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Preface

Due to the scientific contribution of the Danish mathematician J. L. W. Jensen from 1905,
the theory of convex functions started to develop rapidly. The famous Jensen inequality, in
one of its elementary forms:

n n

f (i > pm) <23 pif () M
P i3 P 2

holds for a convex function f: I — R, where I is an interval in R, for an n-tuple

X = (x1,...,%,) € I", n > 2 and a nonnegative n-tuple p = (py,...,pn), such that

Py = 2:'1:1171' > 0.

The Jensen inequality is one of the most important and most frequently applied in a
diversity of mathematical fields, especially in mathematical analysis and statistics. It has
been improved, generalized and adjusted to various environments in this process. Often
referred to as “king of inequalities”, it has been linked to other important inequalities, e.g.
Young’s, Holder’s, Minkowski’s, Beckenbach-Dresher’s, Hilbert’s,. .. In this book, how-
ever, we present an aspect of development of Jensen’s famous inequality considering the
Jensen-type functionals in the first place, and then, in the second part, the results obtained
via a specific monotonicity principle. In order to do so, we make an almost one hundred
years shift in time, since the most important Jensen’s result has been established. Namely,
in 1996, S. S. Dragomir, J. E. Pecari¢ and L. E. Persson investigated the so called discrete
Jensen functional, deduced from (1), by subtracting its left-hand side from its right-hand
side. They proved that this functional was superadditive and increasing on the set of previ-
ously described n-tuples p in the case of a convex function f. This very result is the basis
for the variety of improvements, generalizations and applications to the classical inequali-
ties, presented in the first part of this book.

Thus in the second chapter, superadditivity on the space of real functions and mono-
tonicity as its consequence, are proved to be possessed by Jensen-type functionals (Jessen’s
and McShane’s functionals), both defined by means of a positive linear functional acting
on the space of real functions.

In a similar manner, the third chapter deals with Jensen-Steffensen’s and Jensen-Mer-
cer’s functionals, as well as with the Petrovi¢-type functionals, in their discrete and integral
forms, depending on which are superadditivity and monotonicity discussed on the set of
real n-tuples or on the set of real functions, with their specific conditions involved.

Inequalities related to Jessen’s functional that were analyzed in Chapter 2 are reexam-
ined and improved in the fourth chapter of the book, under some new assumptions and due



to some new results. In the same chapter, Jessen’s functional served as a basis in studying
superadditivity of the generalized form of the well known Levinson functional, as well.

What is of a special interest here is that for all of these functionals, their superadditivity
and monotonicity on the described sets provide their specific both-sided bounds, expressed
by means of the non-weight functionals of the same type. Presented refinements and con-
verses of a variety of classical inequalities are immediate consequences of such obtained
bounds.

Observe, for example, how widely this scope of investigation finally reached, that the
whole class of refinements and converses of the Hilbert inequality is established (Chapter
2), all by means of superadditivity of the Jensen-type functionals.

The fifth chapter is specific in its structure since it starts with some of the first published
results on superadditivity and then integrates a few different approaches to superadditivity.
These concern several classes of functionals that were studied recently, independently of
the previously described integrated research, but nevertheless significant in their contribu-
tion to this subject.

After this short digression, we go back to the unified approach to Jensen-type function-
als employed in this area of research, which leads us to the sixth chapter. Here we have a
transition from the domain of real analysis to the domain of the functional analysis. Thus
we have bounded self-adjoint operators on a Hilbert space as the arguments of the observed
Jensen-type functionals, and as applications — refinements and converses of the operator
mean inequalities: arithmetic-geometric, arithmetic-harmonic, arithmetic-Heinz,... Addi-
tionally, integral operator Jensen’s inequality with the correspondingly defined functional
is also studied, as well as the multidimensional Jensen’s functional for operators, with
some interesting applications to connections, solidarities and multidimensional weight ge-
ometric means.

In the seventh chapter, several refinements of the Heinz norm inequalities are derived,
by virtue of convexity of Heinz means and via the Jensen functional and, in the sequel,
some improved majorization relations and eigenvalue inequalities for matrix versions of
the Jensen inequality are also given.

A rich variety of the results of another group of authors is organized in the second part
of the book (chapters 8 to 11) and is based on a related, still different basic motivation.
Namely, in 1993 J. E. Pecari¢ investigated the method of interpolating inequalities which
have reversed inequalities of Aczél type. Using Jensen’s inequality and its reverse, he
proved that

n
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i=1 i=1 ni=1

nj=1

where f is a convex function on an interval I C R, x = (x1,...,x,) €[",n > 2, and p and q
are positive n-tuples such thatp > q, (i.e. p; > g, i=1,...,n; B, =X | pi, On =20 i)
By means of a simple consequence of this result (thoroughly described in Chapter 1), a
whole series of results has been improved, as it is presented in the latter part of this book.
Only a few years after (2) had been established, in 1996, as we have already mentioned,
S. S. Dragomir, J. E. Pecari¢ and L. E. Persson obtained the analogous result in their joint
paper, but as a consequence of a quite different approach — via superadditivity.

vi



Although it is evident that the same monotonicity property of the Jensen’s functional
is obtained twice — for the first time as a side-result incorporated in the interpolating in-
equalities, and for the second time — as a consequence of the superadditivity property, it is
interesting that the first result was not even mentioned or referred to when the other one
was published!

Now, let us outline the contents of the remained chapters.

In the eighth chapter, due to the monotonicity principle (2), various variants of the
converse Jensen inequality are studied, improved and generalized. The first set of such
results (generalizations are obtained for positive linear functionals and furthermore, on
convex hulls and on k-simplices) is motivated by the Lah-Ribari¢ inequality, as the most
important converse Jensen’s inequality, and the second set is grouped around the Giaccardi-
Petrovi¢ inequality. A large family of n-exponentially convex and exponentially convex
functions is therefrom constructed, as it is similarly done in the following chapters, as
well.

In the ninth chapter, we proceed with the applications of the monotonicity property (2)
in a similar manner, with two improvements of the Jessen-Mercer inequality presented,
as well as a generalization of the Jessen-Mercer inequality on convex hulls: the results
accompanied with a k-dimensional variant of the Hammer-Bullen inequality and with an
improvement of the classical Hermite-Hadamard inequality.

When mentioning the Hermite-Hadamard inequality, the improvements of its various
forms (the ones of Fejer, Lupag, Brenner-Alzer, Beesack-Pecari¢) are presented in the tenth
chapter. These improvements, as it will be seen, imply the Hammer-Bullen inequality and
are given in terms of positive linear functionals.

Finally, in eleventh chapter, several refinements of the Jensen operator inequality are
presented, for n-tuples of self-adjoint operators, unital n-tuples of positive linear mappings
and real valued continuous convex functions with the condition on the spectra of the op-
erators. Using these refinements, the refinements of inequalities among quasi-arithmetic
means, under similar conditions are obtained and, as an application of these results, a
refinement of inequalities among power means is additionally provided. The chapter is
concluded with the considerations on the converses of the generalized Jensen inequality
for a continuous field of self-adjoint operators, a unital field of positive linear mappings
and real valued convex functions, where new refined converses are presented using the
Mond-Pecari¢ method improvements.

Since this monograph integrates the whole variety of results that were previously pub-
lished by different authors in numerous papers, it was practically impossible, despite the
great effort, to quite unify the terminology and the notation in the book. Nevertheless,
starting with the introductory chapter, but also in each particular chapter, most of the used
terminology is defined and explained for the reader’s convenience. It is done, of course,
on the assumption that the reader is familiar with the basis in real and in functional mathe-
matical analysis.

Authors
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Chapter

Basic notation and
fundamental results

In this chapter, a brief review of some fundamental results on the topics in the sequel is
given and a several basic motivating ideas are presented.

1.1 Jensen’s inequality and its variants

Classical Jensen’s inequality is the starting point for the variety of the results in this
book. Therefore we give its discrete and integral forms in the first place, then some
closely related inequalities like Jensen-Steffensen’s, Jensen-Mercer’s, Holder’s, Hermite-
Hadamard’s etc., as well as some of their numerous variants and generalizations (e.g.
Jessen’s inequality and its multidimensional form — McShane’s inequality and, further-
more — their generalizations to the convex hulls.) Due to the close relation of Jensen’s
inequality to the class of convex functions, it is natural to start with the definition of con-
vex functions. More on this topic one can find e.g. in the monographs Convex Functions,
Fartial Orderings, and Statistical Applications by J. E. Pecari¢, F. Proschan and Y. L. Tong
or Convex Functions by A. W. Roberts and D. E. Varberg.



2 1 BASIC NOTATION AND FUNDAMENTAL RESULTS

Definition 1.1 Let I be an interval in R. Function f : I — R is said to be a convex
function on I if for all x,y €  and all A € [0,1]

fOx+(1=A)y) SAf(x)+(1=2)f () (1.1)

holds. If (1.1) is strict for all x,y € I, x #y and for all A € (0,1), then f is said to be
strictly convex. If the inequality in (1.1) is reversed, then f is said to be concave.

In geometric terms, a function is convex (concave) if the part of the graph of the func-
tion between two points on that graph lies below (above) the chord which connects these
two points, or, equivalently, if the epigraph of the function is a convex (concave) set.

In 1934 T. Popoviciu introduced the following generalization of the notion of convexity.

Definition 1.2 Function f : [a,b] — R is said to be n-convex, n € Ny, if for every choice
of mutually different points yo, ...,y, € [a,D]

Vo, yns f1 >0, (1.2)

where [yo,...,yn;f| denotes the n-th divided difference of the function f in yo,...,yn,
inductively defined with
i fl=rGi), i=0,....m,
05+ V=151 — V1o ks
oy f] = QoS m eyl -y (1.3)
Yo — Yk
If (1.2) is strict, then f is said to be a strictly n-convex function. If (1.2) is reversed, then
f is said to be an n-concave function.

Remark 1.1 According to the definition, the notion of 0-convexity corresponds to non-
negativity of the function f, 1-convexity describes the increasing function f, whereas 2-
convexity corresponds to convexity in the sense of Definition 1.1. Namely, f[xo,x1,x2] >0
if and only if f is a convex function.

As we previously announced, we finally quote the Jensen inequality which can also be
viewed as an alternative way of defining convex functions.

Theorem 1.1 (JENSEN’S INEQUALITY) Let I be an interval in R, function f : 1 — R be
convex on I and let p = (p1,...,pn) be a nonnegative n-tuple such that B, =Y | p; > 0.
Then for any X = (x1,...,x,) € I" the following inequality holds:

1 n 1 n
f(Fnileixi> < [Tngipif(xi)- (1.4)

If f is strictly convex, then (1.4) is strict, unless x; = ¢ for all i € {] 1pj> O}. If fis
concave, then (1.4) is reversed.

Here we also cite the accompanied reversed inequality for convex functions.



1.1 JENSEN’S INEQUALITY AND ITS VARIANTS 3

Theorem 1.2 (REVERSED JENSEN’S INEQUALITY) Let I be an interval in R, function
f:I—Rbeconvexonl andlet p= (py,...,pn) be a real n-tuple such that py >0, p; <0,
i=2,...,n, P, =% 1pi>0. Thenforx; €I (i=1,...,n), such that ¢ L " pixi €I the
following inequality holds:

( me) 25 Z (x;) (1.5)

It is worth mentioning that when Danish mathematician J. L. W. Jensen established the
inequality (1.4) in 1905 (see [91]), he originally did it for the class of midconvex (Jensen-
convex) functions, that is for the class of functions for which

s (x+y> < fO+10) (1.6)

2 2

Since comparison of means is at the core of the notion of convexity, let us firstly recall
some of the basic related definitions, with an accent on means that we are going to use
extensively in the following chapters. For more details on this subject, the reader may be
referred e.g. to [165].

Definition 1.3 Let M : I x I — I be a continuous function, where I is an interval in R. If
M satisfies the condition

inf{s,t} <M(s,t) <sup{s,t}, forall s.1€l,
then we say that M is a mean on the interval I.

The weight combinations M (x, p), where x and p are positive real n-tuples, x=(x1,...,x,)
and p = (p1,-..,pn), such that Y7 | p; = 1, can be defined in the same manner, with the
condition

inf{xy,...,x,} <M(x,p) <sup{xy,...,x,}, forall xp,...,x, €I

Let n € N and let x = (x1,...,x,) and p = (p1,..., pn) be positive real n-tuples such that
>, pi=1. A quasi-arithmetic mean associated to a strictly monotonic continuous func-

tion ¢: I — R is defined by
1 n
=o' [ Y piolx) |-
i=1

For n € N and for positive real n-tuples x = (xi,...,x,) and p = (p1,...,pn), such that
P, =" pi >0, a weight power mean of order r of x is defined by

1

(%,12?'711%36*)' , rER, r#£0;

M, (x.p) = (T )%, r=0; (1.7)
min{x,...,x,}, r— —oo;

max{xy,...,x,}, Fr—oo.



4 1 BASIC NOTATION AND FUNDAMENTAL RESULTS

Note that for @(x) = x” the weight power mean can be obtained as a special case of the
quasi-arithmetic mean. The following means are thus the special cases of the weight power
mean:

() My(x,p) =A, = Z pixi ... arithmetic mean,

(il) Mo(x,p) =G, = Hx” ' ... geometric mean,

1

n Pi
= lxl

(ii)) M_i(x,p) =H, = . harmonic mean.

Stolarsky’s means are another class of means which are of interest for us in some of
the following chapters. These are defined by

1

-1
] , P#0,1.

sp_l‘p

ps—pt

$y(s0) = |

The limiting cases p = 0 and p = 1 provide the definitions of the logarithmic and the
identric means, respectively:

s—t

SO(Svt) pll)l'%)Sp(S,t) IOgS—IOgl (S7 )7
WA

Si(s,t) = lim S =—| = =1I(s,1).

1(S, ) plin ( ) e (SS> (S, )

After this short digression, we go back to analyzing the Jensen inequality. Notice that
M, (x,p) = %ﬂﬂ’zl pix; represents a form of the weight arithmetic mean of xp,...,x,.
Hence Jensen’s inequality (1.4) assumes the following form:

f(Ml(x>p)) SAdl(f(x)’p)

There are many integral variants of the Jensen inequality. The proof of the following
theorem can be found e.g. in ([177, p. 45]).

Theorem 1.3 (INTEGRAL JENSEN’S INEQUALITY) Let (Q, </, ) be a measure space
with 0 < U (Q) < oo and let ¢ : Q — R be a p-integrable function. Let f : 1 — R be a
convex function such that Im@ C I and f o ¢ is a u-integrable function. Then

‘ 1
@Q/w(x)du(x) < mg/f((p(x))du(x)’ (1.8)

1
or: f(Mi(@:u)) <Mi(fo@;u), where Mi(@: ) = mé}/(p(x)d,u(x),Ml((p;u) el If

[ is a strictly convex function, then (1.8) becomes equality if and only if ¢ is a constant |
— almost everywhere on Q. If f is a concave function, then (1.8) is reversed.



1.1 JENSEN’S INEQUALITY AND ITS VARIANTS 5

Now the discrete Jensen inequality (1.4) is obtained by means of the discrete measure
uwonQ={1,...,n}, with u ({i}) = p;, and ¢ (i) = x;.

Another integral variant of Jensen’s inequality is based on the notion of the Riemann-
Stieltjes integral, for which a brief outline is given here. One can find more information on
the Riemann-Stieltjes integral in ([195]).

Let [a,b] C R and let f, @ : [a,b] — R be bounded functions. To each decomposition
D = {1to,t1,...,1,} of [a,b], such thattg <1 < --- < 1,_1 <1, Stieltjes’ integral sum

S0P 1) = 3 F ) (0 () — 0 (1))
=1

is assigned, where y; are from [f;_1,%], i € {1,2,...,n}. These sums will be denoted with
o (f, ;D) in the sequel.

Definition 1.4 Let f,¢ : [a,b] — R be bounded functions. Function f is said to be
Riemann-Stieltjes integrable regarding function @ if there exists I € R such that for every
€ > 0 there exits a decomposition Dy of |a,b], such that for every decomposition D 2 Dy
of [a,b] and for every sum & (f,¢;D)

|6(fa(p;D)_I| <ée

holds. The unique number I is the Riemann-Stieltjes integral of the function f regarding
the function ¢ and is denoted with

/a " £y do ). (1.9)

The Riemann-Stieltjes integral is a generalization of the Riemann integral and coin-
cides with it when @ is an identity.
The notion of the Riemann-Stieltjes integral is narrowly related to the class of the
functions of bounded variation.
Let ¢ : [a,b] — R be areal function. To each decomposition D = {1y,,...,t, } of [a,D]
such that
a=th<t1 <<t <t,=b (1.10)

belongs the sum
n
V(D) =Y |o (1) = @ (1i-1)].
i=1
which is said to be a variation of the function ¢ regarding decomposition D.

Definition 1.5 Function ¢ : [a,b] — R is said to be a function of bounded variation if
the set {V (¢;D) : D € P} is bounded, where 9 is a family of all decompositions of the
interval (1.10). Number

V(p)=sup{V(¢:D): D€ 7}

is called a total variation of the function .



6 1 BASIC NOTATION AND FUNDAMENTAL RESULTS

Theorem 1.4 The following assertions hold:

a) Every monotonic function f : [a,b] — R is a function of bounded variation on |a,b]

and V() = 1f(b) — f(a)l;
b) Every function of bounded variation is a bounded function;

¢) If f and g are functions of bounded variation on [a,b), then f + g is a function of
bounded variation on [a, D).

Theorem 1.5 Ler f be a function of bounded variation on |a,b). Then
a) f has at most countably many of step discontinuities on |a,b);

b) f can be presented as f = sy + g, where step-function sy and continuous function g
are both functions of bounded variation on [a, D).

Theorem 1.6 Let f: [a,b] — R be a continuous function and ¢ : [a,b] — R be a function
of bounded variation. Then there exists the Riemann-Stieltjes integral (1.9) and

<V (@) max [f(z)].

tela,b)

b
| 10do

Regarding the Riemann-Stieltjes integral, we now induce yet another integral form of
Jensen’s inequality, dealt with in one of the following chapters (for more details on this
topic, the reader is referred to [177, p. 58]). It reads as follows:

1 p | 5
f(W/a gmdk(t)) = m/d Flg()dA (1), (111)

where g : [, B] — (a,D) is a continuous function, —eo < 0t < ff < o0, —e0 < g < b < oo,
f:(a,b) — Ris aconvex function and A : [a, ] — R is an increasing function, such that
A(B) # A ().

In 1919 J. F. Steffensen proved that inequality (1.4) held when the condition on non-
negativity of the n-tuple p was relaxed, but with simultaneously restricted choice on x. In
a more general form, Steffensen’s theorem reads as follows.

Theorem 1.7 (JENSEN-STEFFENSEN’S INEQUALITY) If f: I — R, I C R, is a convex
function, x € I" is a monotonic n-tuple and p is a real n-tuple such that

P,>0 and 0<P, <P, 1<k<n—1,
where P, = Zle pi, k=1,...,n, then inequality (1.4) holds.

Recently, J. E. Pecari¢ provided yet another proof of Theorem 1.7 and one can find it
in [177, p. 57]. Integral variants of the previous theorem will be discussed in one of the
following chapters.

In 2003 A. McD. Mercer proved yet another variant of Jensen’s inequality (see [134]).
In a slightly generalized form his theorem is stated as below.
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Theorem 1.8 (JENSEN-MERCER’S INEQUALITY) Let [a,b] be an interval in R and x =
(X1,-..,%,) € [a,b]". Suppose p = (p1,...,pu) is a nonnegative real n-tuple such that
P,=Y",pi>0. If f:]a,b] =R is a convex function, then the following inequality
holds:

n n
f(aer%ZPixi) Sf(a)Jrf(b)*%ZPif(Xi)- (1.12)
n =1 n =1
What is of an additional interest here is that in 2005 S. Abramovich et.al. in [2] proved
another variant of Jensen-Steffensen’s inequality, which included Mercer’s original result
as its special case. Jensen-Mercer’s inequality was proved under the Steffensen’s condi-
tions as in Theorem 1.7.

Theorem 1.9 (see [2]) Let [a,b] be an interval in R and let x € [a,b]" be a monotonic
n-tuple. Suppose p is a real n-tuple, such that

P,>0 and 0<P, <P, 1<k<n-—1, (1.13)

where P, = 2{»‘:1 pis k=1,2,....n. If f:[a,b] — R is a convex function, then inequality
(1.12) holds.

An integral variant of the previous theorem will be discussed in one of the following
chapters.

Strongly related to Jensen’s inequality is the converse Jensen inequality. Although
there are more variants of its converses, some of which are going to be explored in one of
the following chapters, here we single out the Lah-Ribari¢ inequality as one of the most
significant ones (see [125] or, for example, [151, p. 9]).

Theorem 1.10 (LAH-RIBARIC) Let f: [a,b] — R be a convex function on [a,b], x; €
n

la,b], pi>0,i=1,....,nand Y, p; = 1. Then the following inequality holds:
i=1

< b—Y! | pixi | pixi —
3, pif ) < P g 4 LD ) (1.14)
i=1

If f is strictly convex, then (1.14) is strict unless x; € {a,b}, forall i € {] 1pj > O}.

In 1931 Jensen’s inequality (1.4) was investigated by B. C. Jessen, who generalized it
by means of the positive linear functional acting on a space of real functions.

Let E be a nonempty set and L a linear class of functions f : E — R which possesses
the following properties:

Ll: If f,ge L, thenaf+Pge L, forall o, f €R;
L2: 1 €L, thatis, if f(x) =1,x € E, then f € L.
We consider positive linear functionals A : L — R, or in other words we assume:

Al: A(af+Bg) = aA(f)+ BA(g), for f,g € Land o, € R,
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A2: If f(x) > Oforall x € E, then A(f) > 0.
If additionally the condition
A3: A(1) =1

is satisfied, we say that A is a normalized positive linear functional or that A(f) is a linear
mean on L.
In the described environment we cite the Jessen’s result.

Theorem 1.11 (JESSEN’S INEQUALITY) Let E be a nonempty set and let L be a linear
class of functions f : E — R which possesses the properties L1 and L2. Suppose ® : [ — R,
I C R is a continuous and convex function. If A : L — R is a normalized positive linear
functional, then for all f € L, such that ®(f) € L we have A(f) € I and the following
inequality holds:

D(A(f)) < A(D(f)). (1.15)

In 1937 E. J. McShane gave an important generalization of Jessen’s inequality, in his
paper [133]. He observed @ in (1.15) as a function of several variables. Namely, vector
function f: E — R" was defined with f(x) = (f1(x),..., fa(x)), where i € L,i=1,...,n.
Such multidimensional generalization of (1.15) is described in the following theorem.

Theorem 1.12 (MCSHANE’S INEQUALITY) Let E be a nonempty set and let L be a lin-
ear class of real functions defined on E, which possesses the properties L1 and L2. Let K C
R" be a closed convex set and let @ : K — R be a continuous convex function. IfA: L — R
is a normalized positive linear functional, then for all functions £ = (fi,..., f,) € L", such
that ®(f) € L we have A(f) € K and the following inequality holds:

B(A(D)) < A(D(E). (1.16)

In the previous theorem, acting of the functional A to the vector function f = (f1,..., f,)
is defined with A(f) = (A(f1),...,A(fn))-

One can find the proofs of the theorems 1.11 and 1.12 in [177, from p. 47].

When dealing with the positive normalized linear functionals, we need to mention
that in 1985 J. Pecari¢ and P. R. Beesack presented a corresponding generalization of the
Theorem 1.10. Namely, they proved that for a convex function f defined on an interval
I =[mM] CR, (—eo<m <M < eo)and for all g € L such that g(E) C I and f(g) € L the
following inequality holds:

M—A(g)

A(f(8)) < =7 = f (m) + === (M). (L.17)
—m

As for the generalized forms of the Jensen-type inequalities in this setting, let us men-

tion here the generalization of the Jensen-Mercer inequality (1.12) which involves positive

normalized linear functionals and is called the Jessen-Mercer inequality.

Theorem 1.13 (JESSEN-MERCER’S INEQUALITY) Let L satisfy L1, L2 on a nonempty
set E, and let A be a positive normalized linear functional. If ¢ is a continuous convex
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function on [m,M), then for all f € L such that ¢ (f),@(m+M— f) € L (so that m <
f(@t) <M forallt € E), we have

0 (m+M—A(f) < @ m)+ 0 (M) A0 (7). (1.18)
If the function @ is concave, then (1.18) is reversed.

In some of the following chapters we deal with the generalizations of Jensen’s and
related inequalities on convex hulls in R¥ and, as a special case, on k-simplices in R¥. For
that purpose we define the mentioned notions.

The convex hull of the vectors xi,...,x, € R* is the set

n n
K:co({xl,...,xn}):{ OC,')C,'|OC,'ER,O(,’ZO, Ot,'Zl}.
i=1 i=1

Barycentric coordinates over K are continuous real functions Ay, ..., A, on K with the
following properties:

Ai(x) >0, i=1,...,n,
n
Zli(x) = 17
i=1
n
x =Y Ai(x)x. (1.19)
i=1
The k-simplex S = [vy, ..., v 1] is a convex hull of its vertices vi ..., v 1 € RF, where
V2= Vi, Vkrl — V1 € R¥ are linearly independent.
As an illustrative example serves a generalization of the result (1.17) that was obtained
in [88], where for x|, ...,x, € RX, K = co({x1,...,x,}), as well as for a convex function f

on K, barycentric coordinates Ay, ..., A, over K and for all g € L¥ such that g (E) C K and
f(g),Ai(g) € L,i=1,...,n, the inequality

A(F(9) < 3 A(u(g)) £ (x1) (1.20)

holds.

1.1.1 n-exponentially and exponentially convex functions

Notions of n-exponentially and exponentially convex functions are going to be explored in
some of the following chapters. For that purpose we define them here and provide some of
their characterizations.

Definition 1.6 A function y: I — R is n-exponentially convex in the Jensen sense on |

if
S agv(152) 20

i,j=1
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holds for all choices & e Randx; €1, i=1,...,n.
A function y: I — R is n-exponentially convex if it is n-exponentially convex in the
Jensen sense and is continuous on I.

Remark 1.2 It is clear from the definition that 1-exponentially convex functions in the
Jensen sense are in fact nonnegative functions. Also, n-exponentially convex functions in

the Jensen sense are k-exponentially convex in the Jensen sense for every k € N, k < n.

The following proposition follows by the definition of positive semi-definite matrices
and by utilizing some basic linear algebra.

Proposition 1.1 If y is an n-exponentially convex function in the Jensen sense, then the

k
Xi+Xx;j
matrix [uf ( S )} is a positive semi-definite matrix for all k € N, k < n. Particu-

2 Jlij=

. . k
larly, det [UI (x, J;)g)} >0, forallkeN, k<n.
ij=1

Definition 1.7 A function y: I — R is exponentially convex in the Jensen sense on I if
it is n-exponentially convex in the Jensen sense for all n € N.

A function y: I — R is exponentially convex if it is exponentially convex in the Jensen
sense and is continuous on I.

Definition 1.8 A positive function y is said to be logarithmically convex (or log-convex)
on an interval I C R iflog y is a convex function on I, or equivalently, if

w(Ax+(1=A)y) < vty ()

holds for all x,y € I and A € [0,1].
A positive function  is log-convex in the Jensen sense if

X+
v’ (Ty> <y (v ()
holds for all x,y € I, i.e., iflog y is convex in the Jensen sense.

Remark 1.3 It is known (and easy to show) that w : I — R is a log-convex in the Jensen
sense if and only if
xX+y
ay)-+ 20y (57 +Bw0) 20

holds for every o, B € R and x,y € I. It follows that a function is log-convex in the Jensen-
sense if and only if it is 2-exponentially convex in the Jensen sense.

Also, using basic convexity theory it follows that a function is log-convex if and only
if it is 2-exponentially convex.

We will also need the following result (see for example [177]).
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Proposition 1.2 If WY is a convex function on an interval I and if x; < yi, x3 < yp,
X1 # X2, Y1 # Y2, then the following inequality is valid:
Plxa) —¥lw) _ ¥l2) =Y

< (1.21)
X2 — X1 Y2 =1

If the function ¥ is concave, the inequality reverses.

When dealing with functions with different degree of smoothness, divided differences
are found to be very useful.

Remark 1.4 Definition 1.2 provided the notion of the second order divided difference,
needed in the sequel. The value [yg,y1,y2; f] is independent of the order of the points yg,y;
and y,. This definition may be extended to include the case in which some or all the points
coincide. Namely, taking the limit y; — yg, we get

S (2) = f(vo) = f'(v0) (2 — yo)
(y2—y0)?

y}gn;obo,yl,yz;f] = [yo,y0,y2: f] = . Y2 # Yo,

provided f’ exists, and furthermore, taking the limits y; — yo, i = 1,2 we get

/!
. . 0
lim 1im [yo,y1,y2:f] = o, y0.v0: /] = J700) ),
Y2—=Y0 Y10 2

provided that f” exists.

We will use an idea from [90] to give an elegant method of producing n-exponentially
convex functions and exponentially convex functions, applying some functionals to a given
family with the same property.

1.2 Some classical inequalities

In this section we give an outline of some important classical inequalities to which we
will often refer throughout the following chapters. Namely, refinements and converses
of arithmetic-geometric, geometric-harmonic inequalities, as well as Young’s, Holder’s,
Minkowski’s, Hilbert’s and some other classical inequalities are going to be presented
throughout this monograph. The reader can find more details on these topics, as well as
the results with the corresponding proofs e.g. in [151], [165] or [177].

Theorem 1.14 (WEIGHT ARITHMETIC-GEOMETRIC MEAN INEQUALITY) Let n € N,
n>2,x1,...,%, >0, 04,...,0, € (0,1) such that ¥}, c; = 1. Then the inequality

n n
Y aixi > [ [+ (1.22)
i=1 i=1

holds. Equality holds for xy = - -+ = x,.
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Corollary 1.1 (WEIGHT GEOMETRIC-HARMONIC MEAN INEQUALITY) Letn€ N, n >
2,x1,...,%, >0, 01,...,0, € (0,1) such that ¥} o;; = 1. Then

n 1
i=1 i=1 %
holds. Equality holds for x; = --- = x;,.
Remark 1.5 From (1.22) and (1.23) and for oy = --- = o, = + we get the classical

n
arithmetic-geometric-harmonic mean inequality:

1

1 & no\" n
; ;xl’ Z l_!xl Z n 1 (124)
i= i=

i=1 %
with corresponding equalities obtained for x; = --- = x;,.

Family of so called Heinz means, denoted with H, interpolates arithmetic and geomet-
ric mean of nonnegative real numbers a and b and is defined by

aVb1*V + alfvbv

Hv(a»b) = 2 9

velo1]. (1.25)

Obviously,
a+b
i 2 .

Following inequality is closely related to the arithmetic-geometric mean inequality.

Vab < Hy(a,b) (1.26)

Theorem 1.15 (YOUNG’S INEQUALITY) Let f : [0,00] — [0, 0] be an increasing contin-
uous function such that f(0) = 0 and lim f(x) = eo. Then for all a,b >0
X—00

ra b
ab < / Fx)dx+ / £ () dx, (1.27)
JO JO
holds. Equality holds if and only if b = f(a).

Remark 1.6 If the function f in Theorem 1.15 is defined with f(x) = x"~!, p > 1, we
get

P pd
ab < “;+;, (1.28)

where % + % = 1, and the connection with the arithmetic-geometric mean inequality be-
comes obvious.

Young’s inequality is a starting point for Holder’s inequality.
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Theorem 1.16 (DISCRETE HOLDER’S INEQUALITY) Let a;, b, i =1,...,n be complex
numbers and for p > 1 let q be defined by % + é = 1. Then for all n € N the following
inequality holds:

Zlab = <2lazlp>l <2lb Iq) (1.29)

Equality in (1.29) holds if and only if the n-tuples ay,...,a, and by,...,b, are propor-
tional.

Remark 1.7 For p =2 inequality (1.29) is the well known Cauchy-Schwarz inequality.

Holder’s inequality can be observed in a more general environment, involving the pos-
itive linear functionals acting on the space of real functions. For that purpose we refer to
the notation induced in the previous Section 1.1 and cite the following result.

Theorem 1.17 Let E be a nonempty set and L be a linear class of real functions defined

on E, which satisfies properties L1 and L2. Suppose p; > 1,i=1,...,n are such that
1

v 15 = =1. Let f € L, i =1,...,n be nonnegative functions, such that [T\_, f"" € L is
a nonnegatlve Sfunction. If A : L — R is a positive linear functional, then the following
inequality holds:

A(Hffi) <147 (f)- (130)
i=1 i=1

The Minkowski inequality can also be observed in the discrete and in a more general
setting.

Theorem 1.18 (DISCRETE MINKOWSKI’S INEQUALITY) Leta;, b;,i=1,...,nbecom-
plex numbers and let p > 1. Then for all n € N the following inequality holds:

n % n 1% n 1%
Sarnr) < (Siar) + (Swr) (130
i=1 i=1 i—1

Theorem 1.19 Let E be a nonempty set and L be a linear class of real functions defined
on E., which satisfies properties L1 and L2. Suppose p > 1. Let fi € L,i=1,...,n be
nonnegative functions, such that fip, (X, fi)P € L. IfA:L — R is a positive linear
functional, then the following inequality holds:

KZﬁ)p] i% (1.32)

In the early years of the last century two fundamental inequalities were proved. The
first one was discrete.

't:l'—
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Theorem 1.20 Let (an),, .y and (by),.N be nonnegative real sequences such that
Yy <ooand Y| bl < oo. Suppose that for p > 1 q is defined by % + é = 1. Then

1 1
Sy T (s [$p) 133
it (Za) (Z0). ww

unless (am),,cN 07 (bn),cN is a null-sequence.

The second inequality was obtained in the integral form.

Theorem 1.21 Let f and g be nonnegative integrable functions such that [ fP(x)dx < eo
and [y g?(y)dy < eo. Suppose that for p > 1 is q defined by % + é = 1. Then

/om/om%giy)d sin( (/ o dX) (/Omgq(y)dyy, (1.34)

unless f or g is a null-function.

