ag<r>}).

m<t<M

Suppose in addition that either of the following conditions holds (i) og is concave
(resp. convex), or (ii) og is strictly convex (resp. strictly concave) differentiable. Then

B = tsto+ vy —aglto),
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where

- {M if Wy > oy, (resp. py < o), in the case (i),

mif pp<opg, (resp. fiy > Ollg),

or

m if oag'(m)>pp,  (resp. Otg’,(M)Suf),

{g’l(uf/ o) if ag'(m) <y <og (M), (resp.ag (M) < uy < og'(m)),
t, =
M if ag'(M)<up  (resp. ag' (M) > uy),

in the case (if).

The inequality (3.21) is sharp in the sense of Definition 3.1, that is, for any Hermitian
matrix A with Apin(A) = m and Apar(A) = M there is a real valued normalized positive
linear map ® such that

D(f(A)) —og(P(A)) = B.

Proof. If we put F(u,v) = u— av in Theorem 3.9, then the inequality (3.21) follows
from (3.14) in the case of convexity of f and from (3.15) in the case of concavity.

To prove that the inequality (3.21) is sharp in the matrix case, let 7, € [m,M] be the
point at which an extreme value is reached

Heto+Vy —og(ty) = max {ugt+vy—ag(t)}

(resp. ust,+ vy —ag(t,) = mISHIISHM{ﬂft +vr—ag(r)}).

Denote @ : .#, — R a normalized positive linear map defined by
®(X) = (VOer +VI=6es) X (VBer+VT—6er),

where 6 = (M —1t,)/(M —m), e; and e, are unit eigenvectors of A corresponding to
Amin(A) = m and A,4c(A) = M respectively. Applying Lemma 3.13 for t* =#,, we obtain
D(f(A)) —og(P(A)) = ust, + vy — 0g(t,). This implies the inequality (3.21) is sharp. O

Remark 3.7 Considering in the same way as in Remark 3.4, we can obtain the inequality
opposite to the first inequality (3.21). Let ®@ and A be as in Theorem 3.14, f, g € €' ([m,M])
be differentiable and f be convex. For the sake of convenience let o = 1. Then from
the left hand inequality of (3.16) in Theorem 3.10 we have 8 1x < ®(f(A)) — g(P(A)) for

B = max r<ninM {o(t) — g(1)} . Instead of maximizing over all operator convex functions
9 {conx} m<t<
o<f -

we took an easier route over the favorable chosen linear functions. If f'(m) < p, < f'(M),
then

{f(r) = pgr — ve 1k < D(f(A)) — g(P(A)),

when g is strictly convex or

{/(r) = 8(to) + pg(to — 1)}k < @(f(A)) — g(P(A)),
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when g is strictly concave, where r = f'~1(1,) and , = g’ (11,). Otherwise, if ttg < f'(m)
or f'(M) < U, then

{ max —min {f(S)Jrf'(S)(tS)g(t)}] Ik <B(f(A)) —g(P(A)).

se{m,M}m<t<M

Indeed, because f is convex, we have

min, U0} 15 < | max mgignM{fp(t)—g(t)}] I
< @A) @A)

where h,(t) = f(r)+ f'(r)(t —r) —g(t), r € [m,M]. We choose r = f'~!(u,), when f'(m) <
Ue < f'(M); r =m when U, < f'(m) or r = M when f'(M) < U,. In the case of convexity
of g the function 4, is concave and its minimum is attained at m or M. (Particularly, we
have h,(m) = h,(M) when r = f'~!(u,)). In the case of concavity of g the function A, is
convex and so its minimum is attained at ¢, € [m, M].

We can obtain the opposite inequality to the second inequality (3.21) in the same way.

Remark 3.8 If we put o = 1 in Theorem 3.14, then we obtain a generalization of Theo-
rem 3.2 due to Li and Mathias.

Further, in the case when o = 1, we have the next estimate for the boundary f from the
inequality (3.21) (see Theorem 2.4): B = max,c a1} {f(s) — oeg(s)} in the case (i) and
f(m)—g(m) < B < f(m) —g(m)+ [ty — g'(m)] (M — m) in the case (ii); or if g = f then
(0<B < [y — £/(m)] (M—m))

By Theorem 3.14, we show that boundaries of the ratio type reverse inequalities in
Theorem 2.9 of § 2.2 are optimal in the matrix case as follows:

Corollary 3.15 Ler A and ® as in Theorem 3.14. Let f,g € € (|m,M]) and either of the
following conditions holds:
(i) g(t) > 0 forallt € [m,M|
or
(ii) g(t) <O forallt € [m,M].
If f is convex on [m,M), then

D(f(A)) < 0 g(P(A)), (3.22)
where
t
0, = max {M} in the case (i),
m<r<M | g(t)
or 0, = min {M} in the case (if).
m<t<m | g(t)

Suppose in addition that either of the following conditions holds: f(m) >0, f(M) >0
in the case of (i) or f(m) <0, f(M) < 0 in the case of (ii) and g is a strictly convex twice
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differentiable function on [m,M]. Then the inequality (3.22) is sharp in the matrix case,
that is, for any Hermitian matrix A with Apmin(A) = m and Apay(A) = M the equality is
attained for a real valued normalized positive linear map ® defined by (3.20) and

the solution of

: /(m)
wrs () = (st + vy) 8/(f)} i)

(M
<y < FNEGR,

=

=4 M if > FMERE, (3.23)
m if up<fmE.

In the dual case (f concave, g strictly concave) we have the sharp opposite inequality
with dual extreme, with the dual estimation and the opposite condition while determining
to.

Proof. To prove that the inequality (3.22) is sharp for a convex function f and a strictly
convex function g, we only proceed with the case (i) since the proof in the case (ii) is
essentially the same.

Since f(m) >0, f(M) > 0and g(r) > 0, we have (ust + vs)/g(t) > 0. It follows from
Corollary 3.12 that mame,SM{ugJ;f} = B0V for gy € [m,M] determined by (3.23).

8(1)
Using Lemma 3.13 for t* = 7 and the map ® defined by (3.20) in Lemma 3.13, we have

@) = HEE L (@) = | max (ML o),

Remark 3.9 Similarly to Remark 3.7, we obtain the opposite inequality of (3.22). Let ®
and A be as in Corollary 3.15, f,g € € ([m,M]) be twice differentiable, f > 0, g > 0 on

[m,M] and f be convex. If g(m)f,(—m) < g < g(M)f/(—M), then

f(m) f(m)
o) < ol

when g is a strictly convex function or

F(r) Uty + Vg
Ugr+Vg  f(to)

g(@(4)) < (f(4)),

[ K

A
F) = mgrevy and

when g is strictly concave, where r € [m,M] is the unique solution of

; ; ; g _ M e if He Lo (M)
toue [m, M] is the unique solution of o) — Hertve: Otherwise, if 2 < Fm) OF Fan <
8
200 then

max min
se{mM} m<t<M

F)+ 1 (s)—s)
{ (1) }8<‘1>(A)) < D(f(A)).

Similarly, we can obtain inequality opposite to (3.22) when f,g < 0.
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Remark 3.10 Further, we have the following estimate for the boundary ¢, in the in-

equality (3.22) (see Theorem 2.9): max{%, %} < @, in the case (i) or 0 < ¢, <

min{f(m) M} in the case (ii); butif g = f then 1 < o, in the case (i) or 0 < o, < 1 in

g(m)’ g(M)
the case (if).

3.4 Application to power functions

In this section we shall consider the upper and lower boundary of the difference and ratio
of Jensen’s type inequalities in the power function. Firstly, we give a generalization of the
inequalities (3.3) and (3.4) due to Li and Mathias.

Theorem 3.16 Let A € 1 (H) be a positive operator with Sp(A) C [m,M] for some
scalars 0 <m < M and ® € Py[HB(H),B(K)] a normalized positive linear map and o, q €
R. If f is convex on [m,M], then

O(f(A)) < @A)+ B 1k (3.24)

where

_q_ 1
B{a(ql) ﬂ)LHJrvf if m<(ﬂ>ql<Mandaq(q71)>0,

oq oq

max{f(M)—aM?, f(m)— ami} otherwise.
If f is concave on [m,M], then
O(f(A)) =z a®(A)?+ B 1k (3.25)
where
9 L
B= { o(g—1) (%) ! +vr if m< (%) ' < Mand aq(qg—1) <0,
min{ f(M) — oM, f(m) — om?} otherwise.
Moreover, if p € R\[0,1) (resp. p € (0,1]), then
DAP) < a®(A)!+ B 1x  (resp. D(A?) > o ®(A)! 4 By 1k), (3.26)

where

et
o(g—1) (aiq,uzp) v

— 1
b if m< (&/.Lﬁ,)qil <M and og(qg—1) >0,

max{m? — om?,MP — aM?} otherwise.
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(resp.
T
o(g—1) (%q,tw) v

— 1
h if m< (aiq[.itx))kl <Mand og(qg—1) <0,

min{m? — am4,M?P — oM4} otherwise.)

Proof. Suppose that f is convex. If we put g(r) =7 in Theorem 3.14, then we obtain
the inequality (3.24). In fact, if og(g — 1) > 0, then ag(r) is strictly convex and we have
a

B = usto+ vy —oglt,) fort, = (g—g) ifm < t, < M, otherwise t, =mort, =M. If f
is concave, then we apply Theorem 3.14 in the dual case. Moreover, if we put f(¢) = in
these inequalities, then we obtain (3.26). O

Remark 3.11 All inequalities in Theorem 3.16 are sharp in the matrix case.

Next, we shall show the following two theorems, which are extensions of the inequali-
ties (3.3) and (3.4) due to Li and Mathias:

Theorem 3.17 Let A € #7 (H) be a positive operator with Sp(A) C [m,M] for some
scalars 0 < m < M and ® € Py[B(H),B(K)| a normalized positive linear map. If p €
R\{0} and q € R, then

B 1k < ®(AP) — D(A) < By 1g (3.27)
where
T
ﬁlz{c<m’M7paq) lf m<(‘ll.ulp>q <Mandq<q_1)>07
max{m? —m?,MP — M} otherwise,
if p € R\[0,1],
. a L
B = { (%)’H’— (%)’H’ if m< (%)piq <Mand 0< p<gq,
max{m? —m?,MP — M} otherwise,
ifpe(0,1]
and

1

B = { C(m,M,p,q) if m< (éuw) " <Mand g(q—1) <0,
min{m? —m4,MP — M1} otherwise,

ifp € (0,1),

7 7L L
52{ (%)” q*(%)” Tif m< (%)’ " <Mand q(p—q) >0,
min{m? —m4,MP — M7} otherwise,
ifpe|—1,0) or pel,2],
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—C(m,M,q,p) if mS(%W)”

B = (1*17)(%##1)% +(Q*1)($Hﬂ)qi

1

if m< (%[J,q)pil <Mandqg(qg—1) <0,

MaX,e f, py Miy<s <y { (1= p)sP + psP~ it —14} otherwise,

A

Mand g(g—1) >0,

I
i

ifp<—lorp>2,
where C(m,M, p,q) is defined as (2.38) in Section 2.3:

9
Mep q—1
C(maMapaq) = (q_l) (7) + Vip

MmP — mMP MP —mP \ a1
= M g (s
M—m q(M —m)

Proof. First we consider ;.
Case 1. Suppose p > 1 or p < 0. Put & = 1 in the first inequality (3.26) in Theorem 3.16
and we obtain ;.
Case 2. Suppose 0 < p < 1. Then f(¢) = ¢? is operator concave, so we can take that ¢ = f
at the right hand inequality of (3.17) in Corollary 3.11. Hence we determine f3; in the usual
way.

Next, we consider f3,.
Case 1. Suppose 0 < p < 1. Put o = 1 in the second inequality (3.26) in Theorem 3.16
and we obtain f3;.
Case 2. Suppose —1 < p<Oor 1< p<2. Then f(r) =t is operator concave, so we can
take that ¢ = f in the left hand inequality of (3.17) in Corollary 3.11. Hence we determine
B> in the usual way.
Case 3. Suppose p >2or p < —1. Then f(r) =? is convex and we can applied Remark 3.7
for determination of f3,. a

Remark 3.12 The right hand inequality of (3.27) in Theorem 3.17 is sharp for all values
of p and the left hand inequality is sharp when p € [—1,2] in the matrix case.

Remark 3.13 If we put p = ¢ in Theorem 3.17, then we obtain the inequality (3.3) due
to Li and Mathias for

C(m,M,p) if p>2orp<-—1,
B = 0if —1<p<Oorl1<p<2,
—C(m,M,p) if 0<p<l,

B, — —C(m,M,p) if p>1or p<o,
2730 if 0<p<lI,
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where C(m,M, p) is defined as ( 2.39 ) in § 2.3:

Theorem 3.18 Let A € #7(H) be a positive operator with Sp(A) C [m,M] for some
scalars 0 <m < M and ® € Py[B(H),B(K)| a normalized positive linear map. If p €
R\{0} and q € R, then

L ®(A) < DAP) < DAY, (3.28)
where
K(m,M,p.q) .
o) = if m<I‘ITqLé—;<Mandq(q71)>Oandpq>0,
max{mP~4, MP~1} otherwise,
if p € R\[0, 1],
o= M p<aq,
M p2g,
ifp € (0,1],
and y
o — K(m,M,p,q) if m<lz;qﬁ<Mand0<q<l,
: min{mP~ 9, MP~1} otherwise,
ifp € (0,1),

_JmPTiif p>q,
QT \Mraif p<q,

ipr [7170) OI'pE [172];

K(m.M.q.p)" if pm" < < pM*~Land q(q—1) >0,
ToK(m,M,q,p)"'K(m.M,q)

o= if pm? ' < e < pMI'and 0 < g <1,
. —p)sP p—1 .
MaXc (07} Milm<i<m { (lp)st#} otherwise,

ifp<—lorp>2,
where K(m,M, p,q) is defined as (2.20) in Section 2.2:

mMP — Mm? q—1)(MP —mP\1
K(m,M,p,q) = << ( )

(g—1)(M —m) \ g(mMP —Mm?)
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Proof. The proof is similar to the proof of Theorem 3.17. O

Remark 3.14 The right hand inequality (3.28) in Theorem 3.18 is sharp for all values of
p and the left hand inequality is sharp when p € [—1,2] in the matrix case.

Remark 3.15 If we put p = g in Theorem 3.18, then we obtain Li-Mathias inequality
(3.4) for

1 if —1<p<Oorl<p<2,
K(m,M,p) if 0<p<l,

B {K(m,M,p) if p>1orp<o0,
Oh = 1

{K(m,M,p)1 if p>2orp<-—I,
o =

if 0<p<l1,

where K (m,M, p) is defined as (2.21 ) in § 2.2:

mMP —Mm?P [ (p—1)(MP —mP)\"”
K(vavp) = (p—l)(M—m) ( p(mMP—MmP) >

__Woh (poi 1N M
T -Dh-D\ p =) Tw

3.5 Matrix inequalities of Ky Fan type

In this section we give a generalization of Mond-Pecari¢ matrix inequalities (3.8) and (3.9)
of Ky Fan type in the matrix case. It follows from Theorem 3.6 for a special choice of
maps. Throughout this section, it assumes that H is a finite dimensional Hilbert space.

Corollary 3.19 Let Aj € 7, with Sp(A;) C [m,M], j=1,--- ,k and U; € M, ,, such that
21]‘-:1 UjU; = 1,. Let f,g € ¢([m,M]) and F (u,v) be real function defined on U x V, where
U D flm,M], V D glm,M|. If F (u,v) is matrix monotone in u, then

{ max min F[(p(t),g(t)]} 1,

pe {mm Fm<t<M
9<

FZUJf Ui,g ZUAU)] (3.29)

j=1

{ min  max F[o(r),g(r)] ; 1.

pe {mnc Fm<t<M
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Proof. Let U € ., ». be an unitary matrix. Let a map @ : .#,,.x — .#; be defined by
®(A) = UAU*. Obviously, @ is normalized positive linear map (see Example 1.10-1I). It
follows from Theorem 3.6 that an inequality

{max min F (1), ()]}1,

¢ € {conx.} m<t<M

< F[Uf(A)U*,g(UAU*)] (3.30)

< { min max F[(p(t),g(t)]} 1y,

3 E(P{;)?f-} m<t<M
holds for any matrix A € 7%, with Sp(A) C [m,M]. For Aj and U;, j=1,--- ,k from the
hypothesis of this corollary we have 2’;:1 UjAjU]’-k = UAU*, where A = A1 +Ay+--- Ay,
U=[U,U, U and 21]‘-:1 Ujf(Aj)U; =Uf(A)U". If we put A and U in (3.30), then we
obtain the desired inequality (3.29). m]
In the same way, applying theorem 3.9 we have the next corollary:
Corollary 3.20 Let A;, Uj,, j=1,---,k f, g and F(u,v) as in Corollary 3.19. If f is

convex, then

Sﬁlla

ZU,f J,g<ZUAU>

jf

for B =  max F st +vy,g(t)] . If f is concave, then the opposite inequality holds with
B = min F [uft+vf g(1)].

m<t<M

If we put F(u,v) = u— av, a € R in Corollaries 3.19 and 3.20 we have the next two
corollaries:

Corollary 3.21 Let A; € 76, with Sp(A;) C m,M|, j=1,--- ,kand U; € M, ,, such that
le(':l UijU; =1,. If f,g € €([m,M]) and o € R, then

k k k
og (2 UjAjUj?*) +B21, < Y Uif(A))U; <ag (2 UjAjUj?*) +Bi 1y,
=1

j=1 j=1
holds for

Bi= min max {¢(t)—-ag(r)},

pe {wnc Fm<t<M

Bo= max min {@(r)—ag(t)}.

(25 (mm tm<t<M

Corollary 3.22 Let Aj, Uj, j=1,---,k, f and g be as in Corollary 3.21. If f is convex
and o0 € R, then

i U*<ocg<zk:UAU>+ﬁ1,,

J
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holds for B = r§a<xM{uft—|— Vi — ch(t)}. If f is concave, then the opposite inequality
m<t< X
holds with B = Lin, {upt+vr—oag(t)}.

Remark 3.16 We put oo = 1 in Corollary 3.22 and obtain a generalization of Theorem 3.3
with boundary as in Theorem 3.14. If we choose the value of constant o such that § =0
in Corollary 3.22, then we obtain a generalization of Theorem 3.4 with boundary as in
Corollary 3.15.

In the same way we can apply map ® : A — UAU* (A € #,) to the remainder of
results in § 3.3 and in particular on power functions in § 3.4.

3.6 Notes

Theorem 3.1 and Theorem 3.2 are due to Li and Mathias [122].

For our exposition we have used [135]. Mici¢, Pecari¢, Seo and Tominaga discussed
Li-Mathias type inequalities in the framework of matrix theory. However, we discuss in
the framework of operator theory for the sake of convenience.






Chapter

Power mean

In this chapter we study reverse inequalities of power operator means on
positive linear maps. We investigate several properties of power operator
means under the chaotic order.

4.1 Preliminary

For positive numbers x; € R, the power (arithmetic) means

xr+...+xr 1/7‘
Mr(xl’...’xk): (%)

make a path of means from the harmonic one at r = —1 to the arithmetic one ar r = 1 via the
geometric one at 7 = 0 (precisely the limit as » — 0). We consider the traditional averaging
operation which is a natural noncommutative operator version of the power arithmetic
mean: For positive invertible operators A; € Z"+(H) (j=1,--- ,k)

k 1/r
A= (A1, Ap) — M(A) = <%2A;> with r € R\{0}.
j=1

This operation M,(A) is not an operator mean except for r = 1 in the sense of Definition 5.1.
In fact, this mean does not satisfy the monotonicity condition (S1) and nor the transformer

111
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inequality (S3) in Definition 5.1. However, by the operator monotonicity of the function "
for 0 < r <1 it follows that

Ms(A) > M,(A) whenevers>r>1

as observed in Bhagwat and Subramanian [18]. The limit of M,(A) as r — 0 exists and
equals exp (% 2]]‘-:1 logA j) as mentioned later in Theorem 4.19. Contrary to the scalar
case or the case of commuting A and B, this limit does not coincide with the geometric
mean A f B in general. The map A = (A, ,A;) — exp (% 2’;:1 logAj> is not operator
monotone in A.

In this chapter, we study the (weighted) power operator mean on positive linear maps
in a more general setting: Let A; € %, (H) be positive invertible operators with Sp(A ;) C
(0,00), ®; € Py[#A(H), A (K)] normalized positive linear maps and @; € Ry such that
2’1‘.:1 ®;=1(j=1,...,k). Then the power operator mean is defined as

1/r
A= (AL, A — M (A @, w) = <zw, (’.)> with r e R\{0}.  (4.1)

The power operator mean has the following monotonicity. More detailed consideration
is given in after theorem (Theorem 4.4 and Theorem 4.7).

Theorem 4.1
M (A @, w) < M (A; @, ) (4.2)

holds if eitherr <s,r ¢ (—1,1),s & (—=1,1) 0 % r<l<sorr<-—-1<s< 7%.

Proof. Suppose that 1 < r <s. Since 0 < { < 1, it follows from the operator con-

cavity of #//* that D; (A;) <P (Aj)f by Davis-Choi-Jensen’s inequality (Theorem 1.20).
Multiplying them with @; € R, and summing of all j =1,--- ,k, we have

r

,i“’f‘DU zw, Ji< (ﬁ )

Replacing A by A} and raising both sides to the power L (< 1), it follows from Theorem 1.8
(Lowner-Helnz mequahty) that

1 1
k v k g
(Zla)j (DJ(A;)> < (Z]a)j (DJ(A§)> fOI‘lSrSS. (43)
J= J=

Suppose that r < s < —1. Since 0 < % < 1, as we prove above, it follows that

s

]ﬁl 0; ®; (A7) < (Ji w; ©; W))
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Raising both sides to the power —1 < % < 0, we have

s

k 'l k
(2 w; @; (A;)> < (2 w; @; (A;‘.)) forr <s<-—1. (4.4)
j=1 j=1

Suppose that » < —1, 1 < s. By the operator convexity of ~!, we have

—1
k k
2 ) (A}1> = (Z ®; D; (Aj)>
j=1 J=1
and hence
k ] -1 k
ijcbj(A; ) <2 0 0(4)).
j=1 j=1

If weputr=1in (4.3 ) and s = —1in ( 4.4 ), then it follows that

7

IN

k k -1 k
(Zoww) < (Low()) <o

s

IN

(}il w; D, (A§)>

Therefore the desired inequality holds for r < —1,1 <.
Suppose that % <r<1<s.Sincel < % < 2, it follows from the operator convexity of
t7 that
k v k . k 1
(2'1 w; ©; (Aj)> < lej D;(A))" < _lej D; (A}) :
j= j= j=

Replacing A by A’, we have

k r k
(Zoww) <Zoom.
z

j=1

The assumption s > 1 implies

k % k k
(;wj @, (A§)> < lej ®;j(4)) < (2100; q’j(Aj'))
i= J= =

Therefore the desired inequality holds for % <r<i1<s.
Thecase of r < —1 <s < f% is proved in the same way. O
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4.2 Complementary inequality to power means

In this section, we investigate the lower and upper estimates of the difference and ratio
in the power operator means on a positive linear map: For a positive invertible operator
A € 7T (H) and a normalized positive linear map ® € Py[%(H), %#(K)] consider

(I)(A")% for r € R\{0}
in the case of k =1 in (4.1).

By using Theorem 4.1 for the case of k = 1, it follows that this mean has the following
monotonicity:

Lemma 4.2
q)(Ar)l/r S(D(AS)l/s 4.5)

holdsifeilherrgs,rg(—1,1),s¢(—l,l)or% <r<l1<sorr<—-1<s< —%.

First we prepare the following intervals given in Figure 4.1 and Table 4.1.

Based on the theory of extended operator inequalities displayed in Chapter 2, we show
the complementary inequalities to (4.5).

First, we recall the following result (see Remark 3.15):

Lemma 4.3 Ler @ € Py[A(H),B(K)] be a normalized positive linear map and A €
BT (H) a positive invertible operator with Sp(A) C [m,M] for some scalars 0 < m < M.
Then

L ®(A)P < O(AP) < 0y O(A)P 4.6)

for

1 if —1<p<0orl<p<2
K(m,M,p) if 0<p<l,

o — K(m,M,p) if p<0or1<p,
1=91 if 0<p<l,

{K(m,M,p)1 if p<-—1or2<np,
Ohp = )

where a generalized Kantorovich constant K(m,M, p) is defined as ( 2.21 ) in § 2.2:

K(m,M,p) =

mMP —MmP  (p—1 MP—mP b
(p—D(M—m)\ p mMP—Mm?P

_ Wb (pmi o M
~ (p=D=D\ p r—h) " oom

If we put p = s/r or p =r/s in (4.6) of Lemma 4.3 and replace A by A" or A by A*
respectively we obtain the following ratio type inequalities as complementary inequalities
to the power means given in Theorem 4.4.
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Gii) | (i)
(i)

(iv)
(if) -1 (iv) % 1 r
(i) T-2
(i I

Figure 4.1: Intervals (i)—(iv)

(i) r<s,s¢(-1,1), rZ(=1,1)or 1/2<r<I1<sorr<-—-1<s<-1/2,
(i) s>1, —1<r<1/2,r#00r r<—1,-1/2<s<1,s#0,

(i) —1<—s<r<s<l,r#0or —1<r<s<r/2<0,

(iv) —1/2<r/2<s<—-r<1,s#0.

Table 4.1: Intervals from (i) to (iv)

Theorem 4.4 Let @ € Py[B(H),A(K)] be a normalized positive linear map and A €
P (H) a positive invertible operator with Sp(A) C [m,M)] for some scalars 0 < m < M.
Letr,s € R, r <sandrs #0.

OIfr<s,s¢(—1,1), rg(—1,1) or 1/2<r<1<s or r<—-1<s<-1/2
then

Alh,r,5) "' D(A%)F < (A7) < (A%,
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@) If 1<s, —1<r<1/2,r#0 or r<—-1,-1/2<s<1,5#0 then
Ah,r,s) DAV < DAY < A(h,r,5)D(A%)/5.
(@) lf —1<—-s<r<s<1,r#0 or —1<r<s<r/2<0 then
A(h,r, 1) ARy rys) " (AN < DAY < A(h,r, 1)D(A%) /5,
) If =1/2<r/2<s<-r<1,s#0 then
A(h,5,1) 7 Alh,r.s) " @A) < @AMV < A(h,s, 1)D(A%)' 7,

where a generalized Specht ratio A(h,r,s) is defined as ( 2.97 ) in § 2.7:

RS SLUELI NSy LI

The left hand inequality is sharp when r and s satisfy (i) or (i) and the right hand
inequality when r and s satisfy (1) in the matrix case.

Proof. Suppose that s > 1 and r < 1. We put p = 7. If 0 < r < 1 then Lemma 4.3 for
1<p<2orp>2gives

DA < D(A") <K (m,M, ) D(A))" if s/2<r<s,

K (m.M,3)"!

DA < (A7) <K (m,M,$) ®(A)/" if 0<r<s/2.
Replacing A by A” we have
DA/ < D(AS) <K (m",M", %) D(A")/" if s/2<r<s,
K (m",M", ;)’1 D(A")/" < D(AS) <K (m",M",5) D(AT) if 0 < r<s/2.

By raising above inequalities to the power 0 < 1/s < 1, it follows from the Léwner-Heinz
theorem that

1/s
q)(Ar)l/r < q)(As)l/s < K(mr7Mr7£> /Vq)(Ar)l/r
r
ifs/2 <r<s,and

K(mr’Mr’§>7l/5(D(Ar)l/r <oA% < K(m’,MC%)“

¢<Ar)l/r
if 0 < r < s/2. Notice that

K (o, ;>1/§ KW, )

() () s
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(see Theorem 2.61 and (2.97 )). If we puts = 1 or r = 1 in (4.5), then we have
DA/ < D(A) <DA*)/* for1/2<r<lands>1.
Therefore for s > 1 we have
AN < DAY < A(h,r,s) DA if 1/2<r<1,
A(h,r,5) "' (AN < DAY < AR, r,5) DAY if 0 < r < 1/2.
So, we obtain
Ah,r,5) " (AN < DA < DA%/ if 1/2<r<1, 1<s,
A(h,r,s) T DAY < DAY < A(h,r,s)D(A)YS if 0<r<1/2, 1 <s.

If » < 0 then Lemma 4.3 for —1 < p < 0 or p < —1 with the Léwner-Heinz theorem
gives

(D(Ar)l/r < (D(As)l/s SK(Mr,mr,f)l/S(D(Ar)]/r if r<-—s,

K(Mr’mr 5_')*1/5'(1)(Ar)1/r < (D(As)l/s < K(Mr,l’l’lr’ %)l/s(I)(Ar)l/r

r

if —5 < r <0, where K (M",m",£)"* = K (m",M",£)"/* = A(h, ,5) by Theorem 2.54 (i)
and Theorem 2.62 (ii). Therefore, similarly to above we have

DA < DA < A(h,r,5)D(AT) " if r<-1,
A(h,r,s) ' DAY < D(A%)/S < A(h,r,s)D(A)/ if —1<r<0.
So, we obtain
A(h,1,5) " DA < DA < D(A%)!/ if r<—1, 1<s,
A(h,r,s) T D(A)YS < DAY < A(h,r,s) DAY if —1<r<0, 1<s.

Now, suppose that 1 <r <s. We put p = {. Then Lemma 4.3 for 0 < p < 1 with the
Lowner-Heinz theorem gives

1/r
K(mS,MS, f) / d)(AS)l/s < d)(Ar)l/r < d)(AS)l/s.
N

Since K (m*,M*, %) r_k (m",M", “;’)71/‘Y = A(h,r,5)~! by Theorem 2.54 (v), we obtain
Alh,r,s) DAY < DAY < DAY if1<r<s.

Therefore, we have the desired results in the case (i) and (ii) for 1 <.
Next we shall prove the desired results in the case (i) and (ii) for r < —1.
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If -1 <s<1weputp==:. If0<s<1then Lemma 4.3 for p < —1 gives
-1
K (I’I’lS,MS, f) (q)(As))r/s < (I)(Ar) <K (ms’]ws7 f) (q)(As))r/s-
N N

Since the function f(¢) = Vs operator decreasing for » < —1, we obtain

r

—1/r 1/r
K (mS,MS, _) / q)(As)l/s > q)(Ar)l/r >K (ms7Ms, f) / q)(AS)l/S7
s s
so we have
A(h,r,8) DAY < DAY < A(h,r,s)D(A)Y* if0<s<1,r<—1.

If =1 < s <0 then Lemma 4.3 for 1 < p <2 or p > 2, with the fact that the function
f(t) =1/ is operator decreasing for r < —1, gives

DA/ > DA > K (M2, e, E) (A i —1 <5< r)2,

7S
K(Ms’ms’ g)*l/rq)<As)l/s > d)<Ar)l/r > I((]wsﬂ,},ls7 g)l/rq)<As)l/S
if r/2 < s <0, where I((Ms,ms7 g)l/r = K(mS,MS, g)l/r = A(h,r,s)~! by Theorem 2.54
(). If we put s = —1 or r = —1 in (4.5), then we have
o(AN/"<dA YT <A forr<—land—1<s<—1/2,

so we have
Ah,18)" (AN < (AN < d(A%)'

if—1<s<-1/2, r<—1land
A(h,r,s) " DAV < DAY < A, r,5)D(A%)/*

if—1/2<s<0, r<-—1.
If r <s < —1 then we put p = f Lemma 4.3 for 0 < p < 1, with the fact that the
function f(¢) = ART operator decreasing for s < —1, gives

1/s
K(Mr,mr,f) / d)(Ar)]/rZ@(AS)I/SZd)(Ar)]/r,
r

so we have
Alh,r,s) DAY < AN < @AY ifr<s< 1.

We have the desired results in the case (i) and (i) for r < —1.

(@ti) fF0O<r<s<1then0< % <1.Ifweputp==inLemma4.3for0<p<1and
replace A by A’ then we obtain

K (mS,MS, f) D(A®)* < D(AT) < B(A)/5.
S
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By raising above inequality to the power 1/r(> 1) it follows from Theorem 8.3 and m" 1 <
D(A") < M" 1k that

~1
1 1/r 1
K (mM —) K (m'p,2) o) < o(an) < k (mM _) .
r s "
So, we have

A(h,r, 1)*1A(h7 r,s)*lq)(As)l/s < (D(Ar)l/r < A(h,r, l)q)(AS)l/S.

If71§7s§r<0then71§§<0,butif71Srgsgr/2<0then1§§§2. If
we put p = % in Lemma 4.3 for —1 < p <0 or 1 < p <2 and replace A by A*, then we
obtain

D(AS)/S < D(AT) <K (m*,M*, L) D(A*)/S if —1< —s<r<0,
D(A%)S < D(A") < K (M*,m*, L) ®(A)"/5 if —1<r<s<r/2<0.

Using that K (M*,m*, %) = K (m*,M®, ©) by Theorem 2.54 (i) and by raising above inequal-
ities to the power l/r < —1, then it follows from Corollary 8.51 and M"1x < ®(A") <m'1g
that

1 1! 1r
K <mM —) DA > DA > K (mM —> K (mS,MS, f) D(A%)/s
r r S
if—1<—-s<r<0or—1<r<s<r/2<0. So, we have

Alh,r, 1) Ay rys) " (A% < DAY < Alh,r, 1)D(A%)/

if—1<—-s<r<s<l,r#0or—1<r<s<r/2<0andhence we prove (iii).

(iv) Next,let =1 <r < —s<0or—1/2<r/2<s<0.Then —1 < £ <0or0< <1
If we put p = 7 in Lemma 4.3 for —1 < p <0 or 0 < p < 1 and replace A by A", then we
obtain

(Ar)v/r<¢,( )<K(Mr r %)CD(Ar)S/r if —1<r<-s<0,
K(Mr, r v) (Ar)s/r<q)(As)<d)( )s/r if _1/2§r/2<s<0.

By raising above inequalities to the power 1/s, it follows from Theorem 8.3 and Corol-
lary 8.51 that

1\ ! 1 1/s
K<mS,MS,—) q)(Ar)l/r < q)(AS)]/S <K <mS,MS,—> K(Mrvmr7£> / CI)(Ar)l/r
N N r

if —1<r<-s<0and

1/s -1
K<Ms,ms,l)K(Mr r ) / ( r)l/rZq)(As)l/sZK<Ms,ms71> q)(Ar)l/r
N r N
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if —1/2<7r/2<s5<0. Since K (M*,m*, 1) =K (m*,M*, 1) = A(h,1,5)"" = A(h,s,1) by
Theorem 2.62 (v), we have

A(h,s,1) " (AN < @AY < A(h,s,1)A(h, r,s)D(A) /"
if —1/2<r/2<s<—-r<1,s5#0. So, we have
A(h,s,1) " AR, r,s) " DAY < DA < A(h,s,1)D(A%)/

if—1/2<r/2<s<—-r<1,s#0.

