Chapter

Generalization of the classical
integral forumalae and related
inequalities

In this chapter we introduce general integral identities using the harmonic sequences of
polynomials and w—harmonic sequences of functions. Those identities are the main tool
for deriving generalizations of some famous quadrature formulas. We deal with quadrature
formulas which contain values of the function in nodes, as well as values of higher ordered
derivatives in inner nodes. Thereby, the level of exactness of those quadrature formulas is
saved. Error estimations with sharp and the best possible constants are developed as well.

In Section 1.1. general integral identities with harmonic polynomials and w—harmonic
functions are established. Those identities are actually the general quadrature formulas
with m + 1 nodes. For both identites the error estimations for functions whose higher
ordered derivatives belong to L, spaces are given.

In Section 1.2. general one-point quadrature formula is established. Special cases of
the well known weights are considered and generalizations of the Gaussian quadrature
formulas with one node are obtained.

In Section 1.3. general two-point integral quadrature formula using the concept of har-
monic polynomials is established. Improved version of Guessab and Schmeisser’s result is
given with new integral inequalities involving functions whose derivatives belong to var-
ious classes of functions (L, spaces, convex, concave, bounded functions). Furthermore,
several special cases of polynomials are considered, and the generalization of well-known
two-point quadrature formulae, such as trapezoid, perturbed trapezoid, two-point Newton-

1



2 1 GENERALIZATION OF THE CLASSICAL INTEGRAL FORUMALAE AND...

Cotes formula, two-point Maclaurin formula, midpoint, are obtained. Weighted version of
two-point integral quadrature formula is obtained using w—harmonic sequences of func-
tions. For special choices of weights w and nodes x and a + b — x the generalization of the
well-known two-point quadrature formulas of Gauss type are given.

In Section 1.4. general three-point quadrature formula with nodes x, ‘lzib anda+b—xis
introduced. From non-weighted version Simpson, dual Simpson and Maclaurin formulas
are obtained, while for special weights Gaussian quadrature formulas are given.

The closed four-point quadrature formula is introduced in Section 1.5. Generalization

of Lobatto formula is given as special case.

Definition 1.1 We say that {P;}+ € Ny is harmonic sequence of the polynomials if
Pi(t) = P (t),Vk € Nand Py(t) = 1.

1.1 General integral identities involving w—harmonic
sequences of functions

Non-weighted integral identity is used for the approximation of an integral of the following
form: [ f(¢)dt. The next theorem is obtained in [100].

Theorem 1.1 Let 6 :={a=xp <x1 <xp < ... <Xy = b} be subdivision of the interval
la,b]. Further, let for each j =1,....m, {Pj}, N, be the harmonic sequences of the

polynomials on [xj_1,x;], i.e. Py(t) =Pjx1(t) i Pp(t) =1, for j=1,....mandk €N,
and let

Piu(t), t € la,x]
Po(t), t € (x1,x2]

Su(t,0) = : (L.1)
.Pmn([)a re (xm—lab]a

for some n € N. For an arbitrary (n — 1)—times differentiable function f : [a,b] — R such
that f (=1) is bounded, the following identity states

(—1)"/bS,,(t,c)df<"‘1)(t) :/bf(t)dt+ki(_1)’< [Pmk(b)f““l)(b)
a a =~

m—1

+ 3 [Pi(xj) = P il(x))] () - Plk(a)f(kfl)(a)} ) (1.2)

j=1
whenever the integrals exist.

Identity (1.2) is used for the approximation of an integral | ab f(t)dr both with the values of
the function f and its higher order derivatives in nodes xq,x1,x2,...,X,. With appropriate
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choice of polynomials {Pj;} and nodes x; we shall get the generalization of the well-known
quadrature formulas. In those generalized formulas the integral is approximated not only
with the values of the function in certain nodes, but also with values of its derivatives up to
(n— 1)™ order in inner nodes.

Let us develop an error estimation for the identity (1.2).

