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Preface

Our objective in writing this book was to expose recent research in the theory of weighted
integral and discrete inequalities of Ostrowski type, with emphasis on its applications such
as generalizations of classical numerical quadrature rules. We intended to demonstrate
varieties and diversities of generalizations and applications of the Ostrowski inequality

x— axb)?
-5 [ 0] < [+ SEE - ats

which holds for every x € [a,b] whenever f : [a,b] — R is continuous on [a, b] and differ-
entiable on (a,b) with derivative f” : (a,b) — R bounded on (a,b).

Since Ostrowski inequality can easily be proved by means of the Montgomery identity

fx)= bia/abf(t)dwrbia (/:(t—a)f/(t)dt+/xb(t—b)f/(t)dt)

all general identities from which the related inequalities and their applications are deduced
in this book are various kinds of different generalizations of weighted Montgomery identity
obtained by J. Pecari¢ in 1980

f(X)—m/abf(t)W(t)dt
_ 7fbw1(t)dt (/ (/atw(x)dx> f’(t)dt+/xb (/btw(x)dx> f’(t)dt)

where w : [a,b] — [0, ) is some integrable weight function.
The book is organized in four chapters.

Chapter 1 introduces general integral identities using the harmonic sequences of poly-
nomials and w—harmonic sequences of functions. These identities are used as the main
tool for deriving some special cases of quadrature formulas. For derived weighted one-
point formula for numerical integration various examples for some famous weight func-
tions are presented. For weighted two-point formula applications are given for trapezoid,
midpoint and perturbed trapezoid formulae, Newton-Cotes, Maclaurin, Legendre-Gauss,

vii



Chebyshev-Gauss and Hermite-Gauss formula. For derived weighted three-point formula
applications are given for Simpson’s, Dual Simpson’s, Maclaurin, Legendre-Gauss, Cheby-
shev-Gauss and Gauss-Hermite formula. In case of derived four-point quadrature formula
applications for closed quadrature formula with precision 3, and the general Lobatto for-
mula are concerned.

Chapter 2 studies weighted generalizations of the Euler integral identity which ex-
press expansion of a function in terms of Bernoulli polynomials. The equivalence of the
Euler formula and generalization of weighted Montgomery identity is proven. Several
integral and discrete generalizations of Montgomery identity and extensions via Taylor’s
formula and Fink identity are presented. These identities are utilized to obtain new im-
provements and generalizations of Ostrowski type inequalities, estimations of difference of
two weighted integral and arithmetic means, trapezoid and midpoint inequalities, two-point
and three-point Radau, Lobatto and Gauss quadrature rules, error estimates of approxima-
tions for the Fourier and Laplace transform and extensions of Landau inequality. Also,
integral and discrete weighted generalizations of Montgomery identities for functions of
two variables and related Ostrowski type inequalities are given.

Chapter 3 deals with weighted generalizations of classical two-point, three-point and
four-point quadrature formulae using generalizations of the weighted Montgomery iden-
tity via Taylor’s formula. Ostrowski type inequalities and error estimates are derived for
trapezoidal and midpoint formula, two-point Gauss-Chebyshev formulae, Newton-Cotes
and Maclaurin two-point formula, three-point Gauss-Chebyshev formulae, Simpson’s and
Maclaurin three-point formula, Simpson’s 3/8 formula and Lobatto four-point formula.

Chapter 4 considers generalizations of Euler identities involving -harmonic sequences
of functions with respect to a real Borel measure p. Applications for Ostrowski type in-
equalities, Griiss type and Euler-Griiss type inequalities are given. An integration-by-parts
formula, involving finite Borel measures supported by intervals on the real line is obtained.
Euler identities for -harmonic sequences of functions and moments of a real Borel mea-
sure 1 are also considered.
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Chapter

Generalization of the classical
integral forumalae and related
inequalities

In this chapter we introduce general integral identities using the harmonic sequences of
polynomials and w—harmonic sequences of functions. Those identities are the main tool
for deriving generalizations of some famous quadrature formulas. We deal with quadrature
formulas which contain values of the function in nodes, as well as values of higher ordered
derivatives in inner nodes. Thereby, the level of exactness of those quadrature formulas is
saved. Error estimations with sharp and the best possible constants are developed as well.

In Section 1.1. general integral identities with harmonic polynomials and w—harmonic
functions are established. Those identities are actually the general quadrature formulas
with m + 1 nodes. For both identites the error estimations for functions whose higher
ordered derivatives belong to L, spaces are given.

In Section 1.2. general one-point quadrature formula is established. Special cases of
the well known weights are considered and generalizations of the Gaussian quadrature
formulas with one node are obtained.

In Section 1.3. general two-point integral quadrature formula using the concept of har-
monic polynomials is established. Improved version of Guessab and Schmeisser’s result is
given with new integral inequalities involving functions whose derivatives belong to var-
ious classes of functions (L, spaces, convex, concave, bounded functions). Furthermore,
several special cases of polynomials are considered, and the generalization of well-known
two-point quadrature formulae, such as trapezoid, perturbed trapezoid, two-point Newton-
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2 1 GENERALIZATION OF THE CLASSICAL INTEGRAL FORUMALAE AND...

Cotes formula, two-point Maclaurin formula, midpoint, are obtained. Weighted version of
two-point integral quadrature formula is obtained using w—harmonic sequences of func-
tions. For special choices of weights w and nodes x and a + b — x the generalization of the
well-known two-point quadrature formulas of Gauss type are given.

In Section 1.4. general three-point quadrature formula with nodes x, ‘lzib anda+b—xis
introduced. From non-weighted version Simpson, dual Simpson and Maclaurin formulas
are obtained, while for special weights Gaussian quadrature formulas are given.

The closed four-point quadrature formula is introduced in Section 1.5. Generalization

of Lobatto formula is given as special case.

Definition 1.1 We say that {P;}+ € Ny is harmonic sequence of the polynomials if
Pi(t) = P (t),Vk € Nand Py(t) = 1.

1.1 General integral identities involving w—harmonic
sequences of functions

Non-weighted integral identity is used for the approximation of an integral of the following
form: [ f(¢)dt. The next theorem is obtained in [100].

Theorem 1.1 Let 6 :={a=xp <x1 <xp < ... <Xy = b} be subdivision of the interval
la,b]. Further, let for each j =1,....m, {Pj}, N, be the harmonic sequences of the

polynomials on [xj_1,x;], i.e. Py(t) =Pjx1(t) i Pp(t) =1, for j=1,....mandk €N,
and let

Piu(t), t € la,x]
Po(t), t € (x1,x2]

Su(t,0) = : (L.1)
.Pmn([)a re (xm—lab]a

for some n € N. For an arbitrary (n — 1)—times differentiable function f : [a,b] — R such
that f (=1) is bounded, the following identity states

(—1)"/bS,,(t,c)df<"‘1)(t) :/bf(t)dt+ki(_1)’< [Pmk(b)f““l)(b)
a a =~

m—1

+ 3 [Pi(xj) = P il(x))] () - Plk(a)f(kfl)(a)} ) (1.2)

j=1
whenever the integrals exist.

Identity (1.2) is used for the approximation of an integral | ab f(t)dr both with the values of
the function f and its higher order derivatives in nodes xq,x1,x2,...,X,. With appropriate
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choice of polynomials {Pj;} and nodes x; we shall get the generalization of the well-known
quadrature formulas. In those generalized formulas the integral is approximated not only
with the values of the function in certain nodes, but also with values of its derivatives up to
(n— 1)™ order in inner nodes.

Let us develop an error estimation for the identity (1.2).

Theorem 1.2 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q,< oo, %—l—

é = 1.If f : |a,b] — R is an arbitrary function such that f (1) jg plecewise continuous, for
some n € N, then we have

[ e+ 3 -1 [puters® )

Z [Pit(xj) = Pis1x(x))] f(k_l)(xj)—Plk(a)f(k_l)(a)}‘

s
<Cm@)f™],, -
where
1
[,1fx Py |th}" 1<g<eo
C(n,q) = Hsn('aG)Hq =

maxi<j<m{SuPery, ;) [Pin(0)]}, g =oo.

Inequalities are sharp for 1 < p < oo and the best possible for p = 1. Equality in (1.3) is
attained for the functions f of the form:

f(t) =Mf(t) + (1), (1.4)

where M € R, r,_y is an arbitrary polynomial of degree n— 1, and f,. : [a,b] — R is function
with the following representation:

Lt —s)"! L
S (1) ::/ —————[Su(5,0)| P TsgnS,(s,0)ds, 1<p<eo (1.5)
« (n—1)!
and
f(t)'—/lwsnS (s,0)ds, p— (1.6)
* = ; (I’l—l)' g n\d, ) P = °°. .
Proof. Applying Holder inequality to the integral
/Stcdf"l - /StO' (t)dt

an inequality (1.3) is obtained. To prove the inequalities are sharp for 1 < p < oo, we have
to find function f : [a,b] — R such that

J(0)dt| = C(n,q) - || f ™| (1.7)




4 1 GENERALIZATION OF THE CLASSICAL INTEGRAL FORUMALAE AND...
For function f, defined by (1.5) and (1.6) we have
sgnSy(t,0), p = oo,
5,(1,0)| 7T sgnS, (1,0), 1< p < oo
Function f : [a,b] — R defined with (1.4) is n—times differentiable also. Further, f (1) jg

piecewise continuous and £ (r) = M £ (¢) holds.
For p = oo we have || f")]|, = [M], so

b
| $uta,017 @)

— IMLbSn(t,a)fin)(l)df

b
- ’M / Su(t,0)sgnSu(t, o) dt

b
= ‘M|/a |Sn(f,0)\dt:C(n,1)||f(")Hw

holds, while for I < p < e we have

b ) 5 b ’
L™, = M| [/ |Sn(t,0')|P—1dt] =|M| U Sn(w)lth} ;

which implies

b
/ Su(t,0) ) (¢)dt

_ ‘M / ’ $,(6,0) £ (1)t

b 1
- ‘M/ Su(t,5) [Sult,0) |77 sgnSa(t, 0)dr
a

b o b i
= 11| [ 15u(0,0)[7T dt = 1| [ 15,(0,0)*dt = Cln. )£l

so the proof of the (1.7) is finished.

Finally, we have to prove that inequality (1.3) is the best possible for p = 1. Obviously,
because of the continuity of the Pj(-) on [x;_1,x;], there exists j € {1,...,m} and 1y €
[xj—1,x;] such that sup;c(, ) |Sa(t,0)| = |Pin(to)|. First, let us assume that Pj,(f9) > 0.
There are two possibilities:

(1) xj—1 <10 <xj
(i) to=xj—1
For the case (i) let us define function f; : [a,b] — R for € > 0:

1, t<t—¢,

V@ =t ety —e,10),

0, >1.
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When ¢ is “enough small”, we have

10 10
/ Su(t,0)f, )dt Su(t,0)dt| = — P (t)dt.
8 1n—¢& € 1n—¢&
Further,
1 [ 1 o
= [ Pultydi < Puto) [ dr =Pt
€ 1n—¢€ € JIg—€
Since limg_o £ ft Pj,(t)dt = Pj,(to), the assertion follows.

For the case (11) let us deﬁne function f; : [a,b] — R for & > 0:

07 tgt()?

11—

=, 1 € [to,t0 + €],
1, t>t+e.

V) =

When ¢ is “enough small”, we have

1
/ Su(t,0)f )dt

10+€
/ S,(t,0)dt
8 f

0

1 1h+€
=— / Pju(t)dt.
E Ji

S0

Further,
1 10+€ 1 10+€
: / Pia(t)dt < —Pi(to) / dt = Pin(to).

€ 0 0
Since 11m8_,0 Ji 0T€ Py (¢)dt = Pjy(to), the assertion follows.
For the case P]n(to) < 0, the proof is simmilar. ad
Remark 1.1 Inequality (1.3) is obtained in [100], for the case 1 < p < eo.

In [73] is derived the identity (1.2) with monic polynomials:

Theorem 1.3 Let 6 := {a =x0 < x| <x2 < ... < Xy = b} be subdivision of the inter-
val [a,b]. Further, for j=1,...,m, let Mj, be monic polynomials, for some n € N, with
degMj,, = n. Define

My,(t), t € [a,x],
Mo(t), t € (x1,x2],

Va(t,0) = : (1.8)
an(t), t € (xpm—1,b].

If f: [a,b] — R is some (n — 1)—times differentiable function such that f"=") is bounded,
then we have

b 1 k+1 (n—k—1) ! (n—k—1)
/a f(l)dt + E};O(—l) '|:an + 2 [ jn
- M](ilk,, V)]0 ) —M%Z"“”<a>f<’<> (a)} 19)
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Proof. The proof follows from the successively integration by parts of the integral

%??fwmpwﬂ“Wa
O

Remark 1.2 Let {P k}k 0,1,....» be harmonic sequences of polynomials such that Pjo( )=
1. Then we have P}~ i 1(t) Pjit1(t), for 0 <k <n—1.Put M, = n!Pj, in (1.9). Now
we have V, (t,0) = n!S,(t,0), so the identity (1.9) is equivalent to the identity (1.2).

Theorem 1.4 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q,< oo, %—l—

é = 1.If f : |a,b] — R is an arbitrary function such that f (1) jg piecewise continuous, for
some n € N, then we have

n—1
/deIZ DR [ Y ()10 )

+iM&*”%ﬁ—Mﬁﬁ%mvwmwwm*“wvww}

< —K(n, )|, (1.10)

where

1
S M@ 1<g <
K(n,q) = ||Va(-,0)|lg =

maXlSjSm{supte[xj,l,xi] ’Mjn (t)|}7 q = .

Inequalities are sharp for 1 < p < oo and the best possible for p = 1. Equality in (1.10) is
attained for the functions f of the form:

f(t) =Mf(t) +ru-i(2), (1.11)

where M € R, r,,_y is an arbitrary polynomial of degree n—1, and f. : [a,b] — R is function
with the following representation:

Tt —s)nt e
f*(t) ::/ %Vn(s,c)Pl sgnVn(S,G)ds, 1<p<°° (112)
a n— .
i
0 fg_ﬂkl V(s 0)d (1.13)
w(t) = | ————sgnV,(s,0)ds, = oo, .
. (1) & P
Proof. The proof is simmilar to the proof of the Theorem 1.2 O

Weighted version of the identity (1.2) and related inequalities are obtained in [72]. In
this case the w—harmonic sequences of the functions are used.
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7

Lemma 1.1 Let w : [a,b] — R be integrable function on [a,b] and let {wi}r—1 ., be
w—harmonic sequences of functions, i.e. w : [a,b] — R are such that wi(t) = wy_(t), for
t€la,bland k=2,3,....n, and wi(t) = w(t). If g : [a,b] — R is n—times differentiable

function such that g(") is piecewise continuous on [a,b], then we have

b
/ w(t)g(t)dt = Ap(w,g;a,b) + R, (w, g;a,b),
a
where

An(wgia.b) = 3 (-0 [ (0)g*(8) ~ wi(@)g ()]
k=1

and

Rn(w,g;a,b) = (_l)n/ahwn(t)g(n)(t)~

Proof. We prove (1.14) by mathematical induction.
For n = 1 integration by parts gives

b b
| w0s)de = )g(6) ~wi(@gla) = [ w0/ (0.

Let us assume that for/ = 1,...,n — 1 we have
b [
| wsod = ¥ (15 [ @)g D b) - wila)ga)
a k=1

+ (=1) / bwl(t)g(l)(t)dt.

Further, integration by parts yields

[ 0800 = i ()5 B) —wr @@ — [ 0 e

Finnaly, we impose the identity (1.17) to the relation (1.16) and obtain

!
/bw(t)g(t)dt = 2(_1)k—1 [Wk(b)g(kfl)(b)—Wk(a)g(kfl)(a)
o k=1
(1) [wa ()87 (B) = wisr (@) (@)
- abWz+1(l)g(lH)(t)dt]
I+1

(=1 [we(B)g 1 (B) ~ wi(@)g* V(@)
1

b
+ 0 0g N0

»
I

so the assertion is valid for [ + 1.

(1.14)

(1.15)

(1.16)

(1.17)
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Remark 1.3 Function w : [a,b] — R is usually called weight.

Consider subdivision 0 = {a = xp < x| < ... < X, = b} of the segment [a,b],for some
m € N. Let w : [a,b] — R be an arbitrary 1ntegrable function. On each interval [x;_1,x¢],

k=1,...,m we consider different w—harmonic sequences of functions {wy;}j—1, .., i.€
we have
Wiy (2) = w(?) fort € [xp_1,x¢]
(wij) (1) = wy j—1(2) fort € [x_1,x], forall j=2,3,...,n. (1.18)
Further, let us define
win(t) fort € [a,xi],
me(t’c) — Wzn(l‘) fort € (xl,XQ], (1.19)

W (t) fort € (x—1,b].

Theorem 1.5 If g : [a,b] — R is such that g\") is a piecewise continuous on [a,b), then
the following identity holds

/ bw(t)g(t)dt = Y (—1)! [wmj(b)g(j_l)(b) (1.20)

—

2 b - wer1,00)]8Y Y () = wij(@)g ™V (a)

I \Zki 1M=

/anto ") (1)dt.

Proof. Using relation (1.14) on each interval [x;_,x;] for appropriate w—harmonic se-
quence, we get the following

Xg
/ W(l)g(t)dt:An(W,g;Xk,I,Xk)+Rn(W,g;Xk,1,Xk). (121)

Xk—1

By summing relation (1.21) from k = 1 to m we obtain

b . .
| w0 = 3 (=1 wy (0)gV0) (122

[
R NE

—

[wi (xic) — wier 1, ()] 89D () — wi (@) gV~ (a)

+
T

_|_
M=

Ry(W, &3 Xk—1,Xx)

T
I

I
M=

(= 1) [ ()8 (8)

~.
Il
—_



1.1 GENERAL INTEGRAL IDENTITIES INVOLVING w—HARMONIC SEQUENCES... 9

2 [wj () Wk+1/(xk)]g(j71)(xk) —le(a)g(’;l)(a)}

/anto ") (1)dr.

Now we shall give the general L, theorem.

Theorem 1.6 Assume thet (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,
117 + é = 1.If g : [a,b] — R is some function such that g") is piecewise continuous on [a, b]

and g € Lya,b], then the following inequality holds

/ " w(0)g(0)di Y (-1 [wmk(b)g““(b) (1.23)
va k=1

m—1
- 21 [wie () = wisrlx)] g%V () - Wlk(a)g(k_l)(a)]

=

< C(”?Q?"V) ' ||g(n)HP7

where

1
|: ']1'1=1 Xj 1|W]" |th:|q71§q<°°7
C(”?Q?"V) = ||W",W(.7O-)||q =

maXlSjSm{Supze[xj_l,xj] |an(t)’},q = oo.

The inequality is the best possible for p = 1 and sharp for 1 < p < eo. Equality is attained
for every function g such that

g(t) =M-gi(t) + pn1(t),

where M € R, p,_1 is an arbitrary polynomial of degree at most n— 1 and g, (t) is function
on |a,b] defined by

t (+ _ \h—1 1
8+(1) ::/a % Wi (s,0)| P~ sgnWy(s,0)ds, 1< p<eo (1.24)
i
t (4 \n—1
g (1) = /a %sgnwnﬁw(s,a)ds, p =oo. (1.25)
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1.2 Application to the one-point quadrature
formulae

Now we develop the weighted one-point formula for numerical integration. Let g : [a,b] —
R be some function and x € [a,b]. Let w: [a,b] — R be some integrable function. The
approximation of the integral | f w(t)g(t)dt will involve the values of the higher order
derivatives of g in the node x. We consider subdivision o = {xyp < x; < x2} of the interval
[a,b], where xg = a, x| = x and x, = b. Further, let {w,ij}jzlwn be w—harmonic sequences
on each subinterval [x;_1,x¢], k = 1,2, defined by the following relations:

w}j(t) = ﬁ /at(t — )Y w(s)ds, 1€ a,x]
1 1 ' i—1
wh(0) = /b (t — ) "w(s)ds, 1€ (x,b],
for j=1,...,n. Now we can state the following theorem

Theorem 1.7 If g : [a,b] — R is such that ¢\ is a piecewise continuous function, then

we have
b b
[ w05 = AL+ T+ (<1 [ Wl (6008 e,
(1.26)
where for j=1,...,n
Tow@) = X, Ac()g* V), (1.27)
j=2
further, for j=1,....n
—_1)/-1 b .
A}-(x) = ((j 1_)11)' / (x—s) " Iw(s)ds (1.28)
and
1 T n-1
| ) owi () = mfa(t—s) w(s)ds fort € [a,x],
el { Wh(0) = Gt = oy s forve ol 0

Proof. We apply identity (1.20) for m =2 and x; = x to get

n

/abw(t)g(t)dt = X0 ) = w0] gV ()

j=1
b
+ (0 [ Wl 0g 0,
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since w}j(a) =0and wéj(b) =0, for j = 1,...,n. Further, we compute
1 1 _ 1 b Y ds — (—1)/~14!
wij(x) =wyj(x) = ——=5 [ (x=s)/"wls)ds = (=1)"A;(x),
(] - 1) a
so the assertion of the Theorem follows. O

Remark 1.4 The identity in Theorem 1.7 was obtained in [85], so we may call it an
integral formula of Matié, Pecari¢ and Ujevic.

Remark 1.5 If we want formula (1.26) to be exact for the polynomials of degree at most
1, such that approximation formula doesn’t include the first derivative, the extra condition
A;(x) = 0 is required. From this condition we get

/ab(x —s)w(s)ds =0.

b N e
The solution x = M

Ja wis)ds

quadrature formula.

of this equation yields the node of the one-point Gaussian

Theorem 1.8 Let w : [a,b] — [0,00) be an integrable function and x € [a,b]. Further,

defined by the following relations:

wij(t) = ﬁ/at(t—s)j_lw(s)ds, t € [a,x]
wéj(t) = ﬁ./ht(t—s)j_lw(s)ds, t € (x,b],

forj=1,....2n+1. If g : [a,b] — R is such that g(z’“) is continuous function, then there
exists 1 € |a,b] such that

[ 080 = A W) + ) + A (e (130)

Proof. 1t is easy to check that Wa, ,,(¢,x) > 0, for t € [a,b], so we can apply integral mean
value theorem to the fab Way(2,%)g>" (¢)dt to obtain

2n
/  w(t)a(t)dt — > AL (1)gt (x) = g2 () - / ’ Wi, (1, x)dr. (131)
Ja j=1 Ja

We calculate

b X b
/ Wan(t,x) dt — / why (1)t + / why (0)dt
Ja a X

1 1 1
= W12n+1 ()C) —W2on+1 (X) = A2n+1 ()C),

so we get the assertion. U

Now we can state the L, —inequality for weighted one-point formula
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Lyla,b] for some 1 < p < oo. Then we have

[ w0 - Al 0800 Ty

< Cl (napax7w) : Hg(n)HP’

for % —1—5 =1, where

Ci(n,p,x,w) = (n_ll)! [/:

+ /xb /bt(t — )" w(s)ds

q
dt

/ut (t — )" 1w(s)ds

q 73
dt] , (1.32)

for1 < p <o and

)

/u[ (t—s)""'w(s)ds

}, (1.33)

The inequality is the best possible for p = 1 and sharp for 1 < p < eo. Equality is attained
Sor some function g(t) = Mg.(t) + pp—1(t) where M € R, p,_ is an arbitrary polynomial
of degree at most n — 1 and g, is function on [a,b] defined by

1
Ci(n,1,x,w) = ———maxq sup
1( ) (n - 1)' {le[a,x]
!
sup /(t—s)"ilw(s)ds
t€lx,b) |/b

=gy o
g = | T S (60 I (80 g, (1.34)
a !
for 1 < p < eo, and
=) 1
g+(t) = / N -sgnW, . (§,x)d¢&, (1.35)
a .
for p = oo.
Proof. This theorem is special case of the Theorem 1.6 o

Now we shall give some special examples of the general one-point quadrature formulae
for different choices of weight function.

Example 1.1 (THE CASE w(t) = 1) Applying the identity (1.26) to the special case of
weight function w(z) = 1, the following identity is obtained:

b b
| et = (o=@l + THE0) + (-1 [ WHC @ 0ar,  136)

where
%, fort € [a,x],
WO (1,x) = (137)

%, forz € (x,b].
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Specially, according to Remark 1.5 the condition

/ab(x—s)ds =0,

implies x = “—gh, so the generalization of the well-known midpoint quadrature formula is
carried out:
b a+b a+b
[ st = o-ae (57 40 (450
a
b
/ WILG( at )g(")(t)dt, (1.38)
where .
+b 1.6 [a+b _ a+b
pLLG (4770 AL arTb) k-1 (aTh
nw ( 2 g k A 2
even k
and

A17LG Cl+b o (b—a)k
k 2 ) 2k lp

If all the assumptions from Theorem 1.8 hold, then we have

b
[ sttt = (- a)g(v) + Tt () + AL (-2 ). (139)

Specially, for x = # we have

b B a+b 1,LG a+b (b—a)2”+1 (2n)
[ st = p-are (52) + 1t (2) + oD ),

For n = 1 the midpoint formula is established:

[ et = o-arg (F2) + L

If all the assumptions from Theorem 1.9 hold, then we have

b
[ sttt - - 7100 < CAlngxn) -1,

where

(1.40)

(x_a)nq+1+(b_x)nq+l %
ng+1 } ’

1
C{‘G(n,q,x7w) = ; |:

for 1 < g < oo, and

CLO (1, co x, ) = %max{(x—a)”,(b—x)"}. (1.41)
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Specially, for x = 442 we get

b a+b a+b Y
st~ 0 (52)| <t (0. 200 ) Il n=12

where

C{‘G< a+b’w (b—4a)27 C%G (17w’a;b’w) b_a

2 )
CLG( ath w) (b—a) C5G<2oo“+b W):(b‘“>2
b 24 ) ) b 2 b *

1 . . . .
) Applying the identity (1.26) to the special case
Vi-i2

Example 1.2 (THE CASE w(t) =
of weight function w(t) = \/11— the following identity is obtained:

1 1
/ 8(t) dr:ng(x)+Tn1_;§1(x)+(—1)"/ WLCH (¢, 2™ (¢)dr, (1.42)
—1y/1—1¢2 ’ -1 "

where

1
1c1 272+ 2 1 111 L1+l
wi () =" B(5n) F(3.5.5+m5),

forr e [—1,x],
Wi (1,0) =

1
1,C1 — n2 2(1-0)""2 1 111 1
Woy (I)_(_l) WB(E”?)F(E’E’E—F"’TI))

forz € (x,1].

Here, B(u,v) = [, s"~'(1—5)""'ds is Beta function, and F (o, B, 7;2) = mfol B!
(1—1)Y"B=1(1 —z)~%dz, for y > B > 0 and z < 1 is the hypergeometric function. We also
use the notation of the hypergeometric function when integral fol P11 — Bt —
zt)~*drt converges. Specially, when o < 0, then any z € R is allowed.

Specially, according to Remark 1.5 the condition

=

implies x = %52, so the generalization of the one-point Chebyshev-Gauss quadrature for-
mula is carrled out.

+b

1
/ 5;(’) _dt = 1g(0) + T,:5(0) /WIC‘IO @), (1.43)
-1 —t '

where
Tl,Cl zAl ,C1 k 1) (O)
nw
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and

1 1 skfl
ALy = / ds.
¢ (0) AN §

If all the assumptions from Theorem 1.8 hold, then we have

0 _ 1C1 1.C1 0
/4 T =T+ I (v )+ Ay () g2 (m). (1.44)

Specially, for x = 0 we have

ds- g (n).

1 g(t) . 1C1 : i
[1 mdt— ng(0) +1,,,, (0) + (2n)! ./4 VI—s2

For n = 1 one-point Chebyshev-Gauss quadrature formula is established:

0 m
[ e =5(0)+ 5" ().

If all the assumptions from Theorem 1.9 hold, then we have

1
‘/1 St )~ TS 0] < CF ) [

where
1 (n,q,x,w) [/ |w1 i ( \th—i—/ |w1 C1|th} , (1.45)
for 1 < g < oo, and
c?1<n7w,x7w>:max{ sup [y (¢)], sup |w1C‘<t>}. (1.46)
re[—1,x] t€fx,1]

Specially, for x = 0 we get

1
gt
'/_1 1(_),2df—ﬂg<0>‘s0f1<n,q,o,w)||g<n>1,, n=12,
where

(L 1,0w) = 2. (L 0w) =2, ' 2,1,0w) = 7

Example 1.3 (THE CASE w(t) = v/ 1 —t2) Applying the identity (1.26) to the special case
of weight function w(t) = v/1 — 2, the following identity is obtained:

/ (V1= 2t = Zg(x) + T ( / ) (1), (1.47)
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where

1 el
W) = ZEERB () F (-

forr € [—1,x],
W0 =

1
Wy (6) = ()" B (30) F (—53,3,3 +m ),

fort € (x,1].

Specially, according to Remark 1.5 the condition

/ab(x—s)Mds:O

implies x = 0, so the generalization of the one-point Chebyshev-Gauss quadrature formula
of the second kind is carried out:

/1 g(t)\/l—tzdtzgg(O) T,,1V§2(0)+(—1)"/1 W, C2(2,0)¢") (1)dt, (1.48)
1 -1 ’

where
Tl,CZ ZAI C2 k 1) (O)
n,w

and

A,l< €20 1 / 11— s2ds.

If all the assumptions from Theorem 1.8 hold, then we have

/ (01—t = Zg(x) + T (1) + AL (x) - 6@ (). (1.49)

Specially, for x = 0 we have

/ NV 1—2dt = 21nCW2

1—s2

()

For n = 1 one-point Chebyshev-Gauss quadrature formula of the second kind is obtained:

[ a1 = Ze(0)+ g,
“1

If all the assumptions from Theorem 1.9 hold, then we have

1
’/_ \/ 1—12dt — ]-;11‘52( ) < sz(nvq»xﬂ"}) ! ||g(n)HP7
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where
CF2 (n,q.x,w) = [ / i (0)|d1 + / wy; Czlth} : (1.50)
for 1 < g < oo, and
C2(n,00,x,w) = max{ sup |wi ()], sup [wy ()] v (1.51)
re[—1,x t€fx,1]

Specially, for x = 0 we get

‘/11 Mdt——g ‘<CC2(n 7,0,w)||g" ||p, n=1,2,
where

CE2(1,1,0,w) = % (Lo 0w) = 5 CF2(2,1,0w) = .

11y Applying the identity (1.26) to the special case

Example 1.4 (THE CASE w(t) = 1/ 17,

of weight function w(r) = /1= T H, the following identity is obtained:

/1 g(z),/l dt = mg(x )+Tn1_;ﬂ3(x)+(—1)”/l W93 (1,x)g ™ (¢)dt, (1.52)
- 1+1 ’ -1

where

(S

1
1,73 22 (141)"2
win (1) = &71))! B(3.n)F(=3,5.3 +m"),

forr € [—1,x],
Wi (1) =

forz € (x,1].

Specially, according to Remark 1.5 the condition

b [1—s
/a (x—3s) l—l—st:O’

implies x = — %, so the generalization of the one-point Jacobi-Gauss quadrature formula is

carried out:
/1 (t)q/l dt =1 ! + 1153 1
_1g 1+1¢ & 2 mw 2
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1 1
e [ i (g ) e oan
1 1 1 1
Tl B W Y I R (S VY
nw ( 2) = k 2 g 2
s (1 _;/1 Loy s
A < 2>_(k—1)! BACRE e

If all the assumptions from Theorem 1.8 hold, then we have

where

and

1+t

! 1—1
[ sy Td = me(0+ B0+ A5 ()-8 (n).

Specially, for x = —% we have
1 [1— 1 713 1
/_ g(t) 1+tdt ”g< 2)+ 2n,w _E
1 Lo, [1—s .
(2n)!/—1s2 1+Sds~g(2 ()

For n = 1 one-point Jacobi-Gauss quadrature formula is obtained:

/_1 g(t)\/ftdt =g ( ;) + gg”(n)-

If all the assumptions from Theorem 1.9 hold, then we have

‘/ Ve et 1)

where

d%wmm=U’1”|%+/¥W4,

for 1 < g < e, and

Cf3(n,°°,x,W)=maX{ sup [w) (1)), sup |W”3(t)}-

re[—1.x r€fx,1]
Specially, for x = —5 we get
! [1—1t 1 o3 1 u
L g(t) 1+ dt 77.7g <_§) S 7q7_§aw ||g( )”177 n= 1727
where
3
CP(1,00,0,w) = §+ % ~1.91322, CP(2,1,0,w) ==

< C{3 (n,q,x,w) : Hg(n)”P)

(1.53)

(1.54)

(1.55)

(1.56)
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Example 1.5 (THE CASE w(t) = e*ZZ) Applying the identity (1.26) to the special case
of weight function w(r) = e’ , the following identity is obtained:

/ g(t)e_tzdt: \/Eg( )+T1 HG / WIHG (n)(t)dl7 (157)
where
win () = e L (t—s)"le=ds, fort € (—oo,x],
WG (t,x) = e 2
Won (t) = ﬁ f,m(t —S)kile’*‘ ds, fort € (x,).

Specially, according to Remark 1.5 the condition

/ (x— s)ef“'zds =0,

implies x = 0, so the generalization of the one-point Hermite-Gauss quadrature formula is
carried out:

/w g(t)e " di = \/7g(0) + T,;19(0) / WaHG (1,008 (1)dr,  (1.58)

where
TL6(0) = 3 4" (0)g% 1 (0)

and

1LHG 1 = okl
Ay (O)Z(k—l)!/_ms e ds.

If all the assumptions from Theorem 1.8 hold, then we have
[ se = Va0 + B W+ 43506 (159)
Specially, for x = 0 we have
[0 d = V() + T30 (0) + A5G (0) -2 ().
For n = 1 one-point Hermite-Gauss quadrature formula is obtained:
[ g0 ar = Vo) + V()

If all the assumptions from Theorem 1.9 hold, then we have

sl V) - 1) < gl
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where
1
q

X 00
CHG (0, q,x,w) = [/ |w};1HG(t)|th+/ w;;{”m:] , (1.60)
). ),

for 1 < g < e, and

Cl(n,w,x,w):max{ sup \wi‘nHG(t)\, sup wé‘nHG(t)|}. (1.61)

1€ (—oo,x] 1E€[x,00)

Specially, for x = 0 we get

« 72 n
[ st Va0 < o0, 0mle e n=1.2

where

Cro(1,1,0,w) = 1, C9(1,e0,0,w) = ? Cre(2,1,0,w) = ?

1.3 Application to the two-point quadrature
formulae

In this section we shall establish general two-point quadrature formulae. The families of
the quadrature formulae of the following type are considered:

/abf(t)dt:b;a[f(x)-i—f(a-i—b—x)}—i—E(f,x) (1.62)

and
[ W Or 0 =AW B at b2 B, (163)

where x € [a,%“32], w: [a,b] — R is integrable function, A(x) and B(x) are coefficients

such that A(x) + B(x) = ffw(t)dt, while E(f,x) and E(f,x,w) are remainders for non-
weighted and weighted case. The family of non-weighted formulae (1.62) was considered
by Guessab i Schmeisser [65]. They established sharp estimates for the remainder under
various regularity conditions. A number of error estimates for the identity (1.62) are ob-
tained, and various examples of the general two-point quadrature formula are given in [73].
Quadrature formulae of the type (1.63) and their error estimates have been developed in
[71].

First we shall look at the Guessab and Schmeisser theroem:
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Theorem 1.10 Let f be a function defined on [a,b] and having there a piecewise con-
tinuous n—th derivative. Let Q,, be any monic polynomial of degree n such that Qy(t) =
(—=1)"Qn(a+b—1t). Define

(t—a)', fora<t<x
K.(t)=1< On(t), forx<t<a+b—x (1.64)
(t=0)", fora+b—x<t<b.

Then, for the remainder in (1.62), we have

E(f;x) =

) (v+1)! n! b—a

5 [ 0 VW fVatb )+ (1))

+ ,( / Kalt . (1.65)
Let us introduce some notes. For k = 1,2,... n let us define

x—a)f 0 V()

A2(x) = P —r (1.66)
Specially, from the characteristic of the polynomial Q,, we have Az( ) = %54, Further, let
us define
T2 (x) := 0, forn=1 (1.67)
12 = YA [F4 D atb—x) + (D)L forn 2

k=2

Now the identity (1.65) becomes

[ =

The identity (1.68) will be used for the derivation of the two-point quadrature formula.
Those general formulae will approximate the integral [, b f(t)dr with the values of the in-
tegrand f and higher ordered derivatives in nodes x and a+b —x. Forx=a, 2“; b 3“:” , “;h
and appropriate polynomials O, we shall obtain the generalization of the trapezoid, Newton-
Cotes two-point formula, Maclaurin two-point formula and midpoint formula, respectively.

21 + fla+b—x)]+ T2 () /’K J()dr.  (1.68)

Remark 1.6 In [73] it is shown that the identity (1.65) is a special case of the general
integral identity with monic polynimials (1.9).

Now we establish the general inequality using L, norms for 1 < p < oeo,



22 1 GENERALIZATION OF THE CLASSICAL INTEGRAL FORUMALAE AND...

Theorem 1.11 Let f : [a,b] — R be a function such that f") € L,a,b] for 1 < p < oo
and some n € N. Let K,, be defined by (1.64). Then we have for 1 < p < oo

b —
[ rear =215 0) + flat b 0] - W[ <Colman) 1Ol (169)

where 1
1 a+b q
24 | (x—a)"at! 7 1
C =—|— W(0))9de | 1.70
b(ma) =0 | [ 0,0 (1.70)
for1 < g <o, and
1
Cy(n,00,x) = — -maxg (x—a)", sup [Qn(1)] ;. (1.71)
n! 1€lx, 450

The inequalities are sharp for 1 < p < oo and the best possible for p = 1. Equality is
attained for
f@)=M-fi(t)+cotcit+...+cot"

with M, co,c1,...,cn—1 ER, and for 1 < p < e

(1—a)"
]

fora<t<x

o)=L 10,(6) 7T sgnQu(§)dE, forx <t <atb-x

fora+b—x<t<b,

while for p = oo

(=x)"

PI fora<t<x
_gyn—1
f@)=9 K (t<n§_)1>! -sgnQ,(€)dE, forx<t<a+b—x (1.72)
Qﬂ%tm» fora+b—x<t<bh.
Proof. This is a special case of the Theorem 1.4. O

Remark 1.7 If we take in previous theorem function f such that f~1) € Lipy, then the
proof is equal as for the case p = oo. Specially, for

(2x—a—b)"'Un(2t—a—b>’

22n 2x—a—b

Qn(t) =

where U, is the n—th Chebyshev polynomial of the second kind, we get the Guessab and
Schmeisser’s result [65].
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Let us introduce a note Ry (f,n,x) for the remainder term in the identity (1.65):

Ry(f,n,x) := / K (

Theorem 1.12 Let f : [a,b] — R be a function such that £ s continuous for some
n > 1 and let us assume that Qy, is a monic polynomial of degree 2n such that Q,(t) > 0
fort € [x,%£2] and Q2,(t) = Qan(a+b —1t). Further, let

(t—a)zn, fora<t<x
Kon(t) =< Qou(t), forx<t<a+b—x (1.73)

(t—b)*", fora+b—x<t<b.

Then there exists N € |a,b] such that

RZ(fa 2nax) =

2n+1
+/ 02 (1) ]f ). (174

2
(2n)! 2n + 1

Proof. Since K,(t) > 0 for ¢t € [a,b], we apply mean value theorem so we get

o [ a1 @0 = ). o] [ atoar

Theorem 1.11 implies

b 2n+1 ”*b
Kon(1)dt =2 +/ :
/a (1) 2 +1 Oon(t)

so the assertion follows. O

When apply (1.74) to the remainder in (1.68) for n = 1, the following identity is ob-
tained:

/ ’ floyas =

Now we explore the case when f(2*) doesn’t change sign on [a,b].

S U@+ flatb—x))+ |5

x—a)’ a5t
ey | Qz(t)dt]-f”(n) 1.75)

Theorem 1.13 If f : [a,b] — R is such that @) is a continuous function for some n € N
which doesn’t change sign on [a,b], and Q2,(t) > 0, then there exists 6 € [0, 1] such that

R(f,2n,x) = C3(2n,00,x) - 0 - [f?"~ V() — f2"V(a)]. (1.76)
Proof. Suppose that £>")(t) > 0, for € [a,b]. Then we have

b
0< R(fv 2n7x) < C2(27’l,°°,)€) : / f(2n) (t)dta

so there exists a point 0 € [0, 1] such that
R(fv 27’1,)6) = C2(2n7°°7x) -0 [f(zn_l)(b) - f(2n—1)(a)}.
The case f?")(¢) < 0 follows similarly. a
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1.3.1 Trapezoid formula
Let the kernel K, be as in (1.64), where

0.(1) = <t_ a+b)" B (b—a)zgt(n— 58 <t_ a+b)"2. 177

2 2
We compute
(x—a)k —(x M)k—z_ (x— M)2 _ (b—a)’k(k=1)
AT (x) 1= A2(x) = ’ L ’ - (1.78)
and
T (x) = EA” )V a+b—x) + (- D W],
(1.79)
so the identity (1.68) becomes
b —a
/f(t)dt: [f(x)+ fla+b—x)]+T>T (x /K . (1.80)

This formula will be exact for all polynomials of degree < 1 if A%’T(x) = 0. The solution
of this equation is x = a so we have

(D' —a)k+ 1)(2 k)

A%T (a) = k+1]) )
and .
L (a) = 3 A7 @[V @) + (D) D ()] (1.81)
k=3
Therefore we get
b _
/ fodt = a~[f(a)+f( b)| + T2 (a) / K ( dr. (1.82)

Corollary 1.1 Assume 1 < p,q < o are such that %—I— é =1.If f : [a,b] — R is n times

differentiable function such that f") is piecewise continuous on [a,b] and " € Lpla,b),
then we have

b —
/ PO = SO0 + flat b)) = T2 ()| < CL ng) 15O, (183)

where for 1 < g <eoandn >?2

2(x—a)"tt  (b—a)*(a+b—2x)"9 24+ pd(n — 1)1
ng+1 2n4+4(ng —2q+1)

1
=1 |
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(g ng—2q+1 ng—2q+3 8 ath 2\ |
’ 2 ’ 2 “(b—a)2n(n—1) \ 2 ’

G (2,q,x) =
1 [2(x—a)at! B(g+1,q+1 a
5 |:(2617+)1 +2(b—a)2q+l' {%-Bz—z (‘I+1,q+1):|:| )
1
b g+1 q
cl(1,q,x) = p (x—a)i*! 4 (%—x) : (1.84)
q

Further, for g =eondn # 2

_ |an(x) = bp(x)| + |an(x) + ba(x)|

Cl(n.oo x) =
2 (l’l, ,X) 2.1l ;
b— 2
I (2,00,) = Sa) , (1.85)

with

ap(x) = (x—a)", (1.86)

_(a+b =2 | (b—a)’n(n—1) a+b 2

balx) = ( 2 x) l 8 2 V)
Inequality is the best possible for p = 1, and sharp for 1 < p < eo.
Proof. The proof follows from Theorem 1.11 a

Corollary 1.2 Let f : [a,b] — R be a function such that ") is continuous for some even

n > 2 and let Q,, be a polynomial defined with (1.77). Then there exists 1 € [a,b] such that

b—a
2

[ o= @+ )+ 7 @) - ) £, (.87

where forn > 2

CzT(n,l,a):

1 bh—a\""! n—1n+tl 2
. -1 . : 1.88
(n—1)! ( 2 ) < 2702 n(n—l)) (1.88)

b—a)’
cl2,1 _ | .
2( ) 7a) 12

and

Proof. Polynomial Q,, satisfies

0,(t) = (t— a;b>n2~ l(t_ a;b)z _ (b=a)nln- 1)] . (1.89)

8
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For even n > 2 and for 7 € [a, b] we have

(t_a+b>2_(b—a)2n(n—l)

<0
8 — )

a+b n—2
t— >0
(-57) =0

which implies K,,(t) <0, for ¢ € [a,b]. The assertion follows from the mean value theorem.
O

2

and

Remark 1.8 Formula (1.75) in this case becomes

—a —a)?
[ =" )+ s -

-f'(m), (1.90)

which is well-known trapezoid formula, so the identity (1.87) represents generalization of
the trapezoid quadrature formula.

Remark 1.9 Put x = ¢ and n = 2 in Corollary 1.1. We obtain the known inequalities
related to the trapezoid formula ([56])

o)

b h— 3 [B(C]+l,q+1)}§l”fuup7
/af(t)dt_ a[f(a)+f(b)] < I<p<oo

2
b—a)?
L@y p = 1.

I~

Remark 1.10 Weighted version of the trapezoid formula and related inequalities are es-
tablished in [74].

1.3.2 Newton-Cotes two-point formula
Let the kernel K, be defined with (1.64), where

B a+b\" (b—a)’n(n—1) a+b\"?
Qn(t)—(t— 3 ) + 54 == . (1.91)
We compute
(x—a)k—(x a+b)k—2 [(x_azib)Z_’_(hfu);ic(kfl)}

AN (x) = AF(x) =
and

T2NC(y) 1= T2(x) = iAi,Nc(x) A% D atb—x)+ (— 1D )],
=2
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so the identity (1.68) becomes

L@mm=

This formula will be exact for all polynomials of degree < 1 if A
24P 50 we have

1)+ Flatb—x)] + T2V (x) /K )(1)dt. (1.92)

2 Nc( ) = 0. The solution

of this equation is x =

e (2a+bY _ (b—a) PP 4 (1) (3K — 3k +-2)]
k 3 265! ’
and
T2NC (g zAch 2a+b k1) 2a+b (= 1)k D) 2a+b)|
k=3 3 3 3

Therefore we get

/uhf(t)dt N b;a. [f(Za;—b>+f(a—;2bﬂ

4 Tz’Nc (2a+b>
n

Corollary 1.3 Assume 1 < p,q < oo are such that 1—17 + 5 =1.If f : [a,b] — R is n times

(1.93)

differentiable function such that f") is piecewise continuous on [a,b] and f") € L,[a,b],
then we have

/ahf(t)dt -

where for 1 < g <eoandn>?2

(g = L [2E= a)" ! (b—a)(a+b—2x)" 2 pd(n — 1)7
2 4q, ng+1 21464 (nq —2q+ 1)

n!
1
.F<_q ng—2q+1 ng—2q+3 24 <a+b_x)2>r
' 2 ' 2 T (b—a)in(n—1)\ 2 '

1
2 a+b arly 14
_c _ )4t zrr
. ((x a)?™ + < > x)

Further, for g = o0 and n # 1 we have

|an(x) — ba(x)| + [an(x) + ba(x)|
2-n! ’

)+ flatb—x)] - Tnz’NC(X)‘ <CYnq.x)- | f ", (1.94)

CY(1,q,x) =

Y (n,e0,x) =
where

ap(x) = (x—a)",
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bo(x) — (a—;b _x>n72' l(b—a)zz(n— 1) N (a—;b _x>21 .

Inequality is the best possible for p = 1, and sharp for 1 < p < oo,
Proof. The assertion follows from Theorem 1.11 O

Corollary 1.4 Let f: [a,b] — R be a function such that £ is continuous for some even
n > 2 and let Q, be a polynomial defined with (1.91). Then there exists 1 € [a,b] such that

b _b—a 2a+b a+2b anc (2a+b
oo =Bt [ (52 e (57 ) (357)

2a+b
+ e (n,l, at )-f<">(n), (1.95)

3

where

2a+b (b—a)**! 2
CNC 1 — )
2 <” "3 ) 3 |3t 1)

n n—1 n+1 2
Fl -1 : )
T ( 2002 ’3n(n+1)>}

Proof. Tt is easy to check that Q,(r) >0, for € [2"3—+b, @] ,and n > 2, so the assertion
follows from Theorem 1.12 O

Remark 1.11 Formula (1.75) in this case becomes

[ =25 [f<2a3+b> +f<a+32b)] D e

which is the well-known Newton-Cotes two-point formula. Therefore the identity (1.95)
represents the generalization of the Newton-Cotes two-point quadrature formula.

Remark 1.12 Putx = @ into the Corollary 1.3 so the best possible and sharp inequal-
ities for Newton-Cotes two-point formula are obtained.

Remark 1.13 More on Newton-Cotes twopoint quadrature formula can be found in [82].

1.3.3 Maclaurin two-point formula. Perturbed trapezoid
formula. Midpoint formula

Let the kernel K, be defined with (1.64), where

On(t) = (t— a;b) : (1.97)
We compute
Nk (+__ atb\k
AT () o= A2 (x) = e—ay —x—%5) (1.98)
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and
T = 1200 = 3 AT [ ak b ) + (-1 ),
k=2

so the identity (1.68) becomes

/abf(t)dt = b;“ [F(x) + fla+b—x)]+ T2 (x) + %/:Kn(t)f(”)(t)dt. (1.99)

The solution of this equation is is x = 3“4+h so we have

2(b—a)*
A2PT (3a+b) aiy» kodd,

k 4
0, k even.
and
3Cl+b n 2.PT 3Cl+b _ 3a+b
T2.PT — VA% (k=1) -
() = () e (3
11 [3a+D
)kl pleey (2400 1
+ (-1l .

Therefore we have

/abf(t)df _ b;a. [f(m:b) +f(at¢3b)]

+ T3P (3‘14—+b> + %/;Kn(t)f(")(t)dt.

Corollary 1.5 Assume 1 < p,q < oo are such that % + % =1.If f : [a,b] — R is n times

differentiable function such that f\") is piecewise continuous on [a,b) and ) € Lyla,b),
then we have

b —
[ =260+ flat b 0] T (0] <4 (n,g.0)- £, (1.100)

where for 1 < g < oo

21/(1 a+b ng+1] g
PT - = _ \ng+1 ere
G (n,q,x) = (g 7 1) a1 [(x )"+ < 5 x) . (1.101)

Further, for g = o we have

atb 2
( n!x) , foragxg 3u2>b7

CHT (n,o0,x) = (1.102)
(x—a)" for % <x< #.

n!

Inequality is the best possible for p = 1, and sharp for 1 < p < eo.



30 1 GENERALIZATION OF THE CLASSICAL INTEGRAL FORUMALAE AND...

Proof. Apply Theorem 1.11 O

Corollary 1.6 Let f: [a,b] — R be a function such that £ is continuous for some even
n > 2 and let Q, be a polynomial defined with (1.97). Then there exists 1 € [a,b] such that

b;aU@%+ﬂa+b—wLPﬁPWﬂ+%$Wmlw%ﬂ”m) (1.103)

b
[ ryn =
Ja
Proof. The proof follows from 1.12 a
Remark 1.14 1In this case identity (1.75) becomes

3
b—a (x—@3+<a+b—x)]~f%n)(LmM

[ ra="2 10 + star b+ 5

2

Specially, for x = % we get

vt () o (5] 552 o

which is the well-known Maclaurin two-point formula. Therefore, the identity (1.103) for

xX= 3“4“’, represents the generalisation of the Maclaurin two-point quadrature formula.

Remark 1.15 Putx = 3“4—”’ into the Corollary 1.5 so the best possible and sharp inequal-
ities for Maclaurin two-point formula are obtained.

For x = a, we get
(—D'b-a)

2.PT, N
A ()= kK]

k

Specially, A%‘PT (a)=— % # 0, so the approximation for [ ab f(2)dr will contain values
of the first derivatives in nodes a and b. Specially, identity (1.75) becomes

(b—a)?®
24

—a —a)?
[ i =" + 10 - o) - s+ L,

2 8
which is known as perturbed trapezoid formula.Therefore, the identity (1.103), forx = a is
generalization of the perturbed trapezoid formula.

Remark 1.16 Put x = « into the Corollary 1.5 so the best possible and sharp inequalities
for perturbed trapezoid formula are obtained.

Remark 1.17 Some inequalities related to the perturbed trapezoid formula are obtained
in [37].

Remark 1.18 For x = #, we get the midpoint quadrature formula which is developed
in previous section.
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Now we shall consider the weighted version of the two-point quadrature formula. Let
w : [a,b] — R be some integrable function and x € [a, “t2]. Consider a subdivision

c:={x=ax=x,xx=a+b—x<x3=>b}

of [a,b]. Let {Qx.} ;N be sequence of polynomials such that deg Oy . <k — 1, Q,;x(t) =
Qk—1(1), k € N and Qo = 0. Define functions w?k(t) on [xj_,x;], for j =1,2,3 and
keN:

wi(t) = ﬁ_/ﬂt(f—s)kflw(s)ds
wi(t) = ﬁ/ (6= 9 w(s)ds + 0un(0) (1.105)

b
W2(t) = —ﬁ /, (t — 5V w(s)ds.

Obviously, {wi }, 1y are sequences of w—harmonic functions on [x;_1,x;], for every j =
1,2,3. Let us define

A0 =0 | [ d - 0ut] . s

and

Bj,,(x) = (=1)*! [(k_l o /xb(a—l-b—x—s)k_lw(s)ds-l-Qk.x(a—l-b—x)] . (1.107)

Let g : [a,b] — R be such that g"~1) exists on [a,b] for some n € N. We introduce the
following notation:

T2,(x) =0, forn=1

i{ D )+32 (x)g* Y (a+b—x)|, forn>2.

Theorem 1.14 Let g : [a,b] — R be such that g is piecewise continuous on [a,b), for
some n € N. Then

[ 00 = Ae(0) + Biwgtat b0+ 72,00

b
—1)"/u W2, (t,x)g" (1)dt, (1.108)

where

Wa(0) fort € lax],
W,iw(t,x) = WZn( ) fort € (x,a+b—x],

w3, (t) fort € (a+b—x,b).
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Proof. Put (1.105) in identity (1.20). It follows

n

[ g = 30 o -]

k=1

+ [ilatb—)—wh(at+b -0 V(a+b—x)]
b
+ (—1)"/ W2, (t.x)g" (¢)dt,

since w3, (a) = 0 and w3, (b) = 0. Further,

Wi (x) = w(x) = (= 1) 7TA, (x)

and
wi(a+b—x) —wila+b—x) = (—1)'B ,(x),

so the proof is finished. a

Remark 1.19 Let R, be monic polynomial of degree n such that R, (1) = (—1)"R,(a +

b—t).Forw(t) = ﬁ and polynomials

R0 -0t
T allb—a) k'(b—a)

Ok (1) : k=0,1,...,n,

Guessab-Schmeisser’s identity (1.65) is recovered from (1.108). Therefore, we can say
that (1.108) is generalization of Guessab-Schmeisser’s integral identity.

Remark 1.20 The polynomials Qy . satisfy

k1 Y
JROEDY Qkfj,x(x)ua
j=0 J:

so the polynomial Oy, is uniquely determined by values Q; .(x), for j =0,1,... k.

Theorem 1.15 Let w: [a,b] — [0,0) be continuous function on (a,b) and let

Oon(t) > —— )!/I(z—s)%lw(s)ds, Vi € [atb—x,

(2n—1

(2n)

forsomen € N. If g : [a,b] — R is function such that g\*") is continuous on [a,b], then there

exists N € (a,b) such that

[ 00 = A3e(0) + Brwgta b0+ 73,0

+ (A3, (1) + B3 (0) - g (m). (1.109)
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Proof. According to the relation (1.108), we have to prove the identity

b
W08 W)t = (4311100 + B (1) 67 ().

Observe that W3, ,,(-,x) is an even function. Since W3, ,(-,x) does not change the sign,
then by the mean value theorem there exists 1) € (a,b) such that

b
[ W28 (001 =

X a+b—x b
= g(zn)(rl) . </ W%,Zn(t)dt +/ W%,Zn(t)dt +/ b W%Qn (t)dt)
a X a+b—x

= g(Zn) (n)- (W%,2n+1 (x) = W%,2n+1 (x) + W%,2n+1 (@+b—x)
— Wini(a+b— x))
= g(2n) (Tl) (A%n-&-l (x) + B%n+1 (x)) :

O
Theorem 1.16 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < o, % +
% = 1. Let g : [a,b] — R be such that g") € Ly[a,b]. Then we have
b 2 2 2
[ w(t)g0d - A3 (0g(x) ~ Bix)gla+b ) - T2, ()
Ja
< Ca(n,q,x,w) - 8™, (1.110)
where for 1 < g < oo
1 X a+b—x
Calin,g,x,w) = [ wh@ars [ o]
(n - 1)! a X
1

+ /azb-x‘W%"([”th] "

and for g = oo

)

1
C2 (n,w,x,w) = PN max § Sup |W%n (t) ) sup |W%n([)
(I’l - 1) : t€la,x] r€fx,a+b—x|

2
sup |w3n(t)|} .
t€la+b—x,b]

The inequality is the best possible for p = 1, and sharp for 1 < p < eo. The equality is
attained for every function g(t) = Mg.(t) + pn—1(t),t € [a,b] where M € R, p,_; is an
arbitrary polynomial of degree at most n — 1, and g, is function on |a,b] defined by

t (+_ £\n—1 1
o) = [ CoS s () WG aE,
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for1 < p <eo, and

A
go(0)= [ e (6 . (1.112)
« (n—1)!
for p = oo.
Proof. This is a special case of Theorem 1.6. a

Guessab and Schmeisser’s identity (1.65) has symmetric coefficients, while coefficients
A,%’W(x) and B,%’W(x) in (1.108) are not symmetric. The next result describes conditions
which lead to symmetry.

Theorem 1.17 If
w(t)=w(a+b—t), tE€la,b] (1.113)

and

(—1)fQpx(x) — Quxla+b—x) =

a+b—x
/ (s —x)* w(s)ds, (L.114)

then A,%’W(x) = (—1)]‘_1B,%’W(x).
Proof. Assume (1.113) and (1.114) for some k. Then we have

(-t
k—1)!

B, () = (def) = (1) [ [t b wsas
+ Qk7x(a +b— x)]

_ 1)1 pratb—x
= (=)t [((kl—)l)! /a (s—x)" w(a+b—s)ds

a+b—x
+ (_l)ka,x(x)_ﬁ/x " (s—x)klw(s)ds}

_ 1\l px
= | S [T s+ (10 00)
= (1A, ).
O

What about the degree of exactness of quadrature formula (1.108)? We would like to
have as great degree of exactness as possible. For fixed x we choose polynomials Oy ,(7)
which are uniquely determined by the following (according to the remark 1.20):

Qi x(x) = ﬁ </:(x—S)W(S)dSJr/xb(aer—x—S)W(S)dS>7

0 = gy [ =) s, k=234
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Okx(x) =0, k>5.
Now we have

1 b
Ad(x) = m/ (a+b—x—s)w(s)ds

and
1

b
Bi(x) = m/a (s —x)w(s)ds.

Further,
A}, (x)=B],(x) =0, k=2734. (1.115)

Now, assume (1.113) holds. So we have
2 2 1P
M) =B = 5 / w(t)d.
From the condition
b
/ ' (t)dt = A(x)g(x) + Bi(x)g(a+b—x), 1=2,3 (1.116)

a

we get the equation

/b(t+x—a—b)(t—x)w(t)dt:0, (1.117)

which has exactly one solution x € [a, %] For that x we get the generalization of the

well-known quadrature formulas of Gauss type. Now identity (1.108) becomes
b 2 2
[ somie)dr = A0 lg) + gla-+ b))+ T2,
a

0 [ W 0g 0

where

2w=Y (42, ()8 %) + B, ()8 D (a+ b )] .
k=5

In particular, for n = 2 from the identity (1.109) we get
b
[ somie)dr =430 [g) +g(a-+ b))+ 30 + B0 g m). (L118)

1.3.4 Legendre-Gauss two-point quadrature formula

Let w(t) = 1,7 € [a,b] and x € [a, “$2] an arbitrary and fixed node. Define {Wil;LG}keN

k
t_
Wit = ey,
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_ )k
w30 = o), reathy

and .
. (t—=0b)
wgkLG(t): 0 1€ (a+b—x,b].

Define kernel

wikS (1), fort € [a,x],
W,z;’;G(t,X) = wg;ILG(t), fors € (x,a+b—x], (1.119)

w%;,l‘c(t), fort € (a+b—x,b].

For k > 1 define

x—a)k
AL = (-1 [( o ‘kax(”] |

a - .xk a—xk
ivaVG(x):(_l)kfl [( +bk! 2x)" - ) +Qk,x(a+b—x)}

In particular, A2’LG( )= B?'LG( )= b%“. Let f : [a,b] — R be such that for n € N, fln=1)
exists on [a, b]. Define T,,zvfc( ) by

B

T4 (x) 2[ A )+ B ) D@+ b—x).

Corollary 1.7 Let f : [a,b] — R be such that f") is piecewise continuous on [a,b). Then

we have
[ s = P2+ tas b -]+ 1200
- (—1)”/:7W,ﬁ;ﬁ‘G(t,x)f(")(t)dt. (1.120)
Proof. Apply Theorem 1.14 for the case w(z) = 1. O

The solution of the equation (1.117) is x = ‘lzib — 7, so we get the generalization of

Legendre-Gauss two-point quadrature formula. Further, for the polynomials Qy (7) such
that Oy (x) = (x;—,“)k for k =2,3,4, we have

Lo =S50 (230 )

+b b—a
7216 (4 1.121
( b o

2.LG a+b b—a (n)
/W (, 7 2\/_>f (t)dt.
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Corollary 1.8 If f : [a,b] — R is such that f*") is continuous on [a,b], and lfwglz“nc(t) >
0, fort € [x,a+ b — x| then there exists 1| € [a,b] such that

[ s = 2 0+ tas b -1+ B0

+ L4§ﬁfﬁ(X)+-B§ﬁiﬁ(X)}~f‘””(n). (1.122)

For x = # — 12’%‘—’, the identity (1.118) becomes Legendre-Gauss quadrature

(G IEDh)

(b—a)
w320 /()

+

In particular, from the inequality (1.110) it follows

[rrom-552 (45758 o (57455 )|

+b b—a
< (LG arob o—da (n) =1,2,3,4
= 2 (nqu 2 2\/§7W) Hf ||p7 n y&y Ty Ty

where

at+b b—a ) _b-a

=37
(5-2v3)(b—a)®
12 ’
2-V3)(b—a)®
12 ’

26v/3 —45(b —a)?

18 ’

(

( )
( )
( )

cw(;wﬁif QLEW)ZQ—VQ 2/3-3(b—a)’

( )
( )
( )

72 ’
(9-4V3)(b—a)*
1728 ’
(9—4v3)(b—a)*
3456 ’
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1.3.5 Chebyshev-Gauss two-point quadrature formula

Let w(t) = \/1177’t € [—1,1] and let x € [—1,0] be fixed node. Define {Wil;CI}keN
oty 1 C—s)t!
wip (t)= (k—l)!/_l = ds, te[-1,x],
2.1 1 =)kt
wy (1) = = 1)!/X Vg ds+ Qrx(t), te€ (x,—x]
and
w2l (1) =— ! /l (r _S)kilds t€(—x,1]
SN R DT ARV r i o

Define kernel

w%fl (¢), forre[—1,x],
W2S (1,) = { WA (), fort € (x,—x), (1.123)
w%fl (¢), forre (—x,1].

For k > 1 define

k—1/2 k—1/2
Aifil(ﬂ _ (_1)"*1 [2 (e+1) F (1 L1 +k,x+ 1) _Qk,x(x)‘| )

(2k— 1) 2°2°2 2

1 1 (—x—s)kfl
2,Cl1 k—1
By =(-1 d o ]
ow () =(=1) [(k—l)!/x N 5+ Opx(—2)
Specially, A%‘Cl(x) — B?’Cl (x)=3%.

Let f : [—1,1] — R be such that for n € N, f"~1 exists on [—1, 1]. Define

126100 = ¥ [42€" ()70 () 4 B ()14 ()

k=2

Corollary 1.9 Ler f : [—1,1] — R be such that f\") is piecewise continuous. Then we
have

iy |
.[1 mdl = g[f(x)+f(—x)]+];%fl(x)

1
+ (—1)”[1Wn%fl(t,x)f@”(t)dr. (1.124)

Proof. Apply Theorem 1.14 for the case w(t) = —A—. O
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The solution of the equation (1.117) is x = —@, so we get the generalization of the

Chebysev-Gauss two-point quadrature formula. Further, for the polynomials Oy .(¢) such
k=
that Oy (x) = ﬁ I (x—s) la’s, for k =2,3,4, we have

pae (A2 e
T+ 720 (—?) oy [ wae (”—g> 7 ey

Corollary 1.10 If f : [-1,1] — R is such that f*") is continuous on [—1,1], and if

wggnl (t) >0, fort € [x,—x], then there exists N € [—1,1] such that

/_1 l_tzdt = SO+ (=] + T, ()
+ [Agfﬁl(X)JrB%ﬂl(X)} (). (1.126)

Forx = — ‘/75, from the identity (1.118) we get Chebyshev-Gauss quadrature formula

A0 n V2 V2
[a=m=3 [f (‘7) +f<‘7>

Specially, the inequality (1.110) implies

0 m V2 V2
LA sl (2)(3))

where

|
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2
! (3,%,—%,w> ~0,034537,
2
cs! (3,1,—§,w> ~0,037102,

. V2 T
s ( == ,w> T 0,01636

1.3.6 Chebyshev-Gauss formula of the second kind

Let w(t) = V1 —1%t € [—1,1] and let x € [—1,0] be fixed node. Define {w?,;a}keN

1 t
W20 = o [ = ViR, el

(k—1)!' /-1

W20 = gy [ €= VI - 0ule). 1 e

and

2,02 1 ! -
W3 (z):—m/t (t =)' 1—s2ds, te(—x1].
Define kernel

w%;lcz(t), fors € [—1,x],

W,i;?(t,x) = w%‘hcz(t), fort € (x,—x], (1.127)
wg;lcz(t), fors € (—x,1].

For k > 1 define

2,C2 _ o 1\k—1 2j+1/2(x+1)j+1/2 _1 g g cxt1 —
Ak.w (X) _( 1) [ (2]{-’—1)” F 2’2a2+.]7 2 Qk,x(x) )

B0 = (0 [ty [ VT 00|

Specially, A%’Cz (x) = B%’Cz (x)=1%.
Let f : [—1,1] — R be such that for n € N, f"~1 exists on [—1, 1]. Define

12000 = 3, [BC WA + B ()]
k=2
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Corollary 1.11 Ler f: [—1,1] — R be such that ) is piecewise continuous. Then we

have
[ 1OV = Tir 4 0]+ T
+ (—1)"/1 W2C2(¢,) £ (¢)ar. (1.128)
Proof. Apply Theorem 1.14 for the case w(r) = /1 —12. O
The solution of the equation (1.117) is x = —7, so we get the generalization of the

Chebysev-Gauss two-point quadrature formula of the second kind. Further, for the poly-
nomials O ,(7) such that Oy ,(x) = ﬁ [* (x—s)* 11 —s2ds, for k =2,3,4, we have

/_llf(t)mm _ g[f(J)Jrf(lﬂ (1.129)

+T,3£2< —) / Wm< )f(”)(t)dt~

Corollary 1.12 If f : [-1,1] — R is such that g*") is continuous on [—1,1], and if

wé gr}( t) >0, fort € [x,—x], then there exists 1 € [—1,1] such that

[ SOV TR = 0+ 0+ )
+ [Aiffl( )+ B2 W] ). (1.130)

For x = — 5, from the identity (1.118) we get Chebyshev-Gauss quadrature formula of the
second kmd

[ s =" [f (—%) +f (—1)} + e ).

Specially, the inequality (1.110) for this case looks like

foiisa 5 ()]

1

§C2CZ <l’l,q,—§,W) Hf(n)Hp7 n:17273747

where
52 !
3 1,oo,—§,w ~ 0,478305,

1
c§? <1,1,—§,w> ~0.370572,
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c§? <2,oo, —%,w) ~ 0,062960,
cs? <2, 1,—%,w) ~ 0.0547145,
$? (3,00,—%,w) ~0,012251,
5? (3, 1, —%
C2CZ (4,1,—%,W) = %

1.3.7 Hermite-Gauss two-point formula

,w) ~0,0117195,

. 2 . L Lo

Let us consider w(z) = e, € R and let x < 0. Since this weight function is defined on
infinity interval, at first we shall consider it on some finite interval [—L, L], for some L € Ry
such that |x| < L.

Define 1 ’
2HG,L 1,5
Wi (1) = (k—l)v/,L(f—S)" le™ds, 1€ [-Lx,
1 ! 1 g2
g;{fG’L(z):m/x (1 =) e ds+ 0xulr), 1€ (x,—]

and | I

2HG,L —l,=s

% (l)__(k—l)!/, (t=s)"le™"ds, 1€ (-1
Define kernel

?;lHG’L(t), forr € [—-L,x],
WEHO () = { WBHOL(), fort € (r,—) (L3

wg;lHG’L(t), fors € (—x,L).

For k > 1 define

AZHOL () = (1! [u_l i [ et s Qk’”")} ’

B0 = 0 [y [ ot as oo,

(k—1)!
Specially, A%’HG’L(x) = B?’HG’L(X) = %ffLe_ﬂdt. Let f: [—1,1] — R be such that for

neN, f=1) exists on [~1,1]. Define

T2HO () = 3 [ARHO ()01 () 4 B0 ()01 ()]
k=2



1.3 APPLICATION TO THE TWO-POINT QUADRATURE FORMULAE 43

Corollary 1.13 Ler f: [-L,L] — R be such that g\ is piecewise continuous. Then we

have
[ s ar = HOL ) [10) 4 50 + T
+ (—1)"/_LvaﬁvaL(z,x)f(">(t)dz. (1.132)
Proof. Apply Theorem 1.14 forthe case w(t) = e O

Now, assume f has all the necessary higher ordered derivatives on R. Let us define

w?;{HG(t) = ﬁ/:m(t—s)k_le_szds, t € (—oo,x],
W0 = g [ 9t s 0. e (xy
W2HO (1) = —ﬁ [a=ste s e (xe),
w%;lHG(t), forz € (—oo,x],
W,%;flG(t,X) = w%nHG( t), fort € (x,—x],

wgnHG( 1), fort € (—x,e0),

«J —oo

AiszjG(x) = (_l)k_l [(k_ll);/x (x_s)k_le_szds_Qk.x(x):| )

B = 0 [y [ e s i)

T2H0() = 3[40 () 4 B4 ()
k=2

Specially, A%’HG(x) :B%’HG(x) \/T_ Obviously,

liirgow]k ) =wy ()
Jim AT () = AFTO ()
. O HGL 2.HG
LIEIOIOB/‘ (x) =B (x)
l}lm T2 AGL(y) = Ai’HG(x),

so in (1.132) put L — oo, and we obtain

[ 0o i = YE 00+ (0] + 7250
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/ W2HG (1,x) £ (1) dr. (1.133)
The solution of the equation (1.117) is x = —@, so we get the generalization of the

Gauss-Hermite two-point quadrature formula. Further, for the polynomials Oy (f) such
that O «(x) = 7ty [*u(x = s)le=ds, for k = 2,3,4, we have

o U
/ WzHG( Q) £ (wydr. (1.134)

Corollary 1.14 If f : R — R is such that f*) is continuous on R,and sz% gnc (r) >0,
fort € [x,—x], then there exists € R such that

e an = (00 + £-0)+ T30 )

+ (A3 )+ BRS)] - 1 ). (1135)
Forx = — @ from identity (1.118) we get Hermite-Gauss quadrature formula
- -1 T V2 V2 T
[ e ta=YE lf (—7> b (—7> YT 4 )

Specially, the inequality (1.110) implies

Lowta-£}(9)(9)

2
< c§f¢ (n,q,—g,w> £, n=1,2,3,4,

where
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3
cHG (@»,—%,w) ~0,061041,

C;,HG< ﬁ) Vr

41, -Y2 v
S T BT

1.4 Three-point quadrature formulae

For x € [a, %) let us consider the following subdivision of the segment [a, b]:

0 :={xp<x; <xp<x3<x4}

where xo = a, x; = x, x, = #, x3 =a+b—x and x4 = b. Let O,(¢) be some monic
polynomial of degree n, for some n € N. Set
Pin() = 55, € fa]
Pnlt) = 2t € (v, 4]
Saltx) = (1.136)

Pyy(r) = (— 1) @lebot) 1y o (ath g4y

n!

Py (1) = =20, 1€ (at+b—x,b.

Further, fork=0,1,...,n— 1 we define

Nk (n—k)
Py(t) ! k!a) . Py(r) = o p )
_1)k }(lnfk) _ k
P (t) = (=10 n!(a+b I), Py (t) = d k!b)

Remark 1.21 The sequences of the polynomials {ij}k:()’l’_._?n are harmonic, for j =
1,2,3.4,1i.e. P]'.k(t) =Pj1(t),fork=1,...,nand Pjo(t) = 1, for j =1,2,3,4.

Remark 1.22 1If we put

U0

Qk(t): n ) k:0717' n—1,
then we have
t —D* O (a+b—1t
Pyr) = QZE ), and Py (1) = b Qk,g, ),

Further, polynomials Qy satisfy Q) (1) = Qx_1 (7).
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Remark 1.23 The following symmetry conditions are valid:
Pi(t) = (= 1)*Pu(a+b—1),V1 € [a,x]

and .
Po(t) = (=) Py(a+b—1),Vr € (x, %) )

Now we can state the general three point formula:

Theorem 1.18 Let f : [a,b] — R be a function with a piecewise continuous n—th deriva-

tive, for some n € N and x € [a, #) Further, let Q,(t) be some monic polynomial of

degree n and S, (3t x) be defined by relation (1.136). Then the following formula holds

/bf(t)dt = iA,E(x) (f(k_l)(x) + (=)D (g4 p —x)) (1.137)
a k=1

where

and
B}(x) = Poy(x) — Px(x) =0, forevenk>1.

Proof. We consider subdivision xo = a, x; =X, xp = “2ib, x3 =a+b—xand x4 = b of the
interval [a,b] and apply formula (1.2) with m = 4.We have

Plk(a) = P4k(b) = 0, Vk = 1,... , 1.