Hence the proof of (i) ~ (iv) in Theorem 4.4 is now complete.

In the matrix case, by Theorem 3.18 all inequalities in the case (i) and (ii) are sharp
except when the right hand boundary is A. O

Similarly to above, we shall give the estimate of the difference ®(A*)!/S — d(A")!/" for
r < 5. We recall the following result (see Remark 3.13 in § 3.4):

Lemma 4.5 Let @ € Py[A(H),B(K)] be a normalized positive linear map and A €
P (H) a positive invertible operator with Sp(A) C [m, M| for some scalars 0 < m < M.
Then

B2l < D(AP) —D(A)P < By 1k, 4.7)

where

B — C(m7M7p) lf P<00r1<p7
=30 if 0<p<l,
—C(m,M,p) if p<-—1or2<p,
B.=10 if —1<p<0orl1l<p<2
C(m,M,p) if 0<p<l,

and C(m,M, p) is defined as (2.39):

C(m,M,p)

MmP — mMP 1 MP —mP\?
e (-1 (-

M—m 1_7M7m

1—h'-r ph—1) 77 M
— pP Pl -
=M % +mP(p 1){ P , and h—m.

Lemma 4.6 Let the hypothesis of Theorem 4.4 be satisfied.
(@If 1<r<s or r<—1<s, then

[HO(A%) + Vig]'/" < @A)/

— - 1/r
S{ [BOA)+(1=5) GR) T 1k| i —1/2<s<Ls#0. g
D(A%)!/s otherwise.
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Db)If r<s<-—1 or r<1<s, then

- 1/s
| foan - 1x] T > o)

, 5= %q 1/s .
2{ [fo@) L= G ] " —t<r<120£0, 4o
q)(Ar)l/r7 otherwise.

()If -1<—s<r<s<1,r#0 or —1<r<s<r/2<0 then
[UD(A%) + VIg] —C (m" M7, L) 1 < (A"
< (I)(As)l/“'—I—C(mr,Mr,%) 1.
@ If —1/2<r/2<s<—-r<1,5s#0 then
[R®(A%) + VIK] = C (', M7, 1) 1 < (A7)

_ . 1/r
< (B0 + (1-5) (30) 7 1k] T+ C M ) 1,

where (/I: H) and (\7: W)
Proof. The following two inequalities hold: If 0 < p <1, then
Wr @A)+ viplxg < D(AP) < D(A)P. (4.10)
If p<Oorl < p,then

DdA)P if—1<p<Oor1<p<2,

U ®(A) + Vi 1x ifp < —1 or 2 < p, (4.11)

U ®(A) + Vip 1 > D(AP) > {

whete (v = (1~ p) (s /)70

Indeed, the right hand inequalities of (4.10) for 0 < p <1 and (4.11) for -1 < p <0
or 1 < p <2 follow directly from (4.7) in Lemma 4.5. The right hand inequality of (4.11)
for p < —1 or 2 < p follows from Remark 3.7 for functions f(z) = ¢? and g(r) = y»t. The
left hand inequalities of (4.10) and (4.11) follow from Theorem 3.14 for f(t) =P, ot = Wy»
and g(t) =1.

Firstly we prove (a). Let r  (—1,1). We put p = £ in (4.10)—(4.11) and replace A by
A®. Then

D(A%)s <D(AT) < pD(A%)+vig _ifr<—land (r<s<r/2or—r<s),
UO(A) + vk < OA") Sud(A®)+vlg  ifr<—1,r/2<s<—r,s#0,
LD(AS) +Vig <DAT) < DAY if1<r<s,

where v* = (1-1%) (3pu) r/(r=s) Using the fact that the function f(r) = 17 is operator

N
increasing for » > 1 and operator decreasing for r < —1, we have

cD(AS)l/s > (D(Ar)l/r > [[ICD(AS) +‘71K]l/r
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122
ifr<—land (r<s<r/2or—r<s),
[,LI(I)(A‘Y)—I—V*IK]I/rZ(I)(Ar)l/rz [“(D(As)_i_‘jll(]l/r

ifr<—-1,r/2<s<-r,s#0,
[UD(A) +VIg]/m < DA < DA if1<r<s

If we puts = —1or r = —11in (4.5), then we have
DA <dA ) <A forr<—land —1<s<—1/2.

So, we obtain
[ﬁd)(AS) + ‘711(]1/1‘ < ¢<Ar)1/r < d)(AS)l/s

ifr<—1<s<—-12or(r<—-1,1<s)orl <r<s,
[ﬁq)(As)#»‘le]l/r SCI)(Ar)l/r < [ﬁq)(As)#»V*lK]l/r

ifr<-—1,-1/2<s<1,s#0. Therefore we have (a).
Next we prove (b). Lets & (—1,1). We put p = 2 in (4.10)—~(4.11) and replace A by

ifs>1land(s/2<r<sorr<-—s),
ifs>1,—s<r<s/2,r#0,

A”. Then
DA™ < D(A%) < ID(AT) + Vg
AO(A") + V¥ 1g < P(A%) < AD(A") + Vg
AD(AT) + Vg < D(AS) < DA ifr<s<-—1,

where fi = Mi—mt — L = MMl _ ¥ e — (1 8) (Z1) 57 = — ¥ By rais-
ing above inequalities to the power % we obtain
1 ‘7 1/s
q)(Ar)l/r SCD( S)l/S < |:=CI)(Ar)=1K:|
u u
ifs>1and(s/2<r<sorr<—s),
1 % 1/s L 1 = 1/s
[:cD(A*) - ‘;14 <oA%/ < {:CD(A’) - ilK]
u u u u
ifs>1,—s<r<s/2,r#£0,
1 = 1/s
:CIJ(A’)%IK] ifr<s<-—1.

q)(Ar)l/r < q)(As)l/s < |:u

If we puts =1 or » =1 1in (4.5), then we have
fors>1land 1/2<r<1.

CI)(Ar)l/rSCI)(A) S‘D( S)I/S
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So, we obtain /
- 1/s
¢<Ar)1/r S(D(As)l/s < [%@(Ar)—ill(}
if1/2<r<1<sor(s>1,r<—-Dorr<s<-—I,
L * 1/s = 1/s
l_ zqu)(Ar)fvTIK Sq)(As)l/sS |:l_q)(Ar)¥1K:|
K= 1% m n

ifs >1,—1<r<1/2,r#0. Therefore we have (b).
Next we prove (c). If 0 < r <s < 1then 0 < £ < 1 and by (4.10) we obtain

k
1Y ;@A) + Vg < B(AT) < D(A)7-.
j=1

Using Theorem 8.3 for p = }, and since m"1x < u®(A*) + Vig < M1k and m"1g <
®(A”) < M"1g we obtain

[HD(A) + V1] —C (mM 1) 1e < DA < D) 4C <mM 1) k.
r r

If(-1<r<0<s<land -1<{<0)or(-1<r<s<Oand1<%<2)thenby (4.11)
we obtain B
D(A*)* < D(AT) < PD(A®) + V.

Using Corollary 8.51 for p = } < —1, and since m"1x < u®(A*) + vlg < M"1g and

m'lxg < ®(A”) < M"1g we obtain

DA+ C (M*,m’ 1) 1> ®ANY" > [ud(A°) + Vg —C (M*,m*, %) Ik.

r
Since C (M",m", 1) = C (m",M", 1), it follows that
— S 1 1/ 1
[HO(A%) + ViK' —C (mM—> Ik < (N7 <o(a)!Ptc <’"M ;> 8

holdsif -1 < —s<r<s<1,r#0o0r —1 <r<s<r/2<0. Therefore we have (c).

Next we prove (d). If (-1 <r<0<s<landf<—I)or(~1<r<s<Oand%>2)
then from (4.11) we obtain

UD(A%) + V¥ g < D(A”) < uD(A®) + vig.
Using Corollary 8.51 for p = % < —1 we have that
[HD(AY) + V1]V —C (" M7, 1)1 < ()"
< [UD(A%) + VIV +C (m" M7, L) 1
holds if —1/2 <r/2 <s < —r <1, s # 0. Therefore we have (d). a
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Remark 4.1 Let ® € Py[ 4, #}] be a normalized positive linear map and A € "
strictly positive Hermitian matrix with Sp(A) C [m,M].

In (4.8), the left hand inequality is sharp for all values of r,s and the right hand in-
equalityfor | <r<sorr<—-1<s<-1/20orr<-1,1<s.

In (4.9), the left hand inequality is sharp for all values of r,s and the right hand in-
equality whenr <s<-—lor1/2<r<1<sorr<-1,1<s.

By Lemma 4.6, we obtain the following difference type inequalities as a complemen-
tary inequality to the inequality (4.5) in Lemma 4.2.

Theorem 4.7 Let ®; € Py[A(H), B (K)] be a normalized positive linear map and A €
P (H) a positive invertible operator with Sp(A) C [m,M] for some scalars 0 < m < M.
O If r<s,sg(—1,1),rg(—1,1) or 1/2<r<1<s or r<-—-1<s<-1/2

then
0 < ®(A%)s — (AN < Alg. (4.12)

@ If s>1, —-1<r<1/2,r#0 or r<—1,-1/2<s<1,5#0 then
Al < DA%/ — D (A" < Al (4.13)

(@) If -1<—s<r<s<lr#0 or —1<r<s<r/2<0 then
- <m’,M’7 %) L < DAY — (A" <Alg+C (m’,M’,%) k.
() If —1/2<r/2<s<-r<1,5#0 then
A'lg-C <mM %) g < DA — oA/ < Alg +C <mM %) L
where

s _ S%i r _ r%
Azerg[%?(l]{[GM (1= 0)m']s — [OM" + (1— 0)m] }

A = min {[9MS+ (1—0)m’]
0€(0,1|U[37L—r , 3rlar +1]

J— Mm" —M'm* (1 B f) (s M’—m’) s .

M?* —ms K rMs —m?®

[OM + (1 — 0)m" — d]

Proof. By Lemma 4.6 (a) we obtain that
DA/ — [HD(A%) + v* 1]V < @A) — o(ar)1r
< (A5 — [ud(A%) + vig]" (4.14)
holdsif —1/2<s<1,5s#0,r < —1and
0=D(A%)/* — D(A%)1/5 < D(A)/s — (A"
< oA — [uo(ar) + Vg (4.15)
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holdsif I<r<sor(r<—1l,s>Dorr<—-1<s<-1/2.
By Lemma 4.6 (b) we obtain that

1/s
/ 7CI)(Ar)1/r§CI)(As)1/s7CI)( r)l/r

1 r *
{ﬁq)(A )*VFIK}
1 r v /s rnl/r
< {ﬁcb(A )—ﬁlk} —®(AY) (4.16)
holds if —1 <r<1/2,r#0,s> 1 and
qu)(A")l/r,(Ar)l/"S(I)(AS)I/S,(D(AT)U"
1 r v /s rnl/r
< {ﬁcb(A )—ﬁlk} —®(AY) 4.17)

holdsif r<s<—lor(r<—-1,s>1Dorl/2<r<1<s.
It follows from the right hand inequalities of (4.14) and (4.15) that

DA — D(AT)!/ < DA — [ud(A) + Vig]"
< max,e7 {110~ [me+ vV} 1k
holds, where T denotes the close interval joining m*® to M*. We sett = OM* + (1 — 8)m* for
some 6 € [0,1]. Then we have it -7+ Vv = OM"+ (1 —0)m" and hence max, {tl/s —[ut+v] l/r} =
A. Therefore, we obtain D( S)l/s fCD(A’)]/’ <Algifl<r<sorr<-—1<s.
It follows from the right hand inequalities of (4.16) and (4.17) that

— 1/s
(I)(AS)]/S—d)(Ar)l/rS [ﬁd)<Ar)_%lK} / _(D(Ar)l/r

—11/s
gmaxtef‘{[ﬁt—ﬂ _tl/r}ll(

holds, where T} denotes the close interval joining m" to M". We sett = OM" + (1 —0)m’ for
_ -11/s
some 0 € [0, 1]. Then we have ﬁ t— ﬁ = OM* + (1 —6)m’ and hence max, 7, { [ﬁ t— H tl/’} =
A. Therefore, we obtain (I)(As)l/s — (ID(A’)]/’ <Algifr<s<-—landr<1<s.
Then we have the right hand inequalities of (i) and (i7) in this theorem.
By the left hand inequalities of (4.15) and (4.17) we have the left hand inequality of

().
By the left hand inequality of (4.14) we obtain that

DA — AT/ > D(A%) S — [LD(A%) + v* lK]l/r
> min, .7 {tl/s — i+ v*]l/r} 1x = min,.f {tl/s i+ ‘77d]1/r} 1
= Minge(o. {[GMS +(1—0)m' " — oM + (1 - e)mr_d]l/r} 1x
> Al (4.18)

holdsif —1/2<s<1,s#0,r < —1.
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By the left hand inequality of (4.16) we obtain that

q)(As)l/s 7(1)(Ar)1/r > [;]1_

«11/s
Zminteﬁ { {ﬁt_v?} / _t]/r} 1k
= mingqo’l] {[6M5+ (1 — 6)ms+ %]1/8 o [eMr+ (1 o e)mr]l/r} 1[(
- minee[ ) {[QMSwL (1—0)m')'/s —[oM" + (1 — Q)mr,d]l/r} 1x

M —m" * MT—m"

. 1/s
q)(Ar)*vle} 7(1)( r)l/r

> A*1g (4.19)

holdsif —1 <r<1/2,r#0,s> L.
Combined with two inequalities (4.18) and (4.19), we have the left hand inequality of
(if) in this theorem. Therefore we have (i) and (if) in this theorem.

By Lemma 4.6 (c) we obtain
—C(m" M, 1) 1x < @(A%) Vs — (A"
< (AN — [uD(A%) + ik + Clm M7 L)1k
< max,.7 {tl/s —[ur+ V]l/r} Ik +C(m" M, 1) 1,
=Alg+C(m" ML) 1,
if—1<—s<r<s<l,r#00r—1<r<s<r/2<0. Then we have (iii) in this theorem.
By Lemma 4.6 (d) we obtain
DA — [uD(AS) + v 1] C (7 M7, ) 1g
< DAY/ — (AT
< DAY — [EO(A) + Vg +C (m, M, L) 1g
if —1/2<r/2<s<—-r<1,5#0. Then
Al —C(m', M7, 1) 16 < mintef{tl/s— [ﬁt+\7—d]1/r} 1x
—C (M7, 1) 1 < DAY — (AN < max, {1V — (e +v]" ) 1
+C (m" M"Y 1x =Alg +C(m",M", L) 1¢
and we have (iv) in this theorem. a
Remark 4.2 In the matrix case, let ® € Py[.4,, 4] be a normalized positive linear

map and A € " a positive definite Hermitian matrix with Sp(A) C [m,M]. Then the
inequalities (4.12) are sharp and the right hand inequality of (4.13) is sharp.
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If we put s = 1 and r = p in Theorems 4.4 and 4.7 we obtain the following two corol-
laries, which are complementary inequalities to (iii) and (iv) of Corollary 1.22.
Corollary 4.8 Ler ®; € Py[#(H),#(K)] and A € B+ (H) with Sp(A) C [m,M] for
some scalars 0 <m < M. If p € R\{0}, then

L ®(AP)/P < D(A) < oy D(AP)/P
holds for

ATV —1<p<0or0<p<l1/2,
=51 if p<-lorl1/2<p<l,
Al lf 1<p7
Arif p<0orO0<p<l,
1L if 1<p,

o

where
1p

1—

1 p p—1]7» M
A=(h—1 d h=—.

1= )phl’—l{hl’—h} an m

Corollary 4.9 Let the hypothesis of Corollary 4.8 be satisfied. Then

Balk < D(A) — D(AP)/P < Bk

holds for
—Mif —1<p<0or0<p<l1/2,
Bo=40 if p<—-lorl/2<p<l,
AZ lf 1<p7
B, = A if p<O0or0O0<p<l,
=10 if 1<p,
where

3|

1
1—hr! 1 p(h—1)T7 M

4.3 Ky Fan type inequalities

Now, in the matrix case, we observe the matrix power mean: Let A; € J," " be a positive
definite Hermitian matrices with Sp(A ;) C [m,M| and U; € .#; , be such that 2’;:1 UiU; =
1; (j =1,...,k). Then we denote by

X 1/r
M (A;U) = <2 U;*A;U,> for reR\{0}.
j=1

As applications of Theorems 4.4 and 4.7 we obtain the following results for matrix
power mean.
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Corollary 4.10 LetA; € ;" withSp(A;) C [m,M] and U; € 4, , be such that 35_, U;Us =

L (j=1,...;k). If s € R, r <s, then
MM (A U) < M (A U) < g M (A U)
holds for same boundaries oy and o as in Theorems 4.4 (i)—(iv).

Proof. For Aj and U; (j = 1,...,k) in the hypothesis of the corollary we denote by
A=A+A+ - FArand U = [U U, - - Uy]. Then UAU* = 21]‘-:1 U;A;U;. In the same way
as in proof of Corollary 3.19, we define the map ® € Py[.#,,;,.#;] whit D(A) = UAU",
where U € ., t., is unitary matrix. It follow from Theorem 4.4 that

Otz(UArU*)l/r < (UAsU*)l/s < OC](UArU*)l/r.

Taking into account that (UA"U*)!/" = M,E"] (A;U) we obtain the desired inequality. O

Corollary 4.11 LetrAj, U; (j=1,...,k) and r, s be as in Corollary 4.10. Then
Bl < MIV(A;U) — M (A U) < BT,
holds for same boundaries By and 3, as in Theorems 4.7 (i)—(iv).

Proof. We obtain the desired inequality by virtue of Theorem 4.7 when we take the
map ® € Py[.#,,.k,.#;] as we did in proof of Corollary 4.10. a

4.4 Inequalities for power means

In this section we shall generalize Theorems 4.4 and 4.7 to obtain complementary inequal-
ities to inequalities for the power operator mean on positive linear maps

1/r
M (A @, w) = <zw, (*)) for r € R\{0}.

As we mentioned in Remarks 3.8 and 3.10, we can obtain analogous statements as in
Theorems 4.4 and 4.7 if we replace ®(A) by 2]]‘-:1 @;P;(A;). First we give the following
generalization of Theorem 3.10:

Theorem 4.12 Let ®; € Py[B(H), B(K)), Aj € "1 (H) with Sp(A;) C [m,M)] and
w; € Ry be such thatle‘-:l wj=1(j=1,....k). If f,g € €(Im,M]) and o € R then
Otg(Zj L0;P; (Aj)) + max min {@(t)—og(t)} 1k

pe lcone) m<t<M
< X5 09, (f(A))) (4.20)
<og(Th 0@(4)+ min max {o(r) - og(t)} k.

pe (wm Fm<t<M
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Proof. We only prove the right hand inequality of (4.20). Let ¢ be operator con-
cave function on [m,M] such that f(r) < @(r) for every r € [m,M]. Then @;(f(A;)) <
®; (¢(A;)) holds. Multiplying this inequality by @; € Ry and summing over j =1,...,k,
we have

k k
lejq’j (f(4)) < Zlco D (p(A)))
J= j=

It follows from Jensen’s inequality for many operator maps (Lemma 2.1) that

k k
; 0;®i(p(A;) < ¢ (2] quaj(A,.)) :

Combined with the two inequalities above we have

k k
D 0;®;(f(A)) < (Z wj(bj(Aj)> :
j=1 j=1
Since mly <A; < Mly wehavemlg <35, 0;®;(A;) < Mlg and

S 0®; (f(4)) - g (Sh ) 0;05(4)))
<o (h 00,4) — ag (Th @@(4))) < max {o()— ag(r)} 1x.

m<t<M

When we minimize this boundary over all operator concave function on [m, M] such that
¢ > f, we obtain the upper boundary in (4.20). O

Applying (4.20) to the power functions we obtain a generalization of (4.6) and (4.7) in
the same way we made it for k = 1 using Theorems 3.18 and 3.17.

Lemma 4.13 Let ®; c Pn[AB(H),B(K)], Aje %++(H) with Sp(Aj) C [m,M] and wj €
Ry be suchthat ¥X_, 0; =1(j=1,....k). If p € R then

k P p
0 (2 w;®;(A; ) 2 ®;(A7) <oy (2 w;® ) (4.21)
j=1 j=1
holds for
1 if —1<p<0orl<p<2,

K(h,p) if 0<p<l,
az{K(h,p) if p<Oorl<p,

{K(h7p)1 lf p<71 or 2<p7
o =

1 if 0<p<l,

where a generalized Kantorovich constant K(h, p) is defined as (2.79) in Definition 2.2:

Cweh (oD -\ M
K<h”’)‘<p1><h1>< o (b ) ) A
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Lemma 4.14 Let the hypothesis of Theorem 4.13 be satisfied. Then
P
Brlg < zw, <2w, ,) <PBilg (4.22)
holds for
if —1<p<0orl<p<2

(m,M,p) if 0<p<l,
_ JCmM,p)if p<0orl<p,
ﬁl - 0

C(I’I’lMp)lf p<-—1or2<p,
B =
C

if 0<p<l,
where C(m,M, p) is defined as (2.96):

1—nl-»
ClmM,p) == - 1){

h? —1 m’

ph—1)) 17 LM
1—nh ’ -

‘We have the following inequalities for power operator means on positive linear maps.

Theorem 4.15 Let ®; € Py[.4,, 4], Aj € 4, with Sp(A;) C [m,M] and w; € Ry be
such thatZI;:] wj=1(j=1,....k). If s €R, r <, then

LM (A;®,w) < M (A;®,w) < 0y M (A; D, w)
holds for same boundaries oy and o as in Theorems 4.4 (i)—(iv).

Proof. Desired inequalities follows from (4.21) in the same way as inequalities in
Theorems 4.4 follows from (4.6) for k = 1. O
Theorem 4.16 Let the hypothesis of Theorem 4.15 be satisfied. Then

Balk < M (A @, w) — M (A @, w) < By 1x
holds for same boundaries By and B, as in Theorems 4.7 (i)—(iv).
Proof. First we obtain the following inequalities in the same way we obtain inequalities

in Lemma 4.6 (a)—(d) for k = 1.
(a)If 1<r<s or r<-—1<s then

st oy + 716 < (5 oi7)

_ _r 1/r
Ay 004 + (1-4) GR) 7 1| i —1/2<5 < Ls#0,
(ZIJLI 0;P; (A})) W otherwise.
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b)If r<s<—1 or r<1<s then
- l/s 1/s
455 @psa7) - 1| > (Th, 0j(a))

. T /s

[ Sy @@ (A7) — L (1) (41) 7 14 if —1<r<1/2,r#0,

1/r
(2’;:1 a)j(IDj(A;-)) otherwise.

OIf —1<—-s<r<s<1,r#0 or —1<r<s<r/2<0 then

N K . 1r r r 1r
a4 043+ vik| = (M ) 1k < (S 0j05a7)
1/s
< (Sh 005049)) "+ (m M 1) 1
@ If —1/2<r/2<s<-r<1,5s#0 then
1/r

1/r

{MZ _10;®;(A §')+‘71K} —C(m"\M",}) 1x < (2 —1 0;P; (Ar)>

X . 1/r
< Wb @A)+ (1=1) (GR) ™ k] e (v b 1

M —m" Mm"—M"m®
MS—m* MS—m*

Further we obtain the desired inequality from these inequalities in the same way we
obtained inequalities in Theorems 4.7 from inequalities in Lemma 4.6 for k = 1.

In the above inequalities we denote (/I = ) and (\7 =

O

Remark 4.3 In the case when ®;, j = 1,...,k, are identity maps, by Theorems 4.15
1/r
and 4.16 we have inequalities for power matrix means M,[:] (Asw) = (Z/J‘-:l 0} jA;) ,re

R\{0}, where A; € 7,*" and w; € R such that 2’]‘-:1 wj=1(j=1,...,k). These results
are an extension of results from [168].

4.5 Chaotic order among power means

In this section, we study several properties of the weighted power mean of positive
invertible operators as an application.

Definition 4.1 For positive invertible operators A and B in 81" (H), we denote by A>> B
iflogA > log B and we call it the chaotic order.
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The chaotic order is based on the fact that logz is operator monotone on (0,c°), by
which it is weaker than the usual operator order >.

Let Aj € 27" (H) be positive invertible operators on H (j = 1,...,k) and ; € R be
such that 2];:1 ®; = 1. We define

1/r
(2’1;1 cojA;) if e R\{0},
F(r) = (4.23)

exp (i, @jloga; ) if r=0.
First of all, we discuss the monotonicity of the operator function F(r).
Lemma 4.17 The operator function F(r) is monotone increasing on the following in-
tervals, i.e. F(r) < F(s) for r <swith (i) r,s ¢ (—1,1), (ii) 1/2 <r <1 < s and (iii)

r < —1<s<—1/2. In addition F(r) is not monotone increasing on (0, 1] generally.

Proof. The first assertion follows if we put the identity map ®; forall j =1,--- ,k in
Theorem 4.15.
We give a simple counterexample to the second one as follows: Put

2 1\? 2 1)°

Then
F(1):1(A+B):(}j ;3)
and
()=t =G = (51
so that
F(l)—F(%) - ((1) é) 20

O

Moreover, if we put the identity map @; for all j = 1,--- ,k in Theorem 4.15, then we
have the following complementary inequalities to Lemma 4.17:

Lemma 4.18 Ifr,s € R, r <s, then
0 F(s) <F(r) < oyF(s)

holds for boundaries oy and 0y given in Theorem 4.15.

Next, we discuss it under the chaotic order.
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Theorem 4.19 The operator function F (r) is monotone increasing under the chaotic or-
der, i.e. F(r) < F(s) if r <s. In particular,

k
—limF(r) = ilogA;
s—lim (r) =exp (jzle 0g j)

Proof. Tt suffices to show that for r < s with ;s # 0

11 ka)Ar <11 ka)AS
—lo AT —1lo A
108 jZ:l 4| =508 P A

To prove this, the operator concavity of ¢ for r € [0, 1] is available. We first assume

0 < r < s. Then
k /s k
log (Z a)jA‘j‘-> > log (2 a)jA;> ,
j=1 j=1

and so log F(s) > log F(r). Next, if r < s < 0, then s/r € (0,1) and hence

k s/ k
log <Z a)jA;> > log (2 a)jA;) .
= =1

J

Noting s < 0, we have log F(r) < logF(s).
Now, we prove the second assertion. By the operator concavity of logz and the Krein
inequality # — 1 > logt, it implies that for any r > 0

k T 1 K
wjlogA; | = - wjlogA’ | < -log | Y w;A’
= " \j=1 r j=1
1 (& ko A1
Z a)jA; -1 = 2 ; J
= j=1 d
1

1
k
— 2 wjlogA;
j:

as r — +0. Therefore it follows that

INA
~

k
wjlogAj,
=1

r—-

X 1/r
s— lim log (2 a)jA;-> =
j=1

J

k 1r k
— lim w;A”; =e wilogA; | .
s rH+0<j21 J j) Xp(.l J g j)

j=

so that



134 4 POWER MEAN

On the other hand, it follows from the expression obtained above that for » > 0

X —1/r X -1
F(-r) = (Z a)jAj’> — exp ( ; logAj1>
j=1 =1

k
exp( a)jlogAj> .
j=1

j
Hence we have the second assertion, which says that s — lim;,_,o F () can be regarded as
F(0). Therefore, if r < 0 < s, then

F(r) < F(0) < F(s).
Consequently we have the monotonicity of F(r) under the chaotic order. O
Theorem 4.20 Let Aj € Bt (H) be positive invertible operators with Sp(A;) C [m, M)

for some scalars 0 <m < M and ®; € Ry such that 2’;:] wj=1(j=1,...,k). Denote
h:%. Ifr<s,rs € Rthen

A(h,r,s)'F(s) < F(r) (4.24)
where a generalized Specht ratio A(h,r,s) is defined as (2.97):

K(h’,“;’)l/s if r<s, rns#0,
A(h,r,s) = | Sien) (4.25)
eloghh?—1 r . —0<s= _ _
= = =p<s=0.
< h}l?ﬁ if r s=porr=p<s

Proof. We first show that for ,s € R\ {0}, r <,
log (A(h, r, s)*lF(s)) <logF(r).

We assume 0 <7 <s. Thenmly <A; <Mlg (j=1,...,k)impliesm*lg < le‘.:] a)jAj <
M*1y. By putting p = £ (0 < p < 1) in Lemma 4.3 and replacing A; by A%, we have

; k sk
K (h“7 E) (2‘1 (DJA;> < 21 COjA;.
J= J=

As the function f(#) = log? is operator monotone on (0,°) we have

Lk 1/s k
rlog | K (h“', 5) v (Z a)jA;) <log (2 a),-A?)
j=1 j=1

N

and so
log (A(h,r,s) "' F(s)) <logF(r). (4.26)
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where K (*,£) r A(hyrs)~ L.

Next, we assume r < s < 0. Then M" 1y SA; <m'lyg,(j=1,...,k)and so M" 1y <
2’;:] ;A" <m"ly. By putting p = 2(0< p<1)inLemma 4.3 and replacing A; by A",
we have

and so

log (K (h*, ;) I/SF(r)) > log F (s), 4.27)

where K (hr, %)l/s =A(h,r1,s).
Next, we assume r < 0 <s. If0 < —r<sorO0<s<-—r,weputp==orp=7in
Lemma4.3 (—1 < p < 0), respectively. Then we have

or

So we obtain

log F(r) > log <K (hs, f) v F(s)> , (4.28)

with K (1%, 2)"" = A(h,r,5)~", or

logF(s) < log <1< (h’,f)l/sF(r)> , (4.29)

7

with K (1", 2)"/* = A(h, r,5). Then the inequality (4.24) holds when r < s, r,s # 0.
At the end, if r — 0 in (4.26), then

A(h,0,5)"! F(s) < F(0).
Similarly, if s — 0 in (4.27), then
F(0) < A(h,r,0) F(r).

Then the inequality (4.24) holds when r =0 < sorr <s=0. O
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4.6 Notes

Alié, Mond, Pecari¢ and Volenec [1, 168] studied the power matrix mean: M,[{r] (A;w) =
1/r
(2’;:1 w,c;.) ,reR\{0}, where C; € #,+*, j=1,...,kand ©; € R: such that T_, ;=
1 and they obtained the complementary inequalities to the power matrix mean.
Additionally, Mond and Pecari¢ [149] observed the power operator mean: M, ,[:} (AX) =

1/r
(szIXjA;Xj) ,r € R\{0}. where A; € %, (H) with Sp(A;) C (0,e), j = 1,...,k and

X; € (H) are contractions, such that 2’;:1 X]’-*X 7 = 1p. They proved the monotonicity
of the power operator mean in an interval (i) [149, Theorem 2], and its converses in an
interval (ii) [149, Theorem 4]. They [168] obtained same results for matrix means same
type.

The results in Section 4.2 are due to [135] and the results in Section 4.5 are due to
[68, 166].

M.Fujii and Nakamoto [68] call F(0) = s— lim,_,o F (r) the chaotically geometric mean.
Further topics related to it are contained in [64] and [66].



Chapter

Operator means

In this chapter, we introduce the theory of operator means established by
Kubo and Ando associated with the operator monotone functions. Based
on several complementary inequalities to Jensen’s inequalities on posi-
tive linear maps, we study complementary inequalities to Ando’s inequal-
ities associated with operator means.

5.1 Operator means

The theory of operator means for positive (bounded linear) operators on a Hilbert space is
initiated by T.Ando and established by F.Kubo and T.Ando in connection with Lowner’s
theory for the operator monotone functions. Throughout this chapter, we use the capital
letter A, B,C, D as positive (bounded linear) operators on a Hilbert space.

Definition 5.1 A binary operation (A,B) € T (H) x 7 (H) — A 6 B€ B (H) in the
cone of positive operators on a Hilbert space H is called a connection if the following
conditions are satisfied:

(S1) monotonicity: A<Cand B<DimplyAc B<Co D,

(S2) upper continuity: A, | Aand B, | Bimply A,, 6 B, | A 6 B,

(S3) transformer inequality: 7"(A o B)T < (T*AT) o (T*BT) for every operatorT.

137
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An operator mean is a connection with normalized condition
(S4) normalized condition: 1y o 1y = 1p.

Here we denote by A,, | A a series of operators {A,}, A, € B;,(H) such that A} > Ay > ...
and A, — A in the strong operator topology for A € %;,(H).

Lemma 5.1 Ler ¢ be a connection. If T is invertible, then o satisfies the transformer
equality:

T*(A o B)T =(T*AT) o (T*BT). (5.1
In particular, © is positively homogeneous in the sense:
o(A o B)=(0A) o (oB) (5.2)

Sforall o > 0.
Proof. 1t follows from the transformer inequality (S3) that
T*"Y(T*AT) o (T*BT)}T~' < (T* 'T*ATT ") 6 (T"'T*BTT"')=A 5 B,

and hence (T*AT) o (T*BT) < T*(A o B)T. Therefore we have (5.1). Also, if we put
T = al/le for o > 0, then we have (5.2). O

Simple examples of operator means are the arithmetic mean, in symbol V,
AV B:= %(AJrB).
Left trivial mean @y and right trivial mean @, are by definition
Aw;B=A and A o B=B.
For invertible A, B, the parallel sum A : B is given by
A:B=(A"+BHL
The normalized parallel sum is called the harmonic mean, in symbol !

AIB:=2(A : B) = (%(A1+Bl))].

For invertible A, B, the geometric mean A f B is given by
1 1 1.1 1
AtB:=A2(A 2BA 2)2A2.
A positive linear combination of two connections is defined in a natural way. If 0,7
are connections and a, b are positive numbers, then the connection ac + b7 is defined by
A (ac+bt) B=a(A o B)+b(A 1 B).

Then the class of means becomes a convex set.

A partial order > between two connections is introduced in a natural way. ¢ > 7 means
by definition that A ¢ B > A 7 B for all positive operators A and B. Then an important
inequality is ! < # <V (see Theorem 1.27).

We investigate some properties of the parallel sum.
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Lemma 5.2 The parallel sum has the following properties.
(i) IfA,B,C,D € %" (H) are invertible and A < C, B< D, then A: B <C: D.

(ii) Let A,B € #"(H). If An,B, € B (H) are invertible and A, | A and B, | B, then
s—1im, Ay, : By exists. The strong limit does not depend on the choice of {A,}
and {B,}.

Proof. (i) Since A < C and B < D, we have A~! > C~! and B~' > D!, and hence
(A"'+B 1)~ <(Cc '+ D !)~!. Therefore it follows that A : B< C: D.