The bilinear form Y, _; >, ‘:;l’fz from (1.33) was in the first place investigated and
estimated by D. Hilbert in the nineteenth century, and thus both inequalities were named
after him as Hilbert’s inequalities. Their significance became obvious later in the 20th
century, for its many generalizations, improvements and various proofs have been given
by numerous famous mathematicians, for example, L. Fejér, G. H. Hardy, J. Littlewood,
G. Polya, I. Schur and many others. The detailed approach to this subject was given in the
monograph [83]. Recent results on Hilbert’s inequality, including the following one that
unifies its discrete and the integral case are presented in the monograph [122].

Theorem 1.22 Ler Q C (0,00). Suppose p and q are conjugate parameters, i.e. % + é =1
such that p > 1 and let K: QxQ —- R, ¢: Q — R and y: Q — R are nonnegative

measurable functions. Let F,G: Q — R be defined by
K(x,y) K(x,y)
F(x)= / d d G(y)= / d , 1.35
)= v0) () and Gy)= | 010y M (x) (1.35)

where Wy and Ly are o-finite measures. Then for any choice of nonnegative measurable
Sunctions f,g: Q — R the following inequality holds:

L [ K)o ()dua(y)

V o7 (x (x)dp (x } {/ wi(y 1(v)dua(y )r- (1.36)

Many important inequalities are established for the class of convex functions, but one
of the most famous is the Hermite-Hadamard inequality. This double inequality, which
was first discovered by C. Hermite in 1881, is stated as follows (see for example [177, p.
137]).
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Theorem 1.23 (HERMITE-HADAMARD) Let f be a convex function on [a,b] C R, where

a < b. Then ) . . )+ f(B)
a—+ a)+

This result was later incorrectly attributed to J. S. Hadamard who apparently was not
aware of Hermite’s discovery and today, when relating to (1.37), we use both names. It is
interesting to mention that the term convex also stems from a result obtained by Hermite in
1881.

Note that the first inequality in (1.37) is stronger than the second one.

The following inequality will be referred to as Hammer-Bullen’s in the sequel. Its
geometric proof was given in [79] and the analytic one in [46] (see also [177, p. 140]).

Theorem 1.24 (HAMMER-BULLEN) Let f be a convex function on [a,b] C R, where

a <b. Then
b b
— f(x)dxf<a42rb)§f(a)42rf(b)bia/a PR,

For the sake of further considerations throughout this monograph, we conclude this
section with recalling two famous theorems: the Lagrange and the Cauchy mean value
theorems, where the first one is a special case of the latter.

Theorem 1.25 (LAGRANGE MEAN VALUE THEOREM) If a function f is continuous on
the closed interval [a,b], where a < b and differentiable on the open interval (a,b), then
there exists point ¢ in (a,b) such that

Theorem 1.26 (CAUCHY MEAN VALUE THEOREM) If f and g are continuous functions
on the closed interval [a,b], where a < b, if g(a) # g(b), and both functions are differen-
tiable on the open interval (a,b), then there exists at least one point c in (a,b), a < c < b,
such that

1.3 C*-algebras. Operators on a Hilbert space

Dealing with the Jensen-type functionals whose real arguments are substituted with the
bounded self-adjoint operators acting on a Hilbert space, the ones that we are also going
to investigate in the sequel, requires additional overview of some basic notions and results.
These concern C*-algebras and the theory on operators on a Hilbert space. For a more
detailed analysis, the reader is referred to e.g. [15] and [74].
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Recall that a linear space < over the field F, together with the multiplication (x,y) —
Xy, X,y € o/, constitutes an algebra if the mapping (x,y) — xy possesses the following
properties:

(y)z=x(yz), x(v+2)=xy+xz, (r+ylz=xz+yz
(ax)y = a(xy) = x(ay),
for all o € F and for all x,y € 7. If F = R, algebra is called a real algebra and if F = C,
we call it a complex algebra. If there is an element 1 in &/ such that x- 1 = 1-x = x, for all
x € o, then we say that o7 is an algebra with the unit 1.

Mapping x — ||x|| defined on an algebra 7 and with the values in R is a norm on
o/ if the following conditions are satisfied: x — ||x|| is a norm on the linear space of <
[lxyll < llxIllIyll; x,y € <, and, if <7 has a unit 1, then ||1|| = 1. Ordered pair (<7, || -||) is
called a normed algebra. Normed algebra is called a Banach algebra if the normed space
of o7 is a Banach space, that is a complete normed vector space.

Involution on algebra <7 is a conjugate linear mapping x — x* on 7, such that x** = x
and (xy)* = y*x*, for all x,y € 7. Ordered pair (<7, ) is called an involutive algebra or a
*-algebra. Now, a *-algebra <7 equipped with the complete submultiplicative norm such
that ||x*|| = ||x||, for all x € &7 constitutes a Banach *-algebra.

Finally, Banach *-algebra is a C*-algebra if for every x € o7, C*-identity ||x*x|| = ||x[|>
holds. We say that a C*-algebra is unital if it contains the unit 1. The element a € &7
is called: self-adjoint if ¢ = a*, normal if a*a = aa™ and is called unitary (in the unital
algebra) if a*a = aa® = 1. A standard example of the unital C*-algebra is the scalar field
C, where the involution is represented as the complex conjugation.

The environment that is of an interest for us in the sequel is the one of the bounded
linear operators on a Hilbert space, which we therefore specify here.

A Hilbert space H is a (complex) vector space H that is complete regarding the metric
d(x,y) = ||x—y|| defined by the norm which is induced by an inner product ||x|| := (x,x) 3.
In other words, Hilbert space is a complete unitary space.

A linear operator A on a Hilbert space H is bounded if

|A]] := sup{||Ax]|| : ||x|| < L, x e H} < oo.

We say that ||A|| is an operator norm of A. The sum and the composition of the bounded
linear operators is again a bounded linear operator. The mapping (x,y) — (Ax,y) is linear
and continuous and according to the Riesz representation theorem (see e.g. [16]), it follows
that

(x,A"y) = (Ax,y), for A*yeH.

Thus another bounded linear operator A* on H is defined and A*™* = A. Bounded (hence
continuous) linear operators on H together with an operator norm and the corresponding
involution constitute a C*-algebra denoted with Z(H ). Spectrum of an operator A € Z(H )
is defined with

o(A):={A € C:A—Algnotinvertible in A(H)},

where 1y is a unit operator on H. This set is non-empty and compact for operators in
Z(H). A bounded linear operator A on a Hilbert space H is self-adjoint if A = A*. The
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following characterization holds: A € Z(H) is self-adjoint if and only if (Ax,x) € R, for
allxe H.

Bounded self-adjoint operators constitute the subspace of the C*-algebra of all bounded
linear operators and is denoted with %, (H ). We induce the partial ordering in %, (H).

Definition 1.9 Operator A € %), (H) is positive semidefinite or positive (A > 0) if (Ax, x)
>0, for all x € H. Positive semidefinite operator A € %y, (H) is positive definite or strictly
positive (A > 0) if there is a real number m > 0 such that (Ax,x) > m(x,x), x € H, that
is A > mly. For operators A\B € #,(H) is B>A or A< B if B—A>0, that is if
(Bx,x) > (Ax,x), forall x € H. Such ordering is called an operator ordering. In particular,
Sor scalars m and M is mly <A < Mly if m < (Ax,x) <M, for every unit vector x € H.

If for a self-adjoint operator A is 6(A) C [m,M], thenmly <A < Mly.

The set of all positive operators in %;,(H) is a convex cone in %, (H) which defines
the order “<” on %, (H ). This convex cone is denoted with 2" (H). The set of all strictly
positive (or positive invertible) operators in %, (H) is denoted with 7 (H).

The continuous functional calculus is based on the Gelfand mapping ® which is a
*-isometric isomorphism from the space C(c(A)) of all continuous functions that act on
the spectrum o(A) of a self-adjoint operator A on H, onto the C*-algebra C*(A) generated
with A and the identity. This mapping has the following properties:

(i) @(of +Bg) = a®(f)+LPD(g),

(i) @(fg) = (f)P(g) and ®(f) = D(f)",
(i) 1PN =IIf1l:= sup |f(1)],

teo(A)
(iv) ®(fy) = Ly and ®(f;) = A, where fy(r) =1 and f1(¢) =1,
f,g€C(o(4)), a,peC.
Thus the continuous functional calculus

F(4) = o(f) (1.39)

provides acting of the function f € C(0(A)) on the self-adjoint operator A itself.

In that sense, if A is a positive operator and fj 5 (1) = /7, then A2 = f1/2(A).

Furthermore, if A is a self-adjoint operator and f is a real valued continuous function
defined on o (A) such that f(¢) > 0, for all € o(A), then f(A) >0, i.e. f(A) is a positive
operator.

The following order preserving property is a consequence of the continuous functional
calculus.

Lemma 1.1 Let A € B,,(H) and let f, g € C(a(A)).
Iff(t) > g(t), forallt € o(A), then f(A) > g(A). (1.40)

Additionally, f(A) = g(A) if and only if f(t) = g(t), for allt € o(A).
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1.4 Operator monotone and operator convex
functions

Denote with C([m,M]) the set of all real valued continuous functions on [m,M] C R.

Definition 1.10 We say rhat the function f € C([m,M)) is operator monotone if it pre-
serves the operator order: if A < B then f(A) < f(B), for all self-adjoint operators A, B
on a Hilbert space H, such that 6(A),c(B) C [m,M].

Definition 1.11 We say rthat the function f € C([m,M)) is operator convex if for all self-
adjoint operators A, B on a Hilbert space H, such that c(A),c(B) C [m,M] and for all
A €[0,1]

F(1=AA+AB) < (1—-A)f(A)+Af(B). (1.41)

We say that the function f € C([m,M]) is operator concave if — f is operator convex, that
is if inequality (1.41) holds with the reverse sign.

Example 1.1 Function f: R — R, f(¢) = a+ ¢ is operator monotone function, for all
o € Rand 8 > 0 and is operator convex for all o, B € R, (see [74]).

Example 1.2 Function f: (0,.0) — R, f(¢) = —1 is operator monotone on (0,), (see
[74]).

The following characterization holds.

Theorem 1.27 Let f: [0,00) — [0,00) be a continuous function. Then f is operator
monotone if and only if f is operator concave.

The Lowner-Heinz inequality is a very important result which dates from 1934. For
more details and the proof, see [74].

Theorem 1.28 (LOWNER-HEINZ INEQUALITY) Let A and B be positive operators on a
Hilbert space H. If A > B > 0, then A" > B, forall r € [0,1].

In other words, function f: [0,00) — R, f(¢) =" is operator monotone on [0,eo), for
all € [0,1].

Remark 1.8 If we observe different examples of the operator functions and compare their
monotonicity and convexity on R with their operator monotonicity (convexity), we see that
there are some aberrations. Thus for example, the function f: [0,00) — R, f(¢) = isn’t
operator monotone, although it is a monotone real valued function when defined on R.
Similarly, the function f: [0,e0) — R, f(¢) =3 isn’t operator convex, although it is convex
as a real valued function defined on R. For more examples the reader is referred to [74].
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Regarding the previous considerations and among many existing variants of operator
Jensen’s inequalities, we single out the one proved by B. Mond and J. Pecari¢ in [156]. It
states that

f (i W,'(I),'(A,')> < 2": w;D; (f(A,)) , (1.42)
i=1 i=1

for operator convex functions f defined on an interval I, where ®; : Z(H) — A(K), i =
1,...,n, are unital positive linear mappings, Ay, ...,A, are self-adjoint operators with the
spectrain I and wy,...,w, are non-negative real numbers with > | w; = 1.

1.5 Connections and solidarities. Operator means

The theory of operator means for positive linear operators on a Hilbert space was estab-
lished and for most part developed by T. Ando and F. Kubo, (see [123]). In this process
they used the results from the Lowner’s theory on operator monotone functions. In the
monograph [74] one can find more details on this topic.

Operator means are defined via connections.

Definition 1.12 A binary operation (A,B) € 7 (H)x %" (H) — AcB € #" (H) in the
cone of positive operators on a Hilbert space H is called a connection if the following
conditions are satisfied:

(i) monotonicity: A < Cand B< D implyAcB<CoD,
(ii) upper continuity: A, | Aand B, | B imply A,0B, | Ao B,
(iii) transformer inequality: T*(Ac B)T < (T*AT)o (T*BT), for every operator T.
If the normalized condition
(iv) lgoly =1y,
is satisfied, then we say that the connection is an operator mean.

A, | Ain condition (i) denotes the convergence of {A,}, A, € B, (H), A1 > Ay > -+,
to A € Bj,(H), in the strong operator topology.

If T is an invertible operator, then in (iii) the equality sign holds.

Furthermore, the following homogeneity property holds:

o(AoB)=(aA)o(aB), forall a>0.
Connections posses the property of joint concavity. More precisely, the inequality

(AA1+(1—2A)B1) 0 (AAs+ (1 —A)Bs) > A(A; 0A2) + (1 —A)(B1oBy)  (1.43)
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holds for A € [0,1] and A1,Az, By,By € B (H).
Let us recall the basic operator means. Arithmetic mean is defined by

AVB = %(A—FB), (1.44)

where A, B€ #" (H).
Parallel sum A : B of operators A, B € %+ (H) is defined by

A:B=(A"4B ! (1.45)
and is a connection. Harmonic mean is defined as a normalized parallel sum by
-1
|
AlB= E(A +B ) . (1.46)
Geometric mean is defined by

L
2

AtB=A? (A*%BA*%) AS, (1.47)

Nl—

where A € "1 (H) and B€ #"(H).
Linear combination of two connections is defined as follows: if o, T are connections
and a, b are nonnegative real numbers, then

A(ac +b7)B=a(Ac B)+b(ATB). (1.48)

Thus in particular the class of operator means is a convex set.
Furthermore, respecting the order properties, if 6 > 7 then Ao B > ATB, for all A,
B € 27" (H). Hence the following inequalities hold:

A!B<A#B<AVB. (1.49)

The basic result of the theory developed by F. Kubo and T. Ando concerns the isomor-
phism between connections and the nonnegative operator monotone functions.

Theorem 1.29 (KUBO-ANDO) Let 0 be a connection. If for a function f: [0,00) — R
andt >0
f(l‘)l[-]=1[-10'(l‘1[-1), (1.50)
then f is nonnegative and operator monotone function on [0,0) and the following state-
ments are true:
(i) There is an isomorphism between the classes of all connections and all nonnegative
operator monotone functions on [0,°). Furthermore, for all A,B € % (H) andt >0 is

Ao1B<AoBifandonlyif fi(t) < f2(1),

where 01 — f1, and 0y — f> are the isomorphisms.
(ii) If A is an invertible operator, then Ac B = A%f(A’%BA’% )A%
(iii) The connection o is an operator mean if and only if f is a normalized function,

ie. f(1)=1.
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The operator monotone function f is called a representation function for the connection
o. Since by Theorem 1.27 a continuous function f: [0,e0) — [0,e) is operator monotone
if and only if f is operator concave, it follows that the representation function f is an
operator concave function.

Hence we have the following representation functions for the arithmetic, harmonic

and geometric mean: fy(t) = 4, fi(t) = f—j{t and f;(r) = /1. Thus inequalities fy (1) >

fi(t) > fi(t) imply the corresponding operator mean inequalities: V > # >!.
Operator means posses two important properties.

Theorem 1.30 Operator mean G possesses the property of subadditivity, that is
AcC+BoD<(A+B)o(C+D), (1.51)
as well as of the joint concavity:
A(AcC)+(1—=A)(BoD) < (AA+(1—A)B)o(AC+(1—A)D), (1.52)
where A,B,C,D € %7 (H), A € 0,1].
In the sequel we observe the weight operator arithmetic mean
AVyB=(1—-Vv)A+ VB, (1.53)

ve0,1] and A,B € #"(H), then the weight operator geometric mean
Lol I\ 1
Aty B=A (A } BA z) A% (1.54)
where A € 71 (H) and B € %" (H ) and finally the weight operator harmonic mean
ALB=((1-v)A +vB )" (1.55)

ABe€ B (H).
For A,B € %% (H) and v € [0, 1] the weight operator arithmetic-geometric-harmonic
mean inequality holds:
AlyB<A#,B<AV,B. (1.56)

Particularly, we observe the weight operator Heinz means as a special class of means de-
duced from the operator geometric mean:
AtyB+Af_vB
Hy(A,B) = %’ (1.57)
velo,1].

J. Fujii et al. generalized in [71] the results on connections from Kubo-Ando theory.
They investigated the binary operation s = s¢ for an arbitrary operator monotone function
f defined on [0,00) :

AsB=A?f(A"2BA 7)A?,
analogously as in (if) in Theorem 1.29. Domain of s is the set of all ordered pairs (A, B)
for which A s B is a bounded operator, respecting f.



272 1 BASIC NOTATION AND FUNDAMENTAL RESULTS

Definition 1.13 A binary operation (A,B) € 9 C B (H) x " (H) — (AsB) € B,(H)
is called a solidarity if it has the following properties:

(i) B< CimpliesAsB <AsC,
(ii) B, | B implies AsB, | AsB,
(iii) A, — Aimplies Aysly — Asly,
(iv) T*(AsB)T < (T*AT)s(T*BT), for all operators T,
where D is the domain of s.

Solidarity s is defined for an arbitrary pair of positive invertible operators, but not for
an arbitrary pair of positive operators. Thus Z; denotes the maximal subset of " (H) x
2" (H) on which s is a bounded operator. (For more details on the domain % the reader
is referred to [71]).

In [71] the authors also proved that there was an isomorphism between the solidarities
and the operator monotone functions. Furthermore, solidarities posses the joint concavity
property. More precisely,

(AAy+(1—2A)B)) s (Ads+ (1—A)Ba) > A(A1sA2) + (1 — A)(B1sBa),  (1.58)

where A1,A, By,By € 71 (H) and A € [0,1] and under the assumption that all of the
operators included exist as the bounded operators.

Relative operator entropy, here denoted by S, is a common example among solidarities
and is defined by

S(X|Y) =X? (logX’%YX’%)X%, (1.59)

where XY € 1" (H).
Tsallis’ relative operator entropy T), is defined by

T, (X|Y) = X2 (logAX’%YX’%>X%, X,Y € BTH(H), A e (0,1]. (1.60)

More on this topic can be found in [73].

1.6 On some properties of the discrete Jensen’s
functional. Superadditivity

In this section we give the basic motivation for the variety of the obtained results pre-
sented in the sequel. Firstly, we recall a few notions that are of an interest in the following
considerations.

Let C be a convex cone in the linear space X over F, where F = R or C, namely:
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a)ifx,ye C,thenx+yeC;

b)ifx € C,o0 > 0, then ax € C.

Let L be a real number, L # 0. A functional f : C — R is called L-superadditive
(L-subadditive) on C if

Fe+y) > (SLfx) + f(),

for any x,y € C. If L = 1, then a functional f is simply called superadditive (subadditive).
Let K be a non-negative real function. We say that a functional f is K-positive homo-
geneous if

f(tx) = K (1) f(x),
for any # > 0 and x € C. In particular, if K(t) = t*, we simply say that f is positive
homogeneous on C of order k. If k = 1, we call it positive homogeneous. 1t is easy to see
that K(1) = 1 and K is multiplicative. Moreover, we have either K = 1 or K(0) = 0.
In the monograph [151, p. 717] J. E. Pecari¢ investigated the method of interpolating

inequalities which have reverse inequalities of Aczél type. Using Jensen’s inequality and
its reverse he proved the following result.

Theorem 1.31 If f is a convex function on an interval | C R, x = (x1,...,x,) €I",n> 2,
p and q are positive n-tuples such that p > q, (i.e. p; > q;, i=1,...,n; P, = X" | pi,
On = X1 qi,) then

Y pif(xi)) = Puf (% > Pﬁh’)
i=1 n izl

n 1 n
> Y qif (i) — Ouf (Q_ Wh’) > 0. (1.61)
' n =1

Since Jensen’s inequality is the starting point for many other well known inequalities,
the same method of interpolating inequalities as in Theorem 1.31 was applied to Holder’s
and Minkowski’s inequalities, in [168] or [151, p. 718].

Theorem 1.32 Ler a,b,u,v € R withu>v and p,q € R with %Jr é =1.1Ifp>1,then
1 1
n P n q n
(2 Lt,'df) (2 M,’b?) — 2 I/t,'a,'b,'
i=1 j i

1 1
n ? [ n q n
> | Y ovid? Yvib! | —
i=1 i=1 i=1

If p <1 (% 0), then the reverse inequalities are valid.

via;b; > 0. (1.62)
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Theorem 1.33 Leta,b,u,v € R', withu>vandp € R. If p>1o0rp <0, then

n 11_7 n ‘li n
2 I/t,'af7 2 I/t,'b;] — 2 Lt,'a,'b,'
i=1 i=1 i=1
1 1
n P n q n
> 2 vialp 2 v,'b;] — 2 via;b; > 0. (1.63)
i=1 i=1 i=1

If 0 < p < 1, then the reverse inequalities are valid.

Remark 1.9 For p =2 theorems 1.32 and 1.33 had been proved earlier in [14].

Here we cite a simple, but very important consequence of Theorem 1.31. Since a whole
series of existing results has been improved by means of it, it is given here as a lemma.

Lemma 1.2 Let f be a convex function on an interval [ C R and let x = (x1,...,x,) € I",
n > 2. Suppose p = (p1,...,pn) is a nonnegative n-tuple such that B, =Y, p; > 0. Then

[oin {pi} lfoz —nf(li1 )]
Pi f(-xl P.f ( ZP:M)
1

< 112%1{1;, Lzlf(xi)—nf (%in)]. (1.64)

i=1

<

'M=

L

Only a few years after Theorem 1.31 had been established, to be more precise, in 1996,
the authors S. S. Dragomir, J. E. Pecari¢ and L. E. Persson obtained the analogous result
in their joint paper [66], but as a consequence of a quite different approach. Namely, this
time they observed the discrete Jensen’s functional J,,(f,x,p), deduced from the discrete
Jensen’s inequality (1.4), by subtracting its left from the right side:

1 n
Ju(f5x,p) = Zp, xi)—Pof (F me) (1.65)
n =1

If we denote with 220 the set of all nonnegative real n-tuples p = (py,...,p,), such that
P, =" pi>0,andif we fix f and x, then the functional J,,(f,x, -) can be observed as a
function on 9. So if f is a convex function, then J,(f,x,p) > 0, for all p € 2.

The authors established the following result in [66].

Theorem 1.34 Let I be an interval in R and let forn € N, x = (x1,...,x,) € I". Suppose
P,q € 32,?. If f : 1 — R is a convex function, then

‘]n(fvxvp+q)Z‘]n(fvxvp)+‘]n(fvxvq)v (166)
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that is, J,(f,X,-) is superadditive on 9. If p,q € PO are such that p > q, (p; > qi,
i=1,...,n), then
Ju(f,x,p) > Ju(f,Xx,q) >0, (1.67)

that is, J,(f,x,-) is increasing on 2.

Although it is evident that the same monotonicity property of the Jensen’s functional
is obtained twice — for the first time as a side-result incorporated in the interpolating in-
equalities, and for the second time — as a consequence of the superadditivity property, it is
interesting that the first result was not even mentioned or referred to when the other one
was published!

Dragomir continued the investigation of the properties of the normalized Jensen’s func-
tional and in his paper in 2006 he proved the following result for the comparative inequal-
ities. We cite it here because we are going to use it repeatedly in some of the following
chapters.

Theorem 1.35 Ler f: C — R be a convex function defined on a convex set C in a real
linear space X. Suppose X = (x1,...,%,) € C". If p=(p1,...,pn) and q = (q1,-..,qn)
are real n-tuples such that p; > 0,¢q; >0,i=1,...,nand ¥} pi =" ,qi =1, then the
following inequalities hold:

min {ﬁ}ln(f,x,rn < Ju(f,x,p) < max {&}Jn(f,x,q). (1.68)

1<i<n | q; TI<i<n  qi






Chapter

On Jessen’s and McShane’s
functionals

This chapter is focused on two related Jensen-type functionals, which are derived from
Jessen’s and McShane’s inequalities. Since these inequalities represent the generalizations
of Jensen’s inequality by means of positive linear functionals acting on a space of real func-
tions, the derived functionals are considered as the generalizations of the discrete Jensen’s
functional (1.65). It is interesting to comprehend a variety of applications to the classical
inequalities, when generalizing the properties of superadditivity and monotonicity of the
discrete Jensen’s functional to Jessen’s and McShane’s functionals. Such extensiveness
of the applications requires the whole separate section - on the related refinements and
converses of Hilbert’s inequality.

2.1 Properties of Jessen’s functional and
applications

We deduce the Jessen’s functional from the weight Jessen’s inequality and establish its
properties of superadditivity and monotonicity. Consequently, we derive the lower and the
upper bound for the functional, by means of the non-weight functional of the same type.
These bounds are very applicable for they provide refinements and converses of numerous
inequalities: starting with generalized weight means and, in particular, power means, as the

27
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final products we get difference and ratio type refinements and converses of the arithmetic-
geometric mean inequality, then Young’s and Holder’s inequalities, which corresponds for
the most part to the contents of the published paper [108]. Finally, functionals that arise
from the Minkowski inequality are investigated. It is of an importance to underline that the
results on superadditivity and monotonicity of the corresponding Minkowski functionals
served as a motivation for the investigation of all previously described general cases and
as such were published earlier, see [87].

2.1.1 Jessen’s functional

First we are going to describe the environment needed for our considerations in the sequel.
Let E be a nonempty set and let L be a linear class of functions f : E — R satisfying the
following properties:

Ll: fgeL=of+BgecL, forall o, B €R;
L2: 1 €L, thatis, if f(x) =1, forallx € E, then f € L.

By LT C L the set of all nonnegative functions in L will be denoted. Moreover, let
A : L — R ba a positive linear functional, that is:

Al: A(af+Bg) = aA(f)+BA(g), for f.g €L, a,p €R;
A2: felL, f(x)>0,forallxeE = A(f) > 0.

If

A3: A(1) =1,

A is said to be a normalized positive linear functional or we say that A(f) is a linear mean
on L. Common examples are

A= [ fau or ()= 3 pif

keE

where [ is a positive measure on E in the first case, and in the other, E = {1,2,...} is
a countable set with the discrete measure (k) = py >0, 0 < Yicppr < oo, f(k) = fi,
defined on it.

Jessen’s inequality (1.15) in its elementary form will not suffice for our further consid-
erations, so we give here a reminder of its weight variant. For more details on the weight
Jessen’s inequality, see e.g. [177, p. 112].

Theorem 2.1 Let E be a nonempty set and let L be a linear class of functions f : E — R
satisfying L1 and L2. Suppose ® : I — R, I C R, is a continuous convex function and let
p €LT. IfA: L — Ris a positive linear functional, A(p) > 0, then for all f € L, such that
pf, p@(f) € L, the following inequality holds:

A(p)o (%) < A(p(f). @1
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Remark 2.1 Denote A;(f) = %, A(p) > 0. It follows that A is a normalized (positive

linear) functional, i.e. A{(1) = 1, and inequality (1.15) can be applied.

Remark 2.2 We still need to show that A;(f) € I, for I is the domain of ®. Let I = [a, b].
Obviously, a < f(x) <b, forall x € E. Since b — f(x) > 0, by making use of Al, A2 and
A3, it follows b — A (f) =A(b) — A1 (f) =A1(b—f) >0, s0 A (f) < b. Analogously,

a<A(f). Hence A|(f) = % belongs to 1.

We now deduce Jessen’s functional # (@, f, p;A) from inequality (2.1) as follows:

7 (@.fopid) = A(p®(F)) — A(p) (‘%) . 22)

For fixed @, f and A, we consider 7 (®, f,-;A) as a function on LT, as was previously
done in [66], regarding discrete Jensen’s functional (1.65). If @ is a convex function, it
follows from (2.1) that ¢ (®, f,p;A) >0, forall p e L*.

In the following section we work out the mentioned analogy with the discrete Jensen’s
functional in detail.

2.1.2 Superadditivity of Jessen’s functional

In the following theorem we establish the superadditivity on LT of Jessen’s functional
(2.2), which then provides its other useful properties.

Theorem 2.2 Let A: L — R be a positive linear functional. Suppose f € Land p,q € L".
If®:1— R, I CR,isa continuous and convex function, then

Z (@, f,p+q:A) > 7 (@, f,p:A)+ 7 (D,f,q:A), (2.3)

thatis, 7 (®,f,A) is superadditive on L. Moreover; if p, q € L are such that p > q,
then

(D, f,p;A) > 7 (D,f,q;A) >0, (2.4)
that is, ¢ (®, f,-;A) is increasing on L.

Proof. According to definition (2.2) and linearity of the functional A, it follows:

A((p+q)f))

A(p+q)

A(pf+qf)>
A

(@ f.p+qiA) = A(p+ @) (f) A<p+q>¢(
— A(PO() +g@(F)) — (A(p) + Alg)) @ (

= A(p®(f))+A(qP(f)) — (A(p) +A(q)) @
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On the other side, due to convexity of ® we get

Alpf)+Aqf)\ A(p) A(pf) A(q) Alqf)

q)< A(p)+A(q) ) B ®<A(p)+A(61)' A(p) A A Alg) )
A(p) A(pf) A(q)

: A<p>+A<q>q’( )*A(

which can be rewritten as

i)+ Ao (ALEERID) <o (400} sawe (5. eo

Finally, (2.5) and (2.6) yield

I (D, f,p+q:A) > A(p®(f)) +A(q2(f)) —A(p)® (A_(I;f)) ~Ag)® (M)
= J(@.f,pA) + 7 (@.f.q:A),

that is, functional _# (®, f,-;A) is superadditive on L.
As for the increase on L of the functional _# (®, f,-;A), we write p = (p — ) + ¢ for
p > ¢q > 0. Hence (2.3) yields

I (@, f,p;A) = 7 (D,f,p—q+qA)> 7 (D,f,p—q:A)+ 7 (D, f,q;A).

Since # (@, f,p—q;A) >0, it follows that ¢ (@, f,p;A) > # (®, f,q;A), which ends
the proof. O

Remark 2.3 If @ is a continuous and concave function, the signs of inequalities (2.3) and
(2.4) are reversed, that is, functional _¢# (D, f,;A) is subadditive and decreasing on L.
Namely, in the case of ®@ being concave, the sign of Jensen’s inequality is reversed and
J(®,f,p;A) <0, forall p € L. Remark on the concavity of the function ® is going to
be taken into account in the sequel, in all the similar results of the kind, even if it is not
accentuated.

The following corollary provides the lower and the upper bound for the functional
(2.2), which are expressed by means of the non-weight functional of the same type.

Corollary 2.1 Let function f and functional A be as in the Theorem 2.2. Suppose p € L™
attains its minimal and maximal value on E. If ® : I — R, I C R is a continuous and convex
function, then the following inequalities hold:

[minp(x)] 7 (@,7,1:4) < 7 (@.1,p:4) < [maxp()] 7 (@.£,1:4),  @7)
where

F @10 =a@(n)-)-ame(50). 28)
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Proof. The inequalities are proved by making use of (2.4). Namely, as p € L™ attains
minimal and maximal value on its domain, it is clear that

i < <
minp(x) < p(x) < maxp(x),

and we observe two constant functions

p=minp(x) and p=maxp(x).
Double application of the property (2.4) yields (2.7), since

J(®.f,p-LA) =p 7 (D, f,1;A) and 7 (®,f,5-1;A)=F_7 (D, f,1;A).
O

Remark 2.4 If p € L™ is a bounded function on E, then infimum (supremum) in (2.7)
may be observed. This fact is going to be taken into account in all the results on the
non-weight bounds of the functionals.

A direct application of the monotonicity property (2.4) is an improvement of the The-
orem 1.35 on comparative inequalities for the discrete normalized Jensen’s functional. In
order to present how the idea developed, we first cite a generalization of the Dragomir’s
result, obtained in 2009 in [53].

Theorem 2.3 (SEE [53]) Let ® : I — R, I C R be a continuous and convex function.
Suppose A is a positive linear functional and m and M real constants, such that for p and
g€ Lt andforall x € E

p(x) —mg(x) >0, Mq(x)—p(x) >0 and

A(p) —mA(q) >0, MA(q) —A(p) > 0.
Then the following inequalities hold:

M J(®,f,q;A) > 7 (®,f,p:A) >m 7 (D, f,q;:A). (2.9)

Remark 2.5 The proof of Theorem 2.3 is improved when Theorem 2.2 is applied. Namely,
inequalities (2.9) follow easily from mq(x) < p(x) < Mq(x) when the monotonicity prop-
erty (2.4) is applied twice, since _# (@, f,mq;A) =m_# (P, f,q;A) and 7 (D, f,Mq;A) =
M 7 (D, f,q;A).

In particular, the discrete form of Dragomir’s comparative inequalities (1.68) is ob-
tained directly in an analogous way when observing a linear space of n-tuples x = (x1,...,x,),
n € N, and a discrete functional A : L — R, such that A(x) = ¥, x;, as well as p,q € L,
suchthat p; > 0,¢; >0,i=1,...,nand Y} pi =1, ¥ ¢q; = 1. If we denote

m = min {&} and M = max {&},
1<i<n | qi 1<i<n \ qi
then relation Mq; > p; > mgq;, i = 1,2,...,nis the starting point for the double application
of the property (2.4).
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Remark 2.6 Finally, as for the direct application of Corollary 2.1, let us demonstrate how
a result from [196] is generalized. Using the discrete notation, inequalities (2.7) assume
the following form:

< < i .
min {pi}Ja(x) < Ju(f,%,p) < max {pi}Ju(x), (2.10)
where J,(f,x,p) is defined by (1.65) and J,(x) = X7, f(xi) — nf( l ’) Namely, in-

equalities (2.10) were established in [196], but only for n =2 and the normahzed functional

Ju(f,X,p).

2.1.3 Application to weight generalized means

A weight generalized mean of a function f € L is defined by means of a positive linear
functional A: L — R as

My (f.p;A)=x"" <%>, (2.11)

where y : I — R, I C R is a continuous and strictly monotonic function and p € L" is a
weight function. On the assumptions that A(p) > 0 and x(f), px(f) € L, it is easy to see
that (2.11) is a mean (for more details, see [177, p. 107]).