Further, imposing polynomials (1.136) in (1.2) we get the coefficient by f(k_l)(x) and
(=) 1= (g 4+ b — x) equals to
l)k—l

L) = (=D Pul) = Pol)] = = —

(-~ o)

and coefficient by f*—1)( «tb) for odd k equals to

Bi(x) = (=) {sz <a+b) — Py (aer)} = 2leg%b).

O

Remark 1.24 Analogue results for the general two-point formula with nodes x and a +
b — x were considered in [65] and [73].
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Now we will state L, inequalities for the general three point integral formula.

Theorem 1.19 Let f : [a,b] — R be a function with a piecewise continuous n—th deriva-
tive and ") € Lp[a,b] for some n € N and some 1 < p < eo. Then we have the following
inequality

[ 70— 34369 (£ + (-1 N )
a k=1

z b
- 3B ()| <cop ) Pl a3

—1
dd

QS

where

Cs(n,p,x) = (1.139)

1
(xfu)”q'H a+b q

1/q q
2'T|: ng+1 +fxT‘Qn(t)|th}1711—,+é:1,1<17§°°

%max{(x—a)”,suplew%b] \Qn(t)\} ,p=1,

The inequality is sharp for 1 < p < oo and the best possible for p = 1. Equality is attained
for the function f. : |a,b] — R defined by

fi(t) = ﬁ /ut (t—s)"! ’Sﬁ(s,x)|ﬁ sgn 3 (s,x)ds (1.140)

for 1 < p < eo, while for p = oo
f@) = ﬁ/ﬂt(t—s)"*lsgnsg(s,x)ds (1.141)
Proof. This theorem is special case of the Theorem 1.6 O

Let us apply upper results to the following example of monic polynomial Q,:

n (b_a)3 n—
Onx(t) == (t—x) +n(x—a—m)(t—x) !
# () o ara-ar e () oo
+ <n> (x—a)t—x)t, rel, ). (1.142)
4 2
After some calculation from Theorem 1.18 we get
30y (b—a) 300 (b—a)’
Ailx) = 6(2x—a—b)? Bit)=b-a- 3(2x—a—b)?*’

A3(x) = A3(x) = AT(x) = B3(x) = 0.

Now we have
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Corollary 1.15 Let f : [a,b] — R be a function with a piecewise continuous n—th deriva-
tive, for some n € N and x € [a, “*b) Further, let Q, (t) be defined by relation (1.142)
and S3(t,x) be defined by relation (1.136). Then the following formula holds

/f 1)dt = D3(f,x) + T2 (f,x) /S3zx (1.143)
where
Da(r) = <= ) 1 flatb-x) (1.144)
M T sk —a—b)? '
(b—a)? a+b
‘%<b‘“‘3@x—a—by>f< 2 )’
and

mziﬁwQWWmﬂlfv<Mwwx0

a+b
B (x — . 1.145
+ Z < 3 ) (1.145)
odd
Proof. The proof follows from the Theorem 1.18 for the special case of the polynomial Q,,.
O
Lemma 1.2 Forx e [5“6—+b,#) we have Qy (1) > 0, fort € (x,“5L), when n > 3. Fur-

ther, we have Qy, 4(t) <0, fort € (a, “H’) when n > 3.
Proof. We use mathematical induction by n. For n = 3 we have

(b—a)’

2(2x—a—b)? (="

Qs.4(t) = (t—a)’ -

The zeros are ] = #,

— b b— 2 2
I3 = %+W7ajb>2.[(b—a) —3(2x—a—b)

£ /3@x—a-b)—8(b—a)(2x—a—b)3—6(b—a)?(2x—a—b)>+(b—a)*]

By some calculation, we check that #, < x, and for x € [5“—6”’, #), t3 > “2ib, ie. t103¢
(x, 452, S0, Q3 4(t) > 0, for € (x, “42), since Q3 ¢(x) > 0. For n =4 we have Q4 +(x) > 0.
Since Q3(t,x) > 0 on (x,f2) and by remark 1.22 we conclude that Q4 () is monotone
increasing on (x, 42), for x € [24h atby 50 04 ,(t) > 0. For n > 5 we know from the
definition of the Q, , that O, «(x) = 0. Now, let us assume that O, ((¢) > 0 for some n > 3.
Relation 0, () = (n+1)Qu(t) > 0 implies that O, 1 is monotone increasing on
((x, 45L). So, since Qy11.4(x) = 0, we conclude Qy114(¢) > 0, for 7 € (x,“5), when

= [Sa-&-b’ a-é—b)'

For the case x = a we have Q, (t)=(t—a)"—" (h a) (t—a)" '=(t —a)"! {t—a—"“’%‘ﬂ ,

so obviously for n > 3 we have 0, ,(¢) <0, whent € (a, Tb) =]
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Theorem 1.20 Forx € {a}U[242 44y anq f" continuous function on [a, b] for some
n > 2, we have

/ ’ f(0)dt = D3(f,x) + T3, (f,x) + £ (1) - C3(2n,00,x), for some € (a,b),

where D3(f,x), T23n(f,x) and C5(2n,e0,x) are defined by relations (1.144), (1.145) and
(1.139) respectively.

Proof. The proof follows from the integral mean value theorem. o

Specially, for n = 2 we have

A,

(b—a)® [(b—a)> (a+b—2x)
/f (fox)+ 384 5 3

Sa+b 3a+b atb _ b—a
"6 4 02 3
Gauss-Legendre’s two-point quadrature formula, respectively.

soforx=a, we get the Simpson’s, Maclaurin’s, dual Simpson’s nad

1.4.1 Simpson’s formula

For x = a we get the generalization of the famous Simpson’s formula. Using Theorem
— b—a)k

1.15 we get A3 (a) = l% and A}(a) =0fork > 1, B} (a) = 2,((_1(7:7)1) [+— —] for odd k and

ng(a) = 0, so the generalization of the Simpson’s formula states

./abf(f)dt — b;a (f(a)+4f(a+b> +f(b )) (1.146)
3 Ba) (a+b) / S3(t,a) £ (¢)dr.

k=5
odd

For f: [a,b] — R such that f (4) is continuous, we get the well-known Simpson rule.

Remark 1.25 This formula and related inequalities were obtained in [79] and [100].

1.4.2 Dual Simpson’s formula

Forx = 3‘?1’ we get the generalization of the dual Simpson’s formula. Function S3( 3“: b)

is determined by (1.136) and polynomial

- 3a+b\" 5n(b—a) 3a+b\""!
Q, 305 (1) = (’_ 4 )_ 2 "3

+ (Z) (b ;za)2 (t_ 3a :b)”‘2+ (Z) b ;;1)3 (t_ » :b>n_3

n\ (b—a)* 3a+b\""* 3a+b a+b
(4) = (t— 4) ,re |22 (1.147)

_|_
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Further, from Theorem 1.15 we have A3(34™2) = (b;a), A} (34ELy =0, for k = 2,3,4

and A} (3242) = ()i‘#, for k > 5. B} (34tL) = b4 B3 (34tb) — 0, for k = 2,3,4

B} (34t = oo ?k, (1= %4 &)+ (&) +(%)], for odd k > 5, and B3, (342) = 0. For f :
[a,b] — R with a piecewise continuous n—th derivative we have by Corollary 1.15

/f Odt — D3(f)3a+b) (f)3a—|—b)

n (—1)"_/a s3 <t,3“:b> £ () (1.148)

o 1 252) 5 o (5) (22 ().

Further, if £") € L,[a,b], then the following inequality holds:

3a+b 3a+b b
a =3 (7.252) -1 (13450 ) [ < s (mp 20 ) g

(1.149)

where

Specially,

3a+b\  5(b—a)? 3a+b 5(b—a)
C3(17°°7 4 )_ 4 ) C3 1717 4 12

—_ )3 )2
C3<2,w,3a+b):5(b a) c3<2,1,3a+b> b—a)

4 324 4 24
3a+b (b—a)* 3a+b. 5(b—a)’
o] = 1 =
G (3’ T4 ) 576 0 GG L—) 1296

3a+b 7(b—a)’ 3a+b (b—a)*
- 4,1 = .
C3( 4 ) 23040 G\ M3 1152

Remark 1.26 The same constants were obtained in [61].
If f : [a,b] — R is such that ") is continuous for some n € N, then we have
3a+b 3a+b 3a+b
/ f dt D3 (fa - ) T2n (f’ = ) +C3 <2na°°7aT> f(zn)(n)a
for some N € (a,b). (1.150)

Specially, for n = 2 we get dual Simpson’s rule.
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1.4.3 Maclaurin formula

For x = 5“6+ b we get the generalization of the Maclaurin formula. Function S3(, 5“6+ daxby jg

determined by (1.136) and polynomial
5a+b 5a+b\" 5n(b—a) Sa+b\""!
Ounlt, = (t— - t—
6 6 24 6
n\ (b—a)? (b—a)? 5a+b\""?
+ r—
2 62 63 6
n n\ (b—a)* Sa+b a+b
4 6* ' ’
3(b—

6 ' 2
Further, from Theorem 1.15 we have A3(5“+h) =S5 3b—a) A3(5“+h) 0, for k =2,3,4 and

A3 (34h) = %, for k > 5. Further,

(1.151)

5a+
6
+
6

S5a+b\  2(b—a) S5k k(k—1) k(k—1)(k—2)
Bi( 6 )_ 3kk! {1_§+ g 48
k(k—1)(k—2)(k—3)
- 384 ]

for odd &, and B%k(%) = 0. For f : [a,b] — R with a piecewise continuous n—th deriva-
tive we have by Corollary 1.15

[ s =0y (5252 ) g (5255 ) o 2 (122) o,
’ (1.152)
(f,Sa—l—b):(b;a) <3f(5a+b>+2f(a—;b)+3f<a—|;5b)>.

Further, if /") € L, [a,b], then the following inequality holds:

5 b 5 b 5 b
[ sa—ps (5 2450) - (1250 | < (np 2222 ) 0
(1.153)

where

Specially,

6 288 6 24

5a+b\ (b—a)’ S5a+b\ (b—a)?
C3<2” 6 )‘ o e\l =75

—a)? —
C}(l,w75a+b):25(b a)7 C3(1,1,5a+b>:5(b a)
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—a)? _ 3
C3(3)w’5a+b):(b a), C3<3’1’5a—|—b):(b a)

6 1728 6 768
Sa+b 7(b—a)’ S5a+b\ (b—a)!
c <4 6 )_ sisa0 0 S\ T ) T Thase

Remark 1.27 The same constants are also obtained in [45].

If £ : [a,b] — R is such that £ is continuous for some n € N, then we have

[ s = 03 (7. 258) 13, (7,350 s (2 22 ) o),

for some n € (a,b).

Specially, for n = 2 we get Maclaurin rule.

1.4.4 Legendre-Gauss two-point formula

We consider case where the term f(“3> ath ) doesn’t appear. If We put in relation (1.143)

condition B3 (x) = 0, then we get A3 (xG) = b%“ and xg = # - 7 Function S3 (1, xg) is

determined by (1.136) and polynomial

o ()
! (3) ((Z%))S“ﬁ —10)(t=x)"”
T (Z) ((Z\_/g))4(28—16\/5)(t_xc)n—4, e [XG’#].

Further, from Theorem 1.15 we have Az (xg) =0, for k =2,3,4 and Ai(xG) = —(Z;Z,)k (1—
%)k , for k > 5. Further,

Bi(xg) = ?z(bT;)Z)lj {1 —k+ (’;) (4—2V/3)+ ('3‘) (6V/3 - 10)

+ (i) (28 — 16\/5)} :

for odd k > 5, and B (xg) = 0 otherwise. For f : [a,b] — R with a piecewise continuous
n—th derivative we have by Corollary 1.15 the following formula

/f £)dt = Ds(f,x6) + T2 (foxG) + /53th (1)dt, (1.155)
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where b
D3(f.x6) = 5= (£(56) + fla+b—xq).

Further, if f") € L,[a,b], then the following inequality holds:

[/ 708 Dr(f.50) T3 )| < oo posa) 15 (1156)
Specially,

_ _a)? B .

oy = G280 B0
_ _a) B e

C3(2,00,x6) = 263 1g5(b ) G2 xg) = (2@#

_ _a)
C3(3,°°,XG) = (9 4\1/33(81? ) ,
C3(3,1,x6) = (2-v3) 2;/25 3(b—a)

) B )
C3(47°°7XG) = (b ) C3(4,17)CG) = (9 4\/§)(b ) )

4320 3456

If f: [a,b] — R is such that f (21) s continuous for some n € N, then we have

b
/ f(t)dt = D3(f7xG) + T2%1(f7xG) +C3(2n7°°7xG)f(2n)(rl)a

for some 1 € (a,b).

Specially, for n = 2 we get Legendre-Gauss rule two-point rule.

Now we develop weighted version of three-point quadrature formulae. Let w : [a,b] —
R be some integrable function and x € [a, #) Let n € N and {L;};—0,1,., be some
sequence of harmonic polynomials such that degL; < j—1 and Ly = 0. Let us consider

subdivision of the segment [a, b]:

0 :={x0 <x; <xp <x3<x4}
where xo = a, x| = x, X, = ‘gib,xg =a+b—xand x4 =b. For k= 1,...,n we define
functions w;k :[xj—1,x;] = R, for j = 1,2,3,4, in the following way:

wig(t) == ﬁ/at(t—s)kilw(s)d&
wi (1) = ﬁ/xt(f—s)kflw(s)ds—i—m(t),
a+b—x
w3, (t) = —ﬁ/t ' (t — ) w(s)ds+ (— D) Li(a+b—1),

i) = g [ =9ty
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and W;O(l‘) := w(t). Further, let us define

wzn(t), fort e [a,x],b
3 ) wa, (1), forr e (x,%452], 1157
W'(e,x) = w3, (1), fort € (L a+b—x (1157
w3, (t), fort € (a+b—x,b

Remark 1.28 Sequences {W;k}k=0,1
[xj—1,x;], forevery j=1,2,3,4.

Remark 1.29 If, in addition, we have w(r) = w(a+ b —1t), for each ¢ € [a,b], then the
following symmetry conditions hold fork =1,...,n:

wi (1) = (=1)*wi(a+b—1), fort € [a,x]

and

b
Wa(t) = (—1wiatb—1), forre (x, i] .

2

Theorem 1.21 Let f : [a,b] — R be a function with piecewise continuous n—th deriva-
tive, for some n € N, and x € [a, ‘lzib) Further, let {Li}i—0,1,..n be some sequence of
harmonic polynomials such that degL; < j— 1 and Lo(t) = 0, and W2 (,x) be defined by

(1.157). Then the following identity holds:
b n
/ w(t) f(t)dt = Y A}, (x) (f<’<—1>(x)+(—1)’<—1f<’<—1>(a+b—x)) (1.158)
a k=1

£ 3 B0 (B0) s o [ W o

i
where
At =0 | s [ - L]k,
B}, (x) = [ﬁ/x# (czzib —s)klw(s)ds
n Lk<a—;b>}, for odd k> 1
and

Bzﬁw(x) =wi(x) —wi(x) =0, forevenk>1.

Proof. We consider subdivision xo = a, x; =X, xp = “2ib, x3 =a+b—xand x4 = b of the

interval [a,b] and apply formula (1.20) with m = 4. a
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Theorem 1.22 Let f: [a,b] — R be a function with a piecewise continuous n—th deriva-
tive and ") € Lp[a,b] for some n € N and some 1 < p < eo. Then we have the following
inequality

[ W@ — 34,09 (£ + (-1 N b))
a k=1

1 _ a+b
=S B () (T)‘ (1.159)
()d:lk
S C3(n7p7xﬁw) ) ||f(n)Hl”
where

C3(n7p7xaw) = (1160)

a 1/
21/q {fa%b |Wn3(l,x)|th} ‘17 %_’_é =1, I<p<o

sup{|W3 ,x |,t€ [a,#}}, p=1,

The inequality is best possible for p = 1 and sharp for 1 < p < eo. Equality is attained for
the function f : [a,b] — R defined by

1 i L
f*(t)zi/ (t—s)" 1 W (s,x)| 7" sgnW;) (s,x)ds (1.161)
(n—1)!Ja
for 1 < p < oo, while for p = o
1 ! n—
f.(t) = m/ﬂ (t—s)" LsgnW?(s,x)ds (1.162)
Proof. This theorem is a special case of the general L, theorem obtained in [72]. a

Theorem 1.23 If f : [a,b] — R is such that f*") is continuous and ifW;Zn(t) >0, for
eacht € [x, ”+b] then the following identity holds

b 2n
[ wio) s = P (f(k’”(X)Jr(—l)k’lf("’”(aer—x))

b
+ 23 (a; )+Cs(2n°°XW)f<2")(n),
odd k
for some n € [a,b].
Proof. The proof follows from the [72] for the special case m = 4. a
atb

Let w : [a,b] — R be some integrable function and let x € [a,“37). Let us consider
special sequence of polynomials {L; ()} j—o.1,..» defined as follows

a+b]

Lox(t) :=0, forte [x, 7
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X 2 b a+b 2
L) o= [t s | <s2—< ) ) wtsas
1 x .
Ljx(x) == _—,/ (x—s) " 'w(s)ds, forj=2,3,4,56
(J—=D!Ja
and (1.163)
6Aj j—k b
Ljx(t) = Zka ( 3() , forte [x, %], j=1,....n.

Remark 1.30 The polynomials {Lj,x}j:()’l’_._?n are harmonic and degL;, < j— 1.
Now we can state the general three point weighted integral formula

Corollary 1.16 Let f : [a,b] — R be a function with piecewise continuous n—th deriva-

tive, for some n € N. Let w : [a,b] — R be an integrable function such that w(t) = w(a +
b—t),foreacht € [a,b] and let x € |a, “H’) Further, let L; (t) and W2 (-,x) be defined by
(1.163) and (1.157). Then the following identity holds:

/bW(t)f(t)dtsz,a(f, )+ T (1) / W3 (t,x) ") (1) dr (1.164)
where

Dy3(f.x) = A, (x) (f(x) + fla+b—x)) (1.165)

N (/abw(s)ds—zA?,w(X)>f(a;b)’
. ﬁ /uh <s2 B (a;b)2> w(s)ds

= 3 AL (W (DD b )
k=17

+ Y By, (#) : (1.166)

odd k

and

Proof. The proof follows from the theorem 1.21 for the special choice of the polynomials
L - O

Remark 1.31 If, in addition, we demand that Bg »(X) =0, then we get

4
_atb ff(s—#) w(s)ds
2 I (82 = (452)2)w(s)ds
Therefore, for such choice of x we will get the quadrature formula with three nodes which

is accurate for the polynomials of degree at most 5, and the approximation formula includes
derivatives of order 6 and more.
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1.4.5 Legendre-Gauss three-point formula

Forw(t) =1, 1€ [a,b] we have

b
Lox(t) :=0, forte [x,%]
(b—a)’
L = x—-qQ— -
1) * 6(a+b—2x)?
Y
Ljv\'(‘x) (x j’a) ’ forj:2a3a4a5a6
and (1.167)
6/\] ]*k b
Ljx(t) == 2 k(X ( _x)k) , forte [x,%}, j=1,...,n

and W,iw(t,x) is defined by (1.157). Further, from Theorem 1.21 we get

Nk
A} () = (=1 [% —Lk,x(x>] , fork=1,....n (1.168)
and
ash Ak
2. [—( T x) +Lk.x(#):| oddk=1,....n
Bi,W(X) . (1.169)
0 evenk=1,...,n,

. b—a)3
Specially, we have A3 | (x) = ﬁ, A,iw(x) =0, fork=2,...,6 and B}  (x) =0.If

f:la,b] — R is such that f () is piecewise continuous, then the following identity holds:

b
[ 10 =Dus(r 0+ T 0+ 1 [ W, 1.170)
a
where D,,3(f,x) and Tn37w( f,x) are defined by (1.165) and (1.166) respectively. Specially,
if we request B3  (x) =0, and for [a,b] = [—1,1], we get x = —@, so we have the gen-

eralization of the Legendre-Gauss three-point formula [44]. Further, if the assumptions of
the Theorem 1.23 hold, we have

/ 11 F(0)dt =Dy (f, —@) + T (f, —@> +C <2n,oo, —@w) ),

where
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Specially, for n = 3 we get famous Legendre-Gauss threepoint quadrature formula. If the
assumptions of the Theorem 1.22 hold we get

)/_llf(f)dt—Dwﬁ(f,—@) nw(fa_£>‘<c3<npa Vis )Hf p-

Specially, forn < 6is T, w £) = 0 and we compute

Cs (1,00,
Cs (2,00,
Cs (3,00,
Cs (4,00,
G <5,w,
Cs (5, 1,—
Cs (6,00,
Cs (6, 1,—

1.4.6 Chebyshev-Gauss three-point formula

V15

V15
w| ~ 0.0374355, C; (2, 1, —T,W> ~ 0.0696685

V15
w | ~ 0.00548184, C3 (3,1,——,

w) ~ 0.0063794

w | ~ 0.000195789,

w | ~ 0.000227207

w | ~ 0.0000634921,

w) 0.000908828, Cj (4,1,—@,w> ~ 0.00136648

R ER R e M\ﬁ

, w) ~ 0.0000978944.

For w(t) = t € (—1,1) we have
«(1) =0, forz e [x,0]
) = arcsinx—i—g—%
o1
(x+1)2ym (1 11 _x—|—1> ,
Liy(x) = ——————F|=,=,=+/, , forj=2,3,4,56
],x( ) \/EF(%‘F]) 279279 J 2 J
and (1.172)
6/ ( )/ k

fort € [x,0], j=1,...,n.

Lj’x(l) = Zka ( —k)
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and W, (¢,x) is defined by (1.157). Further, from Theorem 1.21 we get

1
_ +1)72r 111 . x+1
Mt = (0 [EED VR (111 )

fork=1,...,n

and
I f ds—i—ka(O)} oddk=1,...,n
B}, (x) = [ v (1.173)
0 evenk=1,...,n,

Specially, we have Aiw( x) = 5, A3 o) =0, fork=2,...,6 and B;W(x) =0.1f f:

[—1,1] — R is such that f ") is piecewise continuous, then the following identity holds:

Vof)
./71 mdt—Dwﬁ(fv )+an f7 / nw (t)dtv

where D,,3(f,x) and 7,2, (f,x) are defined by (1.165) and (1.166) respectively. Specially, if
V3

we request B;W(x) =0, we getx = — 5>, so we have the generalization of the Chebyshev-
Gauss three-point formula of the first kind [44]. Further, if the assumptions of the Theorem
1.23 hold, we have

[ =, (f, \/—>+2nw<fa ﬁ)
-1Vt

3
+ C3(271,°°,—§,W)f(2n) (Tl),

o (-2) 5 2) (2]

Specially, for n = 3 we get famous Chebyshev-Gauss threepoint quadrature formula of the
first kind. If the assumptions of the Theorem 1.22 hold we get

.t i) 1) 0 oS

Specially, forn < 6is Tn%w( f,— \/Ti) = 0 and we compute

Cs (Lwr?,w) ~ 0.535898, C; (1,1,—‘/—§,W> — T £ 0523598

where

2 6
3 3
G (2,w,—§,w) ~ 0.0578, C; (2,1,—{, >—1—i~00931
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G (3,oo,—‘/7§,w> ~ 0.009162, C; (3,1,—?,0 ~ 0.00959813
G (4,oo,—‘/7§,w> ~ 0.000165293, C; (4,1,—§,W> ~0.002251
G <s,oo,—‘/7§,w> ~ 0.0003867, C; (5,1,—?,\4}) ~ 0.000413232
G (6,oo,—‘/7§,w> _ ﬁ ~0.00013635,

G (6,1,—?,0 ~ 0.000193352.

1.4.7 Chebyshev-Gauss three-point formula of the second kind
Forw(t) =v1—12, t€[-1,1] we have

Lo(t) :== 0, forz e [x,0]

1 V1—x2

Lii(x) := 5 (arcsinx-i- g — 8_7;2 +¥>
1

(X+1)]+ V2n 133  x+1 )
Lj =375 Fl—733 for j =2,3,4,5,6
jox(x) ( ) 2»2724-], 5 ) for ,3,4,5,

and
BT e

Lix(t) := Zka ('—k)' , forrex,0], j=1,...,n

and W3

n,w

(t,x) is defined by (1.157). Further, from Theorem 1.21 we get

Jj+
AR, (x) = (=D bt 1) van Wﬁ <—%,%,%+j,)il>—14k7x(x)], (1.174)

(3 +.) 2

fork=1,...,nand

2. [% JOs1VT —szds+Lk7x(0)} oddk=1,....n
B}, (x) ==
0 evenk=1,...,n,

Specially, we have A} | (x) = =¥ - e A}, (x)=0,fork=2,...,6 and B}  (x) = 0.

16}62 ’
If f : [a,b] — R is such that f) is piecewise continuous, then the following identity holds:

/f (1= 12dt = Dyy3(f,x) + T2, (f / ) (1),
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where D,,3(f,x) and Tn37w( f,x) are defined by (1.165) and (1.166) respectively. Specially, if

we request Bg (X)) =0, we getx=— 4, so we have the generalization of the Chebyshev-

Gauss three-pbint formula of the second kind [44], for the special case of the weight func-
tion w(r) = V1 — t2. Further, if the assumptions of the Theorem 1.23 hold, we have

/_11f(f)v 1 —12dt = D3 (f,—£> + Top (f’_§>

2
+ C3 <2n,w,—g,w> f(zn)(n)7

el )12 (2]

Specially, for n = 3 we get famous Chebyshev three-point quadrature formula of the second
kind. If the assumptions of the Theorem 1.22 hold we get

1
‘/_lf(t)\/ l_tzdt_Dw,3 (fa_\/?i> _];iw <f7_g> ‘
2
< C3 <n7p7_§7w> Hf(n)HP

Specially, for n < 6 is Tn37w(f, - 72) = 0 and we compute

2 2
G (1,%,—§,w> ~ 0.2691696884, C; (1,1,—§,W> — g ~ 0.392699

where

3 3

G ( ,w,—g,w ~ 0.002670866417, C; (2,1,—§,w> ~ 0.0556531497
3 3

G (3,w,—\/_,w ~ 0.003644471212, Cs (3,1,—§,w> ~ 0.00462924

~ 0.0009177930807

~ 0.0001128405047,

7 )
p)
G (4,00,—\/_,w> ~ 0.0005619519067,
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2
G (5,1,—§,w> ~ 0.000140488
V2 T
o~ Y2 ) = T ~0.000034088461
G (6, 55w | = ares ~ 0.00003408846195,

3
G (6,1,—§,w> ~ 0.00005642.

1.4.8 Gauss-Hermite three-point formula

Letw(t) =e™", € R. Since this function is defined on the infinite interval, we consider
it on [-M, M|, for some M € R. and then let M — . So we have

Lox(t) :== 0, forze [x,0]
s I [~ 5, _2
Lix(x) == L ds—ﬁ/ 2e™ds

1 X
. — o l s
Ljx(x) = (j—l)!/_m(x s) ds for j=2,3,4,5,6

and (1.175)

O .
Lj(1) ::2 e (X Gor forr € [x,0], j=1,...,n.

and W,iw(t,x) is defined by (1.157). Further, from Theorem 1.21 we get

A3 (x) = (=) [(k_l i /xw(x—s)k1e“'2ds—Lk7x(x)} ,fork=1,...,n

and

). [(&f_);sl [Os 1o ds + Lk’x(O)} oddk=1,...,n

0 evenk=1,...,n,

Specially, we haveAiW(x) = g, A} (x)=0,fork=2,...,6and B;w(x) =0.Iff:R—R

is such that £ is piecewise continuous, then the following identity holds:

/_Zf(t)e_t2dt :DW-3(f’ )+an f) / nw (t)dt?

where D,,3(f,x) and T2 ,,(f,x) are defined by (1.165) and (1.166) respectively. Specially,
V6

if we request ng(x) =0, we get x = —52, so we have the generalization of the Gauss-
Hermite three-point formula [44]. Further, if the assumptions of the Theorem 1.23 hold,
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we have
/_if(t)e_’zdt = Dy3 (f,—?) + T (f,—?)
+ G <2n,w,—?,w> £ ),
where

o 8) 2 9) (9]

Specially, for n = 3 we get famous Hermite-Gauss three-point quadrature formula. If the
assumptions of the Theorem 1.22 hold we get

‘/:;f(t)é‘*fzdt—Dw,S <f7—?> —T,iw (f,-?) ’ <G (n,p,—?,w> Hf(n)Hp~

Specially, for n < 6 is Tn37w(f, - 4) = 0 and we compute

1.808359723, C3 (1, 1,—?,

D
[
:
|
S
=
N————
X

w) ~ 0.5908179503

Cs <z,w,—?, ) ~ 0.1036123774, C; (2,1,—§,w> ~0.1381993727

Cs (3,w,—?,w> ~ 0.02668915776, C; (3,1,—\/76,w> ~0.0193806

Cs (4,w,—?,w> ~ 0.007863163927, C; (4,1,—?,W> ~0.007116823486
Cs <S,w,—?,w> ~ 0.003099143144, C; (5,1,—?,W> ~0.00196579

Cs (6,w,—?,w) = % ~0.001846306095,

Cs (6,1,—\/76,w> ~ 0.001549571572.



64 1 GENERALIZATION OF THE CLASSICAL INTEGRAL FORUMALAE AND...

1.5 Four-point quadrature formulae

In this section we consider closed fourpoint quadrature formulae of the following type:

/uhf(f)dt = A{(x) [f(a) + f(B)] + BI(x) [f () + fla+b—x)] +E(f,x),  (L.176)

where x € [a, “52], A}(x) and Bf(x) are such that 2% (x) + 2B} (x) = b — a, and E(f,x) is
remainder. Let x € [a, “2ib] be a fixed node. For n € N, let {Pjt}r—0,1,...,» be sequences
of harmonic polynomials for j = 1,2,3. In addition, let us assume Pj; satisfy following

symmetry conditions:

Pu(t) = (=1)*Pyla+b—1), 1€lax, (1.177)
Pyu(t) = (=D)*Pyla+b—1), t€x,a+b—x.
Define
Piy(t), t €a,x],
SHe,x) =< Po(t), t € (x,a+b—x], (1.178)
Psy(t), t € (a+b—x,b].
Now we introduce some notes. For k = 1,...,n define
A (x) = (=1 Py (a) (1.179)
and
Bi(x) = (= 1) (Pie(x) — Pu(x)). (1.180)

Further, for function f : [a,b] — R which is n — 1 times differentiable we define
Da(x) = AL() [£(@) + F(B)] + BACX) L) + fla+b— )],
T30 = 3 AW [F4 @)+~ )]
k=2

+ iB;:(x) [f(k_l)(x) + (—1)k—1f<k—1>(a+b—x)} .
k=2

Theorem 1.24 Let f : [a,b] — R be a function with continuaus n—th derivation, for some
n € N and x € [a, “52]. Further, let Sp(t,x) be define with (1.178). Then we have

/bf(t)dt = Dy(x) 4+ THx) + (—1)" /bsﬁ(z,x)ﬂ")(t)dz. (1.181)

Proof. For a subdivision xo = a, x| = x, X, = a+ b — x, and x3 = b of the interval [a,b] we
apply identity (1.2). |
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Theorem 1.25 Assume 1 < p,q < o are conjugate exponents. If f : [a,b] — R is n—times
differentiable function such that f") is piecewise continuous on [a,b] and f") € L,[a,b],
then we have

b
/ F(6)dt = Dy(x) = T} (x)| < Ca(n,q,x) - || £, (1.182)

where
Cs(n,q,x) = (1.183)

1
2 | X Pue)dr+ [ |Pu()]dt) " 1< q <,

max { Supy g [P (1)1, 5B, g [Pon()] b =<
The inequality is the best possible for p = 1, and sharp for 1 < p < oo,
Proof. The assertion follows from Theorem 1.2 O

Theorem 1.26 If polynomials Pj; satisfy Pi,(t) > 0, for t € [a,x] and Py,(t) > 0, for
t € (x,%L2], then for function f : [a,b] — R such that f") is continuous on [a,b] we have

b
[ £0)dt =Dy + T )+ Caln,g.) - £ (), (1.184)
for some N € |a,b].

Proof. The assertion follows from the mean value theorem. o

1.5.1 The closed four-point quadrature formula
with precision 3

In this section we observe the closed four-point formula which doesn’t include the values of
the first three derivatives in the inner nodes. Such formula will be exact for all polynomials
of the degree at most 3. Let x € (a, #) be fixed.

First, let us define the following constants:

—a —a)?
()= 25 1—6(x(_ba)(2_x) , (1.185)
x—4L?  (x—a)?
Ba(x) ::( 22 S 7 ) +o(x)- (x—a) (1.186)
and
x— byt ()t x— 4fby? —a)?
put = Bl b g BT O sy
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Now we consider the following polynomials Pj(-,x):

t—a)k t— )1
Pt = S~ a0
Py(t,x) == (—1)*Py(a+b—1,x) (1.188)
and
sz(t,x) = (1.189)
r— #7 k=1
_a+by\2
2R B, k=2
_atby3
O k=3
_atbyk _atb\k-2 _ atb\k—4
L — B0 g — Bule) g k2 4.

Remark 1.32 The polynomials Pj; are harmonic and satisfy the symmetry conditions
(1.17).

Now we have:

—a —a)?
R e (e |

x—a)(b—x)
(b—a)’
Bilx) = 2(x—a)(b—x)’
At(x) =0, k>2, (1.190)
Bi(x) =0, k=234,
x—a)k x—a)k!
Bt = (-1 [ ST e S
(x— o) (x—9gh)k2
0 thW (k—22)!
R ik i S
4 k-4 |’

Further, we have

Dy(x) = AT(x) [f (@) + f(b)] +BI(x) [ (x) + f(a+b—x)]

and

1) = 3B [0 @) + (<1 D (@ b)),

5

k=
For the choice of x = 2“3+ b we can get the generalization of the Simpson’s 3 /8 formula.
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1.5.2 The general Lobatto four-point formula

We consider four-point quadrature formulae where term 7.#(x) does not contain derivatives
of order less then 5. These formulae are exact for polynomials of degree less then 5.
Define:

. 1[(x+1) (x+1)* X
Bar(x) == — T_al(x) a0 —E—I-ﬁz(x)g
and 6 6 5 4 2
X x+1 x+1 X X
port) = 5 O 0 Py a0
Further, define polynomials
t, k=1,
t2
5 —Ba(x), k=2,
L — Ba(x)e k=3,
Pyr(t) =4 | , (1.191)
o~ B2(x)5 — Par(x) k=4,
5= Bo) 5 — B ()1, k=5,
k k2 k-4 k-6
71— B2(x) g=ayr — Bar() =gy — Po(x) g1 k= 6

Polynomials Py , and Ps , are defined with (1.188). Further, define
an(t)v re [_lrx}a
Syt(e,x) = P, (t), 1 € (x,—x], (1.192)
Py (1), te(—x1].

VA

Forx = —32 we obtain
(%)
“\ 5 ) "%
V5 V5
=5 )=% 3
V5 Vs
[34L _? —@_ﬁa
b (-2) -
N5 ) T 3600v5
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and

(1.193)

b
~a
/_\/_\/T\/_\A
5
N~ N~~~
I
=
b
V
»

and

() 39 (9o

If f:[—1,1] — R is such that f(") is piecewise continuous, then according to Theorem
1.24 we have

Remark 1.33 The identity (1.194) is called the generalization of the Lobatto four-point
quadrature formula.

Lemma 1.3 Forn > 6 we have

_¥3 5
P, (t)<0, re [—1,—%1.

_\5
Further, for odd n >, we have P, ; (t) >0 on (—?,O) . For even n > 6 we have

VA 5
P, ; (1) <0, te€ (—%,O).
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Proof. We have

n—1

0= 1-2).

%

Fort € [—1,—@},itiseasytocheckthatt+1—— <0, forn>6,s0 Py, ° () <0.

5
After simple computation we conclude that P,;; doesn’t have zero point on (— %,0) ,

3 5 S
and P25Jf (1) < 0. Therefore, P,;; is decreasing, and since Pz(),/f (—TS) < 0 and

5 5 s
Py 1 (0) <0, wehave Pyg; (1) <Oon (_TS»O).

—3 313_7;/Tg _5 /3
Forn>7wegetP,,; (0)=0.Forn=7is —5(t) <0,s0 Py;; (1) >0, na (‘T’())'
_5 /3 _3
Analogusly, P, ; () is nondecreasing on (—%,0) s0 Py} (1) < 0. Let us assume that
for n > 9 we have
5 5
P, [ (t)>0, tc (—%,O) . (1.195)

. NG B
Now, let us assume that there exists fy € (— ?,0> such that P2 12, 1(to) = 0. Then there

ﬁ ﬁ
exists 1 € (tp,0) such that 2"+2L(t1) Py 7, 1(t1) = 0. Therefore, there must exist

s _ ¥

t € (t1,0) such that M(Iz) =P, 7 (1) = 0, which is in contradiction with (1.195).
Therefore, we proved that for n > 7 we have (1.195). Now it is easy to check that for n > 8

VA
we have P,, () <0 on (—@,0) . m]

If in addition, f satisfies the conditions of Theorem 1.25, then we have

_[llf(t)dt—D4 (—g) -1, (—?) <Cy (n,g,—‘?) 1), (1.196)

Specially,

C (1,1,—‘/;) =0.376866, Ci (1,00,—‘/?5) = 0.447214,
5 5
G (2,1,-%) =0.041777, C4 (2,00,_%) = 0.060655,

5
Cs (3,1,—%) =0.006404, Cy (3,00,—

ol

> = 0.007357,
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5 5
G (4,1,-%) — 0001132, C, (4,m,—g> — 0.001466,
C (5,1,—?) —0.000248, C4 (5,00,—?) — 0.000283,

Cs (6,1,—?) =0.000084, C4 (6,m,—§> = 0.000124.

If f:[—1,1] — Ris such that f° (") s continuous for some even n > 6, then according
to Lemma 1.3 and Theorem 1.184 we get

/jlf(t)dt =Dy (—?) + T} (—?) -Gy (n,l,_g> M), (1.197)

for some n € [—1,1].
Specially, for n = 6 the famous Lobatto four-point formula is obtained:

: V5 2
/_1f(t)df = Dy <—?> - m]w (n). (1.198)



Chapter

Weighted generalizations of
the Montgomery identity

In this chapter weighted generalizations of the Euler integral formula are given, as well as
its discrete analogues. They are used to improve some Ostrowski type inequalities, and
to obtain new Ostrowski type inequalities, estimations of the difference of two integral
means, and generalized trapezoid and midpoint inequalities. For all these inequalities, its
discrete analogues are given.

In Section 2.1 a connection between generalized Montgomery identity, Bernoulli poly-
nomials and Euler identity is established. Using this connection, certain strict improve-
ments of some Ostrowski type inequalities are obtained. Some new generalizations of esti-
mations of difference of two weighted integral means are given, by using Euler-type iden-
tities and weighted Montgomery identity. Also, a generalization of the discrete weighted
Montgomery identity for the infinite sequences is presented as well as discrete analogue of
Ostrowski type inequalities and estimations of difference of two arithmetic means.

In Section 2.2 four new weighted generalizations of Euler-type identities are given,
and used to obtain new Ostrowski type inequalities, generalized trapezoid and midpoint
inequalities, and estimations of the difference of two integral means. Also a discrete ana-
logue of the weighted Montgomery identity (i.e. Euler identity) for finite sequences is
given as well as discrete analogue of Ostrowski type inequalities, trapezoid and midpoint
inequalities, and estimations of difference of two arithmetic means.

In Section 2.3 new extensions of the weighted Montgomery identity by using Taylor’s
formula in two ways and one extension by using Fink identity are presented. These identi-
ties are used to obtain some Ostrowski type inequalities and estimations of the difference
of two integral means. Also, applications for a-L-Holder type functions are made via

71



72 2 WEIGHTED GENERALIZATIONS OF THE MONTGOMERY IDENTITY

Taylor’s extensions.

In Section 2.4 weighted generalization of Montgomery identity for Riemann-Stieltjes
integral is given and used to obtain weighted 2-point and 3-point Radau, Lobatto and Gauss
quadrature rules for functions of bounded variation and for functions whose first derivatives
belongs to Lp spaces.

In Section 2.5 error estimates of approximations in real domain for the Fourier trans-
form and in complex domain for the Laplace transform are given for functions which van-
ish beyond a finite domain [a,b] C [0,e0) and such that /" € L, [a,b]. New inequalities
involving Fourier and Laplace transform of f, integral mean of f and exponential mean of
the endpoints of the domain of f are presented and used to obtain two associated numerical
rules and error bounds of their remainders in each case.

In Section 2.6 integral and discrete weighted generalizations of Montgomery identities
and Ostrowski type inequalities are presented for functions of two variables.

In Section 2.7 several extensions of Landau inequality are presented using various iden-
tities: an extension of Montgomery identity via Taylor’s formula with respect to a and b;
an extension of Montgomery identity applied to functions f such that f (n) are o-L-Holder
type; Euler type identities; the Fink identity. Also, new Landau type inequalities via Os-
trowski type inequalities are given.

2.1 Euler integral formula and Montgomery identity

In this section a connection between generalized Montgomery identity, Bernoulli polyno-
mials and Euler identity is established. This connection enables us to obtain certain strict
improvements of some Ostrowski type inequalities. Some new generalizations of estima-
tions of difference of two weighted integral means are given, by using Euler-type identi-
ties and weighted Montgomery identity. Also, a generalization of the discrete weighted
Montgomery identity for the infinite sequences is presented as well as discrete analogue of
Ostrowski type inequalities and estimations of difference of two arithmetic means.
The following Ostrowski inequality gives us an estimate for the deviation of the values

of a smooth function from its mean value [92]:

L, =)

4 (b

b
bia_/u Sf(r)de —a)2

It holds for every x € [a, b] whenever f : [a,b] — R is continuous on [a,b] and differentiable
on (a,b) with derivative f” : (a,b) — R bounded on (a,b) i.e.

a+b)2

fx) -

<

](b—a)uf’uw. (2.1)

Hf’Hm = sup }f’ (t)| < oo,
t€(a,b)

The constant % is the best possible. Ostrowski proved this inequality in 1938 and since
then it has been generalized in a number of ways. Also over the last few years some new
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inequalities of this type have been intensively considered together with their applications
in Numerical analysis and Probability.
Ostrowski inequality can easily be proved by means of the Montgomery identity (see

[90D):
b b
1= [ rwa+ [P o, @2)

where f : [a,b] — R is absolutely continuous on [a, b] and P (x,t) the Peano kernel defined
by
[’;T‘;, a<t<x,
P(x,1) = (2.3)
b ox<t<b.
If w: [a,b] — [0,0) is some nonnegative integrable weight function the weighted Mont-
gomery identity (obtained by J. Pecari¢ in [93]) states

1
f(x)—f ()dt/ 1)dr = /P (x,1) £ (£)dt (2.4)

where P, (1,s) is the weighted Peano kernel defined by

L4

=

)
(b)”

a<t<x,

=

12
W)

and W (1) = [w(x)dx for t € [a,b], W (t) = 0 for t < a and W (t) = W(b) for t > b.
For the nonnegative normalized weight function w : [a,b] — [0,°) i.e. integrable function
satisfying || f w(r)det = 1 it reduces to

b b
Flx) = / W) fOdr+ [P f @), 2.5)

W(t), a<t<x,
Py (x,1) = (2.6)
W)—1x<t<b.
Further for the uniform weight function w () = 1, ¢ € [a,b] it reduces to (2.2).
Here, as in the rest of the book, we write || f o (1) dg (¢) to denote the Riemann-Stieltjes

integral with respect to a function g : [a,b] — R of bounded variation, and | f o (z)dr for
the Riemann integral.

2.1.1 Generalized Montgomery identity and Bernoulli
polynomials
In this subsection a connection between generalized Montgomery identity, Bernoulli poly-

nomials and Euler identity is established. Using it, certain strict improvements of some
Ostrowski type inequalities are obtained.
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Consider the sequence (B (¢),k > 0) of Bernoulli polynomials which is uniquely de-
termined by the following identities:

B]Q(l‘) =kBj_ (t), k>1, Bo(l‘) =1

and
Bi(t+1) =B (1) =k !, k>0.

The values By, = B (0), k > 0 are known as Bernoulli numbers. For our purposes, the first
five Bernoulli polynomials are

1 1
BO(I):LBl(t):t_§7B2(t):t2_t+6a
B (t):t3—§t2+lt B (t):t“—2t3+t2—i (2.7)
} 2" T2t 30° '

For some further details on the Bernoulli polynomials and the Bernoulli numbers see
for example [1] or [29]. Let (B,’z (1), k> O) be a sequence of periodic functions of period
1, related to Bernoulli polynomials as

Bi(t)=By(t), 0<t<1, Bi(t+1)=B;(), teR.

From the properties of Bernoulli polynomials it easily follows that Bjj(t) = 1,Bj is dis-
continuous function with a jump of —1 at each integer, while B,’g , k > 2, are continuous
functions.

For every function f : [a,b] — R with continuous n-th derivative, n > 1, and for every
X € [a,b] the following formula is valid (see [75]):

1

f0)=—

th(r)dz+n_1 () + Ro (x)

where

ORI i Gl Y (2:2) 4D )= D @),

This formula can be rewritten as

1 b n—2 b_ak+l Y—a () b — (k) g
o [ 0w 3 Gt (5=0) e

() m(ene s

We claim that the formula (2.8) coincide with the generalized Montgomery identity stated
in the next theorem obtained by G.A. Anastassiou in [22]:
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Let f:]a,b] — R be n-times differentiable on [a,b], n € N. The n-th derivative f")
[a,b] — R is integrable on [a,b]. Let x € [a,b] . Define the kernel

b—a’
s—

b r<s<b,

s_a a<s<r
P(r,s)::{ -
b—a’

where r,s € [a,b] . Then it holds

b
f(x)—bia/ £ (s1)dsy
n—2
2 f b -Z / / P x ;81 ( (Siysi+l)> dsl...dskJrl

—/ / P(x,s1 ( P(si,si+1)> f(”) (sn)dsy---dsy 2.9

—1

0
We make conventions that [] e := 1, 2 e:=0.
k=1 k

We prove this claim by the f0110w1;1g two lemmas.

Lemma 2.1 Forall k € {0,1,2,3,..} we have

b b
/ / P(X,Sl)P(Sl,Sz)-‘-P(Sk,Sk_,_l)dS]‘-‘dSk_;,_l
Ja a

(k+41)th integral

_(b—a)k+1 xX—a
= o e (b_ ) (2.10)

Proof. We prove our assertion by induction with respect to k. For k =0 and x € [a,b)
we have for the left side of (2.10) by integrating by parts

b b
/P(x,sl)ds1:P(x,b)~b—P(x,a)~a—/ s1dP (x,s1)

b5 a+b
S dsy ) = (~Dx=x— 222
(-u b—a s1> (—Dx=x 2

(x,a) = 0 and P(x,s;) is differentiable on [a,b] \ {x}, its derivative is

Since P (x,b) = P
— 1, the right side of (2.10)

equal to ﬁ, and at x it has a jump of —1. Since B; (1) =
is (b—a)By (£2%) =x— L. Forx = b we have P (b,s;) = bhl —, 51 € [a,b] and equality

(2.10) obviously holds. Thus we have proved the base of induction. Let’s denote

Oky1 (x / /szl (51,82) -+ P (Sk,Sk1) dsy - - - dsgpg

(k+1)th integral
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We can suppose now for k > 0 that

Or(y) = (b;!a) By (ly]_a)’ y € [a,b].

Then we have for k+ 1 and for x € [a,b)

Ory1 (x

(b—a) -
/ P xs1 Qk 51 dS1 / P xs1 k'a) Bk (2_5) dSl.

Since B), (t) = nB,_1 (t) we have

i b—aB s1—a _ g s1—a
dsy [k+1"""\b=a )| ""\b=a )"

Integrating by parts yields to

Ot (x) = M/p )dB s1i—a
k+1(X) = k+ 1) (x,51 L A
B (b—a)t T /b s1—a
RN Bini | 53— dP (x,s1)
(b—a)kJrl / —a x—a
. A B () (1
*r 1) Pl dsi — By P— (1)
(b—a)k+l 1 si—a\|’ xX—a
= B [ Z—)| | =Bia [ —= ) (=1
(k+1)! k42 k2 b—a Jd T \b—a (=1
_(b—a)kHB xX—a
T k1) M \b—a )
since By (1) = By (0) for all k > 2. It is easy to see that in case x = b we have
bsi—a (b—a) (b—a)k! b—a
b) = . B ds B .
Ok+1 (D) b a 0 k<b_ 51 = k1) k+1<b_a)
Thus the statement is valid also for kK + 1, so it is valid for all k € {0,1,2,3,...}. o

Lemma 2.2 Forall n € N we have

a)

/ab,../abp(x,sl) (:ll:[llp(si,sl-ﬂ)) £ (s)dsi -+ ds,
- (b_n#v)_l/b [Bn (;:Z) - B, (Z:;)} £ (¢ dr.
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b)
b b n—1
// P(x,s1) (HP(si,siH))dslmdsn_l
a a =1
_(b—a)"_1 x—a\ . [x—s
N n! [Bn(b—a> B”(b—a)]'

0
Here we make convention that ] e := 1.
i=1

Proof. Tt is obvious that a) follows from b) so that we only have to prove b). We do
this again by induction. Let us denote

b b
k(x,t):/ / P(x,51)P(s1,82) - - P(sg,1) dsi ---dsg .11

Then our claim is that

qr (x,1) = % |:Bk+1 <%) — B, (%)} (2.12)

is true for all k € {0,1,2,3,...}. Since By (t) = — 5, we have B; (3=%) — B} (=%) =
P (x,t) = qo (x,7) and it is clear that our assertion is true for k = 0. Further suppose that
(2.12) is true for some k > 0 and for x € [a,b) we have

b
qk+1 ()C,l): P(X,S])Qk(S],l)dS]
a
b b_a)k s|1—a s1—t
= [ G e (520 i (55 o
! b—a) s]—a s1—t
=/ P(x,s1) ﬁ |:Bk+1 <blj) — Byt (bl—a +1>} ds;
b (b—a) s1—a s1—t
e -— B — | —B d
+ t (x,51) k1) [ k-1 (b—a) k-1 (b )} 51

Using partial integration and properties of Bernoulli polynomials we get

Qi1 (x,1) = % [/ P(x,s1)d (Bk+2 <Sbl _a> —Biyo (21__; + 1))
—I—/tbP(x,S1)d (Bk+2 (%) — Byy2 (sl _I)ﬂ
-y [ (e (572) - (35 ora

+ P (x,1) (Bi12(0) = Bry2 (1))
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+/tb (Bk+2 (2:5) —Brya <21__at>) dP(X»Sl)]

_ _% {i;g <3k+3 (2__;1) ~Brea <21—_; +1>>
28 (o (350) - (1))
+(=1) (Bk+2 (%) ~Biw (ZT_;)H
_ % [Bk+2 <%) —Biy (%ﬂ

Since P (b,s1) = 3=, 51 € [a,b] it’s easy to check that (2.12) is also valid for x = b. Thus,

the formula (2.12) holds when % is replaced by & + 1, which proves our assertion. a

t

2.1.2 Improvements of Ostrowski type inequalities

Connection between generalized Montgomery identity, Bernoulli polynomials and Euler
identity enables us to improve all Ostrowski type results from [22]. Those results are
published in [7] and the following is the main idea.

Let us denote the left hand side in (2.9), that is the left hand side in (2.8), by R, (x).
Then by Lemma 2.2. we have

Ry, (x) = /ah~~~/ahP(x,S1)P(51>S2) o P(Spet,50) f7) (5) dsy - - dsy
b

where g, (-,-) is defined by (2.11). Now, for any function f such f") € L..[a,b], the
following inequality obviously holds

b
Ra <[ [ s (50 s 213)

for all x € [a,b]. The crucial point in this approach is that we can exactly evaluate the
integral ff |gn—1(x,8,)| dsy, using the formula (2.12).

If we do this for n = 3 we get strictly better estimates of the same inequality obtained
by Anastassiou in [22] (see [7]):

Theorem 2.1 Let f : [a,b] — R be 3-times differentiable on |a,b). Assume that f" is
bounded on |a,b). Then, for all x € [a,b] we have

‘f(x)— bia/abf(t)dt—f(b;:i(a) <x_a—2kb)
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()1 a2+b2—|—4abH 2.14)

2= a) {2—(a+b)x+ c

1 b_ ’ -
<. L (322,

where
)t 2’ L) -3 H A, A e(0,38)
1) = %(tl)i—Z(n)z-l-%(tl)z—§l4+3l3—2l2+%l, Le (3B
3n) =20+ m)? -3 A3+ AT -1, 2 e (4,8
) +2(n) —L(n)?+344—343 1222 - 1A, A e (32 1]

and

301, 1 /1 3 1. 1 /1
H="— A== ~43A=3A% =" — A+ =/~ +31—3A2% 2.15
=372 Vg T =g Aot (2.15)

Also, the best estimates are obtained for A € {0, %, 1 }, i.e. in corresponding trapezoid
and midpoint inequalities:

Corollary 2.1 Under the assumptions of Theorem 2.1. we have
b) b-— 1 b
‘f(a)Jrf( ) _b-a P
b—aJa

12
<[lr"..- —a) (2.16)
et 192 ’

\f(“”’) +”2‘4“ 70— @) - [ rwa

)3
<||f HN 192 . (2.17)

[f'(0) = f'(a)]

and

Further generalization of the inequality (2.14) are obtained by I. Franji¢, J. Pecari¢ and
L. Peri¢ in [62] (see also monograph [61]).

2.1.3 Estimations of the difference between two weighted
integral means

In this subsection we estimate the difference between two weighted integral means, each
having it’s own weight, on two different intervals [a,b] and [c,d]. This will be done for the
functions whose derivatives f are from L, spaces, 1 < p < o and for both possible cases
[e,d] C[a,b] ie. a<c<d<band[a,b]N[c,d]=c,b] ie. a<c<b<d (other two
cases, when [a,b] N [c,d] # 0 we simply get by change a < ¢, b « d). These results are
published in [14] and are generalizations of the results from [95], [36] and [33]. In [95]
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the same was done for the case [c,d] C [a,b] without weight function, and in [36] for the
same case with only one weight function.

First we give the results for the functions whose derivatives f’ belongs to L, spaces,
I<p<eoo.

Theorem 2.2 Lert f: [a,b]U[c,d] — R be differentiable on [a,b]U|c,d], w : [a,b] — [0,0)
and u : [c,d] — [0,°0) some normalized weight functions,

0, t <a,
W)=} [fw(t)dt,a<t<b,
1, t>b,
0, t<c,
U(t)=< [lu(t)dt c<t<d, (2.18)
1, t>d,

and [a,b) N [c,d] # 0. Then, for both cases [c,d] C [a,b] and [a,b] N [c,d] = [¢,b], (and also
for [a,b] C [c,d] and [a,b] N [c,d] = [a,d)) the next formula is valid

/u " (0) £ (1) dt / () £ (1) dt = / e o F @ dr (2.19)

min{a,c}

where
K(@)=U(t)—W(t), t € [min{a,c},max{b,d}].

Proof. For x € [a,b]N|c,d], we subtract two weighted Montgomery identities
b b
FW= [ w s oa+ [P ©)f 0,
a a
and

0= [wwrwas [P @) 0w

Then put
K(x,t) = P(U (x),U (1)) =P(W (x), W (1))

K (x,1) doesn’t depend on x, so we put K (¢) instead:

WD), relad,
K(@t)=3 W) +U @), 1€lcd), if [c.d)C lab)
1-W({), teldb],
W), relad,
K(t)=< =W ()+U(t), t€(c,b), if [ab]N]c,d]=]c,b]

U()—1, telbd].
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Definition 2.1 We say (p,q) is a pair of conjugate exponents if | < p,q < oo and % + é =
lyorifp=1land q=oo; orifp=coand qg=1.

Theorem 2.3 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < oo. Let f' €
Ly [a,b]lU]c,d], then we have

/abw(t)f(t)dt—/Cdu(t)f(t)dt

IO
This inequality is sharp for 1 < p < co and the best possible for p = 1.

Proof. Use the identity (2.19) and apply the Holder inequality to obtain

max{b,d}
/ K(t)f (¢)dt

min{a,c}

/ahw(t)f(t)dt—/Cdu(t)f(t)dt

<K ()], Hpr

To prove that inequality is sharp we will find a function f such that

/ el K(0)f (1)di| = (/:::i}d} |K(l)qd[) ZI Hf H"

min{a,c}

For 1 < p < oo take f to be such that

/ 1

[ (@) =sgnK(t)-|K(0)[ T

For p = oo take

!

[ (1) =sgnK(1).
For p = 1 we shall prove that

max{b,d} , max{b,d}
/ K@) f (1)di| < max |1<(z)|</

min{a,c} T t€la,b)U[e,d] min{a,c}

f (t)‘ dt) (2.20)
is the best possible inequality. Suppose that |K (¢)] attains its maximum atzy € [a,b]U][c,d].

First we assume that K (#p) > 0. For &€ small enough define f¢ (¢) by

0, min{a,c} <t <r,
fe(t) = é(f—to), to <t <ty)+Ee,
1, to+¢€ <t <max{b,d}.

Then, for € small enough

max{b,d} ,
/ K@) f (1)dr

min{a,c}

to+€ 1 1 10+€
/ K (1) —dt‘ = —/ K(t)dr.
0] € €y

Now, from inequality (2.20) we have

1 10+€ fo+€ ]
—/ K(t)dth(zo)/ =K (1).

€ Jy T
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Since,
1 1h+€
lim — K (t)dr =K (10)
e—0 € Jy,

the statement follows. In case K (7o) < 0, we take

1, min{a,c} <t <ty,
fe()=% —L(t—-1n—€), 1n<t<it+e,
0, fo+¢e <t <max{b,d}.
and the rest of proof is the same as above. O

Remark 2.1 In the special case, if we take w (1) = -, 7 € [a,b] andu(t) = 7=, 1 € [c,d]
the inequality from the Theorem 2.3, for a < ¢ < d < b reduces to the inequality obtained

in [95]:
T

—a2 _
S@iﬁz’ﬂ\f L relalab],

/

IN

1
c—a) i+ (h—d)1t! q
{(qjl)(hlu)(ltl((bfifdﬁ»(, :|q ||f ||p? f ELP [a b]

%(c —a+b— d_|_|c a— b+d )”f/”l’ f/ELl[a,b].
In case a < ¢ < b < d we have the following result:

Corollary 2.2 Let f: [a,d] — R be such that f' exists and is bounded on [a,d). Then for
a < c < b <d we have inequality

[ roa- gt [

[cfqurdfh] .

f' € L |a,b],

VAN

1
d—b)1*! c—a)it! q
Hid—c))"" - Eb—a;"‘l} G } AN, f € Lplabl,

e+ 2 -2 e lifab].

Proof. If we take p =00, g =1, w(t) = ﬁ,t € la,bland u(t) = ﬁ,t € [c,d] in the
inequality from the Theorem 2.3 we have

d c
/\K(t)|dt:/ W |dt+/ —W (1) +U (¢ \dt—l—/ U (1) — 1]dr.
a a
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Then 2 2
(c=a) ¢ (d—b)
/|— ld = 55— and /b v —tla =357
and
1 b
/ - vl m/c [(b—a+c—d)t—bc+ad|dt
b
:m/c ((a—b+d—c)t+bc—ad)dt
:[(b_a)(d_b)z_(d_c)(c—a)z 1
2(d—c) 2(b—a) a—brd—c

Consequently [ ad K (x,t)|dt = % (c —a+d— b) and the first inequality is proved. In order
to prove the third inequality we put p =1, g = oo, w(1) = s, 1 € [a,b] and u(r) =

pr
t € [c,d] in the inequality from the Theorem 2.3. We have
d—>b
sup |K(1)] = , sup |[K(1)] =
t€la.] b—a icpa d—c
t—c t—a c—a d—b
sup |K(7)| = sup - :max{ , }
t€le,b) t€[c,b) b—a b—a d—c
and
c—a d—b
1K (@), = sup K<t>|:max{ , }
1€la,d] b—a d—c
Since 0 < $=4 < 4=L or 0 < 4=2 < £=% we get
max c—a d—b| 1 c—a+d—b+ c—a d—b>b
b—a'd—c| 2\b—a d—c |b—a d—c|)’
In order to prove the second inequality take p,q # 1,00, w(t) = ﬁ, t€la,b]and u(t) =

—L__t € [c,d] in the inequality from the Theorem 2.3. Thus

t]-‘rl B (d_b)q+1
J e e R Lt

and

q

a—t t—c
dr

_|_

b
_ q
/‘ Uil = /c b—a d-—c

_ l(b —a)(d—b)"" (d—c)(c—a)"!

1
(g+1)(a—b+d—c)

(d — C)q (b — a)q
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Consequently,
d d—b q+1 g+l 1
/ K (1)[dr = ) T . -1
a (d—c)" (b—a)t"'| (@g+)(a—b+d—c)
which completes the proof. |

Corollary 2.3 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < oo. Let f' €
L, [a,d], then for x € |a,d]| we have

dz;a.Hf/chm f,GLN[ava

1

54] 711, £ e Ly lat,

1 X

/ f)dt— —— / f(r)de| <

x—ala

If1l, f €Lilab].
Proof. By setting b = ¢ = x in the previous Corollary. a
Remark 2.2 The incorrect version of the inequality from Corollary 2.3 was first proved
1 1
by P. Cerone in [33] with [%} ? instead of [ +1} .

q+

Corollary 2.4 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < e. Then for
a<c<d<b, andwe have

d

b
/w(t)f(t)dt—/u(t)f(t)dt

c b
171l /W(t)dt—k/[l— dt+/|W @)dt|, felafab],
a d

IA
Q=

c b d
171, | [weras [1-wopdas [wo-vopea| £ eLyab],
a d c

Il max {W (), 1= W (&) supycie W () -U O]}, € Lilasb,

andfora<c<b<d

b
/w(t)f(t)dt—/u(t)f(t)dt
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c d b
170 | [w@as [a-vola+ [wo-vela|, s etlad.
a b c

1
q

< c d b
171, | [w@ra [1-v@pas [wo-vops| | 7 ey,
a b ¢
1y max {W (c) .1 = U (B) ssupyeiepy W () ~U )]}, f' € Lifad].
Proof. Directly from the Theorem 2.3. o

The first inequality from the next theorem may be regarded as the weighted Ostrowski
inequality.

Corollary 2.5 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < e. Then for
x € [a,b] we have

[wwr@a-rw

1l W ) e+ [PTU =W @) dt] £ € Lolab,

SV, (W @ 2w e e, b,

[1£/1ly max{W (x),1 - W (x)}. [ €Lia,b].

Proof. By setting ¢ =d = x and u(t) = 7-—, 1 € [c,d] in the first inequality from the
Corollary 2.4, and assuming ﬁ fcdf (t)dt = f (x) as a limit case. a

Corollary 2.6 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < e. Then for
x € |a,d] we have

X d
/ w(t)f(t)dt—/x w (o) f (1) di

I [EW )de+ [T -0 @)]de],  f € Lalad],

1
< q
=YW W ota+ fn—vora]ts feylad),
1f Iy max{W (x), 1 = U (x),[W (x) =U (x)[}. f" € Li[a.d].
Proof. By setting b = ¢ = x in the second inequality from the Corollary 2.4. a

Now, we generalize the result for the functions whose n-th derivatives f () are from L,
spaces, 1 < p < oo,
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Theorem 2.4 Assume (p,q) is a pair of conjugate exponents, 1 < p,q <oo. Let f : [a,b]U
[c,d] — R be n-times differentiable on [a,b]U [c,d],, n € N and ") € L,[a,b]U [c,d],
w: [a,b] — [0,00) and u : [c,d] — [0, ) are some normalized weight functions, W (t), U (1)
as in (2.18). Then for every x € [a,b] N [c,d)]

/abw(t)f(t)dt—/Cdu(t)f(t)dt—i—g(/abf(kﬂ)(sl)w(sl)dm)

b b k
/ / Py (x,51) [ [P (51, 8i51) dsy -+ dsgqr
Ja a, i=1
(k+41)th integral

n—2

-3 ( [t (sl)u(sndsl)

d d k
/ / Py (x¢,50) [TPu (siysin) dsy - dseyr || < Hf(")
Je  Je, i=1
(k+1)th integral

Il

where

b b n—1
K (x,50) = // Py (x,51) [TPw (siysiv1) ds - -ds,
a a

3 , i=1
(n—1)th integral

d d n—1
- / / Py (x,51) [T Pu (sirsiv1) dsi - -dsy—y
Je  Je, i=1
(n—1)th integral

and we suppose that

(n—1)th integral

equals zero for s, ¢ [a,b] and

d d n—1
/ / Py (x,51) [T Pu (sissi1) dsy - -dsy—y
Je  Je, i=1
(n—1)th integral

equals zero for sy & [c,d].

Proof. First we take the generalized weighted Montgomery identity (see [22]):

7= [ w3 ([ 70 sowas)



2.1 EULER INTEGRAL FORMULA AND MONTGOMERY IDENTITY 87

b b k
/ / Py (x,51) [ [P (5is8i1) dsi - -dsyey
Ja_ Ja, i=1
(k+41)th integral

n—1

b b
= / / PW(x’sl)HPw(Si,SH-l)f(n) (Sn)dS1~-dsn.
a a

i=1
n—th integral

2.21)

Now, as in Theorem 2.2, we subtract two weighted Montgomery identities, one for interval
[a,b] and the other for [c,d], apply the Holder inequality and the statement follows. a

Since in previous section we have proved the equivalence of Montgomery identity
and Euler identity, now we estimate integral means via Euler type identities for case
[@,b] N [e,d] = [c,b] (generalization of results from [95]) and also we give the proof of
the sharpness of given inequalities from [95].

Let us recall: for every function f : [a,b] — R such that f (n=1) {5 a continuous function
of bounded variation on [a,b] for some n > 1 and for every x € [a,b], the following two
formulae have been proved (see [47]):

£ =52 [ Fas 1 o+ A ), (2.22)

and
1

b—a

b
flx) = / F@O)de+ T (1) + R (x), (2.23a)

where

1w = 3L (30 [0 )

with convention To[a’b] (x) =0, and

P (x) = —M_/ab [B;: (;‘:;ﬂ df"= ),

n!

Ry = - L= [/ 5 (=) - (5=2) |0,

Here By (x), k > 0, are the Bernoulli polynomials, By = By (0), k > 0, the Bernoulli num-
bers, and B (x), k > 0, are periodic functions of period 1, related to Bernoulli polynomials
as

Bi(x) =Bi(x), 0<x<1, Bj(x+1)=B;(x), xeR.

From the properties of Bernoulli polynomials it follows Bj () = 1,Bj is a discontinuous
function with the jump of —1 at each integer, and B,’g , k> 2, is a continuous function (see
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[1]). The formulae (2.22) and (2.23a) are extensions of the Euler integral formula (see
[75]).

As we have proved in previous subsection that in the special case, for w () = ﬁ,
t € la,b] and u(t) = 7=, t € [c,d] the generalized weighted Montgomery identity (2.21)
reduces to the Euler identity (2.23a).

In the recent paper [95] using formulae (2.22) and (2.23a), in case [c,d] C [a,b] (i.e.
a < c < d < b) following two theorems were obtained:

Theorem 2.5 Let f: [a,b] — R be such that F=1) s a continuous function of bounded
variation on |a,b) for some n > 1. Then for x € [c¢,d), if [c,d] C [a,b] we have

1 b 1 d a lc, e
b_a/a f(t)dt—d_c/c F@)de+ T (0 — 3 (x /K (o) dfn=D) (1)

and
1 b 1 d

pal, FOE=g— | F)a+ 120 () = 1,57 () / K2 (x,0)df"V (1),

" B (22), e ad,

n!

Ky (x,0) = Q ot g (aty (@0 (a1 e (e a),

n! n\b—a

and

X
K'%(X,t): _n!n 1 " b—llt

(b—a)""! (B, (L +1) =B, (:=2)], t € [d,b)].

n! b—a

Theorem 2.6 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < co. Let i
L, [a,b] for some n > 1. Then for a < ¢ <d < b, we have

b 1 d a, c n
[ 2 [ wa n -1 ) < o,
(2.24)
and
1 b C, n
‘b_a/Hf na— [ rwae W - TJ"?(x)’él|K3<x,->Hqu<>
(2.25)

for every x € [c,d]. The inequalities (2.24) and (2.25) are sharp for 1 < p < oo and the best
possible for p = 1.
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Now, we establish result from the Theorems 2.5 and 2.6 (which are valid for [c,d] C
[a,b], i.e. a < c < d <b),for the other case [a,b]N[c,d] = [¢,b],i.e. a<c<b<d.

Theorem 2.7 Let f: [a,d] — R be such that F=1 is a continuous function of bounded
variation on [a,d| for some n > 1. Then if [a,b|N [c,d] = [¢,b], ie. a<c<b<d for
X € [c,b] we have
1 b 1 d
fydr—— [ ryar+ 7 () - 1 (v) / R (o) df Y (1)
(2.26)

b d
1/af(t)dt—ﬁ FOdr+ T () - 7l / R (x)df" (),

(2.27)
where .
—(hf}‘;!) B, (%) , t € la,c],
~ n—1 n—1
Ky (1) = Lol pr (ot e g (a1 e (opy,
n—1
D, (3L 1), 1€ [b.d],
and

oo (B, (3=) - By (22)], 1€ la],

)" 1 (e x—a
K? (x,1) = . "!)n_l[B" (5=2) = Bx (5=0)]
— (B (32) — B (329)], 1€ (),

_W" g (32t 1)~ B, (32)], t € [b,d).

n!

Proof. We subtract identities (2.22) for interval [a,b] and [c,d], and then using the
properties of By, we get the first formula. By doing the same with identity (2.23a),we get
the second formula. o

Theorem 2.8 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < co. Let e
Ly [a,b] for some n > 1. Then for a < ¢ < b < d, we have

[ [[romento 2t )< ] |
and
= [ r0a- o= [roas o -rid o] <& | |

for every x € [c,b]. The inequalities are sharp for 1 < p < oo and the best possible for
p=1
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Proof. Use the identities (2.26) and (2.27) and apply the Holder inequality. The proof
for sharpness and the best possibility are similar as in Theorem 2.3. a

Remark 2.3 If we take n = 1 we get the same result as in the Corollary 2.2.

Remark 2.4 We have showed that in the special case, if we take w(f) = ﬁ, t € [a,b]
andu (1) = ﬁ, t € [¢,d], in (2.21) the weighted Montgomery identity reduces to the Euler
identity. Consequently, the inequality from the Theorem 2.4, for [c¢,d] C [a,b] reduces to
the second inequality from the Theorem 2.6; and for [a,b] N [c,d] = [c,b] to the second
inequality from the Theorem 2.8.

2.1.4 Discrete weighted Montgomery identity for infinite series

In this subsection we present the discrete analogue of weighted Montgomery identity
which is the discrete analogue of the identity (2.9) or (2.21) and use it to obtain some
new discrete Ostrowski type inequalities as well as the estimations of difference of two
(weighted) arithmetic means. All these results are published in [9].

Let ay,a,..,a, be the finite sequence of real numbers as well as wy,w,..,w,. If for
1<k<n

k n
W= Y wi, We= Y, wi=W,—W
i=1 i=k+1

then we have (see [89])

n k—1 n—1
Y wiai = axWy + Y, Wi(ai—air1) + Y, Wi(aiz1 —a;), 1<k<n. (2.28)
=1 =1 i—k

Now, let f: R — R be any real-to-real function. The difference operator A is defined
by
Af () = f(x+1)— f (x). (2.29)
This is the finite analogue of the derivative and if f is any real-to-real function, so is Af.
If we apply formula (2.28) with a; = f (i), 1 <i<n, we get

n k—1 n—1
Sowif (i) = f (k) Wa— X WAS () + 3 WAf (i)
i=1 i=1 i=k
So, the discrete analogue of weighted Montgomery identity is
1 n ) n . .
Fk) = g 2owif (D)4 2, D (kD) AF (0), (2.30)
ni=1 i=1

Whel‘e the dlSCI‘ete Peal’lo kel’nel IS deﬁned by
{ ( ! ’ (2.3 l)

Dw(k,l):Wn —Wl)7 kglgn
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Remark 2.5 More generally we could take ¢; = f (x+1i), 1 <i<n where x € R, and in
this way obtain

fx+k)= szlf x+i —i—ZD (k,))Af (x+1).
ni=1 i=1

But, from now on we will assume that x = 0 without loss of generality.
If n € N, A" is inductively defined by
A"f = A" (Af).

Then, it is easy to prove by induction or directly using the elementary theory of operators
(see [63])
& (n -
20 =3 () ot ern.
k=0

In the next Theorem we give the generalization of the identity (2.30).