(ii) Suppose that A and B are invertible and A, | A and B,, | B. Since Sp(A), Sp(A,),
Sp(B), Sp(By) C [, B] where 0 < o < B < oo, we have A, ' +— A~! B!+ B! and
A7+ B, A7 + B! in the strong operator topology. Moreover, since Sp(A;, ! +
B, 1),Sp(A~'+B~1) C 27!, 2a7!], it follows that A, : B, — A : B in the strong operator
topology.

Suppose that A and B are noninvertible. If A,, B, € %1 (H) are invertible and A, | A
and B, | B, then {A, : B,} is monotone decreasing by (i) and {A, : B,} is bounded below
by 0. Hence it follows that s-lim;,_... A, : By, exists.

Next, we show that the strong limit does not depend on the choice of {A,} and {B,}.

!

Suppose that A, B, € 2" (H) are invertible and A}, | A and B,, | B. Since A, <A, +A,, —A
and B, < B, +B;n — Bforall n,m € N, we have

An:By < (Ay+A,—A): (B, +B, —B).
Since A, +A/m —A] A;n and B, + Blm —B| B;n as n — oo, as we see above, we have
! / ! /
(A,+A,—A):(B,+B,—B) | A, :B,,.
Therefore it follows that s—lim,, .. A, : B, < A;n : B:n and hence
s—1limA, : B, <s— lim A:l : B;.
n—o0 n—so0

By symmetry, we have
! /
s—limA,:B,=s—1limA,:B,.
n—soo

Nn—so0
By Lemma 5.2, for positive A,B € " (H) the parallel sum is given by
A:B= S*]i?(’)l(A‘i’SlH) ((B+elp).
€
The parallel sum for positive operators is characterized as follows.
Lemma 5.3
((A: B)x,x) = inf{(Ay,y) + (Bz,2) : y,z € H,y+ 2= x}

for ever vector x € H.
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Proof. If A and B are invertible, then

A:B={B Y A+BA '} '={(A+B)—B}(A+B)"'B
= B-B(A+B)'B.

Therefore we have

(Ay,y) + (B(x—y),x—y) — ((A: B)x,x)
= (Bx,x)+ ((A+B)y,y) —2Re(Bx,y) — ((A: B)x,x)
= (B(A+B)"'Bx,x) + ((A+ B)y,y) — 2Re(Bx,y)
I(A+B)~"/2Bx|* +|(A+B)"/?y|?
—2Re((A+B)~'?Bx,(A+ B)'/?y)

>0

for every vector x,y € H, where Rez = (z+72)/2 is a real part of a complex number z. If
we put y = (A + B) ' Bx, then the above expression is equal to 0 and hence we obtain this
Lemma in the case that A and B are invertible. Next, for positive A, B, we have

((A:B)x,x) = git;f)(((A—i—elH) :(B+e€lg))x,x)
= infinf{ (A €lu)y) + (B +elp)(x—).x )}

= irylf{(Ay,y) +(B(x—y),x—y)}.

Lemma 5.4 The parallel sum A : B is a connection.

Proof. (S1) of Definition 5.1 follows from (i) of Lemma 5.2. For (S2), suppose that
A, |Aand B, | B. Since A: B <A, : B,, we have A : B <s—1limA,, : B,. Also, since
An B, < (A,+¢€ly): (B, +¢€ly) forall € > 0, it follows from (ii) of Lemma 5.2 that
s—1limA, : B, < (A+¢€ly): (B+¢€ly) and hence s—1limA, : B, < A : B. Therefore we
have A, : B, | A:B.

Finally we show (S3). If y 4+ z = x, then it follows from Lemma 5.3 that

(T*(A:B)Tx,x) = ((A:B)Tx,Tx)
< (ATy,Ty)+ (BTz,Tz)
= (T*ATy,y) + (T*BTz,z)

and hence T*(A: B)T < (T*AT) : (T*BT) for every operator T. Therefore the parallel sum
satisfies the transformer inequality. Thus, the parallel sum is a connection. O

Now, we state the principal result in the Kubo-Ando theory.
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Theorem 5.5 (KUBO-ANDO THEOREM) For each connection o, if we put
f(t)ll-[:lHG(tlH) (IZO), (5.3)

then f(t) is a nonnegative number and f(t) is operator monotone on [0,00). Then the
following assertions hold.

(i) Amap o+ f establishes a one-to-one afine isomorphism between the class of connec-
tions and the class of nonnegative operator monotone functions on [0, ). Moreover,
amap o — f preserves the order in the sense

AoyB<AoB (AL BE#H (H) <+ filt)<f(t) (t>0).
(i) If A is invertible, then
AGB:A%f(A’%BA’%>A%. (5.4)

(iii) A connection G is an operator mean if and only if f is normalized in the sense f(1) =
1.

Proof. Let ¢ be a connection. Firstly we show that if a projection P commutes with
positive operators A and B, then it commutes with A ¢ B and

(AP 0 BP)P = (A 0 B)P. (5.5
Since commutativity implies
PAP=AP<A and PBP =BP <B,
it follows from (S1) and (S3) that
P(A o B)P < (PAP) ¢ (PBP)
= (AP

) o (BP)
< AoB.

Then the operator A ¢ B— P(A ¢ B)P is positive and
2
({A 6B-PAc B)P}%P) =P(Ac B—P(A G B)P)P=0.

Therefore we have .
{AcB—P(Ac B)P}2P=0

and hence
(Ao B)P=P(A o B)P,

which implies the commutativity of P and A ¢ B. Analogously P commutes with (AP) ¢ (BP).
These together prove (5.5).

Now, since 1y and #1y commutes with all projections for every # > 0, so does the
operator 1y ¢ (t15), and hence 1y o (¢1p) is a scalar. Thus (5.3) determines a nonnegative
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function f on [0,0). It follows from (S2) that f(#) is right continuous on [0,e). By the
positively homogenity, we have 1~ f(t)1y = (t"'1y) o 1y (t > 0). Hence f(¢) is left
continuous on (0, o) by (S2). Therefore it follows that f(z) is continuous on [0, ).

Let us show that f is operator monotone. In the case of

A:ztjEjSB:zSiFiy
J i

where {E;} and {F;} are decomposition of the unit 15 and #;,s; > 0, it follows from (5.5)
that

lyoA = z<1H GA)EJ'ZZ(E] O'AEJ')EJ'

J J
= D(Ej o (LiE)Ej =3 (1n 0 tj1n)E;
J

= 2 f)E; = f(A)

J

and similarly 1 o B = f(B). Since every positive operator A can be approximated uni-
formly by simple functions A, with A, | A, it follows from (S2) that

lgoA=s—1lim ly 6 A, =s—lim f(4,)= f(A).

n—oo Nn—o0

Therefore A < B implies
flA)=1g 6 A<lyocB=f(B)

and hence f is operator monotone.
For invertible A, we have

=

AGB = A? (1H GA*%BA*%>A

- A%f<A’%BA’?)A§.

Also, 1y 6 1y = 1y implies f(1) = 1 and so we have (ii) and (iii).
It remains only to prove that every operator monotone function is obtained in the form
(5.3). Take an operator monotone function f with integral representation

f(t):a+bt+/(ow)t<t1j;)dm(l),

where a = m({0}) and b = m({}). Recall that A : B is the parallel sum of A and B.
Define a binary operation ¢ by

AoB=artoBs [ #{(AA) . BYdm(A).
0,00

All|llB
AA) B < (AA|1g) : (|[Blla) = o7 |
( ) _( || H H) (H || H) ||A|M+HB|| H
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implies
1+2 [A[[[B][(1+2)
——||(AA):B|| < =1~
R Y ]
and hence A ~!(1+ A){(AA) : B} is uniformly bounded for A > 0. Therefore A ¢ B €
%" (H). Since the parallel sum and trivial means satisfy conditions (S1), (S2) and (S3) by

Lemma 5.4, the operation o satisfies (S1) and (S3). For (S2), if A, | A and B,, | B, then
(AAp) : B, | (AA) : B and by the monotone convergence theorem in the integral theory

lim ((A, 0 By)x,x)

n—oo

= ’}Erolo (a(Anx,x) + b(Bpx,x) +/(O7w)(((7LAn) :Bn)x,x)dm(l))
= a(Ax,x X, X AA) @ B)x,x)dm(A

(Axx) +0(Brx) + [ (A4) : Bpxx)dm(2)
= ((A o B)x,x).

Hence we have A,, 0 B, | A 0 B and o is a connection. Finally forz > 0

t(1+1)
g ol :a+bt+/ dm(L) = f(1).
HOly 0y [T A (A) = 1)
Thus the function f is obtained from the connection ¢. This completes the proof. O

Here the operator monotone function f produced from a connection ¢ by (5.3) is called
the representing function for ¢. In this case, notice that a function f > 0 on [0,) is
operator monotone if and only if it is operator concave (see Corollary 1.14).

The representing functions of left trivial mean @; and right trivial mean @, are 1 and
t, respectively. The representing functions of the arithmetic mean V, the harmonic mean !
and the geometric mean £ are as follows:

1+t . .
= —— for the arithmetic mean V.

fo(t)
H@) = 2 for the harmonic mean !

‘ 141

fi(t) =/t for the geometric mean f.

Then fy(r) > f;(t) > fi(z) implies the arithmetic-geometric-harmonic mean inequality V >
g =1
Notice that every representing function f of an operator mean o satisfies

1 for0<r <1,
t fort > 1.

t < f(t)
1< f(r)

<
<

In fact, the derivative /(1) is not greater than 1 since f is a nonnegative and concave
function with f(1) = 1. Moreover f(1) > 0 since f is monotone nondecreasing. Then
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the required inequalities are obtained by using nonnegativity, monotonicity and concavity
again.

By the theory of the operator mean, we can show the following Hansen’s theorem (see
Theorem 1.9):

Theorem 5.6 (HANSEN’S THEOREM) [If f is a nonnegative operator monotone function
on [0,0), then
C* F(A)C < f(C*AC) (5.6)

for every contraction C and every positive operator A.

Proof. By the Kubo-Ando theory, for a nonnegative operator monotone function f,
there exists an operator mean & such that f(¢) = 1y 0 ¢1y. Then the transformer inequality
(S3) implies

C*f(A)C =C*(1y 6 A)C < (C*C) 6 (C*AC) < 1y 6 C*AC = f(C*AC).

Here we state some properties of operator means:
Theorem 5.7 Every operator mean o is subadditive:
AocC+BoD<(A+B)o (C+D)
and jointly concave:
AMAcC)+(1—-A)(Bo D)< (AA+(1—-A)B)c (AC+(1—A)D)
for0< A <1.

Proof. By the upper continuity of o, we may assume that the above positive operators
are invertible. Put

X =A2A+B)""? and Y =B"2A+B)"'/?
V=A""2cA""? and W=B'?DB"'/2

Since X*X 4+ Y*Y = 1y, it follows that ()}f 8) is a contraction. For the representing

function f for an operator mean o, it follows from Theorem 5.6 (Hansen’s theorem) that
X f(V)X+Y*f(W)Y O X 0" Vo X0
0 vo) {low)){yo

(59 D)

0

0

< fX*VX +Y*WY) >
0 £(0)

IN
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Thus we have X*f(V)X + Y*f(W)Y < f(X*VX 4+ Y*WY) and consequently
AGC+Bo D = (A+B)*{(X*XoX*VX)+ (Y'YoY*'WY)}(A+B)'/?
= (A+B)' (X (V)X +Y F(W)Y)(A+B)'?
< (A+B)'2f(X*VX +Y*WY)(A+B)'/?
= (A+B)"*(1y o (X*VX+Y*'WY)(A+B)'/?
— (A+B) o (AY?vAlY/2 4 B'/2wB!/2)
= (A+B)o (C+D)
Since o is positively homogeneous, we have the jointly concavity:
AMAcC)+(1-A)(Bo D) = (AA) o (AC)+(1—A)Bo (1—A)D
< (AA+(1—-A1)B)o (AC+(1—A)D).
O
Ando showed the following property of a positive linear map in connection with an

operator mean. If @ is a normalized positive linear map in Py[%(H), Z(K)], then for any
positive operators A and B

DPAEB) <D(A)t®PB) and D(A!B) < D(A)! D(B). 5.7

It is considered as a natural extension of Remark 1.1 and (i) in Theorem 1.17
DA) < D)z and DA) <d@A) (5.8)
by putting B = 1g in (5.7). The inequality (5.7) is extended to an operator mean as follows:

Theorem 5.8 If ® is a normalized positive linear map in Py[B(H),A(K)), then for
every operator mean

®(A o B) <®(A) o D(B). (5.9
Proof. Suppose that A is invertible. Then so does ®(A). Define a map
PY(X) = D(A) I D(AZXAT)D(A) 2.

Then ¥ is a normalized positive linear map. So we have by Theorem 1.20 (Davis-Choi-
Jensen’s inequality)

Y(f(X)) < F(¥(X))
for every operator concave function f on [0,). Let f be the representing function for &
and by Corollary 1.12 f is operator concave. Therefore it follows that

®(A o B) = cb(A%f(x)A%)

I/\
E§§
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for X = A~1/2BA71/2,
Suppose that A is not invertible. Since ||®(A+€ly) — P(A)|| = ||e®(1x)|| =€ — O as
€] 0,wehave ®(A+¢ely) | ®(A) as € | 0. As we proved in the preceding paragraph,

DA B) < O((A+ely) o B)
< ®(A+¢€ly) o O(B),

and let € — 0, we have (5.9). O

Let o be an operator mean with representing function f. Then it follows that f > 0
on (0,0). In fact, suppose that there is & > 0 such that (o) = 0. Since f is monotone
increasing, we have f() =0 for 0 <7 < o and hence f = 0 because f is concave. This
contradicts the fact f(1) = 1. Therefore, the functions f(t~')~!, ¢/f(¢) and ¢ f(¢t~') are
operator monotone on [0,). Hence we can define the adjoint, transpose and dual of a
given operator mean as follows:

Definition 5.2 Let 6 be an operator mean with representing function f.

(i) The operator mean with representing function f (fl)’1 is called the adjoint of
and denoted by c*. Formula (5.4) gives an explicit form to the adjoint

Ac*B=(A"oB")"  forinvertible A and B.

(ii) The operator mean with representing function t f(t ') is called the transpose of &
and denoted by 6°. Formula (5.4) gives an explicit form to the transpose

Ac"B=Bc A for every A and B.
An operator mean G is called symmetric if ¢ = c°.

(iii) The operator mean with representing function t/f(t) is called the dual of ¢ and
denoted by .

The adjoint formation is involutive, (6*)* = 0. The adjoint mean of the arithmetic
mean is the harmonic mean, i.e. V* =! and the geometric mean are selfadjoint, i.e. (§)* = 1.
The dual formation is involutive, (6)* = o, and it follows that

Gl _ (O.O)* _ (0'*)0 and GO _ (G*)L _ (O'L)*.

We have the weighted means correspondent to above means: the weighted arithmetic
mean V,, the weighted harmonic mean !, and the p-power mean (the weighted geo-
metric mean) defined for 0 < p < 1:

AV, B := (1—p)A+pB, »
Al,B = (1-pA~'+pB 1),

p
At,B = A} A*%BA*%) Al

Then it follows that (£,)° = #;_, and (f,)* = f,.
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Finally, Mond et al. studied inequalities for mixed operator means and mixed matrix
means in 1996-1997 (for example see [153], [157], [1]). A simple inequalities of this type
are:

Aty (AV, B)>AV, (At B),
Al (AfuB)>At, (Al B), (5.10)
Aly (AVyB)>AV, (AlyB),

where A,B € %" (H) are invertible and A, 1 € (0,1).

5.2 Relative operator entropy

In this section, we introduce the relative operator entropy defined by Fujii-Kamei and show
the entropy-like properties.

Nakamura and Umegaki extended the notion of the entropy formulated by J.von Neu-
mann and gave the operator entropy by —AlogA for a positive operator A on a Hilbert
space H. Also, Umegaki introduced the relative entropy as a noncommutative version of
the Kullback-Leibler entropy, which is given by the trace of AlogA —AlogB, i.e.

7(AlogA — AlogB)

for positive operators A, B affiliated with a semifinite von Neumann algebra.
J.I.Fujii and Kamei introduced the relative operator entropy which is a relative version
of the operator entropy defined by Nakamura-Umegaki:

Definition 5.3 For positive invertible operators A and B, then the relative operator en-
tropy is defined by

S(A|B) = Az (logA’%BA’%>A%. (5.11)
Generally S(A|B) = s — limg_, 1 0S(A + €1y|B) if it exists.

For the entropy function 1(¢) = —tlogt, the operator entropy has the following expres-
sion:
N(A) = —AlogA = S(A[1x) > 0 (5.12)

for positive contraction A. This shows that the relative operator entropy (5.11) is a relative
version of the operator entropy.
Now, we give variational forms of (5.11).

Lemma 5.9 If A and B are positive invertible, then
1 1o 1\ 1
S(A|B) = —A? (logAZB Az)Az, (5.13)

and

S(A|B) =B (B*%AB*2>B%. (5.14)
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Proof. The formula (5.13) is obtained by log(1/¢) = —log?. Since X f(X*X) = f(X X)X
by Lemma 1.7, applying it for X = A%B’%, we have

1 Lo 1\ L
S(A|B) = —A? <logAZB Az)Az

as desired. O

The above lemma says that if B is invertible, then one can define S(A|B) by (5.14) even
if A is not invertible. Thus, considering the operator monotonicity with respect to B, we
redefine the relative operator entropy as follows.

Definition 5.4 For positive operators A and B, then the relative operator entropy is de-
fined by

BI—

S(A|B)=—s—1ir%A% (logAZl(B—i—slH)"A%)A (5.15)
E—
if the strong limit exists.

Furthermore, if A and B commute, then

S(A|B) = —AlogA + AlogB

if the strong limit exists. The relative operator entropy for noninvertible positive operators
does not always exist. In fact, S(1g|ely) = (loge)ly is not bounded below and hence
S(1x|0) does not make sense. However, if B majorizes A in the sense of Douglas, i.e.,
AA < B for some positive number A, then S(A|B) always exists. But the majorization
is only a sufficient condition to the existence. For example, even in a commutative case
B = A?, B cannot majorize A but S(A|B) exists:

S(A|B) = —AlogA+AlogB = —AlogA + 2AlogA = AlogA.
Now, we characterize the domain of the relative operator entropy.

Lemma 5.10 The strong limit of S(A|B+ €ly) as € | 0 exists if and only if H(o) =
oB — (loga)A is bounded below for o > 0.

Proof. For € >0, put X = (B+¢ely)~'/?A(B+&ly)~'/2. Suppose that S(A|B) exists.
Since n(¢) = —tlogt is concave, the tangent line G, of 1(¢) at o is

Go(t)=—(loga+1)t—o)+n(a) = —(loga+ 1)t 4+ o > n(t).
It follows that
S(AIB) < S(A|B+¢ely) = (B+elg)*n(X)(B+ely)'/?

<
< (B+¢elp)'2Go(X)(B+¢ely)'? = —(logat+ 1)A+ a(B+£lp),
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hence we have S(A|B) < aB — (log o)A for all o > 0.

Conversely, suppose that B — (log o)A is bounded below for o > 0. Then there exists
a negative number ¢ with

c(B+ely) < —(logo+1)A+a(B+ely) = (B+ely)/?Go(X)(B+ely)'/?

Therefore, ¢l < Gy (X). Then the inequality cly < infy~0Gg(X) = n(X) implies that
c(B+ely) < S(A|B+¢€lg), hence S(A|B+ €lp) is bounded below. O

Now we show that the relative operator entropy has many desirable properties like
operator means under the existence.

Theorem 5.11 The relative operator entropy S(A|B) has the following properties.
right monotonicity) : B <C implies S(A|B) <S(A|C).
right lower continuity) : B, | B implies S(A|B,) | S(A|B).

homogenity) :  S(aA|oB) = aS(A|B) for a > 0.
transformer inequality) : T*S(A|B)T < S(T*AT|T*BT) for every operator T.

o~ o~ o~ o~

Proof. Since f(t) = logt is operator monotone, the formula (5.11) implies the required
monotonicity. The homogenity is clear by (5.11).
Next, we show the transformer inequality. Since S(A|B) exists, as we show in Lemma 5.10,
we have
S(A|B) < aB— (logo)A for all o > 0.

Raising both sides to operators 7* and 7', we have
T*S(A|B)T < aT*BT — (loga)T*AT

for or > 0 and hence it follows from Lemma 5.10 that S(T*AT|T*BT) exists. By using
Theorem 5.18, we have

T*AT o T*BT — T*AT

S(T*AT|T*BT) = s— lim

a—0 o
T"(Aty B—A)T
a—0 o
— T*S(A|B)T,

since the geometric mean f, satisfies the transformer inequality (S3).
1
Finally, we show the right lower continuity. Suppose that B is invertible. Then B; | B2
B |
andC, =B, ?AB,> — C= B 2AB ) strongyly, so that

S(A|By) = BEn(G,)BZ | B¥n(C)BY = S(A|B)

by the continuity of 1 and the right monotonicity of S.



150 5 OPERATOR MEANS

Next, suppose that B is not invertible. Since S(A|B) < S(A|B,+1) < S(A|B,), we have

0 < S(A[B,) — S(A[B)
= S(A|Bn) — S(A|By+ 61p) + S(A|By+ 61n) — S(A|B+ 81p)
+S(A|B+61y) — S(A|B)
< S(A|B,+81y) — S(A|B+81y) + S(A|B+ 81y) — S(A|B).

Since S(A|B+d1y) | S(A|B) as § | 0 by definition, for € > 0 and a unit vector x € H, we
can choose § > 0 such that 0 < ((S(A|B+ 61y) — S(A|B))x,x) < §. Moreover, for this &,
there exists ng such that n > ng implies 0 < ((S(A|B, + 61y) — S(A|B+d1p))x,x) < § by
the above invertible case. So we have

< ((S(A[By) — S(A|B))x, x)
< ((S(A|B +61ly)—S(A|B+01p))x,x) + ((S(A|B+ 611) — S(A|B))x,x)
2+§:
Therefore we have S(A|B,) | S(A|B). a
The upper boundaries of the relative operator entropy is always guaranteed.

Theorem 5.12 The relative operator entropy is upper bounded:

S(A|B) < —AlogA +Alog||B|,
S(A|B) < B—A.

Proof. By the operator monotonicity, we have
S(A|B) < S(A[||B]|) = —AlogA +Alog||B].
It follows from the Klein inequality logr <7 — 1 that
1 1 1 1
SQHB)::A7<kgA’7BA’7)A7

< A% (A*%BA’% —1H)A% =B—A.

By Theorem 5.12, we have a simple condition that S(A|B) is negative.
Corollary 5.13 IfA > B, then S(A|B) < 0.
Corollary 5.14 For positive operators A,B with A > B, S(A|B) =0 if and only if A = B.

Proof. Suppose that S(A|B) = 0. Then it follows from Theorem 5.12 that 0 = S(A|B) <
B — A <0, which implies A = B. Conversely, we have S(A]A) = AlogsuppA = 0, where
suppC is the support projection of C. O

In addition, the relative operator entropy has entropy like properties.
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Theorem 5.15 The relative operator entropy is subadditive.
S(A+B|C+ D) = S(A|C) + S(B|D).

Proof. We may assume that both C and D are invertible. Put X = C'/>(C + D)~'/2 and
Y = D'2(C+D)~"/2. Since X*X +Y*Y = 1y, it follows from Theorem 1.9 that

S(A+B|C+D) = (C+D)"*n((C+D)""*(A+B)(C+D)"/?)(C+D)"/>
=(C+D)'*nx*c'?ac™"?x +y* D '?BD~/?Y)(C+ D)'/?
> (C+ D)2 (X*TI (C’I/ZAC’W)X—H’*n (D"/ZBD’1/2> Y) (C+D)?
:Cl/Zn (Cfl/zAcfl/Z) C1/2+Dl/2n (D*I/QBD*W) pl/2
= S(A|C) + S(B|D).
O

Theorem 5.16 The relative operator entropy is jointly concave. If A = tA; + (1 —1)A,
and B=1B1+ (1 —1)B, for 0 <t < 1, then

S(A[B) > tS(A1[B1) + (1 —1)S(A2|By).
Proof. By subadditivity and homogenity of the relative operator entropy, we have

S(AIB) = S(tA1+ (1 —1)As)iBy + (1 —1)By)
> S(l‘A]|l‘B])+S((1 72‘)A2|(1 7[)32)
= 1S(A1|B1)+ (1 —1)S(Az]|By).

O
The relative operator entropy has informational monotonicity.
Theorem 5.17 Let ® € Py[#A(H), B(K)| be a normalized positive linear map. Then
D(S(A|B)) < S(@(A)|D(B)). (5.16)

Proof. Suppose that B is invertible. Then so does ®(B). Define a normalized positive
linear map by

®p(X) = ©(B) 20 (BI/ZXBI/Z) @ (B)"1/2.
So we have by Davis-Choi-Jensen’s inequality ( Theorem 1.20)
®4(F (X)) < F(@p(X))

for every operator concave function F on (0,c). Then it follows from Lemma 5.9 that

®(S(A[B)) = @ (31/217 (B*‘/ZAB”/z) Bl/z)

— o(B)20y (n (B*1/2A3*1/2>) ® (31/2>

@(B)/*n (ch (B’I/ZAB’m)) @ (31/2>
= S(®(A)|D(B)).

IN
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We prove (5.16) in the same way in the proof of Theorem 5.8 if B is not invertible. O

Finally, we discuss the relation between the relative operator entropy and the rela-
tive entropy which introduced by Umegaki and developed by Araki, Uhlmann and Pusz-
Woronowicz.

Now we recall the relative entropy S(¢|y) for states @, y on an operator algebra.
Derived from the Kullback-Leibler information ( divergence):

k ) P1 q1
2 pjlog Pi for probability vectors p = | andg=|[ :
J= 9 Dk qk

Umegaki introduced a relative entropy S(¢|y) for states @, Y on a semifinite von Neumann
algebra, which is defined as

S(e|ly) = 1(AlogA — AlogB)
where A and B are density operators of ¢ and y respectively, i.e.,
o(X)=1(AX) and wy(X)=1(BX).

Araki generalized it by making use of the Tomita-Takesaki theory, Uhlmann by the quadratic
interpolation, Pusz-Woronoxicz by their functional calculus. These generalization are all
equivalent. The quadratic interpolation QI,(p,q) for seminorms p(x) = (Ax,x)'/? and
g(x) = (Bx,x)'/? is the seminorm defined by A #, B for commuting A and B:

OL(p.q)(x) = (A tiBx,x)?. (5.17)

Uhlmann’s relative entropy is based on the interpolation theory of positive linear forms.
For positive linear forms ¢, y on a unital x—algebra .o, put a sesquilinear form

(x,y) = o) + y(yx). (5.18)

Let x — x° be the usual map from .o/ to 2 which is the Hilbert space with the linear
product corresponding to (5.18). Then there exists derivatives A, B on ¢ with

(Ax?,)?) = @(xy") and (Bx,y") = y(y"x).

It follows from (5.17) that A and B are commuting positive contraction with A+ B = 1.
In this situation, Uhlmann’s relative entropy S(@|y)y is expressed by

A, B—A
S(o|ly)y = —1iminf<ﬁt710, 10) .
t—0 t
According to this definition, we can construct S(A|B) by a similar way.
Theorem 5.18 The relative operator entropy S(A|B) is constructed by Uhlmann’s way.

Afg B—A
S(A|B) = sflimﬁti.
t—0 t
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Proof. For invertible A, put X = A"2BA~2. Since lim,_,o "% =logx, we have

X1
A? (slim H>A% —A
t—0 t

BIf—
BI—

(logX)Az = S(A|B).

O

Hiai and Petz discussed a bridge between the relative entropy and the relative operator
entropy. Note that if the density operators A and B commute, then

S(olw) =S(ely)u = —1(S(A|B)).
They showed that
S(oly) > —7(S(A]B))
for states on a finite dimensional C*-algebra.

5.3 Interpolational path

In this section, we study an operator version of Uhlmann’s interpolation. We recall that an
operator mean o is symmetric if A 0 B =B ¢ A for all positive operators A and B. For a
symmetric operator mean o, a parameterized operator mean oy is called an interpolational
path for o if it satisfies

(DAoyB=A, Aci;B=AcB and AciB=B
(2)(Ao,B)oc (Ao;B)=A Opsa Bforall p,q €[0,1]
(3) the map 7 € [0,1] — A o; B is norm continuous for each A and B.

Typical interpolational means are so-called power means;

1+ (A*%BA*%Y
2

Am, B=A? AT forre[-1,1]

and their interpolational paths are
1
™ 7
Ay B=A? (1—r+t(A*%BA*%) ) A fort€[0,1].
Foreach r € [-1,1],Am,; B (t € [0,1]) is a path from A to B via A m, B. In particular,
Amy,B=AV,B=(1—1)A+1B,
1
Amo, B = At B=A? (A’%BA’%> a3

Am_1;B=AYB=(1-0)A" ' +B~1)"L.
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They are called the arithmetic, geometric and harmonic interpolations respectively.
Here generally, for positive invertible operators A and B on a Hilbert space H, we define
a norm continuous path of positive invertible operators A m,; B by

1
™
AmmB:A%(l—tH(A*%BA*%)) Ab

for all real numbers r € R and 7 with 0 <7 <1 as an extension of m,,. We also define the
representing function F,; for m,; by

L
Fr,t(x)zlmr,tx: (I—t+2x")r forall x> 0.

Then we have 1 1 | 1
Amp B =AF, (A’?BA’?)A?.

First of all, we see the convexity for representing functions.

Lemma 5.19 Every function Fy;(x) is strictly increasing and strictly convex (resp. strictly
concave) forr > 1 (resp. r < 1).

Proof. Tt is increasing since

d L
d—Fr,t(X) =1 (1 —t—l—txr)l" >0 forte (0,1)
X

Moreover the latter part is shown by

d? o
T Fa() =12 (1 ) (= 1) (1 — 1200,
—=F

The adjoint for m,; and F,; are as follows.
X -1 -1 1 [T A S
Aml, B=(A"m, B')" =ATF, (AZB A2> A2
and

C Fu(d)

Since F}; = F_,;, it follows that this operation preserves the operator monotonicity, so that
the above lemma shows that £, cannot be operator monotone for |r| > 1.

Theorem 5.20 The inequality |r| < 1 is the equivalent condition that m,; is operator
mean, or equivalently F; is operator monotone.

Proof. Every function F,; for r > 1 cannot be operator monotone since it is strictly
convex. Though F;; is concave for r < —1, it cannot be either. In fact, if it is operator
monotone, then so is a convex function Frf} = F_,;, which is a contradiction. O
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Theorem 5.21 Foreacht € (0,1) a path A m,; B is nondecreasing and norm continuous
forreR: Forr<s
Amy B<Amg,; B.

Proof. By Lemma 5.19, for r < s F;(x) < Fy,;(x) implies
Amy B=AYF, (A72BA™E) A3 <AbF, (A3BAT)AY A m,, B.
O

The transformer equality makes operator means easy to handle. Though A m,; B is no
longer an operator mean in general, the transformer equality also holds unexpectedly.

Lemma 5.22 [f X is an invertible operator, then
X*Fy(Y)X =X*X my; X*YX
for all real numbers r € R.
Proof. For the unitary U in the polar decomposition of X = U|X|, we have
X*X my, X*YX = |[X|F,(1X|7'X*YX|X| ) |X| = [X|F,(U*YU)|X|
| — XU Fu(Y)U|X| = X*F,y (Y)X.

O
Theorem 5.23 The transformer equality holds for m,; for all real numbers r € R.
Proof. For invertible X, the above lemma implies
1 1 1 1
X*(A my, B)X = X*AZF,, (A’EBA’E) AZX = X*AX my, X*BX.
O

Theorem 5.24 A path A m,; B is interpolational that

(A myp B) myy (Amypg B) =Am, (1 B

ptiq

for all real numbers r € R and 0 < p,q,t < 1. In particular, the transposition formula
holds:
Bmy,, A=Am;_; B.

Proof. Since
Frq(x) (1 _ n/rfq_ l—q+qx’ r
Fp(x)Fyy (an(x)) =(1—-p+px) L—1+t¢ T—
= (L=0)(1=p+p¥) +1(1=q+a)"" = F 1) pisgl),

we have the required result by the transformer equality. The transposition formula is the
case forp=1and g =0. m|

We investigate estimates of the upper boundary for the ratio between extended interpo-
lational paths m,, by terms of a generalized Specht ratio.
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Theorem 5.25 Let A and B be positive invertible operators on H such that M1y > A, B >
mly > 0 for some scalars M > m > 0. Put h = 1:'—'11 Then forr < sandt € (0,1)

Amg; B<A(h,r,s) Amy; B,
where a generalized Specht ratio A(h,r,s) is defined as (2.97) in § 2.7.

Proof. Let C be a positive invertible operator on H satistying M1y > C > mlg > 0.
Then it follow from Theorem 2.61 that

(1—141C)"* < max A(x,r,s)(1 —t+1C")'/"

— m<x<M

for all » <s and ¢ € [0,1]. Since the maximum of A(x,r,s) in x € [m,M] is given by
max{A(m,r,s),A(M,r,s)} by Theorem 2.62, we have

(1 —141C)"* < max{A(m,r,s),AM,r,s)}(1 —1 +1C")/"

Since 0 < mly < A,B < M1y, we obtain %1;, < A*%BA*% < hly. Replacing C by
A~2BA~7 in above inequality, we have for ¢ € [0, 1]

(1 4t (A*%BA*%>S)1/S < A(h,r,s) (1 —t+t (A*%BA*%)r> .

since A (+,7,5) = A(h,r,5) by Theorem 2.62. Multiplying both sides by A!/2, we have
Amg; B<A(h,r,s)Am; B
forr <s. O

We investigate the order relation between the arithmetic mean, the geometric one and
the harmonic one:

Corollary 5.26 Let A and B be positive operators on H such that M1y > A,B>mly >0
for some scalars M > m > 0. Put h = % Then forr <0 <sandt € (0,1)

S(h)VSAmg, B<At, B<S(h) "V "Am,, B,
where the Specht ratio S(h) = S(h, 1) is defined as (2.74) in § 2.6.

In particular,
S(h)'AV,B<A# B<S(h)A !, B.
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5.4 Converses of Ando type operator means
inequalities

In this section, applying the Mond-Pecari¢ method to normalized positive linear maps, we
show several complementary inequalities to Jensen’s inequality on positive linear maps
and consequently obtain complementary inequalities to Ando’s inequality (Theorem 5.8)
associated with an operator mean.

Throughout this section, we assume that 0 < m; < M; and 0 < my < M,. First we start
with an extension of Theorem 5.8:

Lemma 5.27 Let ® € P[#A(H), B (K)]. Suppose that operator means ¢ and T have rep-
resenting functions f and g respectively. Then the following statements are mutually equiv-

alent:
(i) ®(A o B) <®(A) T ®(B) forevery A,Bc B (H).