Now, for a continuous and strictly monotonic function y : I — R, such that y(f),
pw(f) € L and motivated by (2.11), we deduce the following Jessen-type functional:

7 (xow L w(f).p:A) = Alp) [x (My(f,p:A)) — x (My(f,p:A))]. (2.12)

For fixed y o y~!, w(f) and A, we observe the functional /9(75 oy L y(f),:A) as a
function on L™ and establish the following result.

Theorem 2.4 Let x,y : I — R, I C R, be continuous and strictly monotonic functions.
Suppose f € Lis such that w(f) € Land A : L — R is a positive linear functional. If y oy~
is a convex function, then /‘7 (xow =Y w(f),A), defined by (2.12) is superadditive and
increasing on L.

Proof. Making use of linearity of the functional A as well as (2.11), we may rearrange
the expressions in (2.12):

7 (xow L w(f),mA) = Alp) [x (Mx(f,p A))— (Mw(f,p'A))]
:A(px(f)) (Mw fva)
=A(p: (xow’l (w(f)))) ~A(p)x (wl <%)> :

This way it is obvious that (2.12) corresponds to the Jessen’s functional (2.2), with function
@ substituted by y o w !, and f € L by y(f) € L. Therefore, superadditivity and increase
of the functional (2.12) follow directly from Theorem 2.2. O



2.1 PROPERTIES OF JESSEN’S FUNCTIONAL AND APPLICATIONS 33

Corollary 2.2 Let x, v, f and A be as in Theorem 2.4 and let p € L' attain its minimal
and maximal value on E. If x oy~ is a convex function and functional /9 (xow™t,
v (f),;A) is defined by (2.12), then the following inequalities hold:

[minp()] 77 (xow " w(r), 1:A)
< 77 (xow L w(f).pA)
< [maxp(x)] 77 (row ™ (), 134), (2.13)

xeE

where 77 (xoy L w(f), LA) =A(1) [x (My(f:A)) — x (My(£:A))]  (2.14)

A(())

A() ), n=xy. (2.15)

and My (f;:A)=n" (

Proof. Since functional (2.12) is increasing on Lt according to Theorem 2.4, the proof
follows the same lines as Corollary 2.1. O

Let r € R. We are going to observe the generalized weight power mean M, (f, p;A)
of a function f € LT, f(x) > 0, x € E, regarding the positive linear functional A : L — R.
Function y : I — R in (2.11) is here defined by y,(x) = x", for r # 0 and ), (x) = Inx, for
r=0:

1
Alpf)\ T r£0
My (f.p:A) = (47)

: (2.16)
exp (A(pln(f))) r=0

A(p)

p € LT is a weight function. We additionally need to assume that pf” € Lt, pln(f) € L
and A(p) > 0 in order to have the above expressions well defined.
Let r,s € R and 5 # 0. Let us define the functional

N

77 (row L w(h)pa) =) ((M(fma) = (Mfpia))),  @17)

where x;, W, : I — R are defined by x;(x) =x°, s #0, w,-(x) = x", for r # 0 and w,(x) = Inx,
for r =0.
The functional (2.17) possesses the analogous properties to those in Theorem 2.4.

Corollary 2.3 Let s # 0 andr be real numbers. If s >0, s >rors <0, s <rorr=0, then
functional ¢ (xow L w(f),:A), defined by (2.17), is superadditive and increasing
onL™.

Proof.  Follows directly from Theorem 2.4. If r # 0, then it follows from (2.17) that
xow (x)=x7,s0 (xoy ) (x)= S(Sr—;r)x%’z. Hence y oy~ ! is convex fors >0, s > r
ors <0, s <r. If r =0, then it follows from (2.17) that ) o y~!(x) = ¢**, which is convex
for s # 0. Applying Theorem 2.4 we end the proof. O
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Corollary 2.4 Let s # 0 and r be real numbers, such that s >0, s > rors <0, s <r or
r=0. If p € LT attains its minimal and maximal value on E , then the following inequalities

hold:

[minp()] 77 (xow ™" w(r).1:4)
< 77 (xov ' w(f),p:A)

< [maxp()] 77 (xow™" w(r), 1:4), (2.18)
where
77 (eow w(),4) = a0 (M(r4) = (M(r50)) ) @19)
and

()", r2o0

exp(%),tzo’

M, (f:A) = t=rs. (2.20)

Proof.  Since functional (2.17) is increasing on LT according to Corollary 2.3, the
proof follows the same lines as in Corollary 2.1. O

Remark 2.7 If s >0, s <rors<0,s>r, then yo u/’l is a concave function, and the
functional _# 7 (x oy L w(f), -;A) , defined by (2.17), is subadditive and decreasing on
L™, according to Remark 2.3. Inequalities (2.18) have the reverse signs in that setting.

Remark 2.8 In order to derive a converse and a refinement of the arithmetic-geometric
mean inequality, as well as of closely related Young’s inequality, we observe the discrete
variant of the inequalities (2.18). For that purpose, let E = {1,2,...,n}, n € N and let
L be a linear class of the real n-tuples x = (x1,...,x,). In this setting, A: L — R is a
discrete functional, such that A(x) = Y7, x;. For nonnegative n-tuples p € L is A(p) =
P,=%!,pi>0andA(1)=3" 1=n.

In the discrete notation, weight power mean (2.16) of x = (xy,...,x,) reads

(#Zipixt)" r£0
) .
(T )™, r=0

M, (x,p) = (2.21)

It is obvious that for r = 1 we get the expression for the arithmetic mean A, (x,p) :=

M, (x,p) = (PL,, > p,~x,~> and for » = 0 we get the expression for the geometric mean

s
Gn(x,p) := My(x,p) = (TT/_, /") 7. If we insert the constant n-tuples

p= (min {pi},-.., min {p,}) or p= (max{pi},..., max{p,»}),

1<i<n 1<i<n 1<i<n 1<i<n
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1
expressions for the arithmetic and geometric means are G9(x) = (T, x;)” and AY(x) =

(% ;’:lxi) , and inequalities (2.18), for s = 1 and r = 0 assume the following form:

0 < n min {p;} [A3(x) = G(x)] < Pu[An(x,p) — Gu(x,D)]

1<i<

< nmax {pi} [4,(x) = Gy(x)] - (2.22)

1<i

The first inequality in (2.22) is a refinement, and the second is a converse of the arithmetic-
geometric mean inequality, obtained in the difference form. Thus this result generalizes
the refinement and the converse obtained in [97] forn =2 :

min{v,1 — v} (\/_— \/5)2

IN

(1—v)a+vb—a'~"p"

IN

2
max{v,1— v} (f— \/E> . (2.23)
Remark 2.9 Notice that the classical inequality
a’b'V <va+(1-v)b

implies that
(a"b' V)" < (va+ (1 —v)b)™, (2.24)

for positive real numbers a and b,0 < v <1 and form=1,2,3,....

One can notice that in [97], Kittaneh and Manasrah gave a refinement of (2.24) in
the form of relation (2.23), for m = 1, by adding the expression ro(y/a — v/b)?, where
ro =min{v,1 —v}.

On the other hand, Hirzallah and Kittaneh in [85] refined (2.24), for m = 2, by adding
the expression r3(a — b)? :

(@b +rj(a—b)* < (va+(1—v)b)* (2.25)

As it was mentioned in [97], there is no ordering between the refinements in (2.23) and
(2.25).

Finally, very recently, a new generalization of the refinement (2.24) was obtained in
[99], by adding the expression r6”(a% —b? )2, where m = 1,2,3,..., as a natural extension
of inequalities (2.23) and (2.25). Namely, the authors inductively proved that, if a,b > 0
and 0 <v <1, then form=1,2,3,..., the following inequality holds:

(@b )"+ (a? —b3)* < (va+ (1—v)b)", (2.26)
where ryp = min{v,1 — v}.
Remark 2.10 Young’s inequality follows directly from the arithmetic-geometric inequal-

ity. Hence the expected converse and refinement of Young’s inequality in the difference
form, for positive n-tuples x = (x1,...,x,) and p= (p1,...,pn), such that 37| % =1are
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contained in the following inequalities:

n min {l} [AY(xP) — GU(xP)] < A,(x*,p ")~ G,(x*,p") (2.27)

1<i<n { pi

1<i<n | pi

< n max {l} [AS(X") —GS(XP)] )

where
1 1
xP = (X', ..., x)  and plz(—,...,—>.
(o) o

The former considerations of the mean inequalities in the difference form motivate the
analogous results in the ratio form. Namely, when (2.17) was defined by means of (2.16),
the case s = 0 and r # 0 wasn’t taken into consideration. By analyzing this case in the
sequel, we get new interesting applications. Let f € L™ be such that f(x) > 0 forallx € E,
A : L — R be a positive linear functional and let p € L*. We define the functional

@7 _ A In
57 o i) =a) (M2 oy ) @29
where ),y : I — R are defined by yx(x) = Inx, y(x) =x", r # 0. We additionally need to
assume that pIn(f) € L and A(p) > 0.

Corollary 2.5 Suppose r < 0. Then functional /? (%o v L w(f), ';A) , defined by
(2.28) is superadditive and increasing on L.

Proof. Follows directly from Theorem 2.4, since function y o y~!, defined by x o
vl (x) = %lnx is convex for r < 0. a

Corollary 2.6 Suppose r < 0. If p € LT attains its minimal and maximal value on E | then
the following inequalities hold:

[minp(x)] 77 (xow " w(s).1:4)
< 77 (xow L w(f).p:A)
< [maxp(x)] 77 (xow™" w(r), i), (2.29)

where
Aing)
A(1)

I7 (xow Lw(f), LA) =A(1) (

and M, (f;A) is defined by (2.20).

1H(Mr(f;A))> (2.30)

Proof. Follows the same lines as in Corollary 2.1. O
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Remark 2.11 If r > 0, then y o y~!is a concave function and according to Remark 2.3
is functional ¢ 7 (x oy L w(f), ~;A) , defined by (2.28) subadditive and decreasing on
L*, while inequalities (2.29) have the reverse signs.

Remark 2.12 In order to derive the converse and the refinement of the arithmetic-geome-
tric mean inequality in the ratio form, as well as of the closely related Young’s inequality,
we again use the discrete notation, as in Remark 2.8. Thus the expression A (pIn f)/A(p)
becomes

1 n n %
— Zp,' Inx; =In Hx,'pi =InGy(x,p).
P, i=1 i=1

For r = 1 we obtain the arithmetic mean and the inequalities (2.29) have the reverse signs.
By rearranging we finally get

0 n Iglgn{p,} P, 0 n ng?é‘n{Pi}
1< {A"(X)} < [A”(X’p)] < {A"(X)} e 2.31)

Gh(x) Gu(x,p) Gh(x)

The first inequality in (2.31) is a refinement, and the second is a converse of the arithmetic-
geometric mean inequality, in the ratio form.
According to the notation from Remark 2.10, the same is obtained for Young’s inequal-
ity:
. 1 1
A (xP) nmin {3} _AxpT) _ [ARGRP) n e {3}
Gh(xP) T Ga(xP,p7!) T [GR(xP)

(2.32)

2.1.4 Application to Holder’s inequality

It is well known that Young’s inequality is a starting point in the proof of Holder’s inequal-
ity. Hence it is natural to expect the converses and refinements analogous to those obtained
for Young’s inequality to be obtained for Holder’s inequality as well. We are going to
apply the previous results to Holder’s inequality expressed by means of a positive linear
functional A: L — R (see e.g. [151, p. 135] or [177, p. 113]):

A (Hf) <[1A% (), (2.33)
=1 i=1

where p;, i =1,...,n, n € N, are such that p; > 1, ¥ | — =1 and f; € L™ are such that

1
pi
1
Pi
L felLt.
Just like in the previous section, we first deal with the converse and the refinement in
the difference form.

Theorem 2.5 Let p;,i=1,...,n, n €N, be such that p; > 1 and ¥, pi = 1. Suppose
1
unctions f; € LT are such that TT, £, TI, f;'/"* € L*. IfA: L — R is a positive linear
y i=1 i=1. p

i
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functional, then the following inequalities hold:
A anw () (T
N 17 pi n < . -n
i {5} [a% 011 [17
noL nooL
<[1a7 (f)—-AT]r"
i=1 i=1

o o o ()]

Proof. Follows directly from (2.27) so we use the notation from Remark 2.10. Let

1
x = (x1,...,x,) be defined by x; = [fi/A(f)]?i , i =1,2,...,n. Then the expressions for
the difference between the arithmetic and the geometric mean in (2.27) become:

(2.34)

If we act by a positive linear functional A on the expressions above, its linearity yields

A(f) 7A<l_[?:1fié>

Ala (=P p7h) = Ga(x?,p )] = 2

and

AP — )] — L3 ALY At

n A ) ()
. (H?ﬂfz )
[T A7 (f)

By application of A to inequalities (2.27), their signs are unchanged because of its positiv-
ity. Finally, by multiplying and rearranging of the above expressions, we easily conclude
the proof. |

Remark 2.13 The first inequality in (2.34) is a refinement, and the other one is a converse
of Holder’s inequality, in the difference form. For n = 2 some related (integral) results had
been obtained earlier in [179].
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In the sequel we give the analogues of the above results concerning the ratio form.

Theorem 2.6 Let p;,i=1,...,n,n €N, be such that p; > 1 and ¥}, pi = 1. Suppose
1
functions f; € L™ are such that L | fil/” € LT IfA: L — Ris a positive linear

i

functional, then the following mequalztzes hold:

i ]m{} [mlﬁ;] s ()

- fi
D)

LA & Al | |30,
1
(st
=_ - 1
AT ()

n fi
=1 A(f)

1
[ H:Llﬁ% ‘|n1[3113n{1’}

" &1’2,1{% g
< lrm [Em AG)

(2.35)

Proof. Follows from (2.32). By inverting, the inequalities (2.32) can be rewritten in
the following form:

< Gy(xP,p )

ot [GP) n s {7

0(xP) 1" 20 ;
G(XP)]l { }_ 6

Ad(xP

Let x = (x1,...,X,) be defined by x; = [f,/A(f,)] ,i=1,2,...,n. The expressions from
(2.36) become

< An(xP,p ") [

IOz

~—

1
An(xpapil):i ﬁ s Gn(xpapil):ﬁ {}pi )
& piA(fi) i=L AP (f;)
Ay =3 ! o)~ 14
n S A(f) i= 1A f,)
By acting of the functional A on inequalities (2.36) and rearranging, we get (2.35). |

Remark 2.14 In this case, the first inequality in (2.35) provides the converse and the
second inequality is a refinement of Holder’s inequality, in the ratio form. Namely, if we
make use of the notation from Theorem 2.6, then the ratio from (2.33) can be rewritten as
A(G,(xP,p~1)). Since GI(xP) < AJ(xP), it follows from the arithmetic-geometric mean
inequality that

Go(xp)]"sg@n{%}

Gu(x?,p ") < A,(xP,p") {Ag(xp) <A(xPp7Y). (2.37)
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By acting of the positive linear functional A on (2.37), the arrangement among the inequal-
ities remains unchanged. Since

A(An(xp’pil)) :i A(ﬁ) :i_ =1,

the middle expression in (2.37) yields the refinement of Holder’s inequality.

Yet another class of refinements and converses of Holder’s inequality can be obtained
making use of Corollary 2.1, if we recall that Holder’s inequality can be deduced directly
from Jensen’s inequality (for details, see e.g. [151, p. 113]). For that purpose, we observe
the following setting.

Let r,s € R be such that 1/r+1/s=1. Suppose f,g € L™ and A : L — R is a positive
linear functional. Define the functional

I (CP, ?f;A) = rs[47()A’

where @ : I — R, I C R, is defined by ®(x) = —rsx!/*.

@l=

(&) -4 (rre¥)]. (2.38)

Theorem 2.7 Let r,s € R be such that 1/r+1/s = 1. Suppose A : L — R is a positive
linear functional, f,g € L and let f attain its minimal and maximal value on E. If r > 1,
then the following inequalities hold:

[min f(x)} Vi (cp,%,m) < g7 (cp,? f;A)

xeE

IN

[max f(x)} Vi (@,5 1'A>, (2.39)

xeE f’ ’

Vi (CI),?I;A) —rs | AT (1)A3 (?) —A ((?)lﬂ : (2.40)

Moreover, if 0 < r < 1, then inequalities in (2.39) have the reverse signs.

where

Proof. If we substitute f and p in (2.7) by g/f and f respectively, we find out that
functional (2.38) corresponds to Jessen’s functional (2.7):

(8)-A(rre)]

L
s

s[4 (1A () A (10 g )]

(o(5)) re(25)

If r>1,then ®" (x) = x!/572, x > 0, i.e. ® is a convex function and inequalities (2.39) hold
analogously as in Corollary 2.1. On the other hand, if 0 < r < 1, then rs < 0. Since the
expressions ¢ (®,g/f,f;A) and _#7 (®,g/f,1;A) contain the factor rs, inequalities
in (2.39) have the reverse signs. O

pid (cb,?f;A) = rs[Ar(f)A}
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Similar considerations to those in the previous theorem lead to the following result.

Theorem 2.8 Let r,s € R be such that 1/r+1/s = 1. Suppose A : L — R is a positive
liner functional, f,g € L™, and let f attain its minimal and maximal value on E. If r > 1,
then the following inequalities hold:

o (5) () ((5))
o

()] —a(r
< [max () lASl(f)A (4)- <‘;%)S1AS <(§> )] .

If0 < r < 1, then the inequalities in (2.41) have the reverse signs.

[minf(x)}

x€E

~[—

Proof. We observe the Jessen-type functional _# 7 (d, (g/f)'/*, f;A), where ®(x) =
x*/(s(s—1)). It is obvious that ® is convex for x > 0 since @’ (x) = x*~2. It follows that

7 (o 5) ) =4 (w(())) e (i

= o [ - A0 (762

and

(o) (o ) o
o) on ()

Hence if we insert the above expressions in (2.7) and multiply obtained series of inequal-
ities by s(s — 1)AS~L(f), we get (2.41). If 0 < r < 1, then s(s — 1)A*~!(f) < 0, which
changes the signs of the inequalities in (2.41). O

Remark 2.15 Inequalities (2.39) and (2.41) present the refinements and the converses of
Holder’s inequality. Some related converses of this type can also be found in [13].
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2.1.5 Properties of the functionals related to the Minkowski
inequality

As for the functionals derived from the Minkowski inequality, the one that is closely related
to Holder’s inequality, these had been formerly investigated in [87]. They had been in the
first place derived from the integral form of the Minkowski inequality that we cite below
and then proceed with the accompanied elaboration from [87].

Theorem 2.9 Ler (X,2Zx,u) and (Y, 2y, V) be measure spaces and let f be a non-negative
function on X X Y which is integrable with respect to the measure u X v. If p > 1, then

[/X </;f(x,y)dv(y))pdu(x)]% S/Y</};fp(x,y)du(x)>;dv(y).
If 0<p<land

0 [ ([ r69av0)) auto >0, [ rtenave) >0

then the reversed inequality holds.
If p <0 and the above-mentioned assumptions (i) and the additional one

(ii) /Xf”(x,y)du(x) >0 v-a.e. hold,

then the reversed inequality holds.

In specified settings, Theorem 2.9 also provides us with the discrete Minkowski in-
equality (1.18) and eventually, with its form for integrals.

Theorem 2.10 Let (X,Zx,u) be a measure space and fi,..., [y be non-negative inte-
grable functions. If p > 1, then

(/ (fit. o) ”du / ff’d +...+</};frf’d“>1/1’. (2.42)

IfO<p<lorifp<Owith [y flpd,u >0, ..., [y ffdu >0, then the reversed inequality
in (2.42) holds.

Now let us suppose that p is a real number, p # 0, f is a non-negative function on
X xY, u € Cone(Zx), v € Cone(Zy). With Ix(f,v,p) we denote the set of all measures
o € Cone(Zx), such that f is integrable with respect to @ x v and

Jy (fxf”(x,y)dw(x))z%dv(y) " and

Jx (fy f(x,y)dv(y))? dw(x) are finite, (2.43)

if 0 < p <1, condition (i) from Theorem 2.9 holds,
if p <0, conditions (i) and (ii) from Theorem 2.9 hold.
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With Jy (f, u, p) we denote the set of all measures A € Cone(Zy), such that f is inte-
grable with respect to u x A and

Jy (x fP(x,y)du (X))IL’ dA(y) and

o 1 .
[y (Jy f(x,9)dA(y))" du(x)]7 are finite, (2.44)
if 0 < p <1, condition (i) from Theorem 2.9 holds,
if p <0, conditions (i) and (ii) from Theorem 2.9 hold.

Let us consider the functionals My (f,-,v,p) : Ix(f,v,p) — R and My(f,u,-,p) :
Jy(f,u,p) — R defined as

M, (f, @, v, p)= [/(/fpxydw())ldv ]/(/fxydv ))pdw(x)

and

s [ #rwonauo)) )| [ ([ sennaros) ano]

Some properties of these functionals are obvious. We have the following:

(i) Mappings M; and M, are positive homogeneous, i.e. M (f,aw,v,p) = aM,(f, ®,
v,p), and My (f, u,alr,p) =aMy(f,u,A,p), for any a > 0.

(i)Ifp>lorp<0and w € lx(f,v,p), then M;(f,w,v,p) >0, and if 0 < p < 1,
then M (f,®,v,p) <O0.

(iii) If p > 1, then Ma(f, 1, A, p) > 0, and if p < 1, p # 0, then Ma(f, u, A, p) < O for
A S JY(fnu?p)

Theorem 2.11 (i) If p > 1 or p <0, then My (f,-, v, p) is superadditive on |x(f,v,p). If
0 < p <1, then M(f,-,v,p) is subadditive.

If p > 1, then My(f,u,-,p) is superadditive on Jy(f,u,p). If p <1, p #0, then
My (f,u,-, p) is subadditive.

(ii) If 01,02, — @1 € Ix(f,V,p), then
0 < M(f,o1,v,p) <M(f,@2,v,p), for p>1or p<O0, (2.45)
and if 0 < p < 1, then reversed signs in (2.45) hold. If A, A2, 2o — A1 € Jy (f, 1, p), then
0 < Myo(f,u,A1,p) < Ma(f 1, 22,p), for p=>1, (2.46)

andif p < 1, p # 0, then reversed signs in (2.46) hold.
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PVOOf. (1) Let us transform Ml(fawl +U)2,V,p) - Ml(f7w17vap) - Ml(f7w27vap)‘

Ml(f,ﬂ)l+(1)2,V,p)_Ml(f,ﬂ)l,\/,p)_Ml(f,wz,v,p)

= [ / ( / f"<x,y>d<wl+wz><x>)’l’dv@)r /. ( / f(x,y)dv(y)>pd(a)1+w2)(x)
[/Y (/Xff’(x,y)dan( ) dv(y +/ (/fxydv ) doy (x)
_[/Y (/Xfl’(x,y)dwz( ) av(y —|—/ (/fxydv ) dan(x)

- VY </Xf”(x,y)d(w1+w2)(X))pdV(y)]
_ l/y (/Xfl’(x,y)dwl(x))Il)dv(y)r— l/Y (/Xfl’(x,y)dwz(x))édv(y)r

1
Using the Minkowski inequality for integrals (2.42) with p replaced by — we have
p

Ml(ﬁwl+w2>V7P)_Ml(ﬁwlavap)_Ml(faw%V,P)
>0,if p>lorp<0
(2.47)
<0,if0<p<I.

So, M is superadditive for p > 1 or p < 0 and it is subadditive for 0 < p < 1. The proof
for M is similar. After simple transforming, we have

MZ(f?.uw)’l +)'27p) - MZ(f?.u'vz’lvp) - MZ(fv.uv)Lva)

[ (fsesano s+ ot o]
- [/x (/yf(x»y)d(/ll +7Lz)(y)>pdu(x)] ’ _

Using the Minkowski inequality for integrals (2.42) we have that the last sum is non-
negative for p > 1 and it is non-positive for p < 1, p # 0. So, the proof of case (i) is
established.

(i) If p > 1 or p < 0, then using superadditivity and positivity of M; we obtain

Ml(f7w27vvp) = Ml(f7w1+(w27w1)7vvp)
2 Ml(f,(Ul,V,p)‘FMl(f,wz—wl,v,p)
> M (f,01,v,p)

and the proof of (2.45) is established.



2.1 PROPERTIES OF JESSEN’S FUNCTIONAL AND APPLICATIONS 45

If 0 < p < 1, then using subadditivity and negativity of M; we obtain

Ml(f7w27vvp) < Ml(f,a)l,V,p)+Ml(f,wZ*wl,V,p)
< Ml(fvwlvvvp)'

The proof for M5 is similar. |

Corollary 2.7 (i) Let oy, w; € Ix(f,v,p). If ¢,C € R" are such that Cw, — wy,w —
cwy € lx(f,v,p), thenforp>1orp<0

{ [ L fp<x,y>dwz<x>);dv<y>] - (f f(x,y>dv<y>)pdwz<x>}
l/y (f fp<x,y)dw1(x>>’l’dv(y)r—/ (frenave)) donts
c{ /Y(/Xfl’(x,y)dwz(x))ldv ] /(/fxydv ))pda)g(x)}.

If0 < p < 1, then the above inequalities hold in reversed direction.
(ii) Let Ay, Ay € Jy (f,u, p). If ¢,C € RT are such that CAp — Ay, A — cAp € Jy (f, 1, p),
then for p > 1

{ L fp<x,y>du<x>) i)~ | [ ([ resira) auto) }
< [(fronanem)’ ' dnty - ([renano >)pdu<x>]’l’
< C{/y(/};f”(x,y)du(@)ldlz | [ (f sz >)pdu<x>r}.

If p <1, p#0, then the above inequalities hold in reversed direction.

IN

IN

Let us consider two other mappings. Let / € 2y and J € Zy be non-empty sets, p € R,
p #0, u € Cone(Ex), v € Cone(Zy) and f be a non-negative function which is (u x v)-
integrable. As usual, the characteristic mapping of set S is denoted by xs.

Letus denote with A=A(J, f,u, v, p) C Zx a family of sets A € Zx for which condition
(2.43) holds when f — xax,f and with B=B(I, f,u, v, p) C Zy afamily of sets B € Zy for
which condition (2.44) holds when f — y;«pf. We define functionals M3(-,J, f, u,v,p) :
A — Rand My(I,-, f,u,v,p) : B— R as follows:

M3(A7J7f7u7v7p):Ml(%AXJf7‘L"7V7p)7 AGA
and
M4(I7Baf7.u7v7p):MZ(XIXBfmuavap)a BGB

The following theorem describes properties of superadditivity and monotonicity of M3
and My.
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Theorem 2.12 (i) IfA|,A; € Awith Ay NA; =0, then

M3(A1UA2,J, f,1,v,p) > M3(Ar,J, f,u, v, p) +Ms(A2,J, f,u, v, p),

forp>1orp<O0.If0 < p <1, then the reverse inequality holds.
IfA,Ar € A with A; C Ay, then

M3(A1,J, f, 1, v, p) < M3(A2,J, f. 1, v, p), for p=1 or p<0,
M3(A17‘,7f7.u*7v7p) 2 M3(A2,J,f,“,v,p), fOV 0 <p <1
(ii) If B1,B> € B with By N\ By =0, then
M4(IvBl UBQ,f,,LL,V,p) > M4(1,B],f,‘u,,\/,[7)+M4(1,Bz,f,‘u,\/,p),

forp> 1. If p <1, p#0, then the reverse inequality holds.
IfBy,B, € B with By C By, then

My(1,B1, f,1,v,p) < My(L,By, f, 14, v,p), for p>1,
and the reverse inequality holds for p < 1, p # 0.

Proof. Similar to the proof of the previous theorem and thus left to the reader. O

Theorem 2.13 Let ¢ : [0,00) — [0,0) be a concave function, f be a non-negative function
onX xY, w,w; € Cone(Ex) and v € Cone(Zy). If powy, ¢ o, and o (aw; + (1 —a)w,)
belong to Ix (f,v,p) for some a € [0,1], then

Ml(qu)o(awl + (1 7a)w2)7v7p) > aMl(f,¢Ow1,V,p)+(1 *G)Ml(f,(POU)z,V,p),
(2.48)
where p > 1. If 0 < p < 1, then the reversed sign in (2.48) holds.

Proof. For any I € Zx we have
(9 0 (a + (1 = a)wy)) (1) = ¢(aw; (1) + (1 — a)wy (1))
> ag(wi (1) + (1 —a)9(@(1))
= (a(9om) + (1 -a)(9ow))(),

where concavity of function ¢ is used. For measures a(¢ o ;) + (1 —a)(¢ o m2) and
¢o(aw; + (1 —a)w,) it follows

po(aw+(l—a)m) > a(pow)+ (1 —a)(pow).
Using (2.47) and (2.45) we have the following
Mi(f,¢ o (awi + (1 —a)ws),v,p) = Mi(f,a(¢ o) + (1 —a)(pow),v,p)

Z Ml(f,a((POa)l),V,p)+Ml(f,(l *Cl)((])oa)z),\/,p)
:aMl(f,(POa)l,V,p)+(l*a)Ml(f,(PO(Dz,V,p)

and the proof is established. |

Similar result can be stated for the functional M.
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Remark 2.16 If we employ various measures in theorems 2.11 and 2.12, we obtain var-
ious results concerning superadditivity and monotonicity of the functionals involved, re-
lated to the Minkowski inequality. Some of these results are well known ones, e.g., for
the discrete measure, properties of M; and the corresponding refinements of the discrete
Minkowski inequality are given in [66], [168], [182].

Remark 2.17 Theorem 2.11 provides us nevertheless with another refinement of the
Minkowski inequality. Namely, put X,¥ C N and let u be a measure on X and A; and
Az be measures on Y such that u(i) =u; > 0,i € X, A1(j) =n; >0, A2(j) =p; >0, j€Y.
Then, for fixed f, u, p, the functional M, has a form

1/p P\ U/p
Ma(f, i, A1,p) = D nj (ZM:’%‘}) - (Zui (Z ”j%’) ) ;
jey ieX ieX jey

where f(i,j) =a;; > 0. If p > 1, then My (f, i, -, p) is superadditive and if p; > nj, (j €Y),

then
1/p »\ U/p
jey ieX ieX =4

1/p p\ 1/p
o l5)” (2 (zrn))
jey icX icX jey

where we suppose that all sums are finite. It is a refinement of the discrete Minkowski
inequality.

Letl, f,u, A1, p be fixed objects described in the second section and in the introduction
of this section. Then My has the following form:

IN

M4(B) = My(I,B, f,v, 7, p)

1/p p\ /P
:2}1]' (214,615) — (214,’(21’1]'(11‘]') ) 5
JjeB icl icl JjEB

where B € Zy is such that all sums are finite.
As a consequence of Theorem 2.12, for p > 1, we have the following:
(1) if By,By € Xy, BN By =0, then

M4 (B1 UB;) > My(B1) + My(By).

(i1) if J,, 1s a notation for a set from Xy with m elements, then forJ,, > J,,_1 D ... D J»
we have
M4(Jm) > M4(Jmfl) >z M4(12) > 0

and
M4 () > max{My(J2) : Jo C Jp, card(J2) =2}.
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2.2 Properties of McShane’s functional and
applications

Following the analogous procedure to the one employed in the case of Jessen’s functional,
we deduce McShane’s functional from the weight McShane’s inequality and establish its
properties of superadditivity and monotonicity. These provide deriving the lower and up-
per bound for the functional, by means of the non-weight functional of the same type.
Again, such bounds are the starting point for the applications to the variety of the existing
inequalities. The contents of this section corresponds for the most part to the contents of
the published paper [111].

2.2.1 McShane’s functional

The environment of the positive linear functionals acting on a linear class of real valued
functions, described in the Section 2.1.1 is implicitly understood in this section as well.
Hence the previously used notation is still valid. Furthermore, the reminder of the needed
weight form of McShane’s inequality (1.16) is given in the following theorem.

Theorem 2.14 Let E be a nonempty set and let L be a linear class of real-valued func-
tions satisfying L1 and L2. Suppose ® : K — R is a continuous and convex function defined
on a closed convex set K CR" and let p € L. If A : L — R is a positive linear functional
with A(p) > 0, then for all functions £ = (f1,..., f,) € L", such that pf € L" and p®(f) € L
the following inequality holds:

A(pf))

Ap)o [ 22221 ) < A(pa(f)). (2.49)
(») (A(p) (po()

Remark 2.18 Denote A, (f) = ,A(p) > 0. It follows that A; is a normalized (positive

linear) functional, i.e. A;(1) = 1 and inequality (1.12) can be applied. One can find the
proof of the statement A; (f) € K in [177, p. 48].

We now deduce McShane’s functional which can be interpreted as a multidimensional
generalization of Jessen’s functional (2.2), as follows:

(@8, p;A) = A (pO(1) — A(p)® (%) . 2.50)

For fixed ®, f and A, we consider .# (®,f,-;A) as a function on L™. If @ is a convex
function, it follows from (2.49) that . (®,f,p;A) >0, forall p € L*.
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2.2.2 Superadditivity of McShane’s functional

The following theorem is a generalization of Theorem 2.2.

Theorem 2.15 Let A : L — R be a positive linear functional. Suppose £ = (fi,..., f,) is
a function in L" and p, q are functions in LT. If ® : K — R is a continuous and convex
function defined on a closed convex set K C R", then

MDA, p+q:A) > M (D, p;A) + M (D £,q;A), (2.51)

that is, M (®,f,-;A) is superadditive on L. Moreover, if p, q € L are such that p > q,
then
M (D, p;A) > A (D f,q;A) >0, (2.52)

that is, # (®,f,-;A) is increasing on L.
Proof. According to definition (2.50) and linearity of the functional A, it follows:

A((p+q)f))
A(p+q)
A(pf+gf) )
A(p) +Al(q)
A(pf) +A(qf)>
A(p)+A(q) )
(2.53)

(@8 ptg:A) = A((p+ YD) —A(p+ )0 (
— A(p®() + g(E)) — (A(p) + Alg))® (

— A(pO(1) +A(gP(D) — (A(p) +Alg))® (

On the other side, due to convexity of ® we get

A(pf) +A(qf)\ _ A(p)  A(pf) Alg)  Algf)
©<A<p>+A<q>>‘q’<A<p>+A<q> Ap) T A +AW@ A<q>>
A(p) A(pf) A(q) A(qf)
: A(p>+A<q>‘D(A<p> ) +A<p>+A<q>‘I’(A<q> ) ’
which can be rewritten as
o+ aape (ST ) <awe (507) e (58 @so

Finally, (2.53) and (2.54) yield

W@ p+qA) > A(pO(D)) +A(gD(E) — A(p)® (—
= M (D8, p;A)+ A4 (Df,q;A),

=
=
=

~—
\

I
S
S/
7 N

‘i
)
=
~——

that is, functional .# (®,f,-;A) is superadditive on L.
As for increase on LT of the functional .# (®,f,-;A), we write p = (p — q) + g, for
p > q > 0. Hence (2.51) yields

MO, pA) = M (DA, p—q+q:A) > M (D, p—q;A) + .4 (Df,q;A).