Theorem 2.9 Ler f: R — R be any real-to-real function and A the difference operator,
n,mk € N,m>2and 1 <k <n. Then it holds

B 1 & ) 1 m—1 Al
_W;wif(z) z Zw

nll nrf

(i i Dw k ll 11712) Dy, (irlair)> (2.32)

21 1 ir:
n

+ Z Z D k 11 11,12) Dw (imfhim)Amf(im)

i1=1 im=1

Proof. We prove our assertion by induction with respect to m. To prove the identity for
m = 2 we apply (2.30) for the real-to-real function Af

n

Af (i) = Wi gwiml’) 3 Dy ) A ().

j=1

Again, by (2.30) we have

z—zwlf +2D (k, i) (WLinAf(j)JrZDw(i,j)Azf(j))
nj—1

"il

n

— —Zw,f +Wi (iWiAf(i)> <ZDW (k’i)>
i-1

n i= n i=1

+22D (k,i) Dy, (i, ) A2 £ ().

i=1j=
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Hence the identity (2.32) holds for m = 2. Now, we assume that it holds for a natural
number m. Applying the identity (2.30) for the function A™ f

n
A" f (i) = — EWA'" N+ Y, Dy (imsime1) A" (i)
i imp1=1
and using the induction hypothesis, we get

= —zwlf 2y <2MA’ )

n,_

<2 ZD (kyiy) Dy (i1,02) - Dw(ir—l,ir)>

i1=1 ir=

2 2 Dy, k ll 11712) Dy, (imfhim)
i1=1 im=1

( leAm lm + z D,, lmalerl)Am-Hf( +1)>>
ni imy1=1

<2 ZD (kyiy) Dy (i1,02) - Dw(ir—l,ir)>

i1=1 ir=1

1 & NI N K T
:Wnig{wif(l)-l-wnr:zi(zwiAf(l))

+ 2 z Dy, (k»il)Dw(il»iZ)“'Dw (in17im+1)Am+1f(im+l)~

ir=1 ipp=l

We see that (2.32) is valid for m + 1 and our assertion is proved. O

2.1.5 Discrete Ostrowski type inequalities

Next, we use discrete analogue of weighted Montgomery identity (2.32) to obtain some
new discrete Ostrowski type inequalities. These are the discrete analogues of some results
obtained in [22], [47] and [7].

Bernoulli numbers B;, i > 0, are defined by an implicit recurrence relation

i m+1 B — 1, if m=0,
= i 710, if m#£0.
If we denote (for n € N and m € R)

Sp(n)=1"42"4+3"+-- .+ (n—1)",
it is well known that if m € N (see [63])

1 m 1 .
Sm (n): —_— (m+ )Bi nm+lil.

m+15 i
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Theorem 2.10 Let f : R — R be any real-to-real function, n,k € N, and 1 < k < n. Let
also (p,q) be a pair of conjugate exponents, 1 < p,q < . Then the following inequalities
hold:

F (5 (1)) maxicis (17 ()1

S (S, (0) + 8, (n—k+ )7 - (S [AF (D)]P)7

Lmax{k—1,n—k}- 3 | |Af(i)].

Proof. If we take w; =1, i=1,...,n, then W; =i and W; = n—i, and discrete Mont-
gomery identity (2.30) reduces to

F0)= 370+ 3 DEDAF (),

i=1 i=1

where )
. Lo1<i<k—1,
D(k’l)_{};—l, k<i<n.
We have
1& . - . . . = .
’f(k)——Ef(l) = |3 DA ()] < max {IAF ()]}~ 3 1D (k.i)].
ni -1 1<i<n i-1
Since

n o121 n+1\2
Z{|D(k,z)|z;< 1 —i—(k— 5 ))

the first inequality follows. For the second we apply the Holder inequality

< (Siow ) (s )

n k—1 n
;|D(k,i)|q = ni‘i (; i‘]—l-zlz(n—i)q) = ’:—q(Sq(k)—i-Sq(n—k-i-l))

the second inequality follows. Finally

i D (k,i)Af (i)
i=1

Since

Y D(kAF ()] < max (ID(k,A]} - 3 IA7 (0
i=1 == i=1

and
max {|D (k,i)|} = —max{k—l n—k}

1<i<n
implies the last inequality. |

The next Theorem is the generalization of the previous one:
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Theorem 2.11 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < oo and f :
R — R any real-to-real function, n,k,m € N, m > 2, and 1 < k < n. Then the following
inequalities hold:

0~ g Sif ()
——2 <zwAm )(2 ZD (k,i1) Dy, (iy,i2) - Dw(ir—lair)>'

i1=1 =1

n n
D Y, Dylkit) Dy (in,ia) - Dy (im—1,0) || [|A"f]],
=1 ip_i=1 J
where
L
lgll, = 4 Eils @), if 1 <p<eo,
! max;[g (i) ifp=ee.
Proof. By using the (2.32) and the Holder inequality. a

2.1.6 Estimations of the difference of two weighted arithmetic
means

In this subsection we will give the estimations of the difference of two weighted arithmetic
means using the discrete weighted Montgomery identity. These are the discrete analogues
of results obtained in [14], [24], [53], [36] and [95].

From now on we suppose a, b, c,d € N. and as before consider both casesa <c <d <b
ie. [c,d] Cla,blanda <c < b<d ie.[ab]N[c,d] = [c,b]. In fact, when [a,b] N [c,d] # O
we have four possible cases: [c,d] C [a,b] and [a,b] N [c,d] = [¢,b] and [a,b] C [c,d] and
[a,b] N [c,d] = [a,d], but the last two we can simply obtain from the first two by change
a—c,b—d.

Theorem 2.12 Let f : R — R be any real-to-real function, a,b,c,d €N, wg,w,i1,...,wp
finite sequence of real numbers as well as uc,uciy,...,ug. Let also W = Zﬁ-’:a w;, U =
>4 u; and for k € N

0, k<a,
Wi =< i wi, a<k<b,
W, k> b,
0, k<c,
Ur=1{ XK i c<k<d, (2.33)
U, k>d.

If [a,b]Nc,d) # 0, then, for both cases [c,d] C [a,b] and [a,b)N[c,d] = [c,b], (and also for
[a,b] C [c,d] and [a,b)N[c,d] = |a,d]), the next formula is valid

1 b 1 d max{b,d}
w2l =g 2uf ()= % KAL) (2.34)
i=a i=c i=min{a,c}
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where

K (i) =

Proof. For k € (Ja,b]N

and

Then put

W.
gl Wl min{a,c} <i<max{b,d}.

[c,d]) NN, we subtract identities

ZW,f +ZD (k,i)Af (i),

i=a

Zulf +2Du (k,i) Af (i).

K(kvi) =Dy (kvi) _Dw(kvi)'

Since K (k,i) doesn’t depend on k, we put K (i) instead:

K (i) =

—%, a<i<ec,

Ui W c<i<d, if [e,d]C[ab]
—%, d<i<bh,

—%, a<i<c,

O =i c<i<b, if [ab]Nled]=[cp]

U_1, p<i<a.

95

(2.35)

(2.36)

O

Theorem 2.13 Assume (p,q) is a pair of conjugate exponents, 1 < p,q<eo. Let f : R —
R be any real-to-real function. Then we have

z wif (i) Z uif (i)

< |IKllg [1A71, -

This inequality is sharp for 1 < p < ee,

Proof. We use the identity (2.19) and apply the Holder inequality. For the proof of the
sharpness we will find a function f such that

max{b,d}

>

K (i) Af (i)

i=min{a,c}

max{b,d} tll
=< > IK(i)q> 1AL,

i=min{a,c}

For 1 < p < oo take f to be such that

AF (i) = sgn K (i)« K (i) 71
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For p = oo take
Af(i)=sgn K (i).
For p = 1 we will find a function f such that

max{b,d} max{b,d}
K()Af(i)| = K (i Af (i
i=m§a.c} art) min{a,c}rélieginax{b.d} o <i=m§{{a.c} A |>

Suppose that |K (7)| attains its maximum at iy € ([a,b]U[c,d]) " N. First we assume that
K (ip) > 0. Define f such that Af (ip) = 1 and Af (i) =0, i # io, i.e.

£i) = 0, min{a,c} <i<i,
DT, ip <i<max{b,d}.

Then,
max{b.d} max{b,d}
i:mg{aw} N (l) Af (1) - |K (ZO) ‘ N min{“sc}?ia;nax{bsd} |K (l) | (img{‘aw} |Af (l) |>

and the statement follows. In case K (i) < 0, we take f such that Af (ip) = —1 and Af (i) =
0, i # g, i.e.
~ 1, min{a,c} <i<ip,
F)= { 0, ip <i<max{b,d}.

and the rest of proof is the same as above. O

Casea<c<d<b

Corollary 2.7 Let f: R — R be any real-to-real function. Then for a < c¢ < d < b we
have inequality

1 b 1 d
mgf(i)—m;f(i) <Ci-[|Af]l..
where
o (@a—c)(d—c+1-2[X|)+Li(c—a)(c—a+ 1)+ (b—-d-1)(b—d)
o b—a+1
L ohd—ct Dd—c+ )+ XX+ D) X (IX]+1)  d—ct2
b—a+1 d—c+1 2
and X — (d*!,'“rl)(!,’*u).

b—a+c—d

Proof. If weput p=oo, g=1,andw; =1, a<i<bandu; =1, c <i<d in the
inequality from the Theorem 2.13. By (2.35) we have

W, b

w

E

1=a

b
Cr =YK ()| =

i=c i=d+1
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i—a+1 &li—c+1 i—a+1 b p—i
2 2 + Y
b—a+1 d—c+1 b—a+l g b—a+l

Then
Ciz—aﬂ (c—a)(c—a+1) i b—i  (b—d—1)(b—d)
b—a+1 2(b—a+1) ', 4 b—a+l  2(b—a+1)
and

i i—ctl i—a+l]|_ Zd ib—a+tc—d)+(d—c+1)(a—c)|
Zld—c+l b—a+1 (d—c+1)(b—a+1) ’

Since we have

d—c+1

; lilb—a+c—d)+(d—c+1)(a—c)|

1X]

=Y —i(b—at+c—d)—(d—c+1)(a—c)
i=1
d—c+1

+ 2 i(b—a+c—d)+(d—c+1)(a—c)
i=|X]|+1
(a—c)(d—c+1-2|X])—3(@d—c+1)([d—c+2)+ [X](|X]+1)
B b—a+1
_LXJ(LXJ—H) d—c+2
d—c+1 tT
the proof follows. O

Corollary 2.8 Let f: R — R be any real-to-real function. Then for a < ¢ < d < b we
have inequality

1 d

1 :
b—a+1i§;f(l)_d—c+1i§,f(l)

b—d c—a 1 c—a+1
gmax{ ’ - ‘}'Af”r

b—a+1'b—a+1|d—c+1 b—a+1

Proof. f weputp=1,g=oco,andw; =1, a<i<bandu;=1,c <i<d in the
inequality from the Theorem 2.13. By (2.35) we have

K ()| i—a+1 c—a
max i) = max =
a<i<c—1 a<i<c—1|b—a+1 b—a+1’
b—i b—d—1
K(i)| = = , ford <b
dﬁlggb‘ @) dfllggb b—a—+1 b—a—+1 or
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and
i—c+1 i—-a+1
K (i) = —~
s K01 = s | =
b—d 1 c—a—+1
= max — .
b—a+1'|d—c+1 b—a+l
So
K ()| b—d c—a 1 c—a+1
max |K (7)| = max — .
a<i<h b—a+1'b—a+1"|d—c+1 b—a+1
and it is easy to see that this formula is also valid if b = d. o

Remark 2.6 Incase a<c=d <bie. if c =d =k, we have

k—a)>+(b—k)>+b—a
B POt A S

1
= b—le+1 (Sq(k—a+1)+S4(b—k+1))7-[|Af]],

b—k k—
max { 522, 224 b [Af

where (p,q) is a pair of conjugate exponents, 1 < p,q < e. For a =1 and b = n,
these inequalities coincides with inequalities from the Theorem 2.10. Indeed, for the first
inequality we set ¢ = d = k in the proof of the Corollary 2.7, so

b k-1 ; b .
i—a+1 |k—k+1 k—a+1 b—i

Y IKG) =Y _ y o

2= 2 T kT bat | 2 poat]

(k—a)(k—a+1) b—k  (b—k—1)(b—k)
2(b—a+1) b—a+1 2(b—a+1)
(k—a)+(b—k’+b—a

2(b—a+1)

For the last inequality, similarly, we set ¢ = d = k in the Corollary 2.8. For the second
inequality, we putw; = l,a<i<bandc=d =k, uy = 1, (thus Wy =i—a+1,W; = b —1i,
U = 1) in the inequality from the Theorem 2.13. By (2.35) we have

q b b—i q
+ 2 (7o)
i \b—a+1
1

= B —aqry Salk—at D+ (b =kT+5,(b—k)
- m(sq(k—a-i—l)-l—Sq(b—k-i—l)).

ilK(i)\‘]—kil i—a+1\? |k—k+1 k—a+l
“ - b—a+1 k—k+1 b—a+1

i=a
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Casea<c<b<d

Corollary 2.9 Let f: R — R be any real-to-real function. Then for a < ¢ < b < d we
have inequality

1 b ) 1 d .
a2l 0= g 20 <G lafl

where
C, = (b—c+1)2—-2a+b+c)+(c—a)(c—a+1)
2 2(b—a+1)
n (d=b—1)(d=b)—(b—c+1)(b—c+2)
2(d—c+1)

Proof. Weput p=co, g=1,andw; =1, a <i<bandu; = 1, c <i < d in the inequality
from the Theorem 2.13. By (2.36) we have

d c—1 b d
. Wi ui W Ui
G=2IKOI =2 |—w|tXl7—wlt ——1‘
2RO 2y 2wl 2 o
c—1 b . d :
i—a+1 i—c+1 i—a—+1 d—i
P rrn R s 1‘+ 2 o
i=a —a+ i=c —ct —a+t i=b+1 —ct
Then
Cili—a+1_(c—a)(c—a+1) i d—i  (d—b—1)(d—D)
Zb—a+l  2(b-a+l) S d—ct+l  2(d—c+1)
and

i i—c+1 i—a+1 _Zf;f“|i(b—a+c—d)+(d—c—|—1)(a—c)\
~ld—c+1 b—a+1| (d—c+1)(b—a+1) '

Since we have

b—c+1
Y litb—a+c—d)+(d—c+1)(a—c)|
~

b—c+1

= ; —i(b—a+c—d)—(d—c+1)(a—c)
_(b—c+1)2—-2a+b+c) (b—c+1)(b—c+2)
- 2(b—a+1)  2(d—c+1)

the proof follows. a
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Corollary 2.10 Let f: R — R be any real-to-real function. Then for a < ¢ < b < d we
have inequality

1 & I
b—a+1;f(l)_d— +1i=26f(’)

C
c—a+1 1
b—a+l1 _d—c+1'}'”Afl'

< max d—b c—a
- d—c+1'b—a+1

Proof. If weputp=1,g=oc,andw; =1, a<i<bandu; =1, c <i<d in the
inequality from the Theorem 2.13. By (2.36) we have

max_|K ()| i—a+1 c—a
)| = =
a<i<c—1 a<i<c—1|b—a—+1 b—a+1
d—i d—b—1
K@)| = = ,ifb<d
b-glgazxgd‘ (@) bﬁlggd d—c—H' d—c+1 o=
and
i—c+1 i—a+1
K(i)| = —
crgflgxb‘ (@)l crgflgxb d—c+1 b—a—H’
~ max d—b 1 c—a+1
- d—c+1'|d—c+1 b—a+1|]"
So
K ()| d—>b c—a c—a+1 1
max = max - .
a<i<d d—c+1Ub—a+1|b—a+1 d—c+1
and the formula is also valid if b = d. O

Corollary 2.11 Let f: R — R be any real-to-real function, k € N, and a < k < d. Let
also (p,q) be a pair of conjugate exponents, 1 < p,q < oo. Then the following inequalities
hold:

1 & 1 &
k—a+1l.:zaf(’)_d—k+1i=2kf(’)

< Af]..,

1
<\ (e Sak—at D+ Sy (@ — k1)) - A7),

max{d 10k a+1} 1A} -

Proof. For the first inequality we set b = ¢ = k in the proof of the Corollary 2.9:

i il—a—i-l k—k+1 k—a+]l i d—i
i=a Sk—a+l |d—k+1 k—a+1l| 45,d—k+1
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k—a+ d—k  (d—k—1)d—k) d—a
2 d—k+1 2(d—k+1) 27

For the last inequality, similarly, we set b = ¢ = k in the Corollary 2.10. And for the
second inequality, we put w; = 1, a <i <k and u; = 1, k <i <d, in the inequality from

the Theorem 2.13. By (2.36) we have
d k—1 . q q d : q

. i—a-+1 k—k+1 k—a+1 d—i
(=) ] -2 (75)

i=k+1 —k+1

~ ~ d—k+1 k—a+1
1 d—k \7 1
:ﬁsq(k—a+1)+< ) 1 Sy (d—k)

(k—a+1) d—k+1 d—k+1)7
1 1
= — 7S, (k— D+ —F7——5S,(d—k+1).
G—ara ket D+ GgyrSed—k+ 1)
And the proof follows. a

Remark 2.7 If we suppose b =d in both cases a < ¢ <d <banda < c<b <d, the
analogous results coincide.

The ”"Weighted” case

Corollary 2.12 Assume wq,Wai1,...,wp and uc,uci1,...,ug are the finite sequences of
real, positive numbers and (p,q) is a pair of conjugate exponents, 1 < p,q < oo. Let
f R — R be any real-to-real function. Then for a < c < d < b, we have

LS wr-2 %
= D wif (i) — = D uif (i)
Wi:a Ui:c
1| W Ui W, Wi
DEITARS FRITEAES VI IR [ VI
1
AL i wle Tq
SN vy EE Ay Y
max {250 1 Y ma ooy [ % % a7
andfora<c<b<d
LS wr-+¥
— 2 wif (i) — = D uif (i)
Wi*u Ui:c
1|,
[zt | Ly % - 1]] 1871
q s
—1 | W; w; [ i q
<3 [z s [ - s bH]——lH a7,
A U
max{wwl, — = max <i<p | 77 }HAle
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Proof. Directly from the Theorem 2.13. o

The first inequality from the next Theorem may be regarded as the weighted Ostrowski
inequality.

Corollary 2.13 Assume wg,wqi1,...,w, is a finite sequence of real, positive numbers
and (p,q) is a pair of conjugate exponents, 1 < p,q < oo. Let f : R — R be any real-to-
real function and a < k < b. Then

1 b
‘leawif(i)—
D EAES YIS N7V
<9 [z %I"+z§’zk|1—%|"ff||Apr,
max { %4, 1= LA -

Proof. By setting ¢ = d = k and u; = 1 in the first inequality from the Corollary 2.12.0

Corollary 2.14 Assume w,,Wai1,...,Wp and uc,Uc1,...,uq are the finite sequences of
real, positive numbers and (p,q) is a pair of conjugate exponents, 1 < p,q < e. Let
f:R — R be any real-to-real function and a < k < d. Then

1 & I ,
W;’,Wif(l) - Uizzicuif(l)

k1| W,

(st | Lot | %= 1] 18],
q a1 g
—1|w Uu. W A q

<Q [zt |+ % - s [% 1] 1,
Wi U W,
max { %21 - S | % — S| jag])
Proof. By setting b = ¢ = k in the second inequality from the Corollary 2.12. o

The next Theorem is the generalization of the Theorem 2.13.
Theorem 2.14 Assume (p,q) is a pair of conjugate exponents, | < p,q < oo. Let f : R —

R be any real-to-real function, a,b,c,d,k,m € N,;m > 2, and k € ([a,b] N [c,d]) "N. Then
the following inequality hold

1 & 1 ¢
Wgzlwif(i) - U,;Wif(i)
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1 m—1 b b
2 <2W Am > (2 EDW k 11 11,12) Dw(i,_l,ir)>

l=a lr a
1 "= 1 d d
—— z ZuAm Z ZDM (kyi1) Dy (i1,i2) - Dy (ir—1,ir)
=1 ij=c  ir=c
< |[K(k, o), A" ],
where
b b
K(kyim) = Y, -+ > Dy(k,i1t) Dy (i1,02) - D (im—1,im)
11=a lm,1=ll

d
2 k ll 11,12) Du(im—laim)

Ma.

ij=c im—

and we suppose that

b b
N o+ Y Dy(k,it) Dy (i1,i2) -+ Dy (im—1,im) =0, forim & [a,b]) NN

i1=a im,1=a

and

2 2 Du k ll D, 11,12) Dy (im—laim) =0, forin ¢ [C,d}ﬁN.

ll =C Zm 1=C
This inequality is sharp for 1 < p <oo

Proof. As in Theorem 2.13, we subtract two weighted Montgomery identities, one for
interval [a,b] NN and the other for [c,d] NN. After that, our inequality follows by applying
the Holder inequality. The proof for the sharpness is similar as the proof of the Theorem
2.13 (with K (k, e) instead of K and A™ f instead of Af). ad

Remark 2.8 Montgomery identity has been generalized in numerous ways over the last
decade. For instance, [30], [67], [77], [78], [104] deal with the generalizations of Mont-
gomery identity on time scale, [105] deals with generalization of Montgomery identity for
g-integrals, [20], [23] with generalizations for fractal integrals and [19] with generaliza-

tions on RY over spherical shells and balls.

2.2 Weighted Euler identities

In this section four new weighted generalizations of Euler-type identities are given, and
used to obtain new Ostrowski type inequalities, generalized trapezoid and midpoint in-
equalities, and estimations of the difference of two integral means. Also a discrete ana-
logue of the weighted Montgomery identity (i.e. Euler identity) for finite sequences is
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given as well as discrete analogue of Ostrowski type inequalities, trapezoid and midpoint
inequalities, and estimations of difference of two arithmetic means.

2.2.1 Integral weighted Euler type identities

In this subsection we give four new weighted generalizations of the Euler identity, which
can be obtain by using weighted Montgomery identity (2.5). These results are published
in [13].

Theorem 2.15 Let’s suppose f"~Y) is a continuous function of bounded variation on
[a,b] for some n > 1. Then for w: [a,b] — [0,e) some nonnegative normalized weight
Sunction and for P,, (x,t) the weighted Peano kernel given by (2.6), the following identities
hold

and

(2.38)

and forn > 1
= [ wosma
£y % (/ By (1) Be (;%) dt) [F40 ()~ 4 )]

k=1

—1
n—2
o (P (e e
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and

= [ wosma
1% </ Py (x,1) By 1(2_ )dz) {f(kfl)(b)—f(kfl)(a)}

ot (ol (2) e )

(2.40)

M \

+

"T

Proof. We multiply identity (2.22) by w (x) and than integrate it to obtain

k—1

/ubw(x)f(x)dx: </ubw(x)dx> ;Ta/abf(t)dwé%
([ wom (575 ) ) [0 00
_%_/ﬂb (_/abw(s)B;: (%) ds) df" ().

If we subtract this identity from (2.22) we obtain (2.37) Further, for k > 1 we have

b
kb t—a
W (t)Bj— d
a+b—a_u (1) B l(b—a) !

x—a b—a kb t—a
:B —B B,
k(b—a) k(b—a)+b—a , W) B 1(19 a
k /b u b
=— By d W (t)Br_1 | —— | dr
b—a/x k1<b a) +b—aa ()k1<
kb t—a
= P, t)By_ dr
| W@,>k1(b_ )

Similarly for n > 1 we get
o /bw(s)B* . / P, (x,s) S0 gy
n b—a g n b— n—1 b—a
since B}, n > 1 is a continuous function, while for n = 1 we have

B’;(Z:;)—/ab ()B*(b_ )ds—— () + a/P xs)BO(b_a)ds

Thus, the identity (2.39) follows. The proof for the identities (2.40) and (2.38) is similar
(by using the identity (2.23a)). O
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Remark 2.9 We could also obtain identities (2.39) and (2.40) in the following way: ap-
plying identities (2.22) and (2.23a) with f’(x), then putting these two formulae in the
weighted Montgomery identity and finally interchanging the order of integration and re-
placing n with n — 1.

Remark 2.10 In the special case, if we take w () = 71—, ¢ € [a,b] we have
x—a b t—a
B - t)B dr
(o (5=2) L om (5=5) o)
x—a 1t t—a
(o (5=2) -7 2 (5=2)9)

X—a 1
= By (b—a) RIS (Biy1 (1) = Biy1(0))

and similarly

x—t b s—t x—t
B - B — =B
n (b_a) L W(S) n (b_a) ds n (b_a) b

(1) n2) - Lrols(i) a2
(i) 2 ()

Consequently, the identities (2.37) and (2.39) reduce to the Euler identity (2.22) and the
identities (2.38) and (2.40) reduce to the identity (2.23a). So we may regard them as
weighted Euler identities.

Corollary 2.15 Suppose that all assumptions of Theorem 2.15 hold. Additionally assume
that w : [a,b] — [0,°) is symmetric on [a,b], i.e. w(t) =w(b—a—t), fort € [a,b]. Then

o= ") () + kzl (b ‘k‘?lek (Z:Z) [0 0) 14 ()]

. sz % (2 /_ w (1) B (;_TZ) dt) [0 (5) - 13D ()

k=1

O (n2) Lo (2)e)or

ro= [ soas S O (320 [0 )0 )

k=1
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S
|
Q

L%J —a 2k—1 u2ﬂ iy
> % (2/ w(t)32k<’ )dr) {f(zk—l)(b)_f(Zk—l)(a)
k=1 ! p

b—a

Ol [ (5 (5= ) - (5=2)

(2.42)

By (=) if k is odd,

since for Bernoulli polynomials hold B, (1 —x) = (—1)"B, (x), x € [0,1]. If we apply
(2.37) and (2.38) with this the proof follows. O

Remark 2.11 Applying identity (2.41) with x = b we get

n(h— gk
£)= [wseas 3 C=T g )[40 ) - 4 (o)
a k=1 :
L

[ vt () [ 0]

1

b—a)y" ' b b—t b s—t _

S B _ B (n—1) )

S [ (m(=s) - [ vom (5= ) as)ar )

Since we have B, (1) = (—1)" B, (0) = (—1)"B,, for n > 0 and By, = 0 for n > 1 (see
1

[1]) and also for k = 1, (b_,f!)k_l i (1) {f(k_l) (b)— & (a)} = 3 [f(b) = f(a)] the last
identity reduces to

[SE

M

»
I

—~

fla+7b)

[ (32) [ (a0 e
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So we can regard this as the first Euler-Maclaurin formula (the generalized trapezoid iden-
tity). Similarly, applying identity (2.41) with x = “*b we get

atb\ [P S b-a) Tt (1N T (k1)
£(452) = [ rwsoas 3 Ed—n () [#0 0 - )
8] (it [ et .
o Z (b (261?)' (2/ W(I)BZk (;TZ) dt) |:f(2k_1) (b) _f(zk_l) (a)i|
n—1
SUS (B;; (—“Jb”_‘j;) - [ ( ;:;) ds) 2500,
Since B, (%) (1 — 21_") B, for n > 0 (see [1]) the last identity reduces to

a+b b 2] b—a)!
1(457) = [wormu- 3 O

k=1

((1 ol= 2k) sz+2/“+/, 1) Ba (;:Z) dt) [f(Zkfl) (b) — f&D (a)}
B (b%l ./ub (BZ (%) B /abw(s) By (Z = ;) ds) dfr (). ad

We can regard this as the second Euler-Maclaurin formula (the generalized midpoint iden-
tity).

In the next two subsections identities (2.37), (2.39), (2.38) and (2.40) are used to obtain
some Ostrowski type inequalities (weighted generalizations of the results from [47] and
[71), as well as the generalizations of the estimations of the difference of two weighted
integral means (generalizations of the results from [14], [24], [35], [36], [95]).

Ostrowski type inequalities
Let’s denote forn > 1

n (x)

T,

= a)k 1 (Bk (2:2> _/abw(’)Bk (;_TC;) dt) [f(kil)(b)_f(kil)(a)}
b ak 2 (/ Py (5.1) By 1<b )d) {f(kfl)(b)—f(k—n(a)].

For all the results in this subsection we will use identities (2.39) and (2.40). These results
can also be obtained from identities (2.37) and (2.38).
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Theorem 2.16 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < co. Let F
Ly [a,b] for some n > 1. Then for x € |a,b] the following inequalities hold

‘f(X)—_/a " (0) £ ()~ T ()

([ () e,
and
'f(X)—/bW(t)f(t)dt Tyt (3 <%
(Lol (2) e G2 o

These inequalities (2.45) and (2.46) are sharp for 1 < p < oo and the best possible for
p=1.
n—2
Proof. Let’s denote Cy (1) = (b(;f)l)! 1P P, (x,5) B, (L) ds. We use the identity
(2.39) and apply the Holder inequality to obtain

\f@)— [ w0

_ /abcl (1) £ (1) de| < (/ab|c1 (;)|th>$Hf(n>

For the proof of the sharpness we will find a function f for which the equality in (2.45) is
obtained.
For 1 < p < e take f to be such that

1
—T

£ (8) = sgn Cy (1) -|C1 (1)

For p = oo take
FU (1) = sgn €1 (1).
For p = 1 we shall prove that

b
/c1 dt<maXC1()|</
r€la,b] a

is the best possible inequality. Suppose that |C) (¢)| attains its maximum at 7y € [a, b]. First
we assume that C| (o) > 0. For € > 0 define f; (¢) by

£ (z)‘ dt) (2.47)

0, a<t<t,
fe()=4 = (t—1)", to<t<ty+e,
L(t—10)"", to+e<t<b.
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Then, for € small enough

[ cis

Now, from inequality (2.47) we have

1 riote fh+€ |
- / C1 (1) di < Ci (10) / At =Ci (1),
I

€ 1o

1h+€ 1
t = / Cy (t) —dt
1

0 et

1 rtot+e
= —/ Cy (¢)dr.
1

€Jy

Since,
1 10+€

lim — C) (t)dr =C (10)

e—0 & Jy,
the statement follows. In case Cj (1p) < 0, we take
—to—e)" ', a<t<i,
fe (1) = ﬁ(—l‘o— )" 10 <t <ity+e,

07 fo+ € <t< ba

and the rest of proof is the same as above. For the inequality (2.46) the proof is similar. O

Corollary 2.16 Suppose that all assumptions of Theorem 2.16 hold. Then the following

inequality holds
b a n 1+
S (n—1) (/ B ( |ds> Hf

Proof. Since 0 < W (1) < 1,1 € [a,b], s0 |P, (x,5)| < 1 and B} _, is a periodic function
with period 1 and fo |B; (y+s)|ds = fol |B;; (s)|ds = fol |By (s)|ds for every y € R, we have

b
’f (x) — / w(t) f(t)dt — Ty (x) (2.48)

/bP (x,s)B; ds| < / [Py (x,5) 571 | g
Mk = b—a
b §—
g/ ;;1<b )ds— b— a/ 1By (s)] ds
g _
and by applying (2.45) the inequality (2.48) is proved. a

Remark 2.12 For n =2, n = 3 and n = 4 inequality (2.48) reduces to:

b

700~ [ W f 0@~ Ta )| < 3 60— F ],
b

£~ [0 r0d - T ] < 20?7
b 1

7= [ WO £ 0~ Ta (9] < 155 (b= F 9]
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Remark 2.13 If we use the identities (2.43) and (2.44) forn=2and w () = hL t € la,b]
and then apply the Holder inequality with p = e, ¢ = 1, we obtain

‘f e ba/f e =

()

By doing the same for n = 3 we obtain (2.16) and (2.17) from the Corollary 2.1. Also
inequality (2.46) from the Theorem 2.16 applied with n = 3 is weighted generalization of
Theorem 2.1 (from [7]) and applied with n = 2 is weighted generalization of Corollary 1
from [47].

and

b

L2001 @) <7 -

Estimations of the difference of two weighted integral means

In this section we will denote for n > 1

T8 (x) = kil (b _]j)k—l
(3 (322) - [wiom (=2 ) ) [ 01— a)].
sl (= — & na!)"1

/j( 1 (Z:;)_/ﬂbw(s) ;—1<Z:;)ds>df(nl)(t)’

el ==t [ (i (5 - (52
v [ (525) B (525 )| as)ar )

for function f : [a,b] — R such that f"~1) is a continuous function of bounded variation
on [a,b].

Following results are generalizations of the results from the paper [95] (in case [c,d] C
[a,b]) and [14] (in case [a,b] N [c,d] = [c, D).

Theorem 2.17 Let f : [a,b]U|c,d] — R be such that f"~V) is a continuous function of
bounded variation on [a,b] for some n > 1, w: [a,b] — [0,00) and u : [c,d] — [0,0) some
nonnegative normalized weight functions. Then if [a,b]N[c,d] # 0 and x € [a,b] N [c,d],
we have

[0 s@a- ["uoreas et @ -7
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max{b,d}
= [ K s @)

min{a,c}

and

u,n—1

/ s - / “u f a1, (09— 15,

= KZ (x,0)df" M (1),

min{a,c}

where in case [c,d] C [a,b]

el (B (325) — o w () By (35)ds) s 1€ lase),
el (B; (325) — o wis) By (32) ds)
I(J (‘x)t) = (d_c")n—l d
U (B (322) — [ u () By (322) ds ) 1€ [ed],
bt (5 (52) — S w() By (32)ds) 1€ (d0),
and B
S (B (55) — B (52)
— 2w () [By (325) ~ B (324)] ds ) 1 € [ac),
)" e xe x—a
(: n!) (B" (ﬁ) — By (H
=] v (B, (3=6) = Bx (5=0)

n!

_ (d_c)n_l (B;kl (T
— [Lu(s) [By (5L) — By

K,} (x,1) =
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and

Ky (x.1) =

Proof. We subtract identities (2.37) for interval [a, b] and [c,d], to get the first formula.
By doing the same with identity (2.38), we get the second formula. a

Theorem 2.18 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < oo. Let fi e
Ly [a,b] for some n > 1. Then we have

/bw(f)f(t)dt - /du (t) f (1) dr + T () — 157 ()

<(for1s <x,r>!"d’>:] |+

min{a,c}

p

and

/ubw(t)f(t)dt . /Cdu(t)f(t)dt—l— 7 () 1o, (x)'

< (/max{b,d} ’Kr% (x,t)’th> a Hf(")

min{a,c}

p )
forevery x € [a,b]N[c,d). These inequalities are sharp for 1 < p < e and the best possible
forp=1.

Proof. Use the identities from the Theorem 2.17 and apply the Holder inequality. The
proof for sharpness and the best possibility are similar as in Theorem 2.16. a

Remark 2.14 Similar results to those in two last theorems could be obtained using the
identities (2.39) and (2.40) instead of (2.37) and (2.38).

2.2.2 Discrete weighted Euler identity

In this subsection the discrete analogue of weighted Euler identity for finite sequences
of vectors in normed linear spaces is presented and used to obtain some new discrete Os-
trowski type inequalities as well as the estimations of difference of two weighted arithmetic
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means. These results are published in [8] and they are discrete analogues of results from
[13].

Let x1,x2,..,x, be the finite sequence of vectors in normed linear space (X, ||-]|) and
wi,wa,..,w, finite sequence of positive real numbers. If for 1 <k <n

k n
We=>wi, Wi= > wi=W,—W
i=1 i=k+1
then it holds (see [89])
k — EE—
zwxl—ka +ZW Xi— Xit1) EW (xit1—xi), 1<k<n. (2.49)

i=1 i=1

The difference operator A is defined by
Axi = Xi+1 — Xi.

So using formula (2.49), we get the discrete analogue of weighted Montgomery identity
1 & n—1
xﬁﬁvzmm+ZDMmm% (2.50)
n =1 i=1
where the discrete Peano kernel is defined by

Dy, (ki) =

1 : <i<k-—
{ Wi, l<i<k—l, 2.51)

W, \(-W), k<i<a

In special case, if we take w; =1, i=1,...,n, then W; =i and W; =n—i, and (2.30)
reduces to discrete Montgomery identity

1& n—1
X = ;2)@-—1— an (k,i)AXi, (252)
i=1 i=1

where

. L 1<i<k—-1,
D“hgz{iil k<i<n.

n ?

If n € N, A" is inductively defined by
A'x; = A" (Ax;).
Then, it is easy to prove by induction or directly using the elementary theory of operators

(see [63])
A"xi = z (Z) (—l)nikx,urk.

k=0

In the next Theorem the generalization of the identity (2.50) is given.
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Theorem 2.19 Let (X,|||) be a normed linear space, xi,xa,..,x, a finite sequence of
vectors in X, wi,wa,..,wy finite sequence of positive real numbers. Then for all m &
{2,3,..,n— 1} and k € {1,2,..,n} the following identity is valid

= —wal+ 2 — <2A'x,>

}'ll‘ 1

' (Z i Z Dy k ll (ilviZ) Dy (irhir)) (2.53)

i1=lip=1 =

n—1 n—-2 n—m

+ 2 2 2 D,, k 11 (11,12) "Dy i1 (im—laim)Amxim~

i1=1lir=1 in=1

Proof. We prove our assertion by induction with respect to m. For m = 2 we apply the
identity (2.52) for the finite sequence of vectors Ax;, i =1,2,..,n— 1

1 n—1 n—2
Ax; = zAxi'i‘anfl(ivj)Azxjv

then use (2.50) to obtain

n—1 n—1 n—2
:—Zwlxl—i—ZD (k,i) ( ZAx—i—ZDn 1 l])Ax,)

"i i=1 j=1
n—1 n—1
:—Zw,x,—l—— <2Ax> <2Dw(k,i)>
"i 1 i=1
n—1n—2
+ZZD (k,i) Du—1 (i, j) A%x;.
i=1 j=

Hence the identity (2.53) holds for m = 2. Now, we assume that it holds for a natural
number m € {2,3,..,n —2}. Applying the identity (2.52) for the A"x;,,

1 n—m n—m—1
m _ m m+1
A"x;, = p— Z A" x; + Z Dy (s by 1) A" i,

1= 1

and using the induction hypothesis, we get
D WIREE Y b
X = D Wiki+ ), —— Ax;
W i S =1 =T \i=1
n—1n-2 n—r
Z 2 Z D, k 11 (11712) “Dp—ry1 (ir—lair)

i1=1lip=1 ir=1

n—1 n—-2 n—m
2 2 2 D,, k ll (11712) “Dy—mi1 (im—laim)

i1=1lip=1 in=1
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n—m—1
' (n m ZA’”xl-l- 2 Dy lmalm-&-l)A +1xim+l>>

lnH»l 1
TSy )
= ) wixi+ A'x;

W 3 =T\

n—1 n—2 n—r
(2 2 ZD k ll D, l(i17i2)”‘Dn7r+l (irl»ir)>

i1=1lip=1 =

n—1 n—-2 n—(m+1)
YN 2 Dy (kyit) Dy (iv,i2) - Dy (i i1 ) A" i,

i1=1lip=1 ipmr1=1

We see that (2.53) is also valid for m + 1 and our assertion is proved.

Remark 2.15 For m = n— 1 (2.53) becomes

=— Zw1x1+nzz— (Z A’x,)

}'li

n—1n-2 n—r
XD Y Dukin) Dy (i1,02) - Dt (ir—1,r)
ii=lia=1  i=1

n—1n-2

+> Y- 2 Dy, (k,iy) Dy (iy,i2) -+ Dy (in—2,in-1) A" ', .

i1=1lir=1 i,—1=1
Corollary 2.17 Let (X,||||) be a normed linear space, xy,xa,..,x, a finite sequence of
vectors in X. Then for allm € {2,3,...n— 1} and k € {1,2,..,n} the following identity is

valid

n—1n-2 n—r
: (Z N, oY Dy(kyir) Dp—y (ir,i2) -+ Dy (z}m}))
+ 2 2 X Dulkit) Da-i (in,i2) - Daomst (-1, m) A",

Proof. We apply Theorem 2.19 withw; =1,i=1,..,n.

Remark 2.16 If we apply (2.53) withn =2/ — 1 and k = [ we get

20—-1 m—1 2l—1—r
wal—I—E l—1—r< ; Axi>

X =
WZlel

20223 2-1-r
X D Y, Dullin) Dy a(insia) -+ Doy (i15ir)

i1=1i=1 ir=1
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2A-221-3  2-1-m
+ 3 Y Y Dy(lit)Dy—a (irsiz) - Dor—y (i1 im) A"x,,-
h=li=l  iy=1

We may regard this identity as generalized midpoint identity since for m = 1 it reduces to
| 2=l 202

wiX; + Dy, (1,i) Ax; (2.54)
WMI; ; w(1,7)

X =

and further forw; = 1,i=1,2,..,2[ — 1 to

21—1 -1

> i(Ax—Axyy ). (2.55)

SR TR P R TR P

Similarly, if we apply (2.32) with £ = 1 and then with k = n, then sum these two equalities
and divide them by 2, we get

x1+xn _ i lx1+mzl_ <2A’xl>

— _ 1 i +D I’l,i T 1 [
(Z z ) ( I)D,,_l(11,12)---Dn—r+1(lr—l”r)>
n—1

" D, 1i +D,, (n,i Lo . .
Z Z 1)2 W( - I)anl (11712)”‘anm+1 (lmflalm)Amxi,,p

(2.56)

We may regard this identity as generalized trapezoid identity since for m = 1 it reduces to

"1D11+D(

x1+xn: ZWXZ—FZ

}'li

)mh (2.57)

and further forw; = 1,i=1,2,..,2[ — 1 to

nl

M+M:;2%+ ZQ——) (2.58)

i=1

(2.55) and (2.58) were obtained by Dragomir in [52].

Discrete Ostrowski type inequalities

Here discrete Ostrowski inequality for finite sequences of vectors in normed linear spaces
and it’s generalization are proved. These are the discrete analogues of some results from
[47], [53].

Theorem 2.20 Ler (X,|||) be a normed linear space, xi,xa,..,x, a finite sequence of
vectors in X, wi,wa, .., wy finite sequence of positive real numbers. Let also (p,q) be a pair
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of conjugate exponents, 1 < p,q < eo. Then forallm € {2,3,...n—1} and k € {1,2,..,n}
the following inequality hold:

ii=lir=1 =1

n—1 n-2 n—r
: ( > > Y Dy lkit)Dyoy (ir,i2) - Dy (z}m})) H

n—1 n-2 n—m+1

<> Y - > Dywlkiy)Dy-i(ir,i2) Dy—mit (im—1,9) [A™x]],

ll 112 1 lml 1 q

(2.59)
where
JA"x], = (T2 "’IIA'"XH”) , fl<p<e,
maxi<i<p—m ||A"X;||  if p=oo.

Proof. By using the (2.53) and applying the Holder inequality. ]

Corollary 2.18 Ler (X,||||) be a normed linear space, xi,xa,..,x, a finite sequence of
vectors in X, wi,wy,..,wy finite sequence of positive real numbers. Let also (p,q) be a
pair of conjugate exponents. Then for all k € {1,2,..,n} the following inequalities hold:

W (Z k—ilwz'> [ Ax]..
=1
S k—1 i ) q 5
i (S (E5m) +5 (£ ) ) 1a,
i=1 =1 Jj=i+1

WanaX{kalaVVn — Wit [|Ax]), -

n

Xk — — WiXi
Wa i=1

Proof. By using the discrete analogue of weighted Montgomery identity (2.50) and
applying the Holder inequality we get

1 n
Xk — W ZWixi

ni=1

< [[Dw (K, @)l [|Ax]] -

Since .
L= n-1 . 4
1D (K@)l = 5 | 22 Wil + X |- Wil
n o\ i=1 i=k
the second inequality is proved. For the first we have
n—k

1 k—1 ' ' 1 & '
1Dy (k, &)l = 5 (2 (k—i)wi+ Y ka+i> = Wz |k —i]wi
n ni=1

i=1 i=1
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and for the third

1
Dy (k,0)|.. = W max {Wj_, W, — Wi}

so the proof is done. O

The first and the third inequality from the Corollary 2.18 and also the next Corollary
2.19 was proved by Dragomir in [52].
For n € N and m € R we denote

Sp(n)=1"+2"4+3" ... 4 (n—1)".

Corollary 2.19 Let (X, ||-||) be a normed linear space, x1,x2,..,X, a finite sequence of
vectors in X, wi,wa,..,w, finite sequence of positive real numbers. Let also (p,q) be
a pair of conjugate exponents, 1 < p,q < e. Then for all k € {1,2,..,n} the following
inequalities hold:

F (5 = 5)°) e,

<

1 n
Xk—zzxi

1

L (S, (K)+ Sy (n—k+1))7 - | Ax]] ., (2.60)

I
Lmax{k—1,n—k}- || Ax], .

Proof. If we apply Corollary 2.18 with w; =1, i = 1,2,..,n (or use discrete Mont-
gomery identity (2.52)), we have

1 &
Xp— = ) Xi
k n;l

n_l 1= n+1\?
Z{|Dn(k,l)\—; Z +(k— 5 )

the first inequality follows. For the second let 1 < g < oo

n—1
2 D (kyi) Axi|| < || Dy (@), [|Ax]],-
i=1

Since forg =1

n—1 k=1 ~1
1 1
Z\Dn(k,i)rf:— Zi‘]—FZ(n—i)q = —(Sq (k) +S4(n—k+1))
i=1 nt\ = i=k nd
the second inequality follows. Finally for ¢ = e and

1
D (k,i)|} = —m —1,n—
lg?éi}il{| (k,0)|} . ax{k—1,n—k}

implies the last inequality. |

Corollary 2.20 Assume all assumptions from the Theorem 2.20 hold. Then following
inequality

1 21—1 m—1 1 2l—1—r .
XZ—WZI—I ; e 2 2A-1-r Z’ A



120 2 WEIGHTED GENERALIZATIONS OF THE MONTGOMERY IDENTITY

2223 2A-1-r
A XY Y Y Dulin)Dya(inyia) - Doy (ir—1,ir)

i1=1ir=1 ir=1
20-221-3  2-m

<Y Y Y Dwlyit) Dy—a(ityin) -+ Doy (im—1,®)

i1=lip=1 Ip—1=1

A",

q

we may regard as generalized midpoint inequality since for m = 1 it reduces to

. 2l-1
WZl—l Z ‘l_l‘ ||Aan>0’

i=1

el (5) 55

Wy max {Wi—i, Wy — Wi} - || Ax]|

and further forw; = 1,i=1,2,..21 — 1 to

Q=

lAx|| (2.61)

P’

<9\ 71 (28 (0)

7 - A

Proof. We apply (2.59) with n = 2] — 1 and k = [ we get the first inequality. For the
second we take m = 1 or apply Holder inequality on (2.54)

1 2[—1

Wau1 5

20-2

ZD (1,i) Ax,

X Wix; < |1Dw (@, 9)]l, lAx]],

Now,

A 21 | (2
||Dw(l>°)\\1:m 2\W|+Z -Wi| | = W 3 r—ifwi |,

i=1 i=l i=

1 -1/ i 9 22/ =n a\ 7
IDwt o)l ==\ 2 Zwi | + 2| Zowi| |
20-1 \ j=1 \j=1 i=l \j=i+1

1
Dy (L,0)]],, = W—maX{VVlflawﬂfl —-W}
-1

and the second inequality is proved. Now if we take w; = 1,i = 1,2,..,2] — 1 (or apply
inequality (2.60) withn =2/ —1 and k =)

1 21—-1 (l—l)
Dy - Y —i=
1D2i—1 (T 0)lly = 57— 12, =il = ——
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_—

1 21—1 5 1

- _ ;4 _
1D2i-1 (T 0)llg = 57— ; 11— 57 (2807,
1—1

1
e = 5y max{i = 1,20 = 1=} = - —,

D — l o
O

so the third inequality is proved.
Corollary 2.21 Assume all assumptions from the Theorem 2.20 hold. Then following

inequality
X1+ xn 1 & m—1 1 n—r
. Y Ar .
2 aniwlxl g‘ln—r g{ i

ll=1

n—1 - ]
w(l,i +D n,1 o 1,
(z z ) ( l)Dn1(11,12)'“Dnr+1(lrlv’r)> H

A" ][, -

q

— n— m+1D 1 .
ll (n’ll)Dn—l (ilaiZ)"'Dn—m+l (im—la.)

<3 -

l]l lmll

We may regard this as generalized trapezoid inequality since for m = 1 it reduces to

SN
X+ Xp 1 &
T I (= m——\) s,
max { |5t~ 5|, — 4]}l
and further forw; = 1,i=1,2,...nto
X1 +Xxp 1&
2 _Zizzlx’
a (n=1=15]) (12]) - 1A¥]l.,
1
7 (284(5))7 - llaxll,, if nis even,

(2.62)

IN

A -
Proof. We take (2.56) and apply Holder inequality to get the first inequality. For the

second we take m = 1 or apply Holder inequality on (2.57)

ﬂil D, (1,i) erDw(n,i)Axi

i=1

X1+ X,
Y7 WiXi
W
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< HDW(I»');Dw(n».) ”Ax”p
q
Now,
HDW(I,O)-I-DW(n,O) :"il Wi—W; :”il Wi 1
2 1=l 2We SiWe 2 ’

(5w
q i=1 Wa 2

w1
= max —_— ——
o l<i<n—1 (|W, 2

HDW(I,O)—I—DW (n,e)

2

Wi 1| (W 1 wi 1] |w, 1
= max —_— — = — = — max _— — — _ =

Wo 21'| Wa 2 Wo o 27 |W, 2

and the second inequality is proved. Now if we take w; = 1,i = 1,2,..,n (or use (2.58) and
apply Holder inequality) we get

X1+ Xn 13 ]
a3

<

i 1
L T
R HE 2an I,

2[i-3 = (=[5 (15D

Forg=1

if n is even,

S|~
|
N =
I
S|
=
DM
|
[NSREN]
_
S——
Q=
I
—~
[\
|95}
<
—~
IS
~—
~—
Q=

1
1 (M _zsq(%)) . ifnis odd,

O

Remark 2.17 The first inequality from (2.61) was obtained by Dragomir in [52] and also
the incorrect version of the first inequality from (2.62)

k=1 )
- ||Ax if n =2k,
m—lix- § > [|Ax]|.. ,
2 nE7 T 2k )
= o 1Al if n=2k+1.
2k24+2k+1

2
Instead of term should be yfﬁ since

2(2k+1)

s (o552 ) (557 -2
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Estimations of the difference of two weighted arithmetic means

In this subsection the estimations of difference of two weighted arithmetic means are given
using the discrete weighted Montgomery identity. These are the discrete analogues of some
results from [14], [24], [53], [36] and [95].

Here we suppose [,m,n € N. The first method is by subtracting two weighted Mont-
gomery identities. The second is by summing the discrete weighted Montgomery iden-
tity. Both methods are possible for both cases 1 <1 <m < n, i.e. [[,m] C[1,n] and
1<l<n<mie. [1,n]N[l,m] =[l,n].

Theorem 2.21 Let (X, ||-||) be a normed linear space, X1,X2, .., Xmax{mn} @.finite sequence
of vectors in X, [,m,n € N, wi,wy, ..., w, finite sequence of positive real numbers as well
as up U1, .. Uy Let alsoW =30 w;, U =Y7"u; and for k € N

Wk:{z;(]wh lgkgna

W, k> n,
0, k<,

Ug=< S ,ui 1 <k<m, (2.63)
U, k> m.

If [1,n]N[l,m] # O, then, for both cases [l,m] C [1,n] and [1,n] N [I,m] = [I,n], the next
formula is valid

1 & 1 m max{m,n}
— ZWixi - — Zuixi = z K (i) Ax; (2.64)
w i=1 U i=l i=1
where Uow
K(i):Ul—Wl, 1 <i<max{m,n}.

D

Proof. For k € ([1,n]N[l,m]) NN, we subtract identities

1 & n—1 )
= Y wixi+ Y, Dy (k,i) Ax;,
i=1 i=1

and
m—1

1 m .
Xp = ﬁzuixi"_ z Dy, (k,i) Ax;.
i=l i=l

Then put
K(k7 i) =D, (k7 i) —D,, (k7 i) :

Since K (k,i) doesn’t depend on k, we put K (i) instead:
W 1<i<i—1,

K(i)=¢ Y- it [I,m] C[1,n] (2.65)
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K(iy=S Y—%  1<i<n, if [La]N[l,m]=]n] (2.66)
Y1, n+1<i<m
O

Theorem 2.22 Assume all assumptions from the Theorem 2.21 hold and (p,q) is a pair
of conjugate exponents, 1 < p,q < oo. Then we have

1 1
W;wixi — E;uixi

This inequality is sharp for 1 < p < eo,

< K]l [1Ax]],, -

Proof. For the proof of the inequality we use the identity (2.64) and apply the Holder
inequality. For the proof of the sharpness, we will find x, a finite sequence of vectors in X

such that 1
max{m,n} ' q
= X KO A,

i=1

max{m,n}

; K (i) Ax;

For 1 < p < oo take x to be such that

1
Ax; =sgn K (i) - |[K (i)|P~T.
For p = oo take
Ax; =sgn K (i).
For p = 1 we will find a finite sequence of vectors x such that

max{m,n}
=  max K(i)( D Ax,-).

max{m,n}

; K (i) Ax;

1<i<max{m,n} =

Suppose that |K (i)| attains its maximum at iy € ([1,n]U[/,m]) NN. First we assume that
K (ip) > 0. Define x such that Ax;, = 1 and Ax; =0, i # i, i.e.

X = Oa ISISZ(),
" L dp+ 1 <i<max{m,n}.
Then,

max{m,n}

; K (i) Ax;

and the statement follows. In case K (ip) < 0, we take x such that Ax;y = —1 and Ax; = 0,
i # i, i.e.

1<i<max{m,n} =

max{m,n}
= |K (io)| = _ max K(i)|< > Mf)

X = 17 1§l§107
"0, i+ 1 <i<max{m,n}

and the rest of proof is the same as above. a
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Corollary 2.22 Assume all assumptions from the Theorem 2.22 hold and additionally
assume 1 <1 <m <n. Then we have

1 2 1&
LS LS
W = [3dd U P [3dd ]

(St |9+ 2 | = |+ e [ 1= 3] el
g L
m ui Wi q
<3 [E ] e | - ] [ W] s,
maX{WV,l—W"},“,maxlgigm %—% }HAle,

andfor1 <l<n<m

1< 1 &
W;wixi — U;uixi

-1 | W n (Ui W
[zi:1 Wl"“zi:l TowW

U;
= n+l‘ H HA'xHoc7

~1|W i wil?
<\ [ZE [ e \—l—— m |G- 1]
i W
max { Yt <n| % = i),
Proof. Directly from the Theorem 2.22. O

Remark 2.18 If we suppose n = m in both cases 1 </ <m <nand 1 <[ <n <m, the
analogous results coincides.

Remark 2.19 By setting [ = m = k and u; = 1 in the first inequality from the Corollary
2.22 we get the weighted Ostrowski inequality from the Corollary 2.18.

Corollary 2.23 Assume all assumptions from the Theorem 2.22 hold and additionally
assume 1 < k < m. Then we have

1 & 1
W;wixi — U izz;cuixi

k—1 Ui
[z | ? e | %= 1] Al
1
k—1|W: q U, W, q U: g
<3 [z W | - e [ %]
Wi U U W
max { B, 1 - Bt G - G| A
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Proof. By setting n = [ = k in the second inequality from the Corollary 2.22. o

Remark 2.20 The second method of giving the estimation of the difference of the two
weighted arithmetic means is by summing weighted Montgomery identity and than inter-
changing the order of summation In this way we also get formula (2.64). For details see

[8].
The next Theorem is the generalization of the Theorem 2.22.

Theorem 2.23 Let (X,||-||) be a normed linear space, x1,X2, .., Xmax{mn} @.finite sequence
of vectors in X, wi,wa,..,w, and uj,u;y1,..,uy finite sequences of positive real num-
bers and (p,q) a pair of conjugate exponents. Then for all s € {2,3,...,n—1} and k €
([1,n]N[I,m]) NN the following inequality is valid

1 m

1 n
W ; zwlxl
n—r Ar n—1 n—r
+ 2 M (2 Z D,, k 11 (11,12)"'Dn—r+1 (ir—l’ir)>
r=1 i

n—r i

m— rAr ; m—1 m—r
- Z (21 ! X) (Z Z Dy (kail)Dm—l (i17i2)”‘Dm—l—r+2 (irl»ir)> H

-r =l =l

<K (k ,')HqIIASXIlp

where

n—1n-2 n—s+1

K(kjin) =Y, > -+ Y Dy(kit)Du_1(i1,i2) - Du—sp1 (is—1,is)

i1=lip=1 ig_1=1
m—1m—2 m—s-+1

= > > Y Dulksir) Doy (it,i2) - Dy—i—gya (ig-1,1s)

ll llQ I lA 1= =l
and we suppose that for is ¢ [1,n] NN

n—1n-2 n—s+1

Z Z 2 D k ll (11,12) Dn—s+1 (is—lais) = Oa

i1=lip=1 ig_1=1
and for is ¢ [I,m]NN

m—1m—2 m—s+1

> Y o Y Dulkyit) Dy (it,i2) -+ Dy—g—gin (is—1,i5) = 0.

i1=lip=l  is_ =l
The inequality is sharp for 1 < p < oo

Proof. As in Theorem 2.22, we subtract two weighted Montgomery identities, one for
interval [1,n] NN and the other for [I,m] NN. After that, our inequality follows by applying
the Holder inequality. The proof for the sharpness is similar as the proof of the Theorem
2.22 (with K (k, e) instead of K and A®x instead of Ax). a
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2.2.3 Generalization for » normalized weight functions

In the paper [22] G. A. Anastassiou presented the generalized weighted Montgomery iden-
tity that is weighted generalization of the identity (2.9). We state that identity with some-
what changed notation:

Theorem 2.24 Let f : [a,b] — R be n-times differentiable on [a,b],n € N with f) :
[a,b] — R integrable on [a,b]. Let g : [a,b] — R be a function of bounded variation, such
that g (a) # g (b). For any x € [a, D] define weighted Peano kernel:

_ 1 J(g(t)—g(a), a<t<x,
Feot) = g(b)—gl(a) {(g(t)—g(b))» x<t<b.

Then
x—; ’ s s _;n—Z b (k1) ( s
1 g | S0~ e & ([ 74 s dson)
k
'(/b~~'/ng(x7sl)HPg(siaSi+1)d51"'dSk+1>
“ a i=1

b b n
a Ja i

In this section we prove by means of n weight functions the generalizations of weighted
Euler identity and use it to obtain some new Ostrowski type inequalities.

Fist, generalization of integral weighted Euler identity and related Ostrowski type in-
equality are presented. These are the generalizations of the identity (2.40) and identity
from the Theorem 2.24 from [13] and [22].

Second, generalization of discrete weighted Euler identity for finite sequences and re-
lated Ostrowski type inequality are obtained. These are the generalizations of the results
from Subsection 2.1.4 and Subsection 2.1.5. or [9].

Third, generalization of discrete weighted Euler identity for infinite sequences and
related Ostrowski type inequality are obtained. These are the generalizations of the results
from Subsection 2.2.2. or [8].

1
P, (si,s,-H)f(”) ($n)dsy ---dspy.
1

Generalization of integral weighted Euler identity and Ostrowski type
inequality

Theorem 2.25 Let f : [a,b] — R be n-times differentiable on [a,b],n € N with f) :
[a,b] — R integrable on [a,b]. Let w; : [a,b] — [0,%), i = 1,..,n be a sequence of n inte-
grable functions function satisfying ff wi (t)dt = 1 and W (t) = [} w; (x)dx for t € [a,b)],
W;(t) =0 for t < a and W;(t) = 1 fort > bfor all i = 1,..,n. For any x € [a,b] define
weighted Peano kernel:

Wit), a<t<x,
Py, (x,1) =
Wi(t)—1 x<t<b.
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Then

70— [ Orou-Y ( [0 (r)dr)

k=0
b b k
: // Py, (x6,00) [ TPy (tistin) di -+ digeyy
a Ja i=1
b b n—
:/ / Py, (x.11) HP i (tisticn) £ (6) iy - diy. (2.67)
a Ja

i=1

Proof. We prove our assertion by induction with respect to n. For n = 1 we have basic
weighted Montgomery identity. Next, we assume that formula (2.67) holds for a natural
numbern—1i.e.

100 [ w0 u —nf ( [0 (r)dr)

([ f

2
—/ / Py, (x,11 H vicr (titiet) £ (tymr) dey -ty

Py, (tistiv1)dh "'dtk+1>

Applying the basic weighted Montgomery identity for the function £~

£ ) = [0 £ @t [ P e1) £ ()

SO

n 2
/ / Pwl X tl W1+1 (tlatz-‘rl)f(n_l) (tn—l)dtl cedty g

— (/ab W (1) D dz) (/ / Py, (x t1 Py, (tiati+1)dt1"'dtn—1>

b n_1
+/ / Pw1 (X’II)HPWiH (ti7ti+l)f(n) (tn)dtl‘”dtn

i=1
and using the induction hypothesis, we get identity (2.67). So, our assertion is proved. O

Remark 2.21 If we take w; = w, w; = ﬁ, i =2,..,n identity (2.67) reduces to identity
(2.40). Also, if we take w; = w, i = 1,..,n identity (2.67) reduces to identity from the
Theorem 2.24 (with g (1) =W (1) = [l w(x)dx for ¢ € [a,b]).

Corollary 2.24 Suppose all the assumptions from the Theorem 2.25 hold. Additionally
assume (p,q) is a pair of conjugate exponents, 1 < p,q < es. Then the following inequality
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holds:
b n=2 7 /b
r0- [ (t)f(t)dt—2< [ st 0w)
k=0
(/ / Py, (x ll Py, (ti»ti+1)dt1"'dtk+l>
i xn Py, (tistiv1) Py, (ta—1,0)dty -+ dt, g Hf

q

Proof. The proof follows after applying modulus on the (2.67) and then applying the
Holder inequality. |

Discrete weighted Euler identity for finite sequences and Ostrowski type
inequality
Next we give the generalization of the identities (2.30) and (2.32) from Subsection 2.1.4.

Theorem 2.26 Let f: R — R be any real-to-real function and A the difference operator,
nmk € N,m>2and 1 < k<n. Let also WEI), wl(z),..,wgm) i=1,..,n, m finite sequences
of real numbers. Then it holds

n m—1 1 n . )
2 )+ z (r+1) (2“’1( H)Arf(l)>
i=1 W, i=1

1
w,l)

: (2 o Dy (ki) Dy (i1,02) -+ Dy (ir—l’ir)> (2.68)

=1 Q=1

n

+ 2 2 D k l] (11,12) Dw('") (imfl,im)Amf(l'm).

i1=1 in=1
Proof. The proof is similar to the proof of the Theorem 2.9 (induction with respect to

m). O

Remark 2.22 If we take w!") = w® = = w{™ i = 1,._.n identity (2.68) reduces to
identity (2.32) from the Theorem 2.9.

Corollary 2.25 Assume (p,q) is a pair of conjugate exponents, | < p,q <o, f:R—R
any real-to-real function, n,k,m € N, m > 2, and 1 < k < n. Then the following inequalities
hold:

e %2 -5 o (St

r=1W,

(2 2 D ) (ki) (11’12) Dw(r) (ir—lair)> ‘

i1=1 ir=1
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2 2 D k ll (11,12) Dw(m) (im—la.)

i1=1 im—1=1

A",

q

where

gl = Sile@P)?, if 1<p<es,
: maXl|g()‘ lf p = oo

Proof. The proof follows after applying modulus on the (2.68) and then applying the
Holder inequality. |

Discrete weighted Euler identity for finite sequences and Ostrowski type
inequality

Next we give the generalization of the identities (2.50) and (2.53).

. . . 1
Theorem 2.27 Let X be a linear space, x1,X, .., X, afinite sequence of vectors in X , wl( ),

(m)

i= 1,..,n;w52),i: L,.,n=1;.,w; 7 i=1,..,n—m+1, m finite sequences of positive real
numbers. Then forallm € {2,3,..,n— 1} and k € {1,2,..,n} the following identity is valid

W i=1 r=1 W,,(,
n—1n-2 n—r
: ( - YD) (ki) Dy (ir,i2) - D, (irhir)) (2.69)
i1=lip=1 =l
n—1n-2 n—m
+ 2 X X Dy (ki) Dy (in502) - Dy (i1, im) A",
i1=lip=1 in=

Proof. The proof is similar to the proof of the Theorem 2.19 (induction with respect to
m). O

Remark 2.23 If we take wgz) =1,i=1,..,n— 1;..,w(m) =1,i=1,..,n—m+ 1 identity

1

(2.69) reduces to identity (2.53) from the Theorem 2.19.

Corollary 2.26 Let (X,||-||) be a normed linear space, xy,xz,..,x, a finite sequence of
vectors in X, wil), i=1,..,nm wiz),i =1,..,n— 1;..,wl(m),i =1,...,n—m+ 1, m finite se-
quences of positive real numbers. Let also (p,q), 1 < p,q < o be a pair of conjugate
exponents. Then for all m € {2,3,..,n— 1} and k € {1,2,..,n} the following inequality
hold:

=

m—1 n—r
ZW xl—i-z r+1 (Z{W5r+1)Afxi>
n—1 n—-2 n—r
(2 PR zD (k,i1) D, (i1,12) D, ) (ir—l,ir)>'|

i1=lip=1 ir=
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2 2 > Dy (ki) Dy (in,i2) Dy (im—1,9) || |A"x]],

q

where
HAmpr: ( l’l m“Ampr) , l‘flgp<oo)
maxi<i<p—m |A"xi[| if p=-ce.
Proof. The proof follows after applying modulus on the (2.69) and then applying the
Holder inequality. O

2.3 Extensions of the Montgomery identity

In this section we present extensions of the weighted Montgomery identity by using Tay-
lor’s formula in two different ways and one extension by using Fink identity. These iden-
tities are used to obtain some Ostrowski type inequalities and estimations of the difference
of two integral means. Also, applications for a-L-Holder type functions are made via
Taylor’s extensions.

2.3.1 Extension via Taylor’s formula (centered at the interval
endpoints) with applications

Here, an extension of the weighted Montgomery identity is given, by using Taylor’s series
centered at the interval endpoints. Results from this subsection are published in [16].

Theorem 2.28 Let f: 1 — R be such that £~V is absolutely continuous for some n > 2,
I C R an open interval, a,b € I, a < b, w: [a,b] — [0,0) is some nonnegative normalized
weighted function. Then the following identity holds

n=2 £(i+1) (4) rx ) ‘
f(x):/abw(;)f(t)dt+i26f(lTl()!)/a w(s) ((x—a)’ﬂ—(s—a)’ﬂ)ds

o [ () P i+1 i+1
i:zo i /xw(s)((x—b) ~ (5= b)) ds
£ (s)ds
(2.70)
where
[Ew(u) (u—s)""dut+W(x) (x—s)"", a<s<x,
TM%II(‘X:)s):

Lw(u) (u—s)"""du+Wx) —1)(x—s)" ' x<s<b.

X
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Proof. If we apply Taylor’s formula with f’(¢), and replace n with n — 1 (n > 2) we
have

n—2 (z+1 o n 2

ro=-3 +/f ds
i=0 !

n—=2 £(i+1) _ n 2

= z £ / ) (=) ds.

i=0

By putting these two formulae in the weighted Montgomery identity (2.5) we obtain
b
F@= [ win s
a
n—=2 ¢(i+1) x z+1) b) rb .
+zf.7(a)/( dt+z ()/ (t=b)' (W(t)—1)dr
i=0 X

7!

X t— n 2
+ / / A )dt
a
n 2
l‘ —
[ ww- (/ 0 5 =9 >d,.
Now, the interchange the order of integration leads us to

[e-awow= [e-ar([wou)a= v ([ o)

_ HL]/H"W(S) ((x_a)i-H B (S_a)i+1> ds

and similarly

Further,

/ (/f t—s"2ds>dt /f (/W _ s 2dt>d

/w )R = /(/t ()du)(—s)"zdt
_/ (/ —s)"2d )du+/ (/ s)"zdt)du

S)I 1 n 1

_ 7W(x)—/sxw(u)(uanu.

n—1

and
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Similarly
[wo-n([ e
= [me ([ a-wane-srra)s
and
_[(1—w<r>><r—s>"2dr=<w<x>—1>M+/:w<u>Mdu.

So the reminder in the weighted Taylor formula is

(n—l 1)! Uabf(n) (5) (/XSWW) (u —s)"“du> ds

W) [0 06 a8 ) 1) [ 700 -9 .

a

O

Remark 2.24 In the special case, if we take w(t) = 7, t € [a,b] the identity (2.70)
reduces to

5 S (@) ) S D () (- )

1 b
f(X)=m/a f([)dt+i:2(’)i!(i+2) b—a A il(i+2) b-a

1 b n
+(}’l—1)’/u 7;1(X,S)f()(s)ds,
(2.71)

where

T, (x,5) =

The Ostrowski type inequalities

The results in this subsection generalize the results from [86], [87], [21].

Theorem 2.29 Suppose that all the assumptions of Theorem 2.28 hold. Additionally
assume that (p,q) is a pair of conjugate exponents, 1 < p,q < oo. Then we have

"2 10 (@)

b
'f(x)—/u w(t) f (1) de — ;OW

/uxw(s) ((x—a)iJrl —(s— a)iH) ds
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(2.72)

(], Hf<n)

= (n—1) H i
The inequality (2.72) is sharp for 1 < p < e and the best possible for p = 1.

Proof. The proof is similar to the proof of the Theorem 2.16.
The Beta and the incomplete Beta function of Euler type are defined by

1 r
B(x,y):/o A= B,(x,y):/o A1, x>0

while .
ey = [
0

is a real positive valued integral.

Corollary 2.27 Let f: 1 — R be such that f"~1) is absolutely continuous for some n > 2,
I C Ran openinterval, a,b € I, a < b and (p,q) a pair of conjugate exponents, 1 < p < es.

Then we have
B / f 2f (i+1) ( ) (x_a)i+2 n—2 f(i+1) (b) (x_b)i+2
= 0 i'i+2) b-—a = il(i+2) b-a

m{((x a)qn+1 (b_x)qnﬂ)nq(nﬂ)“

(Bla+1.an—1D+1)=Buwi g+ La—1)+ 1)} [ s

p
and this inequality is sharp. For p =1 we have

/ f n— 2f1+1 ( )(x—a)i+2 n—zf(i+1)(b) (x—b)i+2
0 i'i+2) b—a = il(i+2) b—a

‘xba

‘ f(")

n—1 n n
gmmax{(x—a) ,(b—x)"} 1
and this inequality is the best possible.

Proof. We apply the inequality (2.72) with w(t) = 5=, ¢ € [a,b] and use (2.71)

b I (x—s)" x—ua mnk
Tl 74 :/ _ _a 4
/a | W,n(xas)’ s ; n(b—a)+b—a(x S) S
b _ o\ b q
+z_a(x s)" 7 ds.

First with substitution (x —a) — (x — s) = nt (x — @) we have

[l

q
ds

p —|—(x—a)(x—s)n_1
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:/:(x_s)‘ﬂ"—“ ((x—a)—(xn;s)yols

= (x—a)" T patr-DH (B(q+ Lgn—1)+1)—Bui (g+1,g(n—1)+ 1)) .

Similar with n (b —x) — (s —x) = nt (b — x) we get

r

(x—s)" x—b n
“n(b—a) b—a(x_s) 1

q
ds

= (b—x)" T patr=D+1 (B(q+ Lgn—1)+1)—=Bui (g+1,q(n—1)+ 1))

and the first inequality follows from the Theorem 2.29.

Forp=1
1 x—s)"  x-—a n—1
sup |T,,, (x,s)| = max< sup |— + (x—s)""],
s€la,b] | " ’ {se[a.x] l’l(b - a) b—a
(k=) x=b, .
sup |—————+—(x—3s .
sepp]l T (b —Cl) b—a ( )

By an elementary calculation we get

' xma, | (D a)
i T R ) Toa)

B ¥ S)n X— x_sn—l :(n_l)(b_x)n
T n—a) boa o)

and the second inequality follows from the Theorem 2.29.

Remark 2.25 Inequalities from the Corollary 2.27 n = 2 reduces to

Lo f'(b)(x=b)’ = f'(a) (x—a)’
‘f(x)—b_a/a f(e)de+ o=a)
< G L (=0 4+ G0 2 B(g+ g+ 1)} 1]

and (forp=1)

b / X— 2 "(a x—a2
-5 Fydry 0 bz>(b_z;)< ) (x—a)
1 /!
< s e o=

135
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Also, if ¢ =1 we have

! x—b) = f'(a) (x—a)?
'fw—bialﬂvaJ““( )L @bd
71 7
<35 [+ =9 1]

Remark 2.26 If we apply (2.72) withx = # we get the generalized midpoint inequality

b

‘f(“z”) ~ v s

a

_'iz (é%j)li;l <f(i+1)(a)W (“szb> (1) A () <1 —W (a;—b)))

a+tb

b
R | @ [w s—af* as+ £ o) éws) (s—b)""ds

1
1 b 1 a+b g q

< Tl (22
<o U, e (7))

If we additionally assume that w(z) is symmetric on [a,b] i.e. w(t) =w(b—a—t) for
every t € [a,b] this inequality reduces to

(3°) o

a

f(n)

p

a+b

2

&S (@) + (=)™ D () /W(s) (s—a)'ds— : (b_a)iH

+i:20 (i+1)!

and
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) (b—a)'ta

< ———Bla+Lg+ 1) ],

and forg =1

a+b
()
For the generalized trapezoid inequality we apply equality (2.70) first with x = a, then
with x = b then add them up and divide by 2. After applying the Holder inequality we get

b—a

—a)?
(o - r@)| < P

a b n=2 ((i+1) (4 ' b |
S oo o (“"‘”H AL <s—a>l+1ds>
=2 f(i+1) (p) l_ i b ,-
‘Zom(<—1>“<b—a>“—/w<s><s_b>+lds)

1
n—l (/| as—l—Tanbs ) Hf

and

b
Tv&n (a,s)+ Twln (b,s) = /sgn (s—u)w()(w—s)"""du+B—-s5)""=(a—s)""".

a
Again, if we additionally assume that w (¢) is symmetric on [a, b] this inequality reduces to

b

n—2 . .
- [wo) feyar- > z(l_i 5 (£ @)+ (1) 0 (1))

b
(b—a)™" — /w(s) (s—a)™ds

(/r asmnbsfds) |71,

Forn=2,w(t) = ;- and ¢ = 1 we get

b—a
4

fla)+f(b)
2 b—a

(b—a)” a)

(f'(b) = ()| < —==|/"]..-
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The estimation of the difference of the two weighted integral means

In this section we generalize the results from [24], [83]. We denote

and

ww%wéfwmmeZZOfuwHW“m o (x),

for function f : [a,b] — R such that f (1) is absolutely continuous function for some n > 2.