Theorem 1.2 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q,< oo, %—l—

é = 1.If f : |a,b] — R is an arbitrary function such that f (1) jg plecewise continuous, for
some n € N, then we have

[ e+ 3 -1 [puters® )

Z [Pit(xj) = Pis1x(x))] f(k_l)(xj)—Plk(a)f(k_l)(a)}‘

s
<Cm@)f™],, -
where
1
[,1fx Py |th}" 1<g<eo
C(n,q) = Hsn('aG)Hq =

maxi<j<m{SuPery, ;) [Pin(0)]}, g =oo.

Inequalities are sharp for 1 < p < oo and the best possible for p = 1. Equality in (1.3) is
attained for the functions f of the form:

f(t) =Mf(t) + (1), (1.4)

where M € R, r,_y is an arbitrary polynomial of degree n— 1, and f,. : [a,b] — R is function
with the following representation:

Lt —s)"! L
S (1) ::/ —————[Su(5,0)| P TsgnS,(s,0)ds, 1<p<eo (1.5)
« (n—1)!
and
f(t)'—/lwsnS (s,0)ds, p— (1.6)
* = ; (I’l—l)' g n\d, ) P = °°. .
Proof. Applying Holder inequality to the integral
/Stcdf"l - /StO' (t)dt

an inequality (1.3) is obtained. To prove the inequalities are sharp for 1 < p < oo, we have
to find function f : [a,b] — R such that

J(0)dt| = C(n,q) - || f ™| (1.7)
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For function f, defined by (1.5) and (1.6) we have
sgnSy(t,0), p = oo,
5,(1,0)| 7T sgnS, (1,0), 1< p < oo
Function f : [a,b] — R defined with (1.4) is n—times differentiable also. Further, f (1) jg

piecewise continuous and £ (r) = M £ (¢) holds.
For p = oo we have || f")]|, = [M], so

b
| $uta,017 @)

— IMLbSn(t,a)fin)(l)df

b
- ’M / Su(t,0)sgnSu(t, o) dt

b
= ‘M|/a |Sn(f,0)\dt:C(n,1)||f(")Hw

holds, while for I < p < e we have

b ) 5 b ’
L™, = M| [/ |Sn(t,0')|P—1dt] =|M| U Sn(w)lth} ;

which implies

b
/ Su(t,0) ) (¢)dt

_ ‘M / ’ $,(6,0) £ (1)t

b 1
- ‘M/ Su(t,5) [Sult,0) |77 sgnSa(t, 0)dr
a

b o b i
= 11| [ 15u(0,0)[7T dt = 1| [ 15,(0,0)*dt = Cln. )£l

so the proof of the (1.7) is finished.

Finally, we have to prove that inequality (1.3) is the best possible for p = 1. Obviously,
because of the continuity of the Pj(-) on [x;_1,x;], there exists j € {1,...,m} and 1y €
[xj—1,x;] such that sup;c(, ) |Sa(t,0)| = |Pin(to)|. First, let us assume that Pj,(f9) > 0.
There are two possibilities:

(1) xj—1 <10 <xj
(i) to=xj—1
For the case (i) let us define function f; : [a,b] — R for € > 0:

1, t<t—¢,

V@ =t ety —e,10),

0, >1.
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When ¢ is “enough small”, we have

10 10
/ Su(t,0)f, )dt Su(t,0)dt| = — P (t)dt.
8 1n—¢& € 1n—¢&
Further,
1 [ 1 o
= [ Pultydi < Puto) [ dr =Pt
€ 1n—¢€ € JIg—€
Since limg_o £ ft Pj,(t)dt = Pj,(to), the assertion follows.

For the case (11) let us deﬁne function f; : [a,b] — R for & > 0:

07 tgt()?

11—

=, 1 € [to,t0 + €],
1, t>t+e.