50 2 ON JESSEN’S AND MCSHANE’S FUNCTIONALS

Since A (®,f,p — q;A) > 0, it follows that .# (®,f,p;A) > 4 (®,f,q;A), which ends
the proof. O

Remark 2.19 If @ is a continuous and concave function, the signs of inequalities (2.51)
and (2.52) are reversed, that is, functional .# (®,f,-;A) is subadditive and decreasing on
L. Namely, in the case of ® being concave, the sign of Jensen’s inequality is reversed and
M (®,f,p;A) <0, forall p € L. This remark on the concavity of the function ® is going
to be taken into account in the sequel, in all the similar results, even if it is not accentuated.

The following corollary provides the lower and the upper bound for the functional
(2.50), which are expressed by means of the non-weight functional of the same type.

Corollary 2.8 Let function f and functional A be as in Theorem 2.15. Suppose p € L™
attains its minimal and maximal value on E. If ® : K — R, where K CR" is a closed
convex set, is a continuous and convex function, then the following inequalities hold:

[Ixréigp(x)}//l(q),f, 1L;A) < A (@8, p;A) < [glea%p(x)}///(qn,f, L4), (255
where
(D1, 1:4) = A (D(F) - 1) — A(1)D (%) . (2.56)

Proof. The inequalities are proved by making use of (2.52). Namely, as p € L" attains
its minimal and maximal value on E, it is clear that

i < <
min p(x) < p(x) < maxp(x),

and we observe two constant functions

= mi d p= .
p=minp(x) and p=maxp(x)

Double application of the property (2.52) yields (2.55), since
M (O£, p-1;A) = p#t (®,f,1;A) and 4 (D,£,7-1;A) =ps (D,f,1;A).

O

Remark 2.20 If p € L™ is a bounded function on E, then infimum (supremum) in (2.55)
are observed. This fact is going to be taken into account in all the results on the non-weight
bounds of the functionals of this type.

As for the first application of the monotonicity property (2.52), we recall Theorem 1.35
on comparative inequalities for the discrete Jensen’s functional, proved by S. S. Dragomir
and its generalization — Theorem 2.3 from [53], for which the multidimensional general-
ization is given in the same paper. We cite it here.
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Theorem 2.16 (SEE [53]) Let @ : K — R be a continuous and convex function defined
on a closed convex set K C R". Suppose A is a positive linear functional and m and M are
real constants, such that for p and q € L and for all x € E

p(x) —mgq(x) 20, Mg(x)—p(x) >0 and
A(p) —mA(q) >0, MA(q)—A(p) > 0.
Then the following inequalities hold:

m (®,8,q;A) < M (®.f,p;A) <M (D,f,q;A). (2.57)

Remark 2.21 The proof of Theorem 2.16 is improved when Theorem 2.15 is applied.
Namely, inequalities (2.57) follow easily from mg(x) < p(x) < Mg(x) when the mono-
tonicity property (2.52) is applied twice, since .# (®,f,mq;A) = m# (®,f,q;A) and
M(D Mg, A) =M (D,f,q;A).

For the sake of another application of the obtained results, we induce the discrete no-
tation. Forn € N, E = {1,2,...,n} and linear space L of real n-tuples x = (x,...,x,), the
functional A : L — R becomes a discrete functional, such that A(x) = > x;. In particular,
for nonnegative n-tuplesp € Lis A(p) =P, =Y pi >0and A(1) =37 | 1 =n.

According to the discrete notation, the multidimensional functional (2.50) assumes the
following form

n 1 n
M(®,X,p) = Y, pi®(x;) — PP (}7 D pixi> , (2.58)
i=1 ni=1
where @ is a convex function, X = (xq,...,Xq), with X; = (x;,...,x;,) € I", I C R, for

i=1,...,n. Furthermore, p= (pi,...,pn), Where p; >0,i=1,....n,and ¥, p;=P, > 0.
Now, let f : [a,b] — R be an (n+ 1)-convex function. By means of the divided dif-

ference of the function f in x;,,...,x;,, we define the function G : [a,b]" — R by G(x;) =

f[)ci1 s .-, X;,]. It follows from [177, p. 74, Theorem 2.52.] that G is a convex function.
Substituting ® with G, the functional (2.58) becomes

n 1 n 1 n
M(G.,X,p) = Y pif [xi,.---.xi,| — Puf [F Y pixiys- - > Zp,'x,'n] (2.59)
i=1 nj—1 ni—1

and hence possesses the analogous properties to those in Theorem 2.15 and Corollary 2.8,
as is described below.

Corollary 2.9 Suppose f: [a,b] — R is an (n+ 1)-convex function. Let X = (X1,...,Xn),
where X; = (xiy,...,X;,) € [a,b]", i =1,...,n, and let G : [a,b]" — R, defined by

G(xis-..,Xi,) = flxiy,...,xi,] be a convex function. Then the functional M(G,X, ), de-
fined by (2.59) is superadditive and increasing on the set of all n-tuples p = (p1,...,pn),
such that p; > 0,i=1,...,n, ¥ | pi = B, > 0. Moreover, the following inequalities hold

L‘?}En {Pi}] M(G,X) <M(G,X,p) < [{2?;‘,1 {pi}} M(G,X), (2.60)

where
n

1 n 1 n
M(G,X) = Zf[xil,...,xin] —nf lﬁ Zx,'l,...,ﬁ Zx,'n‘| .
i=1 i=1

i=1
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2.2.3 Application to weight generalized means

Weight generalized mean of a real valued function f € L is defined by (2.11). In a similar
way, by means of a positive linear functional A : L — R, the same notion, but regarding
vector functions f = (f1,...,f,) € L" is defined as

My (¢ (£),p;A) = x ! <W) : (2.61)

where x : I — R, I C R, is a continuous and strictly monotonic function, ¢ : K — R,
K C R" is such that ¢(f) € I and p € L is a weight function. On the assumptions that
A(p) >0and x(o(f)), px(o(f)) € L, it is easy to see that (2.61) is a mean.

Making use of (2.61) we deduce the following McShane-type functional:

A7 (HY(F),p:A)
=A(p) [x (My(0(£),p:A)) — 2 (@ (My, (f1,:A),.... My, (fu.p:A)))],  (2.62)

where y; : I — R, i =1,...,n, are continuous and strictly monotonic functions, such that
vi(fi), pwi(fi) € L, My,(f;, p;A) are defined by (2.11) and function H

H(st,52,.50) = 20 @y (51),, ¥, ' (50)
is assumed to be well defined. For the sake of an abbreviated notation, the acting of func-
tions y; : I — Ron f;, i =1,...,nis denoted by ¥(f). For fixed H, ¥ (f) and A, functional
A7 (H,¥(f),A) is observed as a function on L*. In this setting the following result is
valid.

Theorem 2.17 Suppose A : L — R is a positive linear functional and £ = (fi,..., f,) is
a functionin L". Let ¢ : K — R, K CR", be such that ¢(f) € I, where I C R is domain of
real-valued, continuous and strictly monotonic functions  and y;, i = 1,...,n, such that

wil£) pwi(fi), x(@(6), px(9(8) € L If H(s1,52,- - ,50) = 20 @(wi ' (s1), -, W, (5n)
is a convex function, then the functional A7 (H,¥(f),A), defined by (2.62) is superad-
ditive and increasing on L.

Proof. Let p € L. Making use of linearity of the functional A as well as of (2.11) and
(2.61), we may rearrange the expressions in (2.62):
A7 (H¥(D), p;A)
= A(p) [x (My(0(£),p;4)) — X (@ (My, (f1,P3A),- ., My, (fa, P:4)) ) ]
= A(p)x (My(@(f),p:A)) —A(p)x (@ (My, (f1,:A), ..., My, (fu, p:A)))
= Alpx (o(f1,---. /)

oo () (58)

Functional (2.62) obviously corresponds to McShane’s functional (2.50), where @ is
substituted by H and functions f; € L by y;(fij) € L, i =1,...,n. We see that ®(f) =
Hyi(f1),---Wa(fn)) = x(@(f1,.-.,/n)) € L. Hence superadditivity and monotonicity of
(2.62) follow directly from Theorem 2.15. O
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Corollary 2.10 Suppose functionsf, @, x, v, i =1,...,n and functional A are as in The-
orem2.17 and let p € L™ assumes its minimal and maximal value on E. If H(sy,52,...,8) =
xo@(w;  (s1),-., Wy (s0)) is a convex function and functional 47 (H,¥(£), p;A) is de-
fined by (2.62), then the following inequalities hold:

[minp(x)}//ly (H,¥(F),1;A) < .47 (H,¥(£), p;A)

xeE

< [%ag(p(x)}//lg(H,‘P(f),l;A), (2.63)
where
A7 (HP(), 1;A) = A(1) [x (My(9(£):A4)) — x (9 (My, (f134),..., My, (fn;A))()Z] )
My (p(£):A) = 2~ (Ai(ﬁ(g()f))v My, (fisA) = v <A7(:’("§];"))) R
(2.65)

Proof. Since the functional (2.62) is increasing on L™, according to Theorem 2.17, the
proof follows the same lines as in Corollary 2.8. O

Let y : 1 —R,I CR, R = {RUo}, be a continuous and strictly monotonic function,
a=(ay,....an), ax €1, k=1,....n, and w = (wy,...,w,), wg > 0 with 3}, w; = 1.
Weight quasiarithmetic mean (more details can be found in the monograph [151, p. 193])
is defined by

n
My (a,w) =y <2wkx(ak)>. (2.66)
k=1

In the same monograph [151, p. 197, Theorem 1], a characterization of the convexity of
(2.66) by means of the concavity of the function y’/yx” is given, provided x is a strictly
increasing and strictly convex function with the continuous second derivative. Now, if we
substitute the function ® with M, in the definition of the discrete McShane’s functional
(2.58), we deduce the following type of functional, making use of (2.66):

M(M,,X,p) = Zp, <2wkx(xik)> an1<2wkx< Zp,x,k>>, (2.67)
k=1

k=1 nl

where, as we previously had, X = (x1,...,Xn), Xi = (Xj;,...,%;,) €', ICR, i=1,...,n
andp=(p1,...,pn), pi>0,i=1,...,n, ¥ pi=P, > 0.

Corollary 2.11 Suppose y : I — R, I C R is a strictly increasing and strictly convex
function with the continuous second derivative, such that x'/x" is concave. Let X =
(X1,..-,Xn), Xi = (Xi,...,%;,) €I, i=1,....n and let M, be a quasiarithmetic mean
defined by (2.66). Then the functional M(M,,, X, -), defined by (2.67) is superadditive and
increasing on the set of all n-tuples p = (p1,...,pn), such that p; > 0,i=1,...,n and
> pi =P, > 0. Moreover, the following inequalities hold:

| min ()| MO X0 < MO Xp) < s ()| MOEX), Q)

1<i<
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g () o (3a(31)

Proof. According to [151, p. 197, Theorem 1], M, is convex. Therefore, superaddi-
tivity and increase of the functional (2.67) follow directly from Theorem 2.17. Moreover,
the inequalities (2.68) are obtained by double application of the monotonicity property of
the functional to the relation ppin < P < Pmax, Where

where

poin = (i (e min () and po = (i) o ()

1<i< 1<i< 1< <
O
In [151, p. 193], a weight quasiarithmetic mean
n
My(a,w) =2~ (kzl WkX(“k)) (2.69)

with altered conditions on ) and w is also observed, and these conditions are:
(i) wi>1l,i=1,...,n,
(ii) x:RT - R,

(iii) lim x(x) = 4o or lim x(x) = 0.
x—0 X—00
This type of means is provided with an analogous result to the previous one. It is based
on [151, p. 197, Theorem 2], which for a strictly increasing and strictly convex function
x with the continuous second derivative, such that y/x’ is convex, provides convexity of
(2.69). When (2.69) is observed, the functional (2.67) is denoted by M(M,, X).

Corollary 2.12 Suppose w and y are defined as in (2.69) and let ) be a strictly increas-
ing and strictly convex function with the continuous second derivative, such that y /xis
convex. Let X = (Xq,...,Xn), Xi = (Xi),...,x;,) €I",i=1,...,nand let My, be a quasiarith-
metic mean defined by (2.69). Then the functional M(My,,X,-), defined by (2.67) is su-
peradditive and increasing on the set of all n-tuples p = (pi,...,pn), such that p; > 0,
i=1,....,nand ¥}, pi = P, > 0. Moreover, the following inequalities hold:

| min ()| MO, %0 < MOT Xp) < s ()| MOT 0. @70)

1<i<n

M(M,,X) Zx (iwx(m)) —ny! (iwkx (% ixik>>-
k=1 k=1 i=1

Proof. According to [151, p. 197, Theorem 2], Mx is convex. The proof is analogous
to the proof of Corollary 2.11. O

where



2.2 PROPERTIES OF MCSHANE’S FUNCTIONAL AND APPLICATIONS 55

2.2.4 Application to the additive and multiplicative-type
inequalities

We apply the results on generalized weight means which were presented in the previous
section to the additive and multiplicative-type inequalities, in order to obtain their refine-
ments and converses. The starting point are the well known results of E. Beck from [25]
that were recently used in [53], where the authors obtained the series of inequalities of
Holder’s type, concerning multiplicative type inequalities and of Minkowski’s type, con-
cerning additive type inequalities, for the case of a vector function of two positive variables.
According to Remark 2.21, we improve here the results from [53] that were obtained for
the weight quasiarithmetic means generalized by means of positive linear functional, in
light of the analyzed properties of McShane’s functional from the previous section. We
first induce the needed notions and basic results from Beck’s paper [25].
Suppose My, , My, and M, are quasiarithmetic means defined by (2.66). Beck observed
the inequalities
O (My, (X;W), My, (y;W)) > My (0(x,¥); W), (2.71)

where x(@(x,y);w) = x ' (3, wix (¢(xi,yi))), functions x, y; and v, are strictly in-
creasing and continuous function z := @(x,y) has continuous partial derivatives of the first
and the second order on / x I. Beck investigated the impact of the convexity (concavity) of
the function x o @(w; ' (s1),w, '(s2)) on the inequalities (2.71). What follows is his basic
result.

Theorem 2.18 Inequalities (2.71) hold if and only if the function H(sy,s2) =
x 0@y (s1),w5 ' (52)) is concave. Inequalities (2.71) are reverse if and only if H is
a convex function.

Theorem (2.18) is applied to additive and to multiplicative type of inequalities (2.71).
For ¢(x,y) = x+y the relation (2.71) yields additive inequalities

My, (X; W) 4+ My, (y; W) > My (x+y;w). (2.72)

Minkowski’s inequality belongs to this class of inequalities (compare to (1.31) or (1.32)).
The related result from [25] is given in the following corollary.

Corollary 2.13 Let E = uu:_ii” F= l"”’—f, and G = )’;—,,, Ifx', v, wyand 3", v, vy are all
positive functions, then inequalities (2.72) hold if and only if
Glx+y) > E(x)+F(y).

Ifx', wi, W} are positive and ", y{', Wy are negative, then (2.72) are reversed if and only
if
G(x+y) SE(x)+F(y).

For ¢(x,y) = x -y the relation (2.71) yields the multiplicative inequalities
My, (x;W) - My, (y; W) = My (X y;w). (2.73)

Holder’s inequality belongs to this class of inequality (compare to (1.29) or (1.30)). The
related result from [25] is given in the following corollary.
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Corollary 2.14 Let
_w _ w0 10
A= P w0 o

tel If ', w|, v and A, B, C are all positive functions, then inequalities (2.73) hold if
and only if

C(x-y) = A(x)+B(y).
If x', wi, W) are positive and A, B, C are negative, then (2.73) are reversed if and only if

C(x-y) <A(x)+B(y).

We now go back to our considerations of the weight means generalized by means of
positive linear functional. We first observe the functional (2.62) when ¢(f) = f; + f>.
Acting of the functions y i ¥, on f] and f5, is denoted with W(f). Function H is defined
by H(s1,52) = x(wy ' (s1) +w, '(s2)). Functional (2.62) then becomes

M7 (HY(8),psA) = A(p) [ (My(fi + f2,23A)) — X (My, (f1,934) + My, (f2, p;A))] -
(2.74)
Theorem 2.17 and Corollary 2.10 are adjusted to the functional (2.74) in the following way.

Corollary 2.15 Suppose functional A and functions y, yi, W, £ = (f1,/2) and @, with
o(f) = fi + f, are as in Theorem 2.17 and let

!

E=Y. r=2 =2

Wl vy - x//'
Ifx', v, v are positive and ", y|, W are negative, then functional /4% (H,¥(f),;A),
defined by (2.74) is superadditive and increasing on L™ if and only if G(x+y) < E(x) +
F(y), where H(s1,52) = x(yy '(s1) + v, ' (52)). Moreover, if p € L* attains its minimal
and maximal value on E then the following inequalities hold:

[min p(x)|. 7 (HP(0), 1:4) < A (H, 2 (8),p: )

xeE

< [max p(x)} AP H (L), 1A), (2.75)

xeE

where

M7 (H (), 1;A) = A(1) [ (My(fi + f234)) — x (My, (f1:4) + My, (f2:A))], (2.76)

My (fi+fuA)=x" <W) My, (fiA) =y ! <%) . i=1,2.
(2.77)

Proof. The functional . % (H,¥(f),;A) is superadditive and increasing on L* ac-
cording to Theorem 2.17 in the case of convex function H, for this functional is a special
case of the functional (2.62), for the choice of an additive function ¢. On the other side,
convexity of H is equivalent to the condition G(x+y) < E(x) + F(y), after Theorem 2.18
and Corollary 2.13. Inequalities (2.75) follow directly from Corollary 2.10. |
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Remark 2.22 According to Theorem 2.18 and Corollary 2.13, for positive ', yi, v},
as well as x”, y{, v, the condition G(x+y) > E(x) + F(y) is equivalent to concavity
of the function H, which then again, after Theorem 2.17 and Corollary 2.10 corresponds
to subadditivity and decrease on LT of the functional .# % (H,¥(f),;A) and changes the
signs in inequalities (2.75).

If we now observe the functional (2.62) for ¢ (f) = f - />, then H is defined by H sy, s2)
= x(w; ' (s1) - w5 '(s2)), and the functional (2.62) becomes

M7 (HY(8),psA) = A(p) [X (My(fi - f2:p:A)) — X (My, (f1, 3 A) - My, (f2,p34))] -
(2.78)
The corresponding results are valid for this functional, too.

Corollary 2.16 Suppose A, x, v, ya, = (f1, f2) and @, o(f) = f1 - f>, are as in Theorem
2.17 and let

A0, A0 A0
v Mo T 0w

t€LIf X', v, v are positive and A, B, C are negative, then the functional .4 (H,¥(f),
- A), defined by (2.78) is superadditive and increasing on L if and only if C(x-y) <
A(x) + B(y), where H(s1,52) = x(w; ' (s1) - w5 '(52)). Moreover; if p € LT attains its
minimal and maximal value on E, then the following inequalities hold:

[minp(x)} AP HPE), LA) < A7 (HY(E), p;A)

xeE

IN

[max p(x)} MP(HPE),1A), (279

xeE
where
P (HNY(E), 1A) = A1) [ (My (fi - f2:A)) — % (My, (f1:A) - My, (f234))] - (2.80)
My (fi- f34)=x" <W) My, (fisA) = ;! (%) . i=1,2.
(2.81)

Proof.  Similarly as in the previous corollary, the functional .#” (H,¥(f),A) is
superadditive and increasing on L™ in the case of a convex function H, according to The-
orem 2.17. On the other hand, convexity of H is equivalent to the condition C(x-y) <
A(x) + B(y), after Theorem 2.18 and Corollary 2.14. Inequalities (2.79) follow directly
from Corollary 2.10. |

Remark 2.23 According to Theorem 2.18 and Corollary 2.14, for positive x’, w|, 3, as
well as A, B, C, the condition C(x-y) > A(x) 4+ B(y) is equivalent to concavity of H, which
corresponds to subadditivity and decrease on L* of the functional .27 (H,P(f),;A), after
Theorem 2.17 and Corollary 2.10 and changes the signs in inequalities (2.79).
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In the sequel we consider an application of the previous corollary for x, y1, ¥, being
power functions, in order to obtain a refinement and a converse of a multiplicative-type
inequality.

Corollary 2.17 Suppose A and £ = (f1, f») are as in Theorem 2.17 and let A, u and v
be real numbers. Let p € L attain its minimal and maximal value on E. If the following
conditions are satisfied:

I°A<0<u,voru,v<0<a;

1 1 1
2°/l<u,v<00rv<0<u<)toru<0<v<k,forIgﬁ+;;
FPA<u<0<vorA<v<0<u,fi 1> !

or or —> —+ —
ILL ‘l'l’? A’—“ v?
then the following inequalities hold:
A

minp(x) |4 (A7) ~AQ) (A(l) )M'(AA((J%V)))V
1 1 A
<o) - | (M) ()
A

M ﬁ 4 %
<maxp(x) |A (A 13) —AQ) (ff{ff) ~(AA({12))) RCX )

Proof. If we define @, x wi and vy as: @(f) = fi - fo, x(t) =%, y(t) = t* and
yn (1) =1V, then the functional (2.78) becomes

A

u lll v %
Alp- st 1) =Aw) (A/(f(’g )> : (A/gl(?g )) (2.83)

P,
and function H is then defined by H (s1,s2) = x(w; ' (s1) - w; '(s2)) = (s -s3)*. Func-
tional (2.83) is superadditive and increasing when H is convex. On the other hand, H is
o 0 A (A A(A A /111
convex ifd“H >0, thatis, — [ ——1 ) >0,— | ——1 | >0and — | = — — — — >0,
u \u v v uvi\iA u v
which corresponds to the conditions 1°,2° and 3° on A, u and v. Then inequalities (2.82)
follow from Corollary 2.10. |

Remark 2.24 Inequalities (2.82) have the reversed signs when functional is subadditive

and decreasing on LT, that is, when H is concave. Function H is concave when d*H <
A A2 A1 1

0, that is, when — (—1) <0, — (—1) <0and — ( ————— ) > 0. These
u \u v v Uuvi\iA u v

conditions are satisfied if
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1
72
!
A

+

bl

1° u,v>A>0,for

2° u,v< A<, for— < —+—.

<|l—= <=

=

Yet another application of Corollary 2.14 is obtained for exponential functions ), vy,
and ys,.

Corollary 2.18 Suppose A and £ = (f1, f>) are as in Theorem 2.17 and let A, i and v be
positive real numbers different from 1. Let p € LT attain its minimal and maximal value
on E. If the following conditions are satisfied:

IPA<l<pu,voru,v<1l<Aa;

1 1 1
2° A 1 <1 A <1 A < ;
<u,v<lorv <u<Aoru <V <A, for gk = logqulogv

1 1
>
logA ~ logu + logv’

P A<u<l<vorA<v<l<u,for

then the following inequalities hold:

A(vh)
A(1)

A(uh)
A(1)

log,, +log,

min p(x) | A (A1) —A(1)A
A (p . vfz)
A(p)
A(sz)
A(l)

Al(p-ult
log“ (i)(;f) )

+log,
<A (p,lfﬁrfz) —A(p))t

A(“fl)
A(l)

log, +log,

< maé(p(x) A ()Lf1+f2) —A(DA
Xe

(2.84)

Proof. If functions @, x y; and y are defined by: @ (f) = f1- f>, x(t) = A", w1 (t) =y’
1 1

and (1) = V', then the function H becomes H (s1,s2) = (s,™" -s;? )12 The statement
of the corollary follows easily from Corollary 2.17, when the following substitutions are
taken into account: 4 < logu, v <> logv and A < logA. a

Remark 2.25 Analogously as in Remark 2.24, inequalities (2.84) have reversed signs if:

1 1
1° A > 1, 1 > ;
v > 1Ot logA ~ logu Jrlogv

1 1

2° u,v<A<l,for

< .
logA ~ logu + logv
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Now we observe the additive-type inequalities, defining again functions x, v, and y»
as power functions. The following result is thus obtained.

Corollary 2.19 Suppose A and £ = (f1, f») are as in Theorem 2.17 and let A, u and v
are real numbers. Let p € LT attain its minimal and maximal value on E. If the following
conditions are satisfied:

1°0<u,v<A<l, forall fi,f, > 0;

2 0<vei<u<l, forf> EPUZY s,

(A=v)(1—u)
3° 0<u§k§v<1,for%ﬁ>ﬁ>0,

then the following inequalities hold:

: )
. A(f”) w A(fv) v
E;[élgp(x) A((flJFfZ)A) —A) (A(ll) ) +<A(12)> ) ]
. A
A\ AR\
§A<p~(f1+f2)l> —A(p) ( A(pl) ) +< A(p§ ) )
. A
wy\ ' VI ¥
gr;éagp(x) A((flJrfz)A)*A(l) (AA((fll))> Jr(AA((flz))>
(2.85)

Proof. If functions ¥, vy, and y, are defined by @(f) = fi + fo, x(t) =1+, yy (1) = t*
and Y, (¢) = 1", then the functional (2.74) assumes the following form:

1 A
Iz w v %
(o) an (SER)  (SER) ) - e

TR
and function H is defined by H (s1,2) = x(y; '(s1) +w; '(s2)) = (s{' +5} )*. Functional
(2.86) is superadditive and increasing when H is convex. According to Theorem 2.18 and
Corollary 2.13, H is convex if and only if G(x+y) < E(x) + F(y), for positive x’, y{, y}
and negative x”,y{, yy, that is, for 0 < A,u,v < 1. If we rewrite this inequality, taking
+y X y

the definitions of E, F' and G into account, we get the inequality: ;E I < T + Vo1

which holds if the following conditions are satisfied:

1°0< u,v<A<I,forall x,y > 0;
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22 0<v<Ai<p<l fory> EZA)(IV)

3° 0<u§k§v<1,f0rwx2y20.

(v=2A)(1—p)
Since convexity of H yields superadditivity and increase of the functional (2.86) on L™,
inequalities (2.85) hold after Corollary 2.2. |

Remark 2.26 Inequalities (2.85) have reversed signs if the functional is subadditive and
decreasing on L', that is, if H is concave. According to Theorem 2.18 and Corollary
2.14, H is concave if and only if G(x+y) > E(x) + F(y), for positive x', y1, y} as well
as positive ",y w4, that is, for A,u,v > 1. If we rewrite this inequality, taking the
+y X Y

definitions of E, F' and G into account, we get the inequality: ; ] > Y + ST

which holds if the following conditions are satisfied:

1° 1<A<u,v,forallx,y > 0;

(L—A)(v—1)
2° 1l<v<A<pu,for0<y<——2 ‘i
H YAV
(h—w(v—1
3 1l<u<A<y, fory> x>0
e (Vs T

In order to bring this considerations to a close, we cite an example which illustrates the
application of the refinement and the converse of the generalized additive-type inequality.

Example 2.1 Let ¢(f) = f1 + f> and x(r) = y1(¢r) = y2(r) = —cost. Function H then
becomes H (s1,s2) = — cos(arccos(—sy ) + (arccos(—sz)). Functions x', yi{, v, x", wi, w¥
are all positive for 0 <7 < 7. In that case, tg (x+y) > tgx+tgy if and only if H is concave.

The last inequality is satisfied if 0 < x,y < 7. Hence on the interval [0, g], according to
Remark 2.26 the following inequalities hold:

‘}Lag"p(x) {A(l) -Ccos [arccos (%) +arccos (%ﬂ

—A(cos(fi+ f2))]
< (p)cos[arccos (LRI o (A1)

A(p) A(p)
—A(p-cos(fi+/2))
< minp(x) [A(l) -cos [arccos <A7(Z(()i')f 1)> + arccos <A7(Z(()i)f 2) )}
— A(cos(f1+ f2))]-
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2.2.5 Application to Holder’s inequality

In view of the presented results on McShane’s functional, we again observe Holder’s in-
equality, generalized by means of positive linear functional A : L — R :

A (ﬁﬁ”") <TTa" (). (2.87)
i=1 i=1

where p; > 0,i=1,...,nare such that ¥! | p;=land fi,..., fu, [T, fi" € LT.
V. Culjak et al. stated in [53] the following theorem.

Theorem 2.19 (SEE [53]) Suppose p;, qi>0,i=1,...,naresuchthatY} | pi=3¥",qi

= 1. Let m < 1 and M > 1 be real constants such that Mq; > p; > mq;, i =1,....n. If
i —mg; Mg;—p;

pi—mg; M9 —pp
fi € L are such that fF', (11, f. 7 ) £ 0TI fifh, TIR, fi € L, then the following
inequalities hold.:

m

meant ] maane _ [ ansm ™
A= ) |~ AL A7) — (AT )

If we generalize (2.87) by having ¥ | p; = P, > 0, Holder’s inequality assumes the
form

(2.88)

A (Hf> <TTA% (), (2.89)
i=1 i=1
ie.
Al (Hf> <[1a” (). (2.90)
i=1 i=1

This provides us with the definition of the following functional:

i1 AP (fi)

P )
n Py
APy ( im1f; ")

WhereA:L*}R? f= (flv"')fn)v fl €L+ andp: (plv"'vpn)vpi 2 07 2;1:1[71 :Pn > 0.

Our aim here is to improve Theorem 2.19, by establishing the non-weight bounds for
the functional (2.91), for which the first step is proving this functional to be increasing on
L*, when observed as a function on the set of all described n-tuples p.

A £ pA) = 2.91)

Theorem 2.20 Suppose p = (p1,...,pn) and q = (q1,-..,qn) are such that p;,q; > 0,
i=1,....nand ¥} pi=P,>0,3" qi=0,>0. Let£=(fi,..., fs) be an n-tuple from

L and let TT!, ﬁ%, I, f,é% € L*. IfA: L — Ris a positive linear functional, then the
following inequality holds:
A (£ p+q;A) = A (E,p:A) - A (£,q:A). (2.92)

Moreover, if p > q, then
H(E,p;A) > A (£, q:A). (2.93)
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Proof. Tt follows from the definition of the functional (2.91) that
[T, AP (i)

%(ﬁ p + q’A) = pi+ql- '
APn+Qn <H:11 ]ciPn+Qn)

(2.94)

On the other hand, we have

B _On_
n pita; n P Pn+0n n 4 Pu+0n
APt Cn Hﬁm = APtOn HfiE . f;On
i i=1 i

i=1 i=1

< AP (Hf’r*) LA (Hf5> . (2.95)
i1 i1

Now (2.94) and (2.95) yield
_ AP () - T A% ()

AP+ (H?: . ﬁ%)

i1 AP (fi) T, A% (i)

AP (H?:l-ﬁﬁ> - AQn (H?zl.ﬁ?;)
= A (E,p:A)- A (£,q:A),

H(£,p+q;A)

Y

whence (2.92) is proved. Since p = (p — q) + q, the proved inequality (2.92) yields
HEpA) = Ep—q+qA) = A (E,p—q.A)- 2 (f,q:A)
> A (£,q:A),
where the last inequality follows from (2.90), that is, from 7 (f,p — q;A) > 1. O
Corollary 2.20 Suppose f, n-tuple p and A are as in Theorem 2.20. Then the following
inequalities hold:
\min {pi} [max {pi}

<A (f,p:A) < H?:lA(f"?

an (n:»ufi )

Pmin = (ggign{pi},.u, min {pi}> ;

1A)

A" ( 1 fﬁ)

Proof. If we insert

(2.96)

1<i<n

1<i<n

Pmax = <1n<1§1<xn{[7i}7---7 max {pi})
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in (2.91), we have

[ 7 min (pi}
A (£, PminA) = M 7
Al ( " lﬁ)
_ 1m0
(£, Prmax: A) = #U?
w117
Since pmin < P < Pmax, according to (2.91) the statement is proved. .

Remark 2.27 Inequalities (2.88) from [53] are now easily obtained by applying Theorem
2.20. Namely, if m, M, p and q are as in Theorem 2.19 and such that mq < p < Mq, then
by applying (2.93) it follows that

H (£, mq;A) < A (f,p;A) < A (£, Mq;A), (2.97)

which are actually inequalities (2.88).

2.3 Related results on Hilbert’s inequality

Hilbert’s inequality, although considered as a classical one, still presents a challenge to
mathematicians in providing its new improvements, generalizations and consequently its
various applications. Generalizations include inequalities with more general kernels, weight
functions and integration sets, extension to a multidimensional case, and so forth. The re-
sulting relations are usually called the Hilbert-type inequalities. Among the variety of
recent articles dealing with this problem area, we single out the following references:
[57, 58, 104, 115, 116, 117, 148, 149, 150, 191]. For a comprehensive inspection of the
initial development of the Hilbert-type inequalities, the reader is referred to classical mono-
graphs [83] and [151]. Recent investigations on Hilbert-type inequalities are contained in
the monograph [122].

2.3.1 On more accurate Hilbert-type inequalities in finite
measure spaces

One of the earliest versions of the Hilbert inequality, established at the beginning of the
20th century, asserts that

7 f(x)g(y) n
/0 /0 Tty Pdys SinZ 11l R 18l LoR, y» (2.98)
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where f € LP(R,) and g € LY(IR.) are non-negative measurable functions. Here, param-
eters p and ¢ are mutually conjugate, that is, they fulfill the condition % + é =1, where
p > 1. In addition, the constant 7 /sin %, appearing in (2.98), is the best possible.