For the two intervals [a,b] and [c,d] we have four possible cases if [a,b] N [c,d] # 0.
The first case is [c,d] C [a,b] and the second [a,b] N [c,d] = [c, b]. Other two possible cases
we simply get by change a «<— ¢, b < d.

Theorem 2.30 Let f : [a,b|U|c,d] — R be such that f"~Y) is an absolutely continuous
function for some n > 2, w: [a,b] — [0,00) and u : [c,d] — [0,e0) some nonnegative nor-
malized weight functions, W (t) = f w(x)dx fort € [a,b], W (1) =0 fort <aandW () =1
fort>b,U(t)= [lu(x)dxfort € [c,d), U(t)=0fort <cand U (t)=1fort > d. Then

if [a,b]N[c,d] # 0 and x € [a,b]N[c,d], we have

max{b,d}
DY (w,u;x) :/ K (x,) U (s)ds (2.73)

min{a,c}
where in case [c,d] C |a,D]

s

—(n_ll)! /w(t) (t—s)" A+ W) (x—s)" "], selacd,
s ~atm | [ —u@) sy ar
(W (@) =U(x) r=s)""), s € (eyd]
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and in case [a,b)N[c,d] = [c,b]
S

wt (t—s)" 'de+W(x) (x—s5)"" |, selacd,

/ N (t—s)"tdr
K, (x,5) = ]
+ (W

(x) — —s)" 1) , s € {c,b],

. /u(t)(t—s)n L+ (U ) = D) (x—s)"1 |, s € (b,d].

X

Proof. 'We subtract identities (2.70) for interval [a,b] and [c,d], to get the formula
(2.73). O

Theorem 2.31 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < eo. Let fi e
Ly ([a,b)U[c,d]) for some n > 2. Then we have

1
max{b,d} q
|D1(w7u;x)| < (/ |K,, (x,s)‘fds> 1 Hf(n)

Jmin{a,c}

forevery x € [a,b]N|[c,d]. This inequality is sharp for 1 < p < oo and the best possible for
p=1

Proof. The proof is similar to the proof of the Theorem 2.16. a

Case [c,d]| C [a, )]
Here we denote

n—2 f(i+1) (a) (x_a)i+2 n—2 f(i+1) (b) (x_b)i+2

la,b],1 _ —
£ (X)_i:O 1i+2) b—a = il(i+2) b—a

and

1 1 o\ 1 /b B / a,b],1 ed),1
D <b—a’—d—c’x =32 af( Ydt ——— [ f(o)de+1t7" (x) =17 (x).

Corollary 2.28 Assume (p,q) is a pair of conjugate exponents. Let f") € Ly [a,b] for
some n > 2, [c,d] C [a,b], x € [¢,d] and sy = Lf;ﬁd Then for 1 < p < e and x+
n(so—x) ¢ [c,d] we have

b—a'd—c" )|~ (n—1)! (b a)

.|:(x_a)nt]+1 <Bl — (C]+1 (n_l)q—|—1) B1721 (q+l,(n—1)q+1))

n (x—
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c—a+b—d) "
W}c—so " (B(g+1,(n—1)g+1)

—B, (q+1,(n—1)g+ 1)+ ¥, (n—1)g+1,g+ 1))+ (b —x)""*"!

1
q
(B @ 10- 00+ )-8y g 1= g+ D) | 7

where for x+n(sp—x) <c,rp=1— n(fcjio), = d:fo), while forx+n(so —x) >d, r| =
d—x _ _x—c

~ n(so—x)’ 2 n(sop—x)"

If x+n(so—x) € [c,d] we have

D] 1 1 N _ nnflJr;lI
b—a'd—c’ “(n=-1)(b—a
(n—1)!(b—a)
. |:(.x—a)nq+1 (Bl x—c

n(x—a)

c—a+b—d) "
+Wx—so (W (n=1)g+1,q+1)

(q+1,(n—1)q+1)—817% (g+1,(n— 1)q+1)>

+B(g+1,(n—1)g+1)+¥,, (qg+1,(n—1)g+1)) + (b —x)"""

(B 1010 1) - Bl_%(q+1,(n—1)q+1)ﬂ;Hf(")

—c d— . d—

where for x < so, r3 = n(’s‘o_‘x), ry = n(SO_xx) — 1, while for so < x, r3 = n(x_ﬁo), r4 =
el C—

n(x—so)

For p =1 we have

D(b%d%)\ < Gmam = D a1 (0",

— b—d — b—d
%(x—c)n_wx—c—i-n(so—x)\,%

c—a+b—d e "
-y 1|d—x+n<x—so>|}Hf<>

[so =" (n—1)""!

Proof. We put w(t) = h E [a,b], and u(t) = d -, t € [c,d] in the Theorem 2.31.
Thus we have 72/ (x) and £ (x) instead of 1" (x) and 57" (x) and

(Lo (x,s>,qu>% ([

x—s)" x—s)" xX—a x—c a1’
|- —)a)+n((d—)c)+<b—a_d—c)(x_s) 1
(x—s)" x—b
nb—a) b—a

b
+/
d

()C o S)n_l
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For the first integral let x —a — =% = (x —a) so
I :/C Sl e (x—s)"! qu— (x—a) il et}
a | nlb—a) b—a (b—a)?
(B e @ L0 Dg ) By (g 10 D).
n(x—a) n
For the third integral let b —x — *-* = (b — x) and similar obtain
bl (x—s)"  x—b ! (b—x)"t! pr=Datl
L= |- —s)" M ds=
: /d n(b—a)+b—a(x ) S (b—a)?
.<Bl_ 4 (q+1,(n—1)q+1)—31I(Q+1,(n—l)q+l)>.
As c—a+b—d> 0, the second integral is
al (x—s)"  (x—s)" x—a x—c a1 l?
L= |- - . d
: /c n(b—a)+n(d—c)+ b—a d-—c (x=s) g
o (C_a+b_d)q d n—1 q
_n‘i(b—a)q(d—C)q./c (x—1s) (x—s—i—n(so—x))‘ ds.
Sinceso—c:%ZOandd—soz%ZO,thensoe[c,d}.Sowehavefour
possible cases:

L. If x+n(sg — x) < ¢, (then also x > s¢) we have

/

= /CX (x—s)("_l)q (s—x+n(x—s9))ds

(x—9)""' (x—s+n(so—x)) T ds

d
+ / (s—x) "V (s— x4 n (x—s50))? ds.

Now, using the substitution s — x+n (x — s9) = nt (x — s9) we get
X
/ (x— S)(n—l)q (s —x-+n(x—s0))7ds = (x — 50) " net1
c

. <B(q+1,(n— 1)q+1)—317n(§:_§-) (g+1,(n— 1)q+1)> .

0

Similar, using the substitution s —x = nr (x — s9) we get

/d (s—x)" V9 (s — x4 (x—s50))?ds

= (x—s0) " T oty e (n—1)g+1,q+1). (2.74)
nx—xo
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2. If x+n(so — x) > d, (then also sp > x) we have

/Cd

= /x (x— )"V (x — s+ (so—x))?ds

(x—9)" (x—s4n(so—x)) ? ds

d
+ / (s —x) "7V (x — s+ (sg— x))?ds.
X
Using the substitution x — s = nt (5o — x) similar we get
" 1
/ (x— )"V (x — s+ (sg—x))ds
c

= (so —x) " gy = (n—1)g+1,q4+1) (2.75)
n SO*X

and using the substitution x — s+ n (so — x) = nt (so — x)
d
/ (s _x)(nfl)q (x—s+n(so—x))9ds = (so _x)qn+1 pantl
X

- (B<q+1,<n— Da+1)—B, e (g+1(n1— 1>q+1>) |

n{sg 7)()

3.Ifc<x+n(so—x)<dandx <x+n(sop—x),(sox<sp) then

h

xX+n(so—x)
—I—/ ’ (s—x) "V (x — s+ (sg—x))?ds

(x—s)"""(x—s+n(so —x))‘qu = /x (x— )"V (x — s+ n (5o —x))ds

c

d
—|—/ (s—x)" V9 (s — x40 (x—s50))?ds.
x+n(so—x)

We already had the first integral (see (2.75)), for second let x — s+ n (so —x) = nt (so — x)
and then

x+n(sp—x)
/ ’ (s—x) "V (x — s+ n(sp —x))?ds

= (so=0)" " n"'B(q+ 1, (1= 1)g+1),
and for third let s — x +n (x — s9) = tn(sp — x) so
d 1
/x+n(s %) (s=2)" 9 (s —x+n (x - 50))* ds
o
= (o= "W _iy (g1, (n—1)g+1).

n (A‘O —Xx

4. If c<x+n(so—x) <dandx+n(so—x) <x, (so sp < x) then

/

(x—s)""'(x—s+n(so—x)) ? ds
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X+n(sg—x) (n-1)
:/ (x—s)"" T (x—s+n(so—x))?ds
—|—/ (x— )"V (s— x+n(x—s0))ds
x+n(sp—x)
d
—|—/ (s—x)" V9 (s— x4+ n(x—s0))?ds.

Now, let x — s+ n(so —x) =tn(x—sg) so

x+n(sg—x) (n-1)
/ (x—)"" V1 (x—s+n(so—x))ds

_ (x_s())qn+1nqn+1\{; e
)1()(73‘0)

and with s —x+n(x —so) = nt (x — s9) we get

(gt 1 (n=1)g+1),

Lo 9 e so)) s
x+n(so—x
= (x=s0)™  n B g+ 1,(n— D+ 1),

and we already had the third integral before (2.74). Finally, by summing /;, I>, and /3, the
statement for 1 < p < e follows. For p = 1,we have

1 _ (xr— S)n —a,. -l
HKn (x,s)”m = S:l[zp |K X, 8 | = max{brél[zuf] nb— a) (x s) ,
=) (=) xX—a x—c¢ el
sren[iﬁ] n(b—a)—kn(a’—c)+ b—a d—c (x=s) ’
max |— (x_s)n X— b n 1 }
seldp)| nb—a) b—

By an elementary calculation we get

max | (x—s5)" x—a syt = (n—1)(x—a)
56[2.6] n(b—a)+b—a( ) nb—a)
(=) x—b ol _(n=1)(b-x)
slél[g,)l(a] n(b—a)+b ( ) nb—a) ’
max (=) ()" X—a x—c\
sele,d] n(b—a)+n(d—c)+<b—a d—c>( )

c—a+b—-d .
= e max [ (s )|

Again, for calculating max¢ (., q) ‘(x—s)”*1 (x—s+n(s0 —x))‘ we have four possible cases:
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L. If x+n(so — x) < ¢, (then also x > s0) we have

max (x—s)" N (s—x+n(x—s0)) = (x—M)"""(M—x+n(x—s0)),

s€[c,x]
where M = max {c,x+ (n—1) (so —x)}

sren[i);] (s—x)" ' (s—x+n(x—s0))=(d—x)""(d—x+n(x—s)).

2. If x+n(so — x) > d, (then also sp > x)

srg[?i] (x—8)"(x=s+n(so—x)=(@x—c)" " (x—c+n(so—x)),

m[a);] (s—x)"'(x—s+n(so—x)=m—x)""(x=m—+n(so—x)).
SE|X,
where m = min{b,x+ (n—1) (so —x)}
3.Ifc<x+n(so—x) <dandx<x+n(sop—x),s0x<spthen
max (x—s)" ' (x—s+n(so—x)) = (x—c)" " (x—c+n(so—x)),

s€le,x]

max  (s—x)"'(x—s+n(so—x)) = (so—x)" (n—1)"",
s€[xx+n(sp—x))

max  (s—x)" '(s—x+n(x—s0))=(d—x)"""(d—x+n(x—s0)).
s€[x+n(sp—x),d)

4. Ifc <x+n(so—x) <dandx+n(so—x) < x, s0 5o < x then

max  (x—s)" ' (x—s+n(so—x))=(x—c)" " (x—c+n(so—x)),
s€lc.x+n(so—x)]

max  (x—s)" ' (s—x4n(x—s0)) = (x—s0)" (n—1)""",
SE[x+n(so—x),x]

sren[i);] (s—x)" Ns—x4+n(x—s))=d—x)"""(d—x+n(x—s0)).

Thus, the proof is done. O

Remark 2.27 If we put ¢ = d = x as a limit case, the inequalities from Corollary 2.28
reduce to Ostrowski type inequalities from Corollary 2.27.

Case [a,b]N[c,d] = [c,b]

Corollary 2.29 Assume (p,q) is a pair of conjugate exponents. Let f) ¢ Ly a,d] for
some n > 2, [a,b]Nc,d] = [c,b], x € [¢,b]. If c—a+b—d=0thenfor1 <p<eo

D] 1 1 ' _ 1 (x_a)anrln(nfl)qul
b—ad—c" ~ (n—1)! (b—a)?
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'(Bl e (cJ+1 (n—1)g+1)—B,_ ;(61+1,(n—1)q+1))

c—a (x_c)(n—l)q+1 + (b_x)(n—l)q+1 (d x)nq+1n(n Dg+1
+b—a +

(n—1)g+1 (d—c)?

(Bl_ s (g1 (1= 1)g 1) =B, }I(q+1,(n—1)q+1>>]q (Fag

and ifc—a+b—d#0, let s) = C_I’Z;Z‘id. Then for 1 < p < ooand x+n(sop—x) € [c,b]
we have

1 1 n"
1 . <
‘D (b—a’d—c’x>‘ ~(n—1)!

(x o a)qn+1 (Bl

e (g+1,(n— 1)q+1)—31_% (g+1,(n— 1)q+1))

(b—a)! T na-a)
| Cl—|—b d‘q ng+1
e e Y VRS W, Lin—1)g+1
(d_x)nq+l
+B(q+1,(n—1)q+1)+‘I’,2((n—1)q+1,q+1))+7(d_c)q

1
q
(B 104 )-8 @16 Dgn) |

where for so > b, r; = n(l;o’_"x) -1, n= m, while for so < c, r = n();:?a) -1, mn=
b—x
n(x—sp) *

If x+n(so—x) ¢ [c,b] we have

Dl 1 1 ' < nn—l-‘r;,
b—ad—c )= (n—1)!
(x_a)anrl 5
(b—a)?

N |c—a+b—d\q
(b—a)’(d—c)?

(q+1 (n—1)g+1)—-B,_ (q+l,(n—1)q+1))

1
n

— 5" (P, (n— 1) g+1,q+1)

(d _x)nq-'rl

T B+ Ln=1)g+1)=Bry(g+1.(n=Dg+ D))+ =5

<B 1 (q+1(n—1)61+1) 1}l(cJJrl,(n_l)qul)ﬂéHf(n)

whereforx—I—n (so—x)>b, r3= n(f:fx), ra=1-— , while for x+n(so—x) <c, r3=
b—x —1—
n(x—sgp)’

_b=x _
n(so—x)’

n(x So)
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For p=1andc—a+b—d=0we have

1 1 1 (x—a)" (d —x)"
D! <— —1 —1
<b a'd—c’ x) n'max{(n ) (b—a) 1) (d—c)’
c—a -1 c—a -1 (n)
e e (b= }Hf
andforp=1landc—a+b—d+#0
1 1 1 (x—a)" (d—x)"
D! <— -1 —1)——=
‘ (b ad—c ) n! max{(n ) (b—a) (n=1) (d—c)’
‘C_a+b_d| n—1 |C a+b d‘ n— l
———(x—0)" x—c+n(so—x)|,————— |50 —x["(n—1)
b—ad—o) oaa o
\c—a—i—b d| nel }
—— (d—x d—x+n(x—so) Hf
Proof. The proof is similar to the proof of the Theorem 2.28. a

Remark 2.28 If we put b = ¢ = x as a limit case, the inequalities from Corollary 2.29
reduce to

fﬂm—ﬁf@w%)ww

X—dadJa

S o)

.(B(q+1,(n_ l)q—i-l)—Bl_% (g+1,(n— 1)q+1))]$

|:n(n71)q+l ((x_a)(n—l)q-H + (d_x)(n—l)q+1>

(n)

p

fOI 1 < p S and fOI p 1
X—da. " "

<—'max{(n—1)( —a)" " (n—1)(d—x)"" I}Hf"

n:

Remark 2.29 If we suppose b = d in both cases [c,d]| C [a,b] and [a,b] N [c,d] = [c,b]
the analogues results in Corollary 2.28 and Corollary 2.29 coincides.

2.3.2 Extension via Taylor’s formula (centered at the point x)
with applications

Here, an extension of the weighted Montgomery identity is given, by using Taylor’s series
centered at the point x € [a,b]. Results from this subsection are published in [12].
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Theorem 2.32 Let f: 1 — R be such that £~V is absolutely continuous for some n > 2,
I C R an open interval, a,b € 1, a < b. If w: [a,b] — [0,0) is some probability densiry
function. Then the following identity hold

_ ) .
f(x)=/ab r)dr — Z ( )/abw(s)(s—x)l“ds
+m/a Twzn (x,5) £ (s)ds (2.76)

where
[Sw(u) (u—s)"""du, a<s<nx,

T, (x,s) { ‘
— 2w () (u—s)" " du, x <5 <b.

S

Proof. If we apply Taylor’s formula with f/ (¢), (n > 2) we have

n—=2 r(i+1) _n2
f)= Zf (t—x +/f ( S) ds.

i=0

By putting these two formulae in the weighted Montgomery identity (2.5) we obtain

f(x):/b dt—l—X’fHrl /P (x,1) (t —x)"dr

+/P X1 (/f - n)zds>dt.

Now, the interchange the order of integration leads us to

/ax(t—x)iW(t)dt:/ax(t—x)i (/alw(s)ds)dt
:/:w(s) ([x(t—x)idt> ds= —H_Ll/:w(s) (s—x)"'ds

and similarly
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and

[ [ (foos)ra
= [ww (/ <t—s>"—2dt)du=—[w(u)“‘%)fldu.
Similarly we have
fro-a{ e
— [ (/] <1—W<>)<z—s>"—2dr)ds

/Sb(l—W(t))(t—s)"_zdt:/sb </tbw(u)du) (t—s)"2dr
:/Sbw(u) </Su(t—s)"_2dt) du:/sbw(u)(un_%):ldu.

So the reminder in the weighted Taylor formula is

[ r0(fe e
w6 (= [ v a) o]

and

O

Remark 2.30 In the special case, for n = 1, (2.76) reduces to weighted Montgomery
identity (2.5). Also, if we take w(t) = blTa’ t € la,b] the equality (2.76) reduces to

(b—x)"*? = (a—x)*?

1 b n—-2
£ =5 [ £Ou= B0 ST

1 b n
AP /a T2 (x,5) £ (s) ds (2.77)

where
n(;—_la)(a—s)", a<s<x,
Tnz(xvs):
rl(;—j(l)(b—s)n, x<s<b.

Identity (2.76) coincides with the identity from the Theorem 1.7 obtained in [85].
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The Ostrowski type inequalities

The results in this subsection generalize the results from [86] and [87].

Theorem 2.33 Suppose that all the assumptions of Theorem 2.32 hold. Additionally
assume that (p,q) is a pair of conjugate exponents, 1 < p,q < e and f) € Ly [a,b] for
some n > 2. Then we have

b n=2 £(i+1) b .
£ () —/ w(t) f )i+ Y fi(")/ w(s) (s—x) 1 ds
a = i+ Ja
175 el £ (278)
(n—1) '
This inequality is sharp for 1 < p < co and the best possible for p = 1.
Proof. The proof is similar to the proof of the Theorem 3.2. o

Corollary 2.30 Let f: I — R be such that I C R is a open interval, a,b € I, a < b and
(p,q) a pair of conjugate exponents, 1 < p < e and f(”) € Lya,b] for some n > 2. Then
we have

(b—x)"*2 — (a—x)"*?

b 'S i)
'f(x)—m/u f(t)dt—’_i:z(l)f ) (i+2)!(b—a)
1 ((x—a)q”+1 +(b —x)q"H) "

f(”)

n!(b—a) (ng+1) P

and this inequality is sharp. For p =1 we have

(b—x)"*2 = (a—x)"*?

1 " i
b—a/a f(t)dt+§f(+l)(x) (i+2)!(b—a)

n

fx) =

max {(x—a)",(b—x)"

S —
(b—a)jn!

and this inequality is the best possible.

1

Proof. We apply the inequality (2.78) with w (7)) = —

[ 172,009 a5 =
a

(x o a)qn+1 + (b _x)qn+1
T ni(b—a)(ng+1)

€ [a,b] and use (2.77)

Q‘|
—_

n\q

ds

and the first inequality follows. For p =1

sup |Tvin (x,s)} :max{ sup

s€(a,b] s€la.x]
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By an elementary calculation we get

—(a—s)"|  (x—a) —(b—s)"| _ (b—2)"
sup = , sup =
sclaqx] | T (b - Cl) n (b - Cl) selxb] | T (b - a) n (b - Cl)
and the proof is completed. a

Remark 2.31 If we apply (2.78) withx = M we get the generalized midpoint inequality

(i+1) (atb i+1
(557) - [roroan PG [ro (- 452) e
a i=0 a
U e (atb (n)
<o (3 ’)Hqu

If we additionally assume that w(z) is symmetric on [a,b] i.e. w(t) =w(b—a—t) for
every t € [a,b] this inequality reduces to

(55) - [mrows 5 G5 v (25
1

S (Hb )H 1,

For the generalized trapezoid inequality we apply equality (2.76) first with x = a, then with
x = b then add them up and divide by 2. After applying the Holder inequality we get

fi(a);f(b) —/abw(t)f(t)dz

n—=2 r(i+1) (a) b ; f(i+l) (b) b ;
—|—Z G /w(s)(s—a)“ds—i—m/a w(s)(s—b) T 'ds
1

and
S b
T, (@5) + T2 (b.s) = [ w0 s/ du— [0 (w5~ du

b
= —/ w(u) |u—s"""du
a

Again, if we additionally assume that w (¢) is symmetric on [a, b] this inequality reduces to

lf(a)+f(b) [ uorow
(1) () 4 (— 1)) £G+1) .

H +Tvgn ’)Hqu(n)

n—l
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The estimation of the difference of the two weighted integral means

In this subsection we generalize the results from [24] and [83].We denote

@12 () & [ ()

4 w,n

b .
,-207(1"1‘1)! /u w(s) (s—x)"ds

and

D2(nacx) = [ o) f0)a— [l £ @@ 0 A 0,

for function f : [a,b] — R such that f (n=1) jg absolutely continuous function for some
n>2.

Theorem 2.34 Let f : [a,b]U

[c,d] — R be such that f"~1) is an absolutely continuous
function for some n > 2, w: [a,b]

— [0,00) and u : [c,d] — [0,°0) some nonnegative nor-
malized weight functions, W (1) f; (x)dxfort € [a,b], W (t) =0 fort <aand W (t) =
fort>b,U(t) = [lu(x)dx fort € [c,d], U(t) =0fort <candU (t) =1 fort > d. Then
if la,b] N[ec,d] # 0 and x € [a,b) N [c,d], we have

max{b,d}
D? (w,u;x) :/. ) K2 (x,5) " (s)ds (2.79)
where in case [c,d] C |a,b]
= 11),< )(t—s)"" 1dt) s € la,c),
= (fow aﬂw-r‘m Jlu() (=)' dr), s e e,
Kiws) =4 "
i (w0 (=" de = [Lule) =)' dr ), s € (rd],
s (w =" ar), s€d.b],
and in case [a,b)N[c,d] = [c,b]
o (fw =9 "ar), s€lac),
Kl o (fw @) sy = fuy e —s)" " dr), s€ e,
i (o e =" de= [Lue) (=)' dr), s € (rb],
o (L) =t ar) s € (byd),
Proof. 'We subtract identities (2.76) for interval [a,b] and [c,d], to get the formula
(2.79). O

Theorem 2.35 Assume (p,q) is a pair of conjugate exponents, 1 < p,q < co. Let e
Ly [a,b] for some n > 2. Then we have

max{b,d} {l
|D2(W,u;x)| < (/ ’ |K3 (x,s)|qu> ' Hf(n)

in{a,c}
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for every x € [a,b)N[c,d]. This inequality is sharp for 1 < p < e and the best possible for
p=1

Proof. The proof is similar to the proof of the Theorem 2.33. a

Case [c,d]| C [a,]]

Here we denote

(b2 _n—2 i (b_x)i+2_(a_x)i+2
W)= X (i +2)(b—a)

and

D2<b ad-c ) bia/bf( dt——/f dt+t[“b]2() tr[f’d]’z(x).

Corollary 2.31 Let f € L,a,b] for some n > 2, [c,d] C [a,b], x € [c,d], s1 =a+
i b+ — Then if s1 ¢ [c,x], and 55 ¢ [x,d]

nfd—c’ d
= ba

1 1 1
2 2\l < ekl o
b <b—a’d—c’x>‘(n+1)!(b—a) (e—a)™ 4+ (b—x)

_b—a o n+1_b;a o\t (n)
g gy ]Hf !
if's1 ¢ [c,x], and s, € [x,d]
? ! ! ) ; oot _yntl N n+l
? <b—a’d—c’x) S CESVICED) [(" a)’ = (=2 +2(b—s2)

b—a

—C

+

((d —x)" —(x =) —2(d - sz)"“)} Hf(") _

IS

if s1 € [c,x], and 57 ¢ [x,d|

D?
<b a d—c )

2 (51— )n+1+ — ((x )n+1 (d—x)nH “2(s _C)n+1>:| Hf(n) )

- n—|—1

< ) |:_ (x_a)n+1 +(b_x))1+l

if s1 € [c,x], and 57 € [x,d]

— X
b—a'd—c

< m {2 ((51 _a)n+1 + (b_SZ)nJrl) _ (x—a)'1+l 3 (b—x)’”rl
+Z:a ((x—c)n+1+(d—x)n+1 _2((31 _C)n+1+(d_sz)n+1>>] Hf(,,) .
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and

1 1
b <b—a’d—c’x>‘Hf
(c _ a)n (b _ d)n
b—a ' b—a’

1

(x—c)" (x—a)"

d—c b—a

- — max
n!

d—c b—a

‘ d=x)" (b=x)"

Proof. We put w(t) = 5.t € [a,b]; u(t) = 77—, t € [c,d] and g = 1 in the Theorem

2.35. Thus we have 71" (x) and 142 (x) instead of t‘[fvf,;b]'z (x) and tl[,fhd]’z (x) and

max{b,d}
[ K )] ds

min{a,c}

LU (e |y, [l =9 |

BRI (/ n(b—a) d*/c nh—a) nd-0o)°
(b—s)" (b—s)"

@5 |,
n(b—a) n(d—c) ds—l—/d

/xd

The first and the last integrals are

.

n(b—a)

[ (a—s9)" B 1 c na (c—a)nJrl
Il_/a n(b—a) ds_n(b—a)/a =a) s = T )
B b (b—S)n B b o B (b_d)nJrl
14_/d n(b—a) S_n(b—a)./d i iy Y L

Now, we suppose 7 is odd. The second integral is

b= di= s [l

where f(s) = (d—c¢)(s—a)" —(b—a)(s—c)". Since sy = a+ —~2—, f(s1) =0 and
=

(c—s)"
n(d—c)

(@
n(b—a)

1’ (s1) # 0, there are two possible cases:
1. If 51 > x,i.e. 51 ¢ [c,x] we have

n+1

2. 1If sy < x, i.e. s1 € [c,x] (since Z%Z <1sos|>c)

[yl [Frease [lr@has
! ((d— c) (2 (s1— a)nJrl —(c— a)"H —(x— a)n+1>

:n—|—1

+(b—a) ((x eyt (s — c)"“)) .
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The third integral is

d
b=
X

|
where g(s) = (d —c)(b—s)" — (b—a)(d —s)". Since s =b— —L=%2— ¢(s) =0 and

njd—c
1= b—a

d

(b—s) _ (d—s) ¢(s)]ds,

ds =

nb—a) n(d—c)

n(b—al)(d—c)/x

g (s2) # 0, again there are two possible cases:
1. If 55 < x, i.e. 52 ¢ [x,d] (since s, < d) we have

/Xd g (s)]ds = —— (@=o) (b= = p-ay") = (b—a)(@—xy""").

n+1

2. If 5o > x, i.e. 55 € [x,d] (since 5o < d)

/xd g(S)|ds=/xsz(_g(S))ds—k/:g(s)ds

+(b—a) ((d—x)"“ —2(d—s2)"+1)) .

((d—c) (— (b—x)"" 4 2(b—s)" = (b—d)nH)

Now, we suppose 7 is even. The second integral is

1 X
h= m/c £ (s)]ds.

—2_and s3 =a+ —<%—,wehave f(s;) = f(s3)=0and (s 0,
1—’\’/% 3 1+,\[/% f(l) f(3) f(l)?"é
f" (s3) #0. By an elementary calculation we also have s3 < ¢ < s so there are two possible
cases:

lL.Ifss<c<s <x

Since s1 =a—+

/Cx|f(S)|dsZ/cSlf(s)ds—F/:(—f(s))ds

N n—l% 1 ((d =< (2 (s1=a)" = (c—a)f™" — (x~ a)n+1>

+(b—a) ((x—c)"Jrl —2(s1 —c)n+1>> .

2. Ifs3<c<x<s

1
1

o ((d—c) ((x—a)"“ - (c—a)"“) —(b—a) (x—c)"“) .

X
[ 1rs)las=
c
The third integral is

1 d
I3 = m/x g (s)]ds.



2.3 EXTENSIONS OF THE MONTGOMERY IDENTITY 155

Since sy =b— —2=2_ ands, =b— —L=2_ we have g(s) = g(s4) = 0 and ¢’ (s 0,
1= ands =t §(52) = g(51) = Oand ' (52) 7

&' (s4) # 0. By an elementary calculation we also have s, < 54 and d < sy so there are two
possible cases:
LIfs, <x<d<sy

[lsas= s (@-o) (00 - 6-ay ™)~ a2,

2. Ifx <50 <d < s4

/xdg(S)Ids:ASZ(—g(s))ds+/Sjg(s)ds
- nJlrl <(d_c) <—(b—X)”“ F2(b— ) (b_d)nJrl)

+(b—a) ((d—x)"“ - 2(d—s2)”+1>> .

Finally, by summing [, I», I3 and 14, the statement for 1 < p < e follows.
For p = 1, by putting w(t) = 7,7 € [a,b], and u(t) = 7*-, t € [c,d] in the Theorem
2.35 again, we have

’ 1 (a—ys)" (@a=s)"  (c—s)"
1K (o)l = D! "V b —a) | e b —a)  nd—0)
(b—s)" (d—s)" (b—s)"
wln—a)  nld=—o)| semn|nb-a)|f"
By an elementary calculation we get
(@=s"| (c—a) (b-s)'| (b-ay
.sgl[iﬁ] nb—a)| nb—a) se[d,)i(;] nb—a)| n(b—a)

and in both cases s; € [c,x] and 51 ¢ [c, 4]

oo (e | {fe

n(b—a) n(d—c) n(b—a)’

(x—a)  (x—c)

nb—a) n(d—c)

|

s€le,x]

and similarly for s; € [x,d] and s, ¢ [x,d|

o |[OoMS| (Oodl | O (0o}
seivd] [n(b—a) n(d—c) nb—a) |n(b—a) n(d—c)|)’
Thus, the proof is done. O

Remark 2.32 If we put ¢ = d = x as a limit case, the inequalities from Corollary 2.31
reduce to Ostrowski type inequalities from Corollary 2.30.
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Case [a,b]N[c,d] = [c,b]
Corollary 2.32 Let f") € L, [a,d] for some n > 2, [a,b]Nc,d] C [¢,b], x € [c,b], 51 =

C_/a ’ :b b Th J M)y d 7b
a+1,n% 52 +1*"ZIT_Z enifs) ¢ [c,x], and s> ¢ [x,b]

D? ! —1 X
b—a d—c’
(x_a)n+1 _ (b_x)n+l
b—a

=

1 (d—x)"-H _ (x_ c)n+1 -
d—c Hf

~ (n+1)!

ifs1 ¢ [c,x], and 53 € [x,D]

2( Lo N
b—a’d—c’x) =) b—a)
LAt e +2(d—sz>"“] [
d—c o
if s1 € [c,x], and 53 ¢ [x,D]
5 1 1 ' 1 2 (S a)n+1 _ ( a)nJrl _ (b )nJrl
b (b—a’d—c’x>'< (n+1)! b—a

if s1 € [c,x], and 53 € [x,D]

D? ! —1 X
b—a d—c’

a)nJrl ) (b _ s2)n+1

1 (b—x)""' —(x—a)" +2(sy
~ (n+1)! b—a
N (x c)n+1 _ (d_x)n+1 _L_ZZ_(L:_Sz)nJrl —2(S1 _C))1+1] Hf(n)

and
1

D? ! L')c < — max
b—a'd—c’ ~ n!

o oo |Goaf oy
b—a d—c b—a d—c

{@—af(d—@"
} e

Proof. The proof is similar to the proof of the Theorem 2.31.

.
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Remark 2.33 If we put b = ¢ = x as a limit case, the inequalities from Corollary 2.32

reduce to
_ [ax] [x.d]
xa/f a- o [ @ @

«x@ +(@d=) [

g<n+>

oo

and

[ rwa T [ a1
<;max{(x a)" ' (d—x)" 1}Hf

Remark 2.34 If we suppose b = d in both cases [c,d] C [a,b] and [a,b] N [c,d] = [c,b]
the analogues results in Corollary 2.31 and Corollary 2.32 coincides.

2.3.3 Extensions with applications for a-L-Hoélder type
functions

In the paper [21] G. A. Anastassiou proved the following equality

n

J=

- ﬁ/j (g(") (1) — g™ (x)) (y—t)y" e (2.80)

where g : I — R is such that g(") is exists for all 7 € [a,b], for some n € Nand I C R is an
open interval, a,b € I,a < b and x,y € [a,b].

In this subsection we use the formula (2.80) to obtain two extensions of weighted Mont-
gomery identity for a-L-Holder type functions and further to obtain some new Ostrowski
type inequalities, as well as some generalizations of the estimations of the difference of
two weighted integral means. Results from this subsection are published in [11].

Two extensions of Montgomery identity

Theorem 2.36 Let f: 1 — R be such that £~V is absolutely continuous for some n > 2,
I C R an open interval, a,b € I, a < b and w : [a,b] — [0,) some probability density
function. Then the following identity hold

1)
f(x)z/ah dt—l—z o /W ) (t —a) dt

+'§L,(b)/b(wm—1)(z—b)fdt

=0 )
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st [wo [ (6 @) -y e a

+ﬁ/xb(1 —-W (1)) [/tb <f(n) (s) — f® (b)) (t—s)”_zds] dr.
(2.81)

Proof. We apply formula (2.80) with f” instead of g, and first with x = a second with
x = b, then replace n with n — 1 (thus n > 2). By putting these two formulae in the weighted
Montgomery identity (2.5) we obtain (2.81). O

Theorem 2.37 Let f : 1 — R be such that £~V is absolutely continuous for some n > 2,
I C R an open interval, a,b € I, a < b and w : [a,b] — [0,e) some probability density
function. Then the following identity hold

b ]+1
r@= [ W(t)f(t)dt+j2 /P (o) () i
), el M (f )= 1) (-9 as] a

Proof. If we apply formula (2.80) with f” instead of g, then replace n with n — 1 (thus
n > 2). By putting this formula in the weighted Montgomery identity (2.5) we obtain
(2.82). |

(2.82)

Remark 2.35 In the special case, if we take w(t) = ﬁ, t € [a,b] the equality (2.81)
reduces to

£ lf]Jrl [ (a) 4 '+2_n_1f(j+1)(b) — p)T2
/ 1 j= oJ J1G+2) (x=a)’ j=0j!(j+2)( by

A
o [ e[ (0= 6) -9 a

- Jx

f®) b a

(2.83)
and the equality (2.82) reduces to
(+D) , ‘
=3 a/ f dt+2bfT](—|—)2)!((a_x)H2_(b_x)H2)
1 —
' m/a P | [ (76 ) (=5 2as] a
(2.84)

where P (x,t) is given by (2.3).
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The Ostrowski type inequalities

In this section we generalize the results from [21], [86] and [87]. We denote

n—1 n—1 b
vlzf,i’](x) f’“ /W ’dt—l—Zle )/ W (6)— 1) (t — b)Y dr,

— /+1
sl Z /P x,1) (t —x)’ dr.

Theorem 2.38 Suppose that all the assumptions of Theorem 2.36 hold. Additionally
assume that " : [a,b] — R is an o-L-Hélder type function, i.e. ‘f(") (x) — £ (y)‘ <
L|x—y|* for every x,y € [a,b], where L > 0 and o € (0,1]. Then we have

b n—
‘f(x)—/ w(t) f(r)de — v&tﬁu)‘s%

</ ‘W Ochn 1dl+/ |W _1‘( )O(Jrn ldl)

- B(o+1,n— 1)

< Gt om0 0. (2.85)

Proof. We use the identity (2.81) and apply the properties of modulus to obtain
]f(x) [ woroa— i @
L ) gy ) o
<[ ol (o)l
[a-weon| [ (106 -sw) ooy as]af}
L " ! o n—
<t [ won| [ a2 e

b b )
+/ |1—W(t)|‘/ ls—b|%| — s|"2ds dt}.
X t

With substitution (s — a) = u(t — a)
/|s—a| " 2ds= (1 —a) " 1 B(o+1,n—1),

+

and with (b—s) =u(b—1)

b
/|s—b|“\z—s\"*2ds=(b—z)a+"*13(a+1,n_1)
t
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and the first inequality from (2.85) follows. Since 0 < W (z) < 1,7 € [a,b] and 0 < 1 —
W (t) < 1,1 € [a,b], so we have

x o o+n
/ ‘W oc+n ldl </ (t—a)a+n_1dt _ (X a) ,
a o-+n
b— o-+n
/ W (1) —1|(b—1)*™" 1dr < / (b—0)*t"1dr = b=
X o-+n
The second inequality from (2.85) follows. O

Theorem 2.39 Suppose that all the assumptions of Theorem 2.37 hold. Additionally
assume that f™ : [a,b] — R is an o-L-Hélder type function, i.e. ‘f(") (x) — £ (y)) <
L|x—y|* for every x,y € [a,b], where L > 0 and o € (0,1]. Then we have

'ﬂﬂ—bwwf@w—$ﬁ®

(a+1ln o+n—1
(n—zL/ 1Py () Jr — x| dr
B(ax+1,n—1) on win
Sl atn” [(b—x)"""+ (x—a)*""] (2.86)

Proof. We use the identity (2.82) and apply the properties of modulus to obtain

pw—éﬁwvmm a2 ()

g [ o | [ (6= ) -]

<ﬁ/abpw(x,t) 4 (f(")(S)—f(”)(x)> (l—S)n_z‘ds dr

L b ! o n—2
Sm/ﬂ \Pw(x,l‘)\/x‘s—ﬂ [t —s)" " ds

Now, fort > xlet (s—x) = u(r—a)

dr.

t
/ls—x\al(t—sﬂ”ds:(r—x)”‘*"*B(a+17n—1>,
X
forx<tlet(x—s)=u(x—1t)

t
/ ls—x|%|(t— )" 2ds = — (x— )" B (o4 1,n—1)
X

SO
t
/ ls—x|%|(t — )" 2ds| = | = x| B(a+1,n— 1) 2.87)
X

and the first inequality from (2.86) follows. The second one is obvious since |P,, (x,7)| < 1,
t € [a,b].
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Corollary 2.33 Suppose that all the assumptions of Theorem 2.38 hold. Then we have

" LA (a) 2 S I (b) +2
_ J N/ _bl
/ fe o OJ JG+2) (w=a) +,~§oj!(j+2) #=5)

(x_a)ochnJrl + (b_x)ot+n+l
(a+n+1)(b—a)(n—2)! "

‘xba

B(oo+1,n—1)L

Proof. We apply the first inequality from (2.85) with w(t) = 71—, 1 € [a,b]. a
Corollary 2.34 Suppose that all the assumptions of Theorem 2.39 hold. Then we have
b ol Ut (x) . .

_ dr — _J - T\ — )2 (p—x) 2

‘f(x) p=al, 100- % G oy (0= 0=7)

B(a+1,n—1)B(2,00+n) i y
< (b—a)(n_z)! L[(X—a) ++1_|_(b_x) ++1:|.
1

Proof. We apply the first inequality from (2.86) with w () = ;=—, ¢ € [a,]]

a’

b
/ P ()| [ — x| s
Ja

1 x b
:_(/ \(l—a)|\t—x|"‘+"’ldz+/ |(l‘—b)||t—xa+nldt>.
b—a\Ja y

Using substitution 7 — a = u (x — @) the first integral is equal to
X
/ (t—a) (=) dr = (x— )L B(2, a0+ 1)
a

and similarly using b —t = u (b — x) the second one is

b
/ (b—1)(t =)™ L dt = (b— )" B(2, 004 n).
X
thus the proof follows. a

Remark 2.36 If we apply (2.85) and (2.86) with x = “2ib we get the generalized midpoint
inequalities

(52)- Lo (1) 27

.L</a;bw(t)|(t a)* 1dt+/ W (t)—1](b—1)*""" 1dt)
B(a+1,n—1) [(b—a)*™"
N CEONCED) [ 2ot ]
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and

\f(“*”) [w(t)f(r)dr st (32|

(X—I—ln—l (a—I—b )H a+p|*t
t— dr
2
- (OH—ln (b—a)*™"
~(n-2) (X—I—n 20e4n—1

If we additionally assume that w(z) is symmetric on [a,b] i.e. w(t) =w(b—a—t) for
every t € [a,b] these inequalities reduce to

'f(“”’) - [woroa

n—1 r(j+1) 1]+1 ]+1 a+h
—zf (@)+(= / W (1) (t —a)’ dr

=0 J!
1 a+h
(‘” N ZL/ W) (t—a)* ™ de
- (a—i—l,n—l)L (b—a)‘”"
~ (n=2)!(a+n) 20+n—1
and
Ln 1

a+b\ [P & FEHD( a+b\’
r(452)- [roroa- S S5 [T (- 450

o+n—1
(a+1n 2L/ W <a+b ) &

2

S —2)latn)-

(a+l,n 1 (b—a)*"
20(+n 1

For the generalized trapezoid inequality we apply equality (2.81) and (2.82) first with x = a,
then with x = b, then add them up and divide by 2. After applying the properties of modulus
we obtain

b [a,b] [a,b]
Vi ( )+ Vwn (b) B(Ot+1,n—1)
/a w(e) f (1) dr - - -

(/ W () (t—a)®™ 1dz+/ (1-w ())(b—t)"‘*"ldt)

a+1n 1) o+n
S e 00"

‘f( a)+ £ (b)
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and

B(a+1,n—1)
(n—2)!

a b skin) (@) + sk
'f();rf(b)_/a (o) (1) — S5 0

L( b (1=W(n)( —a)"‘+"‘1dt+/bw (1) (b—t)‘”’"ld;)

- B(a+1,n—1)

= m L [(b—a)a+n] .

If we additionally assume that w (¢) is symmetric on [a, b], these inequalities reduce to

’f(a);f(b)‘/abw“’f@df
<B(a(+1n ZL(/W @)% ldt)
< L (-0
and
L0 [Cwwrow
—g%/j(w(z)—l)@—aydt 3 SIS / W (1) (1 — b) dr
< e a6,

The estimation of the difference of the two weighted integral means

In this section we generalize the results from [24], [83]. For the two intervals [a,b] and
[c,d] we have four possible cases if [a,b] N [c,d] # 0. The first case is [c,d] C [a,b] and
the second [a,b] N [c,d] = [c,b]. Other two possible cases we simply get by change a < c,
b—d.

Theorem 2.40 Let f : I — R be such that [a,b)U[c,d] C I, f*) : [a,b]U]c,d] — R is an
o-L-Hdolder type function for some n > 2, w: [a,b] — [0,%0) and u : [c,d] — [0,0) some
nonnegative normalized weight functions, W (t) = [l w(x)dx for t € [a,b], W (t) = 0 for
t<aand W(t)=1fort>b, U(t)= [u(x)dx fort € [c,d], U(t) =0 fort < c and



164 2 WEIGHTED GENERALIZATIONS OF THE MONTGOMERY IDENTITY

U(t)=1fort>d. Thenif [a,b]N[c,d] # 0 and x € [a,b]N[c,d], we have
[wwro- [woroad o-sibw= " e @sy

min{a,c}

where in case [c,d] C |a,D]

2

(A (6) = () (= 9)" 2], 1€ fase),

ot = § LSO [ (0 (5) = 10 () (1= )" 2], 1 € [e.dl],

T [ (0 ) 1 @) (=5 as], v b,

and in case [a,b]N [c,d] = [c,D]

2 [ (A ) 1 @) (=) 2as), 1€ e,

) = & SO [0 (700 (5) = £ ()} (1 =) 2], 1€ [e,B),

GO (£ 65) = £ () (=) 2], 1 (baa).

Proof. We subtract identities (2.82) for interval [a,b] and [c,d], to get the formula
(2.88). O

Theorem 2.41 Suppose that all the assumptions of Theorem 2.40 hold. Then we have

[w@ra [Cu s @@ 0 - @

B(o+1,n—1) /max{b,d} i1
——L P, (x,t) — Py (x,1)||t — dt
n=2)l minfac] [P (x,0) = Pu (o, 1) |1 = x|

B 1l.n—1 max{b,d}
(Ot—i— n )L/ |t—x‘a+n_1dt
(l’l — 2)' min{a,c}

Proof. Use the identity (2.88) to obtain

[ 1w £ @@= [T £ a0 i

min{a,c}
L max{b,d} t e
< o (L sy = sl [ =il s as

min{a,c}

max{b,d}
< / | (x| dr

min{a,c}
dt)

1)~ £ ()

|t —s|" % ds

:
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and like (2.87) in the proof of Theorem 2.39

—x]|%|t—s"2ds| = |t —x|*™"'B(a+1,n—1)

which proves the first inequality. The second one immediately follows since
|Py (x,2) — P, (x,1)| < 1forallz € [min{a,c},max{b,d}]. O

Case [c,d] C [a,]]

Here we denote
[a.,b] S AR ) N2 N2
S g 7]+2) ((a X) (b—x) )

Corollary 2.35 Suppose that all the assumptions of Theorem 2.40 hold. Additionally

suppose [c,d] C [a,b]. For x € [c,d] and sy = 2 b;# -, the following inequality holds

b
’b‘“/a ra g [ 0wt o

B(a+17n_l) o+n+1 (C_a+b_d) o+n—1
T R (k- Beu (2 i .
S a2 {(x a) m( ,o+n)+ d=0) |x — 50|

(B2, 00+ n) + ¥, (2,004 n) + ¥, (0 41,2)) + (b —2)* " By (2,004 )

where for sg < x

So—¢C d—x
ry = n = )
X—350 X—350
while for so > x
d— s xX—c
rn = y I = .
S0 — X So—X

Proof. We put w(t) = 5.t € [a,b], and u(t) = 71—, t € [c,d] in the first inequality

from the Theorem 2.41. Thus we have s (x) and sied) (x) instead of sl (x) and s,[f,il] (x)
and

max{b,d} cly—
/ \Pw(x,f)—Pu(x,tﬂ|t—x\°‘+”’1dt:/ ‘b—a’x—tﬁnldt
a —a

min{a,c}
d
o

For the first integral let 1 —a = u (x — a) so

r—a

o t|a+}171 dr.

c
|x—1¢
c

/c (t—a) (r— )" dr = (x—@)* " Bea (2, 00+ 1), (2.89)
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For the third integral let b — ¢ = u (b — x) and

/db b—1)(t—x)*""dr=b—x)*"""'B Bya (2,004 n).

¢—a-+b—d> 0 so the second integral is

/

Sinceso—c—%>03ndd :%>O 50 € [c,d]. So we have two
possible cases:
1. If sop < x we have

d 5
/ ‘So_t“x—t‘a-‘v—n—ldt:/ (So—t)(x—t)‘”"_ldt
C

+/ 1—s0) (x—1)*""" 1dt+/ (t—s0) (t —x)*" dr.

t—a t—c

b—a d-—c

n— a+b d n—
e— oL s = (baif Is0 — 1] Jr— £]%F" L .

Now, using the substitution sg — = u (x — s0) we get

50
[ o= =0 dr = (v 50) T Wy« 2uan),
c

X=s(

with 7 — 5o = u (x — 50) we get

/x (1 —s0) (x— )%V dt = (x— 50)**" ' B(2,a+n),

S0

and with # —x = u (x — s9)

d
[ =50) =0 bt = (= 50) I s (0 +,2).
X

X=s(

2. If x < so then
d 1 * 1
/ Iso — 1| [x — 1]~ dt:/ (so—1) (x— )%y
c c
%0 o+n—1 d o+n—1
+/ (s0—1) (1 —x) dt+/ (t — 50) (t — ) dr.
X S0
Using the substitution x — ¢ = u (sp — x) we get
* 1 1
/ (so—1)(x—0)*"dr = (59— x) """ "W e (a0 +n,2), (2.90)
c S)—x

with so —7 = u (so — x) we get

S0
/ (s0—1) (1 = )% dr = (59— )1 B(2, 004 n),
P
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and with 7 — 5o = u (so — x)

d
/ (r—s0) (r—x)*" Tt = (59— x)* " Way (2,0 +n).

S0 So—X

Thus the proof is done. O

Remark 2.37 If we put ¢ = d = x as a limit case, the inequalities from the Corollary 2.35
reduce to the inequality from the Corollary 2.34.

Case [a,b|N[c,d] = [c,D]

Corollary 2.36 Suppose that all the assumptions of Theorem 2.40 hold. Additionally
suppose [a,b]N[c,d] C [¢,b], x € [¢c,b]. If c—a+b—d=0 then

b -
‘b_a/“ o dl_—/f D)de+ i () — s (x)

B(a+1,n—1) |(x—a)*™*!
c—a x_coc+n+ b_xa+n d_xa+n+1

N (x—c) (b—x) +( ) Buy(2.0+n)
b—a o+n d—c d—x

andifc—a+b—d+#0and sy = C_h;er‘id then

/f dt——/f (£)dr + 5% (x) — sl (x)

‘ba

Bla+1ln—1) |(x—a)*"" [c—a+b—d| a+n—1
L Beu (2,0 — x—
n—2)! [ p—a e Gotn)t e sl
(d_x)ot+n+l
(Bry (04 7,2) 4 W (04 m,2) + By (2, a+n)
where for sy < b,c i.e. 5o <X
xX—c b—x
r = n = )
X—350 X—350
while for so > b,ci.e. so > x
b—x x—c
ry = 3 rnp = .
S0 —X S0 —X

Proof. The proof is similar to the proof of the Theorem 2.35. a
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Remark 2.38 If we put b = ¢ = x as a limit case, the inequalities from the Corollary 2.36
reduce to

1 x 1 d a,x X
L Fle)de— dT/ ) de 41 () = (x)

x—a.
- B(oe+1,n—1)B(2,0t+n)
- (n—2)!

Remark 2.39 If we suppose b = d in both cases [c,d] C [a,b] and [a,b] N [c,d] = [c,b]
the analogues results in Corollary 2.35 and Corollary 2.36 coincides.

L [(x_ a)oc+n + (d _x)OH-n] )

2.3.4 Extension via Fink identity with applications

G. V. Milovanovic¢ and J. Pecari¢ [88] and A. M. Fink [59] have considered generalizations
of The Ostrowski inequality in the form

1 b
b—a/a Sf(r)de

n—1

! (f(X) +y Fk<x>) -
k=1

< K(n,p,0) |7, (2.91)

n

which is obtained from identity

! X S X) | — ! ’ L bx— (e, x) f
n<f<>+klek< >> o), 00 = s [ ke Y 0, @.92)
where
n—k FED () e — a)k — FED(p)(x — bk
Fux) = k!kf (a)( )b—£ (b)(x—b)
and

k(t,x) = t—a,a<t<x<b;
= t—b,a<x<t<bh.

In fact, G. V. Milovanovi¢ and J. Pecari¢ have proved that

(x _ a)n+1 + (b _x)n+1

Koo = b —a)

while A. M. Fink gave the following generalizations of this result:

Theorem 2.42 Let f"~1) be absolutely continuous on [a,b] and let f") € L,[a,b]. Then
the inequality (2.91) holds with

[(x —a)"t 4 (b— X)nq+1] /e

nl(b—a) B((n—1)q+1,q+1)"/9 (2.93)

K(n,p,x)=

where 1 < p <eo, 1/p+1/q=1, Bis the Beta function, and

(n— 1)"‘1

KoL) = it —a)

max[(x —a)", (b —x)"]. (2.94)
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In this subsection we give the extension of weighted Montgomery identity (2.5) using
identity (2.91) and further, obtain some new Ostrowski type inequalities, as well as the
generalizations of the estimations of the difference of two weighted integral means (gen-
eralizations of the results from [14], [24], [83] and [95]). Results from this subsection are
published in [17].

Theorem 2.43 Let f : [a,b] — R be such that f ("=1) s absolutely continuous function

on la,b] for some n > 1. If w : [a,b] — [0,0) is some normalized weight function, then the
following identity holds

1= [ v sa-g A0+ S [N

b
m / (=) k() £ () dy

i ) ([ o=y ko) 0y

+

(2.95)

Proof. We apply identity (2.92) with f' (z) :

i” kO ><t—a>;:£<k><b><t—b>'<
1

g L e s

Now by putting this formula in the weighted Montgomery identity (2.5) we obtain

Sk, Y@ - @t = )b
_kgb 0 .aPW(x,t) Py dt
+(n—1)1!(b—a) awa(X»f) (/ (= )"k, )f(”“)(y)dy) dr

Further,

/wa (x,1) O a)(t —a)— fOb) (- b)kdt

b—a
Y@ —a) ! — O () x—b)!
- (b—a)(k+1)

P @ —a)f - fO (b))
- / W) b_a)k+1) dr
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and

b 1 1 1t
| R =3 K = S (=R O0) = [ wle) e =R

Now, if we replace n with n — 1 we get (2.95). This identity is valid forn —1 > 1, i.e.
n>1. O

Remark 2.40 We could also obtain identity (2.95) by applying identity (2.92) in the fol-
lowing way: multiply it by w (x) and than integrate it to obtain

[werwa=-S [wneac ([ wwa) 7 [0

+ m / ’ ( / bw(x)(x—t)"lk(t,x)dx) £ (0)dr.

Now, if we subtract this identity from (2.92) we obtain (2.95).

Remark 2.41 In the special case, if we take w (¢) = ﬁ, t € [a,b] we have

n—1 n—1 _
_aka /ka(Z)dt :]; (]:l+ lk), [f(k_l)(a)(b—a)k—l+f(k—1)(b)(a_b)k—l]
—1/a = !

and

1P e _—a)b-y)" (y—b)a—y)
T
Let’s denote

b = n!(bli—a)2 /ab [0 —a) (B =" = (y=b)(a—y)"] f* (v)dv.

Then we have

1 b
I, = ) / [(a—y)"—(b—y)"] f(nfl)(y)dy—l—],Fl =Jy+1,_1,

nl(b—a)? Ja
where Iy = blTa fab f(y)dy. Further,

J, = l {f(mz) (a)(b—a)"’z—l—f("’”(b)(a—b)”’2} .

n!

andh:—h#f f(y)dy. So,

3
|

—_
—_

and then

n
L= Jn+nli+1Iy

m=2
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n—1 n—k 3 B 3 B n—1 b
=3 i @0 e b - [y

Consequently, identity (2.95) reduces to the identity (2.92), so we may regard it as weighted
Fink identity.

Remark 2.42 Applying identity (2.95) with x = @ and then x = b, we get the generalized
trapezoid identity (the first Euler-Maclaurin formula)

n—1
s+ o)1= | hW(t)f(t)dtJrk; [ o 296)
_1'12’1 nk'k[ )(b a)k 1+f(k—1)(b)(a b)k—l}
+m[ [a=y)" =)+ b=y =) f () dy

R . ' ( [ vl —y>"—1k<y,r>dt) £ () dy:

b

Similarly, applying identity (2.95) with x = “+ we get the generalized midpoint identity

(the second Euler-Maclaurin formula)

f(“;rb>:/ub dz+nzl/ (2.97)

n—ln_k - ) . )
_k; 2% 14D (@) (b= a)* 4+ 4D (b) (a— )]

+ o 1)}(b—a) /ab (a;b —y)nlk (y, a;b> 7 (y)dy
_ m / ’ ( / ") —y)"—lk(y,t)dz> £ () dy.

Ostrowski type inequalities

Let’s denote forn > 2
n—1 n—1 ,p
x)zZFk(x)—Z/ w(t)Fy(r)dt
k=1 k=174
Theorem 2.44 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,
117 + é = 1. Let f") € L, a,b] for some n > 1. Then for x € [a,b] the following inequality

holds

b
’f (x) — /a w () f(t)dt + Py (x) (2.98)
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S =LA )|

This inequality is sharp for 1 < p < oo and the best possible for p = 1.

[ Pty us

Proof. From Theorem 2.43 we have

— (1) / P (,0) (1 — )" 2k(y,1)dbr.

Using the identity (2.95) and applying the Holder inequality we obtain (2.98). The rest of
proof is similar to the proof of the Theorem 2.16. o

Remark 2.43 For w(r) = ﬁ, n=2and g =1 (2.98) reduces to

\ 10— [ 10 d—(—a+b)(f(b)—f(a))'
T (/ |<y—a><2x—y—b>dy+/xb<b—y><—zx+y+a>dy) 1.
- (350~ 380+ 34 1]

where §(x) = [x— (a+b)/2|.
If instead of g = 1 (p = ) we take p = 1, then similarly we have

[rwa- (- 52) o) - 5@

(b_“)max{max(y A=y =0l iy 1= 2x+y+a)|}Hf”Hl

y€lax]

1 b
Z_2<x a+ ) ‘

These two inequalities were obtained in [50].

‘xba

Ly
4

1 "
1 1]

Corollary 2.37 Suppose that all assumptions of Theorem 2.44 hold. Then

(2.99)

|f<x>— [ w0 a Fan

e (/ab (=0 + <y—a><b—y>'“]‘foly>é [
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Proof. Since |P,,(x,t)| < 1, then for every y € [a,b] we have

b b
| Putene =3y 2irn)ar| < / P (0= k()

< [Me—yyrenla= Lo [0y @b
and by applying (2.98) the inequality is proved. O

Remark 2.44 Inequality (2.99) for n = 2 reduces to:

£ [wi) s @+ Fua ] <20 B+ La+ 13 ],

and forn =3 to

(b—a)2+‘%
2

|f<x>— [ w0 as Fa | < Blg+ La+ i "],

Remark 2.45 If we use the identities (2.96) and (2.97) forn =2 and w (t) = ;. 1 € [a, ]
and then apply the Holder inequality with p = e, ¢ = 1, we obtain

‘f 20 ba/f )dr) <

‘f(“”’) - blfa_/ubf(t)dt

By doing the same for n = 3 we have

|f a)+f(b

1/

and

( — )2 1
<.

(b—a)’
192

- [ a2t - ] < S )

12
a+b 1 b
()l

The first two inequalities were obtained in [47] and the last two in [13].

and

Zj..

2w —f’<a>| <L

Estimations of the difference of two weighted integral means

In this section we will denote for n > 1
n—1 ,p
Zla? (x 2 Fl) -y / w () E (1)de,
k=174

for function f : [a,b] — R such that "1 is absolutely function on [a, b].

Following results are generalizations of the results from [24] in two cases. First is when
[¢,d] C [a,b] and the second when [a,b] N [c,d] = [c,b]. Other two possible cases, when
[a,b] N [c,d] # @ we simply get by change a < ¢, b < d.
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Theorem 2.45 Let f : [a,b]U[c,d] — R be such that £~V is absolutely function on
[a,b] for some n > 1, w: [a,b] — [0,) and u : [c,d] — [0,e°) some normalized weight
Sunctions. Then if [a,b] N [c,d] # 0 and x € [a,b]N|[c,d], we have

b d
[ s@a= [uosod- 25 @+ 25w
max{b,d} )
- Ky (x,9) /7 (v) dy, (2.100)

min{a,c}

where in case [c,d] C |a,b]

G e Be () (=) 2K ()t ],y € lael,

=L (PP, (x1) (t — ) 2klad)
w X, 0) (1 k ,1)dt
K, (.X,y)— (n 2)!1(17 a) fa ( )( y) (y )
!

+m fchM ()C,l) (t_y)n_zk[ad](yvt)dt SRS <C7d]7

sy [ P () (=) 2Kl ()], v e ()

and in case [a,b]N|[c,d] = [c,b]

sy [ R () (=2 ()|, v €[],

[(" (x7y) =

Gy [ P () (=) 2K 1)
it [P0 =y e yadr] v (e,

= iees) [fchu (1) (£ = y)" 2kl (yJ)dt} , ye(bd].

Proof. We subtract identities (2.95) for interval [a,b] and [c,d], to get the formula
(2.100). O

Theorem 2.46 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,
I—l,—i-é = L. Let f") € L,|a,b] for some n > 1. Then we have

/bw(”f(f)df—/du(t>f(t)dt— Z1 (x) + 2157 (x)

<( C

max{b,d} %1 ()

Lo ki)
min{a,c}

for every x € [a,b] N [c,d]. The inequality (2.101) is sharp for 1 < p < oo and the best

possible for p = 1.

(2.101)

Proof. Use the identity (2.100) and apply the Holder inequality. The proof for sharp-
ness and the best possibility are similar as in Theorem 2.16. a
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Corollary 2.38 Suppose that all assumptions of Theorem 2.46 hold. Then for x € [a,b] N
[c,d]

[wosou- [(uosow- 26w+ 2 )

< 2 (/maX{b'd} )(y —a)""' + (max {b,d} —y)" )q dy) é Hf(")

(n—1)! P
Proof. We have
max{b,d}
-1 kel (y,1) kledl(y, 1) 2
Kl’l ) - PW 9 7’_})14 ) —2 )"
(3= 53 {/}[ () =2 ) 2 (- )2

because P, (x,) = 0, for x ¢ [a,b] and P,(x,t) = 0, for x ¢ [c,d]. Since

Kby 1) Kledi(y,r)
b—a ’ d—c

PW(.X,I),Pu(X,t), E[—l,l],
we get
)

[e.d]
KA |
b—a -

Pu(x.1) —

- Pu(xat)

and then we have

Kt < 2 [ e

2(—a)' + (max{p.d} —y)"")
(n—1)! '

2.4 Applications for weighted 2-point and 3-point
quadrature rules

In this chapter we present following weighted generalization of Montgomery identity for
Riemann-Stieltjes integral which is a weighted generalization of the identity obtained by
S.S Dragomir, J. Pecari¢ and S. Wang in [57] and use it to obtain weighted 2-point and
3-point Radau, Lobatto and Gauss quadrature rules for functions of bounded variation and
for functions whose first derivatives belongs to Lp spaces. These results are published in
[3] and [4].
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Theorem 2.47 Let f : [a,b] — R be a function of bounded variation and w : [a,b] —
[0,00) some integrable weight function. Let also x1,x3,x3,y € [a,b], y < x5. If f is continu-
ous at xp and y then the following identity holds

W (x1) f(v)+ (W (x3) =W (x1)) f (x2) + (W () = W (x3)) f (D)
b b
= [(wir@art [ Robemnndf ) (2.102)
where P, (x1,X2,x3,V,1) is the generalized weighted Peano kernel, defined by
W), a<t<y,
PW(x17x27x37y7t): W(Z)_W(Xl)7y<t§x2a
W(t) =W (x3), xa <t <b,
and W (t) = ['w(x)dx fort € [a,b).

Proof. We have
/P X1,X2,X3,),1 df /W df
w [T wo-wear o+ [ Wo-we)ar.

Since f and P,, do not have common discontinuity points, we may use the integration by
parts formula for Riemann-Stieltjes integral to obtain

[waaro=worro)- [ rnawe

[7 O =W e)dr )= W ) - W) £ ()

y

—<w<y>—w<x1>>f<y>—/y”f<t>dw<r>
and

W@ - w sy @)= W o) - w ) )

2
b
(W () =W (@) ) = [ F(0)aW ().
x
By adding these formulas together and by using dW (1) = w(¢) dt we obtain (2.102). O

Remark 2.46 Identity (2.102) is a weighted generalization of the identity obtained by S.
S. Dragomir, J. Pecari¢ and S. Wang in [57]. If we first take y = @ in (2.102) we obtain

W (x1) f (@) + (W (x3) =W (1)) f (x2) + (W (b) =W (x3)) f ()
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b b
:/ w(t)f(t)dt+/ Po (x1,x2,3,1) df (1) (2.103)
a Ja
where P, (x1,x2,x3,7) is given by

W(t)—=W(x1), a<t<x,

Py (x1,X2,X3,1) = (2.104)
W(t)—W(x3) xp <t <b.

Further, if we take uniform normalized weight function w () = -, t € [a,b] we obtain

b—a
identity from [57].
Theorem 2.48 Let f : [a,b] — R be a function of bounded variation on |a,b), w : [a,b] —

[0,00) some integrable weight function. Let also x1,x3,x3,y € [a,b], y < xa. If f is continu-
ous at xp and y then the following identity holds

W (50) )+ W () W () 32) + W (6) =W (1)) ) [ wle) @)
< max (W (3, ¥ () = (5], ¥ )= ()],

(W (x2) =W (x3)|, W (D) =W (x3) }\/

Proof. By using the (2.103) and triangle inequality, we have

W 1))+ OF 12) =W (50)) £ )+ 08 6) =W () £0) = [ wie) 70

/ P x17x27x37y7 )df

/ P x17x27x37y7 )df()

/ Py (x1,X2,x3,y,t)df (1) / Py (x1,X2,x3,y,t)df (t)

= [[walas@l+ [T - w)lar |+/ W (0) =W (x3) df (1)

M)V (f) +max{[W (x2) =W (x1)|, W (y) =W (x1 \}\/

a

+max {|W (x2) =W (x3)[,W (b) — W (x3) }\/

<max { W (), [W (x2) =W ()], IW () =W ()],
b

W (x2) =W (x3) [ W (B) =W () }V/(£)

a

and the proof follows. a
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2.4.1 General weighted 2-point and 3-point Radau quadrature
rules for functions of bounded variation

Here we use identity (2.102) to obtain weighted 2-point and 3-point quadrature formulae
of semi-closed type for functions of bounded variation.
Weighted 3-point quadrature formulae of semi-closed type

here apply previous results to establish bounds of the remainder E(f) of the general weighted
3-point quadrature formula of semi-closed type:

[ w00 =ar0) A @+ ar 0 EG) @109

where y,x € [a,b], y <x and ZizlAk =1.
Note that in our case we have

A =Wi(x1), Ap =W (x3) =W (x1), A3=W(b)—W(x3),

so if we take a normalized weight function w (), we have

3
Y A=W (b)=1.
k=1
In case of non-symmetric weight function we can formulate the following result.

Theorem 2.49 Ler f : [a,b] — R be a function of bounded variation on |a,b], w: [a,b] —

[0,00) normalized weight function. Further, leta <y < I‘h 12 and I'b 12 <x< I‘yy b \where
I = f w(t)t/dt, for j = 1,2. If f is continuous at y andx then thefollowzng inequality
holds

L—I(b+x)+xb ~L+1(b+y)—by L—L(x+y)+xy
o) " T e YT T e
b

b
- [ wosaa) <

Kw(y,x) ’ \/(f)7

a

where
Kt = max WO, o) - 2O i) - B 2,
B L—Ii(x+y)+xy| h—L(x+y)+xy
'W(x) 14 2RI B A

Proof. Obviously, [ hb— Iz) # 0. For fixed y € { hb— 12> it is easy to check that

[I;f’:lllz , I‘yflﬂ # 0, so we choose x € [1;7111112 , I'y{hlz} . The quadrature formula (2.105)

will be accurate for all polynomials of degree < 2 when
L—1(b+x)+xb

S Yy
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_ —h+h(b+y)—by

Ay =
(x=y)(b—x)
A L—1i(x+y)+xy
3= —.
(b—y)(b—x)
Since x > I}?b:lllz, (x—y)(b—y) > 0 we have A; > 0. Further, since 112 < I, we have

P _
y< 1}71’__1{2 < I'bb_lfl =1;,sowehave A| = %W < 1. Therefore, A| € [0, 1], so there
existx| € [a,b] such that W (x;) = W .On the other hand, since y < * Zb:lllz and (b—

y)(b—x) > 0wehave A3 € [0, 1], so there exist x3 € [a,b] such that W (x3)=1 —%.
It is easy to check that W (x;) < W (x3), which implies x; < x3.
Apply Theorem 2.48 with y,x, = x,x| and x3 as above. O

Now, we consider the special case of symmetric normalized weight function on [—1, 1]
Analogues results for interval [a, b] can easily be obtained with linear transformation

; b—a n b+a
= X .

2 2
Corollary 2.39 Ler f: [—1,1] — R be a function of bounded variation on [—1,1], w :
[—1,1] — [0,00) symmetric normalized weight function and —1 <y < —, < x < 1, where
L= fil w(t)t2dt. If f is continuous at y and x, then the following inequality holds:

T O e 0+ iy ) - [ s
< Kw(ym)-\l/l(f% o106
where
w1+ i e )
Proof Apply Theorem 2.49 with @ = —1,b = 1, and I; = 0. 0

Remark 2.47 1f we put y = —1 in (2.106), then —I, < x < I;. Specially, for x = —I,
or x = I, the Radau 2—point inequalities are obtained. For x = 0, the Lobatto 3—point
inequality is obtained. If we put x = — 1)—%, for some y € (—1,—1), the inequality related to
the open 2—point quadrature formula is obtained. Specially, for x = —y = /I, the Gauss
2—point inequality is obtained:

1

<Ku(—Vh,VDh)-\/ (f),

-1

VB 4LV - [ wisou
2 TRV
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where

K(—VIVE) = max{ (VD).

W(\/I_z)—%’,

W(VE) - 3|1 - WVE) .

Weighted 2—point quadrature formulae of semi-closed type

In this section we apply all the results to establish bounds of the remainder E(f) of the
general weighted 2-point quadrature formula of semi-closed type.

/abw(t)f(t)dt:Alf(a)+A2f(x)+E(f), (2.107)

where A + A, = 1. Note that in this case we have x3 = b, A; = W(x;) and Ay = W (b) —
W (x1), so if w(r) is normalized weight function, then A| + A, = W(b) = 1.

In the case of non-symmetric weight function, we formulate the following result con-
cerning quadrature formulae with degree of exactness 1.

Theorem 2.50 Let f : [a,b] — R be a function of bounded variation on [a,b], w : [a,b] —
[0,00) is some normalized weight function, I < x < b, where I = ffw (t)ede. If f is contin-
uous at x and a, then the following inequality holds

—x a— b b
@+ W= [ r 0w <k 0V ),
where / ;
Ky (x) :maX{%,W(x)— %,I—W(x)},

and W (t) = ["w(s)ds.

a

Proof. Since a < I < b, we have [I,b] # 0. The quadrature formula (2.107) will be
accurate for all polynomials of degree < 1 when

A_

|
=
[\S]
I

Since x € [1,b], we have A} = chT [0,1]. Apply Theorem 2.48 Withy =a,xy=x,x3=">b

and x; such that [ w(r)dt = I=2_ Tt is easy to check that £=£ < W (x), so the assertion
follows directly. O

In case of symmetric normalized weight function we can formulate the following re-
sult.

Corollary 2.40 Let f: [—1,1] — R be a function of bounded variation on [—1,1], w
[—1,1] — [0,00) is some symmetric normalized weight function and 0 < x < 1. If f is
continuous at x and —1, then the following inequality holds

1

<Kv )\ (f), (2.108)

-1

=D+

- [ woroa

1+x 1+x



2.4 APPLICATIONS FOR WEIGHTED 2-POINT AND 3-POINT QUADRATURE... 181

where .
K, (x) = maX{ s W (x) — Tor 1-W(x)}
and W (t) = [",w(s)ds
Proof. Apply Theorem 2.50 witha=—1,b=1and I} =0. ]

Remark 2.48 If we take x = 1, then K, (1) = %, so the inequality (2.108) reduces to the
weighted trapezoid inequality
L [ W s
2 2 T

If we take x = 0, then K, (0) = %, so the inequality (2.108) reduces to the weighted
midpoint inequality

‘f(O)—/llw( 1) dr

Remark 2.49 In order to enlarge degree of exactness, we have to consider quadrature
formulae of Radau type which are accurate for all polynomials of degree < 2. Therefore
we have to take x = [, w ()72dz in (2.108).

The next result establishes the inequality related to the 2-point semi-closed quadrature
formula with the minimal constant K (x).

Corollary 2.41 Ler f:[—1,1] — R be a function of bounded variation on [—1,1], w:

[—1,1] — [0,0) is some symmetric normalized weight function such that ffl w(t)dt = 2.
If f is continuous at % and —1, then the following inequality holds

‘%f(—l)—k%f (%) —_/flw(t)f i

Proof. Obviously, constant K,, (x) is minimal if

1.1

X X
I+x I+x

where W (#) = [*, w(s)ds. Thatis x = } and W (x) = % Therefore the proof follows by
applying inequality (2.108) with x = § O

Remark 2.50 Applications for some special weight functions such as w(t) = % re—-1,1];
w(t) = ﬁ,t e(-L1yw(t)=2V1-1te[-1,1;w(t) =31t €[0,1] and w(t) =
z%ﬁvt € (0,1] are given in [3].
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2.4.2 General weighted two-point Radau and Gauss and
three-point Lobatto quadrature rules for functions
In L, spaces
Here we use identity (2.102) in special case for differentiable functions f to obtain new
sharp weighted generalization of Ostrowski type inequality, as well as weighted 2-point

Radau and Gauss and 3-point Lobatto quadrature formulae for functions whose first deriva-
tives belongs to Lp spaces.