(i)  ©(f(A) <g(®(A)) forevery AecHT(H).
(iii) f<g on0,00).

Proof. Tt is sufficient to prove that (ii) implies (i). We consider the map ¥ by

Nl—=

Y(X) = D(A) " ID(ATXAT)D(A) 2.

Since ¥ € Py[#(H ), #(K)), it follows from the assumption of (ii) that
W(f(A"2BA"7)) < g(¥(A~2BA~7)). Then we have

®(A G B) = cb(A)%\P(f (A*%BA*

-
~—
~—
&
>
Naw
=

A
&
=

O

Remark 5.1 If we put ¢ = 7 in Lemma 5.27, then we have Theorem 5.8, because the
representing function f = g is operator concave.

Since the representing functions f and g have no order relation, it follows that ®(A ¢ B)
and ®(A) T ®(B) have no relation to the operator order generally. Thus we apply Lemma 5.27
to consider the following complementary theorem:

Theorem 5.28 Suppose that operator means 6 and T have representing functions f and
g respectively, which are not affine. Let ® € P[B(H),B(K)|, A,B € B" (H) with Sp(A) C
[m1,M1), Sp(B) C [my,M;] and m = my /My, M = M, /my. Then for a given o € R

(A 6 B) > ad(A) T D(B) + fD(A), (5.19)
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where B = B(m,M, f,g,0) = lsto+ vy — aglt,) and t, € [m,M] is defined as the unique
solution of g'(t) = g/ ot when g' (M) < us/o < g'(m), otherwise t, is defined as M or m
according to lp/oe < g'(M) or g'(m) < s/t

Proof. As in Lemma 5.27, we consider a map W € Py[#(H ), #(K)] given by W(X) =
DA)~ ' (A%XA %> (I)(A)*% . Since the representing functions f, g are nonnegative oper-
ator concave functions, it follows from Theorem 2.4 that for £ = 1 and a given o > 0

¥ (f (A*%BA*%)) > g (T (A*%BA*%» +Bly
holds for B = B(?2, M ¢ o o) defined as it was in Theorem 2.4. Therefore we have

My my

(A 6 B) = cD(A)%\P(f (A*%BA*%))(I)(A)%

=

> @A)} (ag (WA 1BA)) +B1y) B(4)
— ad(A) T D(B) + BD(A).

Remark 5.2 If we put o = 1 in Theorem 5.28 we obtain the following inequality:
—BD(A) = D(A) T B(B)— (4 5 B),

where
B= min {Hf’JFVf*g( )}

my << M

If we choose a value of constant o such that B = 0 in Theorem 5.28, then we obtain
the following corollary.

Corollary 5.29 Let the hypothesis of Theorem 5.28 be satisfied. Then
DA o B)> oy PA) TD(B),

where oy = (Wsto+ Vy) /8(to) and 1, € [m M]is deﬁned as the unique solution of g (t) =
g (t)(ust +vy) when f(M)g' (M)/g(M) < s < f(m)g'(m)/g(m), otherwise t, is defined
as M or m according to p; < f(M)g' (M) /g(M) or £(m)g(m) /5(m) < py.

By virtue of Theorem 5.28, we obtain lower estimates for complementary inequalities to
Jensen’s type inequalities on a positive linear map under a general setting.

Theorem 5.30 Suppose that two operator means ¢ and T have representing functions
f and g respectively, which are not affine. Let ® € P[%(H),#(K)|, A,B € Z"(H) with

Sp(A) C [m,M], Sp(B) C [my,M;)]. For a given o« >0, put B = f (XZ , %f,f,g,a) and
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B’ =p (T/['z s ,fo,go,oc> defined as it was in Theorem 5.28.

(i) If B > 0 and B° > 0, then for every operator mean p
®(A 6 B) — ad(A) T D(B) > (BD(A)) p (B'D(B)). (5.20)
(ii) If B < 0 and B° < 0, then for every operator mean p
(®(A 6 B)— BO(A)) p (D(A 6 B)—B°D(B)) > o D(A) T D(B). (5.21)
(i) If BB < 0, then
®(A 6 B) — a®(A) T D(B) > max{B ®(A), B’ ®(B)}. (5.22)
Proof. By Theorem 5.28, we have that for a given o > 0
®(A 0 B) > ad(A) T D(B) + BD(A)

holds for g = 3 (’"2 M f.e 0 ) By applying Theorem 5.28 to the transpose 6 and 7°,

My my
we have that
®(Bo’A) > a®(B) t° ®(A) + f°D(B) (5.23)

holds for B° = B (;"/’é , 1:2 10,¢°, Oc) , where f? and g are the transpose representing func-

tions for f and g respectively. Therefore we have
®(A 0 B) > 0®(A) T O(B) + B°D(B).
Suppose that 8 > 0 and B° > 0. Then we have
PAcB)—aDA)TDPB)>PPA)>0 (5.24)

and
®(A 6 B) — a®(A) 1 @(B) > B° ®(B) > 0. (5.25)
Combining (5.24) and (5.25), it follows from the normalization of p that
®(A 0 B) - ad(A) T D(B)
— (@A B> a®(A) T D(B)) p (D(A & B) — ad(A) T D(B))
> (BD(A) (BOCD B)),

which implies (5.20).
Suppose that 8 < 0 and B° < 0. Then we have

DA 0 B)—PD(A) > 0D(A) TD(B) >0 (5.26)

and
®(A 6 B) — B ®(B) > a®(A) T D(B) > 0. (5.27)
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Combining (5.26) and (5.27), we have
(®(A 0 B) - BD(A)) p (P(A o B)— B°D(B)) > 0 D(A) T D(B), (5.28)

which implies (5.21).
Finally, if B8° < 0, then B®(A) > 0 > B°®(B) or B°D(B) > 0 > BD(A). Hence we
have the desired result (5.22). O

Corollary 5.31 Assume that the conditions of Theorem 5.28 hold. If o < 1, then for
every operator mean p

(—BD(A)) p (~B7D(B)) > D(A) T (B) ~D(A & B) >0

holds for B = (A"f,—zl,%—lz,f,g,a = 1) and B° =B (A"f,—;,%—;,fo,go,a = 1) defined as it was
in Theorem 5.28.

Proof. If we put & = 1 in Theorem 5.28, then it follows from ¢ < 7 that
Urto+ vy < f(to) < g(t0),
that is, B < 0. Similarly we have B° < 0 since 6 < 7°. a

Further, if we choose o such that § = 0 in (5.19) of Theorem 5.28, then we have the
following corollary:

Corollary 5.32 Assume that the conditions of Theorem 5.28 hold. Then

. . 08+ b o
®(A o B) > max min {M} min {m} D(A) T O(B).

Hsr<in g(t) 7%§s§[:’% g°(s)

Proof. Since the representing function of an operator mean is a not affine and a non-
negative operator concave function, Corollary 5.32 follows from Corollary 5.29. In fact, it
follows from Corollary 5.29 that

DA o B) > Wmin%{%;vf} ®(A) 7 O(B).

My ="=m

In a similar way we obtain

®A 6 B)>| min {M} D(A) T D(B).

mh<s<il 8°(s)

Since (oyX) p (X) = (oy p )X for ay,0p > 0 and X > 0, we have that for every
operator mean p

®(4 o B)> | min {M} p| min {w} ®(A) T O(B).
2 1

<1< g(?) ik <s<id g°(s)



5.4 CONVERSES OF ANDO TYPE OPERATOR MEANS INEQUALITIES 161

Therefore, we obtain the desired result. O

Next, we shall consider how the weighted geometric mean modifies when filtered
through a positive linear map.

Corollary 5.33 Let ® € P[#(H),#(K)], A,B€ B (H) withSp(A) C [m,M;], Sp(B) C
[ma,M3]. Let p,q € (0,1) be given. Then for a given o > 0

(A fp B) — a®(A) §; P(B) = BD(A)

holds for B = B(m,M,t? 19, 0t) =

og M—m

(g — 1)( MP— )qi g M mM?e gs LMP il g
M—m —a M-m — ’
min{M? — oM? m? — am?} otherwise,

2
e and

®(A t, B) — a®(A) {, D(B) > B°D(B)

holds for B° = 3 (;’Z , %2' t1=p t1=a Ot) which is defined just as above.

where m = X,’IZ and M =

Proof. This corollary follows from Theorem 5.28 since the representing function of the
p-power mean §,, and the g-power mean f, are f(z) =” and g(r) = 19 respectively. |

Corollary 5.34 Let® € P[#(H),%(K)], A,B€ B"(H) withSp(A) C [m,M;], Sp(B) C
[ma,M>]. Let p,q € (0,1) be given. Then

®(A 4, B) > max{a, 0} B(A) f, B(B)

holds for
1 MmP—mMP (1—q MP—mP MmP — li’
oy = 1-qg M-m ( q Mmpme1’> lf m< q MP— <M
min{mP~9, MP~1} otherwzse
_ M
wherem— and M= e
and

q M—m l—q Mml—p —mM!—p Ml P—ml-p = 9

l—q

1-p_ 1-p 1-p_,1-p I —p_ 1-

- 1 Mm mM ( q M m ) lf m S —q M mM < M

O = q
min{m9~P M9~P} otherwise,

M
where m = and M = mz'
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Remark 5.3 If we put p = ¢ in Corollary 5.33 we obtain converses of the inequality
(A £, B) < ®(A) , ®(B). In particular, for p = 1 we obtain the following converses of
Ando inequality ®(A § B) < ®(A) § ®(B):

VI, + it

®(A) § D(B) — (A § B) <mm{\/7 \/72} %Kjﬁ—é))

In the case when @ is the identity map in Corollary 5.33, we obtain the estimation of
the difference of the geometric interpolation.

Corollary 5.35 Let A,B € 1 (H) with Sp(A) C [m1,M,], Sp(B) C [ma,M>] and m =
mz/Ml, M:Mz/ml. Ifp,q € (0,1), then

—B'A > Af,B—At,B > A,

where B = B(m,M,t?. 19,0 = 1) and B’ = B(m,M,t9,t? 0. = 1) are defined as in Corol-
lary 5.33.

In the next corollary we give the estimation of the difference of two path A V,, B and
At,B
Corollary 5.36 Ler A, B, M and m be as in Corollary 5.35. If p € (0,1), then

max{l—p+pm—mP,1—p+pM—-MP}A>AV,B—Af,B>0.
Proof. Tt is obvious

mP —(1—p+pm), if p<M-m’
—(1—p+pX)2{ : AP
MP —(1—p+pM),if p> Y=

If B = max{1—p+ pm—mP; 1 — p+ pM— MP}, then
_1 _1\P _1 _1
(a72Ba72)" — (1= p)+pA3BATT) = —B 1y,

Now we have A, B—AV, B> —BA. a
Remark 5.4 In the same way as above we have that for oo € R

®(A4B) — a®(A)V®(B) > minleft\/m — M, VM — Wﬁgkﬂbm)

holds if ® € P[#B(H),#(K)], A,B € #*(H) with Sp(A) C [my,M,], Sp(B) C [my,M;] and
m:mz/M],M:Mz/m].
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Next, if we put g = % in Corollary 5.33 and use the fact that the geometric mean is
symmetric then we have the following corollary:

Corollary 5.37 Let® € P[B(H), 2 (K)), A,B€ B (H) withSp(A) C [my,M;], Sp(B) C
[ma,Ms) and m = my /My, M =M, /my. If p € (0,1), then

(A, B)—D(A) § D(B) = BD(A),

(A 2, B) > ad(4) § D(B)

hold for
1 P »
B =B(mM,p)= —amrar e, 2ym < gy <2V/M,
o min{MP — /M, mP — \/m} otherwise,
. 2\/(M1’ )(MmP mMP) if m< M},{/};; ,r,',l};,;p <M,
min{mP~ 1/2 ,MP=12Y otherwise.
Also

OBty A)—D(A) § O(B) = BO(B),
OB, A) = ad(A) § O(B)

hold for B and o which are defined just as above with m = ;'/;1 and M = [nvg

Remark 5.5 It can be easily checked that for §(m, M, p) from Corollary 5.37 holds:
B(m,M,p) <0if0< p < Land B(m,M,p)>0if  <p<1.

Corollary 5.38 Let @, A, B, M and m be as in Corollary 5.37. If g € (0, 1), then

QA ! B) —D(A) iy D(B) = fD(A),
D(A 1 B) > 0y ®(A) #, D(B)

hold for
L
B= if m g < 20O g
min{lz+ Mq,lsz—mq} otherwise,
;<LMm>li if m<tt<m,
oy = { aTFM)(Tm)
min{ 2]’”+mq , 2{\/5: 7 otherwzse.
Also

®(A | B) — ad(B) §, D(A) > fO(B),
D(A | B) > oy ®(B) 4, D(A)

hold for B and oy which are defined just as above with m = ;",11 and M = [:g .
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Proof. If we put 0 = ! and T = {, in Theorem 5.28 and Corollary 5.29, then we have
this corollary, since the representing functions of the harmonic mean ! is f(¢) =2z/(1+1)
and the harmonic mean is symmetric. O

By virtue of Corollary 5.38, we can obtain the converse of ®(A!B) < ®(AfB) < ®(A)1dD(B).

Corollary 5.39 Let® c P[%(H),%(K)|, A,B € %" (H) withSp(A) C [m,M;], Sp(B) C
[mo,Mp) and m = my /My, M = My /my. If o € R, then

(A 1 B) — ab(4) § B(B) > Pb(A)
holds for B = B(m,M, o) =

_a2(1+m)8(1+M)+(]+£1)\/€rln+M) if Jm< a(1+m2(1+M) <\/]\_/[,
min{ﬁr—MMfa\/]l_/I 2m fa\/ﬁ} otherwise.

' 1+m
In particular,

O(A1B) > 0 ®(A) § B(B)

holds for
4y M My :
o — M% if my <My and my <My,
min 2%2%‘ , 2mvlﬁ%2} otherwise,
and
D(A!B) - D(A) 1 ®(B) > Bilk (5.29)
holds for
1 1 My +my) (M +m 2MmiMom
ﬁlzmax{—,—}[—( 2 +my) (M +my) 1mi Moy ]
mp nyp 8 (M2+m1)(M1+m2)

Proof. If we put ¢ = 1/2 in Corollary 5.38 then we have the first two inequalities.
Now, we prove the inequality (5.29). If we put &¢ = 1 in the first inequality then we have
B(m,M,1) < upm+ve—g(m)=2m/(14+m)—+/m <0where f(r)=2t/(141)and g(t) =
V7. We denote B (m, M) = —UEmUM) ( 2 . Then

8 1+m)(1+M)
1 (Mz +m1)(M1 +m2) 2Mim i Mymy )
= Bo(my /M, My /my) = —
P = Polma /M, Mo fm) m1M1< 8 (M3 +my) (M +my)

and 0 > f(m,M,1) > B,. As following we have ®(A | B) — ®(A) § O(B) > B D(A) >

ﬁzM]. Similarly we have d)(A ! B) —(I)(A) ﬁ (I)(B) > ﬁ3d)(B) > ﬁ3M2, forﬁ3 = ﬁz(ml/Mz,Ml/MQ) =
1 (_ (Ma+my)(My+my) 4 2Mymi Mom,
myMy 8 (May+my)(My+m3)
the desired inequality:

. Combining these two inequalities we obtain

(D(A ! B) 7CI)(A) ﬁ CD(B) 2 mGX{BzM],B3M2}1H = B] lK.
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Remark 5.6 If we put 0 = 7 = ! in Theorem 5.28 then we obtain converses of Ando
inequality ®(A ! B) < ®(A) ! ®(B), which are proved directly in [130, Corollary 3.8].

In the same way we can obtain inequalities for the weighted harmonic mean !, except
the case when we need the condition of symmetric mean.

5.5 Mixed operator means

In this section we shall give inequalities for mixed operator means based on the inequality
(5.19) in Theorem 5.28 and on the following simple inequalities for mixed operator means
of type (5.10)in § 5.1.

Lemma 5.40 Let @ € P[#B(H),#(K)), A,B € "1 (H) and & be an operator mean. If
A,u € (0,1), then

®(A) o (P(A) V; ©(B))
DA) o (@A) 1 oB))

In particular,

D(A) tu (D(A) V; ®(B)) > ®(A) Vy (P(A) £y D(B))
DA) "y (@A) @B)TY) < @A) (RA) T 5 d(B)T),
D(A) Iy (P(A) Vi ®(B)) > D(A) V, (P(A) !, ©(B)).

Proof. By homogenity and subadditivity of the operator mean, we have

D(A) 6 (B(A) V; ®(B)) = (AD(A) + (1 - 1)D(A)) o (AD(A) + (1 - A)D(B))
>4 (®(A) 0 ©(4)) +(1=1) (P(A) 0 ©(B)) = D(A) V; (P(A) 0 ©(B)),

that proves (5.30). If we replace o by the adjoint mean 6* in (5.30) then
B(A) 0" (B(A) V,, B(B)) > D(A) V; (®(4) 0" B(B)).
By using the fact that the function # — —¢~! is operator monotone on (0, ), we have

-1

Y

D(A)V; (®A) o d(B)!)

((I)(A)*' o (@A) Vy <I>(B))")71
= (@A) 1 (@A) o @) )

that proves (5.31).
If we replace o by fi; in (5.30) and (5.31), and we replace ¢ by !; in (5.30), then we
obtain the remainder. O

In the next theorem we show the converse of the inequality (5.30).
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Theorem 5.41 Suppose that any two operator means ¢ and T have representing func-
tions f and g respectively. Let ® € P[B(H),%(K)], A,B € %" (H) with Sp(A) C [m,M}],
Sp(B) C [ma,Ms). Let A € (0,1). Then for a given o. € Ry

®(A G (AV, B)) > a ®A) V, (O(A) t ®(B))+ B O(4), (5.32)
holds for B = ust, + vy — 0g(t,) and t, € [my, M, is defined as the unique solution

of §'(t) = us/oe when g'(My) < g/ < g'(my), otherwise ty is defined as M) or my,

according to lp/o < g'(My) or g'(my) < us/a, where my = W and My =

MM (=AM
mp

®(Ac (AV, B)) > a®(A) V, (P(A) T D(B))+ LAV, B)

. . . . M
holds for B® which is defined just as above with m); = m, M) = m
and f°,g°.

Proof. If we replace B by (A V; B) in Theorem 5.28, then

DAc (AVy B)) > a®(A) Tt D(AV,B)+ BD(A)
= a®(4) © (B(A)V,D(B)+ BO(A),

holds for f3 as above. It implies by (5.30) that
o ®(A) 1 (P(A)V,P(B)) +BDP(A) > adD(A) V, (P(A) T P(B))+ LD(A).
Combining these two inequalities we obtain
®(Ac (AV,, B)) > ad(A)V, (P(A) T D(B))+PPA).
On the other hand, if we replace ¢, T by the transpose 09, 79, then we have that
®((AV; B)c”A) > a®(A V, B) 1" ®(A) + B°D(AV, B)
holds for B as above. By Lemma 5.40, we have

®(Ac (AV, B)) > ad®(A) V, (®(A) T ®(B))+ B °D(A V) B).

Corollary 5.42 Let ®,0,7,A,B,m;,My,my,M, and A be as in Theorem 5.41. Then
B(AG(AV,B) >

. st + vy . apt+bp
max {mxglllng { g(l) } ’ m%glllgM() { g0<f) CI)(A) VA (CI)(A) T CD(B))v

p
_ Am+(1-2) _ AMi+(1-2)My 0 m
1

_ 0 M,
M = I (-4, and M; = Ami+(1-A)my"

where m), = ; 2 M = -
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. THVEy s
Avalue of ot = ming,, <;<p;, { u{g(—”f} is given by

1 \%
o = ot vy
8(to)

)

where 1ty € [my,M,] is defined as the unique solution of lsg(t) = g'(t)(Ust + Vi) when
F(My)g' (My)/g(M;) < s < f(my)g'(my)/g(my,), otherwise ty is defined as M or m;,
according to piy < f(M)g'(M)/g(M) or f(m)g'(m)/g(m) < piy.

Proof. This corollary follows from Corollary 5.32 and the inequality (5.30). O

If we put 6 =1, or 0 = ! and 7 = {, in Theorem 5.41 and Corollary 5.42, then we
have the next corollary:

Corollary 5.43 Letr ®,A,B,m;,M|,my,M, and A be as in Theorem 5.41. Let q,p € (0,1).
Then for a given o € R

DAty (AVyB)) = a ®(A) V; (P(A) ty D(B)) + BiP(A),
QA (AV, B)) = ®(A) V; (P(A) iy D(B)) + B2P(A)

hold for

_ = i oml—a l—q
B =4 lg—D(ag/wr) i +vip if m /g <o/ <M /g,
min{M? — oM9,mP — ami} otherwise,

g
1
T g(+m)(1+M) | T4 2M;
o! "(‘1*1){ p } + () (1590)
Bz: lf mquqgoc(wmz)(lJrM) SM;‘[,
min { 12+—MM —aM9, 12+—";n — am"} otherwise,

_ Amp+(1-21)

where m = m;, TmzandM:M;L — AMFI-A)M,

my
In particular,

®(Af, (AVy B)) > ou®(A) V; (D(A) t, (B)),
DA (AV; B)) > 0,®(A) V, (D(A) t, D(B))

hold for

o = K(m7M7p7‘Z) lf rn<ﬁvtp/‘lltp<M7
U min{mP=9,MP~9} otherwise,
I—q
2 q . 1-¢
iy (fgMm) i m< gt <m,

2m'—4 2m'-4
1+m > 1+M

o =

min otherwise.
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5.6 Notes

The theory of operator means for positive operators on a Hilbert space is established by
Kubo and Ando [121] and we refer to Hiai and Yanagi [106] and J.I.Fujii [36].

The relative operator entropy as a generalization of operator means which is called
solidarities, appeared in the works of J.I.Fujii and Kamei [46], J.I.Fujii [36] and Kamei
[112]. Further topics associated with the relative operator entropy are [35], [41], [79], [86]
and [9].

Topics associated with the relative entropy are Araki [10], Pusz-Woronowicz [172],
Hiai-Petz [104] and Ohya-Petz [164]. Uhlmann [191] discussed the quadratic interpola-
tion and introduced the relative entropy for states on an operator algebra. His quadratic
interpolation is reduced to a path generated by the geometric mean and the relative entropy
is the derivative of this path. J.I.LFujii and Kamei [47, 48] introduced interpolational paths
generated by an operator mean based on Uhlman’s method. Further topics are [113], [42]
and [38].



Chapter

Inequalities on the Hadamard
product

In this chapter, we discuss complemetary results to Jensen’s type inequal-
ities on the Hadamard product of positive operators on a Hilbert space,
which is based on the Mond-Pecari¢ method. As a result, we extend a
theorem by Liu and Neudecker and moreover show Hadamard product
versions of operator inequalities associated with extensions of Holder-
McCarthy and Kantorovich inequalities.

6.1 Preliminaries

We discuss several fundamental inequalities on the Hadamard product. The Hadamard
product is expressed as the deformation of the tensor product, which is one of the most
powerful tools for the study of the Hadamard product of operators on a separable Hilbert
space.

Definition 6.1 Let {¢;} be an orthogonal basis of a Hilbert space H and A ® B be tensor
product of operators A and B on H regarding to {e;}. Let U : H — H ® H be the isometry
such that Ue; = e ® ej. The Hadamard product A o B regarding to {e;} is expressed as

AoB=U*(A®B)U. 6.1)

169
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In the finite dimension case if operators A and B have the matrices A = [a;;] € .,
and B = [b;j] € .#, regarding to same basis, then the Hadamard product A o B has an
associated matrix A oB = [g; ibi j] € M, and tensor product A ® B has an associated matrix
A®B = [a;jB] € ., ( sometimes called the Kronecker product).

The following formulas for tensor products are well known:

(A®B)(C® D)= (AC)® (BD)
and
(A®B)"=A"®B".
Since 1y @ 1y = 1y,
A2B) '=A"leB!

whenever both A and B are invertible. They imply that if both A and B are positive op-
erators, so is their tensor product. More generally, A > A, > 0 and By > B, > 0 imply
A1 ® By > Ay ® B > 0. Moreover, we obtain that if A; and B; are positive invertible
operators (j = 1,2), then

(A1 ®B1) fa (A2®B2) = (A1 fa A2) ® (B fa B2)

forall o € [0,1].

Now, the Hadamard product differs from the usual product in many ways. The most
important is commutativity of Hadamard multiplication:

AoB=BoA.

The diagonal operator formed from an operator A can be obtained by Hadamard multipli-
cation with the identity operator and the following holds

(AoB)oly=(Aoly)(Boly).
The first application is the following theorem of Schur.

Theorem 6.1 (SCHUR) If A and B are positive operators on a Hilbert space, then the
Hadamard product A o B is also positive. More generally, Ay > Ay > 0and By > B, >0
imply AjoB| > Ayo0By > 0.

Proof. Tt easily follows that if X and Y are positive and commutes, then XY is positive.
Since A® 1y and 1y ® B commutes, it follows that AQ B= (A® 1 ) (1 ® B) is positive and
hence by Definition 6.1 the Hadamard product A o B is positive. Also, the monotonicity of
the Hadamard product follows from the monotonicity of the tensor product and Definition
6.1. O

Definition 6.2 Ler I be an interval in R. A function f € € (I) is super-multiplicative

on 1 if f(xy) > f(x)f(y) for every x,y € L. If the inequality is opposite then f is sub-
multiplicative on I.
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Lemma 6.2 [f a function f € € (1) is super-multiplicative (resp. sub-multiplicative) on
[0,00), then
f(A@B) = f(A)@ f(B) (resp. f(A®B)<f(A)®f(B))

for every positive operator A and B.

Proof. LetA = [ AdE, and B = [ udF, be the spectral decompositions. Then it follows
that

faes) = [ [ rowae, ek,

(/e ) ([ suwar,) = s o)

We have the following inequality of Jensen’s type for the Hadamard product.

Y

Theorem 6.3 Let A, B € B (H) be positive operators and ® € Py[%(H),B(K)| a
normalized positive linear map. If f is a sub-multiplicative operator convex function (resp.
a super-multiplicative operator concave function) on (0,0), then

f(@(AoB)) <O(f(A)of(B)) (resp. f(P(AcB)) = D(f(A)of(B))). (6.2)

In particular,

f(AoB) < f(A)of(B) (resp. f(AoB) > f(A)o f(B)). 6.3)

Proof. We show the sub-multiplicative operator convex case only. By Lemma 6.2 and
Theorem 1.20 (Davis-Choi-Jensen’s inequality), we have

f(AoB) = f(U"(A®B)U) < U"f(A©B)U
S U (f(A)@f(B)U = f(A)o f(B).
It follows from Davis-Choi-Jensen’s inequality again that
f(®(A0B)) <B(f(AoB)) <D(f(A)o f(B)).

O

Since the power function is sub-multiplicative and super-multiplicative, we have the
following Holder-McCarthy type inequality on the Hadamard product.

Corollary 6.4 Let A, B € 7+ (H) be positive invertible operators and ® € Py[B(H), B(K)]
a normalized positive linear map. Then

(i) (P(AoB))" <®(APoBP)  if —1<p<0orl<p<2.
(ii) (®(AoB))’ > ®(APoB?)  if 0<p<L
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Proof. By Theorem 6.3, the proof depends upon the facts that the function f(¢) = ¢ is
operator convex on (0,e) for —1 < p <0 or 1 < p <2 and is operator concave on (0,)
for 0 < p <1 by Corollary 1.16in § 1.2. O

Corollary 6.5 Let A, B and @ be as in Corollary 6.4. Then
(D(A"0B"))" < (B(A’ 0 B"))
Jorr <swith(i)r,s € (—1,1), (i) 1/2<r<1<sand(iii)) r < -1 <s < —1/2.
Proof. Assume that 1 < r <s. Then by (ii) of Corollary 6.4, we have
D(A"0B") < (D(A* 0 B))S .
Since 1 < r, the above inequality implies
(D(A"0B"))" < (B(A’ 0 B"))

by the Lowner-Heinz inequality. The remainders of the proof are similar to that of Theo-

rem4.1. O

Next, we show several inequalities for the Hadamard product involving operator means.

Theorem 6.6 IfA and B are positive operators, then
AoB> (AtquB)o(Ati_¢B) and AoB>(A!j_qB)o(AVyB) (6.4)
forall o € [0,1].

Proof. By the commutativity of the Hadamard product, we have Ao B = (Ao B) f(Bo
A). Then it follows from the transformer inequality that

AoB =U"(A®B)U § U"(BRQA)U >U*(A®B) ty (BRA)U
= U'(A o B)® (Bla A)U = (A flaB) o (B o A)
= (Afg B)o (Ao B).

Next, since it is easily seen from the definition of the geometric mean that (XY ~'X) Y =X
for any positive operators X and Y, we have

A{(1-a)A+aB}Ao{(l - a)A+ aB}
(A{(1- o)A+ aB} 'At {(1- o)A+ aB})
o(A{(1—a)A+oaB} 'A{(1-a)A+aB})

Y]

= AoA.
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Since (@A™ + o' (1—a)B™") (A— (1 — a)A{(1 — @)A+ aB}'A) = 1y, we have

{aA '+ (1—a)B '} 1o {(1 - a)A+ aB}
= o A (1-a)A{(1-a)A+aB} 'A}o{(1 - o)A+ aB}
= o '(1-a)AoA+AoB
—o ' (1—o)A{(1—a)A+aB} 'Ao{(1—a)A+aB}
<o '(l—a)AoA+AcB—o '(1—a)AcA=AoB

as desired. O

Recall that the transpose ¢ with f¥ is defined by

Ac’B=BcA and fo(t)tf<—)

for an operator mean ¢ with the representing function f.

Remark 6.1 The first expression of (6.4) in Theorem 6.6 is restated as follows.
AoB> (At B)o(A (1) B).

We have the following extension by virtue of the transpose of the operator mean. If ©
is an operator mean with a supermultiplicative representing function f, then

AoB> (Ao B)o(Ac’B)

holds for positive operators A and B. As a matter of fact, it follows from the transformer
inequality that

AoB = (AoB) G (BoA)=U*(A®B)U 6 U (BRA)U

U'(A®B G BRA)U.

Y]

PutX =A"YV2BA"Y2 andy :Bfl/zABfl/z, then we have

(A®B) o (BRA) = (AQB)If(X®Y)(A® B)?
(A®B)2f(X)® f(Y)(A®B)?
- (A?f(x)ﬁ) ® (B%f(Y)B%)
= (AoB)®(BoA)

Y

by the super-multiplicativity of f. Hence we have

AoB > U"(AocB)®(Bo A)U
(AoB)o(Bo A)= (A oB)o(Ac’B).
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Aujla and Vasudeva show the following inequality involving the Hadamard product
and the operator mean, which is an extension of results due to Ando and Fiedler.

(AoB)#(CoD)> (AtC)o(Bt D). (6.5)
The following theorem is a generalization of (6.5).

Theorem 6.7 If ¢ is an operator mean with a super-multiplicative representing function
f, then
(AcC)o(BoD)<(AoB)o (CoD) (6.6)

holds for A,B,C,D € " (H).

Proof. Putting X = AY2CA"Y/2 and Y = B"Y/2DB~1/2 it follows from Lemma 6.2
that

(AcC)®(Bo D) = (A9B)'?(f(X)® f(Y))(A® B)!/?
< (A2B)'A(f(X®Y))(A®B)"/?
= (A®B) o (C®D).

So the transformer inequality shows

(AcC)o(BoD) =U"(AcC)@(BoD)U=U"((A®B) o (CeD))U
< U'(A®B)Uc U (C®D)U =(AoB) 6 (CoD).

As an application of Theorem 6.6, we have the following Fiedler inequality .

Theorem 6.8 (FIEDLER INEQUALITY) IfA is a positive invertible operator on a Hilbert
space H, then
AoA™ > 1y

Proof. By Theorem 6.6, we have
AcA ' >(AtA Yo(A4A ) =1goly =1y
O
By virture of Theorem 6.7, we show an extension of the Fiedler inequality for operators.
Corollary 6.9 Ifa,b € R andt+ s = 1 for nonnegative numbers t and s, then
Ao AL > Alatsb o psatib
for every positive operator A. In particular,

AcA™ > 1y.
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Proof. In Theorem 6.7, replacing both A and D by A%, both B and C by A” and applying
the operator mean with the representing function f(¢) = #*, we have

A% AP = (A%0AP) 4, (AP 0 A%)

> (A%t A%)o (A" £ AY)
_ Ala+sboAsa+lb.

Ifweputa=1,b=—landt =s= % in the expression above, then we have the Fiedler
inequality. O

Theorem 6.10 If f is a super-multiplicative nonnegative operator monotone function on
(0,00), then
F(A)o f'(B) < (Bolu)f (Aoly)(Boln)™) (6.7)

for every positive invertible operators A and B.

Proof. Let o be the operator mean corresponding to f. Since both Ao ly and Bo 1y
are diagonal operators and hence commutes, it follows from Theorem 6.7 that

f(A)of'B) = (lycA)o(Bo ly)<(lyoB) o (Aoly)
= (Boly) o (Aoly)=(Boly)f((Aoly)(Boly)™").

O
Corollary 6.11 Ifr+s = 1 for nonnegative numbers r and s, then
A"oB* < (Aoly) (Boly)®
for every positive operator A and B.
Proof. If we put f(¢) = ¢ in Theorem 6.10, then we have this corollary. ad

By Corollary 6.11, we have the following Holder’s inequality for the Hadamard prod-
uct, which gives an estimate by the diagonal operators.

Corollary 6.12

I—

AoB< (A"oly)7(B'oly)s (6.8)
forr,s > 1 with %—i—% =1.
Next, we consider the Kantorovich inequality on the Hadamard product.

Lemma 6.13 Let A and B be positive operators such that 0 < mjly <A < M1y and
0<mly <B<M,ly. Then

M M MM
—2(A®B‘)+—1<A1®B)§<1+ 1 2)1H®H.
my my minip
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Proof. Since it lpen <A@B™ < I lyen and §7 1gen <A™ @B < 32 1hen, we

My my — m
have
M, M
(—21H®H A ®B> <—‘1H®H A®31> >0,
mi my
which is equivalent to the desired inequality. O

The following theorem gives an estimate from above to the Fiedler inequality.