Recent paper [117] provides a unified treatment of Hilbert-type inequalities with conju-
gate parameters. The corresponding result regards o-finite measure spaces (21,21, 41 ) and
(Q2,%, p), a non-negative measurable kernel K : Q; x Q, — R, a measurable, a.e. pos-
itive function ¢ : Q| — R, and a measurable, a.e. positive function y : ; — R. Then, if
1 +% =1, p > 1, the inequality

P
| [ K 0s0)dm (0 0) < [0F Sl |WGela — 299)
1 V3522
holds for all non-negative measurable functions f: Q; — R and g : Q; — R, where
K(x,y) ’
X,y r
F(x) = / d } , X€Qy, (2.100)
0= [ Syt 1
and .
K(x,y) r
G(y) = / d , YE Q. 2.101
0= |, e ame)] " yeen @101

Observe that the general Hilbert-type inequality (2.99) extends the classical Hilbert in-
equality (2.98). Namely, setting Q| = Q, = R, dy(x) = dx, dup(y) = dy, K(x,y) =
(e3) L @(x) = x77, w(y) = y77 in (2.99), we get (2.98).

In this section some more accurate versions of the general Hilbert’s inequality (2.99)
are derived. Since the crucial step in proving Hilbert-type inequalities is in applying the
well-known Holder inequality, new results are based on several new improvements of the
Holder inequality established in [108] (see also Section 2.1) in a more general environment.
However, improvements that are given here require the setting provided with finite measure
spaces. These are also contained in the paper [121].

More on refinements and converses of Hélder’s inequality

Generally speaking, the starting point in proving Hilbert-type inequalities is well-known
Holder’s inequality which asserts that

178Nty < I ller gl Laquy (2.102)

holds for all non-negative measurable functions f,g : Q — R such that f € LP(u) and
g € L(u), where (Q,%,u) is a o-finite measure space and p,q are mutually conjugate
parameters with p > 1. In the sequel, L"(u), r > 1, denotes the space of all measurable
functions f: Q — R such that || f{|z- () = [Jo |f(x)|’du(x)]% < oo,

Refinements and converses of Holder’s inequality, expressed in a more general form —
by means of a positive linear functional, were established in [108] (see also Theorem 2.7),
whereas here, assuming that (Q,X, 1) is a finite measure space (i.e. u(€) < o) and that
f: Q — Ris a non-negative bounded function, these inequalities become

o a(f:8) = I fller ) l8llaq) = 1 8llLiuy = fine A pa(f:8); (2.103)
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where % + é =1, p > 1, and the corresponding Jensen-type functional is defined by

1 _ _
Foa(f:8) = 17 (Q)llgf* P llzau) — 18 Pl -

In the above relation, fs’flp denotes a supremum of the function f” on Q, that is, fﬁ,p =
sup,cq f7(x), while 7. denotes its infimum on Q, i.e. f7; = inf,cq f¥(x). This notation
is used in the sequel, as well.

Remark 2.28 Since u% (Q) = [[1]|r(u), it follows that 7, ,(f,g) > 0, due to Holder’s
inequality (2.102) applied to the functions 1 and gf!~”. In addition, having in mind that
fPef'=P < fg < flpgf'7P, the inequality 7, 4(f,g) > 0 may be interpreted as the non-
weight Holder inequality.

Clearly, the right inequality in (2.103) provides the refinement of (2.102), while the
left one yields the converse of (2.102). Moreover, the double inequality (2.103) is usually
referred to as the refinement and the converse of Holder’s inequality, in a difference form.
In addition, if 0 < p < 1, then the inequality signs in (2.103) are reversed.

In [108], (see also Theorem 2.8), yet another accurate version of Holder’s inequal-
ity, expressed by means of a positive linear functional, was established. Here the double
inequality of the type becomes

S0 7 pa(F8) Z AL o 18l oy = 1781171 ) = Fine g (F:8); (2.104)
where -
-p
Hgf ”Ll(p,)
pa=H(Q)
refers to a finite measure space (Q, %, ) and a bounded non-negative function f : Q — R.

According to Remark 2.28, it follows that /;,q( f,g) > 0, so inequalities in (2.104)
also provide the refinement and the converse of (2.102).

I 518) = 11 | N8P

Refinements and converses of the general Hilbert-type inequality

Holder-type inequalities in (2.103) and (2.104) lead to some improvements of the inequal-
ity (2.99), having in mind some extra conditions concerning boundedness of the appropri-
ate functions appearing in it. We firstly derive a refinement and a converse of the general
Hilbert-type inequality (2.99) making use of the Holder-type inequalities in (2.103).

Theorem 2.21 Let %—l—% =1, p>1, and let (Q1,X1,11), (22,%2, ) be finite mea-
sure spaces. Let K be a non-negative measurable function on Q1 x Qj, ¢ a measurable,
a.e. positive function on Q1, W a measurable, a.e. positive function on Qy, and let the func-
tions F on Q| and G on Q; be defined by (2.100) and (2.101), respectively. If f : Q; — R
and g : Qy — R are non-negative measurable functions, and the function

Liry) = K(eoy) B0 0w,

vP(y)
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is bounded on Q1 x Q,, then the inequalities

LSUP%’v‘I(f7g7(p7 W)
ZHqJFfHLp(M)||u/Gg||Lq(M2)—/Q /52 K(x,y)f (x)g(v)dm (x)dpa(y) (2.105)
v L

ZLinfjﬁnq (fag> ?, W)
hold, where

1 1
Hopq(£,8,0.9) =t Q)T () 1077 F Pl 2aguy) W8l Loy
10 Pl 1978 1 (-

Proof. Let us rewrite the left-hand side of (2.99) in a form more suitable for applying
Holder-type inequalities in (2.103). Thus, we start with an obvious relation

S L K s i) = [ [ (o) e vidan ()ds(s),

Q) JQy Q

where the functions /; : Q| X Q; — R and &, : Q) x Qy — R are defined by

(/) (ve)0y)
v(y) ¢(x)

The further step is to utilize inequalities in (2.103) with the above functions /2 and &, with
respect to product measure U; X Up on Q; x Q,. Making use of the Fubini theorem and
taking into account definition (2.100) of the function F, we have

hl(xay) :Kl% (x7y) and h2(x>y) :Ké (X,y)

A1l 2o (uy ) = /Q1 /Q2 x,y) (@) () )dlil(x)dliz()’)} ’

= |, torre( /Q D duaty) ) a2 © e

= | 0F 17 am 0)] " = 0P

and similarly, [|72||za(y, xup) = |WGEl| 19(y,)- In the same way, it follows that

_ [ _ q
bt sy = | [, [ <h§h1”><x,y>dm<x>duz<y>}
el

= /Ql /Q2 PP ) (W) (y )dﬂl(x)dm(y)} (2.107)

1 1

-1 /S'zl(q; 4P (x)d (x)] ' [ /Q 2(tl/”‘fgq)(y)oluz(y)}

= [lo™ £l ) 1w 8 | o)
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and
Iy sy = L, () e )i (o))
= [ o oI W )0 ()aay)
/ TIW ) [ (080w ()

1-
=l "7 llwr ) WPl ()

(2.108)

where we have used the fact that p and ¢ are mutually conjugate parameters.

Finally, since (u; X t2)(Q X Q2) = 11 (Q)U2(L22), the result follows from (2.103),
(2.106), (2.107) and (2.108). O

Remark 2.29 The right inequality in (2.105) provides the refinement of the general in-
equality (2.99), while the left one yields the converse of (2.105), in a difference form. On
the other hand, if 0 < p < 1, then the inequality signs in (2.105) are reversed.

The following theorem also provides the refinement and the converse of the Hilbert-
type inequality (2.99), this time by virtue of (2.104).

Theorem 2.22 Suppose that the assumptions of Theorem 2.21 are fulfilled. Then the
inequalities

pr% (f,80,v)
q

210F 1 WGy~ | [ [ KOOI s )| 2109
zLinf%Tq (f7g7 Q, W)

hold, where

K g (f.8:0:9) =IOF flI oy [Ilw PP g 108 )

Lo g 197l
uf N (@)ud (@)

If0 < p < 1, then the inequality signs in (2.109) are reversed.

Proof. In order to derive (2.109), we utilize inequalities in (2.104) equipped with the
product measure space Q| x Q,, and the functions 4,4, : Q) x Q; — R, defined in the
proof of Theorem 2.21. Now, the result follows by virtue of (2.106), (2.107) and (2.108).

O
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Applications to homogeneous kernels

General results are now applied to homogeneous kernels and power weight functions, with
respect to Lebesgue measure spaces. Since theorems 2.21 and 2.22 regard finite measure
spaces, we investigate inequalities with integrals taken over bounded intervals in R, . More
precisely, we consider here the intervals Q; = [a,A] and Q; = [b, B], where 0 < a < A < oo,
0 < b < B < oo, with respective Lebesgue measures d i (x) = dx and dus (y) = dy.

Recall that a function K : Ry x Ry — Ris said to be homogeneous of degree —s, s > 0,
if K(tx,ty) =t*K(x,y), for every x,y,t € R.. In addition, for such a function we define

n
k(n;rl,rz):/ K(1,0)r "dt,
r

where 0 < r; < r, < oo. If nothing else is explicitly stated, we assume that the integral
k(n) converges for considered values of 7. In addition, for the sake of simplicity, we also
assume convergence of all the integrals appearing in the sequel.

In order to summarize further discussion, we utilize Theorem 2.21 only. Namely, the
corresponding results following from Theorem 2.22 are derived similarly and are left to
the reader.

Theorem 2.23 Let %—l—%: LLp>1, a BER andlet K:Ry xRy — R be a non-
negative homogeneous function of degree —s, s > 0. If f : [a,A] = Rand g : [b,B] = R
are non-negative measurable functions, and the function

X7 (x)

—5 s (6y) € [a,A] x [b,B], (2.110)
y p

L(xvy) = K(xvy)

is bounded on [a,A] X [b, B], then the inequalities

1
A »
Lewp A pq4(f.850,B) > {/ k(ﬁp;g’ %)xl”(o‘ﬁ)pfp(x)dx} 7

B
x [/ k(zsaq;i—;,ﬁ)yl“”ﬁ“"’g"(y)dy} @.111)
i .

A B
_/a /b K(x,y)f(x)g(y)dxdy
> Ling M p.q(f8: 0, )
hOld, Where

1 1

My g(f.8:0B) = [(A—a) (B—b)]7 [/anO""’f”(X)dX} ’ [./I;Byﬁ”"g"(y)dy} !

A B
*/a X’“”fl”’(X)dx/b YWre(y)dy.

Proof. We utilize Theorem 2.21 with finite measure spaces Q| = [¢,A], 0 < a < A <
oo, and Q; = [b,B], 0 < b < B < oo, with respective Lebesgue measures du;(x) = dx,
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duy (y) = dy, and with power weight functions @(x) = x%, y(y) = yP. Then, making use
of the homogeneity of the kernel K, and passing to the new variable t = ﬁ, we have

B B
F”(X)Z/ K(x,y)y’ﬁ”dy=X’s/b K(I,X)y’ﬁ”dy

x5 ﬁ”/ K(1,0)t “Brgr = 5= YB”k(ﬁpb B)
x

and similarly,

G4 _ 1*57(qu(2 _ ,y y).
)=y S0

Now, the double inequality (2.111) follows by virtue of (2.105). O

Remark 2.30 Assume that o, § > 0 and that the kernel K from Theorem 2.23 is decreas-
ing on [a,A] X [b,B] in each argument. This means that the function & (x) = K(x,y) is
decreasing on [a,A], for any fixed y € [b, B], as well as that the function k(y) = K(x,y) is
decreasing on [b, B], for any fixed x € [a,A]. Then, it follows that the double inequality

P AP P
K(A,B) S f7(3) < L) < Kla,b) o 17(2)

holds for all (x,y) € [a,A] x [b, B]. Moreover, if the function f is bounded on the interval
[a,A], then, it follows that

a®p A%P
K(AB) S fhe < L(xy) < K(@b) ol
which means that
a’? A%P
Ling > K(A’B)Wfinf and  Lgp < K(a,b)— Br fsup

In the sequel, Hilbert-type inequalities with some particular homogeneous kernels that
are decreasing in each argument are encountered. Having in mind Remark 2.30, it suffices
to require boundedness of the non-negative function f : [a,A] — R instead of boundedness
of the function L : [a,A] x [b,B] — R, defined by (2.110).

Our first application of Theorem 2.23 deals with the homogeneous function K : R X
R} — R, defined by K (x,y) = (x+y) %, s > 0. In this case, the weight function k(n;r1,72)
can be expressed in terms of the incomplete Beta function. Recall that the incomplete Beta
function is defined by

B, (a,b) = / (=0 i, ab > 0.
0

If r = 1, the incomplete Beta function coincides with the common Beta function. For more
details about the incomplete Beta function, the reader is referred to [3]. Now, making use
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of the change of variable r = % — 1, it follows that

"y

k(n;n,rz):/ (141)"%¢ Ndr

Jr

1
= [ (1 — ) M (2.112)
e

=B _, (S+77_1>1_77)—BL(S+77—L1—77)’

i+l rp+l1

where | —s<n < 1.
For the sake of the simplicity, we provide the corresponding consequence of Theorem

2.23 with parameters s = 1 and o = f = %

Corollary 2.21 Let % +é =1,p>1,andlet f:[a,A] =R, g: [b,B] — R be non-negative
measurable functions such that f is bounded on |a,A]. Then the inequalities

1 (A7
a+b(Z) fs,l)lp“p,q(f»g)

> [[ (B ) -2 (1) ]

[ )etora] [ [
1

(2.113)

hold, where

toa(Fog) :[(Afa)(B—b)]zl' [/af‘xl p(x)dx]‘l’ [/bBygq(Y)dy] 7

A B |
=[xt [ yigod.

Proof. We utilize inequalities in (2.111) with the kernel K (x,y) = (x+y)~!, and with
the parameters s = 1, o = 8 = -L.. Now, observing that w, ,(f,g) = 4, 4(f,g; ﬁ, ﬁ),
the inequalities in (2.113) hold by virtue of (2.112) and Remark 2.30, since the kernel K is

decreasing in each argument. |
Remark 2.31 It should be noticed here that the double inequality (2.113) represents an
improved version of the Hilbert inequality (2.98), for the case of bounded intervals in R .

Remark 2.32 If p = g = 2, then the weight functions appearing in (2.113) can be ex-
pressed in terms of the inverse tangent function. More precisely, since Br(%, %) =

2arctan , /ﬁ,o < r <1, it follows that

11 11 vBx— /b
Bx (=,=)—-Bx |=-,= :2arctan¥, x>0,
brx \2'2 By \2'2 x-+VBb
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and
11 11 VAy —
Ba|z,=z)—-Ba|=, = :2arctanM, y>0.
ity \2'2 aty \ 272 y +VAa
Utilizing Theorem 2.23 with the above kernel, for s = 1 and with parameters o = =

L we obtain the following consequence:

Ik

Corollary 2.22 Let %Jré =1,p>1,andlet f:[a,A] —> R, g:[b,B] — R be non-negative
measurable functions such that f is bounded on [a,A]. Then the inequalities

1 A\
M<Z) fhptpq(f.8)

[_/C;Axbﬂ(x)f"(x)dx}%wxa,A( } [ max{x y} dxdy

1 a
S max{A, B} (E) finttip.q(f:8)

Y

e

(2.114)

hold, where up 4(-,-) is defined in Corollary 4.8, and K, ,Kpp : R; — R are functions
defined by

%
Kpp(x) =1 p|l— (%)ﬂ +

and

Y
A
- é
Kea(y) = § P 1(ﬁ>”}”[l(%) ]’“<y§A'

Proof. Utilizing (2 111) with the kernel K (x,y) = max~!{x,y}, and with the parame-
ters s = 1, @ = B = —, it follows that

1 b B 1 yy
(q?x7x> b,B(-x) an (q A’a) a,A(Y)

Now, the double inequality (2.114) holds due to Remark 2.30, since the function K (x,y) =
max~'{x,y} is decreasing in each argument. a
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A non-homogeneous example

Note that developed method for improving Hilbert-type inequalities may also be utilized
for kernels which are not homogeneous. Of course, in that case the starting point is Theo-
rem 2.21.

Similarly to the previous section, the following example deals with a non-homogene-
ous kernel K : R x R, — R, defined by K(x,y) = (1+xy)~!, and with integrals taken
over bounded intervals in R.. In this case, the corresponding weight functions are also
expressed in terms of the incomplete Beta function.

Corollary 2.23 Let % +é =1,p>1,andlet f:[a,A] =R, g: [b,B] — R be non-negative
measurable functions such that f is bounded on |a,A]. Then the inequalities

1
1 A\ 4
| = P
1+ ab (b) fsup“l’7‘l(f7g)

—

(2.115)
hold, where W, 4(-,-) is defined in Corollary 2.21.

Proof. Rewrite Theorem 2.21 for the finite measure spaces Q) = [a,A], 0 <a <A <o,
Q) = [b,B],0 < b < B < oo, with respective Lebesgue measures d i (x) = dx, dua (y) = dy,

and for K (x,y) = (1 +xy)~!, o(x) = xﬁ, y(y) = ypl_q. Then, passing to the new variable
t = xy and utilizing (2.112), it follows that

B
Fri) = [ () vy

_1 B g
=X p/ (L+1) "t adt
b

X

:Xill’ <Bl <lal) _B# <l7l>)7
1+bx q p 1+Bx q p
11 11

Gq(y) :.)]7é (Bl; <_7_) 7Bﬁ (_7_)) .
= \p'q = \p'q

Moreover, since K(x,y) = (1 +xy)~! is decreasing on R, x R in each argument, the
result follows by virtue of (2.105) and Remark 2.30. O

and similarly,
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Remark 2.33 Similarly to Remark 2.32, in the case of p = ¢ = 2, the weight functions
appearing in (2.115) are also expressed in terms of the inverse tangent function, that is, we

have
11 11 vV Bx—+/bx
BH;}” <§,§> 7Bﬁ (5,5) —Zarctanm, x>0,
and
11 L1y VAy — Jay
BH;H\ <§’§>BI_+IAT (E,E)—Zarctanm, y>0

2.3.2 Related results on multidimensional Hilbert’s inequality

Refinements and converses of multidimensional Hilbert’s inequality are mainly obtained
with the help of the previously presented improvements of Holder’s inequality. These are
worked out for the case of the conjugate, as well as the non-conjugate exponents, in the
difference and/or in the ratio form. Corresponding results are then applied to homogeneous
kernels with the negative degree of homogeneity. The conditions on the best possible con-
stant factors in the obtained inequalities are also established and some particular settings
with homogeneous kernels and weight functions are considered. Finally, the comparison
to the existing results known from the literature is given.

The contents of this section corresponds for the most part to the contents of papers
[105] and [106].

Some extra notes on Hélder’s inequality

As it was previously pointed out, Holder’s inequality is the starting point in obtaining
Hilbert’s inequality. In order to apply the presented improvements of Holder’s inequal-
ity to multidimensional Hilbert’s inequality, we present its following form, as the most
convenient for this purpose:

L TTE@dut < TTIE e (2.116)
i=1 i=1

where F;: Q — R, i=1,2,...,n, are non-negative measurable functions on o-finite mea-
sure space (Q,Z, 1) and ¢ are positive real numbers such that ¥ | o; = 1. The improve-
ment of the inequality (2.116) in the ratio form is given in the following lemma.

Lemma 2.1 Ler (Q,%, 1) be a o-finite measure space and let F; : Q — R be non-negative
measurable functions, i = 1,2,....n. If ¥ o; =1, o4 > 0, then the following series of
inequalities holds:

STl B (x)du (x)
e, ||

ol @ dut) _ [ oIl A" ()du(x)
- H?:IHFialHl/ogi o H?:lHFil/"Hn

‘|nmﬂX1<i<n{O€i}

[ (2.117)

l’lmil’llgign{ai}
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Proof. The left-hand side of Holder’s inequality (2.116) can be rewritten as

/Qili[lﬁo"'(X)du(x) = /Q lﬁﬂﬁi(x)

i=1

1—nm nm

: lHFil/"(x)] du(x),
i=1
where m = min;<;<,{;} and i = (o —m)/(1 —nm),i=1,2,...,n

Since 1 —nm > 0, the application of Holder’s inequality to the previous relation yields
inequality

1—nm nm
/HFO" Yl (x l/HFﬁt Y (x )] ~[/QHEI/”(x)du(x)] . @.118)

On the other hand, the right-hand side of Holder’s inequality (2.116) can be rewritten as

1—nm n nm
’ 1
HHF"‘IIM/% [HIFﬁll/ﬁ,l ~[H||Fi Ml (2.119)
i=1
Now, relations (2.118) and (2.119) imply inequality
JoTTy B (x)du(x)
T [1F 1
: 1—nm 1 nm (2 120)
lkz ,IFB<>du<>] ,[Lz "y “()du()]
< l : .
o E L E

Note that 37| B; = 1, B; > 0, so yet another application of Holder’s inequality implies
Jo Iy F @dp) _ |
T 11

that is, from (2.120) we get the right inequality in (2.117).
The left inequality in (2.117) is proved in a similar way. Namely, we use decomposition

n n 1/(nM) .
/QgFll/"(x)d‘u(x) = /Q [Hﬂai(x)‘| . [HEYi(x)

i=1 i=1

1-1/(nM)
du(x),

where M = max <j< {0}, ¥i = (M — o)/ (nM — 1), i = 1,2,...,n, and apply Holder’s
inequality as in the first part of the proof. O

Clearly, the quotient between the left-hand side and the right-hand side of Holder’s
inequality (2.116) is mutually bounded via the quotient of the same type involving equal
exponents. Moreover, since [ [T/, F; 1/ ") du(x) < T, HFI»I/ "||» the right inequality
in (2.117) yields a refinement, while the left one yields a converse of Holder’s inequality
(2.116). The interpolating series of inequalities (2.117) is referred to as the refinement and
the converse of Holder’s inequality in the ratio form.

On the other hand, the following lemma provides a refinement and a converse of
Holder’s inequality in the difference form.
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Lemma 2.2 Ler (Q,2, 1) be a o-finite measure space and let F; : Q — R be non-negative
measurable functions, i = 1,2,....n. If ¥, o, =1, o4 > 0, then the following series of
inequalities holds:

n n l/n
. . " d
n min {oi} [T11E 1/, [l‘fg i )]
s i=1

n 1/n
Hﬁmﬂu
<TTIE N~ [ TTR" @t (2.121)
i=1 Qi
N Jo Tl B () du (x)
<nmax {og} [TIIF" 1/, [1 - TP -
Sisn i=1 i:I i n

Proof. The series of inequalities (2.121) can be derived throughout the refinement and
the converse of the classical arithmetic-geometric mean inequality. Namely, the difference
between the weight arithmetic and geometric mean can be rewritten as

1—nm nm

. [ﬁt}/”] . (2122
i=1

where m = min;<;<,{o;}, Bi = (0 —m)/(1 —nm), t; > 0,i=1,2,...,n. In addition, the
arithmetic-geometric mean inequality yields

n

n n
Za,t, Ht“’:z m)tierZti[Htiﬁi]
i=1 i=1

i=1

1—nm nm
n n n n
Htiﬁi : Htil/n <(1 —nm)Htlﬁ"—i—antil/”, (2.123)
i=1 i=1 i=1 i=1
thus relations (2.122) and (2.123) provide inequality

Za,t, Ht“’ (1 —nm) [Zﬁ,t, Htﬁ’

+nm

21 1 t_lﬁ[x1/n‘|

i=1

that is,

n
Za,t, Hta’ >nm[ =1 Hx}/"] , (2.124)
n i=1
since Y7 Bi = 1and Y7, Bit; — [T, ¢; P > 0.
Now, if we replace t; with Fi(x) /[, Fi(x)d 1 (x) and taking into account that [ Fi(x)d u(x)

= HFI‘X’H}%i = ||Fi1/"| [, inequality (2.124) takes form

izzl Jo Fix)du(x)  TIL 1F 1o

that is,

¢ cifilx) L I J /(€ )
n Jo Fi(x)dp(x) n ||Fil/n||n

n g n 1/”
S UATCT T PO A AT T
it |F " 1 I, |F"

IE
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after integrating over € with respect to measure U.
To prove the right inequality in (2.121) we start with the relation

n . n
nM [Zznlxl 7Hxi1/"

i=1

(2.125)

M:

1mM) 1-1/(nM)
(M (04 tl + 2 oyt; — nM lHta’] . lntr] ’
i=1

i=1 i=1 i=1

where M = max<;<,{0;} andy; = (M —0;)/(nM—1),i=1,2,...,n. Further, the arithmetic-
geometric mean inequality yields inequality

n 1/(nM) n 1—-1/(nM) " "
nM ll‘[lt;"f] : []‘!tf] < Hfﬁ‘f + (nM —1) [Hlt,y] : (2.126)

Therefore, the relations (2.125) and (2.126) imply inequality

i=1 i=1

n i=1 i=1

that is,

n

Y% rron| o N o
nM ——Hxi Zzaiti_Hti )
n i=1 i=1 i=1
since Y7, vit: > [17_, /", 3%, vi = 1. The rest of the proof follows the same lines as the
proof of the left inequality in (2.121). |

Obviously, since [, [T}, F, 1/n( Ydu(x) <TT-, HFil/"Hn, the left inequality in (2.121)
yields the refinement, while the right one provides the converse of Holder’s inequality. The
interpolating series of inequalities (2.121) is referred to as the refinement and the converse
of Holder’s inequality in the difference form.

A refinement and a converse in ratio form: conjugate exponents

Some of the recent results concerning Hilbert’s inequality (1.36) include an extension to
multidimensional case, equipped with n conjugate exponents p;, that is, Y7 ; 1/p; = 1,

pi > 1, n > 2. For more details on the subject, the reader is referred to [37], [38], [118],

[184], [208] and the monograph [122]. Here we refer to paper [37], which provides a
unified treatment of the multidimensional Hilbert-type inequality in the setting with con-
jugate exponents. Suppose (Q;,%;, 1i;) are o-finite measure spaces and K : [T/ Q; — R,
¢ — R, fi:Q —R,i,j=1,2,...,n, are non-negative measurable functions. If
[T} j=1 ¢i(xj) = 1, then

J KT LAt < Tligwersil, .127)
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where
1/pi

wi(xi) = l /S2 K(x) ;f[ 7)) d i (x) (2.128)
and

Q= Q;, Q = H Qj, XZ(X1,X2,.--,X,1),
i=1 j=1jti

du() = [Tdwew), ap'x)= 1 du).
i=1 J=Lj#i

(2.129)

The abbreviations as in (2.129) will be valid in the sequel. Also note that || - ||,, denotes
the usual norm in LPi (Q;), that is

1/pi

[|piicwifillp; = [/Q.(@iwiﬁ)p"(xi)dui(xi) ,i=1,2,....n

We are going to consider the ratio between the left-hand side and the right-hand side of
the inequality (2.127), in order to establish the lower and the upper bound for the above
mentioned quotient, expressed in terms of a similar quotient. By means of the lower bound
we get the converse of the Hilbert-type inequality (2.127), while the upper bound provides
its refinement. Such improvements will be referred to as the refinement and the converse
of the Hilbert-type inequality in the ratio form. Since Hilbert-type inequality is derived by
means of Holder’s inequality, the main results are derived with the help of a sophisticated
use of Holder’s inequality. The following theorem provides the refinement of the inequality
(2.127).

Theorem 2.24 Let (Q;,%;, ;) be o-finite measure spaces and let K : Q — R, ¢ : Q; —
R, fi:Q; — R, i,j=1,2,...,n be non-negative measurable functions. If I} j_ ¢i;(x;) = 1,
then

Jo K(X) T, fi(xi)du(x)
[T || 9uwifil] p;

o KOO, £ ) T 1 0" () (x)
T [lganfi [ ™=

j|"/maxl§i§n{17i} (2.130)
<

)

where p; > 1 are conjugate exponents and o; : Q; — R are defined by (2.128),i=1,2,...,n.

Proof. The left-hand side of the Hilbert-type inequality (2.127) can be rewritten in the
form

" 1—n/M " n/M
HﬁMwl 'hmwwl du(x),

i=1

Lémwﬁﬁmwmm—é
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where the functions F; : Q — R are defined by

n

Fi(x) =K&) ) [To8 (), i=12,....n, (2.131)

Jj=1
M = max<;<,{pi}, and

=20 1o
M — pi

Clearly, the above relation is meaningful because if M = p; for some [ € {1,2,...,n}, then
1/q; = 0. Further, the application of Holder’s inequality to the above form of the left-hand
side of inequality (2.127) yields inequality

| KT fta)du)
o iy 2.132)

n 1—n/M "
< [ LHE‘”’@W(@] : [ /ﬂ il—{Fil/"(x)du(x)]

On the other hand, by using the well-known Fubini’s theorem we have

n

i 1/t
18 = | [ k@ah) ) TT ¢;;f<x,»>du<x>]

J=Lj#

. n ‘ 1/t
— -/Qi (¢ f)P (x) (/Ql K(X),Hﬁ(pgl(xj)dﬂl(x)) dui(xi)] (2.133)
1/t

= /Qi (i fi)" (xi)d,ui(xi)]

— [|gwrifill5, i=1,2,....n, 1>0,

and the right-hand side of Hilbert-type inequality (2.127) can be rewritten in the form

1—n/M n/M
n n g n 1n

[Tl wifillp = | TTIE s ATTIE 1l
i=1 i=1 i=1

Therefore, inequality (2.132) can be expressed in the following form:

Jo KOOI filxi)du(x)
im1 || Giifillp;
1/q; 1-n/M 1 n/M (2.134)

< lfg R (X)du(X)] lfg LiF, ”’(x)du(x)]

- 1 i 1
lIE g B
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Obviously M > n. If M > n, then ¢; > 0 and

n l_ n M_pi B L
Z . A piM—n) M [MZ ] b

i=1 Pi

that is qi are also conjugate exponents and Holder’s inequality yields inequality
JoIT! 1/q’( x)du(x) < [T, ||F;"/%|,,. Hence, relation (2.134) implies inequality

n n/
Jo KOO Ty fitw)dn(x) _ [ folliy B 9duo] "™
[T [ i i fillp: e, [|F"

[l

which is also valid if M = n. Finally, by substituting the functions F; in the last inequality,
we get (2.130) as required. |

Remark 2.34 Bearing in mind the notation as in the proof of Theorem 2.24, by Holder’s

inequality we have [T, F'/"(x)du(x) < [T", ||F; U|,.. Therefore, the quotient on
the right-hand side of inequality (2.130) is not greater than 1, which means that (2.130)
represents the refinement of inequality (2.127).

In a similar way, the converse of inequality (2.127) is obtained, which is the contents
of the following theorem.

Theorem 2.25 Ler (Q;,%;, 1;) be o-finite measure spaces and let K : Q — R, ¢; : Q; —
R, fi: Qi — R i,j=1,2,...,n, be non-negative measurable functions. If [1} ;_, Gij(xj) =
1, then
Jo KX)TTL filxi)du(x)
[T | diwifi |
Ve KGOTIL 7" () T 0] )i (x)

f | ‘Pt/mml<z<n{171}
1

n/miny<;<p{pi} (2.135)

z l||¢uwl

where p; > 1 are conjugate exponents and o; : Q; — R are defined by (2.128),i=1,2,...,n

Proof. The starting point in obtaining (2.135) is the relation

/HF1/n X)d i (x /

where the functions F; : @ — R are defined by (2.131), m = min;<;<,{p;} and

m/n " 1—m/n
Hfz Xi ] [HF,'U”(X)] du(x),
i=1

ri:Pi(n—m)7 i=1,2,...n
pi—m
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If m = p; for some [ € {1,2,...,n}, then 1/r; = 0, which means that the above decompo-
sition is meaningful. Now, the application of Holder’s inequality yields relation

L IT5" antx)

i=1

1—m/n (2.136)
<

m/n
. n . X » N l/rl- X X
Jy KLt >] [-/QHF" (x)du( >]

On the other hand, regarding relation (2.133) we have

" " m/n " 1—m/n
1 1/ri
TTIEl = [Hmﬁwi.mm] AT /’M :
i=1 i=1 i=1
If we divide inequality (2.136) with the previous relation, we get inequality

. 1
Jo I B (x)du(x)
L E

m/n n r 1—m/n
- [JoKX) m(xi)du(x)} oIl B odpe) |
L L awifill, e, ||,

Obviously m < n. If m < n, then r; > 0 and

:i pizm__ 1 [n—mii]ZI,

S Apiln—m) n—m =1 Di

(2.137)

that is, r; are conjugate exponents. Hence, yet another application of Holder’s inequality
implies that

. 1/ri
JaTTy " ()du(x) _
L/
L E

Therefore, inequality (2.137) yields

Jo Ty A" (x)du(x) [l K M)t "

e, 157" Iy ll9ucoifill ’
that is,
n L/n n/m n
JoIli B (x)du(x) | _ Jo KOOTIL, filxi)dp(x)
T, 15", I [19ioifil |,
Note that the last inequality also holds for m = n. Finally, making use of the definition
(2.131) of F;, the last inequality yields (2.135). O

Remark 2.35 The proofs of theorems 2.24 and 2.25 are taken from paper [105]. Note
that they follow directly from Lemma 2.1, i.e. its relation (2.117).
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Application to homogeneous kernels

General results are now applied to homogeneous functions with the negative degree of
homogeneity. Further, regarding the notation from the previous considerations, we as-
sume that Q; = R, equipped with the non-negative Lebesgue measures du;(x;) = dx;,
i=1,2,...,n. In addition, we have Q = R, and dx = dx;dx; ...dx,.

We introduce the real parameters A;;, i,j = 1,2,...,n, such that 3} | A;; =0, j =
1,2,...,n, and denote o; = 27:1141‘/" i=1,2,...,n. Next, we consider the set of power
functions ¢;; : R, — R defined by

0 (x;) = x40 (2.138)

Clearly, above defined power functions satisfy the condition

n n n

n
T 050e) = [TT " = [T =1,
i

ij=1 j=li=1 1

since Y7 A;; = 0. Therefore, functions ¢;;, i,j = 1,2,...,n satisfy the conditions as in
Theorems 2.24 and 2.25.