V) =

When ¢ is “enough small”, we have

1
/ Su(t,0)f )dt

10+€
/ S,(t,0)dt
8 f

0

1 1h+€
=— / Pju(t)dt.
E Ji

S0

Further,
1 10+€ 1 10+€
: / Pia(t)dt < —Pi(to) / dt = Pin(to).

€ 0 0
Since 11m8_,0 Ji 0T€ Py (¢)dt = Pjy(to), the assertion follows.
For the case P]n(to) < 0, the proof is simmilar. ad
Remark 1.1 Inequality (1.3) is obtained in [100], for the case 1 < p < eo.

In [73] is derived the identity (1.2) with monic polynomials:

Theorem 1.3 Let 6 := {a =x0 < x| <x2 < ... < Xy = b} be subdivision of the inter-
val [a,b]. Further, for j=1,...,m, let Mj, be monic polynomials, for some n € N, with
degMj,, = n. Define

My,(t), t € [a,x],
Mo(t), t € (x1,x2],

Va(t,0) = : (1.8)
an(t), t € (xpm—1,b].

If f: [a,b] — R is some (n — 1)—times differentiable function such that f"=") is bounded,
then we have

b 1 k+1 (n—k—1) ! (n—k—1)
/a f(l)dt + E};O(—l) '|:an + 2 [ jn
- M](ilk,, V)]0 ) —M%Z"“”<a>f<’<> (a)} 19)
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Proof. The proof follows from the successively integration by parts of the integral

%??fwmpwﬂ“Wa
O

Remark 1.2 Let {P k}k 0,1,....» be harmonic sequences of polynomials such that Pjo( )=
1. Then we have P}~ i 1(t) Pjit1(t), for 0 <k <n—1.Put M, = n!Pj, in (1.9). Now
we have V, (t,0) = n!S,(t,0), so the identity (1.9) is equivalent to the identity (1.2).

Theorem 1.4 Assume (p,q) is a pair of conjugate exponents, that is 1 < p,q,< oo, %—l—

é = 1.If f : |a,b] — R is an arbitrary function such that f (1) jg piecewise continuous, for
some n € N, then we have

n—1
/deIZ DR [ Y ()10 )

+iM&*”%ﬁ—Mﬁﬁ%mvwmwwm*“wvww}

< —K(n, )|, (1.10)

where

1
S M@ 1<g <
K(n,q) = ||Va(-,0)|lg =

maXlSjSm{supte[xj,l,xi] ’Mjn (t)|}7 q = .

Inequalities are sharp for 1 < p < oo and the best possible for p = 1. Equality in (1.10) is
attained for the functions f of the form:

f(t) =Mf(t) +ru-i(2), (1.11)

where M € R, r,,_y is an arbitrary polynomial of degree n—1, and f. : [a,b] — R is function
with the following representation:

Tt —s)nt e
f*(t) ::/ %Vn(s,c)Pl sgnVn(S,G)ds, 1<p<°° (112)
a n— .
i
0 fg_ﬂkl V(s 0)d (1.13)
w(t) = | ————sgnV,(s,0)ds, = oo, .
. (1) & P
Proof. The proof is simmilar to the proof of the Theorem 1.2 O

Weighted version of the identity (1.2) and related inequalities are obtained in [72]. In
this case the w—harmonic sequences of the functions are used.
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Lemma 1.1 Let w : [a,b] — R be integrable function on [a,b] and let {wi}r—1 ., be
w—harmonic sequences of functions, i.e. w : [a,b] — R are such that wi(t) = wy_(t), for
t€la,bland k=2,3,....n, and wi(t) = w(t). If g : [a,b] — R is n—times differentiable

function such that g(") is piecewise continuous on [a,b], then we have

b
/ w(t)g(t)dt = Ap(w,g;a,b) + R, (w, g;a,b),
a
where

An(wgia.b) = 3 (-0 [ (0)g*(8) ~ wi(@)g ()]
k=1

and

Rn(w,g;a,b) = (_l)n/ahwn(t)g(n)(t)~

Proof. We prove (1.14) by mathematical induction.
For n = 1 integration by parts gives

b b
| w0s)de = )g(6) ~wi(@gla) = [ w0/ (0.