Theorem 6.14 [f A is a positive operator on a Hilbert space H such that 0 < mlg <A <
M1y, then

2 2
AoA~l < (A2oly)da o1yt < MM

1
ly==(h+hH1
v = R ),

_M
where h = i

Proof. Applying Lemma 6.13 for B = 1y, we have
oo 2042 M
W(A Q1)+ M (A1) < (1 + W) luew,
so that Definition 6.1 implies
%(A2 oly)+M*(A20ly) < <1 + Amizz) 1y.
Since A%0 1y and A=2 o 1 commute, the arithmetic-geometric mean inequality ensures

M
E(Azolp,)f(A*ZolH)z

1 ~
ﬁ(Azoly)ﬁMz(A Zoly)

1 1 2 2042

M2 2
Mt

2m

which is the desired inequality. The former inequality follows from Corollary 6.12. |
The following corollary is the Kantorovich inequality on the Hadamard product.

Corollary 6.15 [f A is a positive operator on H such that 0 < mly <A < M1y, then

(M +m)?

AoA o1y <
° OH = 4Mm

1g.

Proof. By Theorem 6.14, we have

M? +m? 2
2Mm ) ’

(AzoAfz)o ly = (Azo 1].[)0(147201[.]) = (Azo IH)(Afzo ly) < (

which is equivalent to the desired inequality, replacing A by A3, O
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Remark 6.2 [t follows that Corollary 6.15 implies the Kantorovich inequality. In fact,
for a given unit vector x, we take a complete orthogonal basis {e;} with e; = x, then
Corollary 6.15 ensures

(Ax,x)(A"'x,x) = (AQA HUx,Ux) = (Ao A~ x,x)(x,x)
= ((AcA™Y @ 1x)Ux,Ux) = (AcA o ly)x,x)
- (M +m)?
-~ 4Mm

Thus we may call Corollary 6.15 the Kantorovich inequality on the Hadamard product.
Also, it follows that under the hypothesis of Theorem 6.14

_ M +m)?
(AoA Veser) < W
whereas
_ M +m)?
AoA 1<(71
° — 4Mm "

does not hold in general: IfA = (% % ), thenm = 3*2—\/5 <A< #g =M and so % =

%. On the other hand, we have |[AcA™!| =3 > %. This example might clarify the meaning
of Corollary 6.15 and consequently Theorem 6.14 .

Finally we present Kantorovich type inequalities on the Hadamard product, which is
initiated by Liu and Neudecker in the matrix case.

Theorem 6.16 Let A and B be positive operators such that 0 < mlgey < AR B <
M1H®H~ Then

(i) A20B?— (AoB)? < {(M—m)*1p.

(ii) AoB— (A"'o B~1)"1 < (VM — /m)?14.
2. p2\s o~ M+n
(iii) (A*oB*)2 < 2\/M—:’1AOB.

(iv) (A20B%)% —AoB < !

Proof. By Definition 6.1, we have (i):
A?0B?—(AoB)?* = U*(A’®B*)U — (U*(A® B)U)?
= U*(A®B)*U — (U*(A®B)U)?

1
Z(M—m)zly

IN

and the last inequality holds by (i) of Theorem 1.32.
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For (iii), we have

A’oB? = U*(A®B)*U
(M +m)?
4Mm
(M +m)?

= — (AoB)?
4Mm

IN

(U (A®B)U)?

by (iii) of Theorem 1.32. Rasing both sides to the power 1/2, it follows from Theorem 1.8
(the Lowner-Heinz inequality) that

M+m

2vVMm

Similarly (ii) follows from Theorem 1.32 and (iv) from Corollary 2.20. O

(A%0B%)1 < AoB.

6.2 Converses of Jensen’s type inequalities

In this section, we discuss complementary results to Jensen’s type inequalities on the
Hadamard product of positive operators (Theorem 6.3). We show Hadamard product ver-
sions of operator inequalities associated with extensions of Holder-McCarthy and Kan-
torovich inequalities.

For the sake of convenience, we prepare some notations and definitions. Let A,B €
P (H) with Sp(A) C [m,M;], Sp(B) C [my,M,]. We assume that in the whole chapter
0 <m; <M and 0 < my < M, and we denote by

m=mmy, M =M M, and [, = [ml,Ml]U[mz,Mz]U[m,M].

Theorem 6.17 Let A,B € #" (H) be positive operators with Sp(A) C [my,M,], Sp(B) C
[ma,My), f € €(1,) and g € € (Im,M]), where m = mymy,M = MM, and I, = [m;,M;] U
[ma, MU [m,M]. Let F(u,v) be a real valued continuous function defined on U x V, op-
erator monotone in u, where U D {f(t)f(s) : t € [m,M,],s € [my,M>]}, V D {g(t) : t €
[m,M]}. If f is a super-multiplicative convex function (resp. a sub-multiplicative concave
function) on I, then

Flf(A)of(B),g(AoB)] < { max F[#fHVfwg(t)]} ln

m<t<M

(6.9)
(resp. FLAA) o B) a0 B) = min Flat-+ vy, )

— m<t<M

where
(M) — f(m)

Hr= M—m
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Proof. We prove the case when f is a super-multiplicative convex function. Since
f is convex we have f(r) < ust + vy for every t € [m,M]. Thus we obtain f(A ® B) <
UA @B+ Velgey since mlyop < A®B < Mlygpy, so that it follows from the super-
multiplicativity of f that

f(A)of(B) = U(f(A)® f(B)U <U*f(A2B)U

U*([,LfA®B+ Vf1H®H)U = quoB—l— Vle.

IA

By the monotonicity of F(-,v) and mly <AoB < M1y we have
F[f(A)o f(B),g(AoB)] < FlufAoB+ vsly,g(AoB)]
Jmax Flust+vy,g(@)] ¢ La.

IN

Thus we obtain the desired inequality. The proof in the sub-multiplicative concave case is
essentially the same. O

Remark 6.3 Notice that we do not assume the operator convexity or the operator concav-
ity of the function f in Theorem 6.17.

In the following theorem we give a generalization of converses of Theorem 6.3:

Theorem 6.18 Let the hypothesis of Theorem 6.17 be satisfied and ® € Py[B(H), B(K))
a normalized positive linear map. If f is a super-multiplicative convex function on I, then

PO 1(B). (@0 B)] < { max Flu-+ 7400} 1.

In the dual case (when f is sub-multiplicative concave function on 1,) we have the
opposite inequality with dual extreme (min instead of max).

Proof. Since f is the super-multiplicative convex function, then it follows from the
proof of Theorem 6.17 that f(A) o f(B) < f(AoB)+ Vflggn. Since @ is a normalized
positive linear map we have ®(f(A)o f(B)) < uy®(AoB)+ vilg and mlg < D(AoB) <
M 1g. Using the operator monotonicity of F(-,v) we obtain

F®(f(A)of(B)),g(P(AcB)] < Flus®(AoB)+ vslg,g(P(AcB)]

IN

Jmax Flust+vy,g()] ¢ lg.

O

If we put F(u,v) = u— o, o € R, in Theorem 6.17 we obtain the following general-
ization of converses of (6.3) in Theorem 6.3:

Theorem 6.19 Let A,B € B+ (H) with Sp(A) C [my,M,], Sp(B) C [my,M>], f € € (1)
be a super-multiplicative convex function and g € € ([m,M]). Then for a given o € R

F4)o£(8) < og(a0B) + { max {w-+v; - ag0)} | 1n

In the dual case we have the opposite inequality with dual extreme.
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Remark 6.4 Let f € € (1,) be a super-multiplicative convex function (resp. a sub-multiplicative
concave function). If we put oc = 1 in Theorem 6.19, then we have the following:

£(A) £(B)— 840 B) < (1t + vy — g(1)) L
(resp. f(A)o f(B) g(AoB)_(u.ffo+Vf 8(to)) 1),

where

& () if &' (m) < pp <g' (M) (resp. g'(m) > s > g'(M)),
th=1qm it g'(m)>uy resp. g'(m) < iy, ),
M if g'(M)<py resp. g'(M) > yuz),

in the case when g € €'([m,M]) is strictly convex differentiable or

. {M if > pg éresp. uy S.“g;»
‘ m if  pp < pg (resp. gy > Ug),

in the case when g € €'([m, M]) is strictly concave.

If we put g = f in Theorem 6.19 then we obtain complementary inequalities to Jensen’s
type inequalities on the Hadamard product (6.3) in Theorem 6.3:.

Corollary 6.20 LetA,B € B1(H) withSp(A) C [my,M,], Sp(B) C [ma,My]. If f € € (1)
is a super-multiplicative convex function (resp. a sub-multiplicative concave function),
then for a given oo € R

f(A)of(B)<af(AoB)+Blu (resp. f(A)o f(B) = af(AoB)+Blu),

where B = —af(t,) + Usto+ Vs, and

M if M<f- 1(7f
to={ m i (%)<
i (F:X—f) otherwise.

Further if we choose o such that B = 0 in Theorem 6.19 and if g is strictly convex
differentiable function or strictly concave function on [m, M] then we have one more gen-
eralization of converse of (6.3):

Corollary 6.21 Let A,B € %" (H) with Sp(A) C [my,M;], Sp(B) C [my,Ms]. Let f €
€ (1) be a super-multiplicative convex (resp. sub-multiplicative concave) function and g €
€ ([m,M]). Assume that either of the following conditions holds: (i) f(m) >0, f(M) >0
g > 0on [m,M] or (ii) f(m) <0, f(M) <0, g <0on[m,M). Then

F(A)o f(B) < o1 g(AoB) (resp. f(A)o f(B) > cu g(AoB)),
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holds for

if g is strictly concave (resp. strictly convex) differentiable or

(o +vp) elt) i Fm)Se < iy < (o) S0,

“= max { ;E;’g , %} (resp. min { '(?Em)) M}) otherwise,

if g is strictly convex (resp. strictly concave) twice differentiable, where t, is defined as the
unique solution of [rg(t) = (Ust + vy) &' ().

If we put g = f in Corollary 6.21, then we obtain the following ratio type inequalities.
Corollary 6.22 Let the hypothesis of Corollary 6.20 be satisfied. If f > 0 on I, then
f(A)of(B) <af(AoB) (resp. f(A)of(B) > af(AoB))
and if f < 0onl,, then
f(A)o f(B) = af(AoB) (resp. f(A)of(B) < af(AcB)),
where o0 = (lsto + Vi) / f(to) and t, is the unique solution of (W f(t) = f/(t)(tst + vy)).

6.3 Application to some functions

In this section we shall apply Theorem 6.19 and Corollary 6.21 to the power function
and the exponential function. We observe that the power function f(¢) = ¢ is super-
multiplicative strictly convex (resp. sub-multiplicative strictly concave) if p ¢ [0, 1] (resp.
p€(0,1)).

If we put g(¢) = #9 in Theorem 6.19, then we obtain the following corollary, which is a
step between the desired inequalities.

Corollary 6.23 LetA,B € %" (H) be positive invertible operators with Sp(A) C [my,M;],
Sp(B) C [ma,Ms), f € Cg( w) and g € R. If f is super-multiplicative convex, then for a given
aeR
f(A)of(B) < a(AoB)+ 1y
holds for
a
alg—1)(5)" "+ v
1

p= if m<(5f)ql<Mandaq( 1) >0,

max{f(m) —om?, f(M)— oM} otherwise.
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If f is sub-multiplicative concave, then

f(A)of(B) = a(AcB)!+Bly

holds for
e\ 7T
a(g—1) ((Ti]) +vf
_ 1
b= if m<(g—]; q7|<Mandocq(q—1)<O,
min{f(m) — oam?, f(M) — M7} otherwise.

Proof. The estimation of 8 is similar to that in Corollary 2.6. Thus we obtain the
desired results by virtue of Theorem 6.19. O

Further if we choose o such that § = 0 in Corollary 6.23, then we have the following
corollary.

Corollary 6.24 Let the hypothesis of Corollary 6.23 be satisfied. If f is super-multiplicative
convex (resp. sub-multiplicative concave), then

f(A)of(B) < ou(AoB)? (resp. f(A)o f(B) = o4(AoB))
holds for

_ { K(mM.f.q)  if m< L0 <Mand pp(q—1)>0,
U max{f(m)/m?, f(M)/M?}  otherwise,

(resp.
:{K(m,M,f,q) if m<ﬁ;—£<Manduf(q—l)<0,
min{ f(m)/m4, f(M)/M?} otherwise)
1—
where K(m,M, f,q) = F;—f (;—? ﬁ) s defined in (2.19).

Proof. This proof is quite similar to one as Corollary 2.11. O

If we put f(r) = in Corollary 6.23 we obtain the following corollary.

R\ (0,1) (resp. p € (0,1) and g € R, then for a given 0. € R

Corollary 6.25 Let A,B € %+ (H) with Sp(A) C [m1,My], Sp(B) C [ma, M. If p €

APoBP < o(AoB)1+B 1y (resp. APoBP > a(AoB)1+ B 1y),

holds for
%1
a(g—1) (an Mtl’) R

_ 1
b if m< (an[.Ltp)kl <M and og(qg—1) >0,

max{m? — am,MP — aM?} otherwise,
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(resp.
al
a(g—1) (a%, I~Lt1’> R

— 1
P if m< (an,u,p>q71 <M and og(qg—1) <0,

min{m? — am4,MP — o.M} otherwise.)

If we put o = 1 and if we choose o such that 8 = 0 in Corollary 6.25, then we have
the following corollary.

Corollary 6.26 Let A,B € %" (H) with Sp(A) C [m1,M,], Sp(B) C [ma,Mz]. If p,q €
R\[0,1], p-g > O, then

(i) APoBP < (AoB)1+ 1y

(i)  APoBP <o (AoB)

hold for
T
B = { C(m,M,p,q) if m< (éutp)q <M,
max{mP —mi,MP — M9}  otherwise,
. —1
and o = K(m7M7p7‘I) lf m < q.T‘utp/th <M7
max{m? /m4,MP /M9}  otherwise.

Also, if p,q € (0,1), then
(i)  APoBP > (AoB)1+Bly

(iv) APoBP > a (Ao B)4

hold for
=
B {C<m7M7p7q) lf m<(é.ulp)q7 <M7
min{m? —m4,MP — M1}  otherwise,
and o = K<m7Map7q) lf m<qq;llit1’/vzﬂ <M7
min{m? /m?, MP /M9}  otherwise.

q

Here C(m,M,p,q) = W-ﬁ-(q— 1) (2{;{7’%) ot is definedin (2.38) and K (m,M,p,q) =

- —m q . .
(Zﬁigﬁfﬁ) (g‘fm}‘},(,ﬂipwmpp)) is defined in (2.20).

We have the following converses of Holder-McCarthy type inequalities on the Hadamard
product ( Corollary 6.4).

Corollary 6.27 Let A,B € #"+(H) with Sp(A) C [m,M;], Sp(B) C [ma,M;]. Then for
p € R\[0,1]
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(i)  APoBP—(AoB)P < C(m,M,p)ly.
(i) APoBP < K(m,M,p)(AcB)".
If p € (0,1) we have the opposite inequali}ties.
Here C(m,M,p)=(p—1) (%:41':‘:)) P + Mm;:;”nMp is definedin (2.39) and K (m,M, p) =

g — D )4
bt (2oL M) is defined in (2.21)

Proof. (i) If we put ¢ = p in (i) in Corollary 6.26, then we have the desired constant
B since mP~!p < % <MP~1p,
(ii) If we put g = p in (ii) in Corollary 6.26, then the constant ¢ coincides with

K(m,M,p). In this case m < M —mM" < pf holds. O

Remark 6.5 Ifwe put p =2 in Corollary 6.27, then we have

(M +m)?

AoB)%.
4Mm (O)

A2oB?—(AoB)? < —(M—m)’1y and (A20B?) <

ENJ

We directly can prove the second inequality by using Kijima's theorem in [119]: Since
(Mlpyon —A®B)(AQB—mlpgy) > 0 for 0 <mlpey <A®B < Mlygn, we have

A’@B’ = (A®B)* < (M+m)(A®B) — Mmlyey.

Since (M +m)*X? — 4Mm(M + m)X +4M*m* 1y = (M +m)X — 2Mmly)* > 0 for any
positive operator X, we have

(M +m)?

AoB)%.
4Mm (O)

A?oB? < (M+m)(AoB)—Mmly <

As an application of Theorem 4.4, we have the following theorem, which is a power
mean version on the Hadamard product.

Theorem 6.28 Ler A,B € Z"(H) with Sp(A) C [my,M,], Sp(B) C [ma,M3]. Let r,s €
R, r<sandrs #0.
OIfr<s,s¢(—1,1),rg(—1,1) or 1/2<r<1<s or r<—-1<s<-1/2
then 1 | 1
A(h,1,5) " (ASoB*)s < (A"oB")r < (A*0B')s.
@) If 1<s,—1<r<1/2,r#0 or r<-—1,-1/2<s<1,5#0 then
A, r,5)" (A0 BY)S < (A" 0B")F < A(h,r,s)(A° 0 B*)S.
(@) lf —1<—-s<r<s<1,r#0 or —1<r<s<r/2<0 then

A, 1) A(h,r,5) (A 0 BY)s < (A70B')7 < A(h,1,1)(A*0 B)5.
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) If —1/2<r/2<s<-r<1,s#0 then
Alh,s,1) "' A(h, r,5) " (A* 0 BY)s < (A"0B")" < A(h,s,1)(A* 0 BY)3,

where a generalized Specht ratio A(h,r,s) is defined as ( 2.97 ) in § 2.7:

s, 1 M
A(h =K, -)r d h=—.
() = KU, 507 and h="
Proof. The proof follows from Theorem 4.4 and Definition 6.1. O

As an application of Theorem 4.7, we have the following theorem, which is the differ-
ence type inequality to the power mean version on the Hadamard product. theorem [155,
Theorem 2.4]:

Theorem 6.29 Ler A,B € B+ (H) with Sp(A) C [my,M;], Sp(B) C [ma,M;].
WIf r<s, s (=11, rg(=1,1) or 1/2<r<1<s or r<—-1<s<-1/2
then : ~
0<(A%0 )?—(AroBr) <Aly.
@) If s>1, —1<r<1/2,r#0 or r<-—1,-1/2<s<1,s#0 then

1
s

A1y < (A* o BY):

—(A"oB")r <Aly.

@) If —1<—s<r<s<1,r#0 or —1<r<s<r/2<0 then
1 ! ! ~ 1
—C <m*,M’,—) 1y < (A0 B)s — (AT0B")r < A1K+C<mr,M’,—) 1y
r r
) If —=1/2<r/2<s<-r<1,s#0 then

1
s

_ 1 , . 1
Aly—C <mM —> 1y < (A0 B*)5 — (A"oB") 7 <Aly+C <mM —> 1y,
r r

where
A= max {[9M3+(1 —o)m’]s — (oM + (1 e)m’]%},
0¢€(0,1]
At = min {[GMS +(1- 6)ms]%
0€(0,1)U 3% » 37 S 1)
(oM 4+ (1 - e)mr—d]%},
g MsmriMrms7<17£> EMrfmr ,%y
M —-m s/ \rM*—m’
Proof. The proof follows from Theorem 4.7 and Definition 6.1. O

We state the following corollary obtained by applying g(¢) = e** to Theorem 6.19 (see
Remark 6.4) and Corollary 6.21.
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Corollary 6.30 Ler A,B € %,(H) selfadjoint operators with Sp(A) C [my,M,], Sp(B) C
[mo,M). If f € €(1,) is a super-multiplicative strictly convex function and A € R such
that A py > 0, then

f(A)o f(B)—exp{A AoB} < B 1y

and
f(A)o f(B) < ocexp{A Ao B},

hold for

B = { b log( L)+ vy if m<A llog(us/A)<M

B max{f( ) — M (M) — MM} otherwise,
o — { o exp{A vy/uy) if (g = Af(m)] [y = Af(M)] <O,
max{f(m)/e*" f(M)/e*M} otherwise.

Corollary 6.31 Let A, B € %B),(H) selfadjoint operators with Sp(A) C [my,M;], Sp(B) C

[ma,Ma]. Let f € €(I,) be a strictly convex function such that f(xy) > f(x)+ f(y) for
every x,y € I,. If A € R such that A jiy > 0, then

exp{f(A)} cexp{f(B)} —exp{A AoB} < Blu

and
exp{f(A)} oexp{f(B)} < aexp{A AcB},
hold for
B = Elog(£)+v if m<Allog(/A) <M
max{e/ ") — Am of M) — AMY orherwise,
a = { deoelh v i [~ 2e! ][ 2e7) <,
max{ef () =Am of(M)=AMY orherpise,

where (1 = (e/M) — /") /(M —m) and v = (Me!"™ —me/ ™)) /(M —m).

Proof. Since f is a strictly convex function and f(xy) > f(x) + f(v), we have that
exp{f(x)} is super-multiplicative strictly convex. Replacing f(x) by exp{f(x)} in Corol-
lary 6.30 will give the desired inequalities. o

6.4 Inequalities on Hadamard product and operator
means

In this section we study several inequalities on the Hadamard product associated with op-
erator means. As an application of chapter 5 on positive linear maps, we obtain gen-
eral complementary estimates for the results by Ando, Aujla-Vasudeva and J.I.Fujii on the
Hadamard product and operator means.
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We begin with the following complementary inequality by virtue of Theorem 5.28 for
one mean:

Theorem 6.32 Let 6 be an operator mean with the representing function f which is
sub-multiplicative and not affine. Let A,B,C,D € %" (H) such that Sp(A® B) C [my,M,],
Sp(C® D) C [my,Ms]. Let m = % M= ’Z—f Then for a given o.(>0) € R

(AGC)o(Bo D) > a(AoB) 6 (CoD)+ B(AoB) (6.10)

holds for B = lst,+ vy — o f(t,) andt, € [m,M] is defined as the unique solution of f'(t) =
Wr/oewhen f'(M) < py/o < f'(m), otherwise t, is defined as M or m according to Ly /ot <
7(M) or f'(m) < py /e and

(CoA)o(D 6 B)>a(CoD) o (AoB)+B(CoD)

holds for above B where m = and M= 1:,2
Proof. By putting X = A"2CA 2 and Y = B’%DB’%, then it follows from the sub-
multiplicativity of f that

(Ao C)®(Bo D) = (A@B)f( (X)® f(Y))(A® B)?

> (A®B)(f(X®Y))(A®B)?
= (A®B) o (C®D).

Since the representing function f is not affine, by Theorem 5.28 when o = 7, for a given
o> 0) € R the following inequality
(AcC)o(BoD) =U*((AcC)®(Bo D)U
U*((A®B) o (C®D))U
o U*(A®B)U c U*(C@D)U+B U (A®B)U
o (AoB)o (CoD)+ B (AoB)

I I\/I\/ H

holds for B = B ( m M g o) = gty + v — auf (1) defined in Theorem 5.28. O

N——

Remark 6.6 If we put oo = 1 in Theorem 6.32 then

—B(AoB)>(AoB)o (CoD)— (Ao C)o(Bo D)
(resp. —B(CoD) > (CoD) o (AoB)—(Co A)o(D o B))

ny

holds for B = uyt, + vy — f(t,) and t, = f'~'(uus), where m = 3 and M = [mif (resp.

n11 _M]
m= g and M = mz)

If we choose o such that = 0 in Theorem 6.32 or if we apply Corollary 5.29 when
o = 7 then we have the following corollary:
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Corollary 6.33 Let the hypothesis of Theorem 6.32 be satisfied. Then
(A6 C)o(Bo D)>ay (AoB) 6 (CoD) (6.11)

holds for oy = (Wsto+ Vy) [f(to) and t, € [m,M] is defined as the unique solution of
upf(t) = f/(6)(ust + vy).

As we assume the sub-multiplicativity of f in Theorem 6.32, the inequality (6.10) is not
always a converse of the inequality (6.6) in Theorem 6.7. However, since the representing
function f(x) = x? of the p-power mean is sub-multiplicative and super-multiplicative, we
have the following complementary inequalities to the inequality (6.5) of the p-power mean
by virtue of Theorem 6.32.

Corollary 6.34 Let A,B,C,D € %" (H) be such that Sp(A® B) C [m1,M;], Sp(C® D) C
[ma,M). Let m = %, M= [mif If p € (0,1), then for a given o € Ry

(A, C)o(Bt, D) > a(AoB)t, (CoD)+B AoB (6.12)
holds for
1 MP—mP FLI MmP —mMP
p M—m M—m
b= if pmr! > G > pMr
min{(1 —a)M? (1 —a)mP} otherwise.
In particular,

(AoB) 4, (CoD) — (At,C)o(Bf, D)
< ((lp) <I%M7];_Zp)pl Mim;[_ZMp>AoB

and

MmP — mMP <1p MP —mP

p
(Aﬁp ) (Bﬁp ) (17 )(Mfm) p Mm”mMI’> (AOB)ﬁP (COD)

We show the following converses of (6.4) in Theorem 6.6 by means of Corollary 6.34:

Corollary 6.35 Let A,B € " (H) with Sp(A) C [my,M,], Sp(B) C [ma,M). Then the
following inequalities hold

. 1 \M> (M M>— 2
(i) AoB—(AgB)o(AfB) <}, /Ml (0ML-mmo)

(ii) AoB< zﬂyﬁ%( §B)o (A4 B),

M (M +M)2 M3 — () +m3)°m?3 )?

(A
(l”) AoB (A : B) (A v B) = dmy(mi+ma)?  (My+My)2M3+(my+my)2m?
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Proof. Replacing both C and D by B and A in (6.12) and putting p = %, then for a given
o € Ry we give
AdmymyM M, — OCZ(Mle +m1m2)2

4v/mimayM, My(M My +mym;)
If we put oo = 1 then we have the first inequality (i). If we choose o such that f =0,
then we have the second one (ii). Finally, since (m; +mp)ly <A+ B < (M) + M,)ly,
2

1y <AA+B) 'A< 21, and (XY~!X) # ¥ = X for positive operators X and

— mp+mp

(AtB)o(BtA)> a(AoB)# (BoA)+ oB.

mi
Mi+M,
Y, then we have

(A'+B ) 1o(A+B) = (A—A(A+B)'A)o(A+B)
= AocA+AoB—(A(A+B)"'A)o(A+B)
> AocA+AoB—(AocA+Bly)
= AOB*I}IH,

where B _ M ((M1+M2)2M127(m1+mz)2m%)2
dmy (my+my)? (M, +M2)2M12+(m]+m2)2m% ’
(iii). O

which implies the desired inequality

We show the following complementary inequalities to an extension of Fiedler’s type
inequality (Corollary 6.9).

Corollary 6.36 Let A € 7 (H) with Sp(A) C [m,M]. If a,b € R and t + 5 = 1 for non-
negative numbers t, s, then for a given o0 > 0

Ala+sboAsa+lb > (OC +ﬁ)(Aa OAb)

holds for
1 th -1 ﬁ 1— thfl
—ofs— 1| ————— o r
p=ols )(ashsl(h2—1)> T

where h = (%)Hb. In particular,

Ata+sb ° Asa+tb

1 1=h»2 (1—s B*=1\" .
= lfsh“*z(hz—l) s L p2s1 (A oA )7

where h = (%)Hb.

Proof. In Theorem 6.32, replacing both A and C by A%, both B and D by A® and applying
the operator mean with the representing function f(x) = x*, we have this corollary. O

Remark 6.7 If we puta=1,b=—-1,s=1t = % in Corollary 6.36, then we have an

estimate from above to the Fiedler inequality ( Theorem 6.14): A oAl < % 1y.

Moreover, we show the following converse inequality of (6.7) in Theorem 6.10
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Theorem 6.37 LetA,B <€ %' (H) with Sp(A) C [my,M;], Sp(B) C [ma,My). If f is a sub-
multiplicative nonnegative operator monotone strictly concave function on (0, o), then for
a given o >0

F(A)o £°(B) > a(Bo Lu)f (Ao L) (Bo 1)) +B(Bo 1)

holds for B = sty + vy —af(t,) andt, € [m,M) is defined as the unique solution of f'(t) =
Wr/ocwhen f'(M) < uy/o < f'(m), otherwise t, is defined as M or m according to Ly /ot <
f'(M) or f'(m) < g/ o, where m = 57 and M = =M

my

Proof. Let ¢ be the operator mean corresponding to f, then it follows from Theorem
6.32 that

4o f*(B) = (14 6 A)o (B o 1)
> oa(lgoB)o (Aoly)+B(lgoB)
= a(Boly)f ((Aolp)(Boly) ')+ B(Boly),
where B = f (ﬁ;,[n‘g s ) as in the theorem. ad

Remark 6.8 If we put oo = 1 in Theorem 6.37, then

~B(Boln) > (Bolp)f ((Aolp)(Boln)™") — f(A)o f'(B)
holds for B = pst, + vy — f(t,)(< 0) and 7, such that f'(t,) = ay, where m = 7= and

M,
M=M"
my°

Further if we choose o such that f = 0 in Theorem 6.37, then we have the following
corollary:

Corollary 6.38 Let A,B, f,m and M be as in Theorem 6.37. Then

Urt+ vy

0 }(BolH)f((AolH)(BolH)]).

FA4)of"(B)> min {

We have the following converse inequality of (6.8) in Corollary 6.12, since the power
function f(x) = x* is super-multiplicative and sub-multiplicative:

Corollary 6.39 Let A,B € %" (H) with Sp(A) C [m1,M;), Sp(B) C [mp,Ma]. Ift +s=1
for nonnegative numbers t and s, then for a given o« > 0

AoB> (A5 o1y) (B oly) + B(Boly)
holds for

s
OC(S _ 1) (L MSFm“) s—1 + Mm® —mM* if a1 >

ME—m® s—1
as M—m M—m 2 sM

ﬁ — é M—m
min{(1 — a)M*, (1 — o)m*} otherwise,
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where m = m:/sMgl/l and M = Ml]/sm;]/l.
In particular,
AoB— (AYsoly)* (B oly)
1 S __ S ﬁ S s
> (1) (b)) (g

and

AoB >

Mm® — mM?* (1 —s M —m'

(1 —5)(M—m) s Mm“'mMs) (Al/solH)S(Bl/lolH)t.

Proof. Put f(x) =x* and f°(x) = x’ in Theorem 6.37. O

Putting s = ¢ = 1/2 in Corollary 6.39, we have the next corollary:
Corollary 6.40 Let A,B € " (H) with Sp(A) C [m1,M;], Sp(B) C [my,M,). Then
1 1 MM i
AoB< (A?0lp)2(B*oly)z < ﬁ%m&

1 1 . M M>—mym»)?
(A20 1)} (B0 1y)? f(AoB)gmln{mll,mlz}mlH

By using Theorem 1.19, we have the following Ando-Styan inequality , which extends
to the result for correlation matrices by Styan.

Theorem 6.41 (ANDO-STYAN INEQUALITY) IfA is a positive invertible operator on H,
then
2(A01) (A" oA+ 1) (Ao ly) <AoA.

Proof. Pt X =ARA,Y =AQ1lyg+ 1y ®A and
Z=YX"'Y =204 ' +1za1p).
Then since X = YZ~'Y, Theorem 1.19 yield
D(X) > D(Y)D(Z) ' D(Y)
for a positive linear map @ and hence Definition 6.1 implies

AcA > (Aoly+1p0A)(2AcA " +14)) (Ao ly+1uoA)
= 2(Aoly)(A oA+ 1) (Ao 1y).

O

We give the converse inequality of the Ando-Styan inequality on the Hadamard prod-
uct. For this proof we need the next two results.
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Corollary 6.42 Let A€ B (H) with Sp(A) C [m,M| and ®; € Py[B(H), B(K)]. Then
for a given ot >0
DA™ < ad(4) ' +Bly

holds for B = B(m,M,x~ ", ax)

{%2 e i B<a<y
max { =%, L2 ifeither 0<a <% or M <q.
In particular,
DA —d(a) !t < WMVt
DAy < W gy p)-1,
Proof. Putk =1 and p =g = —11in (2.10) in Corollary 2.6. O

By using Corollary 6.42, we show the following converse inequality of Theorem 1.19.

Corollary 6.43 Let A,B € #*(H) with Sp(A) C [m1,M;], Sp(B) C [my,M,] and ®; €
Py[#A(H),PB(K)|. Then for a given o. > 0

®(BA™'B) < a®(B)®(A) "' ®(B) + BD(B)

holds for
M+m o D m M
=4 wm 2w W wSeshy
max{%,% ifeither 0< o< j; or Zn—vf<oc,

—m _M i
where m = A and M = e In particular,

M\ M;)?
®(BA™'B) < (mlmz—i_—l2)(I)(B)q)(A)*1(1)()3)7
4m1m2M1M2

2
VMM, — ‘/mlmz) o

Mym,

®(BA™'B) — ®(B)®(A)"'®d(B) < Mz( (1x).

Proof. By a similar method as in Theorem 5.28, we have from Corollary 6.42 that

D(BA™'B) = d(B)IW ((B%AB%) )cb(B)%

IN

®(B)? ((x‘I’ (B’%AB’%> B 1H) ®(B)*
= a®(B)®(A)"'®(B) + BD(B).
O

By using Corollary 6.42 and Corollary 6.43, we obtain the following complementary
inequality to the Ando-Styan inequality on the Hadamard product.
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Theorem 6.44 Let A € 1 (H) with Sp(A) C [m, M| for some scalars 0 < m < M. Then

for a given o« > 0 the following inequality holds

2(m? +M?* —2\/oamM)
m+M

AocA<20a(Aoly) (A oA+ 1) (Aoly) + (Aoly).

In particular,

2 2
A0A<1(u
- Mm

2
5 ) (Aolg)(A oA+ 1x) " YAoly)

and
2(M —m)?

AocA—2(Aclg)(A oA+ 15) Y Aoly) <
o (Aoly)(A" oA+ 1) (Aoly) < M

(AO IH).

Proof Pt X =ARA ' +A'@A+2 1yep andY = A® 1y + 1y @ A. Then we have
(22 4+ 2) 1pon <X < (L +2) lyen, 2mlpen <Y < 2Mlyey and AQA =YX Y.
Consider the map @ from B(H ® H) to B(H) by ®(X) = U*XU for an isometry U, then
by Corollary 6.43 we have

PARA) =0(YX'Y) < ad(Y)D(X) '®(Y)+ BD(Y)

M2 0 m2

holds for B = <M+m Mctm ,x’l,a> in Corollary 6.42. O

Moreover, we show the following converses inequality of the Ando-Styan inequality
for two positive operators.