Theorem 2.51 Ler [ : [a,b] — R be differentiable on [a,b], and [’ : [a,b] — R inte-
grable on [a,b], w: [a,b] — [0,c0) is some integrable weight function, W (t) = [!w (x)dx

fort € |a,b]. Let also x1,x3,x3,y € |a,b] be such that y < x, and (p,q) a pair of conjugate
exponents, % + % =1,1<p,q<eoand f' €L,a,b]. Then the following inequality holds

W 1) f () + (W (x3) =W (1)) f (x2) + (W (b) =W (x3)) f () —/abW(t)f(f)df

< ||PW (X17x27x37y7')||q Hf,Hp

The constant ||P, (x1,%2,%3,,°)||, is sharp for 1 < p < e and the best possible for p = 1.

Proof. By applying identity (2.102) for differentiable function f and then taking the
modulus and applying the Holder inequality. The rest of proof is similar to the proof of the
Theorem 2.33. O

Weighted 2-point formulae of semi-closed type

We apply the results from the Theorem 2.51 with y = a, x = x and x3 = b. Note that in
our case for 2-point quadrature formula (2.107) of Radau type we have

A1:W(X1), A2:W(b)—W(x1),

so if w(¢) is a normalized weight function then A| +A, = W (b) = 1.
The quadrature formula (2.107) will be accurate for all polynomials of degree < 1 if
x—1 I—a

A= , A=
X—a X—a

where I = ffw(t)tdt,x € [1,b] and x; is such that W (x) = =L,
In case of symmetric normalized weight function we can formulate the following result

concerning quadrature formulae with degree of exactness 1.

Theorem 2.52 Assume (p,q) are conjugate exponents, 1 < p,q < . Let f : [—1,1] —
R be a differentiable function such that f' € L,[—1,1] and let x € [0,1]. Further, let
w: [—1,1] — [0,40c0) be some symmetric normalized weight function such that W (t) =
J- w(s)ds. Then the following inequality holds:

)t - [ W foa

- <K /
1+x 1+X 1 — W(x7q)HfHP7
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where K, (x,q) = ||Py(x,-)||q and

W()—1, x<t<lL.

Proof. Let x € [0,1] be fixed node. The quadrature formula (2.107) will be accurate for
all polynomials of degree < 1 when

X 1
A= : = :
YT T4 2T X+l
Since x € [0,1] we have A} = % € [0,1]. Apply Theorem 2.51 with [a,b] = [~1,1],
y=—1,x =x,x3 =1and x; such that [*} w(r)dr = $5. |

In the case of non-symmetric weight function, we formulate the following result con-
cerning quadrature formulae with degree of exactness 1.

Theorem 2.53 Assume (p,q) are conjugate exponents, 1 < p,q < . Let f : [a,b] — R
be a differentiable function such that f' € Lpla,b|. Further, let w: [a,b] — [0,4e0) be
some normalized weight function such that W (t) = [* w(s)ds and let x € [1,b], where I =

ff w () tdt. Then the following inequality holds:

L@ - [ ol <kl
x—a x—a p = Bwlhg P
where
K (x,9) = [[Pw(x,°) llg,
and
0, t=a,
Py(x,t) =S W(t)— =L a<r<x,

W(t)—1, x<t<b.

Proof. Since a < I < b, we have [I,b] # 0. The quadrature formula (2.107) will be
accurate for all polynomials of degree < 1 when

.y I—
A= L 4 =9
x—a x—a
Since x € [1,b], we have A} = 2L € [0, 1]. Apply Theorem 2.51 withy =a,x, =x,x3 =b
and x; such that [ w(z)dr = ;%Ip so the assertion follows directly. |

Remark 2.51 Applications of these inequalities for special weight functions w(r) = 3,7 €

[—1,1; w(t) = ”\/LT,I e(—1,1)and w(r) = ﬁ,t € (0,1] in case g = 1,2, are given

in [4]. Also, in each case the minimal value for the constants K,, (x, q) is obtained.



184 2 WEIGHTED GENERALIZATIONS OF THE MONTGOMERY IDENTITY

Weighted 3-point formulae of closed type

Here, we establish bounds of the remainder E(f) of the general weighted 3-point quadra-
ture formula of Lobatto type

[ w7 0a = A17 @)+ 425 () 4437 () + B, 2.109)

where A| +Aj + Az = 1.We apply the results from the Theorem 2.51 with y =a and x, = x.
Note that in our case we have

A =Wi(x1), Ap =W (x3) =W (x1), A3=W(b)—W (x3),

so if w(r) is a normalized weight function then A + A, + Az =W (b) = 1.
The quadrature formula (2.109) will be accurate for all polynomials of degree < 2 if

 L—Li(b+x)+xb

 —h+L(b+a)—ba
A= k=)

_ L—IL(x+a)+xa
SR P PRy

A= T T =)

where /; = ffw(t)tjdt, for j = 1,2, and x; is such that W (x;) = W, X3 is such

that 1 —W (x3) = %

In case of symmetric normalized weight function we can formulate the following result
concerning quadrature formulae with degree of exactness 2.

Theorem 2.54 Assume (p,q) are conjugate exponents, 1 < p,q <oo. Let f:[-1,1] = R
be a differentiable function such that f' € L,[—1,1]. Further, let w: [—1,1] — [0, o) be
some symmetric normalized weight function such that W(t) := [*,w(s)ds. Then if x €

[—D, D), where I, = f_ll w(t)t%dt the following inequality holds:

x+1
2(x+1)f(_1)+

< Ky (x,9) [1f'll;

where K,,(x,q) = ||Py(x,-)||q and

1—1,
(x+1)(1—x)

P+ i) - [ v r@a

0, t=—1,

I
PW(X7Z): W(t)_z)&izl)a _1<t§xa

W(t)+%, x<t<l1.
Proof. Let x € [—1, 1] be fixed node. The quadrature formula (2.109) will be accurate
for all polynomials of degree < 2 when

x+ 1 . 1-15 . L —x
2+ 1) 7T GrD)(1—x) 2(1—x)°

1=

3=
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Since x > —I, and I, < 1, we have A| > 0 and

A= x+1 < x+1 :1’
2(x4+1) — 2(x+1) 2

we have A; € [0, 1], so there exist x; € [~1,0] such that W (x;) = 2’&1121) On the other
hand, since x < I, < 1

L —x

Az = >0

ST 2(1=x) "

Iz—x 1

Ay = <=

T 21—y T2
we have 1 — A3 € <%,1]. So there exist x3 € (0,1] such that W(x3) = _21%1__’(;2 Apply
Theorem 2.51 with [a,b] = [—1,1],y = —1, x, = x, and x| and x3 as above. O

In the case of non-symmetric weight function, we formulate the following result con-
cerning quadrature formulae with degree of exactness 2.

Theorem 2.55 Assume (p,q) are conjugate exponents,1 < p,q < eo. Let f : [a,b] — R

be a differentiable function such that f' € Lp|a,b]. Further, letw : [a,b] — [0, +e0) be some

normalized weight function such that W(t) = [ w(s)ds and let x € [I}Jb__llb , 1211__12“], where

where I = ffw(t)tjdt,for Jj = 1,2. Then the following inequality holds:

L—1L(b+x)+xb —L+1(b+a)—ba L—IL(x+a)+xa
r—ao-a W ason—n VT omgmn @

b
[ s 0w <Kol a) 171
where
K, (x7Q) = pr(x,')”q,
and
07 l‘:a,
Py(x,t) = W(l)—W, a<t<x,

W(t)+%—l,x<t§b.

szllu
Ilfu

. h-La _Lib—I, _ (b—a)(h-1})
- Since, T=0" = 317 = mma o)

this is equivalent to 112 < I,. By using the Cauchy-Schwarz inequality we have

1 (o)< ([ () ([ (7
-([ore) (o)

Proof. First, we will prove that I}f’:,llz <
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Thus [Ilh—llz, 121 11“] # 0. Now, let x € [I'b 112,121 11“} be a fixed node. The quadrature
formula (2. 109) will be accurate for all polynomlals of degree < 2 when

L—1;(b+x)+xb

Al =
ECENICET)
—12+11(b+a)—ba
Ay =
(x—a)(b—x)
L—Ii(x+a)+xa
Ay = .
(b—a)(b—x)
Since x > llb 12 we have I, —I; (b+x) +xb > 0 and A; > 0. Similarly, since x < 2 ’1“ we

have I, — I (x + a)+xa>0and Az > 0. Finally, we have

(t—a)(t—5b) <0

> +ab<(a+Db)t
b

b
/(t2+ab)w(t)dt§/ (a+b)tw(t)ds

a

L+ab<IL(a+b)

so it follows that A, > 0. Further, since A| +A, + A3 = 1, we have Aj,A;,A3 € [0,1], so
there exist x;,x3 € [a,b] such that W (x;) = A; and W (x3) = 1 — A3. Apply Theorem 2.51
with y = a, x, = x, x| and x3 as above and the assertion follows directly. O

Remark 2.52 Applications of these inequalities for special weight functions w(r) = %,t €
_ _ 1 . . _ o . . .
[—1,1] and w(¢) —ﬂ\/@,t € (—1,1) in case ¢ = 1,2,00 are given in [4]. Also, in each

case the minimal value for the constants K, (x, q) is obtained.

Weighted 2-point formulae of open type

Now we establish bounds of the remainder E (/) of the general weighted 2-point quadrature
formula of Gauss type

[ w5 0@ =1 0) 4427 9+ B, .110)

where A| +A; = 1. We apply the results from the Theorem 2.51 with x; = x and x3 = b.
Note that in our case we have

A =W(x1), A=W (b)—W (x1),

so if w(r) is a normalized weight function then A +A, = W (b) = 1.
The quadrature formula (2.110) will be accurate for all polynomials of degree < 1 if

~

_ I—

A= , A=

=
~<

=

<
=
<
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where I = [P w(t)tdt,y € [a,1], x € [I,b] and x; is such that W (x) = =L,

In case of symmetric normalized weight function we can formulate the following result
concerning quadrature formulae with degree of exactness 1.

Theorem 2.56 Assume (p,q) are conjugate exponents, 1 < p,q<oo.Let f:[-1,1] =R
be a differentiable function such that f' € L,[—1,1] and let y € [—1,0], x € [0, 1]. Further,
let w: [—1,1] — [0,4o0) be some symmetric normalized weight function such that W (t) =
[, w(s)ds. Then the following inequality holds:

0+ 0~ [ w0 0d] <K 0 17,

X=Y xX=Yy

where K., (y,x,q) = ||Py(y,x,")|lq and

W (t), —1 <t <y,
Po(y,x,t) =< W(t)— = y, y<t<x,
W)—1, x<t<1.

Proof. Let x € [0, 1] be fixed node. The quadrature formula (2.110) will be accurate for
all polynomials of degree < 1 when

A5 a2

xX—=y xX—=y
Since y € [~1,0], x € [0,1] we have A} = = € [0,1]. Apply Theorem 2.51 with [a,b] =
[—1,1],xp =x,x3 = 1 and x; suchthatfi w(t)dr = . O

In the case of non-symmetric weight function, we formulate the following result con-
cerning quadrature formulae with degree of exactness 1.

Theorem 2.57 Assume (p,q) are conjugate exponents, 1 < p,q < . Let f : [a,b] — R
be a differentiable function such that f' € Lp[a,b]. Further, let w : [a,b] — [0,4e0) be some
normalized weight function such that W (t) = [} w(s)ds and let y € [a,]), x € [I,b], where
I= f:w(t)tdt. Then the following inequality holds:

_J = b ,
O @ [ w07 0] <K () I
where
K, (yaxaq) = HPW(y’xa')”qa
and

W(t)7 a<t<y,
Py(y,x,t) =< W(t)— V, y<t<ux,
W(t)—l, x<t<bh.
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Proof. Since a < I < b, we have [I,b] # 0. The quadrature formula (2.110) will be
accurate for all polynomials of degree < 1 when

~
~

A = . Ay=—2.

=

=
~<

=
~<

Since y € [a,I], x € [I,b], we have A} = g € [0,1]. Apply Theorem 2.51 with x; = x,
x3 = b and x; such that [' w(r)dt = =, and the assertion follows directly. a

Remark 2.53 Applications of these inequalities for special weight functions w(r) = %,t €
[—1,1]; w(r) = n\/11_7,t e(—1,1)and w(r) = %\/ 1—2t€[—1,1]incase g =1,2,00 are

given in [4]. Also, in each case the minimal value for the constants K,, (x,q) is obtained.

2.5 Applications for estimates of approximations for
the integral transforms

In this chapter error estimates of approximations in real domain for the Fourier transform
and in complex domain for the Laplace transform are given for functions which vanish
beyond a finite domain [a, b] and such that f’ € L, [a,b]. New inequalities involving Fourier
and Laplace transform of f, integral mean of f and exponential mean of the endpoints of
the domain of f are presented and used to obtain two associated numerical rules and error
bounds of their remainders in each case. These results are published in [10] and [2].

2.5.1 Error estimates of approximations for the Fourier
transform

The Fourier transform % (g) (x) of Lebegue integrable mapping which vanish beyond a
finite domain [a,b] C (—eo,e0), g : [a,b] — R is defined by

b .
F @@= [ e
Ja
In the paper [28] the following theorem was proved:

Theorem 2.58 Let g : [a,b] — R be a mapping of bounded variation on [a,b], then for
all x # 0 we have the inequality

b

(b—a)\/(s).

a

b
Z (g) (x)—E(—Ercixa,—Qrcixb)/u g(s)ds| <

1w
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Here \/% (g) is total variation of g on [a,b), E (z,w) is exponential mean of z and w

%

e if 1w,
E(z,w) = zZzweC (2.111)

e, if z=w

Also, the next theorem was proved in [25]:

Theorem 2.59 Let g : [a,b] — R be an absolutely continuous mapping on [a,b]. Then
for all x # O we have the inequality

b
Z (g) (x) —E(—Zﬂ:ixa,—Znixb)/a g(s)ds

3e-ay ¢l if & €Lala,b],
) ! |
SN ey e gl i g e Lylat],
q
(b=a)lg'll: if ¢ € Lila,b].

where E (z,w) is given by (2.111).

Here we give another error estimates of the same approximations from these two theo-
rems.

Theorem 2.60 Let g : [a,b] — R be a mapping of bounded variation on [a,b], then for
all x # 0 we have the inequality .

1 b
i ¥

b
F (g) (x) — E (—27ixa, —2nixh) / g(s)ds

where \/ (g) is total variation of g on [a,b] and E (z,w) is given by (2.111).

Proof. Multiplying Montgomery identity g (1) = ﬁ fab g(s)ds+ [ f P (t,s)dg(s) with
the kernel of Fourier transform and then integrating on [a, b] gives us

:/bg(t)efhrixzdt
b7 b ; , |
, {/a g(S)ds—i—/a (s—a)dg(s)—i—/t (S—b)dg(s):| o 2mit gy

By an interchange of the order of integration we get

[ ([ omatew)emmar= [t 6 aaso
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[ ([ 6mmasw)ema= [ (25 ) st

So we have

b 67271'1')5.\'

b
Z (g) (x) —E(—Zn’ixa,—Znixb)/ g(s)ds= P dg (s) (2.112)

U G £ (5) (3o
|

and the proof follows since

b
‘y (g) (x) — E (—2mixa, —2mixb) / g(s)ds

e—Zm'xs s—a e—Zm'xb b—s e—2m'xa
— + —+ -
2mix b—a) —2mix b—a) —2rmix
b

b
s—a b—s 2
< 1 =
_277:|x|‘ +b—a+b—a \u/(g) 27t\x\\a/(g)

b
< sup V (g)
s€la,b] a

O

Remark 2.54 Whenever it holds |x| >
estimate of the Theorem 2.58.

T L Talh—a) fOrx € [a,b], the Theorem 2.60 gives better

Next theorem is the result for L, spaces.

Theorem 2.61 Assume (p,q) is a pair of conjugate exponents. Let g : [a,b] — R be
absolutely continuous such that g’ € Ly, [a,b]. Then for 1 < p < oo, and for all x # 0 we
have the inequality

(b—a)s
7]

<

b
‘y () (x) — E (—27ixa, —2mixb) / g(s)ds Ig']]

while for p = 1 we have

b
‘ﬂ(g) (x)—E(—Zn'ixa,—Znixb)/a g(s)ds| <

1
T &'l]; -

Proof. Using formula (2.112) with dg (s) = g’ (s) ds we have

b 6727rixs
g (s)ds

b
Z (g) (x) —E(—Zﬂ:ixa,—anixb)/ g(s)ds= =

b e*ZTEixb e*ZTEixu b—s ,
* [/a —2mix (b a) ds+/ (—2ﬂ:ix> (b—a)g (s)ds] )
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For 1 < p < oo, by applying Holder inequality we obtain

b
‘9 (g) (x) — E (—2rixa, —277:ixb)/u g(s)ds

e—2m‘xs s—a e—2m‘xb b—s e—2nixa ,
2mix * <b—a> —2mix + (b_a) —2ix qu Hp
1 s—a b—s , s ,
: 2mix <1+b—a+b—a) quHI’S TTix quHp
1
(b—a)1
-,
Similarly for p = 1 we have
b
'ﬁ(g) (x) —E(—27rixa,—27rixb)/ g(s)ds
a
e*27tix.\‘ s—a e*27tixb b_s 6727Tixu /
S_\-:EI;,] 2rix * (b—a) —277:ix+ (b—a) —27ix Hg Hl
1 s—a b—s 1
= 22 ‘l+b—a+b—a 'l = g el

and the proof is done.

1
Remark 2.55 Whenever it holds |x| > @ [2(g+1)(g+2)]7Gf 1 < p <o) or |x] >

191

ﬁ (if p=1) for x € [a, b], the Theorem 2.61 gives better estimate of the Theorem 2.59.

Remark 2.56 We have )
F @O = [ syar

and for x = 0O the left-hand side of the inequalities from the previous two theorems reduces

to

b
7 ()0 ~E(0,0) [ g(s)ds| =0.

Next result is a generalization of Theorem 2.2 for weight functions that do not have to

be normalized.

Lemma 2.3 Let f: [a,b]U [c,d] — R be an absolutely continuous function on |a,b]U
[e,d), w:la,b] = R and u : [c,d] — R some weight functions, such that ffw(t)dt #0,

fcdu (t)dt # 0 and

0 t<a, 0 t<c,

Wx)=< fiw)d, a<t<b, U(x)={ [fu(t)dt c<1<d,

JPw(t)de, t>b, JYuyde, t>d,
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and [a,b) N [c,d] # 0. Then, for both cases [c,d] C [a,b] and [a,b] N [c,d] = [¢,b], (and also
forla,b] C [c,d] and [a,b) N [c,d] = [a,d]) the next formula is valid
1
[Pw(t)de

where

d max{b,d}
/C u(t)f(t)dt:/ K@) f (1)dr (2.113)

min{a,c}

b
L»mnfanh—fzﬁga

c

K (t) =P, (x,t) — Py (x,1), t € [min{a,c},max{b,d}]
and P, (x,t), P, (x,t) are given by

%, a<s<x, % c<s<ux,
P, (x,1) = s Pux,t) =
W) U(r)
W—l,x<s§b, W—I,X<S§d-

Proof. For x € [a,b] N |c,d], we subtract identities

1 b b ,
fw—E;aaéfmwmmzémvnfmm

and

1 d d ,
fm—ﬁqaa[fﬁwmmzlnunfmm

Then put
K (x,t) = P, (x,t) — Py (x,t), t € [min{a,c},max {b,d}].
K (x,7) doesn’t depend on x, so we put K (¢) instead:

W)

W) t € la,cl,
K1) =1~ + i 1€ {ed), i [e.d] Cla,b], (2.114)
1 VVVV((Q), t€d,b)],
—%, t € la,cl,
K(t)=S —mg+ g t€(e,b), if [ab]N[ed]=[ch].
%—1, t€[b,d]

Next, we apply identity for the difference of the two weighted integral means (2.113)
with two special weight functions: uniform weight function and kernel of the Fourier trans-
form. In such a way new generalizations of the previous results are obtained.
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Theorem 2.62 Assume (p,q) is a pair of conjugate exponents. Let g : [a,b] — R be
absolutely continuous function on [a,b] and ¢,d € [a,b], ¢ < d. Then for 1 < p < e, and
for x # 0 we have the inequality

'Z:Z? (g) (x) — E(—2mixa, —27rixb)/cdg(t)dz
204 1)(b—a)\ 7
<(d_c)<%> "]l 2.115)

while for p =1 and x # 0 we have

‘Ef <2(d-o)g|,, @116

. . d
b —af (¢) (x) — E(—2mixa, —2mxb)/c g(r)dr

where E (z,w) is given by (2.111).

Proof. If we apply identity (2.113) with £ (r) = g (), w(t) = e 2™, u(t) = 7~ we

—C
have W (t) = [! e 2*¥ds = (t —a) E (—2mixa, —2mixt),

1
(b—a)E (—2mixa, —2mixb)

F@W- 7 [s0u=["Kogwa,

and, since [¢,d] C [a,b] by using (2.114)

—;VV—(;)), t € la,c],
K(t)= —‘;,V—([tj))—l—ﬁi%cc,tE(c,d),
1—%, 1 €[d,b)
Thus
d—c d d—c b
" (8) (x) — E (~2miva, ~2mixb) / g(dr =W (b) / K()g (1)di

and by taking the modulus and applying Holder inequality we obtain

—C

_ d
d—cf(g)(x)—E(—zmxa,—zmxb)/ sal<|“Swxyko)| [¢] -
b—a ¢ b—a q P
Now, for 1 < p < oo (for 1 < g < o) we have
d—c cld—c q
Hb_aW(b)K(I) q_(/a " o)
dld—c t—c 4 bld—c d— 4
+/C W) - W (D) dt—l—/d W)~ W (b) dt)
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and since [W ()| = | [} e 2™ds| < [} |e 2™ |ds = [, ds =1 —a for € [a,b], we have

[lizawol s [ (F=ge-a) o= (5=) G2

Cd i:;W(r)—;:ZW(b)th

</Cd< Z:ZW(t) + 2_2W(b) )th</cd <Z:Z(t—a)+t—c>th
1

d
(b—a)q/c (b—a+d—c)t—c(b—a)—a(d—c))?dr
If we denote
At)=(b—a+d—c)t—c(b—a)—a(d—c) (2.117)
wehave A (¢) =(d—c¢)(c—a)and A (d) = (d —c) (b+d —2a) so
d
Goay | (batd=ar—cl—a)—ald—c)'u
(s
(b—a)(qg+1)(b—a+d—c)

@ (b+d—20)" —(c=a"™")  2u(g_ et (p—a)
B (b—a)!(qg+1)(b—a+d—c) - (g+1)
Also
bld—c c q
/d Z_aW(t)—Z_aW(b) dr
bld—c e d—c\?(b—d)!
<[ (o) o= (=0) 5
Thus
d—c
[ oxo|

d—c\9(c—a)™ 24@d—c)Yi(b—a) [d—c\!(b—d)T i
S((b—a) 1) (g+1) +(b_a> (q+1)>

< ((d—c)‘? (b—a)"! +2‘1(d—c)q(b—a)>‘l’ o) (M)é

b—a) (q¢+1) (g+1) (g+1)
and inequality (2.115) is proved. For p = 1 we have

= max{ sup
oo t€la,c]

d—c

b—a

W(b)K (1) W),

d—c
b—a
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d—c t—c d—c d—c
sup W (t)— W (b)|, sup W (t) — W(b)‘
t€e,d) b—a b—a r€d,b] b—a b—a
" ([d—c)(c—a)
—c —c)(c—a
sup 1| < )
t€la,c] b—a ( ) (b - a)
d—c t—c d—c t—c
sup (t)— W(b)‘ < sup {‘ W)+ W(b)‘}
refed)|b—a b—a refed) |[D—a b—a
d—c b+d—2a
=y arde=d=— ==,
d—c d—c (d—c)(b—d)
sup W(t)— W (b ' <—
reldp |0—a ®) b—a (5) (b—a)
Thus
U (@)K )] < = max {(c—a), (b-+d ~2a),(b—d)} <2(d—0)
and the proof is completed. |

Theorem 2.63 Assume (p,q) is a pair of conjugate exponents. Let g : [a,b] — R be
absolutely continuous function on [a,b] and ¢,d € [a,b], ¢ < d. Then for 1 < p < e, and
for x # 0 we have the inequality

d— b d
b_;E(—Zn:ixc,—2ﬂ:ixd)/a g(t)dt—/c e g () dr
1
414+ 1)(b—a)\1, ,
< (- (Z=) g, )

while for p =1 and x # 0 we have
d—c
b—a
where E (z,w) is given by (2.111).

b d )
E(—27rixc,—27rixd)/ g(t)dt—/ e e (n)dr| <2(d—c)|gl|,, (2.119)
a

c

Proof. 1f we apply identity (2.113) with £ (1) = g (¢), w(t) = ==, u(t) = e 2™ we
have U (1) = [l e 2™ds = (t — ¢) E (—2mixc, —2mixt),

b d , b
5 | 208 e [ s = [k @

and, since [¢,d] C [a,b] by using (2.114)
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Thus

_ b d . b
Z_ZE(—Znixc,—Ercixd) / ¢ (f)dt — / 2 g (1) df = U (d) / K(0)g' (1)de

and by taking the modulus and applying Holder inequality we obtain

b d
E(—27tixc,—277:ixd)/ g(t)dt—/ e g (1) dr
a

c

<|lU @K @),[l¢']],-

d—c
b—a

Now, for 1 < p <o (for 1 < g < o) we have

wa@xol,~ ([ ;=@ «
d —a q b|p_ q
w[vo- vl e[| =va] @)

and since |U (1)| = | [l e 2™ ds| < [} |[e"*™™|ds = [/ ds =t —cfort € [c,d], we have
¢ a < (t—a 1 d—c\? (c—a)’™
dr < d— dt =
/a t_/a (b—a( c)) ! (b—a) (g+1)
U(t)——U)

q d q
o dtg/c (|U(t)+ ) d
g/d (t—c—l—%(l—a))th
d

gﬁ/ (b—a+d—c)t—c(b—a)—a(d—c))Tds

(z/ (d)qul ) (C)qul)
(b—a)(g+1)(b—a+d—c)
(@-a" (Grd=20"" —c=a™) x(-q1p-a)

(b—a)(g+1)(b—a+d—c) - (g+1) ’
where A () is given by (2.117) and

/db < /db (::;(d—c))th: (i:;)q (b(q_f)lq;l.

IU(d)K ()]

t—a
b—a

U (d)

t—a

t—a

U d)

b—t
b—a

U (d)

Thus

q

d—c\ (c—a)™" 2d—c)(b—a) [d—c\?(b—d)T i
<<(b_“) CE IRy +(b—a> (q+1)>
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d—c\!(b—a)™™ 29(d—c)!(b—a) 5_ (@) (b—a) g
S((b—a) G+ T @) )‘(" (TG )

and inequality (2.118) is proved. For p = 1 we have

U (d)K ()],
t—a t—a b—t
=maxq sup U(d)|, sup |U(¢t)— U(d)|, sup Ud‘
{ze[a,c] b—a () r€e,d) ® b—a (@) r€d,b] b—a @) }
e (c—a)(d—c)
t—a c—a)ld—c
su Ud) < —F——,
te[ar,)c] b—a ( )‘_ (b—a)
t—a t—a
sup |U (1) — U(d)‘: sup {|U(t)|+ U(d)‘}
r€e,d) b—a t€e,d) b—a
—a b+d—2a
< sup |d—c+ d—c)|=(d—c¢c)———,
o p,d-o)=d-c)——
b—t (b—d)(d—c)
sup U(d ‘gi.
r€d,b] b—a (@) (b—a)
Thus

V@Kl < 5= max{(c—a),(b-+d~2a), (b~ d)} <2(d )

and the proof is completed. a
Corollary 2.42 Assume (p,q) is a pair of conjugate exponents. Let g : [a,b] — R be

absolutely continuous function on [a,b]. Then for 1 < p < oo, and for all x # 0 we have the
inequality

b b .
‘E(—Qi‘cixa,—Ercixb)/ g(t)dt—/ e Mg (1) dt
a

a

1
1+1 L \7
SZ(b—a) q (m) ||gl||pa

while for p = 1 we have

b b
‘E(—27rixa,—2ﬂ:ixb)/ g(t)dt—/ e g () dr
a

a

<2(0-a)gll;-

Proof. By applying the results of the Theorems 2.62 or 2.63 withc =aandd =b. O

The previous corollary can be utilized to obtain numerical quadrature rule.
Letl,:a=x0 <x; < <x,_1 <x,=>b be a division of the interval [a,b], h; :=
X1 — Xk, k=0,1,...,n— 1 and v (h) := max; {/ }. Define the sum

n-l1 Xkt 1
& (gilnx) = 3 E(—2mixxg, —2mixx 1) / (1) di (2.120)
k=0 .

Xk
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where x # 0.
The following approximation theorem holds.

Theorem 2.64 Assume (p,q) is a pair of conjugate exponents. Let g : [a,b] — R be
absolutely continuous function on |a,b]. Then we have the quadrature rule

y(g) (x) = (g}(g?I?hx) +R(g71n7x)

where x # 0, & (g,1,,x) is given by (2.120) and for 1 < p < oo the reminder R (g,I,,x)
satisfies the estimate

1 1
1 7 |n=1 g1 q ,
it <2 () (8] W

while for p = 1 we have
R (g,1n,x)| < 2v (n)[|g'[],

Proof. For 1 < p < e by applying the Corollary 2.42 with @ = x;, b = x;1 we have

. . Xk+1 Xk+1 it
E (—2mixxy, —2mxxk+1)/ g(t)dr— / e g(r)dr

Xk Xk

1 1
1 1 q Xk4-1 P
<2 (Xpa] —X, 1+‘7<—) (/ (¢ pdt) .
<2 (X1 — X%) o s &' (1)]

Summing over k from 0 to n — 1 and using generalized triangle inequality, we obtain

R(8, 10, %)| = |7 (g) (x) = & (8,1, %)

< :i;zazk)”% (ﬁ) ([l <z>!”dt)%-

Using the Holder discrete inequality, we get

2 (ﬁ)égw*% ([l <r>|”dr)%

1

Q=

Lg; ((hk)”‘%)q] q Lg; ((/X:M ¢’ (t)}”dz) %>p] !

s 1 % n_lhq+1 é ,
~2(5) (2| el

and the first inequality is proved. For p = 1 we have

Xk+1

IR (g,1n,x)| < Zg;zm (/k ¢ (t)|dt>
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n-l1 Xk+1
<2v(h) Y, (Ak }g/(f)|df> =2v () ||¢']],

k=0

and the proof is completed. |

Corollary 2.43 Suppose that all assumptions of Theorem 2.64 hold. Additionally sup-
pose

at(k+1)-La

& (gnr) = [ g0

b—
a+k-24

n—1 _ _
-ZE(—Ercix(a—l—k-b—a),—27rix<a+(k+1)~b a)).
P n n

Then we have the quadrature rule

ﬂ(g) (x) = é"(g,ln,x) +R(g7]"’x)

where x # 0 and for 1 < p < o the reminder R (g,1,,x) satisfies the estimate

L)Hemah g
P e,

IR@AJHS2<

while for p = 1 we have
2(b—a)
|R (g,ln,x)| < T Hg/Hl .
Proof. By applying the Theorem 2.64 with equidistant partition of [a,b] x; =a+j- l% ,
j=0,1,...,nand =22 k=0,1,....n— 1. O

2.5.2 Error estimates of approximations in complex domain for
the Laplace transform

The Laplace transform .Z (/) of Lebegue integrable mapping which vanish beyond a finite
domain [a,b] C [0,0), f: [a,b] — R is defined by

Z(f)(2) :/abf(t)e‘z’dt. (2.121)

for every z € C for which the integral on the right hand side of (2.121) exists, i.e.
lfff(t)e‘zfdtl < oo,

Using the Montgomery identity following result is obtained.
Theorem 2.65 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be

absolutely continuous such that f' € Ly [a,b]. Then for z# 0, 1 < p < o and for Rez >0
we have the inequality

Q=

b e—aRez —a
2Bz [ 16)a] < 2= L=,
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and for Rez < 0

<=

- De—bRez (b _ a)
N &

b
2 @) ~El(-za-2b) [ f(9)as

17°[1

while for p =1 and Rez > 0 we have

2e—aRez

2|

b
2@ =E(=za,=2b) [ 1(5)as| < =— 7.

and for Rez < 0

b ethez
L@ -E(~za-b) [ 16| <=1,

2|

Proof. Multiplying the Montgomery identity (2.2) with the kernel of Laplace transform
and then integrating on [a, b] gives us

2(00= [ 10era
[ rees [s-arees [o-nroa]ea

By an interchange of the order of integration, since z # 0 we get

[ ([ r6as)era=[ (”%w)f(s)ds

=E(—za,—zb) (b —a)/abf(s) ds,
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Ar= o [(5)6=)roe]

For 1 < p < oo, by applying Holder inequality we obtain

e’”_ s—a eZb b—
z b—a z b—a
Now, if Rez > 0 we have
e’z“'_ s—a e’Zh b—s\ e ™
z b—a z b—a
L s—a
Gz (= )
s —bRez —aRez
6= ) (520
efaRez
o (e (212)
|2
and if Rez < 0 we have
e_zs_ s—a e_Zb_ b—s)\ e ™
z b—a z b—a z
<e_bR°Z I, + s—a+b—s
Iz| q b—a b—a

17

e—sRez

<

< q

) 7aRez (b a),l,
g H

q

) B ze—bRez (b—a)‘ll
q

2|

Similarly for p = 1 we have

200 - [ 605

e ¥ s—a\ e b—
(=) = G=) =L
e’z“'_ s—a e’d’_ b—s\ e ™
z b—a z b—
e

a) z

—aRez s—a b-—s
1

e (R (PR =)

<

IfRez>0

oo

zefaRez
N)_ K

<




202 2 WEIGHTED GENERALIZATIONS OF THE MONTGOMERY IDENTITY
and if Rez < 0 we have
e s—a\ e b—s\ e
z b—a Z b—
e

a 7 o
—bRez ”1” N s—a N b—s B zebeeZ
B ~T\e=a " b=a)|.) T TH

and the proof is done. a

<

Remark 2.57 For z = 0 we have .Z (f)(0) = fff(t)dt and the left-hand side of the
inequalities from the previous theorem reduces to

/uhf(s)ds—/ubf(s)ds

Remark 2.58 1t’s not difficult to check that Weighted Montgomery identity 2.4 and the
Lemma 2.3 hold also for w : [a,b] — C integrable and such that |, f w(t)dr # 0.

b
'-i”(f) ©)-£0.0) [ (s)as] = —o.

Next, we apply identity for the difference of the two weighted integral means (2.113)
with two special weight functions: uniform weight function and kernel of the Fourier trans-
form. In such a way new generalizations of the previous results are obtained.

Theorem 2.66 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be
absolutely continuous, f' € L, [a,b] and c,d € [a,b], ¢ < d. Then forRez >0and 1 < p <
oo we have inequalities

‘Z:Zf(f) (2) —E(—za,—zb)/cdf(t)dt

q b—a ‘11 ,
<e_aRez(d_C)<%> 11,
q b—a 7 ,
< (@—o (Z= )

while for p = 1 we have

’Z:Z-iﬂ(f) (z) — E (—za, —zb) /Cdf(t)dt

<2e R (@) |||, <2(d—<) ||,

where E (z,w) is exponential mean of z and w given by (2.111).

Proof. If we apply identity (2.113) withw (t) =e ¥, ¢ € [a,b] and u(¢) = ﬁ, t€le,d],
we have W (1) = (t —a) E (—za,—zt),t € [a,b]; U (t) = 55,1 € [c,d] and

1 1 d b .
(b_a>E(_Za)_zb)=€”(f)(Z)—d_c_/c r0d= K@ s 0.
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Since [¢,d] C [a,b] we use (2.114) so

— W) t € la,c],
K(t) =14 —jim + 75, € (e,d),
1—3((2)), 1 €[d,b)
Thus
d—c d d—c b ,
()@ ~E(-za,-b) [ fO)a=1=w) [ KO O
h—a ; b—a " Ja
and by taking the modulus and applying Holder inequality we obtain
d—c

d
7L () (2) — E (~za,~2b) / F)de

< H%wa])m)

1]l
q

Now, for 1 < p <o (for 1 < g < o) we have

d—c ¢ld—c q
’b_aW(b)K(t) q:(_/ﬂ W (o)

dld—c —c 4 bld—c —c 4
+/C Z_aW(t)—;_aW(b) dt—l—/d Z_aW(t)—Z_aW(b) dt)

and since Rez > 0 we have |W (1)| = ’fé e‘zsds| <Jlle=¥|ds=[! ’e‘SReZ’ ds< (t—a)e Rez
for 7 € [a,b], thus

r

d—c 1 ¢ d—c 1 d—
dr < —aRez t— dr = —aqRez
b—a _/a (e b—a( a)) ¢ (
d—c t—c

c
b—a
d q d d—c

W(t)— W (b)| dt < W (t

/c b—a 2 b—a ®) 7/; <’b—a ®)
d d—c q

< 7uqRez/ _ .
<e : (b—a(t a)+t c) dr

_ (ebiR:)q/Cd((b—a—i—d—c)t—c(b—a)—a(d—c))th.

If we denote

W (1)

9 (c—a)t™!
) (g+1) ~

At)=(b—a+d—c)t—c(b—a)—a(d—c)
wehave A (¢)=(d—c)(c—a)and A (d) = (d—c¢)(b+d—2a) so

<eb_a_R;z>q/cd((b—a+d—c)t—c(b—a)_a(d_c))th
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¢—aqRez (A (@)~ 2 (C)q+1)
(b—a)(g+1)(b—a+d—c)
e-eaRes (d— ey ((b+d—2a)"" — (c—a)*") _ R (d— ) (b a)
(b—a)(g+1)(b—a+d—c) - (g+1)

Also
/dh Z:ZW(r)—Z:ZW(b)thth Z:Z/the_zsdsth
< e—aIIReZ/db (Z:Z (b—t))th _ p-aqRez <Z:2)‘7 (b(;_i)lq;l.
Thus
CI )

aRe: 7 (c—a)"! L= boa)  (d-c 9 (b—d)t! ‘
e (( ) q+1 (g+1) +<b—a> (¢+1) )

e ‘(b a“l L2 b))’
= (( ) (g+1) )

e g ’(thrn )):

and since e~ *R®Z < [ inequalities in case 1 < p < oo are proved. For p = 1 we have

d—c d—c
K =
Hb_aW(b) (¢) _ max{tzﬁ)c] b_aW(t) ,
d—c t—c d—c d—c
sup W(t) — W (b)|, sup W (t)— W(b)’
r€e,d) b—a b—a r€d,b] b—a b—a
and J 4
sup _CW(I)I Se—aRez( _C) (C_a)’
t€la,c] b—a (b_a)
d—c t—c d—c t—c
sup W(t)— W(b)’< sup {‘ W)+ W(b)‘}
1€le,d) a b—a 1€le.d) —a b—a
d— b+d—2a
< —aRez —aRez o _ ,—aRez _
e 5o a(d a)+ (d—c)=e (d=c) P
sup d_CW(t)— d_CW(b)‘ < ef“Rezi(d_c) (b_d).
r€ld,b] a b—a (b—a)
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Thus
d— d
Hb_ZW(b)K(t) <e Rl — C max{(c—a),(b+d—2a),(b—d)}
< e—aRez2 (d _ C)
and since e~*ReZ < | the proof is completed. a

Remark 2.59 The inequalities from the previous Theorem hods for Rez > 0. Similarly
it can be proved that in case Rez < 0 and 1 < p < o we have the inequality

’Z:Z-i”(f) (Z)—E(—za,—zb)/cd £ ) dr

rer gy (AN G=a)\ T
<etmes(amo (DO oy

while for Rez < 0 and p = 1 we have

201~ E(za-) [ 0@ <207,

d—c
b—a

Theorem 2.67 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be
absolutely continuous, f' € L, [a,b] and ¢,d € |a,b], ¢ < d. Then forRez>0and 1 < p <
oo, we have inequalities

Z_ —zc, —Zd/f / “Ef(t)dt

141 (b—a)\7
<o (- (ZEDOZ) Ty
4 b—a é ,
<(a-o(F=) s,

while for p = 1 we have

‘ ,c,—zd)/abf(t)dt—/Cde*”f(t)dt

_e‘CR”E el v
<2(d=9lfll

where E (z,w) is exponential mean of z and w given by (2.111).

Proof. By applying identity (2.113) with w (1) = 7,1 € [a,b] and u (t) = e~ ¥, 1 € [c,d]
and proceeding in the similar manner as in the proof of the Theorem 2.66. a
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Remark 2.60 The inequalities from the previous Theorem hods for Rez > 0. Similarly
it can be proved that in case Rez < 0 and 1 < p < e we have the inequality

Z: E(—zc,—zd) / VG dt_/c e df(t)det
—dRez ( )(b—a
<e IR (d—0)<w> 171,

while for Rez < 0 and p = 1 we have

‘%E(_Zc,_zd)/ahf(t)dt—/cde Tf (1) de

Corollary 2.44 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be
absolutely continuous and f' € Ly, [a,b]. Then for allRez > 0 and 1 < p < e, we have the
inequality

<e 2(d=o|fl;-

b 1 tll
) [ T0u-2(06)| <6-0 (25) 171,

while for p = 1 we have

'E(_Za,—zb)_/u"f(odr—$<f)(z) <2(b-a)|f,-

Proof. By applying the Theorems 2.66 or 2.67 in the special case when ¢ = a and
d=>b. O

Corollary 2.45 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be
absolutely continuous and f' € Ly |a,b]. Then for all Rez > 0, for any ¢ € [a,b] and 1 <
p < oo, we have the inequality

2 (f) (&) = (b—-a)E (— a,—zb) f (¢)]

2941
<ot (25 ),
while for p = 1 we have

2 (f) (2) = (b= @) E (~za,~zb) f ()| <2 (b~ a) || f']|,-

Proof. By applying the proof of the Theorem 2.66 in the special case when ¢ = d. Since
[ is absolutely continuous, it is continuous, thus as a limit case we have lim._,4 ﬁ J Cd f(r)de

=f(e).

Two previous corollaries can be utilized to obtain two numerical quadrature rules.
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Letl,:a=1)<t] <--<t,_| <t, =bbeadivision of the interval [a,b], b} :=ty+| — 1,
k=0,1,...,n— L and v (h) := maxy {h}. Define the sum

n—1 Lkt 1
E(filn2) = Y E(—t,—zepr) | f()dt (2.122)
k=0 Ik

where Rez > 0.
The following approximation theorem holds.

Theorem 2.68 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be
absolutely continuous function on [a,b), f' € L, [a,b]. Then we have the quadrature rule

Z(f)(@) =& (fiIn,2) +R(f  1n,2)
where Rez > 0, & (f,1,,z) is given by (2.122) and for 1 < p < oo the reminder R (f,I,,z)

satisfies the estimate

2941

7 [ g+l 5 /
IR(f,1,2)| < (qﬁ) Lzohk ] 1711,
while for p =1
R T < 2v (W) [|F]
Proof. For 1 < p < o by applying the Corollary 2.44 with a = #;, b = ;1 we have

Tk+1 eyt
E(-a—an) [ f@da- [ e

Sy Sy

Sl (2:: 11) ( / 1 <t>|"dt>'l’

Summing over k from 0 to n — 1 and using generalized triangle inequality, we obtain

R(f 10, 2)| = |2 (f) (2) =& (f 1, 2)|

< :i;(hk)“r‘l’ (ij%)é (/:+1 | (t)|pdt) %.

Using the Holder discrete inequality, we get

1 [zh] 171,
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and the first inequality is proved. For p = 1 we have

|RU¢¢)<z?m<£“UKMm)
< ZV(h)g (/I:H1 |/ (t)|dt> =2vw) |/,

and the proof is completed. |

Corollary 2.46 Suppose that all assumptions of Theorem 2.68 hold. Additionally sup-
pose

b—a b—a at(k+1)-La
f,In,Z ZE( <a+k7),—z(a+(k+l) " ))./,H_k.b’_l” f(t)dt

Then we have the quadrature rule

L (f) () =E(f,1n,2) +R(f,1n,2)

where Rez > 0 and for 1 < p < oo the reminder R (f,1,,z) satisfies the estimate

24+1>31(b a) %1}

R < (2

while for p = 1 we have

2(b—a)

|R(g,1,,,z)| < T Hflul .
Proof. If we apply Theorem 2.68 with equidistant partition of [, b]. |
Now, define the sum

n—1

tr1 8
A (fln2) = 3, (teer — ) E (~2tk,~2tes) f (%) (2.123)
k=0

where Rez > 0.
Also the following approximation theorem holds.

Theorem 2.69 Assume (p,q) is a pair of conjugate exponents. Let f : [a,b] — R be
absolutely continuous function on [a,b|, f' € L, [a,b]. Then we have the quadrature rule

"%(f) (Z) = JZ{(f,In,Z) +R(f,In,Z)

where Rez > 0, o (f,1,,2) is given by (2.123) and for 1 < p < oo the reminder R (f,1,,2)
satisfies the estimate

wmarz (25 [5] 11,

while for p =1
R(f.bn2)| <2v() | f],-
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Proof. By applying the Corollary 2.45 with a =1, b =341, ¢ = % and then
summing over k from O to n — 1, we obtain results similarly as in the proof of the Theorem
2.68. ad

Corollary 2.47 Suppose that all assumptions of Theorem 2.69 hold. Additionally sup-
pose

b—a
A (f1n,2) = W

Zf( w> E <—z <a+k-bn;a) ,—2 <a+ (k+1)-bn;a>) .

Then we have the quadrature rule

L (f) ) =L (f,1,,2) +R(f,1.,2)

where Rez > 0 and for 1 < p < oo the reminder R (f,I,,z) satisfies the estimate

l
2941 b—a)"u
RUf ho)] < <q+1) 2= sy

while for p = 1 we have

2(b—a)
‘R(g, ns< )|< n ||f,||1
Proof. By applying Theorem 2.69 with equidistant partition of [a, b]. |

Remark 2.61 For both numerical quadrature formulae in case Rez < 0, for 1 < p < o,
the reminder R (f,1,,z) satisfies the estimate

R(f h2)| < e ( 71 ) [z h"“] 11l

while for p =1
[R(f In2)| < e”"%%2v () [|£']] -

For equidistant partition of [a,b] and for 1 < p < eo we have

1
2941\ (b—a)
R ,In, < —bRez
RO <o (210
while for p =1
R(f.0) < e tRes20 =)
n

17l
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2.6 Weighted Montgomery identity for Functions of
Two Variables

In this chapter, integral and discrete weighted Montgomery identities for functions of two
variables are given. Further, some new Ostrowski type inequalities for mappings of two
independent variables are obtained.

2.6.1 Integral weighted Montgomery identities and Ostrowski
type inequalities for functions of two variables

J. Pecari¢ and A. Vukeli¢ in [102] obtained weighted Montgomery’s identities for functions
of two variables The analysis used in the proofs is based on the identity established in [94]:

Lemma 2.4 Let p: [a,b] x [c,d] — R be an integrable function and P(x,y) defined by,

b pd
P(x,y):/x /V p(s,t)dsdt.
Uf(ey) dfy) 1 2f ()

If f :[a,b] x [c,d] — R has continuous partial derivatives =752=, =55=, an 90y
[a,b] x [c,d] then,

b rd b
[ ptn sy = slaopta.e)+ [ P Lo
+/dP(a, afayd-{-//p 92ny)dxdy.

By using the result from the last lemma following weighted Montgomery’s identities
for functions of two variables are obtained:

Theorem 2.70 Let f:[a,b]x[c,d]—R have continuous partial derivatives %, %,
and % on la,b] x [c,d], then for all (x,y) € [a,b] X [c,d],

f(x,y)P(a,c) = /b /dp(s,t)f(s,t)dsdt + /bls(x,s) 01(5.y) ds
+/Cd15(y, af“ //szy, zf( D ds (2.124)

where p(-,-) and P(-,-) are defined in Lemma 2.4,

p(x S) = f;f;lp(r,v)drdw a<s SX,
) - —P(S’C), x<sgb’ )

ff (r,v)drdv, ¢ <t <y,
POur) = { P(apt) y<t§2
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and
fasfctp(r,v)drdv, a<s<x, c<t<y,
P — [} Jip(rv)drdy, x<s<b,c<t<y,
P(X»S»y,l) - s rd
— o [ p(rv)drdv, a<s<x,y<t<d,
P(s,1), x<s<b y<t<d.
Proof. See [102]. O

Theorem 2.71 Let f:a,b]x[c,d]|—R have continuous partial derivatives %, afa(f't) ,
and azj;gt't) on [a,b] X [¢,d|, then for all (x,y) € [a,b] X [c,d] we have,

f(x,y)P //pst stdsdt+//pst (s,y)dsdt

— 92 ,
—I—/a /C p(s,t)f(x,t)dsdt—I—/a /C P(x,s,y,t) 8fs(8t )dsdt, (2.125)

where p(-,-),P(-,-),P(x,s),P(y,t) and P(x,s,y,t) are as in Theorem 2.70.

Proof. See [102]. O

In the next two theorems weighted Ostrowski type inequalities for double weighted
integrals for mappings of two independent variables are obtained using identities (2.124)
and (2.125). They are weighted generalizations of the results obtained in [27], [54] and
[55].

Theorem 2.72 Let f : [a,b] X [c,d] — R be as in Theorem 2.70, then,

1 b pd
pww—HZSLZQMﬁﬂMMr<M@mew+mwm, 2.126)
where 1
Mw:;ém([ﬂmwm)mwgm
if 204 e 1y, ([a,6] x [e,d]), 1/p1+1/q1=1,
M) = 1d(oww%ymW%12

if 260 ¢ 1, (la,b] x [e,d]), 1/pa+1/q2=1,

1/q3
Ms(x,y) = Plad) (//|szy, ’“dsdt) :

0”828];(5;[) € Lp,([a,b] x [c,d]), 1/p3+1/q3 =1, forall (x,y) € [a,b] X [c,d].

2f
dsot||,.’
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Proof. Using the identity (2.124) and Holder’s integral inequality for double integrals,
we get inequality (2.126). |

Remark 2.62 If p(-,-) = 1 in Theorem 2.72 then the results of [55] are retrieved.

Theorem 2.73 Let f [ } X [¢,d] — R be continuous on [a,b] X [c, d] ( D exist on
(a,b) x (c,d) and’ 55 8z

an integrable function such that

([P ) <

82fst

2% f
8s8t

It follows that,

uh /Cdp(s,t)f(s,t)dsdt — [/ab/cdp(s,t)f(x,t)dt
+./ub ./Cdp(s,t)f(s,y)ds—f(x7y)p(a7c)] '

b pd _ 1/q 2
< ([ [ Pesmpasar) | S

e (2.127)
Sor all (x,y) € [a,b] x [c,d], where 1 /p+1/g=1.

Proof. Using the identity (2.125) and Holder’s integral inequality for double integrals,
we get inequality (2.127). O

Remark 2.63 If p(-,-) = 1 in Theorem 2.73 then the results of [27] and [54] are retrieved.
Also if p(s,t) = w(s) @ (z) then the results of [66] are retrieved.

2.6.2 Discrete weighted Montgomery identity and Ostrowski
type inequalities for functions of two variables

Here a discrete analogue of the result of [102] and, at the same time, a generalization for
functions of two variables of the discrete weighted Montgomery identity (2.30) obtained
in [89] is given.

Let us recall that the difference operator A which is the finite analogue of the derivative
is defined by Af (x) = f (x+ 1) — f (x), where f : R — R is any real-to-real function.

For f: R? — R, the difference operators A and A, are defined as

AZf(la.]) :f(l’]+1)_f(l’])

These are the finite analogue of the first partial derivatives.
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Theorem 2.74 Ler f : R?> — R be any real function of two variables, n,m € N and
WI,W2,...,Wy and Q1, @2, ..., @y finite sequences of positive real numbers. Further, let
Wi =S5 wi, Wy =W, — Wy for 1 <k <nand®, 225-:1 ¢j, Dy =@y — Dy for 1 <1 <m,
then,

1 n m ) 1 n m . o
fkD) = > Y wigif (i) +— > wiDy (1, j) Ao f (i, ) (2.128)
W, @, i=1j=1 Wa i=1j=1
1 n m n
qu @;D,y (k,i) A1 f (i, j +ZZD (ki) Dy (1, ) Ay Ao f (i, J)
m =1 j=1 i=1j=1
where
N Wi, 1<i<k-—1,
DW(k,l)_Wn{(_Wz), k§l§n7

. 1 O, 1<j<i-1
D, (] = . Al =/ = ’
oL =g, {(—ob,-), 1<j<m.

Proof. Using (2.30) on the first variable, we have

f k1 —sz,f (i,1) +2D (k,i) ALf (i)

nj= i=1
and further, with regard to the second variable

m

D=5 i (i) + X, Do (1) Aaf (i),
= =1

Applying A; on the latter identity gives

Af(il) = — 2 @iALf (i, ]) Zsz (L)) ArAaf (i, ) -

Jj=1
Substituting the last two identities into the first leads to (2.128). O

For the special case of uniform weights, we obtain the following generalization for
functions of two independent variables of the discrete Montgomery identity

n n

F) =~ £+ 3 DkDAL (D),

i3 i=1

where

. Lo 1<i<k—1,
D(k’l)_{};—l, k<i<n.

Corollary 2.48 Let f: R? — R be any real function of two variables, n,m,k,l €N, k <n,
| <m. Then it holds

:—ZZfllJriZZDzlJ VAL f (i, ) (2.129)

i=1j= i=1j=
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+—ZZD1k1A1flJ) 22 Dy (k,i) D> (1, j) AAaf (i, )
— ]:1

miz 1j=1
where

L 1<i<k-1
D1(k,i)={ ;" = ’
%—1, k<i<n,

T R
%—1, [ <j<m.

Proof If we take w; =1, i=1,...,nand @; =1, j=1,...,m, we have W; = i,
W, =n—iand D; =, (D =m—j.In thls case (2.128) reduces to (2 129). O

Next, using (2.128) new Ostrowski type inequalities for functions f of two variables
are derived.

Theorem 2.75 Suppose that all the assumptions of Theorem 2.74 hold. Additionally
assume that (p,q) is a pair of conjugate exponents, 1 < p,q < oo, then,

)= s 5 S s

m

n 1 n m
_WZZWLD‘P LA (i, ] —522(P1Dw (ki) Avf (i, )

i=1j=1 m =1 j=1
< 1Dw (k) [P (1), A18211], (2.130)

where

gl = Sile@I)?, iF1<p<e
P maxilg()l, ifp=ee

if g is function of one variable and

.
lgll, = (ZijleGNIP)7, if1<p<es,
maXi7j|g(l,])‘, lfP:‘X’,

if g is function of two variables.

Proof. By using (2.128)

1 n m

-

m

1 n
——ZZWLD(p Lj)Aaf (i, j _522(P/Dw (k,i) A f (i, )

"11]1 mi=1j=1

- zz (ki) Dy (1, j) M A2 f (i, ])
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and applying the discrete Holder inequality for double sums we obtain (2.130)

n m

D, Y. Du ki) Dy (1, j) Midaf (i, )

i=1j=1

1

(£Eewanean) (£ 5 mave )

i=1j=1 i=1j
( Dy, (k ) (2!Dw<l,j>|q> <22|A1A2f(i,j)”>
i=1 j=1 i=1j=1

In the next three corollaries we give the special cases for uniform weights. Recall that
for n € N and m € R we denote

IA

M=

O

Sp(n)=1"+2"4+3" ... 4 (n—1)".

Corollary 2.49 Let f: R? > R be any real function of two variables, n,m,k,l €N, k <n,
[ <m, then

[k, ——iZle

zl/

n n m

S S D) s ()~ 3 Y Dy ) A )

i=1j=1 zl/l

1 n?—1 n+1 m?—1 m+1 2
< — — - |AA .
_nm< 2 +(k 2))( 2 +(l 3 )>||12fw

Proof. We take w; =1, i=1,...,n; @j =1, j=1,...,m, and p = e in (2.130) for
which we have W; =i, W, = n — i, <I> —],q) =m— j, giving,

n2 2
—1 n+1
D,, = ) |Di (k, — k—
I k) = 31D n( o 2))
and similarly

3 ; 1 (m*—1 m+1\?
ool = B o= (2 (- 5) ).

Corollary 2.50 Let f: R?> > R be any real function of two variables, n,m,k,l €N, k <n,
[ <m, then

O

IR % W)
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__ZZDZ LA (i, )) ——22D1 (ki) Arf (i, )

zl/ 11/1

1
< %max{k— Ln—k}-max{l—1,m—1}-[|AjAsf], .

Proof. We takew; =1, i=1,...,n; (p]—l j=1,....mand p=1in (2.130), with
again, W; =i, W, =n—i, ®; —],‘D =m— j, giving,

_ 1
1Dw (k,)ll.. = max {|Dy (k,1)|} = - max {k —1,n —k}

and
. 1
HDlP (L)H(x, = lrgrljzg(m{|D2 (Z7J)|} - Emax{l_ lam_l}'

O

Corollary 2.51 Let f: R? — R be any real function of two variables, n,m,k,1 €N, k <n,
I <m. Let also (p,q) be a pair of conjugate exponents, 1 < p,q < e, then

kl——ZZle (2.131)
l 1j=
B WA I RS Y WAL
i=1j=1 i=1j=1
< Lm [(Sq (k) +Sg(n—k+1)) (Sq(l)+Sq(m—l+1))]‘l' NArdafll, -

Proof. We take w; =1, i=1,...,nand ¢; =1, j=1,...,min (2.130),.W; =i,
W, =n—i, (Of —],(D =m— j, giving,

1
q

1D (k) = (zlz) <k,i>|‘f) =~ (8,08, (n—k+ 1)

and similarly

oot~ (£

Remark 2.64 Since for m € N it holds (see [63])

1 m—+1 .
S m+1—z
m(n) m+ll 0< l )

1
q

1D (1, )| ) :%(Sq(l)+sq(m_l+1))‘l’-

TMs
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where B;, i > 0 are Bernoulli numbers, defined by,
i m+1 B — 1, it m=0,
= i 710, if m#£0,

taking g € N in (2.131) is equivalent to having

1 &ronm .
1 n m 1 n m
i=1j=1 i=1j=1
1 1 & (g+1\, 1-i - %1
<%<ml§6< ; )Bz (kq+ +(mn—k+1)7 >>

1

1 & /qg+1 » %
(ﬁz (qi )Bi (lq+1 =14 1)7] l>> JAA ] -
i=0

2.7 Applications for Landau type inequalities

The following Landau inequality is well known (see [76]):

121 < 2V/AINA (2.132)

where f is a real function, twice differentiable on interval I of the real line, ||f] =
supye; |f (X)| and m(I) > 2+/|If]l/Ilf"]], ie. length of interval I is not less then
21/ IIF”1l. The constant 2 on the right hand side of inequality (2.132) is the best
possible.

E. Landau proved this inequality in 1913 and since then it has been generalized in a
number of ways (see [90]).

2.7.1 Extensions of Landau inequality

In this section we will give various extensions of inequality (2.133) using an extension of
Montgomery identity via Taylor’s formula with respect to a and b. Further, for the same
purpose we shall use an extension of Montgomery identity applied to functions f such that
) are o-L-Holder type, Euler type identities and the Fink identity. All these results are
published in [5].
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Remark 2.65 The Landau inequality can also be easily proved using the Montgomery
identity in the following way: if we apply Montgomery identity (2.2) to f’ (x), with a,b € 1,
a < b, we have

700 =LO LD pn e

and therefore

2 "
7ol < Ly [Cipolar
Now,
b hb—t (x—a)’+(b—x? _b—a
/ PGea)lar= | R e
and we have
2
Sg)}f/ (x)} b||f|| Hf//H

It is easy to see that the function y(h) = Z | f| + %4||f”| attains minimal value only for

hmin = 24/l £l /11.f"|| and the corresponding minimal value is ymin = 2+/||f]| |l/”]|- Since
we have m (I) > hy, the inequality (2.132) follows for b — a = hpin. If m(I) < hyin we

have
<2,

I ||f”|| (2.133)

Landau type inequality via extension of Montgomery identity

We shall also need the following result.

Lemma 2.5 Let a,b € R, a < b, o € [1,00). Then, for every x € [a,b] the following
inequality holds:
x—a)*+(b-x)*<(b—a)*.

Proof. Consider the function y : [a,b] — R given by
y(x) = (x—a)*+(b-x)".
We observe that the unique solution on [a, b], of the equation

Y (@) =(a+1)[(x—a)* +(b—x)*] =0

isxg= # The function y’ (x) is decreasing on (a,xo) and increasing on {xq,b). Thus, the

maximal values for y (x) are attained on the boundary of [a,b]: y(a) = y(b) = (b—a)*. O

Remark 2.66 The same result as in the previous lemma holds for o € (0,1] and it was
proved in [80].
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Theorem 2.76 Let f: 1 — R be such that f"~Y) is absolutely continuousfor somen > 2,
I C R an open interval, a,b € I, a < b. Addmonally assume that " (a) = f" (a) =--- =
fV(a) =0and f" (b) = f" (b) = --- = f"=V (b) =0 for n € N, n > 3. Then we have

2HfH L= n!

< UL oo

(2.134)

—1

(b—a)y"! (B(z,n—l) Bua(2,n—1) ) Hf

Proof. We apply formula (2.71) to f’ (x), and replace n with n — 1 (thus n > 3), so we
have

f)—fla) "3 (a) (x—a)™? " 2 () (x—b)
b—a & il(i+2) b-a A il(i+2) b-a

1 b
Haman ], B )

and using the assumptions in the theorem it follows

fx) =

) f(b)—f b n
| (x)] < | (;_a(a)‘ T / Ty (x,5) £ (s)ds
f()
< iH_fc\lJr H L (x,5)[ds. (2.135)

/ [T -1 xs\ds-
_|_

X—
n—l b a) b-—

Now, we have
- b
a

(x _ S)an

Using the substitution s =x— (n— 1) (x —a) (1 — ) we obtain

= (x—a)' (n—1)"" (B(z,n_ D)= Bua (20— 1))

Similarly using the substitution s =x+ (n— 1) (b —x) (1 — 1) we get for I»:

[

= (=2 (=1 (Bn—1)~ Bu

n—

n—1
Gt +(x—a)(x—s)"?

d
n—1 s

(x—s)"! x—b
“—Dh—a) b-a

)n—2

(x—s ds

@, n—1))

I\)

Finally, using Lemma 2.5, we obtain

/ Ty (x,5) ds-%[(x—a)"—k(b—x)"} (B(z,n—l)— %(271—1))
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<(n-1"""p—ay! (B(z,n— D)= Bus (21— 1)) .

By taking the supremum over x € [a, b] on the left-hand side of the inequality (2.135), the
proof follows. a

Landau type inequality via extension of Montgomery identity with
applications to o-L-Hoélder type functions

Theorem 2.77 Let f : 1 — R be such that "~V is absolutely continuous for some n > 2,
I C R an open interval, a,b € I, a < b. Additionally assume that " (a) = f" (a) = --- =
f" (@) =0, f"(b) = f”’(b) =...=f(b) =0 for n €N, n >3, and also that ")
[a,b] — R is an a-L-Hélder type function, i.e. |f") (x) — f" (y)| < L|x—y|* for every
X,y € la,b], where L > 0 and o € (0,1]. Then we have

2171, Lo

l|f||7 +( 3)'(a+n)B(a+1,n—2).

Proof. We apply formula (2.83) to f’ (x), and replace n with n — 1 (thus n > 3). Using
the assumptions we have

sy fb)—f(a)
f(x)—ﬁ

A=
A=

Xt —a

[ (6= @) s o

[ / ) 5) = £ (1)) (1 =573 ds} dr.

Therefore
o)< 201 st@)
el e
T =] S GO (T
Sf(b;—£<a>+(nL3 T ([N
P s 3dsd}

Using the substitution s = a + u (f — a) we have

t
/|s—a|°‘\z—s\"*3ds=(t—a)a+"*23(a+1,n_z>,
a



2.7 APPLICATIONS FOR LANDAU TYPE INEQUALITIES 221

and with s = b —u (b —t) we obtain
/|s—b|°‘ s"3ds = (b—1)*""2B (0 +1,n—2).

Thus we have

2I£1 (x—a)*™" + (b—x)*™"

! < B(ao+1,n—2

@<+ o Blet b= =

Finally, by using Lemma 2.5 and taking the supremum over x € [a, b] on the left-hand side
of the last inequality, the proof follows. a

Landau type inequality via Euler type identity

Theorem 2.78 Let f : [a,b] — R be a function such that F0=1 s absolutely continuous

on [a,b] for some n > 2, and f'(a) = f'(b), " (a) = f" (b),..., f" V) (a) = f"=V) (b).
Then the following inequality holds:

20141l , Hf
b— a

1[I = w1 ()] dr.

Proof. We apply formula (2.22) to f’ (x), and replace n with n — 1. Using the assump-
tions we have that Tn[‘if] (x) =0 and

() = fb)—fla) (b—a)? /:’{ . (x__t>:|f(n) (1)dr.

b—a (n—1)! b—a
Thus
7 (] < LSt )+<’Zn‘_“)1';2 /b[ () o
<2l 6= n_le Ol

since B;,_, is a periodic function with period 1 and

y+1 1 1
[ B@las= [ 1B o= [ 8.6
y 0 0

for every y € R. By taking the supremum over x € [a,b] on the left-hand side of the last
inequality, the proof follows. a

Theorem 2.79 Let f : [a,b] — R be a function such that f' (n=1) is absolutely continuous

on [a,b] for some n > 2, and f'(a) = f' (b), f" (a) = f" (b),..., f=2) (a) = fO=2) (b).
Then the following inequality holds:

P |

1] <
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1 x—a
M= B, 1 (t)—B,_ dr b
s L [0 8,0 (522 ) o}

Proof. We apply formula (2.23a) to f” (x), and replace n with n— 1. Using the assump-

tion we have that 7% (x) = 0 and

I f(b;:if(a) - (lzn—_a>1’;‘!2 /b[ - (%) B, (Z:Zﬂ £ (1) dr.

Thus

where

1L o (2 - (525)) 0

—a)" | )
20, a7 x—a
= b—a+ (n—1)! / Bnl(t)_Bnl<b—a>

dr

b— n—1 (n)
] I

M
“b—a (n—1)!

since B;;_ is a periodic function with period 1 and

y+1 1 1
[ B ~zlas= [ 181 () ~lds = [ 1By (s)~2las
Jy JO JO
for every y,z € R. By taking the supremum over x € [a,b] on the left-hand side of the last

inequality, the proof follows. a

The next result is an extension of the Landau inequality (2.132).

Theorem 2.80 Let f: I — R be a function such that f' is absolutely continuous on I.
Then we have

2y boa 7)1, if 0 < m (1) < 2/TAT/TA7T,
7] < (2.136)

2L i m (D) =24/ /11711
Proof. Using the inequality from the Theorem 2.79 for the n = 2 and for some a,b € I,

a < b we have | |
x—a

M= Bi(t)—B dr b= =

xren[ffﬂ{/o 1) =B (b—a) } 2

/ 2 f b— /1
7)) < 2L By,

By taking the infimum over 5 —a € (0,m(I)] on the right-hand side of the last inequality,
in the similar manner as in the Remark 2.65 the proof follows. a

SO
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Landau type inequality via Fink identity

Theorem 2.81 Ler f : [a,b] — R be such that f"~Y) is absolutely continuous on |a,b]
and ' (a) = f”(a):"':f(n_z)()—Oandf() f”(b):"':f("_z)(b):Ofor

somen € N, n> 2. Then we have

)||f|| (b

n 1
@) Hf (2.137)

WEE

Proof. We apply formula (2.92) to f’ (x), and replace n with n — 1 (thus n > 2). Using
the assumptions we have that ¥ ~2 F; (x) = 0 and

[ fb)=f(a)

b
_ )1(b_a) / (e — 1) 2k(t,x) ) (1)de.

n—1 b—a (n—1)!
Thus
—DIf ()~ f(a)] 1 b -
/ <(I’l / AL 2kt (n)tdt
17| < P s | [ ke )
201 \V H
b—a
Since f } )" 2k(t, x) |dt W, by using Lemma 2.5 and taking the supre-
mum over x € [a, D] on the left-hand side of the last inequality, the proof follows. a

Remark 2.67 If we use the inequality from the last theorem for the n = 2 and repeat the
procedure from the proof of the Theorem 2.80, we obtain (2.136).

2.7.2 On Landau type inequalities via Ostrowski inequalities

In this subsection few different versions of Landau type inequalities are given, each using
the Ostrowski inequality or Ostrowski type inequalities. These results are published in [6].

Remark 2.68 Note that Ostrowski inequality (2.1) can be formulated in the equivalent
form 2,
Lo (x—a)+
t)dr| <
b— a/a feydi| < (b a)

The Landau inequality can also be easily proved using the Ostrowski inequality in the
following way: if we apply it to f/ (x), for some a,b € I, a < b and x € [a,b] we have

fx) =

Hf [

/ f(b) _f(a) (x_a)z 11 1/
R A P T
Therefore
|f’(x)’ _ 'f(b;:i:(a) < f’(x)— f(b;:g(a) < b—a Hf/er
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and
|f/ (x)’ < ‘f(b)—f(a) Hqum < HfHoo Hf/er'
b—a —
Now we have 217 b
/ 0o a
suplf* (x)] < 7=+ == |l

It is easy to see that the function y (t) = 2 || f||.. + 5 || f”||.. attains minimal value only for

tmin = 2/ || fllo / | f"]l.. and the corresponding minimal value is ymin = 21/ f 1] | /]|
Since b —a < m(I), if we set b — a = t, the inequality (2.132) follows.

Some further generalizations of Landau inequality

We shall need the following result from [80].

Lemma 2.6 Let A,B > 0 and o € (0,0). Consider the function gy : (0,00) — R given by
1

8o (t) = 2 + Bt®. Define ty = (%) T Then it holds:

4+ BT, if 0<T <1,
inf go(t)=

1€(0,T) (a+1)a %A%Bﬁ, if T > ty.

In the next theorem Landau’s inequality is improved using the idea from [91].

Theorem 2.82 Ler f: I — R be twice differentiable on I. If m < f (x) <M for x € I and
1) >\/2(M—m) /| f"|... then we have

1] < \/2(M=m) | f"]..- (2.138)

Proof. If we apply Ostrowski inequality to f” (x), for some a,b € I, a < b and x € [a, b]
we have

/ b — - 2 7 - i
R A LT
nd £ (6)— f(a) M
o) < L2 L < '
Now we have Iy b
supl ' (9] < 5=+ =5~ 17l

M—m
t

tmin=+/2 (M—m) /|| f"]|.. and the corresponding minimal value is ymin=+/2 (M—m) || f"']...-
The inequality (2.138) follows by taking b — a = typ. O

It is easy to see that the function y(r) =

+ % |f"|l.. attains minimal value only for
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Remark 2.69 In the special case for M = —m = || f|.. the inequality (2.138) reduces to
the inequality (2.132).

Theorem 2.83 Ler f: R — R be twice differentiable function on R. If m < f (x) < M for

x € R, then we have
£ < /(M =m) | f"]...

Proof. 1f we apply Ostrowski inequality to f (x), for any a,b € I, a < b and x € [a, b],

we have
(b)—f(a)
b—a

- (x—a)*+ (b
- 2(b—a

f’(x)—f ) ) HfHHw

and

b)— f(a x—a)’+ (b—x)* "
f(;_i( )‘_’_( 2)(;__(@ ) Hf Hm
M—-m (x—a)*+ (b
b—a + 2(b—a

2
=17

Now, if we take a = x — h and b = x + h we have

/ M — hon
@l <=5+ 5017

and " L
—m :
sup|f' ()] < ==+ 5 1]l
e 2h 2
Since it is easy to see that the function y (h) =2+ || f”|| _ attains minimal value only for
hmin=+/(M—m) /|| f"]|.. and the corresponding minimal value is ymin=-+/(M—m) || f"]|..,
the inequality follows by taking b —a = hpiy. O

Now we shall prove a Landau type inequality for a-L-Holder type function. For doing
that we need the following result (see for instance [85]).

Lemma 2.7 Let f : [a,b] — R be o-L-Holder type function, that is, |f (1) — f(s)| <
Lt —s|* for all t,s € |a,b], where L >0 and 0 < o. < 1 are some constants. Then for
any x € [a,b] we have

L b o
g—/ |t — x| dr. (2.139)
b—ala

1 b
b—a./u f(r)dr

Theorem 2.84 Let f: R — R be such that m < f (x) <M for all x € R and f' is o-L-
Holder type function. Then we have

7= (%) -

]f(x) -
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Proof. From (2.139) it follows that for any a,b € I, a < b and x € [a, b] we have

‘xba/fdt

If we apply this to ' (x), witha = x — h, b = x+ h we get

Lot fleh)) o Loy

((x— a)“ '+ (b —x)““) L (2.140)

><a+1>

S - 2h St

SO
M—m L
/ < _ = o
£l = =5+ o™

and e L
m
sup |f/ (x)| € ———+ ——h".
<R 2h a+1

By Lemma 2.6, the function y (h) = % + L1 attains minimal value only for Ay, =

at1
— 1 . . Paat o1
(%) T and the corresponding minimal value is ypin= (%t ) “1 (M—m) a1 Lo,

so the proof follows. a

Remark 2.70 Now we consider the following result from [80]:

2Hme+aLH(m(1))°‘, if 0<m(I)<t,

17l <

R+ L)]FT A& et it m(1) > a0,

o

where f : I — R is absolutely continuous and f’ a-L-Holder type function, and

AT
to—(Z 7 <1+a>) .