Recall that function K : R’i — R is said to be homogeneous of degree —s, s > 0, if
K(rx) =t *K(x) for all # > 0. Furthermore, for a = (a;,a,...,a,) € R", we define

n

ki(a):/nflK(ﬁ") [1 «“du, i=1.2,..n, (2.139)
RY =Lt
Whereﬁi:(ul,...,ui,l,1,u,~+1,...,un),cfiu:du1...dui,lduiﬂ...dun,andprovidedthat

the above integral converges. Note that the constant factor k;(a) does not depend on the
component ¢;. Thus, the component a; can be replaced by an arbitrary real number, which
will be used in the sequel, for the sake of simplicity. Further, in the described setting we
can find the explicit formula for the weight function (2.128) including the constant factor
ki(a). More precisely, we use the substitution x; = u;x;, j # i, that s, dix = xl’.'*lclAiu, while
the homogeneity of the kernel K yields relation K(x) = x; *K(@'). Moreover, regarding
definition (2.139) we have

w; (X,’) =
J=1j#

n 1/pi
RY

1/pi
e o (2.140)
_ [xzz S+zj:l,j#tp I/Rn,lK(ﬁl) H ui,Aljd,u]
+ j=

—1=s)/pit+oi—Aii 1/ pi
:xl(n $)/pita, ki /p (piAi),

where Ai = (Ail,Aiz, . ,A,',,), i= 1,2, Loy n.

What follows is a simple consequence of theorems 2.24 and 2.25, in the described
setting with homogeneous kernels. Note that inequalities (2.130) and (2.135) can be inter-
preted as the interpolating series of inequalities for the quotient between the left-hand side
and the right-hand side of inequality (2.127).
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Corollary 2.24 Let p; > 1, i = 1,2,...,n be conjugate exponents and let A;j, i,j =
1,2,...,n be the real parameters such that ¥i_1A;; =0, j=12,....n. IfK:R} =R
is a non-negative measurable homogeneous function of degree —s, s > 0, and fi : Ry — R,
i=1,2,...,n are non-negative measurable functions, then

1

" oA n/min; <<, {pi}
[fmmx) P ff’f/"<xl~>d"}

n minj<;<,{pi n n—1-s)/pi+o; i/ minj <i<{pi
T, Ki(pids)] Y/ mimsisntpid o g t=o)/pites g i mimsisater)
_ Jrr KX TTE filxi)dx
/i n n—1-s)/pi+a;

KNP A T | it e

i=1"%

(2.141)

_ " _ n/maxi<i<u{pi}

[JR: KGOTIL ”ﬁ’“”(xi)d"]

< , o
(TTE apid)] /=i P [T [ 100t et

where o; =Y Aij, i=1,2,...,nand ki(-), i = 1,2,...,n is defined by (2.139).

Proof. The proof is a direct consequence of theorems 2.24 and 2.25. Namely, if
we substitute functions ¢;; and w;, 7, j = 1,2,...,n, defined respectively by (2.138) and
(2.140), in relations (2.130) and (2.135), we get the series of inequalities (2.141) by a
straightforward computation. |

Remark 2.36 The left-hand side inequality in (2.141) yields the converse, while the right-
hand side inequality provides the refinement of the general Hilbert-type inequality from
paper [184]. Moreover, by using x; = u;(;), where u; : (a;,b;) — R are strictly increasing
differentiable functions satisfying u;(a;) = 0, u;(b;) = oo, the interpolating series (2.141)
also yields a refinement and a converse of the corresponding multidimensional Hilbert-type
inequality from paper [208].

In papers [37], [38], [114] and [208] the authors investigated the conditions under
which the constant factors involved in appropriate Hilbert-type inequalities were the best
possible in the sense that they could not be replaced with the smaller constants.

In the sequel we consider the problem of the best possible constant factors involved in
the interpolating series of inequalities (2.141). By the similar reasoning as in the above
mentioned papers and within the same problem area, the best possible constant factors can
be obtained if they don’t contain conjugate parameters p; in the exponents. For that reason,
we assume

kl(plAl) Zkz(pzAz) = Zk,,(p,,An). (2.142)

If we use the change of variables u; = 1/ty, u3 =t3/ty, ug = t4/tp,...,u, = t,/ty, which
provides the Jacobian of the transformation

‘a(ulvu:%"'vun) _
8(12,13,...,t,1)
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we have

= k1(P1A11,S —n—pa(o —Azz),p2A23, o, D2A).

According to (2.142), we have p1A12 =85—n —pz(OCz —Azz), p1A13 = p2A23, e ,PlAln =
P2Az,. In a similar manner we express &;(p;A;), i = 3,...,n, in terms of k(). In such a
way we see that (2.142) is fulfilled if

ijj,' = S—n—p,'(Ot,' —A,’,’),i,j = 1,2,...,11, l;é] (2.143)

The above set of conditions also implies that p;A;x = p;Ajx, when k # i, j. Hence, we use
abbreviations A1 PrAni andg P11, i # 1. Since Y7 | A;; = 0, one easily obtains that
PiAjj —A j(1—pj;)and 31 1A = s —n (see also paper [208]).

In order to obtain the best possible constant factors, we establish some more specific
conditions about the convergence of the integral k;(a), a = (ay,az,...,a,), defined by
(2.139). More precisely, we assume that k; (a) <eoforay,...,a, > =1, ra; <s—n+1,
andn € N.

Hence, in the described setting, the interpolating series of inequalities (2.141) can be
rewritten as

" " n/m
e KOOTL 70 207 )|

Hn 1|| 7A71/Ptfl||171/m
fR" K(x) T, fi(xi)dx
L —A; *1/szl

1—n/m, ¢
kLA

(2.144)

|lp:
n/M

figr KOO T 20 207 )

7A 71/Pzﬁ||Pl/M

<k1 n/M( )[-

1||x

where m = min; <;<,{p;}, M = max,<;<,{pi} and A= (Xl,gz, ... ,Xn). In the sequel, we
show that the constant factors involved in the series of inequalities (2.144) are the best
possible under certain assumptions on the homogeneous kernel.

Theorem 2.26 Ler K : R". — R be a non-negative measurable homogeneous function of
degree —s, s > 0, such that for everyi=2,3,....,n

K(L,t2,..  tiso o ty) <CK(1,12,...,0,...,1,), 0<1; < 1, (2.145)

where C is a positive constant. Then the constant factors k}fn/ M(A) and /’c1 "/ "(A) are
the best possible in the series of inequalities (2.144).
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Proof.  Suppose kl n/M (A ) is not the best possible constant factor in (2.144), that
is, suppose there exists a positive constant o < k1 "/ M(A) such that the right-hand side
inequality in (2.144) holds if we replace k, - n/ M(A) with ¢ In other words,

Jrr K)TTL filxi)dx
7A 71/1’1f

1||X

. n i(1=pi/n i/n
S KOOTE P 240
- 1” 7A71/]’1ﬁ”]’1/M

IIpl-
}n/M (2.146)

holds for all non-negative measurable functions f; : Ry — R, provided that all the integrals
in the inequality converge. For this purpose, let’s substitute the functions

~ 0, 0<x<1,
filxi) = Al s (2.147)

1

where 0 < € < min;<;<,{pi + p,ﬁ }, in the previous inequality.
Since [[x; P E |, = |l /P | = e~ 1/Pi, the left-hand side of inequality (2.146)

becomes
noo~
1= 5/ K(X)Hx?"fg/p"dx,
(1 i=1

o)

while the right-hand side becomes

0w - n/M
Iy=oa [g/[ ) K(X)Hx?"s/ndx] .
Leo)"

i=1

Obviously, by using the variable changes u; = x;/x;, i = 2,...,n, and the homogeneity of
the kernel K, the left-hand side / can be rewritten as

oo n -
I= g/ X E / K(ﬁl)Hu?"fg/”ialAlu dxy,
1 (1/x,00)! i=2

providing the inequality

128/ xflf's
1

e Z /D [1 G ]dﬂ (2.148)
it
—k; (A 81/p>—£/ X

n -
/ an(ﬁl)Hu?iE/pidAlu] dx
R

i=2

Z /D )ﬁ“.f/?jg/pj‘il“] dxi,

J=2
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where D; = {(u2,u3,...,u,);0 < u; < 1/x1,u; >0,j# i} and 1/p = (1/p1,...,1/py).
Without loss of generality, it is enough to find the upper bound for the integral

b, K@ IT)-, u?jis/p*"cilu. Regarding (2.145), we have

W Ai—e/p) 31
K(t u;’ ‘d'a
Jo, K@OTTE

J=2

<C

noox_ . I/xp
/nfzK(l,O,u3,...,u,,)Hu?" E/p"du3...du,, / ugz S/pzduz
R’} =3 0

ZC(l — E/pz +A2)71x§/p27A271k1(gl — S/pl,g3 — E/p3,... 7X)1 — E/p,,),

where k; (gl — s/pl,‘% —€/p3,... ,Xn — €/pn) is well defined since obviously 2?:31& <
s —n—+ 2. Hence, we have

n -~ ~
/ K(@a') Hu‘jf’g/”fcilu :xf/”"*‘*f”ou), i=23,....n,

]D)i j:2
and consequently

/ xlflfs
1 i=2

Z/D K(ﬁl)]'[uj.‘fg/”fai‘u] dx; = 0(1).

Jj=2

Thus, by using (2.148), we have

1>k (Kfsl/p>fo(l), when &— 0. (2.149)

On the other hand, by using the fact that Y} ; Xi = s —n, the expression I; can be bounded
from above in the following way:

- ) no n/M
N S s et
1 J[1/x,00)

i=2
“ —1-¢
<a [s/ X,
1

:ak’;/M(K—e/nl), when &— 0.

n

X N n/M
/ LK@ Tu ”d“u] dxll
- R+ =2

(2.150)

Here, 1 denotes the constant n-tuple (1,1,...,1). Finally, relations (2.149) and (2.150)
yield inequality

ki (5781/p>70(1)§ak’11/M<1§f£/n1>, when & — 0%,

ie. kifn/ M(K) < o, which is obviously opposite to our assumption.
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It remains to prove that kif"/ m(g) is the best possible constant factor in the left-

hand side inequality in (2.144). Suppose, on the contrary, that there exists a constant
B> kifﬂ/ "(A), such that the inequality

Jir KOOTIL filxi)dx

Ty [l 7
S n/m (2.151)
e KOOTE 07/ 27 )

1= 1

>p

—Ai—1/pi i

b

holds for all non-negative measurable functions f; : R — R, provided that all the integrals
in the inequality converge. For the above choice of functions f; defined by (2.147), the left-
hand side of inequality (2.151) becomes I as before, while the right-hand side, denoted here
by 1,,, can be rewritten as

- 0 n/m
I,=P 8/ xp e / K(ﬁl)Hu?"is/ndAlu dx, .
1 [1/x1,00)1=1 i=2

Now, similarly as in the first part of the proof, we get the estimates

I <k (K*'Sl/l)>,

Y (2.152)
Iy > Bk (A— £/n1> —o(1),

ie. ki(A—¢l/p) > Bk (A —/n1) — o(1), when & — 0. Finally, by letting £ — 0" we
get kif"/ m(K) > B, which is a contradiction. The proof is now completed. a

If we consider these results in some particular settings, we obtain the refinements and
the converses of some results previously known from the literature.

Example 2.2 1et

— 1 —
%andAijzg,i,j:l,z,...,n,i;éj. (2.153)

Pi piPj

Ajj=

These parameters are symmetric and

Moreover, the above defined parameters satisfy conditions (2.143), so the resulting re-
lations will include the best possible constant factors. More precisely, in the described
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setting, the interpolating series of inequalities (2.144) reads

Jrr KX TT, x(&n)(nfp,»/(np,-) f.pi/” () njm
ki ((s —n)1/p)]t—"/m L= _
Ty [P g il
[R" K(x x) [T 1fi(x,')dx .
ST (2.154)
n/M

< [ka((s—m)1/p)) /™ [fmK(x)n?zlxﬁ”’(”*"f)/ ) " ) x|
S k(s—n)l/p

b g
where m = minj<;<,{pi}, M = max,<;<,{p;}. However, under assumption (2.145), the
constant factors [k; (s —n)1/p)]' /™ and [k; ((s —n)1/p)]' ™™ are the best possible in
the interpolating series (2.154).

A typical example of a homogeneous kernel with the negative degree of homogeneity
is the function K : R'} — R, defined by

1
Clearly, K is a homogeneous function of degree —s and the constant (2.139) can be ex-
pressed in terms of the usual Gamma function I'. For that reason, we use the well-known

formula
n 1, a;—1 n
. T T(a
/ﬂ iy v o d'u = D2 (@) (2.156)
R (U3 w) ™ (S @)

which holds for a; > 0,7 =1,2,...n (see, e.g. [38]). In such a way, the constant factors
ki(piAi), i =1,2,...,n, involved in the series of inequalities (2.141) become

[(s—n+1—pioi+ pidii)

ki(piAi) = )

n
I1 T(+pAy), i=1,2,....n,
J=Lj#

provided that A;; > —1/p;, i # jand Aj —o; > (n—s—1)/p;.

It is easy to see that the kernel (2.155) satisfies the relation (2.145). Hence, according
to Theorem 2.26, the interpolating series of inequalities (2.141), equipped with the kernel
(2.155) and the parameters A;; satisfying conditions (2.143), contains the best possible
constant factors.

Remark 2.37 If K : R} — R is defined by (2.155), then, regarding (2.156), we easily
compute the constant factor k; ((s —n)1/p) included in the interpolating series of inequal-
ities in (2.154). Namely, we have

Pi

fas=n1/p) = i 1T (2=,
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provided that s > n — m. This constant factor appears in paper [38] as the best possible in
the Hilbert-type inequality determined with the middle quotient in the interpolating series
(2.154). Hence, relations as in (2.154) represent the refinement and the converse of the
corresponding Hilbert-type inequality from paper [38].

Example 2.3 Suppose A;, i = 1,2,...,n are the real parameters satisfying relations (n —
s—1)/pi—1 <A; < 1/p;_1, provided that s > n — 2. Of course, we use convention py = p;,.
Now, we define parameters A;;, i, j = 1,2,...,n, by

Ai7 J: i7
Aij =4 A1, j=i+1, (2.157)
0 otherwise,

where the indices are taken modulo n from the set {1,2,...,n}. Now, if the kernel K :
R — Ris defined by (2.155), then the series of inequalities (2.141) becomes

: n —s " i—Pi—1)Ai/n ppi/n n/miny<;<p{pi}
{jRi(zi:lxi) Hizlx,(p Pi-1)Aif fip/ (xi)dx}

G T, | ‘xl(nflfs)/ﬁﬁArAiﬂﬁ |£§/min1§i§n{pi}
S (Sgx) ™ TH filwi)dx
= —1—-3)/pitAi—A;
RTL |t ey

_ e i) T ax)

—1- itAi—A; i/ Maxj<; i
%MHZVLI ngn s)/pitA; z+lﬁ||§§/ 1<i<nipi}

(2.158)

n/max;<i<n{pi}

where the constant factors %, Z, and %) are given by

. — [T Dl —nt 1+ piin ) (1~ pidis 1) tmimsicalpi)
" I'(s) ’
g M is—n+1 +pAis) T = piAis) P
I'(s) ’
o — |t D —nt 1+ pittis ) T(L — piddiv 1) maxsicnlpi)
" I'(s) '

Remark 2.38 The interpolating series of inequalities (2.158) provides the refinement and
the converse of the multidimensional Hilbert-type inequality from [43] (see also [118]).
Moreover, the parameters A;; defined by (2.157), can satisfy the set of conditions as in
(2.143) only for n = 2. In this case, the set of conditions (2.143) reduces to the relation
P1A2 + prA| =2 — s, providing the best possible constant factors

T(1 — p1As)T(1 — prAy) |~/ minterr}
I'(s)

and

F(l _PlAz)F(l —p2A1) 1-2/max{py.p2}
I'(s)
in (2.158) for n = 2.
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Refinements and converses: non-conjugate exponents

In paper [42], a unified treatment of multidimensional Hilbert-type inequality in the setting
with non-conjugate exponents was provided. Thus we firstly recall the definition of non-
conjugate parameters.

Let p; be real parameters satisfying

n
1
Y—>1, pi>1,i=12,...n (2.159)
i=1 Pi
The parameters p/ are defined as associated conjugates, that is
1 1 )
—+—==1, i=12,....n (2.160)
pPi P
Since p; > 1, it follows that p§ >1,i=1,2,...,n. In addition, we define

! Zi,. (2.161)

A':
n—13pi

Clearly, relations (2.159) and (2.160) imply that 0 < A < 1. Finally, we introduce the
parameters g; defined by
l:/l—— i=1,2,...,n, (2.162)
qi P;
assuming g; > 0, i = 1,2,...,n. The conditions (2.159)—(2.162) establish the n-tuple of
non-conjugate exponents and were given by Bonsall in [41], more than half of a century
ago. The above conditions also imply relations A =¥ ;1/g; and 1/qi+1—A = 1/p;,
i=1,2,...,n. Of course, if A =1, then 37 | 1/p; = 1, which represents the setting with
conjugate parameters.
General multidimensional Hilbert-type inequality (2.127) with accompanied abbrevi-
ated notation (2.129) is provided in the above described setting with

j=Lji

) n 1/qi
wi(xi):l./QiK(x) IT ofxpap'x)| - (2.163)

In such a way, results from papers [38], [43], [44] and [118] are extended to the case
of non-conjugate exponents. For more details, the reader is referred to [42].

Similarly as it was done in the case of conjugate exponents, the ratio and also the differ-
ence between the left-hand side and the right-hand side of the inequality (2.127) are consid-
ered here, in its non-conjugate exponents setting. In such a way, two pairs of refinements
and converses of this inequality are obtained, all by means of the appropriate improvements
of related Holder’s inequality. However, Holder’s inequality includes conjugate parame-
ters. We use Bonsall’s idea from paper [41] about reduction of non-conjugate exponents to
the setting which includes conjugate exponents. Regarding the definitions (2.159)—(2.162)
of non-conjugate exponents, the essence of the above mentioned idea is the apparently
trivial observation that 3! | 1/¢;+ (1 —A) = 1 and the application of Holder’s inequality
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to conjugate exponents g;, i = 1,2,...,n, and 1/(1 —A). In such a way, by using refine-
ments and converses of Holder’s inequality from Section 2.3.2, we obtain refinements and
converses of multidimensional Hilbert-type inequality (2.127) as well.

Hence the following result provides the refinement and the converse of Hilbert-type
inequality (2.127) in the non-conjugate exponents setting, in the ratio form.

Theorem 2.27 Suppose that p;, p), qi, i=1,2,...,nand A are real parameters satisfying
conditions (2.159)—(2.162). Let (;,%;, ;) be o-finite measure spaces, and let K : Q —
R, ¢;j:Q; — R, f;:Q; =R, i,j=1,2,...,n be non-negative measurable functions. If
H;l-,jil (I)ij(xj) =1, then

. —a 1/(n+1) (n+1)M
{Jo [Kr T (v o 1o )] i}

Ty [ giooifil [
- Jo KA () TT fi(x:)dp(x)
- [T [|giaifil|p;

. ) o ) 1/(n+1) (n+1)
{‘/9 {Kn(x) P (950 )™ (i) o % (i) i’i.jzl.j#igbiqjl(xj)} d“(x)}

2
z 1 ||¢lzwzfl|| P

<

)

(2.164)

where w; : Q; — R are defined by (2.163) and m = min{1/q1,1/q2,...,1/qn, 1 —A}, M =
max{l/ql71/q27"'71/ql’l7173’}'

Proof. The left-hand side of the Hilbert-type inequality (2.127) can be rewritten in the
form

Jo K 00T Tednt0 = [ TT709- £ oau (s

where
(‘inzfz) (1) L q .
Fi(x) = K(x)~ 220 20 dix;), i=1,2,...,n, (2.165)
of! (xi) 1:11_57&1 T
and
Fop1(x) =[] (9iwifi)” (xi). (2.166)

i=1

Now we apply the interpolating series of inequalities (2.117) with n+ 1 instead of n and
the parameters o; = 1/q;, i =1,2,. n and 0,11 = 1 —A. Clearly, due to definitions of
non-conjugate exponents, we have Z" | & = 1. Moreover, by using Fubini’s theorem we
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have

" 1/qi
Il = / O j 111#i¢?;<x,»>du<x>]

1/gi
(Pll 1)1 1 . n ;
B L%(/Qm) [T ofdi'(x >> dm(x»]

j=Lji

i l/ql
= /Q ((piiwiﬁ)pi (xi)d,u'i(xi):| - ||¢llwlfl||pl/ql7 i= 1727"'7”'7

and

=

-2
1E -

1-A
‘inzfz x, d.“( )]

L— |

-\
1|

L (1gir1-4) T
HHFz /4 ||qi |Fnl+1)t||l/l A= H||¢,,w,f,||p Jait H||¢iiwifi||pi' (2.167)
i=1 i=1

—

=

1-A
oty | = F Ty,

=

which yields relation

Similarly, we have

I s = [ @t ot =l =12
and
||Fn1+/7+1||n+1 —ll[l [/Q (¢iioi fi)" (xi)d.ui(xi)} o = ﬁ||¢”wlfl||pz/n+1
that is

H 1 ey = 1‘[||<z>nwlfl||2”l/”+1 (2.168)

It remains to compute the product of functions F;, i = 1,2,...,n+ 1. We have

n+l n oy £\ 2P0 (e n
T1F@) = K760 [T 2200 P oy, (2.169)
i=1 i=1 ;" (x;) ig=1j4i

Finally, if we substitute the expressions (2.167), (2.168) and (2.169) in the series of in-
equalities (2.117) where n is replaced with n+ 1, we get (2.164) and the proof is complete.
O
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Remark 2.39 According to the interpolating series of inequalities (2.117), we conclude
that the left inequality in (2.164) yields the converse, while the right one yields the refine-
ment of Hilbert-type inequality (2.127) with non-conjugate exponents, in the ratio form.

On the other hand, regarding the series of inequalities (2.121), we also obtain the refine-
ment and the converse of Hilbert-type inequality (2.127) with non-conjugate exponents, in
the difference form, as is presented in the following theorem.

Theorem 2.28 Let p;,p,qi, i = 1,2,...,n, and A be real parameters satisfying condi-
tions (2.159)—(2.162), and let (Q;,Z;, 1;), i = 1,2,...,n be o-finite measure spaces. If
K:Q—R, ¢;;:Q;—R, fi :Q; — R, i,j=1,2,...,n are non-negative measurable func-
tions with [T} ;_; ¢ij(x;) = 1, then

(n+ Dm [ [l19iwifill
i1

1/(n+1)

Jo {K" ()T (Guifi)* (i) oo; P (e) TI7 . joss O () du(x)
Ty oo fil 7Y
< TTllowenfilly— [, K* O TT Al (x)
i=1 Q i=1

n
< (n+ DM lldicwifillp:
i=1

1/(n+1)

B Jo {K"(X) 1 (iiwifi) 2 (xi)oo; (i) IT7 =1 e i 7 (x)) du(x)

2pi/(n+1)
Ty s fill 7

(2.170)

where w; : Q; — R are defined by (2.163) and m = min{1/q1,1/q2,...,1/qn, 1 —A}, M =
max{l/ql71/q27"'71/ql’l7173’}'

Proof. The proof is very similar to the proof of Theorem 2.27. Namely, we use
the same decomposition of the left-hand side of multidimensional Hilbert-type inequality
(2.127), involving functions F;, i = 1,2,...,n+ 1, defined by (2.165) and (2.166). Now,
the result follows after substituting the expressions (2.167), (2.168) and (2.169) in the
interpolating series of inequalities (2.121) with n + 1 instead of n, and the parameters
oci:l/qi,i:1,2,...,n,anda,,+1:171. O

Remark 2.40 Considering the interpolating series of inequalities (2.121), we conclude
that the left inequality in (2.170) yields the refinement, while the right one provides the
converse of Hilbert-type inequality (2.127) with non-conjugate exponents, in the difference
form.
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Applications to homogeneous functions

Now the general results are applied to homogenous functions with negative degree of ho-
mogeneity. Hence the same notation is still valid, except for the weight functions (2.140)
which in the non-conjugate setting and regarding the definition (2.139) assume the follow-
ing form:

" 1/qi
+

J=Lj#i

n

1—s+3" Aij [ i

n—1—s L Qi . A oA

. j=1,j#i J A qifij 5i

= |x /R’HK(u) [ uj d'u
CoH J=Lj#i

(2.171)
_ xl(nflf-Y)/Qi+O€i*Aiikl}/Qi (qiAy).

What follows are the consequences of theorems 2.27 and 2.28, in the described setting
with homogeneous kernels. The first one is the interpolating series of inequalities in the
ratio form.

Corollary 2.25 Let p;,p},qi, i = 1,2,...,n and A be as in (2.159)~(2.162), and let A;;,
i,j=1,2,...,n be the parameters such that 3}_; A;; = 0. If K : R", — R is a non-negative
measurable homogeneous function of degree —s, s >0, and f; 1Ry — R, i=1,2,...,nare
non-negative measurable functions, then

YT Y I Ywtn) ) DM
{fIR{’i [K”(x) ?ZIXIQP;/% 1) (n—1-5)+(2p;i ql)aﬁZ,lq,Aﬂﬁz,,i(xi)] dx}
n n n—1-s)/q; i i
T ki qiA) [ TI [t g ot
IR KA ()T fi(xi)dx
n 1/q; n n—1-s)/q; i
k(G A) T [ A,

n (n+1)m
» n(2pi/ai=1)(n=1=5)+(2pi—qi)oi+X}_  4jAji op, 1/(n+1)
e [ GOTT 2]

[T ki)™ T [l ot g s

<

)

(2.172)

where 0; =3/ Ajj,i=1,2,...,n, m=min{1/q1,1/q2,...,1/qn, 1 = A}, M =max{1/qi,
1/q2,...,1/qn, 1 — A}, and ki(-), i = 1,2,...,n are defined by (2.139).

Proof. The proof is a direct consequence of Theorem 2.27. Namely, if we substitute
the functions ¢;; and w;, i,j = 1,2,...,n, defined respectively by (2.138) and (2.171), in
the relation (2.164), we get (2.172) after straightforward computation. O

The following result yields the interpolating series of inequalities in the difference
form.
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Corollary 2.26 Suppose p;,pl.qi, i = 1,2,....n and A are as in (2.159)—(2.162), and
Ajj, i, j = 1,2,...,n are real parameters satisfying ¥ A;j = 0. If K : R, — R is a non-
negative measurable homogeneous function of degree —s, s >0, and fi : Ry — R, i =
1,2,...,n are non-negative measurable functions, then

n n
(n+ Vm[ Tkt (g [T 1" g,
i=1 i=1
" 1/(n+1)
2pi/qi—1)(n—1=5)+(2pi—qi)i+X_, 4jAji 2p,
fR’i K"(x) ?:lep/q )(n=1=5)+(2pi—qi)oi+X_ qjA; f,~2p’(xi) dx

x |1—
[T ki) Y/ D TI [l g Dol )

n Vai n n—1—s)/qi+a; n
<Ilx g [] lnxf Vg = [, K9] [ /ixiex
i= i= +

< (n+ MK (gedi) [T It g,
i=1 i=1

n 1/(n+1)
2pi/qi—1)(n—1=5)+(2pi—qi)i+Xi_, 4jAji 2p;
Jre |K"(%) n Pl D G R AT i dx

e, ki(ini)]l/(nJrl)H?:l ||x§n717s)/q"+a"ﬁ| ‘%’i/(lﬂrl)

X |1—=

(2.173)

where 0; =3 Ajj,i=1,2,....n, m=min{l/q,1/q2,...,1/qn,1 — A}, M =max{1/q,
1/q,...,1/qn, 1 — A}, and ki(+), i = 1,2,...,n are defined by (2.139).

Proof. We use Theorem 2.28. More precisely, if we insert the functions ¢;; and w;,
i,j=1,2,...,n, defined respectively by (2.138) and (2.171), in the relation (2.170), we get
(2.173) after straightforward computation. O

Now we discuss these results in some particular settings. More precisely, we consider
the homogeneous function K : R’} — R defined by

K(x)= (ix,) , s>0. (2.174)

Clearly, K is a homogeneous function of degree —s. In this setting, the constant (2.139)
can be expressed in the terms of a gamma function I". For that sake, we use the formula
(2.156). In such a way, the constant factors k;(g;A;), i = 1,2,...,n, involved in the series
of inequalities (2.172) and (2.173) become

D(s—n+1-qi0i+gifi) "
(S n-+ qlal+ql ”) H F(1+q1A1/)7 i:1727"'7n7

ki(qiAi) =

I'(s) j=Li#
provided that A;; > —1/g;, i # j and A;; — o > (n — s — 1) /q;. In the sequel we consider
some special choices of the parameters A;;, i,j = 1,2,...,n, which will bring us to some

results known from the literature.
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Example 2.4 LetA; = (n—s)(Aqi—1)/q? and A;; = (s—n)/(qiq;), i,j =1,2,...,n,i#
J. One easily verifies that ¥ | A;; = 27:1 A;; =0, so the interpolating series of inequalities
(2.172) reduces to

1) (s I L
{fR’l (R A  C yT) dx}
<]5/1‘41—111 1H.xn - Y/qlfHZMpl
. S () ™ THy fi()dx
T AT A,
: 0 )T K2 D1 e G a2 ] e
Jre [(Siae) " I x Fre)] T ax

1—
7y e Al P

)

(2.175)

where

_ b s\ M gt s—n) 7Y
A= F( ) HF( ) ’

i=1 Pi i=1 qi
s 1/1 nF(P1+S_ )1/‘Iinr(ql+s_ ) *(1/611')7
['(s) =1 Pi -1 qi

= T F(""“_”)m - r(iq"“_”)(nl)m,
F(S) i=1 Pi i—1 qi

assuming s > n — minj <j<,{pi,qi }-

Remark 2.41 If p; are conjugate exponents, thatis p;=g¢;, i=1,2,...,n,and A = 1, then
the constant %~ from relation (2.175) reduces to % = 1/(I'(s)) [T, T((pi + s —n)/pi).
that is, the middle term in (2.175) represents the quotient between the left-hand and right-
hand side of multidimensional inequality from [38]. Therefore, the interpolating series of
inequalities (2.175) can be regarded as a non-conjugate extension of the result from [38].

Example 2.5 1If A; = (Aqi — 1)/(Aq?) and A;j = —1/(Aqiq;)), i,j = 1,2,...,n, i # ],
then it follows that Y} | A;; = Z’]’»: 1A;; = 0. Now, if the degree of homogeneity of kernel
(2.174) is 1 —n, that is s = n — 1, the interpolating series of inequalities (2.172) becomes

n —n(n— n —n/(Ag; . 1/(n+1) (n+1)M
{fRi [(Zi:m) (DT x; /(q)fizp’(xz')} dx}

LTI LA™
n n N—A(n—1) 7 (v
_ Jre Baw) i=1 fi(xi)dx (2.176)
- LTI il

n —n(n— n/(Aq; ) 1/(n+1) (n+1)m
{fRi |:(2i:1xi) (n=1) i=1% ,l /(Ra fzpl(x,')} dX}

< 2mp;
LT [ ill

)
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where

et [0 ()|

Remark 2.42 The middle term in (2.176) represents the quotient between the left-hand
and right-hand side of the non-conjugate Hilbert-type inequality which was proved by
Bonsall [41], in the case n = 3.

Note that the parameters A;;, 7, j = 1,2,...,n were symmetric in the previous two ex-
amples, which is not the case in the following one.

Example 2.6 Suppose A;, i = 1,2,...,n, are real parameters satisfying relations (n —s —
1)/qi—1 < A; < 1/g;_1, provided that s > n — 2. Of course, we use the convention gy = gj.
We define parameters A;j, i, j = 1,2,...,n, by

Ai7 J: i7
Al]: 7Ai+17 J:l+17
0 otherwise,

where the indices are taken modulo n from the set {1,2,...,n}. In the described setting
equipped with homogeneous kernel (2.174), the series of inequalities in (2.172) reads

(n+1)M
n n o R . —g:)A; v
R/I; (4§1xi)7’1S 'l:ll-xgzpt/qlfl)(’1*173)4’(21717‘]171)A17(2pliql)Al+l‘fi2pi (xi) dx
. =
T
[ (2 3) 7 T fila)d
R} =1 -
% fll (B A A
(n+1)m
© s 17 2Pi/qi= 1) (n=1=5)+(2pi=qi—1)Ai—(2pi—qi)Ai1 22p; o

g y fi (xi) dx

R Li=1 i=1

<

- n 11— LA—A; .

%m 1—[1||xl(" $)/qi+A; l+lﬁ||?):”pl
=

(2.177)
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where
M
1 n
P = = |11 (s —n+14qAir) T(1 = qiAis1) |
C(s)M |-
= ! f[r(s—n+1+ A )T (1= giAiy )4
- ) qiAi+1) ( qiAiv1) ',
I(s)* i
1 n m
Fm = ——m | LIT (s =n+14qiAir 1) T(1 = giAir1)
LC(s)m |

Remark 2.43 The middle term in (2.177) represents the multidimensional inequality
from [43] and [44] in the conjugate setting.

Remark 2.44 It is important to emphasize that the multidimensional inequalities (in non-
conjugate setting) represented by the middle terms in relations (2.175), (2.176) and (2.177),
were also derived in [42]. Therefore, our relations (2.175), (2.176) and (2.177) represent
refinements and converses of the appropriate results from [42]. Refinements and converses
of these relations, although omitted here, can be obtained in the difference form, in an

analogous way.



Chapter

Jensen-type functionals under
the Steffensen’s conditions.
Petrovic-type functionals

In this chapter we make use of two variants of the Jensen inequality: Jensen-Steffensen’s
inequality (Theorem 1.7) and Jensen-Mercer’s inequality (Theorem 1.8), in order to deduce
and investigate two corresponding Jensen-type functionals, that is, Jensen-Steffensen’s and
Jensen-Mercer’s functional, where the latter is additionally observed under the Steffensen’s
conditions. For both functionals, the properties of superadditivity and increase on certain
sets of the real n-tuples are expressed and investigated in the discrete and in the integral
cases as well, by using the Riemann-Stieltjes’ integral.