Corollary 6.45 Let A,B € ' (H) with Sp(A) C [m1,M;], Sp(B) C [ma,M;] for some
scalars 0 < my < My and 0 < my < My. Then for a given o¢ > 0
AoB < a((A+B)olyg){A'oB+AoB ' 4214}
X((A+B)o 1n) + B((A+B)o 1)

holds for

(M) + M>)M M, (my +my)mymy
mMy +moMsy +2M My~ miMy +myM +2mymy
—2\/am1M1 +mapMs + 2M 1My myMy + maMs + 2mymy _
(M) + M>)M M, (my + ma)mymy

B =

Proof Put X =B®A ' +B ' ®A+2lyey and Y =B® 1y + 1y ®A. Then we
have (;’;—;4—;’}—?—1—2) lnen <X < (M‘i‘ﬁ,,{—f-i-z) lyen, (mi+mo)lgen <Y < (M +

my

M>)1ygn and X = Y(A® B)~'Y. Just as in the proof of Theorem 6.44 we have

®(ARB) < a®(Y)D(X)'d(Y) 4 BD(Y)
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for

ﬁ _ ﬁ (I’I’l1M1 +moMy +2MM> miMy + moMy + 2mimo ! Ot)
MM (M + M) ’ mymy(my +my) )
O

In the rest part of this section we give the inequalities on the Hadamad product and two
operator mean which are a generalization of the inequality (6.10). Let o and 7 be operator
means with the super-multiplicative representing functions f and g respectively. If f < g,
then

(A o C)o(Bo D)<(AoB) 1 (CoD) (6.13)

for operators A, B,C,D > 0. Since the inequality (6.13) does not hold in general, we con-
sider the following complementary inequality to (6.13) by virtue of Theorem 5.28:

Theorem 6.46 Let A,B,C and D be positive operators such that 0 < mil <A B < M1
and 0 <mpl < CRD < MI. Let 0 and T be two operator means with the representing
functions f and g which are not affine. Moreover, suppose that f is sub-multiplicative.
For a given oo > 0, put = ﬁ(%,%—f,f,g,a) and B° = ﬁ(["‘fé s L f0.8% ) defined in
Theorem 5.28.

(i) If B > 0 and B° > 0, then for every operator mean p

(AcC)o(BoD)—oa(AoB) T (CoD) > (B(AoB)) p (ﬂO(CoD)) .
(ii) If B < 0 and B° < 0, then for every operator mean p

(Ao C)o(BoD)—B(AoB)) p ((Ac C)o(Bo D)—B°%CoD))
> o(AoB) T (CoD).
(i) If BB < 0, then
(Ao C)o(Bo D)> a(AoB) T (CoD)+max{B(AoB),B(CoD)}.

Proof. We put X = A"2CA™2 and Y = B"2DB~2. Then we have from the sub-
multiplicativity of f

—_
Nl—

(AcC)®(BoD) = (AxB)I(f(X)®f(Y )(A®B)
> (A2B) (/X)) AnB)}
= (A®B) 6 (C®D).

—

Since the representing function f is not affine, by Theorem 5.28 the following inequality

(Ao Co(BoD)=U*((A o C)®(B o D)U
U'(A®B) o (C®D))U
aU*(A®B)U T U*(C@D)U+BU*(A®B)U

= 0(AoB) 7 (CoD)+B(AoB)

(AVARYS
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holds for B = f3 ( my My g, ) defined as in Theorem 5.28.

My’ m
Similarly,
(A C)o(Bo D)>a(AoB) 1 (CoD)+ B%CoD)

holds for B° = 3 (m‘ My r ,go,a).

My’ my?
The remainder of the proof is the same as the proof in Theorem 5.30. a

If we put & = 1 in Theorem 6.46, then we have the following generalization of Re-
mark 6.6 :

Corollary 6.47 Assume that the conditions of Theorem 6.46 hold. If ¢ < 1, then for
every symmetric mean p

(=B(AoB))p(—B°(CoD)) > (AoB) 1 (CoD)— (Ao C)o(B o D)>0.
Proof. Since oo = 1 and f < g, we have that 8 < 0 and 8 < 0. a

Further if we choose o such that § = 0 in Theorem 6.46, then we have the following
generalization of Corollary 6.33.

Corollary 6.48 Assume that the conditions of Theorem 6.46 hold. Then
(Ao C)o(Bo D)

t+by aps+b
>max<{ min {M} min {u} (AoB) T (CoD).

<2 gy )’ i <s<al g%(s)
Proof. Since the representing function f of ¢ is a non affine and a nonnegative operator
concave function, Corollary 6.48 follows from Corollary 5.32. O

Furthermore, since the representing function f(x) = x” of the p-power mean is sub-
multiplicative and super-multiplicative, we have the following converse inequality of in-
equality of the p-power mean by virtue of Theorem 6.46.

Corollary 6.49 Let A,B,C and D be positive operators such that 0 < mjlgey <ARQB <
Milpggy and O < mylyey <CRD < Mrlygy. Let O < p,g < 1. Then for a given o, > 0

(AfpC)o(BYy D) > a(AoB)t, (CoD)+B(AcB)
holds for B = B(m,M,t?,t7,a) =

og M—m M—m —m

q
(q_ 1)( MP —m? + MmP —mMP if qmq—l > 1 MAZ mP > gM9~ 1
mm{Mp — oM mP — am?} otherwise,

where m = 4, M = Ty M and

(A, C)o(Bty D) > a(AoB) ty (CoD)+B(CoD)

holds for B° = B (ml My t1=p 4l-a Oc) which is defined just as above.

M my?
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6.5 Generalization of Hadamard product of matrices

In this section we give the Li-Mathias type inequality (3.11) on the Hadamard product of
matrices. For the sake of convenience, we denote {supcc.} (resp. {subcx.}) the set of all
real continues super-multiplicative function and matrix concave (resp. sub-multiplicative
function and matrix convex) on [m, M]. We denote again m=mmy, M =M M, and I, =
[my, MU [ma, M) U [m,M].

Theorem 6.50 Ler A,B € 7, with Sp(A) C [m1,M1], Sp(B) C [ma,M;]. Let ®,®, €
Py[ Ay, Ay, [ € € (1) and g € € (m,M]). Let F(u,v) real value function defined on
U x V matrix monotone in u, where U D {f(t)f(s) : t € [m,Mi],s € [ma,M]} and V D
{g(t) :t € [m,M]}. Then

{ max min F[(p(t),g(t)]}lk

¢ € {subex.y m<t<M
o<f -

SF[@(f(A) 0@ (f(B)),g(P1(A) o Da(B))] (6.14)

< { min  max F[(p(t),g(t)]} 1.

¢ € {supcc.} m<t<M
o=f -

Proof. The proof is similar to the proof of Theorem 3.6. We prove only the right hand
inequality (6.14). Since ¢ is a real value continuous super-multiplicative function and
matrix concave such that f(¢) < @(¢) for all # € I,,, we have f(A) < @(A). Using the posi-
tivity of ®@; and Jensen’s inequality for a matrix map (Theorem 1.20) we have ®@; (f(A)) <
D (p(A)) < @(D(A)). From the same function ¢ we have (®, (f(B)) < ¢ (®,(B))).
Using monotonity of Kronecker product [4, str. 216]) we obtain

@ (f(A)) o D2 (f(B)) = P (®1(f(A)) @ P2 (f(B)) P
<P (@ (P1(4)) @ @ (P2(B))) P = ¢ (@1(A)) 0 ¢ (P2(B)).

From super-multiplicativity and matrix concavity of ¢ follows
¢ (@1(A)) 0@ (D2(B)) = P" (¢ (P1(A) ® ¢ (P2(B))) P
< @(PT ((P1(4)) @ (®2(B))) P) = ¢ (@1 (A) 0 (B)).
Using the matrix non-decreasing character of F(-,v), we have

F[®, (f(A)) o @2 (f(B)),8(P1(A) o @2(B))]

< Flo(@1(4)o®(B)) . (b1(4) o (B))] < { max F[<p<r>,g<r>]} I

m<t<M

Now we minimize this boundary over all continuous super-multiplicative matrix concave
function ¢ > f, to obtained the right hand (6.14). O

A version of Theorem 3.10 with Hadamard product follows from Theorem 6.50:
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Theorem 6.51 Let the hypothesis of Theorem 6.50 be satisfied. If f € C(1,) is a convex
function and a function
W) = h(tsm, M. f) = iy 1+ vy

is super-multiplicative, then

Fl@1(f(A)) o D2 (f(B)),&(P1(A) o P2(B))] < { max F[h(t)vg(f)]} L,

m<t<M

but, if f € C(1,) is a concave function and a function h is sub-multiplicative, then

FI®1 (£(A)) o ®s (£(B)). 5(@1(4) 0@ (B))] > { iz F[h<t>,g<r>1} I

m<t<M

6.6 Notes

Marcus and Khan [126] and Toyama [187] showed that the Hadamard product for metrices
is the image of the tensor product by a positive map. Paulsen [165] and J.I.Fujii [37] ex-
tended above fact to the infinite case as in Definition 6.1. Ando [4] showed Jensen’s type
inequalities on the Hadamard product of positive definite matrices by applying concavity
and convexity theorems. Also, Furuta [75], Aujla and Vasudeva [14, 13], J.I.Fujii [37]
and Mond and Pecari¢ [155] showed another Jensen’s type inequalities on the Hadamard
product. The fundamental results for tensor products are due to Marcus and Minc [127].
Theorem 6.1 is due to Styan [179]. Definition 6.2 is due to J.I.Fujii [37]. Lemma 6.2, The-
orem 6.3, Corollary 6.4 and 6.5, Theorem 6.7, Corollary 6.9 are due to Aujla and Vasudeva
[14] for the matrix case and J.I.Fujii [37] for the operator case. Theorem 6.6 is essentially
due to Ando [4]. Theorem 6.8 is due to Fiedler [31]. Theorem 6.10, Corollary 6.11 and
6.12 are due to J.I.Fujii [37]. Lemma 6.13 is due to Kijima [117]. Theorem 6.14 and
Corollary 6.15 are due to Kitamura and Seo [119]. Theorem 6.16 (i) and (iii) are due to
Liu and Neudecker [124], and (ii) and (iv) due to Mond and Pecari¢ [155].

Liu and Neudecker [124] showed several matrix Kantorovich type inequalities on the
Hadamard product and Mond and Pecari¢ [155] moreover extended them. The results in
Sections 6.2 and 6.3 are due to [176]. The results in Section 6.4 are due to [130, 133].






Chapter

Furuta inequality and its
application

The main purpose of this chapter is to give a brief survey of several ap-
plications of Furuta inequality. According to remarkable achievements
of many mathematicians who have interested with operator inequalities,
at present we have been finding a lot of applications of Furuta inequality
in operator theory.

7.1 Furuta inequality

Let A and B be positive operators on a Hilbert space H. The Lowner-Heinz theorem (The-
orem 1.8) asserts that A > B > 0 ensures A? > BP for all p € [0, 1]. However A > B does
not always ensure A” > BP for p > 1 in general. In order to consider operator inequalities,
the Lowner-Heinz theorem is very useful, but the above fact is inconvenient because the
condition ”p € [0, 1]” is too restrictive to calculate operator inequalities in the process of
operator transformations and operator inequalities. The following Theorem F has been ob-
tained from this point of view. Readers may understand its utility of Theorem F throughout
this chapter after reading many applications of Theorem F.

199
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Theorem F (Furuta inequality)

If A> B >0, then foreach r > 0

(i) (B%A”Bg)% > (B%BPB%>‘_1’ \\\\\\

and \\\\\
) N 1 (L, 1) £
(i) (447A%8) " > (atprat)’ ’
hold for p > 0 and g > 1 with
(1,0) 9

(I+r)g>p+r. 0.—n

Figure 7.1

In Theorem F, it follows that (i) is equivalent to (ii) which will be shown at the end of
the proof of Theorem F. The domain drawn for p,q and r in Figure 7.1 is the best possible
one for Theorem F, that is, we can not extend the domain drawn for p,q and r in Figure 7.1
to ensure two inequalities (i) and (ii) in Theorem F.

Theorem F yields the Lowner-Heinz inequality if we put » = 0 in (i) or (ii) of Theorem
F

Consider two magic boxes

f(D):(B%DB5)$ and g(D):<A%DA5)$.

Theorem F can be regarded as follows. Although A > B > 0 does not always ensure
AP > BP for p > 1 in general, but Theorem F asserts the following two order preserving
operator inequalities
f(AP) > f(BP) and  g(A?) > g(BP)

hold whenever A > B > 0 under the condition p , g and r in Figure 7.1.

In order to prove Furuta inequality, we need the following lemma.

Lemma 7.1 Ler X be a positive invertible operator and Y be an invertible operator. For
any real number A,

(YXY)* =YX i (XY YX I lxiy*,
Proof. Let YX > = UH be the polar decomposition of YX %, where U is unitary and

H=|YX 5 . Then we have

(YXy")* = (UHU** =YX2H 'H*H- X2y

[ N D Bt U B
=YX2(X2Y'YX?2 X2Y
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for any real bunber A. ]

It easily turns out that we don’t require the invertibility of X and Y in the case A > 1 in
Lemma 7.1 which is obviously seen in the proof. Lemma 7.1 is very simple with its proof
stated above, but quite useful tool in order to treat operator transformation in operator
theory.

Proof of Theorem F. At first we prove (ii). In the case 1 > p > 0, the result is obvious

by the Lowner-Heinz inequality. We have only to consider p > 1 and ¢ = % since (ii)

of Theorem F for values ¢ larger than ” “ follows by the Lowner-Heinz inequality, that is,
we have only to prove the following

1+r

A > (ATBPAZ)r forany p>1 and r>0. (7.1

We may assume that A and B are invertible without loss of generality. In the case
r€[0,1],A > B> 0ensures A" > B" holds by the Lowner-Heinz inequality. Then we have

=L -p - 14 r
(AzBPAz>”“ — A5B% (BTIA”BT)’H B%A®  byLemma7.l

and the first inequality follows by B™" > A™" and the Lowner-Heinz inequality since ;% S

[0,1] holds, and the last inequality follows by A > B > 0, so we have the following
1+4r
Al > (AzB”AZ) P forp>1landrel0,1]. (1.2)
i i 1+r
PutA; =A'"*" and B, = (A'EBPA'E) " in (7.2). Repeating (7.2) again forA; > By >0,
r1 €[0,1] and p; > 1,

1+r]

A > (AZ BI'A l)””" _

Put p; = ”“ > 1and r; = 1, then

2(14r)
A204) > (A”%BPAH%) PR forp>landre [0,1]. (7.3)

Put § =r+ 4 in (7.3). Then pfzti)l = ;}i} since 2(1+r) = 1 +s, so that (7.3) can be
rewntten as follows;

I+s

A+ > (A%BPA%> " forp>1,ands € [1,3]. (7.4)
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Consequently (7.2) and (7.4) ensure that (7.2) holds for any r € [0,3] since r € [0,1]
and s =2r+ 1 € [1,3]. Repeating this process, we should obtain that (7.1) holds for any
r > 0 and so (ii) is shown.

—(p+r) . .
IfA>B>0,then B~ >A~! > 0. Then by (ii), foreachr > 0,B~ 7 > (BTA*I’BT) ‘

holds for each p and ¢ such that p > 0, ¢ > 1 and (1 +r)g > p+ r. Taking inverses of both
sides, we have (i) and so the proof of Theorem F is complete.

O
Theorem 7.2 IfA > B > 0, then the following inequalities hold.
Nt
(i) (B%APB%) N
14r
(ii) Al > (atpras)””
forp>1landr>0.
Proof. We have only to put g = ’1’%: >1lif p>1andr>0in Theorem F. O

Remark 7.1 Theorem 7.2 is the essential part of Theorem F since Theorem F in case
p € [0, 1] is trivial by the Lowner-Heinz inequality, and we shall state several applications
of Theorem 7.2 in the forthcoming sections.

We show that Theorem F is equivalent to the following Theorem 7.3.

Theorem 7.3 IfA > C > B >0, then for eachr > 0

L 1

@) (ciarct)’ = (cicres)" = (cimrct)

==

forp>0andq> 1 with(1+r)g>p+r.

Proof of equivalence between Theorem F and Theorem 7.3.

Theorem F = Theorem 7.3.

The first inequality of (x) follows by (i) of Theorem F and also the second one of (x)
follows by (ii) of Theorem F.

Theorem 7.3 = Theorem F.

Put B = C in (%) of Theorem 7.3, then we have (i) of Theorem F. Also put A = C in (%)
of Theorem 7.3, then we have (ii) of Theorem F.

Whence a proof of equivalence relation between Theorem F and Theorem 7.3 is com-
plete. O

Theorem 7.3 implies the following equivalence relation;
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Theorem 7.4 (CHARACTERIZATION OF C IN THEOREM 7.3) A > C > B > 0 holds if
and only if

1 i L i i
() (C%APC%) ‘> (C%CPC%) > (C%ch'z)

BN

holds forall r >0, p > 0and g > 1 with (1+71)qg > p+r.

Proof. A proof of “only if” part follows by Theorem 7.3 and also a proof of “if”” part
follows by putting r =0 and p = g = 1 in (). |

We remark that Theorem 7.4 is a characterization of C satisfying A > C > B > 0 by
using the operator inequality ().

We state the best possibility of Theorem F as follows. We omit the proof.

Theorem 7.5 (TANAHASHI) Letp>0,g>0andr>0. If(1+r)g<p+ror0<g<],
then there exist positive invertible operators A and B with A > B > 0 which do not satisfy
the inequality

ENEN

ptr

AT > (A%BPA%) .
Theorem 7.5 asserts that the domain drawn for p, g and r in the Figure 7.1 of Theorem
F is the best possible domain.

Notice that Theorem 7.5 easily ensures the following result.

Theorem 7.6 Let p > 1 and r > 0. If a > 1, there exist positive invertible operators A
and B such that A > B > 0 and

r o (I4+ro

AN % (AT BPAR) o

Theorem G (GENERALIZED FURUTA INEQUALITY). IfA > B > 0 with A > 0, then
fort€0,1) and p > 1

§ 1—t+r
(G-1) Al=t+r > {A% (A%’BPA%’)‘A% } P fors> land r >t
Theorem G can be regarded as an extension of Theorem 7.2.

Proof of Theorem G. We may assume that B is invertible. First of all, we prove that if
A > B >0 withA > 0, then

1
— — s (—t)s+1
A> {A% (ATtB”ATt) A%}“’ P forre 0,1, p>lands>1.  (7.5)
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In the case of 2 > 5> 1, as s — 1, W €10,1] and A’ > B' by the Lowner-Heinz
inequality, so by Lemma 7.1 and the Lowner-Heinz inequality we have

1
- = s—1 p —1)s
By = {A% (AT’BPA z) Az} i {BS (B%A*f}g%)Y B‘z}“’ o
1 ( I)
§— D—1)s+1
< {35 (B%B”Bg> 35} T _B<aAa=4, (1.6)

fort €[0,1], p > 1and 2 > s > 1. Repeating (7.6) for A; > By > 0, then we have

1
n - S1 (py—t1)sy+t
A 2{A12| (A > g PAT > AZ} e (7.7)

fort; €[0,1], py > 1and2 > s > 1.
Putzy =t €[0,1] and p; = (p —7)s+1¢ > 1 in (7.7). Then we obtain

R S
(p—t)ssy+1

A> {A% [A%’A% (A’T’B”A’T’)SA%A%TIA%}
t =t —t\*51 m
— {Az (A 2 BPA ) Az} (7.8)

fort €[0,1],p>1and4 > ss; > 1.
Repeating this process from (7.6) to (7.8), we obtain (7.5) for t € [0,1], p > 1 and

%
(p—t)s+t

any s> 1. Put Ay = A and B, = {Aé (A 5 B”A_) A } in (7.5). Applying (ii) of
Theorem F for A, > B, > 0 by (7.5) fort € [0,1], p > 1 and s > 1, so we have

I+r

Dy +1
AT > <A B AT >12 " forpy>1landr >0, (7.9)

We have only to put , =r—¢ >0 and p, = (p—1t)s+1¢ > 1 in (7.9) to obtain the
desired inequality (G-1) in Theorem G, so the proof of Theorem G is complete. O

Recall that for positive invertible operators A and B, the order logA > logB is said to

be the chaotic order (denoted by A > B ) and this order is weaker than the usual order
A > B > 0 as seen in Example 1.7, that is, log? is operator monotone.

Theorem 7.7 Let A and B be positive invertible operators. Then the following (i), (ii)
and (iii) are mutually equivalent:

(i) A > B (i.e.,, logA > logB).

(i) AT> (Az BPAS ) i forall p>0andr>0.

(iii) (BzAPB ) TS B forall p>0andr> 0.
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Proof. (i) = (ii). We recall the following obvious and crucial formula
(x%) 8lim, .. (1 + LlogX)" = X for any X > 0.
The hypothesis logA > log B ensures
A1 =1+ 5% > 1y + 2% = By
for sufficiently large natural number n. Applying (ii) of Theorem F to A; and B, we have

A= (AFBPAT )™ forall p=0and r >0 (7.10)

since g = %t’" satisfies the required condition of Theorem F. When n — oo, (7.10) ensures

(ii) by (**).
(ii)) = (i). Taking logarithm of both sides of (ii) and refining, we have

r(p+r)logA > rlog (A%BPA%> forall p>0and r>0

by the operator monotonicity of the logarithm, and tending r — 40, we obtain logA >
logB.
The implication (i) <= (iii) is shown by the same way of the proof of (i) <> (ii). O

In order to prove the best possibility of Theorem G, we prepare the following result
which is nothing but a slight modification of Theorem 7.5.

Theorem 7.8 Let p>0,g>0,r>0and 6 >0. If0<g<1lor(0+r)g<p-+r, then
there exist positive invertible operators A and B such that A® > B% and
ptr r r é
AT # (AZB”A2> . (7.11)

Proof. Assume 0 <g < 1lor (§+r)g<p+r. Putp; =% >0andr =5 >0, then
(6 +7r)g < p+risequivalentto (1+7)g < p; +ri. By Theorem 7.5, there exist positive
invertible operators A} and B; such that A; > By > 0 and

bitn n Y
AT # (Af Bq’lAf) . (7.12)
1 1
Here we put A :Af >0and B = Bf >0, then A; =A% and B, = B5, so that A; > By

is equivalent to AS > B and (7.12) is equivalent to (7.11). Therefore A and B satisfy both
A% > B% and (7.11). Hence the proof is complete. O

Theorem 7.9 Let p>0,q>0andr> 0. If rqg < p+r, then there exist positive invertible
operators A and B such that 1ogA > log B and

pEr r r é
A" z(AzBPAz> . (7.13)
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Proof. Assume rq < p+r. Since 0 < ”T“ —r, there exists a 0 > 0 such that 0 < 0 <
”T“ —r, thatis, (0 +r)q < p+r. By Theorem 7.8, there exist positive invertible operators

A and B such that A% > B and (7.13).

A% > A% ensures logA > log B by the operator monotonicity of the logarithm function
and & > 0, so that A and B satisfy both logA > logB and (7.13). Hence the proof is
complete. O

Theorem 7.9 can be easily rewritten in the following form.
Theorem 7.10 Let p >0andr>0. If o > 1, then there exist positive invertible operators
A and B such that logA > log B and
AT # (A%BPA%) P (7.14)
Next we prove the best possibility of Theorem G as follows.
Theorem 7.11 Letp > 1,t € [0,1], r >t and s > 1. If

l—t+r
— <
(p—t)s+r
then there exist positive invertible operators A and B such that A > B > 0 and

a, (7.15)

Allp=Ds+ria * {A% (A%’BPA%’)SA% }a. (7.16)

Proof.  (a) In the case of 7 € [0, 1). Assume that

1—t4r

r = = Sor p—t)s '_OC
S>T>0 ensures S+ > {Si (57’ TPST’)‘S? } b=t (7.17)

forp>1,t€10,1),r>¢,s>1and o > 1.
On the other hand, A > B > 0 ensures the following (7.18) by (ii) of Theorem F:

1+r

Al > (A%BPIA%)”'*” for p1 > 1 and r; > 0. (7.18)
Put p; = l—:lt >landr = 11—71 > 01n (7.18). Then (7.18) implies
1 14 p—t 14 1177
AT > (Azm—r)BttAzm—t)) . (7.19)

t _

PutS=AT7 and T = (A 2<1—r>BﬁA2<1—r>) . Then § > T > 0 by (7.19) and applying
(7.17), we have

==

1—t+r

-t {s% (s%’ TPS%’)SS% } st ™ (7.20)
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(7.20) is equivalent to the following

=%
T
1
]
Vv

r —t ' =t ' % —t § r s ®
> |A20-) { A200) (Az(lft)Bl,,Az(lft)> AT L A0

r p—t r

_ (Az(l—t)BlftsAZ(lft)) Tt (7.21)

Putr; = ;&5 > 0and p; = d’:; s > 1in (7.21). Then (7.21) is equivalent to

Z

I+ry

r r el 4
AllFr)o > (A%szA%)““ forpp > 1,7, >0and o > 1. (7.22)
This contradiction proves the result in the case of 7 € [0, 1) by Theorem 7.6.

(b) In the case of r = 1. Assume that

r

ro s st ap ot S o) s ¢
S>T >0 ensures S ><82(S27P572 ) S2 . (7.23)

forp>1,r>1,s>1and o > 1.

For positive invertible operators A and B, logA > log B ensures the following (7.24) by
Theorem 7.7

A> (A%B""A%> r (7.24)

1
PutS=Aand T = (A%BIHA%> ? ThenS$>T > 0 by (7.24) and applying (7.23), we
have

5> {s% (5%Tﬂs%>ss%}“’*”S“a. (7.25)

(7.25) is equivalent to the following

TR G
A% > A7 » A2

_ (aspiras) T 1.26)

V
=
ST
—N
]
oL
/:%\_
S
i
X
SN—

Put p3 = (p—1)s > 0in (7.26). Then we have

r r %O{
A*‘)‘2<1a\73”3,47>’3+ for p3 >0,r>1and o > 1.
This contradiction proves the result in the case of # = 1 by Theorem 7.10.

Hence the proof is complete by (a) and (b). O
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7.2 Operator functions associated with Theorem G

We show the following equivalence relation between Theorem G and related operator func-
tions.

Theorem 7.12 The following (i),(ii),(iii) and (iv) hold and follow from each other.
(i) IfA> B > 0 with A > 0, then for eacht € [0,1] and p > 1,

. i S . lfH»r.
Al > {Ai (ATBPAT> Az}("*’)”' forr>tands> 1.
(ii) IfA> B> 0 with A >0, then for each 1 >g>1t>0and p > q,
r —t =t\S r Canr
AT > {A7 (ATB”A7> Az}(pit)m forr=tands>1.

(iii) If A > B > 0 with A > 0, then for eacht € [0,1] and p > 1,

1—t4r
(p—t)s+r =

—r r = —t\S r
Fpi(AB,rs) =A7 {A? (ATtB”ATt) A?} A7

is a decreasing function forr >tand s> 1.

(iv) If A > B > 0 with A > 0, then for eacht € [0,1], g >0 and p > 1,

+r
t)s+r Zr

—r r - -\ r II,L
Gpas(A,B.rs) =A7 {A? (AT’BPAT’) Az}<” T A7
is a decreasing function for r >t and s > 1 such that (p —t)s > q—t .

Proof. We may assume that both A and B are invertible.
(iv) = (iii). We have only to put ¢ = 1 in (iv).

(iil) = (i). A > B > 0 and the monotonicity of F,;(A,B,r,s) ensure
Alit ZA%BA% = p,t(AvBatv 1) Z Fp,t(Aanras)

so that we have (i).

(i) = (ii). PutA; =A%and B = B? forq € [0, 1]. Then A; > B; > 0 holds by the Lowner-
Heinz theorem (Theorem 1.8) in Section 1.2. Put p; = § >1,4 = é and r; = 2. Then we
have only to apply (i) on A; > Bj.

(if) = (iv). Put ¢ = ¢ in (ii). Then if A > B > 0, then for each ¢ € [0, 1] and p > ¢
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r

r - —\S Y -nstr
AT > {A? (AT’BPAT’) Ai}<” P forr>rands > 1. (7.27)

(a) Decreasing of G, ,,(A,B,r,s) for s. Put D =A TBPAT. Applying Lemma 7.1 to (7.27)
and the Lowner-Heinz theorem (Theorem 1.8) in Section 1.2, we obtain for each ¢ € [0, 1],
p>t,s>landr>t

(p=ipw

(D%A’D%) P> DY fors > w > 0. (7.28)
Then we have
q—t+r
£ls) = {A% (A%’BM’T’)S& } i
g—t+r
_ (A%DSA%) p=r)str

q—t+r
(p=t)(stw)+r Y (p—1)(s+w)+r
( ASDA g) -0str

—t+r

([
by Lemma 7.1

I~

A5D3 (D3aDT) 7T pia

{ (p=t)w

q—t+r
> (A%DS+WA%) (p—1)(s+w)+r
= f(s+w)
and the last inequality holds by (7.28) and the Léwner-Heinz theorem since 7@7;’)@'1;) — €

[0, 1] holds, so the proof of (a) is complete since G, ,,(A,B,r,s) = AT f(s)A 7.

(b) Decreasing of F, ,;(A,B,r,s) for r. Applying the Léwner-Heinz theorem to (7.27), if
A>B>0,then foreachtr € [0,1],p>¢t,s>landr >t

At > (A% DSA%) B0 for r > u > 0. (7.29)

Then we have
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g—t+r

F a5 (aZpraz ) as\ 0 4

Gllv%l(A»BaV,S) =A7 {A? (AT[BPATI) Af}(’ 1)s+ A7
q—t—(p—t)s

_p} (D%A*D‘f) P D3 by Lemma 7.1

q—t—(p—t)s

. . . (p=t)strtu Y (p—t)strtu
— p} (D‘zA*D‘f) RS D

# ro s | o)striu g
)(1 )5+ AZDZ} F D? byLemma7.l

S

g-1—(p-1)s

I
.

g-1—(p-1)s

D ) D%Ar+uD%) (p—t)s+r+u D%
= Gpqi(A,B,r+u,s)

AV
(=]

g—t—(p—t)s
(p—t)s+r+u
[—1,0]. Consequently we obtain (iv) by (a) and (b), so the proof is complete. |

and the last inequality holds by (7.29) and the Lowner-Heinz theorem since

Corollary 7.13 IfA > B > 0, then the following inequalities (i) and (ii) hold

1 1
() 6{B (BFarp¥ ) B} 777 2 a > B> {af (aFpraT) 4t}

1—t4r 1—t+r
p—itr —(r—t)

B2 >A253>A# (A"z;’BPA'T”y”“A#

(i) 6B~

(B arp )
foreacht € 0,1, p>1,r>tands> 1.

Proof. (i) Theorem 7.12 yields
F,/(A,B,t,1) > F,;(A,B,t,s) > F,;(A,B,r1,s)

fort € [0,1], p>1, r >t and s > 1, so that we have the latter half inequality, and the
former one follows by the letter one by taking inverses of both sides as seen in the proof of
(i) via (ii) of Theorem F.

(i1) Theorem 7.12 yields
F,/(A,B,t,1) > F,;(A,B,1,1) > F,;(A,B,1,s)

fort € [0,1], p>1, r >t and s > 1, so that we have the latter half inequality, and the
former is easily shown as the same way as in (i). O
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Corollary 7.14 IfA > B > 0, then the following inequality holds

—=r

§B7 (BiarBs)" BE 2 A= B> ¥ (apras)"" 4%
forp>1landr>0.

Proof. We have only to put# = 0 in (ii) of Corollary 7.13. O

Remark 7.2 Corollary 7.14 easily yields Theorem 7.2.

Corollary 7.15 IfA > B > 0, then the following (i) and (ii) hold:

14r

(i) 8f(p,r)=B7 (B%A”B%> """ B% is an increasing function of both p > 1 and r > 0.
Ler
(i) 8g(p,r)=A7 (A%B”A%) """ A7 is a decreasing function of both p > 1 and r > 0.
Proof.  (ii) Putt =0 and p = 1 in (iii) of Theorem 7.12, and then replace s by p.
(i) Since B~! > A~ holds, (ii) yields that
SB5(BFAPBT ) B}

is a decreasing function of both p > 1 and r > 0, so that we have (i) by taking inverse. O

Remark 7.3 Corollary 7.15 easily implies Corollary 7.14.

Corollary 7.16 IfA > B > 0, then the following (i) and (ii) hold:
(i) For any fixed t > 0,

=+r

8f(p,r)=B7 (B%A”B%) "7 BY s an increasing function of both p >t and r > 0.
(ii) For any fixed t > 0,

=+r

Sg(p,r)=A7 (A%B”A%) " AT is a decreasing function of both p >t and r > 0.

Proof. (i) (i) of Corollary 7.15 ensures that if A > B > 0, then

1+

I R S C )
S1(pr) =B (BIAVBS) T BT
is an increasing function of both p’ > 1 and /' > 0. We have only to put p’ = £ > 1 and
Fr=Lr>0
i

(i1) It follow from the same way as one in (i) by using (ii) of Corollary 7.15. O
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7.3 Chaotic order and the relative operator entropy

In this section, as applications of Furuta inequality, we pick up several inequalities for
the relative operator entropy.
We recall that the relative operator entropy S(A|B) is defined by

S(A|B) = A2 (1ogA*%BA*%)A%

for invertible positive operators A and B on a Hilbert space H.
‘We begin with characterizations of the chaotic order.

Theorem 7.17 Let A and B be positive invertible operators. Then the following asser-
tions are mutually equivalent.

I A>B(.e.,logA >logB).
(1)) A" > (A%BPA%) T forall p> 0 and all u > 0,

po+u

(Iy) A > (A%BPOA%)

where ug is a fixed positive number.

for a fixed positive number py and for all u such that u € [0, ug),

(I1) log AP+ > log (A%BPA%> forall p >0 and all u> 0.

(III) logA“*P0 > log (A%BI’OA%> for a fixed positive number py and for all u such that
u € [0,up), where ug is a fixed positive number.

Proof. (I)<=(I1,) is shown in Theorem 7.7.

(IIIp)=(). We have only to put u = 0 in (II,).

(I1})=(II,)==-(1l») and (II;)==(1I;)==-(1II,) are obviously since log? is operator
monotone. Hence the proof is complete. O

Theorem 7.18 Ler A, B and C be positive invertible operators. Then the following asser-
tions are mutually equivalent.

IH C>»A>B(.e.,logC >logA > logB).

p+u

() (AZCPA2> > A > (A%BPA%>"*” forall p>0andall u> 0.

(I1p) (A%CPUALZ") o > A4 > (A%BPUA%> PO for a fixed positive number py and for all

u such that u € [0,uo), where ug is a fixed positive number.
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(1)) log (A%CPALZ") > logAPt" > log (A%BPA%> forall p >0 and all u> 0,

(II) log (A%CPUALZ") > log AP0t > Jog (A%BPUALZ") for a fixed positive number py and

for all u such that u € [0,up), where ug is a fixed positive number.
(IV)) S(A~|CP) > S(A""|AP) > S(A"|BP) forall p >0 and all u > 0.

(IV,) S(A~H|CP0) > S(A~"|AP0) > S(A~"|BPV) for a fixed positive number py and for all u
such that u € [0,ug] ,where uy is a fixed positive number.

Proof. (I)<=>(I1})<=>(II,)<=(I1I;)<=(IIL,) is easy by Theorem 7.17.