We can provide another proof of this inequality using the Ostrowski inequality (2.139).
Indeed, if we apply (2.139) to f’ (x), for some a,b € I, a < b and x € [a,b] we have

) f)—f(a L P P L(b—a)®
L PR [ Sy pou S (=@ 4 p—x)") < (ot 1)
and 5 .
el < ey Lo
2

By Lemma 2.6, the function y () = + 3 +1 —=—r% attains minimal value only for ¢y, =

1
(72“f“°°(a+1)) “" and the minimal value is ypin = 2(14+1)] @ Hfogﬂ L7 After tak-

Lo
ing the supremum over x € / on the left-hand side of the last inequality the proof follows.
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Some new Landau type inequalities

Here, we will consider Landau type inequalities of the form
—1
M (so,1) < C(p.1) Mo (oo,1) 71 My (p, )71

1
where C (p,I) is a real constant, M> (p,1) = ||f"| , = ([;|f" (1)|Pdt)? for 1 < p < e and
1" lleo = supyes [f" (x)].

In the next two lemmas we cite three Ostrowski type inequalities from [47] and [59]
respectively. The first and the second one are obtained via Euler type identities and the
third one via the Fink identity.

Lemma 2.8 Let f : [a,b] — R be a function such that f") € L, [a,b] for some n > 1,
1 < p <o and q is the conjugate exponent of p. Then for every x € [a,b], the following
inequalities hold

1 b . bh— nflJré 1 %
0= 5 [ a1 | < O (a0

[a,b]
‘x ba/f T W

< W (/01 B, (t)— B, <Z:Z> th)é

T4 (x) = k; b _]j)k_l By (’; - Z) 150 () = £ ()]

and By (x), k > 0, are the Bernoulli polynomials, B;, = By (0), k > 0, are the Bernoulli
numbers.

(2.141)

f(n)

, (2.142)
17

where

Lemma 2.9 Ler f"~!) be absolutely continuous on [a,b], n € N, f) € L,[a,b], 1 < p <
oo and q is the conjugate exponent of p. Then the following inequality holds

1 n—1 1 b
— X x) | — d
n(f( )+ XA >> — [ fou

=k FED (@ = a)f — D b))
Fk(x)z( k! ) b—a ’

andfor1 < p <eo

< K(n,p, )|l £, (2.143)

where

[(x _ a)nq+l +(b _x)nq+l] 1/q
n!(b—a)

K(n,p,x)= B((n—1)g+1,q+ 1)1,

while for p =1

K(n,1,x)= % max|[(x —a)", (b—x)"].
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Next, we use these Ostrowski type inequalities together with the inequality from the
Corollary 2.27 to obtain new Landau type inequalities.

Theorem 2.85 Let f : [a,b] — R be such that f (n=1) i5 absolutely continuous for some
n>3, f e Lylab], 1 <p< oo gthe conjugate exponent of p, and f" (a) = f" (a) =

:f(nfl) (a) — 0, f”(b) :f///(b) — ... :f(nfl) (b) =0. Thenforl <p < oo we have
2 b— —1 n72+$ _ 1
17, < b”f”; + a)(fl"_ 2)!)) (B-1.9) |1 (2.144)

where B(n— 1,q) is given by
B(nq)= (B(g+1q(n—1)+1)=Bui (g+1.g(n—1)+1))

while for p = 1 it holds

7]l <

20|l , (n=2)(B=a)" || )
b—a+ (n—1) Hf

E
Proof. For 1 < p < e, we apply Corollary 2.27 to f’ (x), and replace n with n — 1 (thus
n > 3), so we have

f/ (X) _ f(b) —f(a) _l’l73 f(i+2) (Cl) (x_a)i+2 n—3 f(i+2) (b) (x_b)i+2
b S i+2) b-a S il(i+2) b-a
< m { ((x_ a)‘](n—l)+1 + (b _x)q(n—1)+1>

1

= 1)1 B (i 1,q)

f(")
p

which leads to

) - L@
1 - . B % n
gm{(b_“)q(" RARCES I 2)+1~B(n—1,q)} ) )
and |
/ 207l ((b—a)(n—l))”‘2+6 _ "
|f ()| < b—a =2 (B(n—1,9))7 || ™ ,
. For p =1 we apply Corollary 2.27 in the same way to get

O 219“{”; * (b—Z)_(nz— 1)! ma"{(x“’)n_l ’(b_x)n_l} Hf(n)

2| flle | (n=2)(b—a)"?
= b—a * (n—1)!

1

o

E
The proof follows by taking the supremum over x € [a, b] on the left-hand side of the last
two inequalities. a
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Remark 2.71 1In the special case, for p = oo inequality (2.144) reduces to the (2.134).

Theorem 2.86 Let f : [a,b] — R be a function such that F0=1 s absolutely continuous
on [a,b] for some n>2, f € L,[a,b], | < p <eoand f'(a) = f' (b), " (a) = f"(b),...,
F=1 (a) = f=V)(b) and q the conjugate exponent of p. Then the following inequality
holds:

2 b n 2+
Il W O g ] s

Proof. We apply (2.141) to f” (x), and replace n with n — 1. Using the assumptions we
have that Tn[‘f?] (x) =0 and

S(b(na_an (/ B |th> an

< |F () - 2=t

| < SO =@l G- a"12+ (/ By qd,) |,

b—a (n—

2 bh— n—2+tl] 1 5
)| < b||f||;+( (n[?n! (/O Bn_l(,”qd,) Hf<n>

The proof follows by taking the supremum over x € [a,b] on the left-hand side of the
inequality. o

Thus

Theorem 2.87 Let f : [a,b] — R be a function such that f' (n=1) is absolutely continuous
on [a,b] for somen>2, f) € L,[a,b], 1 <p <eoand f'(a) = f' (b), f" (a) = f" (b),...,
F=2) (a) = f=2) (b) and q the conjugate exponent of p. Then the following inequality
holds:

17l < + (2.146)

b—a (}’l—l)' p

e { (Lo (22) )}

Proof. We apply (2.142) to f’ (x), and replace n with n — 1. Using the assumptions we
have that Tn[‘fg] (x) =0and

2)£.. <b—a>“*5MH )

where
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(b - a)n—2+}] 1 Y—a q %1 (n)
<S5t (o G=) ) 1,
Since |f’(x)|—‘w < f’(X)—W
/ 2fll.  (b—a) e (1 x=a\[7y ) o
s e+ g (=0 (5=5) [ ) |

2l , =) im
~ b—a (n—l

1,

Now, the proof follows by taking the supremum over x € [a, b] on the left-hand side of the
inequality. o

Remark 2.72 1In the special case, for p = o the inequalities (2.145) and (2.146) reduce
to the results from the Theorem 2.78 and Theorem 2.79.

Corollary 2.52 Let f: I — R be a function such that f' is absolutely continuous on I,
f"eL,(I), 1 <p<eo, and q the conjugate exponent of p. Then the following inequality
holds:

e+ (28) 157, 0<m(n <o
Hf,ng (2.147)

L _L e S
(2(g+1)7Tq o1 ||f||"+1 LI if m(1) =10,

where
q

o (20t D70\
1T,

Proof. We set the n = 2 in the inequality (2.146), for some a,b € I, a < b. Then we

have
1 1
1 x—a\|? \4 1 \«
M= Bi(t)—B dr =(— ,
2}2‘3,]{00 1) 1(b—a) ) } <q+1>

2 fll. [b—a)\1
7= 20 (225) T,

' 20/l Vo —
By Lemma 2.6, the function y (1) = = 4 ( 7 +1> |/”||, attains minimal value only
49

SO

q+1

for tmin = (Zq (g+ ) 11l ) and the corresponding minimal value is

Ymin = (2 (g + 1))‘1+1 ~gt Il 11 7T (Nl g , so the proof follows. O
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Theorem 2.88 Let f : [a,b] — R be such that f""~V) is absolutely continuous on [a,b)

for some n>2, f € Lyla,b], 1 < p <ooand f'(a) = f"(a) = --- = £ (a) = 0 and
' (b)=f"(b) =---= f2 (b) = 0 and q the conjugate exponent of p. Then we have
2(n—1 b—a)"ta
1), < 20 e O i 2pg g4 1) ) 2148)

b—a (n=2)!

if 1 < p <oco whileif p=1then

g 2Dl (n=2\"P -0
1. < ===, +(n_l) e IO @)

Proof. We apply (2.143) to f’(x), and replace n with n — 1 (thus n > 2). Using the
assumptions we have that ZZ;% Fy(x) =0and

f@  f)-f(@

< K(i’l— lvpvx)”f(n)”l’

n—1 b—a
Since % —‘% < E f(hZ:Z(a)
n—1 f b —f a .
17 ] < CIOZT@OL 4y k1,21

Thus, if 1 < p <o then

7 ()] < (n=DI|f (b) = f(a)|

B b—a
[(x—a)("—l)‘ﬁ'l+(b_x)(n_1)q+1}1/t]

- (n—Z)!(b—a) B((n_z)q+1,q—|—1)1/‘IHf(n)Hp
Y- )fl . (b-a) o

< b—ua + n—2)! B((n—2)q+1,q+ 1)/ f Hp7

and if p = 1 then

, (n—1)|f () - f(a)|

[f' @) < —

N (n_z)an
(n—1)"2(n—1)(b—a)
2= D)|Ifle  (n=2)"7(b—a)"

< 2o DUl (222 el o,

n

max[(x—a)""!, (b —x)"""] /||y

The proof follows by taking the supremum over x € [a, b] on the left-hand side of the both
inequalities. a



232 2 WEIGHTED GENERALIZATIONS OF THE MONTGOMERY IDENTITY

Remark 2.73 In the special case, for p = o the inequality (2.148) reduces to the result
from the Theorem 2.81. Also, if we apply (2.148), (2.149) withn =2 and with f : I — R
such that f” is absolutely continuous on I, f” € L, (I), 1 < p < e and ¢ the conjugate
exponent of p, then we obtain the same result as in the Corollary 2.52.

Theorem 2.89 Ler f: R — R be a function such that f' is absolutely continuous on R,
f" €L, (R), 1 <p<e, and q the conjugate exponent of p. Then the following inequality
holds:

q
q+1\aT 1z - 4
||f’||MS(—q) 2 AT (2.150)

Proof. If we apply inequality (2.143) with the n =1 to f' (x), fora=x—h,b=x+h,
we obtain

b)—f(a) | [209%1]"

IIfIIm

U
25/ Va1 .
2 )

Thus we have

170 < Ml ity v,

By Lemma 2.6, the function y (h) = Hf,l“"’ i (%)l/qu”Hp attains minimal value
1
q

q

T
only for hpi, = <2qf,{°° (%1) ) and the corresponding minimal value is ypin =
P
g A4

(‘Hl) T ot [Wa|PA o |£"]|2", so inequality (2.150) follows. Inequality (2.150) holds
for 1 < p<easwellasforp=1. O

Remark 2.74 For ¢ = 1 (2.147) and (2.150) reduces to Landau inequality (2.132) and
(2.138).

Remark 2.75 If we additionally assume that m < f (x) < M for every x € [a,b], all the
inequalities from the Theorems 2.85, 2.86, 2.87, and 2.88 hold with M — m instead of

2[|I /1l



Chapter

Montgomery identity,
quadrature formulae and
error estimations

The aim of this chapter is to give generalizations of classical quadrature formulae with
two, three and four nodes using some generalizations of the weighted Montgomery iden-
tity. Thereby families of weighted and non-weighted quadrature formulae are considered,
some error estimates are derived, and sharp and the best possible inequalities as well as
Ostrowski type inequalities are proved.

In Section 3.1 classes of weighted and non-weighted two-point quadrature formulae
are studied and corresponding error estimates are calculated. Two-point Gauss-Chebyshev
formulae of the first and of the second kind as well as generalizations of the trapezoidal
formula, Newton-Cotes two-point formula, Maclaurin two-point formula and midpoint for-
mula are obtained as special cases of these formulae.

Section 3.2 deals with three-point quadrature formulae, generalizations of Simpson’s,
dual Simpson’s and Maclaurin’s formula, three-point Gauss-Chebyshev formulae of the
first kind and of the second kind that follow from a general formula, as well as correspond-
ing error estimates.

Section 3.3 is dedicated to closed four-point quadrature formulae from which a weighted
and non-weighted generalization of Bullen type inequalities for (2n)— convex functions is
obtained. As a special case, Simpson’s 3/8 formula and Lobatto four-point formula with
related inequalities are considered.

233
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3.1 Two-point quadrature formulae

3.1.1 Introduction

In this section, for each number x € [a, #], we study a general weighted two-point

quadrature formula

b 1

[T w5 @di= 31 @+ f (a+ b= +E (fwix). 31
Ja

where w : [a,b] — [0,°) is a probability density function that is integrable function satis-

fying ffw(t)dt =1,and W(t) = [} w(u)du fort € [a,b], W(t) =0fort <aand W(r) = 1,

for t > b and E (f,w;x) is the remainder. In the special case, for w(z) = b—la, t € [a,b],

(3.1) reduces to the family of two-point quadrature formulae

b b—ua

[ r0d =321+ flatb =) +E(f.9),
a

which was considered by Guessab and Schmeisser in [65], where they established sharp

estimates for the remainder under various regularity conditions.

3.1.2 Quadrature formulae obtained by a generalization of the
Montgomery identity

The aim of this subsection is to establish a general weighted and non-weighted version
of two-point formula (3.1) using the identities (2.76) and (2.77) and to give various error
estimates for quadrature rules based on such generalizations. We prove a number of in-
equalities which give error estimates for the general two-point formula for functions whose
derivatives are from the L,— spaces, 1 < p < oo, These inequalities are generally sharp (in
case p = 1 the best possible). Also, we give some examples of the general two-point for-
mula for the well-known weight functions, that is two-point Gauss-Chebyshev formulae of
the first and of the second kind. The results from this subsection are published in [15].

General weighted two-point formula

Let f : [a,b] — R be such that f*~1) exists on [a,b] for some n > 2. We introduce the

following notation for each x € [a, 2]

Dy(x) = S [f () +fla+b—x)], (3.2)

N =

RS AR N ;
ton (x) = 3 [%m/u w(s)(s—x)ds



3.1 TWO-POINT QUADRATURE FORMULAE 235

n—2 p(i+1) _ b
i (a+b x)/ i+1
F AT, MWl mas bt
(3.3)
—[w)(u—s)"""du, a<s<x,
T2, (x,s) = —3 3w () (u—s)"""du
T w0 s e x < s S @b,

[Pw) (u—s)""du, a+b—x<s<b.
In the next theorem we establish a general weighted two-point formula.

Theorem 3.1 Let I be an open interval in R, [a,b] C I, and let w : [a,b] — [0,°) be some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € [a, #] the following identity holds

[0 =pa i+t [ G o4

Proof. We putx =x and x = a+ b — x in (2.76) to obtain two new formulae. After adding
these two formulae and multiplying by 1/2, we obtain (3.4). O

Remark 3.1 Identity (3.4) holds true in the case n = 1. In this special case we have

b b
[ wOr @@ =020+ [ T2 (xs) £ (5) s, (335)
a a
where
1
Tvg,l (X,S) = —E[Pw(x,s)—i-Pw(a—l—b—x,s)}
—W(s), a<s<x,
=0 A-W(s), x<s<a+b—x,
1-W(s), at+b—x<s<bh.

Now, we use formula (3.4) to prove a number of inequalities using L, norms for 1 < p < oo,
These inequalities are generally sharp (in case p = 1 the best possible).

Theorem 3.2 Suppose that all the assumptions of Theorem 3.1 hold. Additionally, as-
sume that (p,q) is a pair of conjugate exponents, 1 < p,q < eo; let f") € L?[a, b] for some
n > 1. Then for each x € [a, #] the following inequality holds

2 1

b
| w70 = D2 () =2, ()] < =7 [T ), 7

T (3.6)

p

Inequality (3.6) is sharp for 1 < p < e and the best possible for p = 1.
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Proof. Applying the Holder inequality we have

b
(njlﬂllﬂ@(%”f“Nﬂds,

Using the above inequality from (3.4) we get estimate (3.6). Let us denote C} (s) =
Tvin (x,s). For the proof of sharpness, we need to find function f such that

ICLY

For 1 < p < oo, take f to be such that

—1)! HTvg.,n (xv')Hq Hf(n)

=1l 7] -

£ (s) = signCy (s) - |CL(s) |77
For p = oo, take

£ (s) = signC; (s)
For p = 1, we shall prove that
/ C (s s)ds

< max [C} < / 12 |ds) 3.7)
s€(a,b)
is the best possible inequality.

Function C;, is left continuous and has finite jump at x and a + b — x. Thus we have four
possibilities:

1. |C}] attains its maximum at so € [a,b] and C (s¢) > 0. Then for € > 0 small enough
define f; (s) by

0, a<s<sy—E€,
fe(s) =4 Z(s—so+e)", so—e<s<s0,
%(s—so—i—e)"*l, 5o <s<bh.
Thus
b (n) 50 1 50
[ i =| [ awza =2 [ cas
a so—E& 3 N3
Now, from inequality (3.7) we have
1 S0 1 S0
- qwmg4mm/ ds = C¥(so)-
€ Nt £ so—¢&
Since
li s)ds=C,
SH(I)I?>O € /SO £ 5= (SO)

the statement follows.
2. |Cy) attains its maximum at sy € [a,b] and C} (s9) < 0. Then for € > 0 small enough
define f; (s) by
L(so—9)"", a<s<so—e,
fe(s)= —ﬁ(so—s)", 50— € <5 <50,

07 SOSS§b7
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and the rest of the proof is similar to the above.
3. |C| does not attain a maximum on the [a,b] and let 5o € [a,b] be such that

sup [C3(s)| = lim_|f(so+e).
SE[a,b] £—0,e>0

If limg 0 ¢~0 f (50 + €) > 0, we take

0, a<s <5,
fe(s)= ﬁ(s—so)", 50 <s<sp+e,

%(S_so)nila SO+8§SSb,

and similarly to before we have

b () so+€ 1 1 rsote

[ @l = | [ aw s =2 [T s
a S0 8 8 780
1 S0 +€ 1 S0+€
—/ X (s)ds < —c;g(so)/ ds = C2 (so),
8 780 8 S0

1' 1 .\'()Jrscx d CX
im = [T ds = G,

S0

and the statement follows.
4. |C%| does not attain a maximum on the [a,b] and let sy € [a,b] be such that

sup [C3()l = lim_[f(so-+e)].

s€[a,b] £—0,e>

If limg g e~0 f (50 + €) <0, we take

%(s—so €) a<s<sg,
fe(s) = —ﬁ(s—so—e)n, so <s<s0+E¢,
Oa S0+ € <s< b7
and the rest of the proof is similar to the above. o

Theorem 3.3 Suppose that all the assumptions of Theorem 3.1 hold. Additionally, as-

sume that f®") is a continuous function on [a, D). Then for every x € [a, ‘gib] there exists

N € (a,b) such that

b (2n) b
/a w(t)f(t)dt — Da(x) — 125, (x) = (fzni—(?))l / T2, (x,5)ds. (3.8)
Proof. We apply (3.4) with 2n instead of n. Since

—/l w(u) (u—s)"""du>0, foreveryse [a,x],
a

b
/ w(u) (u—s)""""du>0, foreveryse (a+b—x,b]
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" l[_ /Sw(u) (u—s)2”71du+/bw(u) (u—s)""""du| >0
21 Ja Js -

for every s € (x,a+ b —x], we have T2, (x,s) > 0 for every s € [a,b]. By applying the

integral mean value theorem to | f Tﬁzn (x,5) > (s)ds we obtain (3.8). O

Theorem 3.4 Suppose that all the assumptions of Theorem 3.1 hold for 2n, n € N. If f

is (2n)-convex, then for each x € [a, #] the following inequality holds

/hwmfvmr—f@y+f§+b_x)—ﬁ@cwzo. (3.9)

If f is (2n)-concave, then inequality (3.9) is reversed.

Proof. First note that if f*) exists, then f is k-convex (k-concave) iff ) >0 (f*) <0).
From (3.4) we have that

b b
[ w0508 =D =20 () = o= [ B0 5

Let us consider the sign of the integral ff T2, (x,5) £ (s)ds, when f is 2n-convex. We
have f (21) > 0 and from the proof of Theorem 3.3 Tvﬁzn (x,s) > 0. Hence,

b
/ T2, (x,8) f®" (s)ds > 0,

and (3.9) follows.
The reversed (3.9) can be obtained analogously. O

Gauss-Chebyshev two-point formulae of the first kind

Gaussian quadrature formulae are formulae of the following type

b k
[ p @7 0d =3 A7 )+ Ee(5). (3.10)
a i=1
Without loss of generality, we shall restrict ourselves to [a,b] = [—1,1].

Incase p () = \/:—Q,t € [—1,1] we have Gauss-Chebyshev formulae
—t

k
/711 1 fe)yde =Y Aif (xi) +Ec (), (3.11)

1—7 i=1

where A; are given by
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and x; are zeros of the Chebyshev polynomials of the first kind defined as
Ti (x) = cos (karccos (x)), x€e€R.

T has exactly k distinct zeros, all of which lie in the interval [—1, 1] (see for instance [103])

2i—1)rm )
;= = 7)), i=1,... .k
X cos( T i k

Error of the approximation formula (3.11) is given by

E(f) = g /™€), Ee(-L1).

(2k)

In case k = 2, (3.11) reduces to

| V2 V2
[i=ron=3s(-5) (%)

Now, using the results of the previous subsection we establish Gauss-Chebyshev two-
point formulae of the first kind and give some sharp and best possible inequalities.

+ 55/ V(). Ee(-L).

: _ _ __\2 _ 1
Remark 3.2 If we apply (3.5) witha = —1,b =1, x=—% and w(t) = s te
[—1,1], we get
1 1 pia \/i \/E 1
A== |- v / Ry (s) f (5)ds,
|, = 2[f< 2>+f<2> o[ RS (9)ds
where
—% - %arcsins7 —1<s< —72,
Ry (s) = —%arcsins, —@ <s§72,
%—%arcsms, ? <s<1

Corollary 3.1 Let I be an open interval in R, [—1,1] C I, (p,q) is a pair of conjugate
exponents, 1 < p,q < oo. Let f:1— R be an absolutely continuous function and f' €
LP [—1,1]. Then we have

Lo l(2) o (7)

Inequality (3.12) is sharp for 1 < p < e and best possible for p = 1.

<m|Rill, £, (3.12)

N

Proof. This is a special case of Theorem 3.2 fora=—1,b=1,x = —72 and w(r) =
L_re[-1,1] o

my/1-12"
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Corollary 3.2 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q <eoandlet f:I— R be an absolutely continuous function. Then

S| V2 V2
fitooe 3(9) (4]

(2v2=2)Ifll. fer L1

<

(r-v2-4) ! 1F s £er2i-1)

a7 171l frel[-11].
The first and the second inequality are sharp and the third inequality is the best possible.
Proof. We apply (3.12) with p = o

V2
2

1 - 1
Ry (s)|d :/ —~ — —arcsins|d
/_1| 1(s)|ds y 5 — arcsins)ds
20 v M1 g
+ [%5 —Earcsms s—|—/§ E—Earcsms s
_2V2-2
oo

and the first inequality is obtained. To prove the second inequality we take p =2

V2

1 -7 1 1 2
/ IR (s)]*ds = / —— — —arcsins| ds
J-1 -1 2 &
2 2 1)1 2
+ / ——arcsins ds+/ — — —arcsins| ds
BN 212 7
- mV2-4
==
If p =1, we have
sup |R; (s)] = max sup  |—= — —arcsins|,
se[—1,1] sc [71774} T
. 1 .
sup ——arcsins|, sup |- — —arcsins
56[747\/75} SE[#,I]
By elementary calculation we get
1 . .
sup —— — —arcsins| = sup — axesins
sel-1-4] e[-2.4]
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1

— — —arcsins
T

= sup
.\'6[‘/72,1}

i

and the third inequality is proved. a

Remark 3.3 The first and the third inequality from Corollary 3.2 were proved by S.
Kovac and J. Pecari¢ in [71].

Remark 3.4 If we apply Theorem 3.1 withn=2,a=—1,b=1,x= —‘/75 and w(r) =
L te[—1,1], we get

/12’
1 1 T V2 V2
Lo (4) (2]
Jo1/1=12 2 2 2
1
+M§ [f/ <_\/_§> —f <£> —|—77:/ R, (s)f” (s)ds,
4 2 2 -1
where
%s—l—%(sarcsins—i-\/l—sz), —1§s§—§,
Ry (s) = %(sarcsins—kx/l—sz), —@ <s§§,
—%s—i—%(sarcsins—i—\/l—sz), §<s§1.

Corollary 3.3 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q < o and let f: 1 — R be such that f' is an absolutely continuous
function. Then we have

L f(r)de
VP
n V2 V2\ V20 V2 V2, (V2
300922 2(9)
oA frerr[-1.1]

1/2
(Z22) C1p, s e [-1,0

(=) 1", el =1,0).

IA

The first and the second inequality are sharp and the third inequality is the best possible.
Proof. Similar to the proof of Corollary 3.2. O

Remark 3.5 If we suppose that f” is a continuous function on [—1, 1], by Theorem 3.3
there exists N € (—1,1) such that

L fdt = V2 V2
./,lm‘i H‘T) +f<7>]
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”\/z / \/z / ‘/z T
S (5) ()] -5

Remark 3.6 If we apply Theorem 3.1 withn=3,a=—-1,b=1,x= —@ and w(t) =
L re[~1,1], we get

/112’
1 1 d
—f (1)dr
/_1 1—t2f()
T V2 V2 V2|, V2 V2
Tl Y2\ (V2 z/l "
(D) er ()] i
where
B
—1(§+5)arcsins — § (3 +5%), —1§s§—§,
R3(s) = —%s l—sz—%(%—i—sz)arcsins, —§<s§§,
— sVl -2
—%(%—l—sz)arcsins—l—%(%—l—sz), §<s§1.

Corollary 3.4 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q < oo and let f: I — R be such that f is an absolutely continuous

function. Then we have

L fde = V2 V2
#53)(5)0(9)

$(8) (8 (9)40(9)

2
5 (-8 +19V2) 1", L -11]

< - 1/2
< l( 4096;%5005\/57:) LF" |y, £ € L2[~1,1]

2
g G+l frert-1,1].
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Similar to the proof of Corollary 3.2. O

Gauss—-Chebyshev two-point formulae of the second kind
If we put p (1) = v/ 1 —12,1 € [—1,1] in (3.10), we have Gauss—Chebyshev formulae

1 k
[ V=P 0d = Y A8 (5) + E(f). (3.13)
- i=1
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where A; are given by
T in
A= in> ——
T ke

and x; are zeros of the Chebyshev polynomials of the second kind defined as

i=1,...k

_sin[(k+ 1)arccos (x)]
Uelx) = sin [arccos (x)]

Uy (x) has exactly k distinct zeros, all of which lie in the interval [—1,1] (see for instance

[103])
i .
xi:cos<k+1> i=1,....k,.

Error of the approximation formula (3.13) is given by

E(f) = st/ ™€), Ee(-L1).

(2k)

In case k = 2, (3.13) reduces to

/11\/Wf(t)dt:§{f<_l> +f<l>}+1f(4)(§), Ee(-1,1).

2

Now, using Theorem 3.1 and Theorem 3.2 we establish Gauss-Chebyshev two-point
formulae of the second kind and give some sharp and best possible inequalities.

Remark 3.7 If we apply (3.5)witha=—1,b=1,x=—%andw(t) = 2y };tz,te —1,1],
we get

2 /-1

1 T 1 1 w1
[ Vimerna=21r(=5)+7(3)|+3 [ @6 roes
4 2 2
where
—%—l (sx/l—sz—i—arcsins), —1<s< —%,
S\/l—s2+arcsins>, —1<s<d,
%—%(sx/l—sz—i—arcsins), %<s§1.

()

—_

—

[}

Z

I

=
~/~ 1

Corollary 3.5 Let I be an open interval in R, [—1,1] C I, (p,q) is a pair of conjugate
exponents, 1 < p,q < oo. Let f:1— R be an absolutely continuous function and f' €
L?[—1,1]. Then we have

1 1 1 ,
‘/_1 V1 —t2f(t)dt—g [f (—5> +f<§>} ' < g 101l 117'],- (3.14)

Inequality (3.14) is sharp for 1 < p < e and best possible for p = 1.
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Proof. This is a special case of Theorem 3.2 fora=—1,b=1,x= —% andw (1) = 2 71[_[2 ,

tel-1,1]. O

Corollary 3.6 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q <o andlet f: 1 — R be an absolutely continuous function. Then we

have
1
[virroaglr () ()]
5 (8+93-m)|fll.. fer7[-1,1]
< J & (gt By, e
LVt fel -1
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. To prove the first inequality we apply (3.14) with p = oo

1

1 2] 1 1
/ \Ql(s)\dSZ/ ’ ————(s 1—s2—|—arcsins) ds
-1 -1 2
1
2 1
+ /21 —E(svl—s2—|—arcsins) ds
32
1 1 .
—|—/ ———(s 1—s2—|—arcsms> ds
12 =
_ —16+18V3 -2z
B 127 '
For the second inequality we take p =2
! -3 1 1 2
/ |Q1(S)|2dS:/ ’ ————(s 1—s2—|—arcsins) ds
-1 1 2

2

1
—E<s 1—52+arcsins> ds

1
2
+/_l
2
1
+/
1
b

_ —512+135\3n — 1577

2

1 1
——— (s 1 —s2—|—arcsins> ds
2 r

18072
If p =1, we have
11 .
sup |Q1 (s)| = max sup  |—= — — (s 1—52+ar051ns> ,
se[-L,1] sel-1-4l 2 @
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1
sup |—— (s 1—s52+ arcsins) ,
sel-24]! 7
1 1 .
sup |z — — (sv 1—s524 arcsms)
1 2 T
se[3.1]
Since A
1 1 1 3
sup '————(s l—sz—i—arcsins) =-——-,
SE[—I _l} 2 T 3 4r
1 1 3
sup ——(s l—sz—l—arcsins> :—+£,
11 T 6 4r
s€[-3.3]
1 1 3
sup ———(s l—sz—i—arcsins) :——i,
SE[%.I] T 3 4r
the third inequality is proved. |

Remark 3.8 The first and the third inequality from Corollary 3.6 were proved by S.
Kovac and J. Pecari¢ in [71].

Remark 3.9 If we apply Theorem 3.1 withn =2, a=—-1,b=1,x= —% and w(t) =
24/1-12
T

.1 €[—1,1], we get

where

Q> (s) = + (245) VI—5>+ Lsarcsins, —§<s<1,
%(2+s2)\/l—sz—l—%sarcsins—%, %<s§l.
Corollary 3.7 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate

exponents, 1 < p,q < o and let f:1 — R be such that f' is an absolutely continuous
function. Then we have

[irroegli( ) () rar ()2 ()]

2V frer=[—1,1]

1/2
< 3 (W BE) I s e Pl
(Z+32) 11 et =11,

The first and the second inequality are sharp and the third inequality is the best possible.
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Proof. The proof is similar to the proof of Corollary 3.6. o

Remark 3.10 If we suppose that f” is a continuous function on [—1,1] by Theorem 3.3
there exists 1 € (—1,1) such that

[ mroa 5 (4) s (3)]-5r (5 (3)

T

:gf”(n)~

Remark 3.11 If we apply Theorem 3.1 withn=3,a=—-1,b=1,x= —% and w(t) =

- O 0
A

€ [—1,1], we get

/_11 V1—=22f(t)dt =

where
12” (13s—|—25 )m
—(1—|—4s)arcsms—é(l—|—4s2), —lgsg—%,
0O3(s) = —%(13s+2s)m-i(l—i—%z)arcsins, —1<s<d,
127:(13s—|—2s) 1—s2
—ﬁ(l+4s)arcsms—l—g(l—l—4s2), %<s§1.

Corollary 3.8 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q < oo and let f : 1 — R be such that f" is an absolutely continuous
function. Then we have

‘/1 Vimer@oa -7 [f (—1) +f<%)
YO )]

g (—128+297V/3 — 407r)Hf”’Hw, f"er[—1,1]
(o 0 - 3) T s e

(48+ 128)Hf///H17 fMelll-1,1].

IN

The first and the second inequality are sharp and the third inequality is the best possible.

Proof. The proof is similar to the proof of Corollary 3.6. a
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Non-weighted case of two-point formula and applications

Now, we use formula (3.4) to establish a non-weighted two-point formula and to prove
some sharp and best possible inequalities for the functions whose higher order derivatives
belong to L? spaces, 1 < p < oo,

Here we define

1 n—2 ) . ) (b _x)i+2 _ (Cl _x)i+2
2 —— (i+1) 1y £(i4+1) _
100 =5 5 [0 @)+ )M @b )] E
(bia) (a—s)", a<s<x,
T2 (x,5) = 2(b1—a) [(a—s)"+(b—5)"], x<s<a+b—x,
ﬁ(b—s)", a+b—x<s<b.

We will use the Beta function and the incomplete Beta function of Euler type defined as

1 r
B(x,y) = / P 1Pl B, (xy) = / P 1=, xy > 0.
0 0
The following theorem gives a non-weighted case of two-point formula.

Theorem 3.5 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
f(”’l) is absolutely continuous for some n > 2. Then for each x € [a, #] the following

identity holds

1
b—a

b 1 b
/ (1) d =Dy () + 22 () + / T2 (x,5) ) (5) ds. (3.15)

Proof. This is a special case of Theorem 3.1 for w(r) = b—ia, t € la,b]. O

Remark 3.12 Identity (3.15) holds true if n = 1.

Theorem 3.6 Suppose that all the assumptions of Theorem 3.5 hold. Additionally, as-

sume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 11—7 + é =1 and

) € LP [a,b] for some n > 1. Then for each x € [a, ‘lzib] we have

1 b , - o
\,,_a / f(0yd=D2 () =i ()] < —[|72 )|, |1/ R (3.16)

Inequality (3.16) is sharp for 1 < p < oo and best possible for p = 1.
Proof. This is a special case of Theorem 3.2 for w (1) = s, 1 € [a,b]. O

In the sequel we calculate the optimal constants in cases p =1, p =2 and p = co.

Corollary 3.9 Suppose that all the assumptions of Theorem 3.5 hold. Additionally, as-
sume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, %—I— é =1 and

x € [a, 2]
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(a) If f) € L= [a,b), then
1
b—a

[ roa—n:0-2

) (x—a)"“ |:2+(_1)n+1} —i—(b—x)"“
S CES b—a)

b—a\" | (-1 +1
2 2
(b) If f") € L?[a,b], then
‘ 1

o [ a0 -2

l (3(x_a)2n+1+(b_x)2n+l (_1)n (b_a)Zn—l

<

+

n! 22n+1)(b—a)’ 2

1

-[BZ_%(n+1,n+1)—3ﬁ(n+1,n+1)])7 7o

)
(c) If f) € L' [a,b], then

1
b—a

[ 1@

. ﬁmax{(x_a)n7 (@ + 0=y } [0

The first and the second inequality are sharp and the third inequality is the best possible.

| .

Proof. Applying (3.16) with p = e, we have

b | (a—s)"
2
/a |7, (x,s)|ds:/a P ds
atb=xl(g—s)"+ (b—ys)" b (b—s)"
—I—/ ds—l—/ ds
Jx 2(b—a) wtb—x| b—a
gyt @ ot - () [y ]
(n+1)(b—a) (n+1)(b—a)
B (x—a)"™ [24—(—1)"“} +(b—x)"! b—a\" [(=1y* +1
N (n+1)(b—a) 2 2(n+1)
and the first inequality is obtained. To prove the second inequality we take p = 2
b 2 * | (a—s)"|?
T;? d :/ d
[z fas= [ as
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a+b—x _
+ / DiRa Ul / s
(b Cl +b—x —a
B 3 (x—a)an +( _x)2n+1
2(2n+41)(b—a)*
—1) (b— 2n—1
+% [Bf (n+1,n+1)=Bya (n+ 1,n+ 1)] .
Finally, for p = 1, we have
_ n
sup |Tn2 (x,5)| = max 4 sup (a=5)
s€la,b) s€ax] b—a
_ n b o n b _ n
SR R i N ICEN 1
s€x,at+b—x] 2 (b - a) s€la+b—x,b) b—a
Now, by elementary calculation we get
sup (a—y) :(x—a) s (b—ys) :(x—a) .
s€lax] b—a (b _a) s€la+b—x,b] b—a (b - a)

The function y : [a,b] — R, y(x) = (a—x)" + (b—x)", is decreasing on (a,“$2) and in-

creasing on (#,b) if n is even, and decreasing on (a,b) if n is odd. Thus

sup (a—s)"+(b—y) _ (a—x)"+(b—x) . (3.17)
s€x,a+b—x] 2 (b - Cl) 2 (b - a)
Since x € [ ;h] we have
2 (x—a)" (a—x)"+(@0—x)
sup |77 (x,s)| = max { , ;
s€(a,b) | " } (b - Cl) 2 (b - a)
and the third inequality is proved. a

Corollary 3.10 Let f: [a,b] — R be an L-Lipschitzian function on [a,b], L € R*. Then

for each x € [a, ‘gib]

[ rwa-

Proof. We apply the first inequality from Corollary 3.9 with n = 1. o

2 2
- (3(x—2a()b4_ril;—x) _b;a> L (3.18)

Remark 3.13 Inequality (3.18) was proved and generalized for a-L-Lipschitzian func-
tions by A. Guessab and G. Schmeisser in [65]. They also proved that this inequality is
sharp for each admissible x.
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Corollary 3.11 Ler f: [a,b] — R be such that f' is an L-Lipschitzian function on [a,b)],
L €R". Then for each x € [a, #]

1P (b—x)* —(a—x)*
t)dt =Dy (x)— [f (x) = f (a+b—
ba ), £ =Da) [ ()~ f a0 T
(x—a)’ + (b—x)3L
- 6(b—a) '
Proof. We apply the first inequality from Corollary 3.9 with n = 2. o

Corollary 3.12 Let f : [a,b] — R be a continuous function of bounded variation on [a,b).
Then for each x € [a, ‘lzib]

L 1 [Batb—4x]\ ,
'b—a/(; f(t)dt—DZ(x) < (Z"‘W) Va (f) (319)
More precisely, if x € [a, #]
1 b a+b—2x_,
’b—a/a fe)dt =D (x)) < Sh—a) ()
and if x € (340 atb]
1 b X—a
‘b—a_/a f(t)dl—D2(x) S b_ava (f)

Proof. We apply the third inequality from Corollary 3.9 with n = 1 to get

'bia/ubf(l)dl—l)z(x) < (bi—a)max{x—a,%b—x}va”(f),

The proof for the first inequality follows by the formula
max {A,B} = 1 (A+B+|A—B]) . Since

a+b b _x, zaxe [a,%4?2]
max{x—a,— — X p =
2 xX—a, za xe[ P

the proof of the second and the third inequality follows. a

Remark 3.14 Inequalities (3.18) and (3.19) and their generalizations based on extended
Euler formulae via Bernoulli polynomials have been proved by I.Franjié, J.Pecarié, 1. Perié
and A. Vukeli¢ on interval [0, 1] in book [61] (see 20.,23).

Corollary 3.13 Ler f : [a,b] — R be such that [ is a continuous function of bounded
variation on [a,b]. Then for each x € |a, #]

1
b—a

(x—a)’ +(b—x) ,
= 4(b—a) Vf(f)'

(b—x*—(a—x’
4(b—a)

[ r0a—0209~ [f )~ (45—
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Proof. We apply the third inequality from Corollary 3.9 with n = 2 to get

—x)?—(a—x)*
e [ r 002 - [ ) - f e P
)2 )2
Siz(bl_a)max{(x—a)z,(a )—;(b )}Vf(f’)
x—a)+ (b—x)* ,
e Lle
and the proof follows. O

Corollary 3.14 Suppose that all the assumptions of Theorem 3.6 hold. Then for each
x € [a,%5P] we have

[ a- s -] <

1 2(x—a)"!
n! \ (ng+1)(b—a)

((@a—x)"+(b—x)")"
24(b—a)?
(a _ S)rl

b 5 qd X
T =
[ Imz s fas= [0
a+b—x — V' (b—s)"
D XD
Jx

2(b—a)
X _ n|q h
[l e=]
Ja b—a a+b—x

and by applying (3.17)
/quhfx (a _ S)n + (b _ S)n q /aerfx ((a _x)" + (b _x)n )‘1
ds < ds
X T 2 (b - a)
((@a—x)"+(b—x)")"

2(b—a)
= 20 (b—ay (a+b—2x)

. (3.20)
p

7
(a+b— Zx)) H £
Proof. We have

q
ds

q b
ds+ /
a+b—x

q

q

=" "

b—a

Since

(x _ a)nq+l

b—s)""  _
(ng+1)(b—a)”’

b—a

we obtain

b 2(x_a)nq+l ((a_x)n+(b_x)11)q
/a |Tn2 (x,s)}quS (ng+1)(b—a)? 24(b—a)?

(a+b—2x).
O

Remark 3.15 If in Theorem 3.6 and Corollaries 3.9, 3.10, 3.11, 3.12, 3.13, 3.14 we
choose x = a, 242 34th &b we obtain a generalized trapezoid, two-point Newton-Cotes,

two-point Maclaurin and midpoint inequality.

Remark 3.16 For some related results see [46], [82], [96].
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3.1.3 General two-point quadrature formulae with applications
for a-L-Holder type functions

The aim of this subsection is to establish general two-point quadrature formulae (3.1) using
the identities (2.81) and (2.82) and to prove several Ostrowski-type inequalities for o-L-
Holder functions. We also show how these results can be applied to obtain some error
estimates for Gauss-Chebyshev two-point quadrature rules.

Variant | of general two-point formula

We use (2.81) to study for each number x € [a, #] a general two-point quadrature

formula of the type (3.1). In addition, this quadrature formula will be used to obtain
Ostrowski-type inequalities for o-L-Holder functions.
Let f : [a,b] — R be such that f") exists on [a,b] for some n > 2. We introduce the

following notation for each x € [a, 2]

VST ARIOINE i
s‘z”’”(x)_i{g(’)T[/x (1=W(t))(t—Db) dt

+ /:Hu W) (1 —b)idt}

_n lfm [/ W(t)(t—a dt+/u+h : t—a)idt]}

(3.21)
and
(9= 3 [85 ()%, (05, (@t b —x) 4 85, (kb )
where
Sfm (x) = ﬁ /:W (1) [/at <f(") (a) —f(n) (S)) (r— s)”zds] dr,
Stean (%)
- ﬁ/ju W (1)) [/tb (£ )~ (s)) (t—s)"_zds} dr.
(3.22)

In the next theorem we establish the first variant of a generalized two-point quadrature
formula based on the generalized Montgomery identity (2.81).

Theorem 3.7 Let I be an open interval in R, [a,b] C I and let w : [a,b] — [0, ) be some
probability density function. Let f : [ — R be such that f (n=1) g absolutely continuous for
some n > 2. Then for each x € [a, “%”] the following identity holds

[0 £ = D2 () 80 () 482,09 6.2
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Proof. We put x = x and then x = a+ b — x in (2.81) to obtain two new formulae. After
adding these two formulae and multiplying by 1/2, we get (3.23). a

Remark 3.17 If in Theorem 3.7 we choose x = a, 242 3¢tb ‘atb 'we obtain a trapezoid,

two-point Newton-Cotes, two-point MacLaurin and midpoint rule, respectively.

Before giving an estimation of the term

[ w0209, ).

let us recall that a function ¢ : [a,b] — Riis said to be of a-L-Holder type if |@ (x) — @ (v)| <
L|x—y|* for every x,y € [a,b], where L >0 and « € (0,1].

For each x € [a, “erb | we define

_ W), a<t<x,
W x1) _{1—W(t),x<t<b,

t—a)*t a<i<x,
Un(x:t) = { Eb—ti“*"‘l x<t<b. (3-24)

Theorem 3.8 Let I be an open interval in R, [a,b] C I and w : [a,b] — [0, ) some prob-
ability density function. Let f : I — R be such that f"~V is absolutely continuous and that

" 2 [a,b] — R is an a-L-Hélder type function for some n > 2, o € (0,1] and L € R™.
Then for each x € [ “*b] the following inequalities hold

[ w6 @a 02092,

(a+1n—1 UWxt o (x,1)dt

—I—/ W(a—l—b—x,t)Un(a—i—b—x,t)dt]
a

B(a+1,n—1)

= mL [(x — a)OCJrn + (b _x)ochn] .

Proof. From (3.23) we have that

[ w0 r@a s 2,09

1
3|86 () 4+ S0 (@t b =)+ 8, () + S0 (a5 =)

< 5 (158, 0] + 185 (at b0 + |58, (0] +

o (a—l—b—x)D .
(3.25)
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Since ) is an a-L-Halder type function, from (3.25) we obtain

[ w0 r@a a0 2,09

< ﬁ {/:W(t) Ut (s—a)® (z—s)"zds} dr
+ / i [ / s—a)(t —s)”_zds} dr

b

[ a-we) ub (b—s) (s—t)"_zds] dr

+ K (1-W (1)) [/tb(b—s)“ (s—t)"_zds} dt}. (3.26)

a+b—x

The first integral over ds in (3.26) can be written as

[ s=ara—s2as
:(Z_a)a-‘rn—Z/at (f:Z)a <;_;2>n_2ds

_ 1
_ |:I,L: N a] _ (t—a)aJ”FI/ ua(l _u)andu
0

t—a

=(t—a)*™ 'Bla+1,n—1).

Similar can be done with other integrals in (3.26), so we obtain

b n—
w0108 Da(0) = 0| < 2GR
. |:/ W o+n— ldt+/a+b x (t) (t—a)a+n71dt
+/ (1-w )% dr+ ’ (=W (@) (b—0)"""""dt
a+b—x

— (a+1n_l [/Wxt x,t)dt

—|—/ W(a—i—b—x,t)Un(a—i—b—x,t)dt}.
(3.27)

Since we have 0 < W (r) <1, ¢ € [a,b], from (3.27) we obtain

(Oc—l—ln |:/W _ OH—n ldt

u+h —Xx 1
+/ W(t)(t—a)“"* dr
a
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+./xb(1‘W(’”(”—f)”‘*”’ldt+ / ibix(l—w(l))(b—t)aﬂfldt

B(oo+1,n—1)
= la+m(n-2)

which completes the proof. |

L [(x_a)a+n+ (b_x)oc+n] ,

Corollary 3.15 Ler I be an open interval in R, [a,b] C I and let f : 1 — R be such that
F=1) s absolutely continuous and that ™ : [a,b] — R is an a-L-Hélder type function
forsomen>2, o€ (0,1] and L € R". Then for each x € [ ‘”h] the following inequality
holds

[ wa- -

B((X—l—l,n—l) o4n o4n+
*(b—a)(a+n+1)(n—z)zL[(" a)*" 4 (b= 0" 1}’

where - "
l i [ l+1 b) _f(i+1) (a)} (x_ a)l + (b _x)l
2 & ii+2)(b—a)
Proof. This is a special case of Theorem 3.8 for w (1) = b—ia, t € la,b]. O

Corollary 3.16 Let I be an open interval in R, [a,b] C I and let f : I — R be such that f’
is absolutely continuous and that f" : [a,b] — R is an o-L-Hélder type function, o0 € (0,1]
and L € R™. Then for each x € [ ath ] the following inequality holds

b
— [ r0a-pw -3
1
S—a(a+D(at3)

L[(x_a)a+3+(b_x)a+3 ,

where
/ / —a)’ +(b— g
B0 = ((0) - (@) U=
11 1 (x—a)3—|—(b—x)3
Proof. This is a special case of Corollary 3.15 for n = 2. O

Theorem 3.9 Suppose that all the assumptions of Theorem 3.7 hold for some n = 2k —
1, k> 2. If f is (2k)-convex, then for each x € [ “*b] the following inequality holds

f(x) +f(2a+b =) — S () S0 (3.28)

b
/ w(t) f(6)di —

If f is (2k)-concave, then inequality (3.28) is reversed.



256 3 MONTGOMERY IDENTITY, QUADRATURE FORMULAE AND ERROR...

Proof. First note that if f is (2k)-convex, the derivative £~ = £ is nondecreasing,
and if f is (2k)-concave, the derivative f") is nonincreasing (see [97]).
From (3.23) we have that

/ubw(t)f(l)dt — D5 (x) — 52, (%)
_ % (86,0 (6) St (@ b= 2)+ 8, (x) + Sh (a+ b =)

Let us consider the sign of the integral

S8 0= g [ WO [ (7@ = 9)) =5 2

when f (1) is nondecreasing. We have

[ (#7 @ £7) e~y 2as <o,

a

hence we may conclude that Sy, (x) < 0. Analogously, we obtain
Sy.n (@a+b—x) < 0. On the other hand, the sign of the integral

a0 = it [ A=W | [ (77011 ) -9 20|

depends on the parity of n : if n is odd, that is n = 2k — 1, then S{’V’n (x) <0 and analogously
Sﬁ’m (a+b—x) <0. Hence, if n =2k — 1 and f(") is nondecreasing, we have that

b
[ wo)f @ =D20) - 53, (x) <o0.
a
The reversed (3.28) can be obtained analogously. a

Corollary 3.17 Let I be an open interval in R, [a,b] C I, and let f : I — R be such that
£~ is an absolutely continuous for some n =2k — 1, k> 2. If f is (2k)-convex, then for
each x € [ ath ] the following inequality holds

/f +f(2“+b Y _ 2 <o. (3.29)

If f is (2k)-concave, then inequality (3.29) is reversed.

b—a

Proof. This is a special case of Theorem 3.9 for w () = b—ia, t € [a,b]. O

Corollary 3.18 Let I be an open interval in R, [a,b] C I, and let f : I — R be such that
f" is an absolutely continuous function. If f is 4-convex, then for each x € [ “+b] the
following inequality holds

f(a+b X)
b— a/f fdr—
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1 / / (x_a)2+(b_x)2
_m (f (b)—f (a)) )
11 1/ —a)’ b— ’
() (@) LD
" 111 —a)* b— ‘
() g @) P 0
(3.30)
If f is 4-concave, then inequality (3.30) is reversed.
Proof. This is a special case of Corollary 3.17 for n = 3. a

Variant Il of general two-point formula

Now, we establish a general two-point quadrature formula based on the generalized Mont-
gomery identity (2.82) and use this formula to prove some Ostrowski-type inequalities for
o-L-Holder functions.

Let f : [a,b] — R be such that ") exists on [a,b] for some n > 2. We introduce the

following notation for each x € [a, #]

lnl l+1
rvzv’n(x): 2 /P (x,1) (r —x)' ds

f(”rl) (a+b—x)

b ,
S / Py(a+b—xt)(t—a—b+x)dt
l! a

(3.31)
and |
Ry (¥) = 5 [Run (x) + R (a+ b —x)],
where
Ry (x)
1
= (n) o2
" (-2 / (ot [/ ) =) ds}d”
(3.32)

and P, (x,7) is the weighted Peano kernel defined by

Pu(t) W), a<t<x,
YT Y we) -1, x <1<,

In the next theorem we establish the second variant of a generalized two-point quadra-
ture formula based on the generalized Montgomery identity (2.82).
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Theorem 3.10 Let I be an openinterval in R, [a,b] C I and let w : [a,b] — [0,0) be some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € [a, ‘gib] the following identity holds

/b w(t) f(t)dt = Dy (x) + rvzv’n (x) + R%V’n (x). (3.33)

Proof. We put x = x and then x = a+ b — x in (2.82) to obtain two new formulae. After
adding these two formulae and multiplying by 1/2, we get (3.33). a

Now, we obtain some error estimates for two-point quadrature formula (3.33).

Theorem 3.11 Ler I be an open interval in R, [a,b] C I and w : [a,b] — [0,e0) some
probability density function. Let f :1 — R be such that "~V is absolutely continuous
and that ) : [a,b] — R is an o-L-Holder type function for some n > 2, o € (0,1] and
L € R*. Then for each x € [a, #] the following inequalities hold

[ 00D~ 2, (0

<P [

b
/
a

B(a+1,n—1)
= =2 (a+n)

Py (1) (x — 1)1 ‘ d

Pw(a—i—b—x,t)(a—i—b—x—t)aﬂ1‘dt]
L [()C _ a)OHrn + (b _x)OtJrn:I )
Proof. From (3.33) we have that

/ " (1) £ (1) dt — D (x) — 2| = R, ()] (3.34)

Since ) is an a-L-Holder type function, from (3.34) we obtain
b 2
[ w0 -0 -7, ()
a

<5@égﬂlbmun[

b t
+/ Py (a+b—x,1) /
a a+b—x

From (3.35) similarly to Theorem 3.8 we get

dr

(s—x)*(t—s)"* ) ds

(s—a—b+x)* (t—s)"_z)ds

o).

(3.35)

o [ a2 )
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(a+1n {/W el
a+b x |
—|—/ Y(a+b—x—1)*"dt

+/ (1= W (1) (1 —x) "' dr

N b (1 _W([)) (t—a—b+x)a+’171d[

Ja+b—x
B(a+17n_l) o+n o+n
AT e — b—
S I e AR A
and this completes the proof. |

Corollary 3.19 Ler I be an open interval in R, [a,b] C 1. Let f :1 — R be such that
f (n=1) g absolutely continuous and that f (n) [a,b] — R is an a-L-Holder type function
forsomen>2 o€ (0,1] and L € R". Then for each x € [ “+b] the following inequality
holds

[ a2

B(a+17n_1)B(2’a+n) a+n+1 a+n+1
< Li(x— -
ST h-am-2) (=@ (o -],
where
ln—l ) . ) (b_x)i+2_(a_x)i+2
2 _ - (i+1) _ 1\t £(i+1) .
70 =5 5 [+ O b —0)] S
Proof. This is a special case of Theorem 3.11 for w () = b—ia, t € la,b]. |

Corollary 3.20 Let I be an open interval in R, [a,b] C I. Let f: 1 — R be such that f’
is absolutely continuous and that f" : [a,b] — R is an a-L-Hélder type function for some
o € (0,1] and L € R*. Then for each x € [ ‘”h] the following inequality holds

b
[ wa- e~
1
DI EDICERICEE)

I {(x—a)aH + (b _x)a+3} ’

where
a+b—2x
4
) (a—x)*+ (a—x) (b—x)+ (b—x)
12 '

7)) = (f(x)—f (a+b—x))

+ (f" )+ " (a+b—x)
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Proof. This is a special case of Corollary 3.19 for n = 2. O

Theorem 3.12 Suppose that all the assumptions of Theorem 3.10 hold for some n =
2k—1, k > 2. If f is (2k)-convex, then for each x € [a, #] the following inequality holds

/bw(t)f(t)dt— f(x)+f(2“+b_x) — 2, (x)>0. (3.36)

If f is (2k)-concave, then inequality (3.36) is reversed.

Proof. The proof is analogous to the proof of Theorem 3.9. We have that

[ w0020 2, ) = R, )

Let us consider the sign of the integral
B = WO [ (501 6) (=572
= ['wa { JNERICE IS s)"zds] di

when (") is nondecreasing. For s € [r,x] we have
F7(s) = £ (1) <0, 1-5<0,

hence for n odd we obtain
t
/ (57 @ 1)) (1= 5y 2ds > 0

and we may conclude that under such assumptions Ry, (x) > 0. Analogously, we obtain
Ry, (a+b—x) > 0. On the other hand, the sign of the integral

Rt = [ 0= [ (-1 0) -5 as]
= [fawon | [ (70 w) oo as]

(and analogously to Ré’m (a+b—x)) does not depend on the parity of n, and for f(*) non-
decreasing we obtain R%, , (x) > 0 and R}, (a+b —x) > 0.
Since we can write

R (%)
1
= 5= R () + Ry () 4 R a+b =) + Ry (b =)
the assertion follows immediately.
For f(") nonincreasing we obtain reversed (3.36) in a similar way. a
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Corollary 3.21 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
£ =1 s absolutely continuous for some n =2k —1, k> 2. If f is (2k)-convex, then for
eachx € [ “*b] the following inequality holds

X)+fla+b—x) 5
- a/f 5 —r2(x) >0. (3.37)

If f is (2k)-concave, then inequality (3.37) is reversed.
Proof. This is a special case of Theorem 3.12 for w(r) = b—la, t € la,b]. |

Corollary 3.22 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
f" is an absolutely continuous function. If f is 4-convex, then for each x € [ ath ] the
following inequality holds

x)+ fla+b—x)
3.38
b—a / it 2 ( )
> ( ()~ f'(at b)) #
N2 B B N2
+ (f" (x)+f" (a+b—x)) la=x) +a xiéb JRaCa)
32 N2
+(f///(x)_f///(a+b_x))(a+b_2x)(a x) 4—.’_8(b X) .
If f is 4-concave, then inequality (3.38) is reversed.
Proof. This is a special case of Corollary 3.21 for n = 3. o

Gauss-Chebyshev two-point formulae

Now, we show how to apply the results of previous subsections to obtain some error esti-
mates for Gauss-Chebyshev quadrature rules involving a-L-Holder type functions.

Theorem 3.13 Let I be an open interval in R, [—1 } C 1, andlet f:1— R be such
that the derivative f n=1) jg absolutely continuous and f n) . :[-1,1] = Ris an a-L-Holder
function for some n > 2, o € (0,1] and L € R™. Then

o DA 2
B(a+1,n—1) V2
S((;chrz)(rl—z)!LKl_T) ( ) ]

where 52, is defined as in (3.21) and W (t) = L (arcsint + %)

Proof. This is a special case of Theorem 3.8 for [a,b] = [—1,1], x = —@ and w(t) =
L c[-1,1]. i

\/ 1—t2,
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Theorem 3.14 Let I be an open interval in R, [—1,1] C 1, and let f : I — R be such
that the derivative f"=V) is absolutely continuous and f™ : [—1,1] — R is an a-L-Holder
Sunction for some n > 2, o € (0,1] and L € R". Then

[aimroasgli(-3) ()] - (-3)
<t () (1)

where s, is defined as in (3.21) and W (1) = % (t\/ 1 — 12+ arcsins + %) :

Proof. This is a special case of Theorem 3.8 for [a,b] = [—1,1], x = —% and w(t) =
2V1-12, te[-1,1]. O

3.2 Three-point quadrature formulae

In this section, for each number x € [a, ‘lzib), we study the general weighted three-point

quadrature formula

/a ") f (1) dr (3.39)

a+b
2

AW )+ (=] + (1 =24 00)f (©52) 4B,
where A : [a,%52) — R and E (f,w;x) being the remainder. Further, w : [a,b] — [0,)
is a probability density function, that is, integrable function satisfying | f w(t)dt =1, and
W(t) = [iw(u)du fort € [a,b], W(t) =0 fort < a and W(t) = 1 for t > b. Some results
from this section are published in [69].

3.2.1 AQuadrature formulae obtained by a generalization of the
Montgomery identity

The aim of this subsection is to consider a general weighted and non-weighted three-point
quadrature formula using identity (2.76) and to calculate corresponding error estimates. We
obtain three-point Gauss-Chebyshev formulae of the first and of the second kind as special
cases of the general weighted three-point quadrature formula and prove some sharp and
best possible inequalities. As special cases of general non-weighted three-point quadrature
formula, we obtain generalizations of the well-known Simpson’s formula (x = a), dual
Simpson’s formula (x = (3a + b) /4) and Maclaurin’s formula (x = (5a+b) /6).
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General weighted three-point formula and related inequalities

Let f : [a,b] — R be such that f"~1) exists on [a,b] for some n > 2. We introduce the

following notation for each x € [a, #)

D) =AW+ flat b+ (-4 (F0), a0

n—=2 r(i+1) X b )
ty, (%) = A(x) lz fi()/a w(s)(s—x)"lds

) ) b |
" %T')/a W(S)(S—a—b—i-x)lﬂds]

2 f(i41) (atb) b u i+1
+(1—2A(x))§6f(T(1)2')/a w(s)(s— ;Lb> ds

(3.41)
and
T, (x,5)

= A () [Tun (6,5) + Ton (@ +b—x,5)] = (1 =24 (x) T n(Clzib’S)

where Ty, (x,s) is defined by

[w () (u—s)"""du, a<s<ux,

a

Tw7n(X,S) = { —fbw(u) (u—s)nildlfl, x<s< b.

S

The following is a general weighted three-point formula.

Theorem 3.15 Let 1 be anopeninterval inR, [a,b] C I, andlet w: [a,b] — [0, o) be some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € [a, #) the following identity holds

/b w(t)f(r)dr = D3(x) —Hin 2(6,8) f (5)ds. (3.42)

Proof. We put x = x,x = “2 and x = a+ b — x in (2.76) to obtain three new formulae.

After multiplying these three formulae by A (x),1 —2A (x) and A (x) and adding, we get
(3.42). 0

Remark 3.18 Identity (3.42) holds true in the case n = 1. In this special case we have

b b
/ w(t) £ (6)di = D3 (x) + / T2, (x,5) f' (s)ds, (3.43)
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where
Tvg,l (x S )

= —A(X) [T (%,5) + Tt (@+b—x.)] = (1 =24 (x)) Ty (#)

=AW R )+ Pulat b 0] - (1= 24 ) R (45 00)

and P, (x,s) is the weighted Peano kernel defined by

Py (r.s) = W(s), a<s<ux,
= W(s)—1, x<s<b.

There follows an error estimate for general formula (3.42).

Theorem 3.16 Suppose that all the assumptions of Theorem 3.15 hold. Additionally,

assume that (p,q) is a pair of conjugate exponents, 1 < p,q < oo; let f(”) € LP|a,b] for

some n > 1. Then for each x € [a, #) we have

W00~ D3 0) 0 0] < 5 1720,
/aw(t)f(t) —D3(X) =1y, X _(n—l)! wyn Xy q f

(3.44)

R
Inequality (3.44) is sharp for 1 < p < eo.

Proof. Applying the Holder inequality on (3.42) we get estimate (3.44). The proof of
sharpness is analogous to Theorem 3.2. a

Gauss-Chebyshev three-point formulae of the first kind

In case k = 3, (3.11) reduces to Gauss-Chebyshev three-point formulae of the first kind

() s ()

T

1 1
= =3

T
23040

+ 79,

for some & € (—1,1).

Remark 3.19 If we apply (3.43) witha=—1,b=1,x= —?,A (_ﬁ) = % andw (1) =
1

/12’

t € [—1,1], we get

1 1
/ i Y

-3 lf <_?> +10)+1 (?) o [ 960
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where
11 : V3
—5 — garcsins, —1 <s < -5,
Ri(s) —%—%arcsins, —‘/T§<s§0,
1(s) =
11 : V3
5 — garcsins,  0<s< 5,
11 . V3
5 — yarcsins, T<s§1.

Corollary 3.23 Ler I be an open interval in R, [—-1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q < oo. Let f:1— R be an absolutely continuous function and f' €
L?[—1,1]. Then we have

[ et [f (—?) +f(0)+f<?>]

Inequality (3.45) is sharp for | < p < es.

<mllRillg[l£],- (349

Proof. This is a special case of Theorem 3.16 fora=—1,b=1,x= —g,A (—@) = %
dw(it)= —L— re[-1,1]. O
and w(r) py e-1,1]

Corollary 3.24 Ler I be an open interval in R, [—1,1] C 1, (p,q) a pair of conjugate
exponents, 1 < p,qg <o and f: 1 — R absolutely continuous function. Then we have

Lgrow3 () rors (7))

4—2V3) | f']l.. feL”[-1,1],

< 2y/3n—1|f|l,, fel?[-1,1],

smlf . feL =1,
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Applying (3.45) with p =, p =2 and p = 1, respectively, we get these inequalities.
Since function R; is left continuous and has finite jump at 0, i@, the proof of the best
possibility of the third inequality is similar to the proof given in Theorem 3.2. a

Remark 3.20 Inequalities from Corollary 3.24 were proved by J. Pecarié et al. in [99].

Remark 3.21 If we apply Theorem3.15withn=2,a=—1,b=1,x= —?,A (—@) =
1

1 —
3 andw(l‘) = m,

t € [—1,1], we get
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3|, V3 (V3
(92

%s—i—%(sarcsins—i—m), —¥%
—%s—i—%(sarcsins—i—ﬂ), 0<s<
—%s—i—%(sarcsins—i—ﬂ), ‘/7§<s§1.

Corollary 3.25 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate

exponents, 1 < p,q < o and let f : I — R be such that f' is an absolutely continuous
function. Then we have

U f(e)dr V3
ﬁll_ﬂ—glfﬁ—7>+ﬂm

() 21(8)-2(9)

%anH”oo? fﬂeLw[_lvl]v

[ Rals)f (s)ds,

where

< % %,_J”JCUHZ) f”ELZ[—l,l},
11l frert=1,1].

The first and the second inequality are sharp and the third inequality is the best possible.
Proof. Similar to the proof of Corollary 3.24

Remark 3.22 If we apply Theorem 3.15 withn=3,a=—1,b=1,x= —?,A (—@) =

| _ 1
yandw(r) = el t€[—1,1], we get

1 1
LAl
S ()om(2)] 2

+ %f” (—?) +f”(0)+§f” (?) +2 _IIR (s) /" (s)ds,
where
—1(5+5%) = &svV1—52— L (1 + %) arcsins, —1§s§—\/75,
Rs(s) = —%(%—I—sz)—%s l—sz—%(%—i—sz)arcsins, —§<s§0,
LA +5%) = &svV1—s52— L (1 +4%)arcsins, 0<s§§,
% %—I—sz)—% l—sz—%(%—i—sz)arcsins, §<s§1.
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Corollary 3.26 Ler I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q < oo and let f: 1 — R be such that " is an absolutely continuous
function. Then we have

L9812
\/_ ! \/_ /! \/§ /! 5 /! \/§
_Tf (7) —f ( >+ (0 )+§f (7)”

0.493373 " .., f"eL”[-1,1],
< 0.45485 ",  f"el?[-1,1],
& (OV3+57) "Ny, f" el [-1,1].

Proof. The proof is similar to the proof of Corollary 3.24. o

Gauss-Chebyshev three-point formulae of the second kind

In case k = 3, (3.13) reduces to Gauss-Chebyshev three-point formulae of the second kind

[visrou=g (=) s (F)

Remark 3.23 If weapply 3.43) witha=—1,b=1x= %, 4 (~) = fandw(1) =
2—V71[_t2, t€[—1,1], we get

for some § € (—1,1).

/Mf

1) dr
l ( ) (?) 2 or e

i (sx/ 1—s2+ arcsins) , —1

% (sx/ 1—s2+ arcsins) , —Y2 <5<
01 (s) =
- % <S\/1 — 524 arcsins) , 0<s i

—-1 (S\/l — 52 +arcsins> , % s< 1.

where

IN
5

N

NS IA

1
T
1
T

0,

\ /\

NI—= A=

Corollary 3.27 Ler I be an open interval in R, [—-1,1] C 1, (p,q) a pair of conjugate
exponents, 1 < p,q < oo. Let f:1— R be an absolutely continuous function and f' €
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L? [—1,1]. Then we have

‘/11 Vi—2roa-3 [f <—£> +2f(0)+f<g>]

2

T /
< Sl [I71],- 346

Inequality (3.46) is sharp for | < p < eo.

Proof. This is a special case of Theorem 3.16 fora=—1,b=1,x= —g, A (—‘/TE) =

24/1-12
T

1
1

and w(r) = e[-1,1]. O

Corollary 3.28 Let I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, | < p,q <eoand f:I— R an absolutely continuous function. Then we have

‘_/11 VIZEr (a1 lf (—?) +2f(0)+f<g>] ‘

0.26917||f'|l.., f e L”[-1,1],
<{ 0.239162]f'||,, f € L*[-1,1],
sllfll, el =11
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. These inequalities follow by direct calculation after taking p = oo, p=2and p =1

in (3.46). Since function Q; is left continuous and has finite jump at 0, ig, the proof of
the best possibility of the third inequality is similar to Theorem 3.2. O

Remark 3.24 Inequalities from Corollary 3.28 were proved by J. Pecarié et al. in [99].

Remark 3.25 If we apply Theorem 3.15 withn=2,a=—1,b=1,x= —@,A (—‘4) =

%andw(t):2 }t_tz,te[—l,l},weget
Lo () (2]
”\/z / \/i / ‘/z ! 1
+Y [f <—7>—f (7)]‘1‘5 _1Q2(S)f (s)ds,
where
%—l—%(2—|—s2)\/1—s2+lsarcsins —1§s§—§,
$+ ”(2+s)\/1—s + sarcsms —§<s§0,
Q2(S): 1 <s§ﬁ

4

2
%(2+s )\/l—s +Esarcsms, @ <s<lI.

T

54 _(2+s)\/l—s+ —sarcsins, O
2t
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Corollary 3.29 Ler I be an open interval in R, [—1,1] C I, (p,q) a pair of conjugate
exponents, 1 < p,q < o and let f : I — R be such that f' is an absolutely continuous
function. Then we have

‘/_11 \/l—tzf(t)dt—% [f (—?) +2f(0)+f<§>

(542

2 VA RVARSS A B B |
< ¢ 0.3287364 1", f"€L?[-1,1],

%Hf””lv fﬁeLl [_171]'
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. The proof is similar to the proof of Corollary 3.28. o

Remark 3.26 If we apply Theorem3.15 withn=3,a=—-1,b=1,x= —@,A (—@) =

24/1-12
T

/ V1—22f(t)dt

(g) s3] 5l (2] o (3)

Landw(t) =

€ [-1,1], we get

T V2 V2 n (!
el 3 /! v= 2 /! 3 /! v= _/ /1 d
o (2) e (D)) o2 oo
where
—3 (14+48) — 5z (135 +25%) V1=
—H(l—l—4s )arcsins —1§s§—§,
—11—6(1+4s2) 12” (13s+2s )\/ p
B ﬁ(1+4s )arcsins —4<s§0,
Q3(S)— 1 2 )
e (14+45%) — 12” (13s+28%) V1—s
%(1+4s )arcsins O<s§‘/7§,
T (1+45) — 3= (1354 25%) V1 — 52
—ﬁ(1—|—4s)arcsms, §<s§1.

Corollary 3.30 Ler I be an open interval in R, [—-1,1] C 1, (p,q) a pair of conjugate
exponents, 1 < p,q < oo and let f: 1 — R be such that " is an absolutely continuous
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function. Then we have

‘/_11 Vi—efa-3 lf (—ﬁ> +2f(0)+f<§> ey (—?)

8 2

\/z / ‘/z 3 1 \/z 1 11 3 1 ‘/z
5/ <7>+§f (‘7>+1f O+ (7)

0.0869419 ||f"|.., f" € L=[~1,1],
<{ 0.0885601 || f"|,, f"e€L?[-1,1],
%Hf"’\ha f’”ELl [_1’1}.

The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Similar to the proof of Corollary 3.28. a

Non-weighted three-point formula

Here we establish a general non-weighted three-point quadrature formula as a special case
of formula (3.42).
We define
n—2

AW =AY [F )+ (-1 £ (s b))

i=0
(b — )2 _ (a—x)*?2
(i4+2)!(b—a)

a (=1 (b—a)*!
+(1-24(x me ( +b>( 2i+2(i)+2)!

and
T, (x,s)

= —nA (x) [T, (x,8) + T, (a+b—x,5)] —n(1—2A(x)) T, <aT+b,s> ,

where

1
n(b—a (a—s)", a<s<x,

n(;—_la)(b—s)”, x<s<b.

Theorem 3.17 Let I be an open interval in R, [a,b] C I, and let f : I — R be such that
f (n=1) g absolutely continuous for some n > 2. Then for each x € [ “*h ) the following
identity holds

3
- a/f 1)dt = D3 (x) +13 (x /T x,5) £ (s)ds. (3.47)

Proof. This is a special case of Theorem 3.15 for w(t) = . t € [a,b]. O



3.2 THREE-POINT QUADRATURE FORMULAE 271

Remark 3.27 Identity (3.47) holds true in the case n = 1.

Theorem 3.18 Suppose that all the assumptions of Theorem 3.17 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 11_? + é =1and

") € LP [a,b] for some n > 1. Then for each x € [a,$2) we have

1 b 3 1 3 n

‘b_a | F@a=D3(0 =5 )] < 177 ) | (3.48)
Inequality (3.48) is sharp for 1 < p < es.
Proof. This is a special case of Theorem 3.16 for w(t) = ;. € [a,b]. O
Simpson’s formula
Now, we set

b—a) b
Alx) = (7‘1)2, ye {a,i).
6(a+b—2x) 2

This special choice of the function A enables us to establish our generalizations of the
well-known Simpson’s formula (x = a)

Suppose that all the assumptions of Theorem 3.17 hold. Then the generalization of the
Simpson’s formula reads

b a/f 1)di = D3 (a) 43 (a) + oy /T3as ()ds,  (349)
o Ds(a) = [f( >+4f(“+b) +f<b>],
(@) = ézj [P @+ e ] G
e () e
and

g <as>=—§[ (as)+4Tn(% )—i—T(bs)]
! n a+b
_ 6P @ ) F =) asss ==,

- ! a+b
60 —a) @™ H3E=9)], <s<b
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Corollary 3.31 Suppose that all the assumptions of Theorem 3.17 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1—17 + é =1and
neN.

(a) If f*) € L= [a,b), then

b 1
[ r0a-Di@ - @] <
LTS (R R AT e
3,2n+1 3(1—1—%))1 -

(b) If f) € L?[a,b], then

/f dt D3( )_tn() <=

1 ( (222 43) (b—a)™!

’b a n! 9.22n=1(2p4-1)

n 2n—1 7
n 5(_1) (b_a) B(n—i—l,n—l—l)) Hf(n)

18

(c) If f* € L' [a,b), then

[ roa-p@-@

< %K (a) Hf“”

where Ki (a) = % K> (a)= % (b—a)and K, (a) = % (b—a)"", forn>3.
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Applying (3.48) with x = a and p = o we get

/b’Tn3 (a,s)|ds

st +(b—s) b |(a—s)"+5(b—s)

_/ —a) +/%,, 6(b—a) ds
_,. b= 1) +2”+1](b—a)”_2.5(1—(—1)")(b—a)n
6- 2n+1(n—|—1) 6(14—\’75)"(”_’_1)

and the first inequality is obtained. To prove the second inequality we take p = 2

/b }T,? (a,s)}zds
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— —s)"

a+b
B / b a)
C(b—a)™ ' [ 24422
36 2201 (2n 4+ 1)
(b—a) ' [ 24422
36 22+ (20 + 1)

- B, (n+1,n+1)>}.