Let us assume that for/ = 1,...,n — 1 we have
b [
| wsod = ¥ (15 [ @)g D b) - wila)ga)
a k=1

+ (=1) / bwl(t)g(l)(t)dt.

Further, integration by parts yields

[ 0800 = i ()5 B) —wr @@ — [ 0 e

Finnaly, we impose the identity (1.17) to the relation (1.16) and obtain

!
/bw(t)g(t)dt = 2(_1)k—1 [Wk(b)g(kfl)(b)—Wk(a)g(kfl)(a)
o k=1
(1) [wa ()87 (B) = wisr (@) (@)
- abWz+1(l)g(lH)(t)dt]
I+1

(=1 [we(B)g 1 (B) ~ wi(@)g* V(@)
1

b
+ 0 0g N0

»
I

so the assertion is valid for [ + 1.

(1.14)

(1.15)

(1.16)

(1.17)
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Remark 1.3 Function w : [a,b] — R is usually called weight.

Consider subdivision 0 = {a = xp < x| < ... < X, = b} of the segment [a,b],for some
m € N. Let w : [a,b] — R be an arbitrary 1ntegrable function. On each interval [x;_1,x¢],

k=1,...,m we consider different w—harmonic sequences of functions {wy;}j—1, .., i.€
we have
Wiy (2) = w(?) fort € [xp_1,x¢]
(wij) (1) = wy j—1(2) fort € [x_1,x], forall j=2,3,...,n. (1.18)
Further, let us define
win(t) fort € [a,xi],
me(t’c) — Wzn(l‘) fort € (xl,XQ], (1.19)

W (t) fort € (x—1,b].

Theorem 1.5 If g : [a,b] — R is such that g\") is a piecewise continuous on [a,b), then
the following identity holds

/ bw(t)g(t)dt = Y (—1)! [wmj(b)g(j_l)(b) (1.20)

—

2 b - wer1,00)]8Y Y () = wij(@)g ™V (a)

I \Zki 1M=

/anto ") (1)dt.

Proof. Using relation (1.14) on each interval [x;_,x;] for appropriate w—harmonic se-
quence, we get the following

Xg
/ W(l)g(t)dt:An(W,g;Xk,I,Xk)+Rn(W,g;Xk,1,Xk). (121)

Xk—1

By summing relation (1.21) from k = 1 to m we obtain

b . .
| w0 = 3 (=1 wy (0)gV0) (122

[
R NE

—

[wi (xic) — wier 1, ()] 89D () — wi (@) gV~ (a)

+
T

_|_
M=

Ry(W, &3 Xk—1,Xx)

T
I

I
M=

(= 1) [ ()8 (8)

~.
Il
—_
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2 [wj () Wk+1/(xk)]g(j71)(xk) —le(a)g(’;l)(a)}

/anto ") (1)dr.

Now we shall give the general L, theorem.

Theorem 1.6 Assume thet (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo,
117 + é = 1.If g : [a,b] — R is some function such that g") is piecewise continuous on [a, b]

and g € Lya,b], then the following inequality holds

/ " w(0)g(0)di Y (-1 [wmk(b)g““(b) (1.23)
va k=1

m—1
- 21 [wie () = wisrlx)] g%V () - Wlk(a)g(k_l)(a)]

=

< C(”?Q?"V) ' ||g(n)HP7

where

1
|: ']1'1=1 Xj 1|W]" |th:|q71§q<°°7
C(”?Q?"V) = ||W",W(.7O-)||q =

maXlSjSm{Supze[xj_l,xj] |an(t)’},q = oo.