(II})<=(IV}) and (Ill,)<=(1V,) are obtained by the definition of the relative opera-
tor entropy. ]

Corollary 7.19 Let A, B and C be positive invertible operators. If C > A~' >> B, then
S(A|C) > —2AlogA > S(A|B).
Proof. Put p = u =1 and replace A by A~! in (IV) of Theorem 7.18. Then
S(A|C) > S(AJA™") > S(A|B)
and the proof is complete since S(A|JA 1) = —2AlogA. a
The following theorem is an improvement of Theorem 5.12.

Theorem 7.20 Let A and B be positive invertible operators. For any positive number xy,
the following inequality holds;

1 1
(logxo— 1)A+8—B > S(A|B) > (1 —logxg)A — 8 —AB'A.
X0 X0

In particular, S(A|B) = 0 holds if and only if A = B.
Proof. First of all, we cite the following obvious inequality for any positive numbers x
and x

1
logxo — 1+ = >logx > 1 —logxg — —. (7.30)
X0 XX

We can interchange x with positive operator A~ 5BA~% in (7.30), then

=

1
Al <1ogx01+—A%BA%>A% > A (1ogA*%BA*%)A%
X0

1 o1 1\ 1
> A2 1—logxo— —A2B A2 | Az,
X0
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that is, . .
(logxo — 1)A+8—B > S(A|B) > (1 —logxg)A — § —AB™'A.
X0 X0

For the proof of the latter part, putxg = 1 and S(A|B) = 0, then
—A+B>0>A—AB A,

that is, B> A and AB~'A > A. The latter inequality is equivalentto A > B, so that A = B
holds. That is, S(A|B) = 0 ensures A = B, and the reverse implication is trivial by the
definition of S(A|B). Hence the proof is complete. a

Next, we study operator functions associated with the chaotic order.

Theorem 7.21 Letr A and B be positive invertible operators. Then the following asser-
tions are mutually equivalent.

I A>B(.e.,logA >logB).

(I1) For any fixedt > 0,

+r

F(p,r)= B7 (BgAPBg) " BT isan increasing function of both p >t and r > 0.

(ITT) For any fixedt > 0,

it
G(p,r) = AT (AfB”Aé) "AT isa decreasing function of both p >t and r > 0.

Proof. (I) = (III) logA > log B is equivalent to the following (1) by Theorem 7.18

(1) AT > (A%BPA%) forall ¥ >0and p > 0

and (1) is also equivalent to the following (2) by Lemma 7.1

_p_
) (B%AfB‘f) "7 > BP forall p>0and r>0.

Applying the Lowner-Heinz theorem to (1) and (2), we have the following (3) and (4)
respectively

u

3) Auz(A%BPA%)Im forall r>u>0and p>0

(4) (B%Ang)m > B* forall p>w>0andr>0.

(a) G(p,r) is a decreasing function of p.

t+r

g(p,r)= (A%BPA%> e
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t+r
. . Pt‘j::r’ pwr
- (AzBPAz) ’
i+r

r 7 r ptw+r
- {AzB"% (B"z’-A’B"%) r B"z’-Az} by Lemma 7.1

t+r
ptw+r

> (A%BP+WA%>

=g(p+wr)

and the last inequality holds by (4) and the Lowner-Heinz theorem since - e [0,1],
so that = g(p,r) is a decreasing of p, and G(p,r) = A7 g(p,r)A7 is also a decreasing
function of p.

(b) G(p,r) is a decreasing function of r.

+r

ptr -

Glp,r) =AT (A5BrA)"" 4%

- g5 (BiAng) 3 by Lemma 7.1

1—p

r r r % r m
B5 A% (AzBpAz>” Ang} "B

[ShS]

by Lemma 7.1

—p
p

> B% (B%AWB%) T gh

=G(p,r+u)

and the last inequality holds by (3) and the Léwner-Heinz theorem since ri;i 5 € [—1,0],
so that G(p,r) is a decreasing function of r. Whence the proof of (I) = (III) is complete
by (a) and (b).

(IT) = (I) Assume (IIT). Then G(p,0) > G(p,r) with = 0, that is,

r

Iy >A7 (A%BPA%) P AT forall p>0andr>0,

that is,

r

AT > (A%BPA§> " forall p>0and r>0,
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so that logA > log B by Theorem 7.7. Therefore (I) <= (III) is proved.

(I) <= (II) Since logA > logB is equivalent to log B~ >1ogA~!, so that by applying
this latter condition to (I) <= (III), (I) is equivalent to the following (5).

(5) For any fixedz > 0
i
B3 (B%A”’B%r> "' Biisa decreasing function of p >t and r > 0,
(5) is equivalent to the following (6)
(6) For any fixedz > 0

Ihr .
F(p,r)=B7 (BgAPBg) "'" B7 is an increasing function of p >t and r > 0,

so that (I) <= (II). Whence the proof of Theorem 7.21 is complete. O

7.4 Notes

A proof of the Furuta inequality is due to [70] and we also refer to [54], [111] and [73].
Theorem 7.3 and Theorem 7.4 are due to Cho, Furuta, J.I.Lee and W.Y.Lee [23]. An
excellent and tough proof of the best possibility of the Furuta inequality is obtained in
Tanahashi [183].

A proof of the generalized Furuta inequality is due to [76] and we refer to [62], [94] and
[81]. The best possibility of the generalized Furuta inequality is contained in Tanahashi
[184] and alternative proofs are in [196] and [65].

The spacial case of Theorem 7.7 appeared in Ando [5]. Theorem 7.12 is due to Furuta,
Hashimoto and Ito [90]. Corollary 7.16 is due to Furuta [74] and M.Fujii, Furuta and
Kamei [55].

For our exposition we have used a work of Furuta [84] and [85].



Chapter

Mond-Pecari¢ ideas in
operator order

In this chapter, we observe the operator order > and the chaotic order
> in the algebra (H) according to Definition 1.1 and Definition 4.1.
We study some characterizations of the operator order and the chaotic
one by virtue of the Kantorovich inequality. We call them Kantorovich
type inequalities of the operator order and the chaotic one.

8.1 Fundamental results

When we observe the inequalities which preserve the operator order, we recall the Hansen-
Pedersen theorem (Theorem 1.11). For a function f € €([0,0)), if f(t) > 0 for all ¢t €
[0,0), then f is operator monotone if and only if it is operator concave. So if f is a convex
function, then it can not be an operator monotone function. For example, the Lowner-Heinz
Theorem asserts that A,B € % (H), A > B > 0 imply A? > B? for | > p > 0. However,
A > B >0 does not imply A?> > B? in general. As an application of the Kantorovich
inequality we show that a function f(¢) = ¢ preserves the operator order in the following
sense:

Theorem 8.1 Let A, B € %+ (H) be positive operators on a Hilbert space H with Sp(B) C

217
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[m, M| for some scalars M > m > 0. Then

(M +m)

A>B>0 imply A?> B

Proof. By the Kantorovich inequality (Theorem 1.29), we have

M 2
(Bzx,x) < %(Bx,x)2 by Mly>B>mly >0

(M +m)? 2

< (A by A>B>0
M 2

< ﬂ(Azx,x) by the Holder-McCarthy inequality

AMm
for every unit vector x € H. Therefore it follows that %AZ > B2 O

2
The number (Aﬁ,,';;) is called the Kantorovich constant.

Moreover, we have the following complementary result to Theorem 8.1.

Theorem 8.2 Let A,B € 1 (H) be positive invertible operators on H with Sp(A) C
[n,N] for some scalars N > n > 0. Then

(N +n)?

A>B>0 imply A?> B

Proof. Since B~! > A~! and ;171H >A > %1].[ > 0, it follows from Theorem 8.1 that

(N"'”)ZBJ _ (% )2

Nl g2 A2
4Nn 4

=~ +

Si=|3 -

(N+n)* 42 < p2
and hence “55 ~A" > B-. ]
Generally, though the power function f(¢) = ¢? (0 < p < 1) is operator monotone, it
follows that A > B > 0 does not always ensure A? > BP for any p > 1. Related to this
result, we have an extension of Theorem 8.1 and Theorem 8.2, which plays a fundamental
role in this chapter.

Theorem 8.3 Let A,B € B+ (H) be positive operators on H with Sp(A) C [my,M,] and
Sp(B) C [my, M) for some scalars M; >m; >0(j=1,2). IfA > B >0, then the following
inequalities hold:

M\
<_) APZK(I’}’Il,Ml,p)ApZB‘D, (81)

Mo\ P!
(—) AP > K(my, My, p)AP > B? (8.2)
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forall p > 1, where K(m,M, p) is defined by (2.78) in § 2.7:

(mMP —MmP) (p—1 MP—mP \?
(p—1)(M—m) p  mMP — Mm?P

Proof. Put h = Z—: > 1. By (vi) of Theorem 2.54, we have the first inequality in (8.1)
and (8.2). Next, since Mp1y > B > my 1y > 0, it follows from Theorem 2.53 that

K(m,M,p) =

(8.3)

K(my, My, p)(Bx,x)P > (Bx,x)
for every unit vector x € H. Therefore, we have for all p > 1

(Bvax) S K(m27M27p)(Bx7x)p
< K(my,My,p)(Ax,x)’ by A>B>0
< K(my,M>,p)(APx,x) by the Holder-McCarthy inequality

for every unit vector x € H. Therefore it follows that K (my, M, p)AP > BP.
On the other hand, since B! > A~! and le ly>A—1> M%lH > 0, it follows that

1 1
K(—,—,p)B”ZA” for p > 1.
My my

Since K (MLI, mil,p) = K(my,M;,p) by Theorem 2.54, taking inverse of both sides we
have K (m;, M, p)~'BP < AP and hence we have the desired inequality. O

For positive invertible operators A and B, we denote the chaotic order by A > B if
logA > logB. We give some characterizations of the chaotic order by applying Theo-
rem 8.3 and Theorem 7.7.

Firstly, we show Kantorovich type operator inequalities of the chaotic order which are
parallel to Theorem 8.3.

Theorem 8.4 Let A,B € #"+(H) be positive invertible operators with Sp(B) C [m, M|
for some scalars M > m > 0. IflogA > logB, then

M p
(—) AP > K(m,M,p+1)AP > BP forall p> 0,
m

where the Kantorovich constant K(m,M, p) is defined by (8.3).

Proof. Put r =1 in (iii) of Theorem 7.7, then logA > logB ensures the following
inequality
L
(B%APB%) "T>B  forall p>0.

p+1

PutA, = (B%A”B%> and B = B, then A and B satisfy A1 > By >0and M1y > B; >
mlyg > 0. Applying Theorem 8.3 to A| and Bj, we have
1

MNP 1\ 5T 1 1\ A
(—) (BfAPm) > K(m,M, p) (BfA”Bf> > B (8.4)
m



220 8 MOND-PECARIC IDEAS IN OPERATOR ORDER

forp >0and p; > 1.
Put p; = p+1 > 11in (8.4) and multiply B~ on both sides, then we have

M P
(—) AP > K(m,M,p+1)AP > B for all p > 0.
m

Hence the proof of Theorem 8.4 is complete. O

Theorem 8.5 Let A,B € 1" (H) be positive invertible operators with Sp(B) C [m, M|
for some scalars M > m > 0. Then the following assertions are mutually equivalent:

(i) logA > logB.

p 2
(i) LS AP > B forall p> 0.

Proof. (i) = (ii). Put r = p in (iii) of Theorem 7.7, then logA > log B ensures the
following inequality
1
(B%APB%) >>BP  forall p>0.

1
PutA; — (BgAPBg) ? and B, = B?, then A, and B, satisfy A; > B > 0and MP1 > B; >
mP 1y > 0. Applying Theorem 8.3 to A; and Bj, we have

, Py
K(m?,MP., p)) (B%A"B"%> > (BP)m (8.5)

for p>0and p; > 1. )
Put p; =2 > 1 in (8.5) and multiply B~ % onboth sides, then we have

(MP +mP)?

AMPmE AP = K(mP ,MP 2)AP > BP forall p > 0.
m

Hence the proof of (i) = (ii) is complete.
(ii) = (i). Taking logarithm of both sides of (ii) since log is operator monotone, we
have

(MP + mp)2 ?
log <W A3 >logB  forall p>0. (8.6)
Noting that
1
MP P\ »
lim (i) ! =VMm,
p—+0 2
we have

lim (MY — fim —— <M)% :i(\/m)zzl.

p—0 4MPmp p—0Mm 2

Therefore, letting p — 0 in (8.6), we have logA > logB . O
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Theorem 8.6 Let A,B € #"+(H) be positive invertible operators with Sp(B) C [m, M|
for some scalars M > m > 0. If logA > logB, then

K<mr,Mr,p—+r) AP > BP forallp>0andr>0,
r

where K(m,M, p) is defined by (8.3).

Proof. Tt follows from Theorem 7.7 that logA > logB is equivalent to the following
inequality

(B%APBé)E > B forall p > 0and r > 0.
Put A, = (BgA”B%) P and B; = B’, then A and B, satisfy A} > B; >0 and M"1y >
By >m"1g > 0. Applying Theorem 8.3 to A| and By, we have

K(m’,M’,pl)A’l’1 > Bf‘ for all p; > 1. 8.7)

Put p| = pT” > 11n (8.7), then we have
K (mM p—“) BIAPB > BV (8.8)
r
By multiplying B~ on both sides of (8.8), we have
K(m’,M’,l n B)AP > B’  forall p>0andr> 0.
r
Hence the proof of Theorem 8.6 is complete. O

Theorem 8.7 Let A,B € B (H) be positive invertible operators with Sp(B) C [m, M|
for some scalars M > m > 0. Then the following assertions are mutually equivalent:

(i) logA > logB.
(ii) S(h,p)AP > BP forall p >0,
where h = M /m and the Specht ratio S(h, p) is defined as (2.73).
Proof. (i) = (ii). By Theorem 8.6, the chaotic order logA > log B implies

K (mM p—“) AP >BP  forall p>0and r> 0.
r

Letting » — 0, we have S(h,p)A? > BP for all p > 0 since K (m",M",2X) — S(h,p) as
r — 0 by Theorem 2.56.
(ii) = (i). By taking logarithm of both sides of (ii), we have

1
log (S(h,p)l_)A) >logB for all p > 0.

1
Then letting p — 0, we have logA > log B since S(h,p)? — 1 as p— 0 by (v) of Lemma 2.47.
Hence the proof of Theorem 8.7 is complete. O
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Remark 8.1 Theorem 8.7 gives a more precise sufficient condition for the chaotic order
than Theorem 8.5 and Theorem 8.6 since

(MP +mP)?

p+p
= K(mP,MP,2) = K ( mP,MP, == ) > S(h, iLp>0
AMPmP (m ) (m p >_ (h,p)  forall p

and

m

M\"
hP = (—) 2K<mr,M’,p—+r) > S(h,p) forall p>0andr>0.
r

Using a generalized Furuta inequality, we have the following results on the chaotic
order and the operator one.

Theorem 8.8 Let A,B € 17 (H) be positive invertible operators with Sp(A) C [m, M|
for some scalars M > m > 0. Then the following assertions are mutually equivalent.

(i) logA > logB.
(ii) Foreach a €10,1], p>0andu >0,

(M(p+au)s + m(p+au)s)2

A(p+au)s > A%BPA% $
AM(pFow)sy,(p+ou)s

foralls > 1 and (p+ au)s> (1 — o)u.

(iii) Foreach o € [0,1], p>u >0,

a

+ +ou)s)2
(M(Proa)s 4 py(pou)s) Alprow)s > (A%BPATL‘)Y

AM (p+ow)sy, (p+ou)s

foralls > 1.

(iv)
(MP 4 mP)?

T AP > BP forall p> 0.
m

_u_
ptu

Proof. (i) = (ii). Foreach p >0 and u > 0, put A = A" and B| = (ALZ“B”ALZ“
in (ii) of Theorem 7.7. Then we have A| > B; > 0. By the generalized Furuta inequality,
it follows that for each 7 € [0, 1]

(pr—t)s+r r i NS 1 é
At Z{Alz (AlzBf1A12> A12}
forall s > 1, p; > 1, g > 1 and the following conditions

r>t, (8.9)

(I—t4+r)g>(p1—1)s+r. (8.10)
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Put p; = 2 > 1 in the case u > 0, ¢ = 2, r = (p; —1)s and also put o = 1 —7 in (8.9)

and (8.10). Then (8.10) is satisfied, so the only required condition (8.9) is equivalent to the
following

(p+ou)s > (1 —a)u. (8.11)

Therefore, we have for each a € [0,1], p >0andu >0

l—

Alptou)s > {A {ptou)s (A%B”A % ) sA—<p+gu)S }

for s > 1 and the condition (8.11). Since M(PHou)s > AlpFauw)s > py(praw)s - (it follows
from Theorem 8.2 that

(M(p+au)s + m(p+au)s)2
AM (p+ow)sy,(p+ow)s

A(,D+Otu)s > (A%BPA%)Y

forall s > 1 and (p+ au)s > (1 — o)u.

(ii) = (iii). Put p > u > 0 in (ii). Then the required condition (p + ow)s > (1 — a)u
is satisfied, so we have (iii).

(iif) = (iv). We have only to putu =0 or oc = 0 and s = 1 in (iii).

(iv) = (i) is shown by Theorem 8.5. O

Theorem 8.9 Let A,B € B1(H) be positive operators with Sp(A) C [m,M] for some
scalars M > m > 0. Then the following assertions are mutually equivalent.

(i) A>B.
(ii) Foreacht € [0,1],

—1)s —1)s\2
(M(P=D5 4 m(P=1)s5) AP—1)s > (A’%BPA*Q
4M (p—1)spy(p—t)s -

forall p>1ands > 1 such that (p—t)s > 1.

(iii)

1
(MmN
AM(P=Dsy(p—1)s =

foralls>1andp > Sl,+1.

(iv)

M\
<—) AP >BP  forallp>1.
m

To prove Theorem 8.9, we need the following lemma.
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Lemma 8.10 IfM > m > 0, then
1
) <(Ms+ms)2) s M
lim [ ———— = —.
s—foo AMSm’ m
Proof. Put x = % > 1, then it follows from L’Hospital’s theorem that

log(1+x*)? 2x°1
lim CgUAX)T ) 2logx e

§——+oo0 Ky S | —|—_x5

Therefore we have

s—o0 AM*m$

lim (M)l i (M)l

Proof of Theorem 8.9.
(i) = (ii). Since A> B >0 and A > 0, if we put ¢ =2 in a generalized Furuta
inequality, then for p > 1,5 >l and ¢ € [0, 1]

(p—t)s+r

r t t\%  r %
A = {ad (ambprath) aty
holds under the following conditions (8.12) and (8.13)
r>t (8.12)

20—t+r)>(p—t)s+r (8.13)

If we moreover put r = (p —1t)s, then (8.13) is satisfied and (8.12) is equivalent to the
following
(p—1t)s>t. (8.14)

Therefore we have forz € (0,1], p > 1and s > 1

=

AP=1)s > {A {1l (A*% BPA7%>S A“’E’”}

for the condition (8.14). Since M(P—1)s > A(P=1)s > 1 (P=)s > the proof is complete by
Theorem 8.2.
(if) = (iii). If we put ¢ = 1 in (ii), then we have (iii) by the Léwner-Heinz theorem.
(iii) = (iv). If we put s — oo, then we have (iv) by Lemma 8.10.
(iv) = (i). If we put p = 1, then we have (i). a

By Theorem 8.9, we have the following corollary which is a parallel result with Theo-
rem 8.5.
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Corollary 8.11 Let A,B € " (H) be positive operators with Sp(A) C [m,M] for some
scalars M >m > 0. IfA > B > 0, then

(MP~1 4 mP=1)2
AMP—1pp—1

Proof. Put s = 1 in (iii) of Theorem 8.9. O

AP >BP  forall p>2.

Let A and B be positive invertible operators on H. We consider an order A% > B®
for & € (0,1] which interpolates the operator order A > B and the chaotic order A > B
continuously. The following theorem is easily obtained by Theorem 8.9.

Theorem 8.12 Let A,B € Bt (H) be positive invertible operators with Sp(A) C [m, M|
for some scalars M >m > 0. If A% > B% for § € (0,1]), then

M(P—9) (p=8)5)2\ ¥
<< 4M(p75—;_vm(p 5 ) AP > BP forall s > 1 and p > (1—1—1)6.
Sm — N S

Remark 8.2 Theorem 8.12 interpolates Theorem 8.3 and Theorem 8.4 by means of the
Kantorovich constant. Let A and B be positive invertible operators with Sp(A) C [m,M]
for some scalars M > m > 0. Then the following assertions holds.

(i) A > Bimplies (4)""'AP > B?  forall p> 1.

l
A8 S - . (MP—8)s y(p—8)s)
(ll) A Z B lmplles (W AP > BP

forall s > 1 and p > (§+1)6'

(iii) A>>Blmplzes( ) AP > BP  forall p > 0.

It follows that the Kantorovich constant of (ii) interpolates the scalar of (i) and (iii)
continuously. In fact, if we put & = 1 and s — o in (ii), then we have (i), also if we put
6 — 0 and s — o in (ii), then we have (iii).

Moreover, Theorem 8.12 interpolates Theorem 8.5 and Corollary 8.11 by means of the
Kantorovich constant.

(i) A > B implies %A” > BP forall p > 2.

1
(p—9)s (p—0)s\2\ s
(ii) A% > B implies (Y=gt ) AP > B forall s > Land p > (1 4 1)8.

(iii) A>> B implies ([ZMJ;"’ 2 AP >BP  forall p>0.

The Kantorovich constant of (ii) interpolates the scalar of (i) and (iii). In fact, if we
put 6 = 1 and s = 1 in (ii), then we have (i), also if we put s = 1 and & — 0 in (ii), then we
have (iii).
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We have the following result on preserving the operator order, which is parallel to
Theorem 8.3.

Theorem 8.13 IfA,B< %" (H), Sp(B) C [m,M], M >m >0and A > B > 0, then
AP +C(m,M,p)ly > B?, forall p>1,

where P Mo?
mMP — Mm 1
C 7M7 = {K 7M7 p-l 71}>0
(m,M, p) WV m (m,M, p) >
Moreover, these extensions are discussed by many authors and a distinction between the
usual order and the chaotic one is clarified in the framework of Kantorovich type inequali-
ties.

8.2 General form preserving the operator order

We show the order preserving operator inequalities under a more general setting, based on
Kantorovich type inequalities for convex functions due to Mond-Pecari¢ in § 2.4. In this
section, we assume that M > m > 0.

Theorem 8.14 Let A,B € B),(H) with Sp(B) C [m,M], f € € ([m,M]) be a convex func-
tion and g € € (U), where U 2 [m,M]USp(A). Suppose that either of the following condi-
tions holds: (i) g is increasing convex on U or (ii) g is decreasing concave on U. If A > B,
then for a given o. € Ry in the case (i) or a € R_ in the case (ii)

og(A)+B1y > f(B) (8.15)
holds for B = max,<,<y { st + vy — ag(t)}, where
fM) — f(m) Mf(m) —mf(M)

ur= and V= ———7—— .

M—m M—m

Proof. Let x € H be such that (x,x) = 1. Since o.g is convex, then it follows from
Theorem 1.2 that
o(g(A)x,x) = arg((Ax,x)).

On the other hand, since f is convex, then it follows from Theorem 2.25 that
og((Bx,x)) + B = (f(B)x,x)
for B = max,,<;<m{lst + vy — og(t)}. By the increase of org we have
og((Ax,x)) = oeg((Bx,x)).
Therefore, combining three inequalities above we have

(8(A)x,x) + B > otg((Ax,x)) + B > g ((Bx,x)) + B > (f(B)x, x).
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Remark 8.3 Let the hypothesis of Teorema 8.14 be satisfied. If ag is a strictly convex
differentiable function on [m, M], then by Theorem 2.25 the constant § may be defined as
the unique solution of f'(r) = us/oc when f'(m) < us/o < f'(M), otherwise ¢, is defined
as M or m according to (s /o > f'(M) or f'(m) > us/ct.

The following theorem is a complementary result to Theorem 8.14:

Theorem 8.15 Let A, B € B;,(H) with Sp(A) C [m,M], f € € ([m,M]) be a concave func-
tion and g € € (U), where U 2 [m,M]USp(B). Suppose that either of the following condi-
tions holds: (i) g is increasing concave on U or (ii) g is decreasing convex on U. If A > B,
then for a given o. € Ry in the case (i) or a € R_ in the case (ii)

f(A) > og(B)+ B lu, (8.16)

holds for B = min,<i<y { st + vy — oig(r) }.

Remark 8.4 Let the hypothesis of Teorema 8.15 be satisfied. If ctg is a strictly concave
differentiable function on [m, M], then the constant 3 may be defined as the unique solution
of f'(t) = us/o when f'(M) < us/o < f'(m), otherwise 1, is defined as M or m according

to lp/o < f/(M) or f'(m) < uy/cr.
If we put & = 1 in Theorems 8.14 and 8.15 we have the following corollary.

Corollary 8.16 Ler A,B € %,(H), Sp(B) C [m,M]). Let f €
% (Im,M]) be a convex (resp. concave) function and g € € (U) be an increasing convex

(resp. increasing concave) function, where U 2 [m,M|USp(A) USp(B). If A > B, then

g(A)+B1lu > f(B)  (resp. f(A)>g(B)+P1n),

[m,M] (resp. Sp(A) C

holds for

= t - = t - .
B= max {tst+vy—g@)} (resp. f= min {ust+vs—g(t)})
If we choose o such that B = 0 in Theorems 8.14 and 8.15, then we have the following
corollary:

Corollary 8.17 Ler A,B € %,(H), Sp(B) C [m,M] (resp. Sp(A) C [m,M]). Let f €
% ([m,M]) be a convex (resp. concave) function and g € € (U), where U 2 [m,M]U
Sp(A) USp(B). Suppose that either of the following conditions holds:
(I) g is increasing convex (resp. concave) on U, g > 0 on [m,M] and f(m) >0, f(M) >
(I) g is increasing convex (resp. concave) on U, g < 0on [m,M] and f(m) <0, f(M) <
(III) g is decreasing concave (resp. convex) onU, g > 0on [m,M] and f(m) <0, f(M) <
(IV) g is decreasing concave (resp. convex) on U, g <0 on [m,M] and f(m) >0, f(M )
0.
IfA > B, then

o g(A) = f(B)  (resp. f(A) = a2g(B))
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holds for

't + V¢ 't + V¢
o = max M resp. Op = min M
m<t<M g(l‘) m<t<M g(l)

in case (I) and (1), or

4+ Vr 14 vy
0p = min Hst + vy resp. O = max Myt vy
m<t<M g([) m<t<M g(t)

in case (II) and (IV).

Remark 8.5 Let the hypothesis of Corollary 8.17 be satisfied. Suppose that additionally
either of the following conditions holds: (a) g is a strictly convex twice differentiable
function on [m, M] in case (I) or (II) or (b) g is strictly concave two differentiable on [m, M|
in case (IIT) or (IV), then by Corollary 2.26 ¢ and o may be defined more precisely as
follows: oy = ap = (,ufto + vf) /g(t,), where t, € [m,M] is defined as the unique solution
of pyg(t) = /(1) (st +vy) if F(M)g'(M) /(M) > pty > f(m)g' (m)/g(m), otherwise 1, i
defined as M or m according to (s > f(M)g'(M)/g(M) or f(m)g'(m)/g(m) > py.

8.3 Form preserving the operator order for convex
function

Applying results in § 8.2, in this section we show function order preserving operator
inequalities.

We recall that if f is a convex function, then it can not be operator monotone. We show
that a convex function preserves the operator order in the following sense:

Theorem 8.18 Let A,B € #,(H), Sp(B) C [m,M], f € €(U) be a strictly convex in-
creasing differentiable function, where U O [m,M]USp(A). If A > B, then for a given
acRy

af(A)+Blu = f(B),

hold for B = pyst, + vy — ouf(to) and t, € (m,M] is defined as the unique solution of
f'(t) = /o when f'(m) < pg/a < f'(M), otherwise ty is defined as M or m accord-
ing to f'(M) < piy/ecor /o < f'(m).

Proof. If we put g = f in Theorem 8.14 and Remark 8.3, then we have this theorem. O

Though a concave increasing function is not always operator monotone, we have the
following theorem which is a complementary result to Theorem 8.18.
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Theorem 8.19 Let A,B € #,(H), Sp(A) C [m,M], f € €(U) be a strictly concave in-
creasing differentiable function, where U O [m,M]USp(B). If A > B, then for a given
acRy

f(A) = af(B)+Blu
holds for B = ust, + vy — of(t,) and t, € [m,M] is defined as the unique solution of
f(t) = pusg/o when f'(M) < pg/a < f'(m), otherwise ty is defined as M or m accord-
ing to f'(M) = piy/ecor g/ o> f'(m).

If we put g = f in Corollaries 8.16 and 8.17 then we have the following two results on
functions preserving the operator order.

Corollary 8.20 LerA,B € By, (H), Sp(B) C [m,M] (resp. Sp(A) C [m,M)]). Let f € € (U)
be a strictly convex (resp. strictly concave) increasing differentiable function, where U O
[m,M]USp(A)USp(B). IfA > B, then

@A) +B1n = f(B)  (resp. f(A) = f(B)+B1n),
where B = lst, + Vi — f(t,) and t, € (m,M) is the unique solution of f'(t) = Uy.
Corollary 8.21 Let A,B € #,(H), Sp(B) C [m,M] (resp. Sp(A) C [m,M]). Let f €

€ (U) be a convex (resp. concave) increasing function, where U D [m,M]USp(A)USp(B).

Suppose that either of the following conditions holds: (i) f > 0 on [m,M] or (ii) f <0on
[m,M]. If A > B, then

o f(A) = f(B)  (resp. f(A) 2 f(B)),
o = mlgzagxM { ‘uf;(%} <resp. 0 = mgltignM { %ﬁ)v/‘ }) , incase (1)

. . et + vy _ Ust+ vy . ..
o = mgltlyM{ o) } (resp. o = mrgagxM { 7}(0) , in case (ii).

Moreover, if f is a twice differentiable function on U, then a value of o » may be deter-

mined more precisely as follows: o = Ivljf(();:)"f’ where ty € [m,M| is the unique solution

of rf(t) = f(t) (st + vy).
‘We show a function order version of Theorem 8.3:

Corollary 8.22 Ler A,B € %,(H), Sp(B) C [m,M], f € €(U) be a strictly convex in-
creasing twice differentiable function, where U 2 [m,M]USp(A)USp(B). Let f >0onU.
IfA > B, then:

or

£()
oy T4) 2 0f4) = £(5),

where o = (lsto+Vy)/ f(to) andt, € (m,M) is the unique solution of s f (1) = f'(t) (pst +
Vf).
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Proof. By the assumption of f, we have u < /(M) and 0 < f'(m) < f'(z,), where
€ (m,M) is such that uf(z,) = f'(t,)(f(m) + p(t, — m)). Then we have

0 g SR =) )

f(to) f'to) = f'(m)-

Therefore Corollary 8.21 implies ffl,((—%) f(A) > af(A) > f(B). ad

Remark 8.6 Ifwe put f(t) =t” in Corollary 8.22, then we have

-2

m

If we put f(¢) =t? for p > 1 in Theorem 8.18, then we have the following corollary.
Corollary 8.23 Ler A,B € %, (H) with Sp(B) C [m,M]. If A > B, then for a given o. > 0
oA? + Bly > B forall p>1,

where

op M—m + 7 m o(M—m) — )

e
B _ Oﬂ(p* 1) ( 1 MP— m1’> =1 | MmP —mMP lf pm”fl < MP —mP < pMp71
max{M? — oaM? mP — am?} otherwise.

Remark 8.7 We have Theorem 8.13 if we put o = 1 in Corollary 8.23 and Theorem 8.3
if we choose o such that f = 0 in Corollary 8.23. As a matter of fact, if we put f =

P
D n—1 p . . .
o(p—1) (OCLPMAZ et )1 + Mme—mM?. — (), then we obtain that the constant o coincides

with K(m,M,p) defined as (8.3). Also, since m < p %7%’"1 <M for M >m >0,

we have that o satisfies the condition pm?~! < %fv[?ﬂ::) < pMP~!. Therefore we have
Theorem 8.3.

If we put f(r) = ¢' in Theorem 8.18, we have the following corollary.
Corollary 8.24 Ler A,B € %), (H) with Sp(B) C [m,M). IfA > B, then for a given a € R

OceA—i-ﬁlH > o8

holds for
M __m M __m M-1)em— 1 M M __m
Fom 108 oy T G if m < log a-m <M,
M m
B=< (1—a)M if M<10ge’e

o(M—m)’
(I—a)e™ if logZ ( m)<m



8.4 KANTOROVICH TYPE INEQUALITIES UNDER THE OPERATOR ORDER 231

In particular,
S(erm’ l)eA Z eB

and
A L™ M) logS(eM ™ 1)1y > e,

where the Specht ratio and the Mond-Shisha difference are as follows:

M _ m M4+1)e™ — 1 M
S(Mm 1) = & ¢ exp(( +1)e" — (m+1)e )

M—m eM — em
and
_ M+1)em — (m+1)eM M e M —em
L mn Ml S M ml :( 1 .
(", M) logS(eM . 1) e g (4

8.4 Kantorovich type inequalities under the opera-
tor order

In this section, as applications of our results in § 8.2 on power functions, we show a gen-
eralization of Theorem 8.3, Theorem 8.13 and two variable versions of Kantorovich type
operator inequalities under the operator order.

We start with the following corollary, which follows from Theorem 8.14 if we put
f)=t’, peR\[0,1)and g(t) =19, g > 1.

Corollary 8.25 Let A,B € %" (H) with Sp(B) C [m,M). If A > B > 0, then for a given
acRy
oA+ Bly >B”  forallp e R\[0,1), ¢ > 1,

where
= =
P_mP\ - p_ oD . —
B { olg—1) (2 ) T Mt gy (L )T < M,
max{m?” — am,MP — aM?} otherwise.
The following theorem is a two variable version of Theorem 8.3.

Theorem 8.26 Let A,B € %" (H) with Sp(B) C [m,M]. IfA > B > 0, then

Mp-]
1

y A1 > K(m,M,p,q)A? > BP forallp>1,g>1, (8.17)
m

where
K(m) M’ p) q)
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~1
(q B 1)q (MP _mp)q l‘f qmpfl < MP —mP < qu,]
- q4 (M — m)(mMP — Mm»)q—1 M-—m ’ g1
=9 mp— if MAI/; P < g1, (8.18)
MP—a if qu < MA; :;".
In particular,
MP — mP)?
(MP —m?) A >BP forallp> 1. (8.19)

AmM(M — m)(MP—1 —mp=1)"" =

Remark 8.8 We recall that the constant K(m,M, p,q) is defined as

K(m,M,1? . q) =

mMP —MmP  (q—1 MP—mP \1?
(g— 1) (M—m)\ g mMP—Mmp

in (2.20) of § 2.2. However; for the sake of convenience, we define K(m,M,p,q) by (8.18)
above. Because expression (8.18) has arisen no confusion and is simplified.