The functionals of this type were investigated earlier in [23] and [24]. The results that
were obtained there are here improved.

In the last part of the chapter, Petrovi¢-type functionals, derived from the corresponding
Petrovi¢ and related inequalities are considered in a similar sense, also referring to their
superadditivity established on certain sets of the real n-tuples.

99
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3.1 Superadditivity of Jensen-Steffensen’s functional

We first consider Jensen-Steffensen’s functional, starting with its discrete form. After prov-
ing its superadditivity property, we apply it to establishing its increase property on the set
of the real n-tuples that satisfy the Steffensen’s conditions. The inequalities of the form

MS(ﬁXJI) 2 3(f7X7P) 2 ms(fvxvq)v

that were observed by S. S. Dragomir in [60] (see Theorem 1.35) and subsequently in
[23], are thus improved by obtaining the new form of the non-weight bounds for Jensen-
Steffensen’s functional.

The integral analogues of the discrete results are obtained making use of the Boas’ vari-
ant of the integral Jensen-Steffensen’s inequality. Some related additional integral results
of the Boas’ type are also established.

At the end of the considerations on the Jensen-Steffensen’s functional, we give an ap-
plication to the functional defined in [155], by means of the weight quasiarithmetic mean.

The contents of the Section 3.1 corresponds for the most part to the contents of the
published paper [113].

3.1.1 On discrete Jensen-Steffensen’s functional

As we already have mentioned (Theorem 1.7), J. F. Steffensen proved thatifx € I, I C R
is a monotonic (increasing or decreasing) n-tuple and p is a real n-tuple such that

P,>0 and 0<P <P, 1<k<n—1, 3.1

where P, = 2;{:1 pi, k =1,...,n, then Jensen’s inequality

1 & 1 &
f (Fn;:lpixi> < Eizlpif(xi) (3.2)

holds for every convex function f : I — R. Under Steffensen’s conditions (3.1), inequality
(3.2) is referred to as Jensen-Steffensen’s inequality. In the sequel, the set of all real n-
tuples p that satisfy (3.1) will be denoted by &,. Furthermore, 20 C 22, where 2 is
(as in the previous considerations) the set of all nonnegative n-tuples p, such that 3} | p; =
P, >0.

Discrete Jensen-Steffensen’s functional J(f,x,p) is now deduced from the inequality
(3.2), analogously as it was done with Jensen’s functional (1.65):

n 1 n
If,x,p) = Y, pif (xi) = Puf (F Zpixz) . (3.3)
i-1 "zl

For fixed f and x, functional J(f,x, -) can be observed as a function on &7,. Furthermore,

when f is a convex function, then (3.2) yields J(f,x,p) > 0, forall p € &,.
Nevertheless, superadditivity property of the functional (3.3) holds in a more general

environment of the previously described. Therefore we state it this time in a separate result.
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Theorem 3.1 Let I be an interval in R and let X = (x1,...,x,) € I". Suppose p =
(P1,---,pn) and q=(qi,...,qn) are real n-tuples, such that ¥} pi=P, >0and Y, qi =
0, > 0and f%, Y piXi, é >t gixi € L If f 1 1 — Ris a convex function, then functional
(3.3) is superadditive on the set of the described real n-tuples, that is

J(fx,p+aq) > 3I(f,x,p) +3I(f,x,q). (3.4)

Proof. 1t follows from the definition of the functional (3.3) that

i (pi+ Cli)xi>
Py +0On

n

3(xpta) = 3ot a)fln) <Pn+Qn>f(

i=1

:Zﬂﬁ%+2%xa P+@yeiﬁﬁﬁ&)

Pn + Ql’l

(3.5)
whereas convexity of f yields
7 <Z§'1 (pi+ Qi)xi> oy (2?1 pixi+ Y 615Xi>
Pn + Ql’l Pn + Ql’l
_ ( By X pixi " On X qz‘xi>
Pit+0n B Pit+0n  On
B, f <2:'11pixi) + On f <271 qixi> '

o Pn+Qn. Pn Pn+Qﬂ. Q"

(3.6)

Finally, (3.5) and (3.6) yield

n

I xpta) = ¥ pif )+ X aif (i) - f(lip) an( 'Ql%)

i= i=1 P,

= J(f,x,p)+3(f,x,9),

whereby the proof is concluded. O

Remark 3.1 The superadditivity of Jensen-Steffensen’s functional J(f,x,-) is proved as
it would be done for discrete Jensen’s functional J(f,x,-) in Theorem 1.34. Namely, the
classical Jensen’s inequality is applied in both proofs, where the only needed assumptions
are P,, 0, >0, I}n >, pixi and é > qixi € 1. On the contrary, the property of increase
(3.3) of the functional needs to be proved depending on the choice of the real n-tuples from
Py, as it will be done in the sequel.

Theorem 3.2 Suppose q and p — q are n-tuples in &, where p is a real n-tuple, such
that ¥ | pi =P, > 0. Letx € I", I C R, be a monotonic (either nondecreasing or nonin-
creasing) n-tuple. If f : I — R is a convex function, then the following inequalities hold:

J(f,x,p) > 3(f,x,q) > 0. (3.7)
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Proof. Since J (f,x,p) = J (f,X,p—q+q), applying (3.3) to p—q and q, we get
S(fvxvp) :3(f»X»P_(I+(I) ZS(f,X,p—q)-i-f}(f,X,q) Zﬁ(faxaq)a

where the last inequality holds since J (f,x,p —q) > 0, according to Jensen-Steffensen’s
inequality, applied to a convex function f and p —q € &,. Analogously, for a convex
function f and q € &, the last inequality in (3.7) holds. O

Dragomir’s Theorem 1.35 on comparative inequalities for normalized Jensen’s func-
tional was given an alternative proof in [23]. An analogous result, which we cite in the
sequel was established for n-tuples p and q satisfying the Steffensen’s conditions, where
normalized Jensen-Steffensen’s functional is denoted by J,, (f, X, -).

Theorem 3.3 (SEE [23]) Let p = (p1,...,pn) and q = (q1,---,qn) be two n-tuples sat-
isfying the following conditions:

0<P,0r <1, k=1,....n—1, P,=0,=1.
Forke{l,...,n} denote P, := 22‘11 pi, Ok := 2{'(:1 qi. Let m and M be any real constants

such that
PkmekZO, (1—Pk)—m(1—Qk)ZO, kZl,...,l’l*l

and

MQk—PkZO, M(I—Qk)—(l—Pk)ZO, kzl,...,}’l—l.
If f : I — Ris a convex function defined on an interval I CR and if x = (x1,...,x,) € [" is
any monotonic n-tuple, then

MJn(faXaQ) 2 Jn (f7X7p) 2 m\'jn(faxaq)' (38)

We cite here the accompanied corollary from [23], where the normalized Jensen-Stef-
fensen’s functional is bounded by means of the functional

3n(f,x) f,Xll fol (jli)ﬁ),

i=1

regarding the uniform distribution u = (%, ey %)
Corollary 3.1 (SEE [23]) Let p= (p1,...,pn) be an n-tuple that satisfies
0<P <1, k=1,....n—1, Py=1.

Fork e {l,...,n} denote P, := Zlepi and define

P. 1-P
my:=n- mln{ k k:kzl,...,n—l},

k'n—k

P 1-P
My := k=1,....n—1,.
0: nmax{k p— N} }

If f : I — Ris a convex function defined on an interval I CR and if x = (x1,...,x,) € [" is
any monotonic n-tuple, then

Mo3n(f.X) > 3n (f,X,p) > foJn(f,X). (3.9)
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Remark 3.2 We now show that the statement of Theorem 3.3 from [23] can easily be
deduced from Theorem 3.2. Let m and M be real constants and let p be a real n-tuple
such that ' | p; = P, > 0. Suppose q,p—mq and Mq—p € Z,. If f: 1 —-R, I CR,
is a convex function and if x = (xj,...,x,) € I" is a monotonic n-tuple, then, according to
Theorem 3.2:

J(f.x,p) =3(f.x,p—mq+mq) > J(f,x,p—mq)+J(f,x,mq) >mJ(f,x,q).

Similarly,
J(f:x,p) <MJ(f:x.q),
that is
M3 (f.x,q) = 3(fx,p) = mJI (f,x,q). (3.10)
Since p —mq € &, implies P, > mQy, and (P, Pk) >m(Qn — Qy), and Mq—p € &,
implies P, <MQy and (P, — P,) <M(Q,— Ox),k=1,...,n— 1, which are the assumptions

of Theorem 3.3, only written in a slightly generalized, non-normalized form, the starting
assumptions yield the statement of Theorem 3.3.

Another application of Theorem 3.2 is deducing the lower and the upper bound for the
functional (3.3), by means of the non-weight functional of the same type. However, almost
identical result which slightly differs from this, for it was given in the normalized form,
was obtained in Corollary 3.1. Thus this proof is comprehended as an alternative one and
is consequently given within a remark.

Remark 3.3 Let us write Corollary 3.1 in a slightly generalized way:

Letp = (p1,...,pn) be an n-tuple in &, Define

) P, P, — P M P. Py — P
‘= min < — ‘= ma —
" 1<k<n—1 | kK’ n—k |’ 1gk§;ﬁ1 k' n—k |’

where P, = Zf?zlpi and P, =Y 1pi>0. If f: 1 =R, I CR, is a convex
function and if X = (x1,...,x,) € I" is a monotonic n-tuple, then

M3(f.x) = 3(f.x,p) = mI(f.x), (3.11)

where 3(f,%x) = iy f(xi) —nf (5 iix)-

Alternative proof of Corollary 3.1. Let us firstly prove the right-hand side inequality
in (3.11). Let qmin € 2?9 be a constant n-tuple, gmin = (&, @, ..., &), where o > 0 since
On =Y qi > 0. The proof is based on the application of Theorem 3.2 to p and qin

because
J(f,X,Qmin) = (Zf (xi) _nf<21 1x1)> =mJ(f,x).

L

However, we firstly need to hold an argumentation on the choice of o regarding the defined
m. In order to apply Theorem 3.2, one must provide the following conditions satisfied:
Pc>Qv=ko,P,— P >0,—0r=n—-k)a,k=1,....n—1, P, > Q, = no,, which
means:
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i) a<f, k=1,..n-1,

() a<Blh k=1,
(iii) o < %o,

Obviously, m satisfies the conditions (i) and (ii) by definition and is a candidate for the

choice of . Fix k € {1,...,n}. It easily follows from (i) and (ii) that nm < P,, i.e. m < %

and m is a good choice for a. The left-hand side inequality is proved analogously, by

exchanging the roles of p and q. |

3.1.2 Integral variants of Jensen-Steffensen’s functional

Although Steffensen established the integral variant of Jensen’s inequality too, we take
here as the starting point the integral variant of Jensen-Stefensen’s inequality that was
proved by R. P. Boas in [39], but can be also found in e.g. [177, p. 59]. As for the
following considerations, we need to refer to the properties of Riemann-Stieltjes’ integral,
which are described in the first chapter and regarding to which we already cited the integral
form of Jensen’s inequality (1.11). Now we proceed in the similar way regarding Jensen’s
inequality under Steffensen’s conditions.

Theorem 3.4 (JENSEN-STEFFENSEN) Suppose x : [a, ] — (a,b) is a continuous and
monotonic (either nondecreasing or nonincreasing) function, where —oo < ot < 3 < o0 and
—o<a<b<oo andlet [:(a,b) — R be a convex function. If A : [, B] — R is either
continuous or of bounded variation, satisfying

Ala) <A@) <A(B), forall te€a,B] and A(B)—A(a) >0, (3.12)
then the following inequality holds:

1 B 1 p
f(m / x(r)dw))sm [ raoare. @)

The condition (3.12) on A can be regarded as a very weak monotonicity condition.
Still, the monotonicity condition required for x is quite restrictive. So Boas proved in [39]
that if one strengthens the hypothesis on A and correspondingly weakens the hypothesis
on x, the inequality (3.13) still holds.

Theorem 3.5 (BOAS) Let A : [0, ] — R be either continuous or of bounded variation
and such that there exist k > 2 points . =y <y < --- < ¥ = B, so that

Ala) A1) <A(n) <A() < < A1) < Aa) <AB),
forall t€lyi_1,v], i=1,....k, A(B)—A(a)>0. (3.14)
If x : [a,B] — (a,b) is a continuous function and monotonic (either nondecreasing or

nonincreasing) on each of the intervals [yi—1,Y], i = 1,...,k, then (3.13) holds for any
convex function f : (a,b) — R.
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When the inequality (3.13) is observed under the Steffensen’s conditions (3.12), it is
called Jensen-Steffensen’s inequality. Otherwise, when it is observed under the conditions
(3.14), it is called Jensen-Steffensen-Boas’ inequality.

Finally, using the integral variants of the inequality (3.13), we can observe the corre-
sponding functionals J(f,x,A), which are deduced as follows:

B B
3= [ f(x(r))dw)—wﬁ)—x(a))f(m / x(t)dw)). G.15)

The common form of the functional (3.15) is called (integral) Jensen-Steffensen’s or Jensen-
Steffensen-Boas’ functional, depending on the conditions under which it is observed: the
ones from Theorem 3.4 or those of Theorem 3.5. For the sake of simplicity and shortness,
we use the following notation:

Ajg.p], —o° < & < B <o, for the class of all functions A : [o, B] — R that are either con-
tinuous or of bounded variation and satisfy the conditions (3.12);

/N\[a’m, for subclass of Ay g, that contains all NS Ajq p) satisfying the conditions (3.14).

We notice here that every nondecreasing function A4 : [cr, f] — R, such that A (B) # A (),
belongs to the class Ay g (see inequality (1.11)). Moreover, notice that if f is convex,
then after (3.13) is J(f,x,A4) > 0, for all A that are in € A, g) or /N\[am, which follows
from (3.13). When proving the properties of the functionals (3.15) that are analogous to
those in the discrete case, we observe J(f,x,-) as a function on Ajg,p) OF /N\[(LB], with fixed
f and x.

Similarly as in the discrete case, superadditivity of both functionals defined by (3.15)
does not depend on the special classes of the functions A. Hence the result on the su-
peradditivity is proved as a common result for both functionals and only after that their
properties are analyzed separately.

Theorem 3.6 Let x: [, B] — (a,b), a,b € R, be a continuous function and let A, u :
[, B] — R be such that A(B) —A(ct) >0, u(B) —u(a) > 0. If f: (a,b) — R is a con-
vex function, then functional J(f,x,-) defined by (3.15) is superadditive on the set of the
described functions A and W, that is

I, A+ ) = 3(f,x,A) +3(fox, ). (3.16)

Proof. Let us first denote A () —A(a) := 28 and uB) —u(e) := ub. 1t follows
from the definition of the functional (3.15) that

3(foxp) = / FOe)d () (o)~ (x’%ua (w* / d(7+p)( >>

/ Fx(0))dA (e -+/ Flee)ap(e) = (A +uf) -

(Aﬁ+uﬁ/ A+u()> (3.17)
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whereas convexity of f yields

(/lﬁﬂtﬁ/ R ())

(e 0dr) | wh Jgadee)
Y 2B 2B P B
o T Uy o o T Ha HUo,

28 18 x(t)da (1) ub 18 x(t)du(r)
< . e + . e . 3.18
<o () i (B o

Finally, (3.17) and (3.18) yield

i) 2 [ a0+ [ eendui AL (’a o ”)

B.X
—u f(%) (A o),

le,

which concludes the proof. |

We now focus on the integral variant of Jensen-Steffensen’s functional, starting with
the integral variant of Theorem 3.2.

Theorem 3.7 Suppose w and A — p are functions in Ay g), either continuous or of
bounded variation, where A : o, ] — R is such that A(f) — A(ct) > 0. Let x : [a, ] —
(a,b), a,b € R be a continuous and monotonic function. If f : (a,b) — R is a convex
function, then the following inequalities hold:

I(fxA) = 3(f5x 1) = 0. (3.19)
Proof. Since J(f,x,A) =3 (f,x,A —u+u), applying (3.16) to A — u and u, we get

3(f7x7)’) :3(.]“,)(,)(. 7‘U,+‘U,) zﬁ(fvxv)t 7:“’)+3(f7xvu) 23(f7x7“)7

where the last inequality holds since J (f,x,A — u) > 0, according to Jensen-Steffensen’s
inequality, applied to a convex function f and A — u € Ajqp)- Analogously, for a convex
function f and u € Ajq g, the last inequality in (3.19) holds. O

Remark 3.4 Theorem 3.3 from [23] is accompanied with its integral variant in [23]. Now,
following the same lines as in Remark 3.2, its statement follows easily from Theorem 3.7.

Theorem 3.7 provides us with the lower and the upper bound for Jensen-Steffensen’s
functional (3.15), by means of the non-weight functional of the same type. However,
almost identical result which slightly differs from this, for it was given in the normalized
form, was obtained in [23]. Thus this proof is comprehended as an alternative one and is
consequently given within a remark.
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Remark 3.5 Let us rewrite [23, Corollary 6] in a slightly generalized way:

Let ) be a function in Ay g). Suppose x : [a, B] — (a,b), a,b € R is a contin-
uous and monotonic function and f : (a,b) — R is a convex function. If m and
M are real constants defined by

— {A(x)—m) l(ﬁ)—/l(t)},

a<t<f r—o ’ B—t

o [ =A@ 2B~ A
M.—oc<zI<)B{ r—a , ﬁ_t },

then
M3(f,x) > 3(f,x,A) > m3(f,x), (3.20)

where 3(f,x) i= [§ f(x(0))dt = (B = o) f (g £ x(t)ar).

Alternative proof of [23, Corollary 6]. Let us prove the right-hand side inequality in
(3.20). Let u : [or, B] — R be defined by wu(z) = mr. The proof is based on the application
of Theorem 3.7 to A and u because

[ 1)) — (o —mer) s (s | ﬁx@d(m))

= ([ sttonai - p-ar (5 [ i) ) = matrn,

A() —A(a)
r—a t—

is equivalentto A (o) —ma < A(t) —mt < A(B) —mP,ie. Ala)—u(a) <A({)—u(r) <

A(B) —u(B),t € [a,B], s0 A — u € Ajg g Furthermore, m > 0 implies (o) < u(r) <

u(B),t € o, B], hence u € Ay ). The left-hand side inequality is proved analogously, by

exchanging the roles of A and u.

J(fx, 1)

A
Namely, according to the definition of m is m < andm <

In the sequel we observe the functional (3.15) under the conditions of Theorem 3.5,
that is, we obtain the results for (integral) Jensen-Steffensen-Boas’ functional. We start
with the integral variant of Theorem 3.2 under the conditions (3.14).

Theorem 3.8 Let u and A — u be functions in /N\[a’m, either continuous or of bounded
variation. Let o0 = Yy < 71 < -+ < Yy = B, k > 2, be points in [, B]. Suppose x : [o, f] —
(a,b),a,be R is a continuous function that is monotonic on each of the intervals [Yie1,7i]s
i=1,....k If f : (a,b) — R is a convex function, then the following inequalities hold:

J(fx,A) > J(f,x, 1) > 0. (3.21)

Proof. Follows the same lines as in the proof of Theorem 3.7, with Jensen-Steffensen-
Boas’ inequality applied instead of Jensen-Steffensen’s, for u, A — u € Ao gl- O
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Remark 3.6 The existing corresponding integral result [23, Theorem 6] can now easily
be proved by applying Theorem 3.8, according to Remark 3.2.

Theorem 3.8 provides us with the lower and upper bound for Jensen-Steffensen-Boas’
functional, by means of the non-weight functional of the same type. Again, almost identi-
cal result [23, Corollary 8] is supplemented by an alternative proof.

Remark 3.7 Let us rewrite [23, Corollary 8] in a slightly generalized form:

Let A be a function in /N\[am. Leta=y <y <--<Y%=PB,k>2, bepoints
in [0, B]. Suppose x : [, B] — (a,b), a,b € R is a continuous function that is
monotonic on each of the intervals [Y;i—1,Yi],i=1,....k, and f : (a,b) — R is
a convex function. If m and M are real constants defined by

mi= 'mink{inf{l(t)_/l(%1),/1(%)_)“” i <t <y,}},

i=1,..., t—Yi-1 Yi—t
_ A) = A1) A(n)—AQ) ‘
M.—im?)ik{sup{ v ) i1 o <t <Y ,
then
M3(f,x) = 3(f,x,A) = m3(f,x), (3.22)

where 3(f,%) i= [£ £(x(0))dt = (B— ) (55 [ x(0)dr )

Alternative proof of [23, Corollary 8]. Let us prove the right-hand side inequality in
(3.22). Let u : [or, B] — R be defined by u(z) = mz. The proof is based on the application
of Theorem 3.8 to A and u because

3 = [ at)dton) o —ma) (e [ st

—m ( /aﬁ Fxl))dr — (B —a)f (ﬁ_% . /aﬁ x(t)dt)) = m3(f, ).
A1) = A(¥i-1) A1) —A(n)

andm< ———= =
I—Yi-1 I—Yi

1,...,k, which is equivalent to A (i) — m¥yi—1 < A(¢) —mt < A(y;) —m¥;, ie. A(Yi—1) —

B(¥ie1) S A(t) —u(t) < A(vi) —u(yi), forallt € [yi—1,v], i=1,....k. Hence A —u €

A(q p)- Furthermore, m > 0 implies u(y;—1) < u(t) < u(y:), for all y;—; <t < hence

ue /N\[a’m. The left-hand side inequality is proved analogously, by substituting the roles

of A and u. a

Namely, according to the definition of m is m <

3.1.3 Application to quasiarithmetic means

Here we illustrate the application of the established properties of Jensen-Steffensen’s func-
tional to improvement of one of the results from [155]. Namely, in that paper a func-
tional of type (3.3) was investigated as well, only defined by means of weight quasiarith-
metic mean. In order to deduce it, recall that for a continuous and strictly monotonic



3.1 SUPERADDITIVITY OF JENSEN-STEFFENSEN’S FUNCTIONAL 109

function y : I — J, I,J C R, for x = (x,...,x,) € I" and p = (p1,...,pu), pi > 0 and
Y pi =P, >0, a weight quasiarithmetic mean is defined by

=x! (21%%()@)) : (3.23)
i=1

In particular, if y(x) = x, then (3.23) defines a weight arithmetic mean, whereas for y(x) =
logx we have a weight geometric mean defined.

Let xy : 1 — I and y :J — J, with I,J C R be continuous and strictly monotonic func-
tions. Function f : I — J is said to be (M,,, My, )-convex if for all x,y € I and A € [0, 1] the
following inequality holds:

SN A =2)x00) +Ax0)) < w (= 2)w(f() +Aw(f()))- (3.24)

In particular, when y (x) = y(x) = x, inequality (3.24) defines a convex function f, whereas
for x(x) = x and y(x) = logx a logarithmic convex function f is defined. Moreover, if f
is an (MZ,M.,,)-convex function, then g := yo fo x’l is convex (for details, see [164]).

If we observe W as an identity function, then y(x) = x implies that f o y ! is a convex
function. Function f is then simply said to be an My-convex function. Furthermore, if
X = (x1,...,X,) is a monotonic n-tuple and x(x) := (x(x1),...,x(xn)), then x(x) is also
a monotonic n-tuple. If additionally the n-tuple p = (py, ..., pn) satisfies the Steffensen’s
conditions (3.1), then inequality

(fox~ 1( sz xl)£%2]’i(f°%l)( x(xi)) = Zp,fx, (3.25)
n;—1 i

corresponds to Jensen-Steffensen’s inequality (3.2). It was proved in [155] that min{xy,...,
Xnt < 171,1 Y pix(xi) <max{xi,...,x,}, so the left-hand side expression in (3.25) is well
defined. Similarly as before, inequality (3.25) provides the following functional:

2(f,x,p) = prx, nf( ( 2[71 X\ Xi ))» (3.26)

ﬂl

that corresponds to Jensen-Steffensen’s functional (3.3) when the substitutions f < fo !

and x; < x(x;) are taken into consideration.
Hence for the functional (3.26) the following results are established.

Corollary 3.2 Ler I be an interval in R and let x = (x1,...,x,) € I". Suppose p =
(P1,---,pn) and q = (q1,...,qn) are real n-tuples, such that Y | pi=P, > 0,3} ,q;i =
0, >0 and PLnZ?:l PiXi, ﬁz?:l qixi € 1. Assume y : 1 — I is a continuous and strictly
monotonic function. If f : I — R is an M,-convex function, then functional (3.26) is super-
additive on the set of the described n-tuples p and q, that is

Jp(fox,p+4q) = J,(f,x,p) +3,(f,x,q) >0. (3.27)

Proof. Since fo ! is a convex function, the proof follows the same lines as in
Theorem 3.1. ]
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Corollary 3.3 Let q and p — q be two n-tuples in &2, where p is a real n-tuple, such
that ¥} pi=PB, > 0. Letx € I'", I C R be a monotonic n-tuple. Suppose x :1 —1is a
continuous and strictly monotonic function. If f : 1 — R is an M,-convex function, then
the following inequalities hold:

Jx (f,x,p) > 3y (f,x,q) > 0. (3.28)

Proof. Since x(x) is a monotonic n-tuple and f o ! is a convex function, the proof
follows the same lines as in Theorem 3.2. ]

Functional (3.26) possesses the lower and the upper bound expressed by the non-weight

functional of the same type.

Corollary 3.4 Let p, m and M be as in Remark 3.3. Suppose x : I — I, I CR is a
continuous and strictly monotonic function. If f : 1 — R is an My-convex function and
X = (x1,...,%,) € I" is a monotonic n-tuple, then

Mﬁx(f» ) (fax p) 3 fax)a (329)

where 3, (f,x) =X, f(xi) —nf (Xl < i1 X (xi ))

Proof. Follows from the previous two corollaries, analogously as in Remark 3.3. O

Remark 3.8 Let us observe the left inequality in (3.29). As in Remark 3.3, it is defined:
M = max {& Fo =B

1<k<n—1 | k' n—k
and % < a. It follows that M < o, which is a better upper bound than the one obtained
in [155, Teorem 3.1.]

}. Let o = max{py,...,pn}. Obviously, P, < ko, so % <a

In order to obtain analogous integral results, we need to transform (3.15) by means of
M,-convex function f and the substitutions of convex functions f < fo x~ ', as well as of
monotonic functions x < ) ox. The following form of the functional is obtained:

35 (fx2) /f

(A (B)—A(@)f (xl o /. ’ 260120 ).

(3.30)

Remark 3.9 By applying the afore described substitutions (f < fox ! and x < yo

x) for x being a continuous and strictly monotonic function and f being an M, -convex
function, all integral results from Section 3.1.2 can then be applied to the functional (3.30).
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3.2 Superadditivity of Jensen-Mercer’s functional

In the sequel we prove superadditivity of discrete Jensen-Mercer’s functional which we
then apply to prove that this functional is increasing on the set of nonnegative real n-tuples,
as well as on the set of the real n-tuples that satisfy the Steffensen’s conditions. We then
take into consideration the inequalities of the form

MOM(f,x,q) > M(f,x,p) > mM(f,x,q),

which were recently observed in [24], give a comparison with the results obtained in [24],
and finally obtain a new type of the bounds for Jensen-Mercer’s functional, expressed by
means of the non-weight functional of the same type.

All of the obtained discrete results are accompanied by their integral variants de-
duced from the integral form of Jensen-Mercer’s inequality established in [49], in the first
place, and then the integral form of Jensen-Mercer’s inequality under the conditions of the
Steffensen-Boas’ theorem which was proved in [24].

The contents of Section 3.2 corresponds for the most part to the contents of the pub-
lished paper [112].

3.2.1 Discrete Jensen-Mercer’s functional

As we already have mentioned (Theorem 1.8), A. McD. Mercer proved that if x = (x1,...,x,)
€ la,b]", [a,b] CRand p = (pi,...,py) is such that p; > 0 and P, = ¥ | p; > 0, then the
inequality

f<a+b—%2mxl'> Sf(a)+f(b)—%2mf(xi) (3.31)
n i1 n =1

holds for every convex function f: [a,b] — R. As usual, the set of the described non-
negative real n-tuples p will be denoted by 2.
Discrete Jensen-Mercer’s functional 9%(f,x,p) is assigned to inequality (3.31) as fol-

lows:

M(f,x,p) = Pu[f(a)+ f(b)] — i pif (xi) — Puf (Cl +b— % i Pm) : (3.32)

i=1 ni=1

If f is convex, then (3.31) implies 9(f,x,p) > 0, for all p € £29. For fixed f and x, the
functional M(f,x,) can be observed as a function on 2°.

Nevertheless, superadditivity property of (3.32), that we are about to prove here, holds
in a more general environment.

Theorem 3.9 Let [a,b] be an interval in R and let x = (x1,...,x,) € |a,b]". Suppose
p and q are real n-tuples, such that ¥} pi =P, >0, X! qi =0y >0 and a+ b —
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%n Y pixi,a+b— é Y qixi € [a,b]. If f : [a,b] — R is a convex function, then func-
tional (3.32) is superadditive on the set of the described real n-tuples p and q, that is

M(f,x,p+q) > M(f,x,p) +M(f,x,q). (3.33)

Proof. Tt follows from the definition of the functional (3.32) that

m?(f,x,p—i—q) = (Pn"'Qn)[f 2 Pz+6b
B _Zi:1(Pi+6h) i)

— BJLf(a) + f(B)] + Qulf(a) + F(B)] - ipif<xi> - ilq,f(xi)

Y1 (pi+qi)xi )

P+ 0y @34

—(P,,+Q,,)f(a+b—

whereas convexity of f yields
f(a+b_w) :f<z71<p,~+q,~><a+b—x,~>)
Pn+Qn Pn+Qn
_ f< P, er":lpi(a'i‘b_xi) + On 2?1Qi(a+b_xi))

Pn+Qn Pl’l Pl’l+Qn Qn

P, XL pixi On _ Zlgixi
< PinJran(a—l—b P, >+Pn+an(a+b 7Qn ) (3.35)

Finally, (3.34) and (3.35) yield

M(fFrxpra) > Polf(@) +FB) + QulF(@) 4 fB)] — 3 pife) — 3 auf ()
i=1

i=1

B CXhpixi\ X gixi
"f<“”’ P, ) Q"f(““’ 0, )

= M(f,x,p) + M (f,x,q),

and the proof is concluded. O

Functional (3.32) is increasing on the set Z20, which we prove in the following theo-
rem.

Theorem 3.10 Let [a,b] be an interval in R and x = (x1,...,x,) € [a,b]". Suppose p =
(P1,-.,pn) and q = (q1,...,qn) are two n-tuples in 29, such that p > q, (i.e. p; > q;,
i=1,....n.) If f:]a,b] — R is a convex function, then the following inequalities hold.:

M(f,x,p) > M(f,x,q) >0, (3.36)

that is, M(f,x,-) is increasing on Y.
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Proof. If we write I (f,x,p) as M (f,x,p — q+ q) and then apply the superadditivity
property of (3.32) to p—q and q, we get

m(fvxvp) :Sm(faXaP_Q‘f‘(I) Zm(f,X,p—q)-i-gﬁ(f,X,q) Zm(fvxvq)v

where we applied Jensen-Mercer’s inequality in order to prove the last inequality: convex-
ityof fandp—q € 3”,? imply 9 (f,x,p—q) > 0. In a similar way, convexity of f and
q € 20 imply the last inequality in (3.36). O

In the following corollary the lower and the upper bound for (3.32) by means of the
non-weight functional of the same type are obtained.

Corollary 3.5 Let p, x, f and functional 9 be as in Theorem 3.10. Then the following
inequalities hold:

max {p;}M(f,x) = M(f,x,p) = min {p;}M(f’x), (3.37)

1<i<n T 1<i<n

where M(f.x) = nlf(a) + F(b)] - Ty f() —nf ( vbr Z)

i=1

Proof. Let pmin = ( min {p;},..., min {pi}). Then p > Puin, for all p € 22°. Ap-
1<i<n 1<i<n
plying Theorem 3.10 it follows
m(faxap) > S)'n(fvxvpmin) .
On the other hand,
. n 1 n
m(fvxvpmin)zlllugn{pi} n[f(a)+f(b)]_2f(xl)_nf a+b_;2xi )
S i=1 i=1

that is, 9 (f, X, Pmin) = 11213 {pi}M(f,x), which was to obtain. The left inequality in
<i<n
(3.37) is proved analogously, by substituting the roles of minimum and maximum. |

In [24], the following result concerning the normalized Jensen-Mercer’s functional
M, (f,x,-) was proved.

Theorem 3.11 (SEE [24]) Let p = (p1,...,pn) and q = (q1,-..,qn) be two n-tuples in
9,9. Suppose m and M are real constants such that

m207 Pi_m%’ZOa MC]i—PiZOa lzl,,}’l

If f : [a,b] — R is a convex function and if x = (x1,...,X,) is an n-tuple in [a,b]", then the
following inequalities hold:

an(fﬂ‘v‘]) > fmn(faX,P) > mimn(f,x,q).
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Remark 3.10 The statement of Theorem 3.11 follows easily by applying Theorem 3.10,
as we explain in the sequel. Namely, for p,q € 9,9 and real constants m and M, such
that p — mq and Mq —p € 29, for a convex function f : [a,b] — R, [a,b] CR and x =
(x1,...,%,) € [a,b]", Theorem 3.10 yields

M(f,x,p) = M(f,x,p—mq) +M(f,x,mq) >mM(f,x,q).

Similarly,
M(f,x,p) < MM(f,x,q),
ie.
MM (f,x,q) > M (f,x,p) > mIN(f,x,q)

which is indeed the statement of Theorem 3.11, only in a slightly generalized — non-
normalized form.