2

+5(b—s)" ds

ba)

[N

+10-(—1)" B (n+1,n+1)}

+10-(-1)"(B(n+1,n+1)

For p =1, we have

sup |Tn3 (a,s)’

s€la,b]
—maxd  sup 5(a—s)"+(b—s) , (a—s)"+5(b—s) ‘
el 932] 6(b—a) se[o52 ) 6(b—a)

By elementary calculations we get

5(a—s)"+(b—ys)

sup

B (b—a)"" (b—a)"!
= max{ o , 6 } ,

sefa252] 6(b—a)
(@a—s)"+50b—9)"| (b—a)""' b—a)!

if n is even, and

n—1 n—1
w0 -}
3.2n-1 6

wpbay| 60—a)
su (a—s)"+5(b—ys)" = (b—a)"_l (b_a)n—l
se[é b] 6(b—a) 3.on—1 7 6 )

if n is odd. Since function Tn3 (a,-) is left continuous and has finite jump at atb the proof
of the best possibility of the third inequality is similar to the proof of Theorem 3.2. O

Dual Simpson’s formula
Suppose that all the assumptions of Theorem 3.17 hold for

(b—a)

AN = et
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3a+b

and x = . Then the generalization of the famous dual Simpson’s formula states

1

—b—a/a f(t)de

B 3a+b 3 (3a+b 1 (b _5(3a+b ()
—D3< 1 )—i—tn( 1 )—i—n!/aTn ) ,s ) fYY (s)ds,

3a+b 1 3a+b a+b a+3b
o (352) =5 (o (357) - (45) + (7))

n—2
t3(3a:—b> 22[ o) (3a:—b>+(_1)i+1f(i+l) <a+43b)]

[31+2 _ (_1)1-&-2} (b _a)i+1
42 (i1 2)!

1 e e32) ()0

212 (i 4 2)!

(3.50)

where

and

(a—ys) 7 a<s<3a+b,
b—a .
(a—s)"+2(b—s)" 3a+b a+b
B 3—a) 4 =70
T 2(a—s)"+(b—9)" a+b a+3b
3b-a) 2 T4
G e

Corollary 3.32 Suppose that all the assumptions of Theorem 3.17 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1—17 + é =1and
neN.

(a) If f") € L= [a,b), then
el o= (252) -0 (50| < oy

{3 (2374 1) — 20+ (2+ (—1)"“) + (- )"“} (b—a)"
3. 20t
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. Hf(")

oo

(b) If f*) € L?[a,b], then

1t 3a+b 3 (3a+b
'b_a/a f(t)dt—Ds< - )—tn< - )
<i([9(4-32"—1+1)—3.22"+1—1] (b—ay!

n! 9-24"+1(2n—|—1)
1
4(—1 n b_aanl 2
Tl )(9 ) [Bi(n+1,n+1)—Bi(n+l,n+1)}>
| )
Hf 2"

(c) If f) € L' [a,b), then

1 3a+b 3a+b
'b—a/u f(t)dt_m( a: )_t3< a: )’

23"+ (1)) b= | )
= 322! Hf

z
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Applying (3.48) with x = # and p = oo, p =2, p = l,respectively, we get the
above inequalities. Since function 7, (3“j b, ) is left continuous and has finite jump at
#, #, “sz the proof of the best possibility of the third inequality is similar to the
proof of Theorem 3.2 O

Maclaurin’s formula

If all the assumptions of Theorem 3.17 hold for

(b—a)
Alx) = ——".
6(a+b—2x)
and x = % then the generalization of Maclaurin’s formula reads
1 b
— t)dt
— [ 1

5a+b 5a+b I 5a+b "
:03( c )+t3( 5 )*H/a 7;3( c ,s)f”(s)ds,

(3.51)
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where

Sa+b 1 Sa+b a-+b a+5b
o (352 =5 (o (M0) () 4 (%67)):

3 (Sa—i—b) _ 3"22[ (i+1) (5a6+b>+(_1)i+lf(i+l) (a":b)]

[51+2 _ (_1)l+2} (b _ a)i+1
612 (i+2)!

i i+1
X lnzle () (1-c0)e-a

2 212 (i 4 2)!

and

a+b a-+5b
) +27-;1 <T>s> +3T;1 <Tas>:|

) Sa+b
(c; ) a<s< a6+ )
5(a— )”—I—3(b )" Sa+b s<a+b
B 8(b—a) 6 - 27
- _ _ n
3(a—ys) —|—5(b s) 7 a—i—b<s§a—|—5b7
8(h—a 2 6
(b—y) a+5b
vz <s<b.
b—a 6 =

Corollary 3.33 Suppose that all the assumptions of Theorem 3.17 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1—17 + é =1and
neN.

(a) If f*) € L= [a,b), then
(b—a)"

'bia/ahf(t)dt_D3 <5a;—b)_t3 (5a6+b> (n+1)!

5(3.5:1_(_1)n)+2(4+3n+1)+(1+(_1)n+1) 3n+2
2n+3.3n+1

<

15 (1 (-1") I
4(v3+35)"
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(b) If f") € L?[a,b], then

1t S5a+b 3 (5a+b
el roup (57) 4 (557)

- 1 [25 (9-52"—1_1)+16.32n+1+64] (b_a)znﬂ
> E 22n+6 . 32n+1 (2n+1)
1
15(-1)"(b—a)™! 2
LD (- {B;(n+1,n+1)—Bl(n+1’n_|_1)}
32 5 ¢
Al 00
Hf 2

(c) If f*) € L' [a,b), then

lbia/ubf(t)dl_l% <5a6+b) 3 <5a6+b>|

5 (3 .5"—1 + (_l)n) (b _ a)"il (n)
= 2n+3.3m. ! Hf

.
The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Applying (3.48) withx = % and p = oo, p=2, p =1 we obtain the above inequal-

ities. Since function 7;} (342, is left continuous and has finite jump at 24t2 4ib atsb

the proof of the best possibility of the third inequality is similar to Theorem 3.2 a

3.2.2 General three-point quadrature formulae with
applications for o-L-Holder type functions

In this subsection, using identities (2.81) and (2.82), we consider a general three-point
quadrature formula (3.39) and give various error estimates for ¢-L-Holder type functions.
From the general non-weighted formula we get generalizations of the well-known Simp-
son’s formula (x = a), dual Simpson’s formula (x = (3a + b) /4) and Maclaurin’s formula
(x=(5a+b)/6).

The results from this subsection are published in [69].

Variant | of general three-point formula

Let f: [a,b] — R be such that f") exists on [a,b] for some n > 2. We introduce the

following notation for each x € [a, “/2)
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_n lle [/ W) (t—a dt+/u+b : t—a)idt]}

(1—24(x {jfl+l)(”)/i (1= W () (t— b'dr

2

n—1 1 atb
- % S W) (t—a)"dt} (3.52)
i=0 : a

and

S (5) = A (6) [$80 () + S0 () 4 S5, (@4 b —x) + S0 (a+ b —x)

+1-240) |35, (52) + 58 (59|

where $% , and S5, , are defined by (3.22), and D3 (x) are as in (3.40).
In the next theorem we establish the first variant of the generalized three-point quadra-
ture formula based on the generalized Montgomery identity (2.81).

Theorem 3.19 Ler [ be an open interval in R, [a,b] C I, and w : [a,b] — [0,e0) some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € [a, ‘gib) the following identity holds

[ )08 = D3 ) 53,09+ 3, 0. 659

Proof. We put x = x,x = “*b andx =a+ b —x in (2.81) to obtain three new formulae.

After multiplying these three formulae by A (x),1—2A (x),A (x), respectively, and adding,
we obtain (3.53). O

Theorem 3.20 Let I be an open interval in R, [a,b] C I and w : [a,b] — [0,00) some
probability density function. Let f :1 — R be such that "~V is absolutely continuous
and that f) : [a,b] — R is an o-L-Holder type function for some n > 2, o € (0,1] and
L € R*. Then for each x € [ “H’) the following inequalities hold

/ahW()f()dt—Ds() 52 (9
((X—I—ln
TR {A |/Wxt 1) di

+|A(x)\/ W (a+b—x,1)Up (a+b—x,1)dt

124 (x |/ (“+b )U,,(#,z }

dr
ZB(OC+1 n— o+n o+n
(o +n)(n {|A [ =)™+ (b =0)"""]
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+1—2A<x>(”;“)a+"},

where W (x,t) and U, (x,t) are as in (3.24).

Proof. From (3.53) we have

[ @) 0D ) 58,9

A ) 88,0 () + 80, () + St (a+ b—x)+ 80, (a+ b — )|

+(1-24() 'Sizn(“;”) st (37
<JA(x [|S ( x)|+ |85, ‘—|—|S (a+b—x)|+ W’,,(a+b—x)H
124 (x)| [Sﬁm (“;b) + s, (azib) ] (3.54)

Since f) is an o-L-Holder type function, from (3.54) we obtain
[ w0 ) 53,09
el

w0 [ ot e)a
el
Lemfererds

\1 2A {/ - U )zds}dt
+/%,,1—W [/ (b—s)" (s—1)"" ds]dt}. (3.55)

The first integral over ds in (3.55) can be written as

/at (s—a)*(t—s)"*ds
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= (t—a)*" 'Bla+1,n—1).

Similar can be done with other integrals in (3.55) . Hence we obtain

[ w07 @ D509 -2,

< (O‘(“” {|A |/w“ x1)dr

+\A(x)|/ W (a+b—x,0)Up (a+b—x,1)ds

a-+b a-+b
1 —24(x |/ ( )Un<T,t)dt}. (3.56)

Since we have 0 < W (1) < 1, 1 € [a,b], from (3.56) we obtain

("Z“’; {A \/sz x,1)dr

+\A(x)|/ W (a+b—x,1)Un (a+b—x,1)dt

o 052 (32}

2B (OC +1 = o+n o-+n
————L{|A(x +(b—x
< L AW =)™+ (b=
b—ua o+n
+1—2A<x>( ) }
2
which completes the proof. |

Variant | of non-weighted three-point formula

Let f : [a,b] — R be such that f") exists on [a, b] for some n > 2. Then for each x € la,%2)
we define

_ 5 i (it it (r—a)+(b—0)"
sg(x)_A(x)go[(—Df( V(b)) (a)] i1(i+2)(b—a)

n—1 i G (b_a)i-H
i1(i+2)2+2

and

1) = A) [S5(0)+ S () + S (a+b—x)+ Sh(a+b—x)]

+ (1-24(x)) {5}3(‘1;}?) +S’€<a;b>y




3.2 THREE-POINT QUADRATURE FORMULAE 281

where

= Wl(b_a)/j (t—a) |:/a[ (f(") (a) _f(n) (s)) (t _S)n—2ds:| dr,
Sn (x)
1

~ s | e[ [ (- 6) -
(3.57)

Corollary 3.34 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
=V is absolutely continuous for some n > 2. Then for each x € [a, “%b) the following

identity holds

1 b
= | 1 0)dr=D1(0) 45,0+ 5 (). (358)

Proof. This is a special case of Theorem 3.19 for w () = b—ia, t € la,b]. |
Corollary 3.35 Ler I be an open interval in R, [a,b] C I and let f : I — R be such that
F=1) s absolutely continuous and that ™ : [a,b] — R is an a-L-Hélder type function
forsomen>2, o€ (0,1 and L € RT. Then for each x € [a, “%b) the following inequality
holds

[ 0a- -5

2B(a+1,n—1)
~ (b—a)(a+n+1)(n-2)!

+1—24A(x)] (b%“)mﬂ}.

Proof. This is a special case of Theorem 3.20 for w (1) = —, ¢ € [a,b]. O

L{|A (x)] [(x_a)OCJrnJrl + (b —x)t

Variant Il of general three-point formula

Let f: [a,b] — R be such that f") exists on [a,b] for some n > 2. We introduce the
following notation for each x € [a, “/2)

n=l | e(i+1) () b _
() ==A() 3, [f—“ [ P -va
i=0 : a

(i+1) _ b .
+ %’—i—bx)/ Py(a+b—x1)(t—a—b+x)ds

—(1—2A(x))r§w/abﬂv (‘Zzib,t) <t—a;b)idt

!
i=0 b
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and

R}, () = A (x) [Rup () + Ry (@ +b = x)] + (1= 24 (x)) R (#)

where R, is defined by (3.32) and D3 (x) are as in (3.40).

Theorem 3.21 Let I be an open interval in R, [a,b] C I, and w : [a,b] — [0,) some
probability density function. Let f : I — R be such that f (n=1) g absolutely continuous for
some n > 2. Then for each x € [ “+b) the following identity holds

[ w0 =3 ) 472, 09+ R, ) (.59

Proof. We putx =x,x= 24b and x = a+b—xin (2.82) to obtain three new formulae. After
multiplying these three formulae by A (x),1 —2A (x), A (x), respectively, and adding, we

get (3.59). O

Theorem 3.22 Let I be an open interval in R, [a,b] C I and w : [a,b] — [0,00) some
probability density function. Let f :1 — R be such that "V is absolutely continuous
and that f) : [a,b] — R is an o-L-Holder type function for some n > 2, o € (0,1] and
L e R*. Then for each x € [ “H’) the following inequalities hold

[ w1 £ 0@ -3 -, 0

" b
< B el | [ G

b
+/ Py (a+b—x,1)| a+b—x—t“+"—1dz]

+]1-24(x <“+b ) a;b—zwnldt}
QB(OC—i—l,n—]) o+n o+n
—mL{ AW [x=a) ™"+ (b —0"]

+1—24(x)] (”QJ)M}

Proof. From (3.59) we have that

/u " (1) £ (0)dt — D3 (x) — 2] = R, ()] (3.60)

Since ) is an a-L-Holder type function, from (3.60) we obtain

[ w05 @a D509 0
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<G (A | o | [
+/ Py (a+b—x,1)] /H”

dr

y

(s—x)*(t— s)”fz‘ ds

(s—a—b+x)*(t —s)"_z‘ ds

b ! b\“
1= 24(x <a+ )‘/ (s—a+ ) (t—s5)"2|ds dt}.
Jage 2
(3.61)
From (3.61), similarly to Theorem 3.20 we get
[ 0@ =R
S& )| /W anl g,
(n—2)!
a+b— x | 1
+/ )(atb—x—1)F dt+/ (1=W (1) (1 =)L ds
JX
+/ (1—W(t))(t—a—b+x)a+nldt]
a+b—x
atb o+n—1
b
124 ()] /2 vv@)("+ —t) dr
a 2
b a+b a+n—1
+ %(I—W())(l‘— 7 ) dr
_2 (X+1n_1 X aoc+n (b x)OH-n]
(a+n)(n
124G ( ) }
and this completes the proof. a

Variant Il of non-weighted three-point formula

Here we define

n—1

) = AW Y D @)+ (1) (@b )]
i=0
. (b_x)i+2 o (a_x)i+2
(i+2)!(b—a)
n—-1 (a—l—b) <1+(—1)i+1> (b

o (i+1)
+( ZA("))i:zof 2 22 (i 4 2)!

o a)i+1
|
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and
Ry (x) = A (%) [Rn (x) + Ry (a+b—x)] + (1 =24 (x)) R, (a;b) :
where
b 1
Rn (x) = ﬁ/{; P(X,t) (/x (f(") (x) —f(n) (S)) (t_s)n2ds> dt7
(3.62)
and

Pt =9 x<t<bh.

t_
{ e a<t<x,
b—a’

Corollary 3.36 Let I be an open interval in R, [a,b] C I, and let f : I — R be such that

f (n=1) g absolutely continuous for some n > 2. Then for each x € [a, #) the following
identity holds
1 b
[ @) =Ds @)+ R () + R ).
b—ala
Proof. This is a special case of Theorem 3.21 for w (t) = 71—, 1 € [a,b]. O

Corollary 3.37 Let I be an open interval in R, [a,b] C I and let f : I — R be such that
£~ is absolutely continuous and that f™ - [a,b] — R is an o-L-Hdlder type function
for somen>2 o € (0,1] and L € RT. Then for each x € [a, “%”) the following inequality
holds

‘ﬁ/ﬂbf(t)dt—Dg(X)—rﬁ(x)

- 2B(a+1,n—1)L
“(b—a)(a+n)(a+n+1)(n—2)!

. {A ()] [(X—a)06+n+1 +(b —x)a+n+1} L —24()] (b%a)"“r"“ } |

Proof. This is a special case of Theorem 3.22 for w (t) = —, 1 € [a,b]. O

Simpson’s formula

Now, we set
(b—a)* [ a+ b)
X)=—"—""—">,x€ |a,—— |.
6(a+b—2x) 2
This special choice of the function A enables us to establish our generalizations of the
well-known Simpson’s formula (x = a). We will also show how to apply the results of
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the previous subsections to obtain some error estimates for these quadrature rules if they
involve a-L-Holder type functions.

Suppose that all the assumptions of Corollary 3.34 and Corollary 3.36 hold. Then the
following two generalizations of Simpson’s formula read

bia/ahﬂr)dr=D3<a>+s3<a>+si<a>,
and ) ,

| F0@=Dy(@) @) + R @),
where

Da) = ¢ | 1@+ (57 ) +10)]

g i (i i 2/+1)(b—a)™!

5@ =5 X |0 - @) Sy

and

! (b—a)*"
6 = (i+2)!

2}171 (1) a+b <1+(—1)i+1) (b—a)i+1
+§.:0f ( 2 ) 242 (i +2)! '

14

Corollary 3.38 Suppose that all the assumptions of Corollary 3.35 hold. Then the fol-
lowing inequality holds

b
[ roa-pi@-si@
B(a+1,n—1)2%" 1 4+1) (b—a)*™"
- 3. 2000+ n+1)(n—2)!

Proof. This is a special case of Corollary 3.35 for x = a. a

For example, if in Corollary 3.38 we have n = 2, we obtain this estimation

ﬁ/abf(t)dt—é [f(a)+4f<a;rb> +f(b)] —53(a)

29+ 1) (b—a)**?
320 g+ 1) (a+3)

where




286 3 MONTGOMERY IDENTITY, QUADRATURE FORMULAE AND ERROR...

Corollary 3.39 Suppose that all the assumptions of Corollary 3.37 hold. Then we have

‘bia/abf(t)dz—m(a)_,ﬁ(a)

B(o+1,n—1)(2%" 14 1) (b—a)*™"
= 3200l (a+n)(o+n+1)(n—2)!

Proof. This is a special case of Corollary 3.37 for x = a. O

For example, if in Corollary 3.39 we have n = 2 we obtain the following estimation

[rwa-g|r@+ar(5) 4r0)] @

__ e+ (b—a)*™?L
320 g+ 1) (a+2)(+3)’

1
b—a

where

A= @-r o) 5 (@ () vrm) L2

Dual Simpson’s formula

As special cases of Corollary 3.34 and Corollary 3.36 for A (x) =
we have two generalizations of the dual Simpson’s formula

1t 3a+b 3(3a+b 3(3a+b
g [ F0w=y (P 1 () sy (),

and
1 b B 3a+b 3(3a+b 3(3a+b
b—a/u f(t)dt_D3< 2 )+r,,< ) )+Rn< 1 ),
where 3a+b 1 3a+b b 3b
a—+ a—+ a—+ a—+
o (352) =3 [ () - (552) +2r (5F7))
S'31<3a:—b>
1 n—1 o ) [2 (3i+2 4 1) _ 2i+2] (b o a)i+l
_ 1t 1\ e+ _ e(i+])
T34 [( DA U (“)] 4721 (i +2)
and

3 3a+b o gn—l (i+1) 3a+b _ i+l (i+1) a+3b
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(3i+2 n (_1)i+1> (b—a)*!

42 (i 4 2)!
it sy () 0
34 2 22 (i+2)! '

Corollary 3.40 Suppose that all the assumptions of Corollary 3.35 hold. Then we have

1 b 3a+b 3a+b
‘b_a/a f(t)dt—Da< : )—s2<—4 )

_Blatln-1) (3ot 420 4 1) (b — a)* ™"
= 3.4t (g +n+1)(n—2)!

L.

Proof. This is a special case of Corollary 3.35 for x = %. |

Corollary 3.41 Suppose that all the assumptions of Corollary 3.37 hold. Then we have

1 3a+b 3a+b
e roan (357) -2 (557)

_ B(a_i_l,n_1)(3a+n+1+20¢+n+1) (b_a)aJrn
- 349 (o +n)(a+n+1)(n—2)!

Proof. This is a special case of Corollary 3.37 for x = #. O

Maclaurin’s formula
Sa+b

2
If we put A (x) = ﬁ and x = 2% in Corollary 3.34 and Corollary 3.36 we get the

following generalizations of Maclaurin’s formula

1 b Sa+b 3 (5a+b 3 (5a+b
b—a/a f(l‘)dl—D3( 5 )+s,,< 5 )+S,,< 5 ),
1 b Sa+b 3(5a+b 3(5a+b
b—a/a f(t)dt—D3< 5 )+rn< 5 )+Rn 5 ,

() (5) e (5)

and

where

3 n—1 [2.3i+1 +5i+2+ 1] (b_a)iJrl
“ 6+2.i1(i12)
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and

3 5a+b o gnfl (i+1) <5a+b> _ i1 (i+1) (a—i—Sb)]
A () = 33 [ (B ) ey e (A2

i=0
(5i+2+ (_1)i+1> (b_a)i+l

672 (i +2)!
i (i
1 (0t (140" o-a
P 2 272(+2)l

Corollary 3.42 Suppose that all the assumptions of Corollary 3.35 hold. Then we have

b
[ rwa-o (2 g (2]

_ B(Oc—i—l,n—1)(5"‘*"“—1—23"‘*"—1—1) (b_a)oc+nL
- 869t (ot +n+1)(n—2)! '

Proof. This is a special case of Corollary 3.35 for x = %. O

Corollary 3.43 Suppose that all the assumptions of Corollary 3.37 hold. Then we have

b
[ rwa-ny () - (X))

_ B(Oc—i—l,n—1)(5"‘*"“—1—23"‘*"—1—1) (b—a)a+n
- 8.6 (or+n)(ax+n+1)(n—2)!

Proof. This is a special case of Corollary 3.37 for x = %. O

Gauss-Chebyshev three-point formulae

Now we show how to apply the previous results to obtain some error estimates for Gauss-
Chebyshev quadrature rules involving o-L-Holder type functions.

Theorem 3.23 Let I be an open interval in R, [—1,1] C 1, and let f : I — R be such
that the derivative f(”’l) is absolutely continuous and f(") :[=1,1] = Ris an a-L-Holder
Sunction for some n > 2, o € (0,1] and L € R™. Then

‘/_11 m/%tzf(t)dt

1 V3 V3 V3
AHCD ()29

23(0{4—1’71—1) \/§ o+n \/§ o+n
<mL[<l—7> +<1+7> +1

b

where s, , is defined as (3.52) and W (t) = 1 (arcsint +Z).
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Proof. This is a special case of Theorem 3.20 for [a,b] = [—1,1], x = —V3 A (_\/TE) =1
dw(t) = ——, re(-1,1). O
andw(t) = A 1€ (~11)

Theorem 3.24 Let I be an open interval in R, [—1,1] C I, and let f : 1 — R be such
that the derivative f (n=1) jg absolutely continuous and f OF [-1,1] — Ris an a-L-Holder
function for some n > 2, o € (0,1] and L € R". Then

'/_2%@]‘(0&

1 V2 V2 V2
AR ()24

. Blo+in-1) LK1—£>W+ <1+Q>W+z

2(a+n)(n—2)! 2 2

)

where s3,,, is defined as (3.52) and W (t) = 1 (t\/ 1 — 12+ arcsins + %) :

Proof. This is a special case of Theorem 3.20 for [a,b] = [—1,1], x = —@, A (—‘g) =1
andw ()= 2V1—12 te[-1,1]. o
3.3 Four-point quadrature formulae. Bullen type
inequalities
In this section we study closed four-point weighted quadrature formulae
b
/ w(t) £ (1) de (3.63)

- (%—Am) [f (@)+ F (B +A ) [F () + f (a+b— )]+ E (i),

where A : (a, #] — R, w: [a,b] — [0,0) is some probability density function, that is,

integrable function, satisfying ffw(t)dt = 1,and W(r) = [ w(u)du fort € [a,b], W(t) =0,
forr < aand W(¢) = 1 for t > b and E (f,w;x) is the remainder. Some results from this
section are published in [15], [70] and [98].
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3.3.1 Quadrature formulae obtained by a generalization of the
Montgomery identity

Here we use identities (2.76) and (2.77) for the purpose of studying weighted and non-
weighted quadrature four-point formula (3.63) by means of which we derive weighted
and non-weighted generalizations of Bullen type inequalities for (2n)— convex functions
(neN).

General weighted four-point formula and related inequalities

Let f : [a,b] — R be such that f""~1) exists on [a,b] for some n > 2. We introduce the

following notation for each x € (a, #]
D) = (53 -AW ) U@+ FGI+AWIF W+ Flatb—n],  G69

n—2 f(i+1) (X)

b .
0 W/u w(s)(s —x)*ds

éﬂw=Am[

i=

+ i /bw(s)(s—a—b—i—x)ﬁlds]
n—2 f(i+1)(a)

b ;
Zé ] /a w(s)(s—a)Tds

i=0 (i—’_l)'
and
Tvin(x,s)
—(3HAW) f3w(u) (u—9)""du
—I—(%—A(x))j;bw(u)( —s)" du a<s<x

+ ff’ (u)u $)" ldu x<s<a+b-—x,

+(1 —I—A( ))f w(u)(u—s)n_ldu, at+b—x<s<bh.
In the next theorem we give a general weighted four-point formula.

Theorem 3.25 Let I be an open interval in R, [a,b] C I, and w : [a,b] — [0,) some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € (a M] the following identity holds

/ W)t = D) 12, ( o 1 / T4 (x,5) £ (5)ds. (3.65)
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Proof. We put x=a,x =x,x=a-+b—xandx = b in (2.76) to obtain four new formu-
lae. After multiplying these four formulae by 1/2 — A (x), A(x), A(x) and 1/2 —A(x),
respectively, and adding, we get (3.65). a

Remark 3.28 Identity (3.65) holds true in the case n = 1.
Theorem 3.26 Suppose that all the assumptions of Theorem 3.25 hold. Additionally,

assume that (p,q) is a pair of conjugate exponents, 1 < p,q < oo; let f") € LP[a,b] for

some n > 1. Then for each x € (a, #] we have

(3.66)

b
/aw(t)f(t)dt—D;;(x)—tin(x) SﬁHTﬁn(’ﬂHqHﬂ”)

p
Inequality (3.66) is sharp for | < p < es.

Proof. Applying the Holder inequality on (3.65) we obtain estimate (3.66). The proof of
sharpness is analogous to Theorem 3.2. |

Non-weighted case of four-point formula

For x € (a, “52] we define
fy (x)
- i+2 i+2
Al 1) () 4 (— 1)+ 0D (gt b — ¢ (b—x)""—(a—x)
— A( )i:zo[f e+ DT arp )} (i+2)1(b—a)
1 " i) Ly i ] =@
+<2 A(X)>,-:zo[f )+ DT (b)} (i+2)!
and
T, (x,s)

=
(a—s)"+(b—s)"

2gb—a) , x<s<a+ X,

(% —A(x)) ((‘;__2) + (%—i—A(x)) (([;__2;, at+b—x<s<b.

Theorem 3.27 Let I be an open interval in R, [a,b] C I, and let f : I — R be such that

f(”’l) is absolutely continuous for some n > 1. Then for each x € (a, #] the following

identity holds

b

I 4 1 4 n
/ F)dr =Dy () +1, () +— | T} (x.9) 1 (s)ds. (3.67)

b—a

Proof. This is a special case of Theorem 3.25 for w(r) = ;=1 € [a,b]. O
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Theorem 3.28 Suppose that all the assumptions of Theorem 3.27 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1—17 + 5 =1and

£ € LP[a,b] for some n > 1. Then for each x € (a, “*h] we have

4 4 n
'b_a/a F (0= Dy ()~ ()] < |17 (), [ (3.68)
Inequality (3.68) is sharp for 1 < p < eo.
Proof. This is a special case of Theorem 3.26 for w(t) = ;- t € [a,b]. O

Simpson’s 3/8 formula

 (b-a) a+b
0= gy < (o)

This special choice of the function A enables us to establish a generalization of the well-
known Simpson’s 3/8 formula.

Suppose that all the assumptions of Theorem 3.27 hold. Then the following general-
ization of Simpson’s 3 /8 formula states

1 b

—b—a/u f(r)de

B 2a+b 4(2a+Db l/b 4 (2a+b ()
—D4< 3 )—I—tn< 3 )+n! aTn 7S S (s)ds,

Now, we set

(3.69)
where
2a+b 1 2a+b 2b
04( . )=§<f() Sf( . ) 3f(“+ )+f(b>),
[3 (2 ) _ 1"2{2|: (i+1) (2a;—b>+(_l)i+lf(i+l) (Cl—ga)]
|:2l+2+(_1)l+1:| (b_a)i+1
3+l (i4-2)!
+ lni’z{f(i+1)(a)+(_1)i+1f(i+1)(b)} (b—a)iJr1
85 (i+2)!
and
7(a_85)2j5;_s)n» a<s<2th
sf2a+b \ | (a—s)"+(b—s)" 2a+b a+2b
w (357 - boa 3 “USTE

s <b.

2
(a—s)"+7(b—ys)" a+2b
s <
8(b—a) 3
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Corollary 3.44 Suppose that all the assumptions of Theorem 3.27 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents and n € N.

(a) If f*) € L= [a,b), then

1 b
’b—a.u

e roa—n (352) -4 (%57)

1 ( [37+1 43271 1 3(—1)"] (b—a)"

2a+b)' - 25

=988 (b_a) Hf Hoo

and

<

(n+1)! 4.3n+l
bh—a\" (_1)n+1+1 )

_( 2 ) [ 2 Hf

(b) If f) € L?[a,b], then

1t 2a+b\ ,(2a+b
‘b—a./a f(t)dt—D4( 3 )—tn( 3 )‘

1 ([32)1+5.22n+1+11] (b_a)2n71

n>2.

)
oo

<

n! 32-37(2n+1)

1 n b— 2n—1
+% {7B(n+1,n+l)+9B% (n+1,n+1)
1
2

—9By (n+1,n+ 1)D £

5

(c) If f) e L' [a,b), then

il rowen (352) - (357

< %K (2“3+b) (Fag

3
1

where Ky (22) = 3, K (32) = 2 (b—a), K (342) = 514(17—51)2 and

K, (2%2)=L(b—a)" forn>4.

The first and the second inequality are sharp and the third inequality is the best possible.

Proof. Using (3.68) and carrying out the same analysis as in Corollary 3.31, we obtain

these three inequalities. Function T,,4 (2“3—“”, ) is left continuous and has finite jump at

2“3—+h and #, so the proof of the best possibility of the third inequality is similar to the

proof given in Theorem 3.2. a



294 3 MONTGOMERY IDENTITY, QUADRATURE FORMULAE AND ERROR...

Generalizations of Bullen type inequalities

We recall that for a convex function f : [a,b] — R double inequality

f(a—;b)_b a/f ) di <f(a)42rf(b)

is known in the literature as Hermite-Hadamard inequalities for convex functions. Inequal-

ities
fla)+ f(b) 1 b a+b
5 —3 a/a f) dt>—b /f t)dt — f( >>0 (3.70)

for any convex function f defined on [a, b], were first proved by Bullen in [31]. His results
were generalized for (2n)-convex functions (n € N) in [49].

Now we use previous results to prove weighted and non-weighted generalizations of
Bullen type inequalities (3.70) for (2n)-convex functions (n € N).

Again, let f : [a,b] — R be such that "~1) exists on [a,b] for some n > 2. We introduce

the following notation for each x € [a, ‘lzib] :

fla+fx)+flatb—x)+f(b)

Dy (x) = 1 : (3.71)
~ T2 a,s + 72 X,
i) = Bal@) T rs)

~ tv%n (x) +tv2vn (a)

fon (X) = ———F———

2 b
where T2 and 2 are defined as (3.3).

w,n

Theorem 3.29 Let I be an open interval in R, [a,b] C I, and w : [a,b] — [0,) some
probability density function. Let f : I — R be such that f (n=1) g absolutely continuous for
some n > 2. Then for each x € [a, ‘lzib] the following identity holds

[ £ = Bu) 478, )+

Proof. Weputx=x,x=a-+b—x, x=aand x = b in (2.76) to obtain four new formulae.
After adding these four formulae and multiplying by 1/4, we obtain (3.72). a

1 b
T / T4 (x,5) £ (s)ds. (3.72)

Remark 3.29 For instance, if in Theorem 3.29 we choose x = 2“”’ , “;h, we obtain

closed Newton-Cotes formulae with the same nodes as Simpson’s 3/8 rule and Simpson’s
rule, respectively.

Theorem 3.30 Suppose that all the assumptions of Theorem 3.29 hold. Additionally,
assume that (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, % + é =1and

) e LP [a,b] for some n > 1. Then for each x € la, #] we have

/a”w(,)f(t)dt—m(x)—Ej‘m(x) < (n_ll)! Hi‘v{n(x,.)Hqu(m

Inequality (3.73) is sharp for 1 < p < e and best possible for p = 1.

(3.73)
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Proof. The proof is analogous to the proof of Theorem 3.2 O

Theorem 3.31 Suppose that all the assumptions of Theorem 3.29 hold. Additionally,
assume that £ is a continuous function on |a, D). Then for each x € [ “*b] there exists
N € (a,b) such that

b ~ 2n
/{;W(l)f(t)dt_D4(x)_;?v.2n(x 2n—1 / wan (

Proof. Similarly to Theorem 3.3, we have T4, (x,s) > 0 for s € [a,b]. Thus we can apply
the integral mean value theorem to f w2n (x,5) F@) (s)ds. a

Theorem 3.32 Suppose that all the assumptions of Theorem 3.29 hold for 2n, n € N. If

f is (2n)-convex, then for each x € [ atb ] the following inequality holds
[ s@a- LR o
> LT ) )+ 20 ). (3.74)

If f is (2n)-concave, then inequality (3.74) is reversed.
Proof. From (3.72) we have that

@+ f )+ flatb-x)+f(b)
2/ >

1 b
Lo ()~ (@) = Gy [ T () £ (5)
Similarly to Theorem 3.4 we have
vaZn (x,5) >0 and / wan (X (x,8) 2" (s)ds > 0,

from which (3.74) follows immediately. O

Corollary 3.45 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
F@=1) s absolutely continuous forn > 1. If f is (2n)-convex, then for each x € [a, #]

the following inequality holds

— /f fdi xX)+ fla+b—x) _2 ()

2
@+ f®)
- 2

b
— b_a/a f@)dr+13, (a). (3.75)
If f is (2n)-concave, then inequality (3.75) is reversed.

Proof. This is a special case of Theorem 3.32 for w (¢) = 5=, € [a,b]. O
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Remark 3.30 Generalizations of Bullen type inequalities (3.70) for (2n)-convex func-
tions (n € N) and x € [a, ‘lzib — V} u { “+b} (of the same type as in Theorem 3.32) were

first proved by M. Klari¢i¢ Bakula and J.Pecari¢ in [68].

Corollary 3.46 Suppose that all the assumptions of Corollary 3.45 hold. If f is 2-convex,
then for each x € [ o ] the following inequality holds

. /f i — —I—f(a+b X) )

fla)+

where

()= (f' () — f (a+b—x)) “Jrl%zﬂr(f,(a)_f,(b)) b;a.

If f is 2-concave, then inequality (3.76) is reversed.
Proof. This is a special case of Corollary 3.45 forn = 1. o

Corollary 3.47 Suppose that all the assumptions of Corollary 3.45 hold. If f is 4-convex,
then for each x € [ ath ] the following inequality holds

b X a+b—x
PPN EY (I

2

b

where

r() = (1)~ f atb—0) TZE (@) p ) 2

N e [ R Ut
12

+ (/") +f (at+b—x

(b—a)’
12

—a 3
+ (f/// (a) _f/// (b)) (b 48 )

(a—x)*+(b—x)
48 '

+ (f//(a)+f//(b))

+ (f”/ (x)—f" (a+b —x)) (a+b—2x)
If f is 4-concave, then inequality (3.77) is reversed.

Proof. This is a special case of Corollary 3.45 for n = 2. a
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3.3.2 General four-point quadrature formulae with applications
for o-L-Holder type functions

Variant | of general four-point formula

Let f: [a,b] — R be such that f") exists on [a,b] for some n > 2. We introduce the

following notation for each x € (a, ‘lzib]

Sh (x) = (%—A ){Z ’“)(b) Uub(l_w(t))(t—b)"dt}
—nzlf(l;{/w t—a)dt]}JrA(){nzlm

!
i=0 =
b

.[/b(l—W(I))(t—b)idt—l— (I—W(t))(t—b)idt]
X a+b—x

_n lle U W (t)(t —a) dt—|—/u+b : t—a)idt]}

and

2
A () [ S0 (1) + b () S5 (@ + b —x) + ST (a+b =)

S50 = (-4 [s2 (0452, @)

where S, and SP . are defined as (3.22).
In the next theorem we establish the first variant of the generalized four-point quadra-
ture formula based on the generalized Montgomery identity (2.81).

Theorem 3.33 Let I be an open interval in R, [a,b] C I, and w : [a,b] — [0,) some
probability density function. Let f : I — R be such that f (n=1) i absolutely continuous for
some n > 2. Then for each x € (a, ‘lzib] the following identity holds

[0 = Dy ) st 9+ 85,0 (3.78)

Proof. We putx=a,x =x,x=a-+b—xandx = b in (2.81) to obtain four new formu-
lae. After multiplying these four formulae by 1/2 — A (x), A(x), A(x) and 1/2 — A (x),
respectively, and adding, we get (3.78). |

Now, we will give an estimation of the term

[ )0 d D) s )]
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Theorem 3.34 Let I be an open interval in R, [a,b] C I and w : [a,b] — [0,e0) some
probability density function. Let f :1 — R be such that "V is absolutely continuous
and that f) : [a,b] — R is an o-L-Hélder type function for some n > 2, o € (0,1] and
L € R*. Then for each x € ( “*b] the following inequalities hold

b -
/a w(t) £ (6)dt — Dy (x) — %, (x)’ < W

{lee

+1A (x [/Wxt U, (x,t)dt

[/Wat atdt+/Wbt U, (b,t)dt

+_/u W(a+b—x,t)Un(a+b—x,t)dt]}

- 2B(a+1,n—1)L
(0 +n)(n—-2)!

{5-a0]e-am a1 160+ -9},

where W (x,t) and U, (x,t) are defined as in (3.24).

Proof. The proof is similar to the proof of Theorem 3.20. a

Variant | of non-weighted four-point formula

For each x € (a, %3] we define

1 n—1 i i . (b_a)i+l
40 = (3740) T [0 e -0 )] G

n—1 .. . X—a i+2 iy i+2
=4 Z [0 - ) S

and
509 = (5-400) [s10)+ 81
T+ AG) [SE)+Sp0)+Sia+b—x)+Sh(a+b—x)],

where S¢ and S? are defined as (3.57).

Corollary 3.48 Let I be an open interval in R, [a,b] C I, and let f : I — R be such that

F=1 is absolutely continuous for some n > 2. Then for each x € ( “+b] the following
identity holds
b
; a/ f(£)dr = Dy (x) + 53 (x) + 53 (x). (3.79)
- a
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Proof. This is a special case of Theorem 3.33 for w (t) = ;- 1 € [a,5] . O

Corollary 3.49 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that

f (n=1) g absolutely continuous and that f (n) [a,b] — R is an a-L-Holder type function

for some n > 2. Then for each x € (a, ‘gib] the following inequality holds

b
[ 0w s
2B(a+1,n—1)L
“(b—a)(a+n+1)(n—-2)!

: {‘% —AW)|(b—a)* " +|A ()| [(x —a)"" (b —x)‘”"“} } :
1

Proof. This is a special case of Theorem 3.34 for w(t) = 5=, t € [a,b]. O

a’

Generalizations of Bullen type inequalities |

Now, by means of quadrature formulae obtained in previous two subsections we prove
weighted and non-weighted generalizations of Bullen type inequalities (3.70) for (2k)-
convex functions (k € N).

Let f : [a,b] — R be such that f") exists on [a,b] for some n > 2. We introduce the

following notation for each x € [a, #]

~ 82, (a)+82,, (x)

va,n (X) = %7
S (%) + 530 (@)

S ) = T e

where wa and s‘zm are defined as (3.21) and Dy (x) are as in (3.71).
Theorem 3.35 Ler I be an open interval in R, [a,b] C I, and w : [a,b] — [0,e0) some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € [a, #] the following identity holds

[0 £ 000 = Da ) 58 () #8400 (3.50)

Proof. We putx =x, x=a+b —x, x =a and then x = b in (2.81) to obtain four new
formulae. After adding these four formulae and multiplying by 1/4, we get (3.80). a
Remark 3.31 For instance, if in Theorem 3.35 we choose x = #,#, we obtain
closed Newton-Cotes formulae with the same nodes as Simpson’s 3/8 rule and Simpson’s
rule, respectively.
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Theorem 3.36 Suppose that all the assumptions of Theorem 3.35 hold. Additionally,
assume that " : [a,b] — R is an a-L-Hélder type function for some n>2, o € (0,1] and
L € R". Then for each x € [ “*h] the following inequalities hold

[ w0 -Ba) 3,

1 —1
<———— (a+ 2 [/Wxt xtdt+/WatU( 1) dt

+/ W(a+b—x,t)Un(a+b—x,t)dt+/ W(b,t)U,,(b,t)dt}

B(a+17n_l) o+n o+n o+n
—————— L |(x— b— b— .
~ 2(o+n)(n—-2)! L e
Proof. This is a special case of Theorem 3.34 for A(x) = 1/4. a

Corollary 3.50 Let I be an open interval in R, [a,b] C I and let f : I — R be such that
f("’l) is absolutely continuous and f(”) : [a,b] — R is an o-L-Holder type function for
somen>2 a¢€ (0,1 and L € R*. Then for each x € [ “+b] the following inequality
holds

[ D

B(oo+1,n—1) L
2(b—a)(o+n+1)(n—2)!
.{(x_a)a+n+1+(b_x)a+n+1 —|—(b—a)a+"+1}.

Proof. This is a special case of Theorem 3.36 for w (t) = -, 1 € [a,b]. O

Theorem 3.37 Suppose that all the assumptions of Theorem 3.35 hold for some n =
2k—1, k> 2. If f is (2k)-convex, then for each x € [ “+b] the following inequality holds

/abw(t)f(t)dt—f(x)+f(2a+b_x)—Si,n(x)
- f(a);rf(b) _/abw(t)f(,)dtﬂgv’n(a), (3.81)

If f is (2k)-concave, then inequality (3.81) is reversed.

Proof. From (3.80) we have that

@+ f )+ flatb-x)+f(b)
2/ >

Wn(X)—Si, () = Sy (x).

Carrying out the same analysis as in Theorem 3.9 we obtain §3m (x) <0, from which (3.81)
follows immediately. a
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Corollary 3.51 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
£ =1 s absolutely continuous for some n =2k —1, k> 2. If f is (2k)-convex, then for
eachx € [ “*b] the following inequality holds

/f £)di — +f(a+b X) 2
b_ n

_ @ +f)
- 2

—b_a_/a f(t)dzﬂﬁ(a). (3.82)
If f is (2k)-concave, then inequality (3.82) is reversed.
Proof. This is a special case of Theorem 3.37 for w (1) = b —, 1 €la,b]. ]

Corollary 3.52 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
f" is an absolutely continuous function. If f is 4-convex, then for each x € [ ath ] the
following inequality holds

1P fx)+fla+b—x)
b—a.uf(t)dt_ 5
b

< L@ = [ rwa+p ), (3.83)
where

1 b—a)* + (b

p(x) = =0 [(f’(b)—f’(a)) (x—a) +( 2a) (b—x)
b— b
(f// (b)-'-f//( )) ()C a) ( 361) ( X)
_ b b—
+ (f/// ) — " ( )) (x—a)"+( 8“) (b—x) ‘|

If f is 4-concave, then inequality (3.83) is reversed.
Proof. This is a special case of Corollary 3.51 for n = 3. a

Variant Il of general four-point formula

For each x € ( ath ] we define

) = - (%—A@))E [M/;Pw(a,t)(t—a)idt

i!

l+1
+ /Pbtt— d
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FH (a+b—x

b .
+ )/ Py(a+b—x,t)t—a—b+x)dt
a

i!
and

2
+ A (.X) [Rw,n (.X) + Rw,n (Cl +b _x)} 5

RS, () = (1 A <x>) (R (a) + Ru (5)]

where R, , is defined by (3.32).

Theorem 3.38 Ler I be an open interval in R, [a,b] C I, and w : [a,b] — [0,e0) some
probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € (a, #] the following identity holds

/ahw () f()dt = Dy (x) + rfm (x) —I—Rfv’n (x). (3.84)

Proof. We putx=a,x=x,x=a-+b—xandx = b in (2.82) to obtain four new formu-
lae. After multiplying these four formulae by 1/2 — A (x), A(x), A(x) and 1/2 — A (x),
respectively, and adding, we get (3.84). |

Theorem 3.39 Let I be an openinterval in R, [a,b] C I and let w : [a,b] — [0,0) be some
probability density function. Let f : I — R be such that f (n=1) g absolutely continuous and
that f™ : [a,b] — R is an a-L-Holder type function for some n>2, o € (0,1] and L € R*.
Then for each x € (a, #] the following inequalities hold

[ w0y ) (0

< %L{B—A@) Uabw@)(b—z)““—ldt

+/ab(1 —W(t))(t—a)‘”"_ldt}

b
+‘A (X)| |:/a |Pw (x’[)| ‘(X—l)‘a+'171dt

b
+/ |Pw(a+b—x,t)||(a—|—b—x—t)‘H"ldt}}
a

- 2B(a+1,n—1)L
(0 +n)(n—2)!

{B —AW)|(b=a)* " A @) [(x—a)* "+ (b —x) "] }

Proof. The proof is similar to the proof of Theorem 3.22. a
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Variant Il of non-weighted four-point formula

For each x € (a, ‘”zrb ] we define

- , ‘ _ )it
= () 8 [ g e ] el
+A<x>"§[f<’“><x>+< D (@t b )]
i=0
(b—x)"*? = (a—x)*?
(i+2)!(b—a)

and

R = (5400 ) o @)+ Ry 0]+ A )[R, (094 By (a5 3],

where R, is determined by (3.62).
Corollary 3.53 Ler I be an open interval in R, [a,b] C I, and let f: I — R be such that

f(”’l) is absolutely continuous for some n > 2. Then for each x € ( “+b] the following
identity holds
b
/ F(£)dt = Dy () + 7 (x) + B (x).
b—aJa
Proof. This is a special case of Theorem 3.38 for w (1) = b —, 1 €la,b]. ]

Corollary 3.54 Let I be an open interval inR, [a,b] C 1, and let f : 1 — R be such that
£ =1 is absolutely continuous and f" : a,b] — R is an o-L-Hélder type function for
some n > 2. Then for each x € ( “*b] the following inequality holds

[ 0a- i) )

2B(a+1,n—1)B(2,00+n)L
- (b—a)(n—2)!

{|A )| {(x—a)a+n+1+(b—x)a+"+l} n ’% —A)

(b _ a)oc+n+1 } )
Proof. This is a special case of Theorem 3.39 for w(t) = 5=, t € [a,b]. O

Generalizations of Bullen type inequalities Il

Here we use previous results to prove weighted and non-weighted generalizations of Bullen
type inequalities (3.70) for (2k)-convex functions (k € N).

Let f : [a,b] — R be such that "~ exists on [a, 5] for some n > 2. We introduce the
following notation for each x € [a, #]
R} (a) + RS, (x)

Rl (x) = e
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2 2
R () + 7 0)
P ) = Dl

where R%M and rﬁ,’n are defined as (3.31), and Dy (x) are as in (3.71).
Theorem 3.40 Ler [ be an open interval in R, [a,b] C I, and w : [a,b] — [0,e0) some

probability density function. Let f : I — R be such that f"~Y) is absolutely continuous for
some n > 2. Then for each x € [a, ‘gib] the following identity holds

[ w0 £ = Ba) 47, ()4 R () (55

Proof. We put x =x, x=a-+b—x, x =a and then x = b in (2.82) to obtain four new
formulae. After adding these four formulae and multiplying by 1/4, we get (3.85). O

Theorem 3.41 Suppose that all the assumptions of Theorem 3.40 hold. Additionally,

assume that f : [a,b] — R is an o-L-Holder type function for some n > 2, o € (0,1] and
L € R". Then for each x € [ “+b] the following inequalities hold

[ w0 —Bat) 7, )

sB—(i‘;izg”L[/f

w(a+b—x t)(a—l—b—x—t)aﬂ*l‘dt

+/ W (1) (b— 1) 1dt+/ (1—w ())(t—a)a+n_1dt]

B(a+1,n—1)
~2(n-2)(a+n)

Proof. This is a special case of Theorem 3.39 for A(x) = 1/4. a

Py (x,1) (x — 1)1 ‘ dt

L [(x — a)O‘JF" + (b _x)OtJrn + (b . a)OtJrn] '

Corollary 3.55 Let I be an open interval in R, [a,b] C I and let f : I — R be such that
£~ is absolutely continuous and that f™ - [a,b] — R is an o-L-Hdlder type function
forsomen>2, o€ (0,1] and L € R*. Then for each x € [ “*b] the following inequality
holds

ra (x) + 13 (a)
2

[

B(a+1,n—1)
20— (atnt (-2~

.{(x_a)a+n+1+(b_x)a+n+1 +(b_a)a+)1+1:|.

Proof. This is a special case of Theorem 3.41 for w (t) = 7, t € [a,b]. O
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Theorem 3.42 Suppose that all the assumptions of Theorem 3.40 hold for some n =
2k—1, k> 2. If f is (2k)-convex, then for each x € [ “*b] the following inequality holds

[ swa- LT o
LD ) pwars 2, @) (3.86)

If f is (2k)-concave, then inequality (3.86) is reversed.

Proof. From (3.85) we have that

2/ S+ W)+ flatb—x)+f(b)
2

o (0) = 1 (@) = RS, ().

Carrying out the same analysis as in Theorem 3.12 we obtain I?fv.n (x) > 0, from which
(3.86) follows immediately. a

Corollary 3.56 Ler I be an open interval in R, [a,b] C I, and let f : I — R be such that
f(”’l) is absolutely continuous for some n =2k — 1, k > 2. If f is (2k)-convex, then for
eachx € [ “*b] the following inequality holds

= /f £ di — )+f(a+b x) N

S f@)+7(b)
> 5 o a/f Ydi+ 72 (a). (3.87)

If f is (2k)-concave, then inequality (3.87) is reversed.

Proof. This is a special case of Theorem 3.42 for w(r) = b%, t € la,b]. |

a

Corollary 3.57 Let I be anopen interval in R, [a,b] C 1, and let f : 1 — R be such that f"
is absolutely continuous function. If f is 4-convex, then for each x € [ atb ] the following
inequality holds

/f £ di — (x)+ f(a+b X)

/f Ydt+p (x), (3.88)

I\/W

where

a+b—2x , , b—a
f‘F(f (@)~ f' (b)) 7

N U [ R s
12

px) = (f'(x)—f(a+b—x))

+ (/") +f"(at+b—x)
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(b > ) 4 (f/// (a) _f/// (b))

+ (f"(@)+f" (b))

2 2
n (fm(x)—fm(a—i-b—x)) (a+b—2x) (a—x)"+(b—x) '

If f is 4-concave, then inequality (3.88) is reversed.

Proof. This is a special case of Corollary 3.56 for n = 3. a

Simpson’s 3/8 formula

2
If all the assumptions of Corollary 3.48 and Corollary 3.53 hold for A (x) = %
2a+b

then the following generalizations of Simpson’s 3 /8 formula read

1 2a+b 4 (2a+b 4(2a+b
dt=D S

o [ r 0w =y (25 (25 ) st (2

1 b 2a—|—b 4 2a+b 4 2a+b

b—a/a f(t)dt—D4< 3 )+r,,< 3 )+Rn 3 ,

D, (2“3”’) =2 (f(a)+3f<2a3+b) +3f(“+32b) +f(b)> ,

and x =

and

where

[3H 4242 4 1] (b —a)™!
311 (i 4-2)

and

) ) ‘ ‘ _ )it
2(757) = 5 2 700 @ (1) 0 ()] G

4 %z |:f(l+1) (MTM> 4 (=)t D (‘H:‘))_Zb)]

(21+2 1)i+1) (b_a)i+l
3i+2(74+2)!
Corollary 3.58 Suppose that all the assumptions of Corollary 3.49 hold. Then we have

1t 2a+b 4(2a+Db
e fnn (2% 4(27)

B(o+1,n—1) (3% 42044l 4 1) (b — )"
- 4.304n (g +n+1)(n—2)!

L.
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Proof. This is a special case of Corollary 3.49 for x = @. O

Corollary 3.59 Suppose that all the assumptions of Corollary 3.54 hold. Then we have

1 2a+b 2a+b
i row=p (357) 2 (557))

_ B(a+1,n—1)B(2,00+n) (3% 4205 4 1) (b — a)* ™"
- 4.304n (n —2)!

L.

Proof. This is a special case of Corollary 3.54 for x = @. O

Lobatto four-point formula

As special cases of Corollary 3.48 and Corollary 3.53 we get two generalizations of Lobatto
four-point formula

% _llf(t)dt=D4 (—?) + 5y (—g) +S, (—g)

and
% _llf(t)dt =Dy (—?) +rh (—g) +R (—g) :
where
(L)~ (rmesr () e () o0
n_l . . .
st (—?) - 1—12;) (1) £650 (1) = 0 (1)
[2i+2,5i+1+ (5_\/§>i+2+ (5_’_\/5)”2]
2.5t (14 2)
and

n—1 : P i
i (‘@ B L{Z D 0+ 1 )] 2 +2)!

i=0

2

\/§+5>i+2_ (\/§_S>i+
2.5 (+2)!

/N
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Corollary 3.60 Suppose that all the assumptions of Corollary 3.49 hold. Then we have

Lo 4) (%)

o+n+1 o+n+1
B(a+1,n—1)<2°‘+n+1~5°‘+"+(5—\/§> ’ +(5+x/§) ' )
12.5% (a+n+1)(n—2)!

< L.

. O

IS

Proof. This is a special case of Corollary 3.49 for [a,b] = [—1,1] and x = —

Corollary 3.61 Suppose that all the assumptions of Corollary 3.54 hold. Then we have

L oa o 5) (5

B(oo+1,n—1)B(2,a+n)
(n—2)!

o+n+1 o+n+1
<2°‘+"+1 594 (5-v3) T+ (5+V5) )
’ 12.504n

<

L.

. . _ .5
Proof. This is a special case of Corollary 3.54 for [a,b] = [—1,1]ix = —%=. a



Chapter

Euler harmonic identities for
real Borel measures

In this chapter we consider Euler harmonic identities for real Borel measures and some of
their applications to general Ostrowski and Euler-Griiss type inequalities.

Generalizations of Euler identities involving t-harmonic sequences of functions with
respect to a real Borel measure u are established in the first section. Some Ostrowski type
inequalities for functions of various classes are proved.

An inequality of Griiss type for a real Borel measure is proved in the second section.
Some Euler-Griiss type inequalities are given by using general Euler identities derived in
the previous section.

An integration-by-parts formula, involving finite Borel measures supported by intervals
on the real line, is proved. Some applications to Ostrowski type and Griiss type inequalities
are presented in the third section.

In the last section Euler identities for p-harmonic sequences of functions and moments
of a real Borel measure u are considered. Also, some Ostrowski and Euler-Griiss type
inequalities for functions of various classes are obtained.

309
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4.1 Euler harmonic identities for measures

4.1.1 Introduction

Let f : [a,b] — R be such that f"~1) is a function of bounded variation on [a, b] for some
n > 1. In the recent paper [47] the following two identities have been proved:

1
b—a

b
Flx) = / F(0)dt + T(x) + R (x) @.1)

and
1

b—a

b
Flx) = / F(0)dt + T (x) + R2(x), 42)

where Tp(x) =0 and

) = 3 L (220 [0 - 1)

for 1 <m < n, while

1 o (b _a)n71 wf X—1 (n—1)
R == [ (5= )ar o)

R = -0 Lol G=E) -8 (=2 |are o

Here, [, 8(t)d¢(t) denotes the Riemann-Stieltjes integral with respect to a function ¢ :

and

[a,b] — R of bounded variation, and | ab g(#)dt is the Riemann integral. The formulae (4.1)
and (4.2) hold for every x € [a,b]. They are extensions of the well known formula for
the expansion of an arbitrary function f with a continuous n™ derivative f (") in Bernoulli
polynomials [75]:

flx) =

bia /ubf(t)dt+Tn_1(X) + R (x),

Ry = - 5 () - (3=0) | o

The formulae (4.1) and (4.2) have been used in [47] to prove some generalized Ostrowski
inequalities.

Further natural generalization of such results arises by replacing the Bernoulli polyno-
mials with an arbitrary harmonic sequence of polynomials.

(2) Assume that (P, k > 0) is a harmonic sequence of polynomials i.e. the sequence
of polynomials satisfying

where

Pl(t) =P 1(t), k>1; Py(t)=1.
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Define P;(t), k > 0, to be a periodic functions of period 1, related to P(¢), k > 0, as
Pi(t)=P(r), 0<r<1,
Pl (t+1)=P (1), t €R.
Thus, Py (t) = 1, while for k > 1, P/(t) is continuous on R \ Z and has a jump of
o4 = Pe(0) — Pi(1)

at every integer 7, whenever oy # 0. Note that oy = —1, since Py (t) =+ ¢, for some ¢ € R.
Also, note that from the definition it follows

Pl(t)=P (1), k>1, teR\Z.

Let f : [a,b] — R be such that f"~1) is a continuous function of bounded variation
on [a,b] for some n > 1. In the recent paper [50] the following two identities have been
proved:

1

b—a

79 = e [ 0+ ) + 50 + R (43)

and

fx) =

1 b ~ ~
[ S OU+ T (0 + 500+ RE), (4.4)

where

) = 3 0-a) '8 (=2 ) [0 - 4 Va)].

= b—a

for 1 <m <n, and

m

Tux) = X, (b—a) o f* (),

k=2

with convention Ty(x) = 0, 71 (x) = 0, while

R =-6-ar [ r (3=t ) a0

[a.b] a

R =-w-ar [ e (G20) - (32) e

The formulae (4.3) and (4.4) hold for every x € [a,b]. They have been used in [50] to prove
some generalized Ostrowski inequalities.

Further natural generalization of such results arises by replacing harmonic sequence
of polynomials with a harmonic sequence of functions generated by some weight function.
Some results of this type involving integration by parts formula have been obtained recently
by Dragomir [51]. For some other weighted generalizations of Euler identity, Ostrowski
type inequalities and its discrete analogues the reader is referred to papers [13], [8], and

[9].

and
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(3) For a,b € R, a < b, let w : [a,b] — [0,o0) be a probability density function i.e.
integrable function satisfying
b
/ w(t)dt = 1.
a

Forn>0andz € [a,b] let

! ] /t(t — )" Yw(s)ds, n>1; wo(t) =w(t).

walt) = (n—1)!Ja

It is well known that w,, is equal to the n-th indefinite integral of w, being equal to zero at
a, ie. wﬁ,")(t) =w(t) and wy(a) =0, forevery n > 1.

A sequence of functions H, : [a,b] — R, n > 0, is called w-harmonic sequence of
functions on [a, D] if

H)\(t)=H,_1(t), n>1; Hy(t) =w(t), 1€ ][a,b].

The sequence (wy,, n > 0) is an example of w-harmonic sequence of functions on [a, b].

Let f : [a,b] — R be such that =1 is a continuous function of bounded variation
on [a,b] for some n > 1. In a recent paper [48] two identities named the weighted Euler
harmonic identities were proved. We state here those two identities with notations which
are somewhat different from those used in [48]. The first weighted Euler harmonic identity
is

/ Foeyw(0)dt + 8u(x) + R (x) 4.5)

and the second one is

/ Fulew()dr + S ()
Hy (@) — Hy (b)] £V (x) + R2(x), (4.6)

where
= S @ [ 0) V@) + 3 [Hi )~ H (b)) 74
k=1

for 1 < m < n, with convention

e flatx—1)
a+x—t), a<t<x
felt) = {f(b+x—t), x<t<b’ @.7)
while
pl _ _\n * n— l
R =-0-ar [ (=5 )ar
and
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Here H,' denotes a periodic function of period 1 defined by H, as

H;(t)= Hy(a+ (b—a)t),0<t<1,and H,(t+1)=H, (1), t €R.

(b—a)""
Identities (4.5) and (4.6) hold for every x € [a,b]. They were used in [48] to prove some
generalized Ostrowski inequalities. The reader can find further references to some recent
results on generalizations and applications of Euler identities in the monograph [61], [18]
or paper [38]. In this section we generalize formulae (4.5) and (4.6), by replacing the
w-harmonic sequence of functions by more general harmonic sequence of functions, and

using them we prove some generalizations of Ostrowski’s inequality. This section is based
on [40].

4.1.2 Euler identities for measures

Fora,b € R, a < b, let C[a, b] be the Banach space of all continuous functions f : [a,b] =R
with the max norm,

1F] = max |£(£)],

a<t<b

and M[a,b] the Banach space of all real Borel measures on [a,b] with the total variation
norm,

il = el ([a,b]) = sup X[ (E3)],

i

where the sup being taken over all partitions {E;} of [a,b]. In the rest of the paper we use
the notation

F(s)du(s)
Jla.b]

to denote the Lebesgue integral of F over [a,b] with respect to the measure i, while for a
given function ¢ : [a,b]—R of bounded variation

F(s)de(s)
Jla)

denotes the Lebesgue-Stieltjes integral of F over [a, b] with respect to @. Also, by

/abF(s)ds

we denote the usual Lebesgue integral of F over [a,b].
For u € M[a,b] define the function i, : [a,b]—R, n > 1, by

.iln(t) = ( !

e /M (t—s)""du(s). (4.8)

Forn=1,
i) = duts)=p(an), a<e<b,

[a]
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which means that [1; is equal to the distribution function of .
Substituting

fu(s) = | du(u)

[a,s]
in
!
[ =52 eas
a
and using the Fubini theorem we easily get the formula

1

1
i (1) = o / (t—s5)" 2 [ (s)ds, n>2. (4.9)

From this formula we see immediately that [I,(a) =0, n > 2.
Substituting

. 1 e
fins) = ﬁ/[ (s—u)'du(u), a<s<b

in
1
/ La(s)ds, a<s<t<b
a

and using the Fubini theorem once again we easily get the following formula

1
L1 () :/ a(s)ds, a<t<b,n>1. (4.10)
a
This means that for n > 1, [i,,1 is differentiable at almost all points of [a,b] and
v/ v
:unJrl = [.Ln
almost everywhere on [a,b] with respect to Lebesgue measure.

The function s — g(s) = (¢ —s)"~! is nonincreasing on [a, ] so that from (4.8) we get
the estimate

1
[fin (1)] < (n_l)!(t—a)"*l Il 2 € [a,b], n> 1. (4.11)

Definition 4.1 Ler u € Mla,b]. A sequence of functions P, : [a,b] — R, n > 1, is called
a p-harmonic sequence of functions on [a,b] if

Pi(t)=c+1(t), a<t<b,

for some ¢ € R, and

t
Pooi(t) = Pasr (@) +/ Pu(s)ds, a<t<b,n>1.
a
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Since P, 1, n > 1 is defined as an indefinite Lebesgue integral of P,, it is well known
that P, 1, n > 1 is an absolutely continuous function,

/

P

1 = P, a.e.on [a,b]

with respect to Lebesgue measure, and for every f € Cla,b] we have

b
JOdPr(6) = [ FOR0d1, 0 1.
[a,b] a
The sequence ([i,, n > 1) is an example of a y-harmonic sequence of functions on
[a,b].

Remark 4.1 In the special case, when the measure p is a probability measure with the
density w, the u-harmonic sequence of functions (P,, n > 1) on [a,b] becomes w-harmonic
sequence of functions from Introduction. In this case P is differentiable a.e. and P{(r) =
w(t), a.e..

Assume that (P,, n > 1) is a g-harmonic sequence of functions on [a,b]. Define P,
for n > 1, to be a periodic function of period 1, related to P, as
1

Pi(t) = (b_a)nPn(a-l-(b—a)t), 0<r<1,

and
Pi(t+1)=P; (1), t €R.

Thus, for n > 2, P; is continuous on R\Z and has a jump of
O = [Pu(a) — Pu(D)]/ (b —a)"

at every ¢ € Z, whenever o, # 0. Note that forn > 1,

(P*H), =P} ae. onR.

n

For a given p-harmonic sequence of functions (B,, n > 1) and any fixed x € [a, D]
define functions @, (x,-) : [a,b]—R, n > 1, as

qon(x,t):P:<x_t>, a<t<b. 4.12)

Note that by the definition of P; we have
b—t b—t a—t
Py =P —-1)=P

@n(b,t) = @a(a,t), a <t <b,

which means that

foranyn > 1.
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Lemma 4.1 Let (P, n> 1) be a p-harmonic sequence of functions on |a,b] and x € [a, b].
Ifn>2andF € Cla,b], then

b
F(O)dpn(x,1) = —— / F(0)0n1 (x,0)di — 0 (x),
[a,b] b—ala
for a <x < b,while forx =">b
1 b
F()don(b,1) = — / F()@nr (b,1)di — 0F ().
[a,b] b—ala

Proof. First assume that a < x < b. The function ¢, (x, -) is differentiable a.e. on [a,b] \
{x} and its derivative is equal to b%laq)n,l (x,-). Further, it has a jump of @,(x,x+0)—
©n(x,x —0) = — 0y, at x, which gives the first formula in this case. For x = a the function
@n(a,-) is differentiable a.e. on (a,b) and its derivative is equal to == ¢,_1(a, -). Further, it
has a jump of @, (a,a+0)— @,(a,a) = —a, at the point a, while @,(a,b) — @,(a,b—0) =0,
which gives the first formula for x = a. The second formula is a consequence of the first
one and the fact that ¢, (b,-) = @,(a,-). a

Lemma 4.2 Forevery u € M[a,b], F € Cla,b], and a < x < b we have

! 1
” F(t)di(x1) = —3— /[a’b] F()du() + 5—p([a, ) F (x) (4.13)
while, for x ="b
1
| F0deb. =5 — /[a.,b] Fu(t)du(t) + -—p((a,b))F (a), (4.14)

where Fy(t) is defined by

[ Fla+x—t), a<t<x
an_{F@+x—ﬂ,x<t<b'

Proof. Because of the fact that @) (b,t) = @) (a,t), a <t < b, the identity (4.14) follows
from (4.13) with x = a. Therefore, we may assume that a < x < b. Since Py (¢) = ¢+ fi1 (1),
a <t < b, for some constant ¢, and obviously the integral on the left hand side of (4.13)
is independet on the choice of the constant ¢ we may assume that ¢ = 0. Therefore, from
(4.12) we easily see that forn =1

- (4.15)

“bh_a w(la,b+x—t]), forx<t<b'

(p](.x,t):p'i“<x_t> 1 X{u([a,a—i—x—[b’foragtgx

Let us introduce the notations

I(F,‘U) = F(t)d(Pl(xat)a
[a.b]

J(F1) = F(0)du (@) + 5 p(fa,b)F ().

b—ua [a,b]
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Then 1,J : Cla,b] x M|a,b] — R are continuous bilinear functionals with

1 2
I(F < —||F J(F < —|F .
HEWI < IFul, WE] < F) ]

Let us prove that I(F, i) = J(F,u) for every F € Cla,b] and every discrete measure [ €
M[a,b] with finite support. For y € [a,b] let u = 3, be the Dirac measure at y, i.e. the
measure defined by

F(1)dd,(1) = F(y)-

[a,b]

If y > x, then from (4.15) we get

(1 (xvt) =

1 y 1, forx<t<b+x—y
b—a 0, fora<t<xorb+x—y<t<b’

and, by a simple calculation, we see that

HF,8) =~ Fbtx—3) 4 ()

- —blfan(y) + %aéy([a,b])F(X) = J(F,&).

Similarly, if y < x, then from (4.15) we get

1 0, fora+x—y<t<x
@1 (x,1) = x{ =

b—a 1, fora<t<a+x—yorx<t<b’

and by analogous calculation

I(F,8,) = _ﬁF(aer—y)er_a
= RO) 4 (@ b)F() = (8.

F(x)

Therefore, for every F € Cl[a,b] and every y € [a,b] we have I(F,d,) = J(F,§,) which
means that (4.13) holds for u = ,. Every discrete measure 1 € M{a, b], with finite support,
is a linear combination of Dirac measures, i.e. it has the form

u = 2 Ck6xka
k=1

for some real numbers ¢, and x; € [a,b]. By linearity of I and J we get I(F,u) = J(F, 1),
for every F € Cla, b], which means that (4.13) holds for every discrete measure it € M|a, b]
with finite support.

Let .7 be the minimal topology on M|a, b] such that linear functionals

/,L»—)/Fd,u
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are continuous, for every bounded Borel function F : [a,b] — R. By the definition we see
that .7 contains the weak™ topology on M|a,b] and is contained in the weak topology on
Ma,b]. Further, the curve x — &, is bounded and .7 -measurable since

X /Fd6 — F(x)

is measurable by assumption. Therefore, the integral [ d.di(x) exists in the .7 topology,
for every u € M([a,b]. It is easy to see that this integral is equal to U i.e.

/ Sedpu(x) =

for every measure (U € M|a,b|, which means that g is a .7 -limit of a sequence of discrete
measures with finite support. Thus, we conclude that the subspace of all discrete measures
with finite support is .7 -dense in M|a,b], and therefore the functionals I(F,-) and J(F,-)
are equal, for every F € Cla,b], since they are equal on a dense subspace and they are
T -continuous. a

Let (P, n > 1) be a u-harmonic sequence of functions on [a,b] and let f: [a,b] — R
be such that f("~1) exists on [a,b], for some n > 1. For every x € [a,b] and 1 <m < n we
introduce the following notation

m

B[SV ®) - @)+ X [P@) - P )] S5V ) @16)

k=2

S (x) =

T

with convention

Si(x) = P (x) [f(b) = f(a)].

Theorem 4.1 For u € M[a,b] let (P,, n > 1) be a [i-harmonic sequence of functions on
[a,b] and f : [a,b] — R such that f""~V) is a continuous function of bounded variation for
some n > 1. Then for every x € [a,b]

u(a,b))f / Fu6)du(t) + Sulx) + RL(x) 4.17)

where S, (x) is defined by (4.16), fx(t) by (4.7) and

Rl =—0-ay" | ]P*<b L) ar o)

Proof. For 1 < k < n consider the integral

b =00 [ (5= )art o,

Integrating by parts we get

b

W) = 0-a'e (=5 ) 10

a
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~(b—a) /[ D dgute) (4.18)
a,b
where @ (x,7) is defined by (4.12). First, assume that a < x < b. For every k > 1 we have
x—>b xX—a xX—a 1
P|— ) =P —1) =P = P, .
k(b—a) k(b—a ) k(b—a) (b—a)k ke (x)
Therefore, using the first formula from Lemma 4.1, we get for k > 2
I(x) = P (x) [f* 0 (0) = f5 V(@) + (b — a) o "1 (x)

+(b—a)’H/abf(k*l)(z)P,;:1 (%) dr. (4.19)

Also, for k > 2 we have
b _

o-af [ 00 (32 )a

—o-a [ r (s ) a0 =),
By Lemma 4.2, for k = 1, (4.18) becomes

W) =P W)~ @] —(b-a) [ f@dpi()
=PIO) - fl@)+ [ A0dn) ~pllab)ft), @20
where f(¢) is given by (4.7). Therefore, (4.19) can be rewritten as
(%) = Be(0) [0 () = V(@) + (b — @) o f O () + I (x)

which is equal to

()[40 (0) = 4D (@) + [P (@) = Pe0)] 4D (0 + B () (4.21)

since oy = [Py(a) — P¢(b)]/ (b—a)*. From (4.20) and (4.21) we obtain

L) =Y R[5V 0) - 4 V(a)

k=1
F R @) B0+ [ ) - (a0
k=2 a,
which proves our assertion in this case, since I,(x) = —R!(x). Thus, (4.17) holds for

a<x<b.If x=>b,then

r(3=2) =ro =m0 =5 (=2 ) = L
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Similarly as we did for a < x < b, using the above equalities and the second formula from
Lemma 4.1, we get

Ii(b) = Pl@)[f* D (b) = f* V(@) + (b — a)* oy f "1 (@) + Iy (b)
for k > 2, and

L(b) = Pi(a)[f(b) = f(a)] — u([a,b])f(a) + /[u ; Ja(0)du(t).

Applying the above identities, we get

b= Pla)lf*(b) - £V (a)]
k=1
+ X B @) B 0) @)~ plla b)) + [ fa(du()
k=2 [a,b]
= 3 G (b) - 4V a)
k=1

+ 3 B~ BB 0) b))+ [ o)
k=2 [a,b]

since

fo(t) = falt) =0, a <1 <,

fo(a) = fal@) = f(b) - f(a)
and

U0~ Sa (o) = [1(6) — @] u(fa).
while
Pi(b) = Pi(a) = [ (b) — [ (a)
= k(la,b]) = p({a}).