The inequality is the best possible for p = 1 and sharp for 1 < p < eo. Equality is attained
for every function g such that

g(t) =M-gi(t) + pn1(t),

where M € R, p,_1 is an arbitrary polynomial of degree at most n— 1 and g, (t) is function
on |a,b] defined by

t (+ _ \h—1 1
8+(1) ::/a % Wi (s,0)| P~ sgnWy(s,0)ds, 1< p<eo (1.24)
i
t (4 \n—1
g (1) = /a %sgnwnﬁw(s,a)ds, p =oo. (1.25)
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1.2 Application to the one-point quadrature
formulae

Now we develop the weighted one-point formula for numerical integration. Let g : [a,b] —
R be some function and x € [a,b]. Let w: [a,b] — R be some integrable function. The
approximation of the integral | f w(t)g(t)dt will involve the values of the higher order
derivatives of g in the node x. We consider subdivision o = {xyp < x; < x2} of the interval
[a,b], where xg = a, x| = x and x, = b. Further, let {w,ij}jzlwn be w—harmonic sequences
on each subinterval [x;_1,x¢], k = 1,2, defined by the following relations:

w}j(t) = ﬁ /at(t — )Y w(s)ds, 1€ a,x]
1 1 ' i—1
wh(0) = /b (t — ) "w(s)ds, 1€ (x,b],
for j=1,...,n. Now we can state the following theorem

Theorem 1.7 If g : [a,b] — R is such that ¢\ is a piecewise continuous function, then

we have
b b
[ w05 = AL+ T+ (<1 [ Wl (6008 e,
(1.26)
where for j=1,...,n
Tow@) = X, Ac()g* V), (1.27)
j=2
further, for j=1,....n
—_1)/-1 b .
A}-(x) = ((j 1_)11)' / (x—s) " Iw(s)ds (1.28)
and
1 T n-1
| ) owi () = mfa(t—s) w(s)ds fort € [a,x],
el { Wh(0) = Gt = oy s forve ol 0

Proof. We apply identity (1.20) for m =2 and x; = x to get

n

/abw(t)g(t)dt = X0 ) = w0] gV ()

j=1
b
+ (0 [ Wl 0g 0,
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since w}j(a) =0and wéj(b) =0, for j = 1,...,n. Further, we compute
1 1 _ 1 b Y ds — (—1)/~14!
wij(x) =wyj(x) = ——=5 [ (x=s)/"wls)ds = (=1)"A;(x),
(] - 1) a
so the assertion of the Theorem follows. O

Remark 1.4 The identity in Theorem 1.7 was obtained in [85], so we may call it an
integral formula of Matié, Pecari¢ and Ujevic.

Remark 1.5 If we want formula (1.26) to be exact for the polynomials of degree at most
1, such that approximation formula doesn’t include the first derivative, the extra condition
A;(x) = 0 is required. From this condition we get

/ab(x —s)w(s)ds =0.

b N e
The solution x = M

Ja wis)ds

quadrature formula.

of this equation yields the node of the one-point Gaussian

Theorem 1.8 Let w : [a,b] — [0,00) be an integrable function and x € [a,b]. Further,

defined by the following relations:

wij(t) = ﬁ/at(t—s)j_lw(s)ds, t € [a,x]
wéj(t) = ﬁ./ht(t—s)j_lw(s)ds, t € (x,b],

forj=1,....2n+1. If g : [a,b] — R is such that g(z’“) is continuous function, then there
exists 1 € |a,b] such that

[ 080 = A W) + ) + A (e (130)

Proof. 1t is easy to check that Wa, ,,(¢,x) > 0, for t € [a,b], so we can apply integral mean
value theorem to the fab Way(2,%)g>" (¢)dt to obtain

2n
/  w(t)a(t)dt — > AL (1)gt (x) = g2 () - / ’ Wi, (1, x)dr. (131)
Ja j=1 Ja

We calculate

b X b
/ Wan(t,x) dt — / why (1)t + / why (0)dt
Ja a X

1 1 1
= W12n+1 ()C) —W2on+1 (X) = A2n+1 ()C),

so we get the assertion. U

Now we can state the L, —inequality for weighted one-point formula