To prove Theorem 8.26, we need the following lemma.

Lemma 8.27 Letp > 1,9 > 1 andh > 1. Ifq<hp < gh?~!, then

Lo (g ey
W e

(8.20)

Proof. Letl(t) = ut+v,t, = T— and g(r) =14, where y = h::ll’ V= hh:hll

p,q,h > 1,then u > 0and v < 0. We see that the condition g < % < ghP~!is equivalent
to the condition 1 <, < h and we have

O\ mo+v  (g-DT' (1)
fllf‘i%{ (;)}_ 4T ¢ D —hye T

Put/;(t) = ¥ and g (r) =19~'. Then;(¢) and g, (¢) are increasing and we have [y (1) >
Ii(t,) >0 and 81(to) > g1(1) > 0. Hence we have

as desired inequality (8.20). O

Proof of Theorem 8.26. We prove (8.17). Puth =4 > 1. If gmp~! < M=mt < gppr=1,
then it follows from (8.20) that

Mpi] _ mquhpfl > mdP (q_ l)qil (hp - 1)1]
- - g’ (h=1)(hP —h)r!

mq :K(m7M7p7q)'
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> %= and Mp > %p Then we have the left hand in-
equality of (8.17). We have the right hand 1nequa11ty of (8.17) if we choose « such that
B =0 in Corollary 8.25. The inequality (8.19) follows from (8.17) if we put p = 2 and if
we take into account that

(M —mP)? > K(m,M,p,2)
AmM(M — m)(MP—1 —mp—1) — P

holds for all p > 1. |

. . . 1 MP—mP
Remark 8.9 (i) If we put ¢ = p in Theorem 8.26, then the assumption pm?~" < Z="- <

pMP~! is automatically satisfied by the convexity of f(t) = ¢” and then the constant
K(m,M, p,p) coincides with K (m,M, p). Therefore we have Theorem 8.3.
(i1) If we put p =2 in (8.19) then the constant in it coincides with the Kantorovich

(M+m)*
constant ~—; -~

(iii) We remark that the following inequality

(-1 (MP —mP)?
q1 (M — m)(mMP — Mmp)a-1

Z K(ma Ma pa q)
generally holds forall p > 1 and g > 1.

Constants in the next theorem are considered as two variable versions of the Kan-
torovich constant. The heart of the extension is exactly the Furuta inequality (Theorem
F).

Theorem 8.28 IfA > B > 0 with Sp(B) C [m,M], then

(M”*H _ mp+q72)2

q P
4mqfln/[qfl(qul_’711171)(1‘/[1)71_’711)71)A >BP  forallp>1andq>?2.

Proof. 1t follows from the Furuta inequality that for each r > 0

1
(B%AqB%> 2 prl

1

holds for ¢ > 2 such that g = r+42. If we put A} = (B%A‘/B%> * and B = B"!, then
Ay >B;>0and M1y > By >m" 1y > 0. Applying (8.19) to A; and B; gives

D41 2
((Ml‘f’r)% ( 1+r) 1+;> b
AT >Bl"

AmI+r M+ (M — i) ((M1+r)‘l’+;,' _ (ml+r)iL+,>
for all p > 1. Therefore, we have

(Mp+r _ mp+r)2

r q r p+r
4ml+er+r(Ml+r_ml+r)(Mpfl _mpfl)BzA B> >B
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for all p > 1 and g > 2. Multiplying by B? on both sides gives
(Mp+q72 _ mp+q72)2

q P
b TMA (M1 — a1y (Mp] _mp—l)A > BP forall p>1andg>2.

O

Remark 8.10 Ifwe put p =2 and q =2 in Theorem 8.28, then it follows that the constant

2
in Theorem 8.28 coincides with the Kantorovich constant (AZ;;Z) .

We show the next theorem as a generalization of Theorem 8.26.

Theorem 8.29 IfA > B > 0 and Sp(B) C [m,M], then

—1 —1
K(mr,M’,p —|—r’q +r)AqZBp forallp>1,g>1landr>1,
r r
where K(m,M, p,q) is defined as (8.18) in Theorem 8.26.

Proof. By the Furuta inequality, we have that A > B ensures

M
(B%AqB%) "> BT forallg>1andr> 0.

1+r

If we put A, = (B%AqB%> " and By = B, then A, > B, > 0 and M'*" 15 > B, >
m'*" 1 > 0. Applying Theorem 8.26 to A; and B}, we obtain
K(m'" ™" M p1,q1)AT > B forall p; > 1and g > 1.

We put p; = £~ > 1 and ¢; = 4= > 1 and have

K <m1+’,M1+r7 7ir, ‘111”) B3AB? > B'*" forall p>1and g > 1.
r r

Multiplying by B on both sides and replacing r by r — 1 give

—1+r g—1+r

K(mr,Mr,p )quBp forallp>1,g>1andr> 1.
r r

8.5 Chaotic order version

In this section, we show Kantorovich type order preserving operator inequalities associated
with the chaotic order, which are parallel to the operator order versions in § 8.4.
We first show a chaotic order version of Theorem 8.26.
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Theorem 8.30 Let A,B € %1 (H) and Sp(B) C [m,M]. IflogA > logB, then

MP
—quZK(m,M,p+1,q+1)AqZBp forall p>0andq >0,
m

where K(m,M, p,q) is defined as (8.18) in Theorem 8.26.

Proof. If we put r = 1 in Theorem 7.7, then logA > log B ensures

1
(B%A"B%) "> B forall g > 0.

If we put A; = (B%AqB%) “T and By = B, then A; > B; > 0 and M1y > By > mly > 0.
Applying Theorem 8.26 to A and By, we obtain

M= +1 +1
WA‘{ >K(m,M,p+1,q+ 1)AT" > B forall p>0andg > 0.
pRpTEy

Multiplying by B = on both sides, it follows that

MP

—qu >K(m,M,p+1,q+1)A?>B? forall p>0andgq>0.
m

Next, we shall show a chaotic order version of Theorem 8.28.

Theorem 8.31 Let A,B € %" (H) with Sp(B) C [m,M]. IflogA > logB, then

MPT4 — yPta)2
( mP4)

q P
SN (M7 — ma) (M7 —mI’)A >B forall p>0andq>0.

Proof. If we put r = p in Theorem 7.7, then logA > log B ensures
(B%AqB%)% >B? forallg > 0.

If we put A, = (B3A9B%)% and B) = B, then A > B; > 0 and M91y > B, > m91y > 0.
Applying (8.19) to A and By, we obtain

() — )

‘3_(mq)‘3>

AT >B,? forall p>0andg>0.

4maMa (M9 —m) ( (M)

By rearranging this inequality, we have

(MP+a — mp+q)2

$49p% > grta
4m‘1Mq(M‘1—m‘1)(MP—mP)BZA B2 >B forall p > 0and g > 0.
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Multiplying by B on both sides, it follows that

(Mp+q _ mp+q)2
4maM4 (M2 — m?)(MP — mP)

A?>BP forall p>0andg>0.

We show the following result as a generalization of Theorem 8.30.

Theorem 8.32 Let A,B € #B1"(H) and Sp(B) C [m,M]. IflogA > logB, then

K( Mr p+r g+r )A‘I>BP forallp>0,q>0andr>0,
r

where K(m,M, p,q) is defined as (8.18) in Theorem 8.26.

Proof. By Theorem 7.7, logA > log B ensures
(BzA‘/B ) TS B forallg>0and > 0.

If we putA; = (BZA‘/Bz 77 and By = B', then A, > By >0 and M1y > By > m'1y > 0.
Applying Theorem 8.26 to A; and Bj, we obtain
K(m' .,M",p1,q1)AT" > B forall p; >1and g > 1.

_11+

If we put p; = 2 > 1 and gy = > 1, then we have

K(m’,M’,p+r q+r) B5A9B% > prv.
r r

Multiplying by B on both sides, it follows that

K( mr P Q+r)Aq>B” forall p> 0, g > 0and r > 0.
r r

O

The following result is a two variable version of a characterization of the chaotic order
via the Specht ratio by Theorem 8.7.

Theorem 8.33 Let A,B € B+ (H) with Sp(B) C [m,M). Then logA > logB is equiva-
lent to
S(h,p,q)A? > BP forallp >0andq >0

where h = % > 1 and

p—q (RP=1)h AP —1 . P —1 p
m eqlogh f q< logh <qh ’

S(p.a) =\ mr=a if 5 logh =9

MP—4 if qh? <! 1Ogh

(8.21)
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D+r_
“h <ghP. Then £ < Il <

qfrh” holds for sufficient small r > 0. It follows from Theorem 8.32 that logA > logB
1

. 1/r WP
. . . +r_ L
implies K (m",M", L ££1)Ad > BP. Since (i)' — 11/,, and (thill) — hiP=1 ag

q+r
r — +0, we have

(MPr — i)

T (Mr _ mr)(mrMp+r _ Mrmerr)g

r r

q
K(mrer7p+r7q+r) = (r
(

q
r

)
)
e o
)T =1t =)

(A7 w1
(45)7 (537 (= Dt =)

mr=1 ([ r WPT—1Ni [ g W —1\7\"
o q+r h—1 q+r h?—1
1 q
mP=a 1 w—1\a [ 1 w
— —hhl’
hi <<logh q ) (el/q >>

g (WP = DR
eqlogh

)F
q
g

)

as r — +0. Therefore we have

g (B = DR

A7 > BP.
eqlogh -

Suppose that hp’l < g. Then h;’; —11 < "+r holds for sufficient small » > 0 and we have

K (m",M" ”+r "“) mP~4. Similarly we have K (m’,M", 22" 4+") — pP=4 in the case

7r’r [

gh? < h’ . Therefore we have the desired inequalities by Theorem 8.32.

Conversely, suppose that S(h, p,q)A? > BP for all p > 0 and g > 0. If we put ¢ = p,
then we have that p < % < ph? holds for all p > 0. Therefore the constant S(%, p, p)
coincides with the Specht ratio S(#, p) defined by (2.73). Then it follows from Theorem 8.7
that S(h, p)AP > BP for all p > 0 implies logA > logB. O
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8.6 Kantorovich type inequalities via generalized
Furuta inequality

In this section, as an application of both Furuta inequality and the generalized Furuta in-
equality we show a generalization of Kantorovich type order preserving operator inequali-
ties by means of a generalized Kantorovich constant.

Let A,B € % (H). We consider the class of orders A% > B® for § € (0, 1], which
interpolates the usual order A > B and the chaotic order A > B continuously.

Theorem 8.34 Let A,B € 1 (H) with Sp(A) C [m,M] for some scalars M > m > 0.
Then the following statements are mutually equivalent for each é € (0,1]:

(i) A® > BS.

(ii) Foreachn >0and o € [0,1]

E (m (p75+(’71(u).vfuu M(p*(?#»(})iu)xfuu (q75+06u)5‘70£u

’ M p—5+ou)s—au +1,n+ 1) Ala=drou)s

Z (AauziéBI’Aauziﬁ)s
holds fors>1,p>8,q> 6 andu > 6 with (p — 6 + ou)s > (. +n)u.

(iii) For eachn >0

_ (p=8)s (p—8)s -5 K
K(mpn ,Mpn ,nq 6+1,n+1> A1 > BP
p—

holds for s > 1, p > 6 and q > & with (p — 8)s > né.

(iv) MP:SA" > BP holds for p > & and g > 0.

md

Here the constant K(m,M,p,q) = M9~ Pmi"PK(m,M,p,q) where K(m,M,p,q) is de-
finedin (8.18), i.e.,

K(m7M7p7 q)

(g— 1)q*1 (MP — mP)IMI~Pmd=P
q1 (M — m)(mMP — Mmp)a-1

. 1 MP—w? 1
if gmP~" < F=r= <gMP,

=4 ppa-» if Mﬁz,mp < gmi-! (8.22)
“m = )
_ X " P_mP
md—P if gMP~!< —MM7$ .

In order to prove Theorem 8.34, we need the following lemma and theorem. The fol-
lowing lemma shows that Furuta inequality interpolates the operator order and the chaotic
one.

Lemma 8.35 LetA,B € B (H). Then the following statements are mutually equivalent
foreach 6 € [0,1]:
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(i) AS > Bé, where the case 6 = 0 means A > B.

p+6

(i) AP+ > (A§BP+5A‘§) P forall p > 0.

u+d
(iii) AV > (A%BP+5A‘2") PR forall p>0andu > 0.

Proof. In the case of 0 < 6 < 1, Furuta inequality ensures Lemma 8.35. In the case of
6 =0, Theorem 7.7 implis Lemma 8.35. O

By Theorem 8.26 we obtain the following theorem.
Theorem 8.36 Ler A,B € %" (H) with Sp(A) C [m,M] for some scalars M > m > 0. If
A>B >0, then

M9 —
TAP > K(m,M,p,q)A? > B! forallp>1andq> 1, (8.23)

mP—
where K(m,M, p,q) is defined in (8.22).

Proof. AsO <A™ ' <B land M~ '1y5 <A~' <m~'ly, by applying Theorem 8.26 we
have
(m=P —M~P)d

B*q
q1 (m ' —M-"VY)Y(M'm P —m-IM-P)i-1

if g~ (P~ < Mg < g (P,
AP <M (P-9p—a fm”M"<qM( 1)
and
p (r—a)g—a ; -1 mP—MP
AP <m B if gm—(P )<m v

Then a simple calculation implies

AP < (g— 1)1 (MP —mP)IMI—Pmd—P
- q4 (M — m)(mMP — Mmr)1-1

B 1 =M*""Pm?"PK(m,M,p,q)B" 1

if gmP—! < ME=rE < gMpY,

AP < MI PB4 = MIPmdPmP~9B~9 = M4 Pmi4~PK(m,M,p,q)B~?
fMp ml < gmP~! and
AP <mdPB ™9 =M1 Pm?PMP B9 = MY Pmi PK(m,M,p,q)B 1

. ] P
if gMP~ M e

We obtam the right hand inequality in (8.23) by taking inverses in both sides of in-

equalities above. As we have from Theorem 8.26 that K (m, M, p,q) < MP__ \ye obtain

qlv

Mma!
B <MT PmTPK(m,M,p,q)A" < p AP forall p>1andg > 1,
m

so the proof of theorem is complete. O
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Proof of Theorem 8.34.

(i)==(ii). For given p > & and u > &, put A| = A* and B, = (A%BPA@) PR
(iii) of Lemma 8.35. Then we have A; > B; > 0. By the generalized Furuta inequality, it
follows that for each 6 € [0, 1],

M r _t _INS r) a
AT > {Af (472847 ?) Af} (8.24)
holds for all s > 1, p; > 1, g1 > 1 satisfying the following two conditions
r>t, (8.25)
(L—t+r)q1 > (p1—1)s+r. (8.26)
_ ptu=¢

For givenn > 0, o € [0,1] and s > 1, we put p;

(p—6+ou)s  ntl
nu n

,qi=n+1>1,0=1—tand

u
a. Then (8.25) is equivalent to the assumption in (ii)
(p—8+ou)s> (n+au. (8.27)

and (8.26) is satisfied as the equality holds.
Therefore (8.24) implies that

r=

2 BPA 2 ) A 2n

1
(p—6+ou)s—au (p—8+0u)s—(n+1)owu u—3 u—35\S (p—6+au)s—(n+l)ou Y n+1
S {A (et (A ¢ ¢ ) ey } (8.28)

holds forn >0, p > &, a € [0,1] and s > 1 with the condition (8.27). By raising the left
hand side to power n% + 1 for some g > & and the right hand side to power
n+ 1, it follows from Theorem 8.36 that

— (p—b6+au)s—au (p—8+ow)s—ou _ _
( - M (g—0+ou)s—owm

K m n

) 30 (p—o6+au)s—ou +Ln+ 1)

—8+ow)s—ou
n

Alg—8+ou)s—ou+ (p

p—&+4om)s—(n+1)owm U— U— s p—&4om)s—(n+1)owm
> Al (U At ) A e (8.29)

By rearranging (8.29), we have the desired inequality

— (p—6+au)s—ou (p—8+ow)s—au (g—6+0ou)s—au q—6+ou)s
K(m n ,M n ,nm—i—l,n—i—l)A( )

> (Am‘féBPAWTﬂSY,

so that (i) = (ii) is proved.
(ii) = (iii). If we put & = 0 and u = 0 in (ii), then we obtain (iii).
(iii)) = (iv). If we put x = % in (iii), then we have
1
— —8)s —3)s s
K(mw" ) ,M(il —9) 7n;1;_§+ 1,n+ 1)

1
s

sy =8)s
_ %M(P*q)s 5 v(x@i 8)s+ 7 761) +1 .
(n+1) Ty a-oyst 25 @2
n+1)(g—8 p—38 -5
— 1 -Mpfq x(,jé)w o ) = Mpfé as § — oo
I p—8n(a—5) mi
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if (n+ l)m(qfé)s < M(4=8)s+(p=8)s/n_;,,(q—8)s+(p—8)s/n

—9)s
M(p=8)s/n_,(p—8)s/n S (n + I)M(‘I )S'
.o M(a—0)s+(p—0)s/n _,(q—0)s+(p—8)s/n (g—8)s
But, if e = <(n+1)m , then

1
— 7 =8 (=8 . H
K(mpn X,Mln S,n%—l—l,n—f—l)

1
A=A -
- @1n> ; — MP—q < M2
= ma—9o

.. . (g—8)s _ Ma=8)st(p—8)s/n_,(g-8)s+(p—8)s/n
Similarly, if (n+1)M < Ve = , then

)

1
_ (p=8)s  (p=8)s B 5 MP—96
K(mpn MITqu +1,n+1) —mP 1< .
p—90
Hence it follows from (iii) that
Mmr~9
ma—9

A1 > BP holds for all p > 6 and ¢ > &.

(iv) = (i). If we put p = g = 0 in (iv), then we obtain (i). |

By Theorem 8.34, we obtain the following Kantorovich type order preserving operator
inequalities under the operator order and the chaotic one.

Corollary 8.37 Let A,B € 1" (H) with Sp(A) C [m,M| for some scalars M > m > 0.
Then the following statements are mutually equivalent:

(i) A>B.

(ii) Foreachn >0 and o € [0,1]

n

— (p—1+au)s—ou (p—1+au)s—ou “1tau)s—o _
K(m M v”%ﬁiﬁ%:ﬁ+lm+ﬂ)A@1+W”

> QAQ%lBPA“Q*)S

holds fors>1,p>1,q> 1l andu > 1 with (p— 1+ ou)s > (ot +n)u.
(iii) For eachn >0

1
— (p—1)s (p—D)s —1 s
K(mp'l ,M]'l ,nq 1+1,n+1) A? > BP

holds fors > 1, p > 1 and g > 1 with (p—1)s > n.

(iv) An/:::,lAq > B? holds forp > 1 and g > 1,

where K(m,M,p,q) is defined in (8.22).
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Proof. Put 6 = 1 in Theorem 8.34. m]

Corollary 8.38 Let A,B € 1 (H) with Sp(A) C [m,M] for some scalars M > m > 0.
Then the following statements are mutually equivalent:

(i) A> B.
(ii) Foreachn > 0and o € [0,1]

— (p+oau)s—ow (p+ow)s—ou (q—14ow)s—au gom)s
K(m n ,M n ,nm—i—l,n—i—l)A( )

ou—1 ou—1\%
> (A L BPAS )
holds for s > 1, p >0, ¢ > 0 and u > 0 with (p+ ou)s > (. +n)u.

(iii) For eachn >0
1
E( Ir)f,MpriY,ng—l—l,n—i—l)lAqZBp holds fors > 1, p>0and g > 0,
P

where K(m,M, p,q) is defined in (8.22).

Proof. By virtue of Theorem 8.34, if we put 6 = 0 in (i), (ii) and (iii) in Theorem 8.34,
then we have ()= (ii) = (iii) of Corollary 8.38. If we put p = g and s = 1 in (iii), then

K(mE’M‘g,n—f—l)A”zB” forall p > 1andn > 0.

Since

it
p

K(mE,M'L:,n+1>K<m§,M'L:, )r—>S(h,p) asn — oo,

n

we have (i) by Theorem 8.7. O

By Theorem 8.34, we have the following parameterized result.

Corollary 8.39 Let A,B € #1(H) with Sp(A) C [m,M] for some scalars M > m > 0.
Then the following statements are mutually equivalent for each & € (0,1]:

(i) A® > BS.

(ii) E(m’,Mr,leQ,HP*‘S)Aq > B forallp>8,q>8andr> 8.

r

Proof. (1) = (ii). If we putn = ”;—5 and s = 1 in (iii) of Theorem 8.34, then we

obtain (ii) of Corollary 8.39.
(i1) = (i). It follows from Theorem 8.36 that

-5
_ — — M = MP—9
K(m*,M’,Hq o142 5)§( AL
r r (m") = mi—
Hence we have (i) of Corollary 8.39 by (iv) = (iii) of Theorem 8.34. O

We obtain the following theorem if we put p = g in Theorem 8.34.
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Theorem 8.40 Let A,B € 1" (H) with Sp(A) C [m,M] for some scalars M > m > 0.
Then the following statements are mutually equivalent for each 6 € (0, 1]:

(i) AS > B3,

(ii) Foreachn € Nand o € [0,1]

(p—0+om)s—ou (p—0-+ow)s—ow
(m n

M n N+ ])A(P*5+Ocu)s > (AWEEBPA au£5>5

holds fors > 1, p > 8 andu > & with (p — 6 + ou)s > (n+ o)u.

(iii) For eachn € N
1
(p—98)s (p—98)s s
K(m—l M5 1) AP > BP

holds for s > 1 and p > & with (p — 6)s > nd.

We prove that we can not obtain better constant than 1+ 7 in
(p—8+owm)s—owu (p—6+0au)s—om
n

K(m M n ,n+ 1) in Theorem 8.40, i.e. if we replace n+ 1 with T+ R
for some T,R € R, then we obtain that 7 > 0 and R > 1.

Lemma 8.41 Let A,B € B+ (H) with Sp(A) C [m,M] for some scalars M > m > 0. For
each o € [0,1]

(p—3-+ou)s—ou (p—8+au)s—ou ou—3 ou—3§ )S

K(m T M ,T—i—R)A(p"S*O‘“)Sz(AZB”AT

holds forT >0,R>1,s>1, p>06andu> 6 withR(p— 6+ au)s > (a+ T)u and we
have

(p—6+ow)s—au (p—0+owm)s—ou (p—0-+ouw)s—ow (p—6+ow)s—au
(m L Ve T ,T+1)

,T—|—R> zk(m T M

To prove Lemma 8.41 we need the following proposition. We omit the proof.
Proposition 8.42 (YAMAZAKI-YANAGIDA) Let K(m,M,p) be defined in (8.18). Then
. r r p
F(p,r,m,M) =K (m M=+ 1)
r

is an increasing function of p, r and M, and also a decreasing function of m for p > 0,
r>0and M > m > 0. And the following inequality holds:

M P
(—) ZK(m’,M’,B—i—l)zl forallp>0,r>0and M >m > 0.
m r
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Proof of Lemma 8.41. We have that the inequality (8.24) holds for s > 1, p; > 1
and g; > 1 with conditions (8.25) and (8.26). For given T,R € R, a € [0,1] and s > 1,

we put p; = p+',:75, qgi=T+R>1and a =1—¢. As we desire that the power of M
. (p—8+owm)s—ou (p—8+ou)s—om B B B
and min K (m = 1 M ,T+R) be w, we have (ZI(RQSTJ)HF =

(p—6+au)s—owu R(p—&+oau)s  R4+T
T

. It follows that r = ™ T

to the assumption in this lemma

o. The condition (8.25) is equivalent

R(p—0+oau)s> (a+T)u (8.30)
and (8.26) is equivalent to

(R+T) (p—5+0£u)s—om>0- 831)

(R—1) u T -

Because (R— 1) &0 (=0 tausow _ (r_1)[(p; —1)s+r] and (p; —t)s+r >0 for p; >
1>¢t>0,s>1andr >t, then we obtain R > 1 from the condition (8.31). Next, because
(p—06+ou)s—ou=(p—38)+au(s—1)>0forp>3d,u>5,ac0,1]ands > 1, then
we obtain 7 > 0 from the condition (8.31).

Therefore (8.24) implies that

A (p—5+l]xwu)x7au Z {A R(1775+au2);7(R+T)au (A au2—5 BPA auz,g )SA R(p—5+a142);7(R+T)au } ﬁ

holds for T >0,R> 1, p > 6, o € [0,1] and s > 1 with the condition (8.30). By raising
each sides to power 7' + R , it follows from Theorem 8.40 that

p—8-+ow)s—ow —&+ow)s—ou —&+ow)s—ou
! P P
T M T T

K (m T+R> A(p75+06u)5706u+R<

R(p—6+au)s—(R+T)ou U— U— S R(p—6+ou)s—(R+T)ow
ZA(P +ou)s—(R+T)a (AazﬁB”A%B)A(] +ou)s—(R+T)ol

)

2T 2T . (8.32)

By rearranging (8.32), we have the desired inequality

—&+ow)s—ou p—8-+ow)s—ow U— — S
(m<p e 7M(1 e ,TJrR)A(p*S*O‘”)SZ (A“ZEBPAaz‘S)Y_

From Proposition 8.42, we have that F (p,r,m,M) = K(m",M", £ 4 1) is an increasing func-
(p—6+0au)s—om (p—8+owm)s—owu

tionofpforp>O,r>0andM>m>O.ItfollowsthatK(m T M T ,T—|—R>

is the increasing functionof RforR>1,T >0,p>8,u >0, €0,1],6 €[0,1],s > 1
and M > m > 0. Then

(p—0-+ouw)s—ow (p—0+ou)s—ou (p—0-+ow)s—ow (p—0-+ow)s—ow

K(m el Ve ,T+R>2K(m el Ve ,T+1>.

O

If we put n = 1 in Theorem 8.40, then we obtain the following Kantorovich type in-
(mp+Mp)2

equalities, since k(m?,MP,2) = .
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Corollary 8.43 Let A,B € 1" (H) with Sp(A) C [m, M| for some scalars M > m > 0.
Then the following statements are mutually equivalent for each 6 € (0, 1]:

(i) AS > B3,

(ii) Foreach o, € [0,1]

(M(p75+ocu)s7(xu + m(p75+ocu)s7(xu) 2

Alp—d+au)s 5 (4 - BPA a8\ *
4 (p—0+ou)s—oupg(p—0+au)s—ou =

holds fors > 1, p > 8 andu > § with (p — 6 + ou)s > (1 + o)u.

(iii)

1
(M= 4 mp-93p\ T
4m(p—0)spg(p—8)s A" 2B

holds for s > 1 and p > & with (p — 8)s > 0.
(iv) (%)’F&A” > B? holds for p > 6.

Corollary 8.43 interpolates the following two corollaries by means of the Kantorovich
constant.

Corollary 8.44 Let A,B € &1 (H) with Sp(A) C [m,M] for some scalars M > m > 0.
Then the following statements are mutually equivalent:

(i) A>B.
(ii) Foreach o € [0, 1]

(M(p7 1+ou)s—ow + m(pf 1 +ocu)s7au)2

Alp—1+ou)s ~ (495 pp g 25 *
4 (p—1+ow)s—oupg(p—1+ow)s—ou -

holds for s > 1, p > 6 and u > 8 with (p— 14 ow)s > (14 o)u.

(iii)

1
(M P2\
4mP—Dspg(p—1)s =

holds for s > 1 and p > & with (p—1)s > 1.
(iv) (M)P=1AP > BP holds for p > 1.

Proof. Put 6 = 1 in Corollary 8.43. a

Corollary 8.45 Let A,B € 1" (H) with Sp(A) C [m,M| for some scalars M > m > 0.
Then the following statements are mutually equivalent:
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(i) A> B.
(ii) Foreach o € [0,1]

(M(erocu)sfocu =+ m(p+ocu)sfocu)2

Alproms > (4% gra%)’
4 ptou)s—oupg(p+ou)s—ou =

holds for s > 1, p > 0 and u > 0 with (p+ ow)s > (1 + ot)u.

1
ps ps\2\ ¥
(iii) (%) " AP > BP holds for s > 1 and p > 0.

Proof. By virtue of Lemma 8.35 and Corollary 8.43, if we put 6 = 0 in (i), (ii) and
(iii) of Corollary 8.43, then we have ()= (ii) = (iii) of Corollary 8.45. Also, (iii)=-(i) is
shown in Theorem 8.8 if we put s = 1. O

8.7 Form reversing the operator order

The object of this section is to pursue further the study of functions reversing the order
of positive operators under a more general setting, which is complementary results to our
previous results given in § 8.2-8.4.

The following theorem is similar to Theorem 8.14 but for the reversing order.

Theorem 8.46 Let A,B € By,(H) with Sp(A) C [m,M], f € € ([m,M]) be a convex func-
tion and g € €(U), where U 2 [m,M]USp(B). Suppose that either of the following con-
ditions holds: (i) g is is decreasing convex on U or (ii) g is increasing concave on U. If
A > B, then for a given o € Ry in the case (i) or oo € R_ in the case (ii)

og(B)+B 1y > f(A) (8.33)
holds for B = max,<;<pm { st + vy — ag(t) }, where
M) — M — M
gy SO0 S M)~ mi)
M—m M—m
Proof. Proof of Theorem 8.46 is quite similar to the proof of Theorem 8.14 gave in
Section 8.2. ]

The following theorem is a complementary result to Theorem 8.46 and similar to The-
orem 8.15, but for the reversing order.

Theorem 8.47 Let A,B € #,(H), Sp(B) C [m,M], f € € ([m,M]) be a concave function
and g € €(U), where U 2 [m,M]USp(A). Suppose that either of the following conditions
holds: (i) g is decreasing concave on U or (ii) g is increasing convex on U. If A > B, then
for a given oo € R in the case (i) or a € R_ in the case (ii)

f(B) = ag(A)+Bln, (8.34)
holds for B = min<,<m { st + vy — ag(t) }.
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Remark 8.11 If we put o« = 1 in Theorems 8.46 and 8.47, then we have the following:
Let A,B € By(H), Sp(A) C [m,M] (resp. Sp(B) C [m,M]). Let f € € ([m,M]) be a con-
vex (resp. concave) function and g € € (U) be an decreasing convex (resp. decreasing
concave) function, where U 2 [m,M]USp(A) USp(B). If A > B, then

g(B)+B1lu > f(A)  (resp. f(B) >g(A)+P1u),
holds for

p= max {pst+vi—g@)} (resp. p= min {psi+vy—g(t)}).
If we choose o such that 3 = 0 in Theorems 8.46 and 8.47, then we have the following
corollary:

Corollary 8.48 Ler A,B € %,(H), Sp(A) C [m,M] (resp. Sp(B) C [m,M]). Let f €
% ([m,M]) be a convex (resp. concave) function and g € € (U), where U 2 [m,M]U
Sp(A) USp(B). Suppose that either of the following conditions holds:

(I) g is decreasing convex (resp. concave) onU, g >0 on [m,M] and f(m) >0, f(M) >0,
(I) g is decreasing convex (resp. concave)on U, g < 0on [m,M] and f(m) <0, f(M) <0,
(I1) g is increasing concave (resp. convex) onU, g >0 on [m,M] and f(m) <0, f(M) <0,
(IV) g is increasing concave (resp. convex) onU, g <0 on [m,M] and f(m) >0, f(M) >0

IfA > B, then
o1 g(B) > f(A)  (resp. f(B) > ong(A))

r+v t+Vv
o] = max Hrt+ vy resp. Op = min Myt + vy
m<r<m | g(t) m<e<m | g(t)

in case (1) and (1II), or

1+ Vy 14V
o4 = min st + vy resp. Op = max Wt + vy
m<t<M | g(t) m<t<m | g(t)

in case (I1) and (IV).

holds for

Remark 8.12 If we put f = g in Theorems 8.46 and 8.47 and Corollary 8.48 then we
can obtain results similar to Theorems 8.18 and 8.19 and Corollary 8.21, but for reversing
order.

In particular, we have the following corollary, which follows from Theorem 8.46 if we
put f(r) =17, p€ R\[0,1) and g(z) =19, ¢ < 0.

Corollary 8.49 LetA,B€ %" (H), Sp(A) C [m,M]. IfA> B >0, then fora given o € R
oBl+ Bly > AP, forall p e R\[0,1), ¢ <0,
where

9 L

—1 . —1

B= { alg—1) (&Nﬂ’)q +V if m< (aq.utl’> <M,
max{m?” — am,MP — aM?} otherwise.
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The following two corollaries follow from Corollary 8.49.
Corollary 8.50 Let A,Be€ & (H), Sp(A) C [m,M]. IfA > B >0, then
K(m,M,p,q)B? > A?, forallp<0,q<0,
where K(m,M, p,q) is defined in (8.18).

Corollary 8.51 Let A,B € B (H) be positive operators on H with Sp(A) C [my,M;] and
Sp(B) C [my,M>] for some scalars M; >mj>0(j=1,2). IfA> B> 0, then the following
inequalities hold

K<m17M1»P)Bp Z Ap7
K(ma, My, p)BP > AP

forall p < —1, where K(m,M, p) is defined by (8.3).

8.8 Notes

Theorem 8.1 and Theorem 8.2 are due to M.Fujii, [Izumino, Nakamoto and Seo [59]. Kan-
torovich type inequalities of the operator order are firstly considered by Furuta [80] and
that of the chaotic order by Yamazaki and Yanagida [199]. Proposition 8.42 is due to
[199].

For our exposition we have used [132] and [134].
Further results related to the Kantorovich type inequalities are contained in [92], [175],
[517,[521, [58], [63]1, [89], [101] and [114].
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Stinespring decomposition theorem, 23
operator concave, 6 strictly positive operator, 2
operator convex, 6 sub-multiplicative function, 172
operator entropy, 149 subadditive, 146
operator mean, 140 super-multiplicative function, 172
operator monotone, 7 symmetric mean, 148
operator norm, 1
operator order, 2, 219 transformer equality, 157
transformer inequality, 139
parallel sum, 140 transpose mean, 148
positive map, 18 transposition formula, 157
positive operator, 2
power arithmetic mean, 69 upper continuity, 139

power means, 155
power operator mean, 130
product integral, 68

weighted arithmetic mean, 148
weighted geometric mean, 148
weighted harmonic mean, 148

ratio type reverse inequality, 43 weighted power operator mean, 114
relative operator entropy, 149

representing function, 145

right trivial mean, 140
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