This proves (4.17) for x = b, since I,(b) = —R)(b). O

Theorem 4.2 For u € M[a,b] let (P,, n > 1) be a p-harmonic sequence of functions on
[a,b] and f : [a,b] — R such that f"~Y) is a continuous function of bounded variation on
[a,b] for some n > 1. Then for every x € [a,b] and n > 2

u(lab))f / FuO)dp(t) + S ()
+ (P, (a)—Pn<b>]f(” D (x) +Ra(x), (4.22)
while forn =1
u(la,b])f(x) = ]fx(t)du(t)JrR?(x),

la,b
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where S,_1(x) is defined by (4.16), and for n > 1

2x:_ —a) o[ X1 o 1 X (n—1)
B =-w-ar [ |7 (325) - Graeho] ar o,
Proof. Note first that forn > 2

Su(x) = Su-1(x) = P (x) [/ D (B) = V(@) + [Pa (@) — P (0)] V().

Thus forn > 2

= R(x) + Py (x) [f" " (b) = f"D(a)]
= Ry(x) + Su(x) = Su1(x) = [P (@) — P, (b)) £V (),
while
Ri(x) = R}{(x) + Py (x) [f(b) — f(a)].
Therefore, our assertion follows from Theorem 4.1. O

Remark 4.2 Inthe special case, when (1 is a probability measure with density w, formulae
(4.17) and (4.22) reduce to (4.5) and (4.6), respectively, since in this case i ([a,b]) = 1 and
for every x € [a,b] we have

b
Jian) fx(l)d[.l(t) :/{; fx(l)W(t)dt,

4.1.3 Some Ostrowski type inequalities

In this section we use the identities obtained in Theorems 4.1 and 4.2 to prove a number of
inequalities which hold for a class of functions whose derivatives are either L-Lipschitzian
on [a,b] or continuous and of bounded variation on [a,b]. Analogous results can be ob-
tained for a class of functions f such that f () are in Lyla,b], 1 < p < eo. Throughout this
section we use the same notations as in the previous section.

Lemma 4.3 For u € M(a,b] let (P,, n > 1) be a l-harmonic sequence of functions on
[a,b]. Then for every integrable function f : [a,b] — R, and every continuous function
F:R — R we have

/abf(t)F (P,;‘ (Z:;)) di — /ubfx(t)F (ﬁpn (;)) dr 4.23)

for every x € [a,b] and n > 1, where f(t) is defined by (4.7).

Proof. For any function f : [a,b] — R and any fixed x € [a,b] let f; : [a,b] — R be
defined by (4.7). It is easily seen that for x € [a,b) we have

(fo)x(t) = f(t), a<t <b,
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and

while for x = b we have
(fo)n(t) = f(t),a <t <b.

Consequently, for any two integrable functions f, g : [a,b] — R and for any fixed x € [a, D]
by a simple calculation we get

b b
Lﬂ%mwzlmwmm

Applying this identity to f(r) and
1

1) = F 7[-)'1 t s a < t < b’
we Obtain (423), Since the equality

(e (32) -0

holds for all x € [a,b] and a <t < b, except whenx = b and t = a. O

Theorem 4.3 For u € M[a,b] let (P,, n > 1) be a p-harmonic sequence of functions on
[a,b]. Let f : [a,b] — R be such that f""~V) is L-Lipschitzian function on |a,b] for some
n > 1.If x € [a,b], then for n > 2 the absolute value of

- /[a.b] FO)du(t) = 1 (x) = [Pu (@) = P (0)] F" D ()
L/ |Pa(t x)|dt,

Proof. If ¢ : [a,b] — R is L-Lipschitzian on [a,b], then for any integrable function

g:la,b] = R
| sot)
[a.b]

Using this estimate and Lemma 4.3 we get

A;]P¢<Z:;)_(bj®”&@4dﬂmﬂ@)

( a)‘wjm”””

is less than or equal to

while forn =1

<L/ ‘Pl |dl

gL/ﬂgmmp (4.24)

IR (x)| = (b—a)"

(b—a)

dt




4.1 EULER HARMONIC IDENTITIES FOR MEASURES 323

1
=(b— —P,(t)—-——Ph, dt
( a) b a)" "( ) (b—a)” n(x)
—L / IPA(1) — P, ()] dr.
Therefore, our assertion follows from Theorem 4.2. O

Corollary 4.1 If f is L-Lipschitzian on [a,b] and L > 0, then for every x € [a,b]

u(la, b)) f(x) = | fult)du(r)

[a.b]

<L[2x—a—Db)u(x) — 2[a(x) + 12 (D)].

Proof. Apply Theorem 4.3 to n = 1. We have P;(¢) = ¢ + [1;(¢) for some real constant
¢, so that Py(1) — Py (x) = f1;(¢) — [1; (x). Also p > 0 implies that f1; is nondecreasing on
[a,b] and

X b
[ 170 - ilar= [0 - menars [ @6 - )
= (2x—a—=b)u(x) = 2fiz(x) + fia(b),
which proves the assertion. a

Corollary 4.2 [f f : [a,b] — R is such that f" is L-Lipschitzian on [a,b), then for every
x € [a,b] and ¢ € R the absolute value of

u(fa,b))f(x) = [ felO)du(t) = e+ ()] [f(6) = f(@)] + [c(b— a) + fa(B)] f(x)

[a.0]

is less than or equal to
b
L [ lelt =)+ fsle) ~ o) .
Ja

Proof. Py(t) = c+ [11(¢) and Py(t) = ¢1 +¢(t — a) + [1n(¢) are two beginning terms of a
U-harmonic sequence (P,, n > 1) of functions on [a,b]. Apply Theorem 4.3 to n =2 and
use the relations

and
Py(t) = Pa(x) = c(t — x) + [ia (1) — [Io ().
m]

Remark 4.3 If u > 0, then fi; > 0 so that [i; is nondecreasing. Therefore, when ¢ > 0
and u > 0, we see that

[ 16t )+ o) — o)

is equal to

[(x =)+ (b — ] + (26— a— b)jia(x) —2fis(x) + f(b).

NN
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Corollary 4.3 Under the assumptions of Theorem 4.3, if n > 2 and i > 0, then for every
X € |a,b] the absolute value of

= [ A0 =S ()4 E ) 100
is less than or equal to

L[(2x —a—b) fin(x) = 2[p1(x) + s 1(D)]

where
andfor2 <m<n
Su(x) = Y fix () [F4V () — A @) = Y fie (0) £57D (x). (4.25)
k=1 k=2

Proof. Apply Theorem 4.3 to the p-harmonic sequence (fl,, n > 1). Then S,_1(x)
becomes S, (x), while y > 0 implies that [, is nondecreasing on [a, b] and

X b
/mn i ()]t = [ ()~ )t + [ [fn(6) = o ()l
= (2x—a—=b)in(x) = 2fin+1(x) + fin+1(D),
which proves our assertion. a

Corollary 4.4 Let f be as in Theorem 4.3. If n > 2, then for every x,y € [a,b] such that
vy < x, the absolute value of

_y\n—1 n—
f(x)—f(a—l—x—y)—T,,_l(x,y)—l—%f( D (x)
is less than or equal to

=)'t =) (b))

L|{(2x—a—Db) T pr + o .
where
Ti(x,y) = (x=y)[f(b) — f(a)]
and
m 1 _ _ _
Tm(X’Y):]Zlm(X—Y)k HF*D () — f5 D (a))

< 1

P ryriC ) D ), 2<m <, (4.26)
k=2 :
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Proof. Apply Corollary 4.3 to =y, a <y < x, and note that then S, (x) becomes
To—1(x,y), while

v

W) =0,a<rt<y,

and
1

,LLn(t) = (}’l— 1)!(t_y)n_1a ySt Sba

for everyn > 1. O

Theorem 4.4 For u € M[a,b] let (P,, n > 0) be a p-harmonic sequence of functions on
[a,b]. Let f : [a,b] — R be such that f"~Y) is L-Lipschitzian function on [a,b] for some
n > 1. Then for every x € |a, D]

b
gL/\&Uﬂm. (4.27)

\u([a,bbf(x) [ A0dn) - 8.

[a.D]

Proof. Using estimate (4.24) and arguing similarly as in the proof of Theorem 4.3, we

get
xX—1
R\(x)| = (- "/ P dfn=N(
R = o=ar| [ 7 (525 )ar V)
b x—t
<(b— "L/ P dt
<-are | (3=5)
b
:L/\&Uﬂm.
a
Therefore, our assertion follows from Theorem 4.1. O

Corollary 4.5 Let u € M[a,b] and assume f to be L-Lipschitzian on [a,b].
(i) For every x € [a,b] and ¢ € R we have

(@ tDr) - [ A0 e+ 1) - @l <t e moar

(ii) If u > 0 and x,y € [a,b], then

(@ tDs )~ [ A0~ ) - O] 6) - @)

< L[(2y—a—b)u(y) —2f(y) + fia(b)] -

Proof. To prove (i) apply theorem above to n = 1. If g > 0 then [i; is nondecreasing so
that (ii) follows from (i) with ¢ = —fl; (y). O

Corollary 4.6 Under the assumptions of Theorem 4.4, for i > 0 we have
(@ tDr )~ [ A0 =50 < L0
1 n
< (b~ a)" ]

for every x € [a,b], where S,,(x) is defined by (4.25).
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Proof. Apply Theorem 4.4 to the p-harmonic sequence ({1,, n > 1). Then S,(x) be-
comes Sy (x), while u > 0 implies that [, is nondecreasing on [a, b] and we have

b . bv . 1 "
[ i0ldr= [ fu(t)dt = fua ) < — (6~ a)" u
for every n > 1. O

Corollary 4.7 Under the assumptions of Theorem 4.4 we have

[f(x) = flat+x—y) = Ti(x,y)| < L 0=y
for every x,y € [a,b], a <y < x, where T,(x,y) is defined by (4.26).
Proof. Apply Corollary 4.6 to the special case u = 0y, fora <y <ux. O

Theorem 4.5 Ler f: [a,b] — R be such that f ("=1) is a continuous function of bounded
variation on [a,b] for some n > 1. Then for n > 2 the absolute value of

1 ([a, b])f (x) = ; FO)dp (1) = Su-1(x) = [Pu (@) = P (b)) 77V ()

la,

is less than or equal to
sup [Py(t) = P (x)| -V (£ 1),

t€la,b]

while forn =1

’ 9= |, KO

for every x € [a,b], where VP (f) is the total variation of f on [a,b].

< sup |Pi(t) — (x)|-Vf(f),

t€la,b]

Proof. If F : [a,b] — R is bounded and the Sticltjes integral [, , F(t)d f (=1)(7) exists,
then

< sup [F(r)- V2 (f"Y).
t€la,b]

F(t)df" V()

[a.b]

Applying formula (4.22) we get
b
2 N S Y 1 w [ X1 _ p* X (n—1)
&) =|-0-ar [ | (525) -2 (5=2) | ar 0
pr x—t _pr(X@
"\b—a "\b—a

= sup [P(t) = Pu (x)] - Vi (f V),
r€la,b]

< (b—a)" sup
t€la,b]

which proves our assertion. a
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Corollary 4.8 If f is a continuous function of bounded variation on [a,b] and |1 > 0, then

(D)~ [ | O] < a0~ )+ o)+ fn(6) - 2V

Proof. Apply Theorem 4.5 to n = 1 and notice that
sup |Py(1) =P (x)| = sup [f1(r) — i (x)]

r€la,b] tela,b)
= max{ [t (x) — fuu(a), fuu (b) — fu(x)}

= S (B) ~ fr(a) + s (@) + fr (6) — 20 )]

O

Corollary 4.9 If f' is a continuous function of bounded variation on [a,b], then for every
X € |a,b] and ¢ € R the absolute value of

1([a; b)) f(x) = ]fx(t)dﬂ(l) = le+m@)][f(B) = fl@)] +[c(b—a) + (b)] £ (x)

[a,b

is less than or equal to

sup [c(r —x) + [ia(t) — 2 (x)| -V ()

t€la,b]
Proof. Apply Theorem 4.5 ton = 2. O
Corollary 4.10 Under the conditions of Theorem 4.5 if u > 0, then

‘u([a,b])f (x) - ]fx(t)du(t) St () + i (b) D (x)

la,b
< 2 [ (B) + | (B) — 201, (x)[] - VE (£ 1)

and n > 2, where S,_1(x) is defined by (4.25).

N =

foreveryx € [a,b

Proof. Apply Theorem 4.5 to p-harmonic sequence (f1,). Then S, (x) becomes S, (x)
while [1,(a) =0, forn > 2 and

max |fi, (1) = fin (x)| = % (£ (D) + | (b) = 21 (x)]]

r€la,b]
for every n > 2. O

Corollary 4.11 Under the conditions of Theorem 4.5 we have

(b o y)nfl

(n—1)!
7@3;’;_1 ] vE(F)

foreveryx,y € la,b],a <y <x,andn > 2, where T, (x,y) is defined by (4.26).

F) = flatx—y)—T1(x,y) + D (x)

-y

= 2(n—1)!

I+11-2
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Proof. Apply Corollary 4.10 to the special case when p1 = §. O

Theorem 4.6 Ler f: [a,b] — R be such that f("’l) is a continuous function of bounded
variation on |a,b] for some n > 1. Then

‘u([a,b])f(X) — [ fult)du(t) = Sulx)| < sup [Pu(t)] - V(")
[a,b] r€la,b]
forevery x € [a,b].
Proof. Argue similarly as in the proof of Theorem 4.5, using identity (4.17). O

Corollary 4.12 For u € Mla,b)] let f be a continuous function of bounded variation on
[a,b].
(i) For every x € [a,b] and ¢ € R we have

< sup Je+ fu(t)] - Vi (f)-
t€la,b]

u(@tDi) - [ 00~ e+ i) - flo)

(ii) If u >0 and x,y € |a,b], then

(@ tDf )~ [ A0~ () - O 6) - (@)

< 3l (b) ~ fn(@) + it (@) + fu(b) 20 )V ().

Proof. To prove (i) apply Theorem 4.6 to n = 1. If pu > 0 then fI; is nondecreasing so
that (ii) follows from (i) with ¢ = —1;(y), since

sup |fi1(¢) — fu (y)| = max{ft; (y) — i (a), fu (b) — fu(y)}

t€la,b]

= = [l (b) — fuu(a) + |f1 (a) + i1 (b) — 2011 (y)]] -

N —

Corollary 4.13 Under the conditions of Theorem 4.6, for 1L > 0

a0 [ F0duto~5,60] <o)
, ) 1
~ (n—1)!
for every x € [a,b], where S,,(x) is defined by (4.25).

(b—a) M lul| vy ()

Proof. Apply Theorem 4.6 to p-harmonic sequence (fi,, n > 1). Then S,(x) becomes
Sy (x) while

(b—a)y"ul.

1
sup [,(t) = f1,(b) <
t€la,b] © ®) (n—1)!
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Corollary 4.14 Under the conditions of Theorem 4.6 we have

1f(x) = fla+x—y) = Tu(x,y)| < (b—a)y™ Ve (1)

1
(n—1)!
forevery x,y € la,b], a <y < x, where T,(x,y) is defined by (4.26).

Proof. Apply Corollary 4.13 to u = 3, and note that

. B (b—y)'171
) =G
O

Remark 4.4 If in Theorems 4.3 and 4.4 we additionally assume that £ exists and
" € Le[a,b], then we obtain the estimates with L = ||f")||... Clearly, this is true for
all corollaries of these theorems. Similarly, if in Theorems 4.5 and 4.6 we additionally
assume that £ exists and f) € L, [a,b], then we obtain the estimates with V/(f (”’1))
replaced by || £ and this is true for all corollaries of these theorems. Finally, if we
assume that f () ¢ Lpla,b], 1 < p < eo, then we can use the Holder’s inequality to obtain
the estimates

IRy < 1Bl - 11£1p
and
[R2)| < 1P = Pu () llg - £ 1

for every x € [a,b], where 1 /p+1/q=1.

In the next section, obtained Euler identities will be applied to the Griiss type inequality.

4.2 Euler-Gruss type inequalities involving
measures

4.2.1 Introduction

Similar to the previous section, this one is also devoted to a generalization of another well
known inequality — the Griiss inequality (1935):
Let f and g be two functions defined and integrable on [a,b]. Further, let

Y<flx) ST, @<glx) <,

forall x € [a,b], where y, T, @, ® are given real constants. H. Griiss stated the hypothesis
that

‘bia/abf(x)g(x)dx_ ﬁ/ﬂl’f(x)dx/abg(x)dx’ < %(F—y)(cb—qo).
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In [64] G. Griiss proved that previous relation is valid and that the constant % is the best
possible.

A great deal of effort has been invested in developing generalizations, extensions, and
refinements of the Griiss inequality. The reader is referred to books [60], [97], and [18] for
more extensive exploration.

Recently, the following theorem was proved [81, Theorem 4]:

Theorem A Let f, g : [a,b] — R be integrable functions such that

m<f(t)<M, a.e.
for some m, M € R and
b
/ g(t)dr =0.
Then
b 1 b
| rsar] < 500-m) ["lgto)ar,

with equality if and only if either

fO)y=M,t€liand f(t)=m,t€l_, ae onl Ul

or
ft)y=myteliand f(t)=M,t€l_, ae.onlyUl_,

where
I ={t €[a,b]; g(t) >0}, I ={t€a,b]; g(t) <0}.

Remark 4.5 The assumption
b
/ g(t)dt=0
Ja

is not essential since g(7) can be replaced with

&0 =g) -5 [ g5

The aim of this section is to give generalizations of Theorem A (see Theorem 4.7
and Remark 4.8), and applying them to formulae (4.17) and (4.22) to prove some general
Euler-Griiss type inequalities. This section follows [41].

4.2.2 Some inequalities of Griss type

Let X C R™ be a Borel set in R”, m > 1, and let M(X) denotes the Banach space of all real
Borel measures on X with the total variation norm. For u € M(X) let

=py—p-

be the Jordan-Hahn decomposition of , where py and p— are orthogonal and positive
measures. Then we have

| =py +pe
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and
[l = lu (X) = p (X) + p-(X) = [l ]| =+ (-]
Measure 1 € M(X) is called balanced if 1 (X ) = 0. This is equivalent to
i = - = 5
Bl = lIH=11 = S TR

Theorem 4.7 (Griiss inequality for measures) For a balanced measure 1 € M(X) let
f € Lu(X, ) be such that

m< f(t)<M,t€X, u—ae, (4.28)

for some m, M € R. Then

0] < 301-m) . (429
X

with the equality if and only if either
(f)=M,tely)and (f(t)=m,t€l_), u—ae. (4.30)

or

(f&)=m,tely) and (f(t)=M,t€l ), u—ae., (4.31)
where 1. and I are disjoint Borel sets satisfying
we) =l o) =l pel) = po (1) =0

Proof. Integrating the relation (4.28) with respect to t+ and y_ we get

1 1
A WOOES M 432)
and
oMl < [ 70du- ) < —3mlul “33)
Ml < = [ fdu (0 < =mlull. |

Adding these relations together we get our inequality.

The equality case occurs in (4.29) if and only if we have the equality either in the both
right hand sides of (4.32) and (4.33), or in the both left hand sides of (4.32) and (4.33).
The former case is equivalent to (4.30), while the later case to (4.31). O

Remark 4.6 Let f and g be from Theorem A and let 1 € M([a,b]) be defined by

Then p+ and p_ are given by

dp (1) = g+ (1), du—(1) = g_(t)dr,
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where

g+(1) = 5 [le®)+2)], g-(1) = 5 lle(®)| — ()],

N =
N =

and we have )
ula.b)) = [ goya =0,

which means that u is balanced. Now we see that Theorem 4.7 reduces to Theorem A
since

= | letolar.

Remark 4.7 The inequality (4.29) is obviously sharp. Namely for the function f defined
as

@)= Myr, (t)+my_ (1), €X,
we have equality in (4.29). Clearly, the same is true for the function

Ft)=mys, (t)+ My (t),t €X.

Corollary 4.15 (Discrete Griiss inequality) Lez (¢, k > 1) be a sequence in R such that

Yol <o and Y c=0.

k=1 =1

Then for every bounded sequence (dy, k > 1) in R we have

1
< E(M—m) > lexl,
k>1

Y crdi

k>1

where
M =sup{di:c; #0} and m=inf{d;:c; #0}.

The equality occurs if and only if either
di=M,kel. and dr=m,kel_,

or
di=m,kel, and dy=M,kel_,

where
I ={k:cpy >0} and I = {k:cy <0}.

Proof. Choose any sequence (x, k > 1) of distinct points x; € R and set X = {x; : k >
1}. Then apply the theorem above to discrete measure ft = Y~ ¢y, , and to the function
f:X — Rdefined as f(x;) = d, k > 1. In this case

Il =3 fexl < oo

k>1
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and

which means that u is balanced, while

/Xf(f)dli(f) =Y cf(x) = Y, cxd.

>1 >1

O

Corollary 4.16 For € M(X) let f : X — R be a Borel function such that m < f(t) <
M, t € X for some m, M € R. Then for every x € X we have

1
OO0 [ 7000 < 300 -m) O]+ ]
X
Proof. For x € X define measure v, by
Ve = U(X)— p.
Then
Ve(X) = pu(X) — u(X) =0,
and
IVall = ([ (X) 8 — ]| < [ (X)[ + [l
while
[ Fdvile) =p OO~ [ F@dut).
X X
Apply now the theorem above. a

Corollary 4.17 Let u,v € M(X) be probability measures and let f : X — R be a Borel
Sfunction suchthatm < f(t) <M, t € X, L and v - a.e. for some m, M € R. Then we have

<M—m.

[ sau - [ swave)

Proof. Apply the theorem above to tt — v and note that (U —Vv)(X)=1—1=0 and
= vl < lul+I[v]l=2. o

Corollary 4.18 For a probability measure i € M(X) and a Borel function f : X — R
suchthatm < f(t) <M, t € X, for every x € X we have

<M —m.

‘f(X)— [ raut)

Proof. Apply Corollary 4.17 to 4 and v = §,. O
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4.2.3 Some Euler-Griiss type inequalities

Throughout this section we use the same notations as in the previous one for the special
case X = [a,b] C R. Hence i denotes a real Borel measure on [a,b]. Also, whenever f :
[a,b] — R is such that f () exists and is bounded, for some k > 1, we assume that there are
some real constants my, and M, such that

mi < fO() <My, t € [a,b]. (4.34)

Theorem 4.8 Ler f: [a,b] — R be such that £V is a continuous function of bounded
variation, for some n > 2. Then for every [L-harmonic sequence (P, k > 1) we have

lu([a,b])f(X) - ]fx(t)dﬂ(t) = Su1(x) = [P (@) = Pu ()] £V ()

[a,b

< %(M,H — [Pn (b)— Py (a)] + / "B () dt] (4.35)

Proof. Note that the expression within the absolute value signs on the left hand side of
(4.35)is equal to R% (x) from (4.22), Theorem 4.2. Therefore, the left hand side of (4.35) is
equal to |[R?(x)| and to get asserted estimate we shall rewrite R2(x) in more suitable form.
Integration by parts yields

b
2 — (h_ N\ | p* x—t _ 1 (n—1)
R = ~—a |7 (5= ) ~ ol 1|
—1
+(b—a)" (=1 dP;(x ) 436
a0 (= (4.36)
For a < x < b we have
p* x—> _pr (e 1 Pux)
"\b—a) "\b—a) (b—a)m"
so that from (4.36) we get
2 _ n (n—1) o X1
R,(x) = (b—a) [ )ap, : (4.37)
[a,b] b—a
Using the first formula from Lemma 4.1 relation (4.37) becomes
2 n—1 b (n—1) * xX—1
Riw) = —b—ay™ [ £V 0r; dr
Ja b —da
—[Pu(@) = Pa (D) f" (). (4.38)

If x = b, then

7 (572) =% (572) = et
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so that from (4.36) we get
RA(b) = [Pu(b) — Pa(@)] [f" V) (b) — f"V(a)]
ro-ar [ e vaar (=1,

[a,b] b—a

Now, using the second formula from Lemma 4.1, from the last equality we easily get
formula (4.38) for x = b. Therefore, formula (4.38) holds for all x € [a,b].
Define measures v, and &, by

R R A

and
Vn = én - [Pn (a) -F (b)] Or,
and note that by (4.38) we have
Ry (x) = [ ]f(”’”(t)dvn(f)
Ja,b

For all £ > 1 we have

Lfx—t\ 1 Pi(a+x—1t), for a<t<x
P (b_a>_(b_a)kx{Pk(b—i—x—t),for x<t<b (4.39)

so, applying Lemma 4.3 we have
b
vulla,bl) = (b —a)' [P (G)dr =[Py (@) = Pu 0]

= [P P~ B 0)
=Py (a) = Py (b) — [Pa(a) — P (b)] =0,

which means that v,, is balanced. Further

bl o [(x—t
Pn—l b—a

= [P @+ B (@) - P

[[val =(b—a)"7l_/u d +|P, (a) = Py (b)]

Now we can apply Theorem 4.7 to obtain (4.35). a

Corollary 4.19 Let f and u be as in Theorem 4.8. Then we have

‘u([a,b])f ()= J, Fe0dm () = S 1 (x) + [ (B) £V (x)

la,b

b
< S0 =m )i B+ [ i (1))
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< (b — a)’171 [Mn—l - mn—l] ||nu|| )

(n—1)!
where S,,(x) is defined by (4.25).

Proof. The first inequality follows by Theorem 4.8 applied to the 1-harmonic sequence
(ftx, k> 1). In that case S,_(x) becomes S, | (x) since {iz(a) = 0, k > 2. The second

inequality follows from inequality (4.11). a

Corollary 4.20 Let f and | be as in Theorem 4.8. If 1 > 0, then we have

(@ tDr ) = [ RO =510+ 0
S [Mnfl - mnfl] Hn ( )
1 —1
< _ n Mn_ _ — .
< (=) o =] ]
Proof. Apply Corollary 4.19. Since u > 0, we have [i; > 0, fork > 1 and ff L1 (1) dt
= [, (b). O

Corollary 4.21 Let f be as in Theorem 4.8. Then for every x € [a,b]

6a)70) = [ 70U 6= as 0

1
S }’l_(b a) [Mnfl _mnflL

where
Ui(x) = (x—a)[f(b) - f(a)]
and
9= 3 gl a B V0) - F @) - X -, 2<men
k=1 k=2""

Proof. Apply Corollary 4.20 to the case when u is the Lebesgue measure on [a, b]. For
any x € [a,b] we then have
[, A0 = [

1
falt) = (1= k> 1,

so that S, (x) becomes U, (x). O

and
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Corollary 4.22 Let f be as in Theorem 4.8. Then for every x,y € |a,b], y < x we have

fx)—fla+x—y)—T,—1(x,y)+ !(b_y)n—lf(n—l)(x)

b
(n—1)

S (b_y)nil[Mnfl _mnflL

(n—1)!
where T,_1(x,y) is defined by (4.26).

Proof. Apply Corollary 4.20 to i = &, a <y < x. Then S, (x) becomes T, (x,y)
since

ﬂAﬂ=Oh4ﬂ0—w“5y§t§b

and [1,(t1) =0,a <t <y. ad

Corollary 4.23 If f is such that f' is a continuous function of bounded variation, then
for every u € M(a,b] and every real constant c the absolute value of

e b)) = [ () ~ et o () F0) ~ F(@) + el — @)+ (b)) £ ()

is less than or equal to

1 y b
S0 = m)lle(b =)+ fo(®)| + [ et fn (1))
a
Proof. Apply Theorem 4.8 for n = 2 and follow the proof of Corollary (4.2). o

Corollary 4.24 Under assumptions of Corollary 4.23 if L > 0 and ¢ > 0, then the abso-
lute value of

u(la,b])f(x) - /[ ; fe@)du(t) = e+ ()] [£(B) = f(@)] + [e(b— a) + [(b)] f(x)
is less than or equal to
(My —m)[c(b—a) + fz(b)] < (My —my) (b—a)(c+|lu])-
Proof. Apply Corollary 4.23 and note that in this case
b
clb=a)+fa(®)| + [ e+ i (0)]dr =2(c(b—a)+ ()]
and fi2(b) < (b—a) ]| 0
Theorem 4.9 Let f: [a,b] — R be such that f(”’l) is absolutely continuous for some

n>1,and let
my < f(")(t) <My, a.e. on [a,b),
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Sfor some real constants m, and M,,. If (P, k > 1) is a p-harmonic sequence such that

Pyyi(a) =Pt (b)

for that particular n, then for every x € [a,b] we have

b
ulab)so)= [ 00 -5,00| < 300 -mn) [ B@lar @40

where f(t) is defined by (4.7).

Proof. An expression R! (x) from (4.17), Theorem 4.1, can be rewritten as

R(x)=—(b—a) /bp,;‘<b_) 1)dt = /f (£)d V(1

where measure v, is defined by

Ava(t) = —(b—a)"P: <b:;> dr.

Using (4.39) and Lemma 4.3 we get

va(la,b]) = —(b—a)" /hp* (b_;> d

/ Pu(t)dt = Poiy (a) — Poy (b) =0,
which means that v,, is balanced. Further,

n b w X1 b
ol =-ar [ |z (525 ) ar= [ )
a a a

Now (4.40) follows immediately from Theorem 4.7, since the left hand side of (4.40) is
equal to |R](x)|. m]

Corollary 4.25 Let f : [a,b] — R be an absolutely continuous function and let m; <
f(t) <My, a.e. on [a,b], for some real constants my and My. If |t € M|a,b] and ¢ € R are
such that

c(b—a)+fa(b) =0,

then for every x € [a,b] we have
(at)r) - [ 100~ e+ ) - fla)

<20 —m) [ let ()
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Proof. Apply Theorem 4.9 to n = 1. Note that P(r) = c+ f1;(¢) and P»(t) = ¢ +c(t —
a) + [1p(r) are two beginning terms of a g-harmonic sequence of functions on [a,b]. The
condition P; (@) = P, (D) reduces to ¢(b —a) + [1,(b) = 0. a

Measure [t € M(a,b] is called k-balanced if [i; (b) = 0. We see that a 1-balanced mea-
sure is the same as a balanced measure. We also define the k-th moment of ut as

my (1) = /[ ’ au(t), k> 0.

Theorem 4.10 For any y € M|a,b] the following assertions hold:
v n—1 (=% -1y, p1-
1) it (b) = 3325 ((nfll))! (nkl)b (), n> 1
2) (1) = SY_o(— DML i1 (B), 1 > 0
3) W is a k-balanced for every k € {1,...,n} if and only if mi(1) = 0 for every k €

{0,...,n—1}.
4) W is uniquely determined by the sequence ([ (b), k > 1).

Proof. 1) By definition of [, we have

N _# —S’171 s
”"<b>—<n_1>z_/[a7,,]<b Y dus).

The staded identity follows from the binomial formula applied to (b — s)"_l.
2) For every real ¢, by a simple calculation we have

S i (b) = /[ exploc (b — 5)) du(s)

k>0 a,b]

and

¥ o (b)exp(~ab) = [ exp(~as)du(s)
= [a.]

Expand both sides of this identity in Taylor series in variable ¢ and then equate the coeffi-
cients to get the formula.

3) Follows immediately from 1) and 2).

4) Every compactly supported real Borel measure u in R is uniquely determined by its
moments, and therefore yt € M[a, b] is uniquely determined by (fix (b), k > 1), because of
1) and 2). O

Corollary 4.26 Let [ be as in Theorem 4.9. Then for every (n+ 1)-balanced measure
U € Mla,b] and for every x € |a,b] we have

(@ tDr )~ [ A0 ~350)] < 500 m) [ ulola

la,b

<

= N =

1 n
(My =) (b = a)" ],

where S,,(x) is defined by (4.25).
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Proof. To obtain the first inequality apply Theorem 4.9 to p-harmonic sequence (fl, &
> 1) and note that the condition P11 (a) = P+ (b) reduces to [I,41 (b) = 0, which means
that u is (n+ 1)-balanced. The second inequality follows by (4.11). O

Corollary 4.27 Let f be as in Theorem 4.9. Then for every U € M[a,b], such that all
k-moments of | are zero, for k =0,...,n, and for any x € [a,b] we have

b
< 3= ma) [ 1o dr

1
(n!)

Proof. By Theorem 4.10 the condition my (i) =0,k =0,...,n, is equivalent to [i;(b) =
0,k=1,...,n+ 1. Apply now Corollary 4.26 and note that in this case u([a,b]) = 0 and

N =

' [ £0du) = 3 i [0 - 74 @)
k=1

IN
)

(My = mn) (b —a)" || ]| -

5,00 = 3l ) A<D (0) — 14 (a).
k=1
O

Corollary 4.28 Let f be as in Theorem 4.9. Then for every U € M[a,b], such that all
k-moments of UL are zero, for k=0, ...,n, we have

_[%b]f(t)du(t) < %(Mn—m,,)/uhmn(,)wt
1 n
< 3 any M=) (b =)l

Proof. Put x = b in Corollary 4.27. Then S,(b) = 0, and we can replace f (1) =
fla+b—1t)by f(z) since the constants M, and m,, are the same for both f(¢) and f(¢). O

Remark 4.8 The inequality of Corollary 4.28

[ rwau)
[a,b]

can be regarded as an n-th order generalization of inequality (4.29) of Theorem 4.7.

<

(M —m) (b —a)" ||

2(n!)

Corollary 4.29 Let f : [a,b] — R, my and M| be as in Corollary 4.25. Then for every
2-balanced measure |1 and for any x € |a,b] we have

(@ tDr )~ [ A0~ @) 150) - f@)] < 3 ~m) [ (0

la,b
(My—my)(b—a)l|u]-

Proof. Putn =1 in Corollary 4.26. a
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Corollary 4.30 Ler f : [a,b] — R, m and M| be as in Corollary 4.25. Then for every
U € Mla,b] such that

au() = [ rdu(r) =
[a,b] [a,b]

and for any x € [a,b] we have

o) [ a0

l\.)l'—‘

(O)du(t) — i () [f(b) = fl@)]| <

1
< 3 (Mg —m)(b—a) ]
and
1 b
| 0au@| < 300 —m) [ o)a
1
< S0y —m)(b—a) ]
Proof. Put n =1 in Corollaries 4.27 and 4.28. O

Corollary 4.31 Let {x; : k > 1} be a subset of [a,b] of different points and let (cy, k > 1)
be a sequence in R such that

Zk21|ck| <o 2/<>1 (b—xt) =0.
Then for every x € [a,b] and [ : [a,b] — R such that m; < f'(x;) < My, k > 1, we have

X)X = X crfil) = Y, ciXjan (%) [F(B) — f(a)]

>1 k>1 k>1

(M1 m1 b a Z|Ck|
k>1

NI'—‘

where (4. is the indicator function of [a,x] and f(t) is defined by (4.7).

Proof. Apply Corollary 4.29 to discrete measure it = Yy~ ¢y, . In this case ||u|| =
Y1k,
2 Cr X[y, b 2 CkXlax] xk)

k>1
= Z ck(b—xk) =0
k>1

and

/ f(t)du(t) z crfe(xg)-

k>1
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Corollary 4.32 Let {xi; k > 1} be a subset of [a,b] of different points and let (c, k > 1)
be a sequence in R such that

E‘Ck‘<°°, ZCkZ Eckxk:O.

k=1 k=1 k>1

Then for every f : [a,b] — R, such that m; < f'(x;) < My, k > 1, we have

<

(My—my)(b—a) Y, |exl.

k>1

N —

Y cf(x)

k>1

Proof. Apply Corollary 4.30 to discrete measure L = Y~ ¢y, . In this case we have
[l = X1 lex,
[11 (b) = z C — 0

k>1

and
fia (b) = Y cx(b—xx) =0,

k>1

while

f@O)du(r) =" exf(x)-

Ja,b] k>1

Some of the results from the first two sections will be used in the following sections. O

4.3 On an integration-by-parts formula for measures

4.3.1 Introduction

In the paper [51] S. S. Dragomir introduced the notion of wy-Appell type sequence of
functions as a sequence wy, wy, ... , wy, for n > 1, of real absolutely continuous functions
defined on [a, ], such that

Wi = Wi_1, a.e.on [a,b], k=1,..,n.

For such a sequence the author proved a generalization of Mitrinovi¢-Pecari¢ integration-
by-parts formula

b
/ wo(1)g(t)dt = Ay + By (4.41)

where
(=D i (b)g* 1 (b) = wi(@)g* ) (a)]

M=

Ay =

k=1
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and Y
Bu=(=1)" [ wa(t)g® (0)ds

for every function g : [@,b]—R such that g*~!) is absolutely continuous on [a,b] and
wng™ € Ly [a,b]. Using identity (4.41) the author proved following inequality

b
/a wo(t)g(r)dt — A,

< [lwall, 1lg™ I, (4.42)

for w, € Lyla,b], g™ € Ly[a,b] where p,q € [1,0] and 1/p+1/q = 1, giving explicitly
some interesting special cases. For some similar inequalities see also [32], [34] and [58].
The aim of this section is to give a generalization of integration-by-parts formula (4.41), by
replacing wo-Appell type sequence of functions by a more general sequence of functions,
and to generalize inequality (4.42), as well as to prove some related inequalities. The
results from this and following sections are published in [42].

4.3.2 Integration-by-parts formula for measures

Remark 4.9 Let wy : [a,b] — R be an absolutely integrable function and let 1 € M[a, b]
be defined by du(r) = wo(t)dt. If (P,, n > 1) is a p-harmonic sequence of functions on
[a,b], then wg, Py, ..., P, is awy-Appell type sequence of functions on [a,b].

Lemma 4.4 Forevery f € Cla,b] and u € M[a,b] we have
[ fodm = [ f0au0 - i) sia).
[a.b] [a,b]
Proof. Define 1,J : Cla,b] x M[a,b] — R by

I(f,n) = ]f(f)dﬂl(f)

la,b

and

Jfm) = [ f)du(t) —u({a})f(a).

[a,b]
Then I and J are continuous bilinear functionals since

L < NI T < 20T

Let us prove that I(f, 1) = J(f,u) for every f € Cla,b] and every discrete measure (L €
M{a,b] with finite support. For x € [a,b] let 4 = &, be the Dirac measure at x. If a < x <

b then
0,a<t<x

mio=s(ad)={} 45155

and by a simple calculation we have

1(f,80) = | fO)dfu() =fx) = | f(6)dé.(1)—0

[a,b] [a,b]
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=) b]f(t)d3x(t)—5x({a})f(a) =J(f,8).
Similarly, if x = a then [1;(t) = 8,([a,t]) = 1, a < < b, and by a similar calculation we
have

I(f,60) = [ f(0)diti(r) =0=f(a)—f(a)

[a,b]

= [, F0480) = 8ufah) (@) = (7.5
Therefore, for every f € Cla,b] and every x € [a,b] we have I(f, 6;) = J(f, 8;). By linearity
of I and J, for every f € Cla,b] and every discrete measure jt = Y, ¢;0y, With finite

support we have I(f, 1) =J(f,u).
Apply now the same argument as in the proof of Lemma 4.2 to conclude that I(f, ) =

J(f,u) forevery f € Cla,b] and every u € M[a,b]. O

Theorem 4.11 Let f : [a,b] — R be such that F0=1) is 4 continuous function of bounded
variation, for some n > 1. Then for every [L-harmonic sequence (P,, n > 1) we have

/[u S04/ = 1({a))1(@) + 51+ R (4.43)
where .
= > (=) Pp) 50 () = Pula) 5V (a)] (4.44)
k=1
and
Rn::(—lyz[ Hfza)df@—lkz) (4.45)

Proof. Integrating by parts, for n > 2, we have
/ I_)n df n— 1 )
=(=1)"[R b)f(" 1)(b) —Py(a) " ()]

——1"/”13,11 “D(1)dr
= (=1)"[Pu(b) f" "V (b) — Pu(a) £V (@)] + Rocr.

By Lemma 4.4 we have

Ry =— Pi(t)df(t)

[a,b]

=—[PD)f(b) = P(a)f(a)l+ | f(t)dPi(z)

[a.b]

=—[PD)f(b) = P(a)f(a)]+ [ f(t)dfu(r)

[a.b]
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=~ (RO E) - A@f @)+ [ a0 - p(aha)

Therefore, by iteration, we have

which proves our assertion. a

Remark 4.10 By Remark 4.9 we see that identity (4.43) is a generalization of the inte-
gration-by-parts formula (4.41).

Corollary 4.33 Ler f : [a,b] — R be such that £~V is a continuous function of bounded
variation, for some n > 1. Then for every U € M[a,b] we have

| r0au@) =
[a.0]
where .
S = 3 (= 1) e(b) f* 1 (b)
k=1
and

/ () f "0 (2).

Proof. Apply the theorem above for the p-harmonic sequence (fI,, n > 1) and note
that [i,(a) = 0, forn > 2. O

Corollary 4.34 Ler f : [a,b] — R be such that F0=1) is a continuous function of bounded
variation, for some n > 1. Then for every x € [a,b] we have

9=3

k=1

x bk lf( )(b)+er( )

where
Ru(x) =

(,(7__11’;, _/[xb](t —x)" ).

Proof. Apply Corollary 4.33 to 1t = J, and note that in this case

fork>1. O
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Corollary 4.35 Let f: [a,b] — R be such that £~V s a continuous function of bounded
variation, for some n > 1. Further, let (¢, m > 1) be a sequence in R such that ¥.,,~1 |cp| <
oo and let {xy; m > 1} C [a,b]. Then

z Cmf xm = z Zcm xmih N fk D )+ 2 CmRn(xm)

m>1 m>1k= m>1

where R, (x,) is from Corollary 4.34.

Proof. Apply Corollary 4.33 to the discrete measure 4 = ¥~ €Oy, o

4.3.3 Some Ostrowski-type inequalities

In this section we shall use the same notations as above.

Theorem 4.12 Ler f : [a,b] — R be such that f"~") is L-Lipschitzian for some n > 1.
Then for every [-harmonic sequence (P,, n > 1) we have

’ /[aib]f(t)du(z)—u({a})f(a)— | <L / ’ |P,(1)|dt, (4.46)

where S, is defined by (4.44).

Proof. By Theorem 4.11 we have

Py(n)df" ()

Jlap)

‘Rn‘ =

b
<L[ IR,
a

which proves our assertion. a

Corollary 4.36 If f is L-Lipschitzian, then for every ¢ € R and i € M[a,b] we have

~ (e ®) el @) r@)| <L [ e+ molar.

Proof. Put n =1 in the theorem above and note that P(¢) = ¢+ [1;(¢) for some
cecR. a

Corollary 4.37 If f is L-Lipschitzian, then for every ¢ > 0 and u > 0 we have

f@)du(t) — u(la, b)) f(b) —c[f(b) — f(a)]

[a.b]
Lc(b—a)+[i(b)]
< L(b—a)(c+|ul)).
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Proof. Apply Corollary 4.36 and note that in this case

b b
[ letfn@)lde= [ e+ m@ldr = (b~ a) + ()
<c(b—a)+(b—a)|ul = b —a)(c+ul),
which proves our assertion. a

Corollary 4.38 Ler f be L-Lipschitzian, (cm, m > 1) a sequence in [0,o) such that
Y1 Cm < oo, and let {x,;; m > 1} C [a,b]. Then for every ¢ > 0 we have

D enlf () = flm)] +c[f(b) — f(a)]

m>1

<L [c(b—a) + Z cm(b—xm)]

m>1

<L(b-a)

c+2cm].

m>1
Proof. Apply Corollary 4.37 to the discrete measure 4 = ¥~ €0y, - O

Corollary 4.39 If f is L-Lipschitzian and pL > 0, then

[, 10au0) - o) @)~ (8 10)
< L[(2x-a D)) ~ 2000 + fel0)
for every x € [a,b).

Proof. Apply Corollary 4.36 to ¢ = —[i;(x). Then ¢ + [1;(b) = u((x,b]), [ti(x) =
i ([a,x)) and

b X b
[+ ol = [ e —me)d+ [ o -ue)d
= (2x—a= b)) = 2fa() + fr(0).
O

Corollary 4.40 Ler f : [a,b] — R be such that f*"~) is L-Lipschitzian, for some n > 1.
Then for every |1 € M[a,b] we have

IA

b v
L[ 1) ar

[ o -3,
Ja,b]

IA

1 n
—(b—a)'L]u,
where S‘n is from Corollary 4.33.

Proof. Apply the theorem above to the p-harmonic sequence (i, n > 1). a
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Corollary 4.41 Let f : [a,b] — R be such that f"~Y) is L-Lipschitzian, for some n > 1.
Further, let (¢, m > 1) be a sequence in R such that ¥.,~ |c,| < oo and let {x,; m >
1} C [a,b]. Then

2 cmf (Xm) 2 zcm e b k 1)(b)

m>1 m>1k=
1
< EL 2 lem| (b —xm)"
m>1

1 n
< HL(b—a) > lem!

m>1
Proof. Apply Corollary 4.40 to the discrete measure [ = ¥~ €Oy, o

Theorem 4.13 Let f : [a,b] — R be such that F0=1) is 4 continuous function of bounded
variation, for some n > 1. Then for every [L-harmonic sequence (P,, n > 1) we have

< sup |Pu(r)|VE(FY),

t€la,b]

[ f0du) —p({ahs@ =S,
[a.]

where VP (f"=1)) is the total variation of f"~Y) on [a,b].

Proof. By Theorem 4.11 we have

[Rn| = < sup |Pu(0)| Vi (£ ),

r€la,b]

[ Pwas
[a,b]

which proves our assertion. a
Corollary 4.42 If f is a continuous function of bounded variation, then for every ¢ € R
and [ € M|a,b] we have

< sup |c+l:L1(f)‘Vf(f)-

t€la,b]

/[a,b] f)au(t) — pu((a,b]) f(b) —c[f(b) — f(a)]

Proof. Put n =1 in the theorem above. |

Corollary 4.43 If f is a continuous function of bounded variation, then for every ¢ > 0
and [t > 0 we have

F)du(e) = u(fa,b) f(b) = c[f(b) = f(@)]| < (c+[uIDVL ().

[a.D]

Proof. In this case we have

sup |c+ (1) = ¢+ fun(b) = e+ |ull-
r€la,b]
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Corollary 4.44 Let f be a continuous function of bounded variation, (¢, m > 1) a se-
quence in [0,00) such that ¥.,,~ ¢y < oo and let {x,,;; m > 1} C [a,b]. Then for every ¢ >0
we have

Y, emlf(B) = fam)] +c[f(b) — f(a)]

m>1

< <C+zcm>vf(f)

m>1
Proof. Apply Corollary 4.43 to the discrete measure 4 = ¥~ €0y, - O

Corollary 4.45 [f f is a continuous function of bounded variation and [t > 0, then we
have

f@)du(t) —p(la, X)) f(a) - u((x,b])f(b)‘

[a,b]
< 5 () ~ (@) + |fn (@) + fa(6) 20 (V2P
Proof. Apply Corollary 4.42 to ¢ = —[1; (x). Then

SUP;e(q,p] € + Hi (1)] = supyepq p) £ (1) — f1 (x)]
= max{fi; (x) — fly(a), i (b) — fir (x)}
= S (6) ~ B (a) + s (@) s () — 20 ()]
which proves our assertion. O

Corollary 4.46 Ler f : [a,b] — R be such that F0=1) is a continuous function of bounded
variation, for some n > 1. Then for every U € M[a,b] we have

[ f0au® -S| < sup lfn@[v2 ()
[a,b] t€a,b]
(b—a)! by p(n—1)
—_ V
where S, is from Corollary 4.33.
Proof. Apply the theorem above to the y-harmonic sequence ({i,, n > 1). O

Corollary 4.47 Let f : [a,b] — R be such that £V s a continuous function of bounded
variation, for some n > 1. Then for every x € [a,b] we have

(x—b)*! (k—1) 1
—_— b)| <

! ! (b)) = (n—1)!
Proof. Apply Corollary 4.46 for 1 = J, and note that in this case

~ 1 n—1
sup,ef0 )| < 7= b2

(b—0)" V(Y.
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Corollary 4.48 Let f : [a,b] — R be such that £~V s a continuous function of bounded
variation, for some n > 1. Further, let (¢, m > 1) be a sequence in R such that ¥.,,~1 |cp| <
oo and let {xy; m > 1} C [a,b]. Then

zcmf(xm zzcmxmb' fkl()

m>1 m>1k=
1
< V() S fenl (b=
(n—1)1¢ ng‘l
(b—a) ', (n—1)
<L _VI((f" m| -
< e Z e
Proof. Apply Corollary 4.46 to the discrete measure (t = ¥~ ¢ 0x,, - O

Theorem 4.14 Let f : [a,b] — R be such that f") € Ly[a,b), for some n > 1. Then for
every [-harmonic sequence (P,, > 1) we have

ol < IBallg £,

/[a.b] F6)du () — u({a}) f(a) -
where p,q € [1,00| and 1/p+1/q=1.

Proof. By Theorem 4.11 and the Holder’s inequality we have

") (¢)dt

‘Rn‘ = Pn(t)df(n_l)(t) =

[a,b]

(Jfmora)' ()

Remark 4.11 We see that the inequality of the theorem above is a generalization of in-
equality (4.42).

IA

1
P P
00| ar)" = 1B

O

Corollary 4.49 Let f : [a,b] — R be such that f") € L,[a,b] for some n> 1, and p €
M{a,b]. Then
L, PO =S < il 1,

(b_a)nflJrl/q
<
T (n=D(n—1)g+1]"4

[N vase P

where p,q € [1,| and 1/p+1/q=1.

Proof. Apply the theorem above to the p-harmonic sequence (i, n > 1). a
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Corollary 4.50 Let f : [a,b] — R be such that f") € Ly[a,b], for some n > 1. Further,
let (¢, m > 1) be a sequence in R such that Y~ |cm| < oo and let {x,; m > 1} C [a,b].
Then

pyk-1
S enfGm)— Y, Z G Tl i = kD (p)
m>1 m>1k= - )
1
< f c b X)) 1+1/q
Dl —Dat ]1/qH Hpmg,ll m] ( )
n—1+1
S Gl iRV P
(n_l)’[(n_l)q—’_l] /4 m>1
where p,q € [1,] and 1/p+1/q=1.
Proof. Apply the theorem above to the discrete measure {t = Y~ ¢ 0x,,- O

4.3.4 Some Gruss-type inequalities
Let f : [a,b] — R be such that ) € L..[a,b], for some n > 1. Then

my, < f(”)(t) <M,, 1t €a,b], ae
for some real constants m,, and M,,.

Theorem 4.15 Let f : [a,b] — R be such that f") € L..[a,b], for some n > 1. Further,
let (P, k > 1) be a p-harmonic sequence such that

Bui1(a) = Py (b)

for that particular n. Then

1
SE(Mn ny / ‘P ‘dl‘

fO)du(r) —u({a})f(a) -

[a.b]

Proof. Apply Theorem 4.11 to the special case when f"~1 is absolutely continuous
and its derivative f (), existing a.e., is bounded a.e. Define measure v, by

dv,(t) = —P,(t)dr.

Then
/ P dt n+1( ) n+l (b) Oa

which means that v,, is balanced. Further

b
val :/ P, ()]t
a
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and applying Theorem 4.7 we have following estimate

|Rn| =

/ B (1) £ (1t
1

< E(Mn —my) || Val|

1 b
— 0= m) [P (0)ldr,
a
which proves our assertion. a

Corollary 4.51 Let f : [a,b] — R be such that f") € L..[a,b), for some n > 1. Then for
every (n+ 1)-balanced measure L € M[a,b] we have

[ J0au)=3,| < 301, m) [ (0a
< 50y (M =) b= ]

where S, is from Corollary 4.33.

Proof. Apply Theorem 4.15 to the y-harmonic sequence (fly, k > 1) and note that
the condition P, (a) = P,+1 (b) reduces to [1,+1 (b) = 0, which means that u is (n+ 1)-
balanced. a

Corollary 4.52 Let f : [a,b] — R be such that f") € L..[a,b), for some n > 1. Further,
let (¢, m > 1) be a sequence in R such that Y,,~ |c| < oo and let {x,; m > 1} C [a,b]
satisfies the condition Y~ (b — x,)" = 0. Then

Lo (bt (k—1)

emf (m) — Cm f (b)
mz;l m>1 IZI (k -1 ) !

1
< M, — b "
= Z(n!)( n mn)mzl‘crn‘( Xm)

1
< (My —my)(b—a)" [Cm

2(n!) mgl
Proof. Apply Corollary 4.51 to the discrete measure U = Y,,>1 Oy, - a

Corollary 4.53 Let f : [a,b] — R be such that ") € L.[a,b], for some n > 1. Then for
every U € Mla,b], such that all k-moments of | are zero, for k=0, ...,n, we have

1 b
/[a,b]f (D)du(@)| < 5 My —my) / (1)) it

1
2(n!)

<

(My = m) (b —a)" || ]| -
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Proof. By Theorem 4.10 the condition my (i) =0, k =0, ...,n is equivalent to [i;(b) =
0,k=1,...,n+ 1. Apply Corollary 4.51 and note that S,, = 0. a

Corollary 4.54 Let f : [a,b] — R be such that f") € L..[a,b], for some n > 1. Further,
let (¢, m > 1) be a sequence in R such that Y, |cm| < oo and let {x,; m > 1} C [a,b].

If
2 Cm = 2 CnmXm = ... = 2 me}:n:(),
m>1 m>1 m>1
then
2 emf(xm)| < ! | (M, —my) 2 lem| (b —xm)"
m>1 2 (n) m>1
1
< (Mn - mn)(b - a)n ‘Cm‘ .
2(n!) rrél
Proof. Apply Corollary 4.53 to the discrete measure (L = Y,,>1 Oy, - O

4.4 Euler harmonic identities and moments of
measures

4.4.1 Introduction

Fora,b € R,a <b,letw: [a,b] — [0,) be an integrable function satisfying

b
/ w(t)dt > 0.
Ja
Forn > 1, and x,7 € [a,b] let

Gy Jat =) w(s)ds, a <1 <x
Kn(x’t) = 07 r=x )
g =5 w(s)ds, x <t <b

and Ky (x,1) = w(z). Also let

en(x,w) = /ab(t —x)"w(t)dt, n> 0.

It is easy to see that K, (x,-) is continuous on [a,b]\{x} and has a total jump of

="

Ku(x,x+0) — Ky (x,x—0) = CEN

€n—1 (x7 W)



354 4 EULER HARMONIC IDENTITIES FOR REAL BOREL MEASURES

at x. It is differentiable on [a,b]\{x} and K] | (x,1) = Ky (x,1).
Let f : [a,b] — R be such that £*~1) is a continuous function of bounded variation on
[a,b] for some n > 1. In a paper [85] the following identity has been proved:

n—1

b
[ remtnar =S, 2O @etsm) + Rato) @47)
a k=0 """
where x € [a,b] and
Ri) = (=1)" | ]Kn(x,wdf("‘”(t). (4.48)
a,b

This identity has been used in [85] to prove some generalizations of weighted Ostrowski
inequalities. The aim of this section is to generalize formula (4.47), by replacing weight
function w by a real Borel measure on [a,b], and using it to prove some further gener-
alizations of weighted Ostrowski inequality. The results presented in this section were
published in [43]. It has been generalized in [39].

4.4.2 Some integral identities
For i € Ma,b] we write
n = "d 5 > 0
)= [ Sauis)n

for the n-th moment of i, and
enet) = [ (s=x)da(s). n> 0, x€ fab)
b [uvb]
for the n-th x-centered moment of y. We introduce the sequence of functions P, : [a,b] x
[a,b] = R, n>1, by
(1), a<t<x
Py(x,1) =

. ~1)"

(1) + S en 1 (1,1), x <t <b
fora <x < b, while forx =5

1, (1), a<t<b

nibn = {

It is easy to see that forn > 2
Py(x,a) = P,(x,b) =0

and
Pi(x,a) = fi1(a) = u({a}), Pi(x,b) =0,

for every x € [a,b], and that P,(x,-), n > 2, is continuous on [a, b]\{x}, having a jump of

1y

(n—1)!

€p—1 (x7 IJ)
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at x. Further, P, (x,-), n > 2, is almost everywhere differentiable on [a,b]\{x} and P, , ; (x,?)
= P,(x,1) a.e. on [a,b].

Remark 4.12 Note that

—a)" M ull, a<t<x,n>1

and

[Pal, )] < b—1)" ull, x<r<b,n>1

1
(n—l)!(

since for x <t < b and n > 1 we have

Piet) = ()= oo [ (=9 au(s)

1

- oo /M(t — sy ldu(s).

Remark 4.13 In the special case, when the measure p has the density w, with respect
to Lebesgue measure on [a,b], the sequence (P,(x,7), n > 1) reduces to the sequence
(Kn(x,t), n > 1) from Introduction, except for = x. In this case also P;(x,-) is differ-
entiable a.e. and P{(x,) = w(z), a.e..

Lemma 4.5 Forn>2,x€ [a,b], and f € Cla,b], we have

rwaren = [ rona e )

Ja,b]

while forn =1
[, FOaR s = [ r0dut) —u(ta)f@) (e ) ).

Proof. For n > 2, the function P, (x, -) is differentiable a.e. on [a,b] \ {x} and its deriva-
tive is equal to P, (x,-) a.e.. Further, it has a jump of (( )) en—1(x, 1) at x, which gives
the first formula. Further, P (x,-) has a jump of —[1;(b) at x, and by Lemma 4.4 we have

1P (si) = [ @)~ (5) 00

[a,b]

= | f@)du(t) —f(a)f(a) = fin(b)f(x)

[a.b]

= | fO)du) —u({a})f(a) —u(la,b])f(x),

Ja,b]

which proves the second formula. a
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Theorem 4.16 Let f : [a,b] — R be such that £V is a continuous function of bounded
variation for some n > 1. Then for every x € |a, D]

[ 040 =519+ ) (4.49)
where

&w=§%ﬂ%mmm
and

Ra0) = (-1)" [ Py (x0)df " ).

[a,0]

Proof. Integrating by parts, for k > 1, we have

Re(x) = (= 1)* P (1) D @) = (1) [ ]f(k_l)(f)de (x,1).
a,b

Since P,(x,a) = P,(x,b) =0, for k > 2, by the first formula of Lemma 4.5,

N

Ri(x) = (-1 s FED @) dP(x.1)

=0 [ AR o

1\
7(/& _13)!%—1 (e, 1) £ (x)

1

_ —mf(kil)(x)ekfl(xnu)+Rk*1(‘x>' (4.50)

By the second formula of Lemma 4.5, for k = 1, (4.50) becomes

(—1p!

Ri(x) = fuu(a)f(a) + f( )dP; (x,1)
= [ (a)f(a) + f() u(r) —u({a})f(a) — u(la, b)) f(x)

[a,b]

= s f() () — p(fa, b)) f(x). (4.51)
From (4.50) and (4.51) follows, by iteration
Rux) = —%ﬁ FED (e (x, 1) + Ry (¥)
== _1 U (e 1 (1) — (e, b)) fx) + [ F()duie)
k= z(k 1)' la,b

=—2k,f el )+ [ 70,

which proves our assertion. O
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Remark 4.14 Note that R, (x) can be rewritten for n > 2, by Lemma 4.5, as

Ry(x) = (=1)" | Pi(et)d[f"V(e) = D ()]

[a.]
=yt [0 D @ )
=0t [ O = WP () ds
Jab]

It can be easily seen that the theorem above also holds for functions f : [a,b] — R such
that ("1 is integrable on [a,b], for n > 2, and

Ry(x) = (—=1)""! : b][f(”_l)(t) — UV O1Pu (xst)dr.

Note that formula (4.49) is a generalization of (4.47).

4.4.3 Generalizations of weighted Ostrowski inequality

In this section we shall use the same notations as above.

Theorem 4.17 Ler f : [a,b] — R be such that f"~Y) is an L-Lipschitzian function on
[a,b] for some n > 1. Then

<L/ P, (x,1)| dr

1
< la=a)"+ (o =x)" L] u] (4.52)
forevery x € [a,b].

Proof. Using estimate (4.24) and Theorem 4.16 we get

fu)|

By Remark 4.12 we have

/\P (x,1)|dt = /\P xt|dt+/ |Py (x,2)|dt

< - . n 1 n 1
< il eyt s [ 6ot

= E 1l {(x—a)" + (b —x)"],

b
gL/ P, (x,1)| .
a

[ Pnas™
[a.b]

which proves our assertion. a
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Remark 4.15 For positive measure y we have

/|th|dt /thdt+ /th

=i [ iadau).

Therefore, for every 1 € M[a, b]

b 1
< _n
[ snlar< [t alul o)

u’7

which gives
b 1 n
[P < —lul sup -
Ja n: a<t<b

= L llmax{(x—a)", (b~ )"}

b
<L [ 1P ()ldr < (b=alL ul

1 n
— -l fmax{r—a,b -2}

ST el
Tl H 2

Corollary 4.55 If f is L-Lipschitzian on [a,b), then

a+b
X—
2

 F0am(0) ~ a1

for every x € [a,b].
Proof. Put n = 1 in the theorem above. O

Corollary 4.56 If f’ is L-Lipschitzian on [a,b)], then

<3 [—aP+ B —x?]L|ul
forevery x € [a,b].
Proof. Put n =2 in the theorem above. O

Corollary 4.57 Let f : [a,b] — R be such that "=V is an L-Lipschitzian function on
[a,b] for some n > 1. Then

L
(n+1)!

£ lf ( ) [(b_x)kJrl (a x)kJrl} <

1)' [(x_a);1+l+(b_x)n+l]

forevery x € [a,b].



4.4 EULER HARMONIC IDENTITIES AND MOMENTS OF MEASURES 359

Proof. Apply the theorem above to the Lebesgue measure on [a, b]. O
Corollary 4.58 Let f : [a,b] — R be such that f"~Y) is an L-Lipschitzian function on

[a,b] for some n > 1. Then

1 1
FO)= X Y@= < Lix—y"

forevery x,y € |a,b].
Proof. Apply the theorem above to u = §,. Then
ex( ) = (r— )%, k>0

and

|Py (x,1)] = ' \t—y\"il, 1 € [x,y] ort € |y,x],

1
(n—1)
while P, (x,7) = 0 for other 7. a
Corollary 4.59 Let f : [a,b] — R be such that f"~Y) is an L-Lipschitzian function on

[a,b] for some n > 1. Further, let (¢, m > 1) be a sequence in R such that Y~ |¢p| < oo
and let {xy; m > 1} be different points in |a,b]. Then

n—1
N emflm)— Y Y, %f(k)(x)cm(xm —x)k

m>1 m>1k=0
1

<—L N lem| [x—xm|"
nl =
1

< —Lb—a)" Y fenl
n! sl

for every x € [a,b)].
Proof. Apply the theorem above for the discrete measure L = Y~ ¢ 0x,,- o

Theorem 4.18 Let f : [a,b] — R be such that £ is a continuous function of bounded
variation on |a,b] for some n > 1. Then

< sup [Py(x,0)[V2(F"Y)
t€la,b]

- 1 b—a _a+b

“ (=D 2 2

f@)dp () = Su(x)

[a.b]

n—1
] Il VA (D)

for every x € [a,b)].
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Proof. I F' : [a,b] — R is bounded and the Stieltjes integral [, , F(t)df (=1) (1) exists,
then

F(r)df" (1)

s < sup [F(0)]-Vo(f" ).
a,b

t€la,b]

Let us apply this estimation to formula (4.49)

Ru(x)| = < sup [Py (x,1)[ V2 (F"Y)

t€la,b]

b
| Putenar D

Further, by Remark 4.12 we have

_xn—l
pl G el

(x—a)"!
sup |P, (x,7)| < max
ze[a,h]| o) { (n—1)!

- ﬁ ] max{ (x —a)"~L, (b — )"}

1 n—
= G Il max{(x—a), (b -}

n—1
|

which proves our assertion. O

1

b—a

a+b
2

Corollary 4.60 If f is a continuous function of bounded variation on [a,b], then

< lulva(f)

f@)du(t) — p(la, b)) f(x)

[a.b]

for every x € [a,b].
Proof. Put n =1 in the theorem above. O

Corollary 4.61 If [’ is a continuous function of bounded variation on |a,b), then

fO)du(e) = fx)u(la, b)) — f'(x)er(x, 1)

[a,b]
< sup [PV
t€la,b]
b—a a+b b ol
< —
252 = vz

forevery x € [a,b].

Proof. Put n =2 in Theorem 4.18. O
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Corollary 4.62 Ler f : [a,b] — R be such that £V s a continuous function of bounded
variation on |a,b] for some n > 1. Then

T [0 - @]

a;” v

<1 b—a
=0 2—|—x

for every x € [a,b)].
Proof. Apply the theorem above to the Lebesgue measure on [a, b]. O

Corollary 4.63 Ler f : [a,b] — R be such that £V s a continuous function of bounded
variation on |a,b] for some n > 1. Then

zk,f ot

1 n—1y,b/ (n—1)
< — x—
for every x,y € |a,b].

Proof. Apply the theorem above to u = d,. O

Corollary 4.64 Ler f : [a,b] — R be such that £V s a continuous function of bounded
variation on |a,b] for some n > 1. Further, let (¢,;, m > 1) be a sequence in R such that
Y1 lem| < oo and let {x,;; m > 1} be different points in [a,b]. Then

zcmfxm sz’f )k

m>1 m>1k=0

1 n— n—
< (B > fem| b — x| VE(FY)

*m>1
(b—a)y ', (n—1)
SV () 2 lem
(n—1) ¢ ng’l "
for every x € [a,b)].
Proof. Apply the theorem above to the discrete measure {t = Y~ ¢y, O

Theorem 4.19 Let f : [a,b] — R be such that f") is integrable, for some n > 1. Then

FO)du(t) = 8a(x)| < sup |PuCe,t)| £

t€la,b]
- 1 b—a _a+b
- (n—l)! 2 2

[a,b]

n—1
} MIrEn

for every x € [a,b)].
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Proof. Note that in this case

veie ) = [

and apply Theorem 4.18. a

| de =15

Theorem 4.20 Let f : [a,b] — R be such that f") € L..|a,b], for some n > 1. Then

b (n)
|Po(x, )] dt - [| £ ]|

[ r@du -5, <
[a.b]

a
1 n n n
< (=) + (0 =) a7
for every x € [a, D).
Proof. In this case f"~1) is L-Lipschitzian with L = || f"")]|.. m

Theorem 4.21 Let f : [a,b] — R be such that f") € Ly[a,b], for some n>1and 1 < p <
oo, Then

A

—Su ()| < 1B () gL £

(x_a)(nfl)qul_i_(b_x)(nfl),ﬁl 1/q

<Ly
~ (n—1)! b (n—1)g+1

forevery x € [a,b], where 1 /p+1/q=1.

Proof. By applying the Holder inequality we have

/[a,b]f( )du(t) /|P (x,1) Hf (t)|dt

< ([ 1B Conftan) 7,

Further, by Remark 4.12 we have
b X b
/ P, (x,t)|th:/ P, (x,t)|th—|—/ P, (x,0)[9dit
a a X

<[] | o= ar [0 -0

B T P S AR G Ll
(n—1)! (n—1)g+1 ’

which proves our assertion. a
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Corollary 4.65 Let f : [a,b] — R be such that f™) € L,[a,b], for some n > 1 and 1 <
p < eo. Then

T Y6 =0 — (@ =0

kok—l—l)

1 ) (x_a)nq+l+(b_x)nq+1 1/q
< =1
n! ng—+1

for every x € |a,b], where 1 /p+1/q=1.

Proof. Apply the theorem above to the Lebesgue measure on [a, b]. O
Corollary 4.66 Let f : [a,b] — R be such that f") € Ly|a,b], for some n> 1 and 1 <
p < oo. Then

1=, L )0 < ey
ok (n=1D!(n—1)g+ 11

forevery x,y € la,b], where 1/p+1/q=1.
Proof. Apply the theorem above to t = d,. O

Corollary 4.67 Let f : [a,b] — R be such that f") € L,[a,b], for some n > 1 and 1 <
p < eo. Further, let (¢,, m > 1) be a sequence in R such that ¥, |cn| < oo and let
{xm; m > 1} be different points in [a,b]. Then

2 Cmf x’” z 2 k'f )k

m>1 m>1k=0
1
< 1F D Y fem] | — x|~ 14
(n—1)[(n—1)g+1]"/4 2
1
< b—a)" 1+1/q Cm
< T Tes W( ) [Va& Hpmgl| |

for every x € [a,b)].
Proof. Apply the theorem above to the discrete measure [t = Y~ ¢ 0y, - O

Let o € (0,1] and L > 0. Function g : [a,b] — R is called a-Hélder function with
constant L if

g(t) —g(s)| < L|t—s|*, st € [a,b].

Theorem 4.22 Let f : [a,b] — R be such that f"~) is o-Holder function with constant
L for some n > 2. Then

f@)du(t) = Su(x)

[a.b]

b
gL/ 1t — x| |Poi (x,0)]| dr
a
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(.X a)OtJrn 1+(b x)OtJrn 1 ||
S lar@r2) - @arn=n- Ik

for every x € [a,b].

Proof. By Remark 4.14

R < [ 100 = £ W) B )i

0]
b

gL/ 1t — x| [Py (x,1)| d.
a

Further, by Remark 4.12 we have

b
= 1B )

n—2 2
<”“”/ v Tl [ -0 O
= (n 2) ||IJH |:/ ( _l‘)a(l—a)n—zd[—l—/x (t_x)a(b_t)n—Zdt

= ﬁ ||IJHB((X+ 1,n— 1) [(x_a)a+n—l + (b_x)a+n—l]

B (x a)oc+n 1—|—(b x)oc+n 1
“lar D@2 (atnn -

which proves our assertion, where B is the beta function. O

Corollary 4.68 If ' is an a-Hélder function with constant L, then

fO)du(e) = f)u(la, b)) = f'(x)er (x, 1)

0]
b
< L/ It — x| |Py (x,1)| di
a

- (x— a)a+1 4 (b _x)a+1
- o+1

Liul,
for every x € [a,b].
Proof. Put n =2 in the theorem above. O

Remark 4.16 Applying calculations as in Remark 4.15 and in the proof of Theorem 4.22,
for positive measure i we have

_ F(O(-i-l) o+n
/\z %Py (x1)|di = r(a+n+1)/[a,b]‘t X% o).
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Therefore, for every u € M[a, b]

Ma+1) -
[ st e < o sl o),

which gives

F(a+1) o+n
/|r—x\ xr)|dum||uurgggb|r—x\
. T(a+1) M H _a+b[]*™"
C T(a+n+1) 2

Corollary 4.69 Ler f : [a,b] — R be such that f"~Y) is a-Hélder function with constant
L for some n > 2. Then

Mo+1) [b—a a+b[]*!
1)du(t) — Su(x)| < -~ L
[ J0aut)-s,00] < oD 02 L SRy
for every x € [a,b)].
Proof. Follows from Theorem 4.22 and Remark 4.16. O

Corollary 4.70 Let f : [a,b] — R be such that f"~V) is a-Holder function with constant
L for some n > 2. Then

n—1 1 1
- Y — W) y-xk < x—y|/*tL
,Zok!f =% < G D@r2) —ata—n © Y
for every x,y € |a,b].
Proof. Apply the theorem above to u = §,. O

Corollary 4.71 Let f : [a,b] — R be such that f""~V) is a-Holder function with constant
L, for some n > 2. Further, let (cy,, m > 1) be a sequence in R such that Y, |cp| < e and
let {xmm; m > 1} be different points in |a,b]. Then

Z cmf (Xm) — 2 Z k'f x)k

m>1 m>1k=0

1

L 2 |Cm| ‘x_xm|ot+n71

= et D(or2)(atn—1) 2

\/,_;v

S @@y (a9 s lend

for every x € [a,b)].

Proof. Apply the theorem above to the discrete measure ft = ¥,,>1 ¢y, a
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4.4.4 Some Griss-type inequalities

Let f : [a,b] — R be such that ") € L..[a,b], for some n > 1. Then
my < f(t) < My, t € [a,b], ae
for some real constants m,, and M,,.

Theorem 4.23 Let f : [a,b] — R be such that f""~1) € L.[a,b], for some n > 2. If x €
[a,b] and 1 € M[a,b] are such that e, (x, 1) = 0, then

1

< syt Mt = ma-n)[e—a)" " (b= ]

Sulx)| <

Proof. By Remark 4.14 we have

Ru(@) = (=1 [ £ 0) = V@) Prcs () .

a,b]
Define measure v, by
an_l(l) = (_l)nilpn—l (xat)dt'

Then

() = (B e a

:( l)n l((nl)z; en_ l(x ,U)
= oot 1) ren—1(x; 1),

so by our condition v, ([a,b]) = 0, which means that v,,_; is balanced measure. Further,

b
il = [ P (el < ol =+ (6=,

(n
Therefore, applying Theorem 4.7 we have

M,l—m —1
Ral()] < == v

Mnfl — My

~ 2 (n_l 1); H[.LH [(x—a)”*l_i_(b_x)n—l]
M,y —my,_y

= S e o

which proves our assertion. a
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Corollary 4.72 For f' € L..[a,b] let x € [a,b] and | € M[a,b] be such that

/ (t —x)du(r) = 0.
[a,b]
Then |
s f@)du(t) = p(la,0]) f(x)] < 5 (M1 —m1) (b —a) ||k
Proof. Put n = 2 in the theorem above. o

Corollary 4.73 Let f : [a,b] — R be such that f"~) € L..[a,b], for some n>2.If . €
M{a,b) is such that
mo(p) =mi(u) = ... =mu_1 (1) =0,

then

= _Z(n—l— i Mot = ma-n)l(x= )"+ (b =2 ]l

[ rau
[a,0]

forevery x € [a,b].

Proof. Apply the theorem above and note that in this case we have e (x, i) =0, for k =
0,1,...,n—1,and also S, (x) = 0, for every x € [a,b]. O

Corollary 4.74 Let f : [a,b] — R be such that f"~) € L..[a,b], for some n>2.If . €
M{a,b) is k-balanced, for k =1,..,n, then

! n—1 n—1
< — — — .
.y FO4RO)] < 35 M =)=+ (6=
forevery x € [a,b].
Proof. Note that in this case mo(u) = my (@) = --- = m,_1 (1) = 0. Apply now Corol-

lary 4.73. O
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