3.2.2 Integral Jensen-Mercer’s functional

In order to deduce the integral form of Jensen-Mercer’s functional, we use as a starting
point the integral variant of Jensen-Mercer’s inequality. It was proved in [49] that under
the assumption of (Q, o7, i) being a probability measure space and x : Q — [a,b], —oo <
a < b < e being a measurable function the inequality

flatp- /xdu < fla)+ /(b /f (3.38)

holds for any continuous and convex function f : [a,b] — R.
It can be proved analogously that for a measure space (Q, <7, 1), where 0 < u (Q) < oo,
the integral Jensen-Mercer’s inequality

1 ' 1 '
f a‘f'b—mg/xcw Sf(a)‘f‘f(b)_mh/f(x)dﬂ (3.39)

holds. In particular, for Q = [¢t, B], —ec < ¢ < f <o and A : [¢t, 3] — R is an increasing
function, such that A (f) # A (), inequality (3.39) assumes the following form:

1 P 1 P
(a0 s [, #0000 ) < 7@+ £0) s [ Fx0) a0
(3.40)
If we write A(B) — A () := )Lg , inequality (3.40) can be rewritten as

B B
(s [ @ro=smar0) < 3 "0 @-+r0)- 6@ 0. G4

o o

We now deduce the integral Jensen-Mercer’s functional 9t(f,x,A) as follows:

M(f,x,A) = AL [f(a / e )tﬁf<a+b——/
(3.42)
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If f is a convex function, then 2M(f,x,A) > 0, which is inherited from (3.41). In order to
obtain the results on the bounds of the functional 9t(f,x, -), we are going to observe it as a
function on the set of the (increasing) functions A, such that A () # A (o). Nevertheless,
superadditivity of (3.42) is again proved in a more generalized environment.

Theorem 3.12 Let A, u: [a,f] = R, —eo < a0 < B < o0 be such that A () > A(a) and
w(B) > u(a) and let x : [0, B] — [a,b], —eo < a < b < e be a continuous function. If
f :la,b] — R is a continuous and convex function, then functional IM(f,x,-), defined by
(3.42) is superadditive on the set of the described functions A and W, that is

M(f,x,A + 1) = M(f,x,4) +IN(f,x, ). (3.43)
Proof. Tt follows from the definition of (3.42) that

W(f et ) = (A +t) @)+ 7))~ [ )0+ )0

o

(;ngg).f(ﬁblﬁwﬁ/ /1+u)()>

(3.44)
whereas convexity of f yields
f<a+b )Lﬁﬂﬁ/ d(A+u)( ))
(M Jalatbox)dAO) | wh faatb—x(0)du()
AL+l Al AL+ ul ul
M (Jalatboxe)ah0) | me (falatbox0)du@))
Y 25 2l uh
(3.45)
Finally, (3.44) and (3.45) yield
M (f,x, A+ 1)
B
By B o X(1)dA (1)
> b / flx —AE. (HbT
B
+ub[f(a / flx )~ b f<a+bmﬁdu(t)>
e
= M(f,x,A) +DM(f,x, 1),
which concludes the proof. |

The extra conditions on functions A and u are needed in the sequel.
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Theorem 3.13 Ler A, u: [0, f] = R, —eo < a0 < ff < oo, be such that A () > A(a) and
w(B) > u(a). Suppose x: [o,B] — [a,b], —o < a < b < oo, is a convex function and
f :la,b] — R is a continuous and convex function. If u and p := A — U are increasing
functions, then the following inequalities hold:

M(f,x,A) =M (fx,u) > 0. (3.46)

Proof. Since u and p := A — u are increasing functions, the same holds for A. If we
write MM (f,x,A) =M (f,x,A —u+ u), by applying Theorem 3.12 we get

m(fvxvﬁ’) :m(f7x7)’ 7“"»“) Zi)in(fvxv)L 7“)+9:n(f7xnu)

For a convex f and for an increasing A — u, it follows from (3.41) that M (f,x,A — u) > 0.
Hence M (f,x,A) > M (f,x,u). For the same reason is for an increasing function u the
right-hand side inequality in (3.46) satisfied. O

Remark 3.11 Theorem 3.11 from [24] that we concerned in the previous subsection has
its integral version [24, Theorem 5]. According to Remark 3.10, when applying Theorem
3.13, the statement of this integral theorem can be easily obtained.

Another application of Theorem 3.13 is obtaining the lower and the upper bound for
the functional (3.42), by means of the non-weight functional of the same type. However,
almost identical result was obtained in [24, Corollary 5], except for its normalized form.
Our proof can be considered as an alternative one and is thus given within a remark.

Remark 3.12 Regarding the previous considerations, we adjust the statement of the [24,
Corollary 5].

Let A : [0, B] — R be a nondecreasing function, such that A() # A(a). Sup-
posex: o, B] — [a,b], —eo < a < b < oo, is a continuous and f : [a,b] — R is
a continuous and convex function. If m and M are real constants defined by

m:= inf {inf{w,agsgﬁ,s#t}},

o<t<f
M = sup {sup{M,agsgﬁ,s#t}},
a<i<f I—s

then the following inequalities hold:
MM(f,x) > M(f,x,A) >mMN(f,x), (3.47)

where

M(f,x) i= (B = A)f (@) +£(B)] — £ (1)) dt = (B = o)f (atb— s [ x(1)dr ).
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Alternative proof. Let us prove the right-hand side inequality in (3.47). Let u : [, B] —
R be defined by p(z) = mz. Then Theorem 3.13 can be applied to functions A and u
because

M) = (B —me)1(a) + 5]~ [ S0} dm)

~mp-mas (a0t [Matyatm) )

mf —ma Ja
mM(f,x). (3.48)

A(t) = A(s)

t—s
nondecreasing since A (1) —mt — (A(s) —ms) > 0, forz > s, and A (s) —ms — (A(t) —mt) >
0, for s > ¢t. Theorem 3.13 then implies

M(f,x,A) = M(fr, A — o+ 1) = M(f,x, ). (3.49)

Namely, according to the definition of m is m < . Functionp := A —u is

The left-hand side inequality in (3.47) is proved similarly, by exchanging the roles of A
and u. O

3.2.3 Discrete Jensen-Mercer’s functional under the
Steffensen’s conditions

As it was pointed out by Theorem 1.9, Jensen-Mercer’s inequality (3.31) holds under the
Steffensen’s conditions as well. Precisely, if [a,b] is an interval in R, x € [a,b]" is a mono-
tonic n-tuple, either nondecreasing or nonincreasing and p is a real n-tuple such that

P,>0 and 0<P <P, 1<k<n—I, (3.50)

where P, = Zle pi, k=1,2,...,n, then inequality (3.31) holds for any convex function
ftla,b] — R. Jensen-Mercer’s functional (3.32) is now observed under the Steffensen’s
conditions. As in previous considerations of this type, the set of all real n-tuples p that
satisfy (3.50) is denoted by &2,. For fixed f and x, functional 9t(f,x,-) is observed as a
function on Z,. If f is convex, then M(f,x,p) > 0, forall p € F,.

The superadditivity property of the functional (3.32), established in Theorem 3.9 is
now applied to prove its increase on &,.

Theorem 3.14 Ler q and p — q be two n-tuples in &, where p is a real n-tuple, such that
Yr  pi =P, > 0. Suppose x € [a,b]", [a,b] C R, is a monotonic, either nondecreasing or
nonincreasing n-tuple. If f : [a,b] — R is a convex function, then the following inequalities
hold:

M(f,x,p) > M(f,x,q) > 0. (3.51)

Proof. If we write 9 (f,x,p) =M (f,x,p — q+q) and then apply (3.32) to p—q and
q, we get

M(f,x,p) =M(f,x,p—q+q) >M(f,x,p—q) +M(f,x,q) >M(f,x,q),
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where the last inequality follows from 90t (f,x,p — q) > 0, which is satisfied due to Jensen-
Mercer’s inequality under the Steffensen’s conditions. The same argument proves the last
inequality in (3.51), too. O

In [24], the following result on the comparative inequalities for the normalized Jensen-
Mercer’s functional 9, (f,x, -), under the Steffensen’s conditions was proved.

Theorem 3.15 (SEE [24]) Letp=(p1,...,pn) andq=1(q1,...,qn) be two n-tuples such
that

OSPk,ngl, k:17"'>n_17 Pn:anl-
Let m and M be any real constants such that
mZOa Pk_ka207 (1_Pk)_m(1_Qk)207 kzl,,}’l—l

and
MQk—PkZO, M(I—Qk)—(l—Pk)ZO, kzl,...,}’l—l.

If f :|a,b] = R, [a,b] C R is a convex function and x = (x1,...,x,) € [a,b]" is a monotonic
n-tuple, then

MM, (f.x,q) > M, (f.x,p) > mIN,(f,X,q).

The accompanied result in [24] was on the bounding of the normalized Jensen-Mercer’s
functional by means of the non-weight functional of the same type, defined by

W (%) = T 0) = ) 4 5) 1 3 f ()~ <a+b : 2) ,

- Z i=1 i=1
regarding the uniform distribution u = (%, ey %)
Corollary 3.6 (SEE [24]) Letp = (pi,...,pn) be an n-tuple such that
0<P <1, k=1,....n—1, Py=1.
Forke{l,...,n} denote P, := 2{'6:1 pi and define

. B 1=F
g :=n - — k=1,....n—1
my nmln{k,nk yeeesll }7

) P 1-P
My :=n- — k=1,....n—1¢.
o nmax{k,nk yeeesll }
If f: la,b] — R is a convex function and if X = (x1,...,x,) € [a,b]" is any monotonic

n-tuple, then
Mo, (f,x) > M, (f,x,p) > #gIMy(f,x). (3.52)
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Remark 3.13 We now show that the statement of Theorem 3.15 from [24] can easily be
deduced from Theorem 3.14. Let m and M be real constants and let p be a real n-tuple such
that Y7 | pi = P, > 0. Suppose q, p—mq and Mq—p € Z,. If f : [a,b] — R, [a,b] CRis
a convex function and if x = (xy,...,x,) € [a,b]" is a monotonic n-tuple, then, according
to Theorem 3.14:

M(f,x,p) = M(f,x,p—mq) +M(f,x,mq) >mM(f,x,q).
Similarly,
M(f,x,p) <MM(f,x,q),

that is

MM (f,x,q) = M(f,x,p) = mM(f,X,q). (3.53)
Since p —mq € &, implies P, > mQy and (P, — F;) > m(Q, — Qk), and Mq—p € &,
implies P, <MQy and (P, — P,) <M(Q,— Ox),k=1,...,n— 1, which are the assumptions
of Theorem 3.15, only written in a slightly generalized, non-normalized form, the starting
assumptions yield the statement of Theorem 3.15.

Another application of Theorem 3.14 is deducing the lower and the upper bound for
the functional (3.32), by means of the non-weight functional of the same type. However,
almost identical result which slightly differs from this, for it was given in the normalized
form, was obtained in Corollary 3.6. Thus this proof is comprehended as an alternative one
and is therefore presented within a remark.

Remark 3.14 Let us write Corollary 3.6 in a slightly generalized way:

Letp = (p1,...,pn) be an n-tuple in &,. Define

. P P, — P M P. P, — P
m .= min —_— = max —
1<k<n—1 | k" n—k |’ 1<k<n—1 | k" n—k |’

where P, = Zlepi and P, =Y pi>0. If f:[a,b] > R, [a,b) CRisa
convex function and if x = (x1,...,x,) € |a,b]" is a monotonic n-tuple, then

MM(f,x) = M (f,x,p) = mM(f,x), (3.54)

i=1

where M(f.x) = n[f(a)+ F(b)] - T, f(x) —nf <a+ b1 2)

Alternative proof of Corollary 3.6. Let us firstly prove the right-hand side inequality
in (3.54). Let quin € 220 be a constant n-tuple, gmin = (&, 0, ..., o), where o > 0 since
O, =Y 1 gi > 0. The proof is based on the application of Theorem 3.14 to p and qmin,
because

DM (f,X, Gmin) = m(”[f(a)""f(b)}_zn:f(xl)_nf <a+b_%§n:1xi>>

i=1
— mM(f.x).
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However, we firstly need to hold argumentation on the choice of « regarding the de-
fined m. In order to apply Theorem 3.14, one should provide the following conditions sat-
isfied: P, > Qv =ka, P,— P, > Q0,— Or=(n—k)a,k=1,....n—1,and P, > Q, = na,
which means:

i a< k=1,....n-1,

y PP _
(ll)agrkk, k—l,...,n—l,
P,
(i) a < 2.

Obviously, m satisfies the conditions (i) and (ii) by definition and is a candidate for the
choice of . Fix k € {1,...,n}. It easily follows from (i) and (ii) that nm < P,, i.e. m < %
and m is a good choice for .

The left-hand side inequality is proved analogously, by exchanging the roles of p and

q. O

3.2.4 Integral Jensen-Mercer’s functional under the
Steffensen’s conditions

Integral variants of the results from the previous section make use of [24] where it was
proved that integral Jensen-Mercer’s inequality (3.40) was satisfied under the conditions
of Theorem 3.4. Recall, the condition on A being an increasing function was weakened by
a stricter choice of the function x. Precisely, the following theorem was established in [24].

Theorem 3.16 (SEE [24]) Let x : [a,B] — [a,b] be a continuous and monotonic func-
tion, where —eo < 0, < 3 < oo and —eo < a < b < 0. Let function A : [a., B] — R be either
continuous or of bounded variation, such that

Ala) <A@) <AB), forall te€fo,f] and A(B)—A(a)>0. (3.55)
Then for any continuous convex function f : [a,b] — R the inequality (3.40) holds.

Asin Section 3.1.2, with Ajg g, —ee < < B < oo, is denoted the class of all functions
A : [, B] — R that are either continuous or of bounded variations and satisfy the conditions
(3.55).

Integral Jensen-Mercer’s functional 9(f,x,A) defined by (3.42) will now be observed
under the conditions of Theorem 3.4.

We firstly prove that this functional is increasing on Aj, ). As superadditivity of (3.42)
does not depend on the particularly chosen functions from this class, we simply apply
Theorem 3.12, by which this property was proved in the first place.

Theorem 3.17 Let u and A — u be functions in Ao g, either both continuous or of
bounded variation where A : [a,P] — R is such that A () —A(a) > 0. Suppose x :
[or, B] — [a,b], —e= < a < b < oo, is a continuous and monotonic function. If f : [a,b] — R
is a continuous and convex function, then the following inequalities hold:

M(f,x,A) = M(f,x, 1) > 0. (3.56)
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Proof. If we write M (f,x,A) = M (f,x,A — u + ) and then apply the property (3.43)
of the functional (3.42) to A — u and u, we get

m(fvxvﬁ’) :m(f7x7)’ 7“"»“) Zi)in(fvxv)L 7“)+9:n(f7xnu) Zm(fvxmu')v

where the last inequality follows from 9t (f,x,A — u) > 0, which is again satisfied due to
the inequality (3.40) under the conditions of Theorem 3.16, for a convex f and A — u €
Ajq p)- Foraconvex f and u € Ay g is then in an analogous way proved the last inequality
in (3.56). o

Remark 3.15 Since Theorem 3.16 from [24] was given an integral variant [24, Theorem
6], following the analogy with the Remark 3.13 and applying Theorem 3.17, we can easily
obtain its statement as well.

Theorem 3.17 provides the lower and the upper bound for the functional (3.42) under
the conditions of Theorem 3.16. Since almost identical result was obtained in [24], only in
a normalized form, this alternative proof is given within the following remark.

Remark 3.16 We write [24, Corollary 7] in a more generalized (non-normalized) form:

Let A be a function in Ay pg). Let x : [a,B] — [a,b] be a monotonic function
(either nondecreasing or nonincreasing) and let f : [a,b] — R be a continuous
convex function. If m and M are real constants defined by

inf {l(t)—l(a) A(B)—/l(f)},

m:= ,
a<i<p t—a B—t
im s (HO=H@) 3B M0
a<t<p I—a Bt
then
MIM(f,x) = M(f,x,4) > mIN(f,x), (3.57)
where

M(f,x) i= (B = )[f (@) + F(B)] — £ f(x(0))dt = (B~ o) f (a+-b—gs [£x(r)dr ).

Alternative proof. Let us prove the right-hand side inequality in (3.57). Let u :
[a, B] — R be defined by u(r) = mz. The proof is based on the application of Theorem
3.17 to A and u because

B
M(f,x,u) = (mﬁ*mOC)[f(a)Jrf(b)]*/OC f(x(2))d(me)
B
—(mB —ma)f (a—l—b— _ / x(t)d(mt))

mf —ma Jo
= mM(f,x). (3.58)
MA@ A0 ()

t— t—p
equivalent with A (o) —mor < A(1) —mt < )L(ﬁ)oi mf3, that is A(a) — u(er) < A(t) —

Namely, after the definition of m is m <
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u(t) < A(B)—u(B), t € [o,B]. Hence A —p € Ajgp). Furthermore, m > 0 yields
p(o) <u(t) <u(P),t € e, B], and so u € Ay g)- The left-hand side inequality is proved
analogously, by exchanging the roles of A and u. O

3.3 Superadditivity of the Petrovic-type functionals

Here we present the Petrovi¢ and some related inequalities (see [177], p. 152—159) and
define the corresponding functionals whose properties of superadditivity and monotonic-
ity will be the subject in the sequel. The presented results were previously published in
[48]. For the sake of simplicity these inequalities will be referred to as the Petrovié-type
inequalities, while the corresponding functionals will be referred to as the Petrovié¢-type
functionals. We start with the following inequality.

Theorem 3.18 Let I = (0,a] CRy be aninterval, (xi,...,x,) €1I", andlet (py,...,pn) €
R" be a non-negative real n-tuple such that

n n

Zpixiel and Zpixizxjforjzl,...,n. (3.59)

i=1 i=1
If f : I — R is such that the function f(x)/x is decreasing on I, then

n n
F Y pixi ) <X pif(xi). (3.60)
i=1 i=1

In addition, if f(x)/x is increasing on I, then the sign of inequality in (3.60) is reversed.

Remark 3.17 It should be noticed here that if f(x)/x is strictly increasing function on /,
then the equality in (3.60) is valid if and only if we have equalities in (3.59) instead of
inequalities, that is, if x; = --- =x, and Y1 ; p; = L.

Motivated by the above theorem, we define the Petrovié-type functional &7, as a dif-
ference between the right-hand side and the left-hand side of inequality (3.60), that is,

x,p:f 2pfxl (21%), (3.61)

where X = (x1,...,x,) € I", = (0,a], p= (p1,...,pn) € R, and f is defined on the
interval /.

Remark 3.18 If (3.59) holds and f(x)/x is decreasing on /, then

21(x,p; f) = 0. (3.62)
On the other hand, if (3.59) is valid and f(x)/x is increasing on I, then

21(x,p; f) < 0. (3.63)
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The above functional (3.61) will also be considered under slightly altered assumptions
on real n-tuples x and p. For that sake, the following result from [177] will be used in due
course.

Theorem 3.19 Suppose I = (0,a] C Ry, (x1,...,x,) € I" is a real n-tuple such that 0 <
x1 < - < xp, and let (py,...,pn) € RIL. Further, let f : I — R be such that f(x)/x is
increasing on 1.

(i) If there exists m (< n) such that

PR>P>->P,>1, Ppyy=---=PF,=0, (3.64)

Y]

where P, = Zle Dis P_k =P, —P_1,k=2,...,n, andP_l = P, then (3.60) holds.
(ii) If there exists m (< n) such that
0SP <P < <Py<l, Puuy=-=F=0, (3.65)
then the reverse inequality in (3.60) holds.

Remark 3.19 If f(x)/x is increasing on I and (3.64) holds, then the Petrovié¢-type func-
tional &7 is non-negative, i.e. inequality (3.62) is valid. Conversely, if f(x)/x is increasing
on I and conditions as in (3.65) are fulfilled, then relation (3.63) holds.

In order to define another Petrovié-type functional, we cite the following Petrovié-type
inequality involving a convex function.

Theorem 3.20 Let I =[0,a] CRy, (x1,...,x,) € I" andlet (p1,...,pn) € R fulfill con-
ditions as in (3.59). If f : I — R is a convex function, then

f (ipixi) > Enlpif(xi) + (1 - il’i) f(0). (3.66)
i-1 i-1 i-1

Remark 3.20 If f is a concave function then —f is convex, hence replacing f by —f in
Theorem 3.20, we obtain inequality

f (Enl pm) < Enlpif (i) + (1 - im) £(0). (3.67)
i=1 i=1 i=1

Remark 3.21 If the function f from Theorem 3.20 is strictly convex, then the inequality
in (3.66) is strict, if all x;’s are not equal or 3} | p; # 1.

Now, regarding inequality (3.66) we define another Petrovié-type functional &7, by the
formula

P (x,p;f) =f (i Pixi> - ipif(xi) - (1 - iPi) £(0), (3.68)
i=1 i=1 i=1

provided that x = (x1,...,x,) € [",I1=[0,a], p=(p1,...,ps) € R, and f is defined on I.
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Remark 3.22 If (3.59) holds and f : I — R is a convex function, then

P (x,p; f) > 0. (3.69)
If (3.59) holds and f : I — R is a concave function, then

P (x,p: f) <0. (3.70)

Finally, we shall also be concerned with an integral form of the Petrovié-type func-
tional, based on the following integral Petrovi¢-type inequality.

Theorem 3.21 Let I C R be an interval, 0 € I, and let f : 1 — R be a convex function.
Further, suppose h : [a,b] — I is continuous and monotone with h(ty) = 0, where ty € [a,b]
is fixed, and g is a function of bounded variation with

6le):= [ ds(x), Gy = [ asto)

(a) If [} h(1)dg(t) € I and
0<G(t)<1 fora<t<ty, 0<G(t) <1 forty<t<bh, (3.71)

[ swnas = ([ waew) + ([ as-1) 50 @

(b) Ifjfh(t)dg(t) € I and either there exists an s < ty such that G(t) <0 fort <,

then

G(t) > 1 for s<t<ty, and G(t) <0 fort >ty (3.73)
or there exists an s > to such that G(t) <0 fort < 1,

G(t) > 1 fortg <t <s,and G(t) <0 fort > s, (3.74)
then the reverse inequality in (3.72) holds.

In view of Theorem 3.21, we define the functional

Pr(h.g:f) = /abf(h(t)) (/ h(t)dg(t ) (/ dg(t) 1) 0, (375

which represents the integral form of the Petrovi¢-type functional.

Remark 3.23 If the functions f, g, and & are defined as in the statement of Theorem 3.21
and (3.71) holds, then the functional &5 is non-negative, i.e.

P3(h,g:f) 2 0. (3.76)
Moreover, if either (3.73) or (3.74) holds then

P5(h,g:f) 0. (3.77)
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For a comprehensive inspection on the Petrovié-type inequalities including proofs and
diverse applications, the reader is referred to [177].

In the sequel we establish the conditions under which the appropriate functional is
superadditive (subadditive) and increasing (decreasing), with respect to the corresponding
n-tuple of real numbers. Our first result refers to the Petrovié-type functional & defined
by (3.61).

Theorem 3.22 Let I = (0,a] C Ry, x € I", and let non-negative n-tuples p, q fulfill con-
ditions as in (3.59). If f : I — R is such that the function f(x)/x is decreasing on I, then
the functional (3.61) possesses the following properties:

(i) P\(x,.;f) is superadditive on non-negative n-tuples, i.e.
Z1(x,p+a:f) = Z1(x,p:f) + Z1(x, 4. f), (3.78)

n
provided that 'Y, (p;+ qi)xi € L.
=1

1

n
(ii) If p,q € R} are such thatp > qand Y, (pi —qi)xi > xj, j=1,...,n, then
i=1

21(x,p:f) > Z1(x,q:f) >0, (3.79)
that is, 2\ (X,.; f) is increasing on non-negative n-tuples.

(iii) If f(x)/x is increasing on I, then the signs of inequalities in (3.78) and (3.79) are
reversed, i.e. 21(x,.;f) is subadditive and decreasing on non-negative n-tuples.

Proof. (i) Using definition (3.61) of the Petrovié-type functional &7 and utilizing the
linearity of the sum, we have

i=1 i=1

21(x,p+a;f) = i (pi+qi)f(xi)—f (i (pi+ qi)Xi)

n n

Pif(xi)+ZQif(xi)_f<zpixi+ Wh’)- (3.80)
=1

1 i i=1 i=1

-

L

On the other hand, since f(x)/x is decreasing function, Theorem 3.18 in the non-weight
case (for n = 2), yields inequality

f <2Pixi+2qz‘xi> <O pixi) + £ qixi).- (3.81)
i=1 i—1 i=1 i=1

Finally, combining relations (3.80) and (3.81), we obtain

Pixp+af) > D pif (i) + Y qif(xi) — £ pixi) — £ qixi).
i=1 i=1 i=1 i=1
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Therefore we have

21(x,p+q;f) > Z1(x,p: f) + Z1(x,q; f),

as claimed.

(ii) Monotonicity follows easily from the superadditivity property. Since p > q > 0,
we can represent p as the sum of two non-negative n-tuples, namely p = (p — q) + q. Now,
from relation (3.78) we get

21(x,psf) = Z1(x,p—q+q. f) > Z1(x,p—q. f) + Z1(x,q: f).

Finally, if the conditions as in (ii) are fulfilled, then, taking into account Theorem 3.18 we

have that & (x,p — q; f) > 0, which implies that & (x,p; f) > % (x,q; f).
(iii) The case of increasing function f(x)/x is treated in the same way as in (i) and (ii),
taking into account that the sign of the corresponding Petrovié-type inequality is reversed.
O

By virtue of Theorem 3.19, the above properties of the functional &) can also be
derived in a slightly different setting.

Theorem 3.23 Let I = (0,a] C Ry, x € I", and let real n-tuples p, q fulfill conditions as
in (3.64). If f : 1 — R is such that the function f(x)/x is increasing on I, then the functional
P has the following properties:

(i) P\(x,.;f) is superadditive on real n-tuples, i.e.

Pi(x,p+q;f) > 21(x,p; f) + Z1(x,4; f), (3.82)

n n n
provided that 'Y, (pi+qi)xi € Iand 0 < Y, pix; < Y, qix;.
i=1 i=1 i=1

I 1 o
(ii) If 0 < x1 < -+ < xp, p > q, and there exist m (< n) such that

Pl=Q1 2P =0 > By—0n > 1,
Pm+1:Qm+1:"':Pn:Qn:0» (383)

where Pe =Y | pi, Oc =351 qi, Bi— Ok = (Pu+Qn) — (B 1 +Qx 1), k=2,....n,
Py =Py, and Q1 = Q, then

21(xp;f) = Z1(x,4:f) > 0, (3.84)
ie. P\(x,.;f) is increasing on real n-tuples.
(iii) If real n-tuples p and q fulfill conditions as in (3.65), then the signs of inequalities

in (3.82) and (3.84) are reversed, that is, (X, .; f) is subadditive and decreasing
on real n-tuples.
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Proof. (i) The proof follows the same lines as the proof of the previous theorem.
Namely, the left-hand side of (3.82) can be rewritten as

2i(x,p+q;f) = i(ﬁﬂrfh)f(xi)*f (i(ﬁﬂrqz')xi)

i=1 i=1

=

= Y pifa)+ Y aif(x)—f (21?1‘)6#2%’%) . (3.85)
1 i=1 i=1 i=1

Moreover, f(x)/x is increasing, hence Theorem 3.19 for n = 2 yields inequality
n n n n
F Y pixi+ Y qixi | < fX pixi) + F(Y, qixi). (3.86)
i=1 i=1 i=1 i=1
Finally, relations (3.85) and (3.86) imply inequality

n
xl +qu -xl szxz (ZQixi)a
i=1

2i(x,p+4q;f) >

M:

Il
—

i.e. we obtain (3.82).
(ii) Considering p > q > 0, the real n-tuple p can be rewritten as p = (p — q) +q. Now,
regarding relation (3.82) we have

21(x,p:f) = Z1(x,p—q+q: f) > Z21(x,p—q. f) + Z1(x,q: f).

Finally, taking into account conditions as in (3.83), it follows by Theorem 3.19 that
P(x,p—q; f) >0, that is, 2 (x,p; f) > P (x,q; f), which completes the proof.

(iii) This case is treated in the same way as in (i) and (ii), taking into account that the
sign of the corresponding Petrovi¢-type inequality is reversed. O

Superadditivity and monotonicity properties stated in Theorem 3.22 play an important
role in numerous applications of the Petrovi¢-type inequalities. In the sequel we utilize
the monotonicity property of the Petrovié-type functional &?;. More precisely, we derive
some bounds for this functional, expressed in terms of the non-weight functional of the
same type.

Corollary 3.7 Let [ = (0,a] CRy, x € I", and let f : I — R be such that f(x)/x is de-
creasing on I. Further, suppose p € R, is such that ¥}, (pi —m)x; > x;j and ¥} (M —
pi)Xi > xj, j=1,2,...,n, where m = min<;j<,{p;} and M = max,<j<,{pi}-

If m > 1 then the Petrovié¢-type functional & fulfills inequality

P (x,p;f) = mPL (%), (3.87)

while for M < 1 we have
P1(x,p: ) <MPY(x: f), (3.88)

1) . (3.89)
1

where

'M=

yoxf foz (

1
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Moreover, if f(x)/x is increasing on I, then the signs of inequalities in (3.87) and (3.88)
are reversed.

Proof. Since p = (p1,...,pn) > m = (m,m,...,m), monotonicity of the Petrovié¢-type
functional implies that 22| (x,p; f) > & (x,m; f).
On the other hand, if f(x)/x is decreasing function, we have

flau) <af(u), a>1 and f(au)>af(u), a<l1. (3.90)

Now, regarding (3.90) we have

2 (x,m; f) mex, (mixi)zmzn:f(xz')—mf<ixi),
i=1 i=1 i=1

that is, we obtain (3.87). Inequality (3.88) is derived in a similar way, by using the second
inequality in (3.90). O

Our next result provides superadditivity and monotonicity properties of the Petrovié¢-
type functional defined by (3.68).

Theorem 3.24 LetI=[0,a] CRy, x€I", andletp,q € R". fulfill conditions as in (3.59).
If f : I — R is a convex function, then the functional (3.68) has the following properties:

(i) Py(x,.;f) is superadditive on non-negative n-tuples, i.e.
‘@2(X7P+q;f)EQZ(va;f)+=@2(X7q;f)v (3.91)

n
provided that 'Y, (pi+ qi)xi € L.
i=1

n
(ii) If p,q are such that p > q and ¥, (pi — qi)xi > xj, j=1,...,n, then
i=1

Pr(x,pif) = Pa(x,q:f) 2 0, (3.92)
that is, 2,(x, .; f) is increasing on non-negative n-tuples.

(iii) If f : 1 — R is a concave function, then the signs of inequalities in (3.91) and (3.92)
are reversed, i.e. 9 (X, .; f) is subadditive and decreasing on non-negative n-tuples.

Proof. (i) The left-hand side of inequality (3.91) can be rewritten as

Px,p+q;f) = (i Pz‘Hb l) i(pt‘i‘% z ( ip,-i—q:) f(0)

i=1 i=1

=f (me-i- qu) =Y pif(xi) =Y, qif (xi)
i=1 i=1 = =
- (1(2Pi+2‘]i)> 7(0). (3.93)
-1 =



3.3 SUPERADDITIVITY OF THE PETROVIC-TYPE FUNCTIONALS 129

Further, Theorem 3.20 in the non-weight case (for n = 2) yields inequality

f (2 pixi+ Y, qm) > (Y pixi) + £ qixi) — £(0), (3.94)
i=1 i=1 i=1 i=1

hence combining relations (3.93) and (3.94), we get

P(x,p+q: f) > f(ipixz') - ipif(xl') - (1 - ipi) f(0)
i-1 i—1 i—1
+f(i pixi) — i qif (xi) — (1 - i 61i> £(0). (3.95)
-1 i—1 i—1

Thus, considering definition (3.68) we obtain (3.91), as claimed.

(ii) Monotonicity property follows from the corresponding superadditivity property
(3.91), as in Theorem 3.23.

(iii) The case of concave function f follows from the fact that the sign of the corre-
sponding Petrovi¢-type inequality is reversed. O

Finally, we derive the properties of the integral Petrovié-type functional, defined by
(3.75).

Theorem 3.25 Suppose f:1=1[0,a] — R is a convex function, h: [a,b] — I is continu-
ous and monotone with h(ty) = 0, where to € |a,b] is fixed, and let 1,82 be functions of
bounded variation with

/dg, /dg, ) fori=1,2.

Then the functional &3, defined by (3.75), has the following properties:

(i) P5(h,.;f) is subadditive with respect to functions of bounded variation, i.e.
P3(h,g1+82:f) < P3(h,g1:f) + P3(h.g2: 1), (3.96)
where [P h(1)dgy (1) >0, [P h(t)dga(t) >0, and [" h(1)dg, (1) + [ h(r)dga(t) € 1.

(ii) If f:h(t)d(gl)(t) - f:h(t)d(gz)(t) € I and either there exists an s < ty such that
Gi(t) < Gy(t) fort <s, Gi(t) — Ga(t) > 1 for s <t <ty, and G,(t) < Gy(t) for
t > ty, or there exists an s > ty such that G1(t) < G,(t) fort < ty, G1(t) — G(t) > 1
forty <t <s, and Gi(t) < Gy(t) fort > s, then

P3(h,g13f) < P3(h, 823 f). (3.97)

Proof. (i) Regarding definition (3.75) of the Petrovié-type integral functional, we have
b
Prlhsr+esf) = [ H00er+)0) 1 ([ 0+ )0
a
b
([ e+~ 1) 0).
Ja
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that is,
Pigi i) = [ S0+ [ 7000

—f < / 1)dg (1) + / 1)dg> (1) )
_ (/abdgl(tH/a dgs(t) — 1) £(0), (3.98)

by the linearity of the differential. Now, applying inequality (3.66) to term

([ w0+ [0z ).
we obtain

f ( [ s+ [ bh(f)dgzm) > f ( / bh(r)dg1<t>) T ( / bh(t)dgzm) ~ 5(0).

(3.99)
Further, inserting (3.99) in (3.98), we have

P3(h,g1+82:f) < /f ))dg(t +/ f(h(z))dg(1)
(| Wora ) - f</bh()dgz())+f(0)
(/ dg (¢ +/ dg, (1) 1) (0),

P3(h,g1+82:f) < P3(h,grs f)+ P3(h,g2: f)-

i.e. by rearranging,

(ii) Monotonicity follows from the subadditivity property (3.96). Namely, representing g;
as g1 = (g1 — &2) + &2, we have

P3(h,g1;f) = P3(h, (g1 —g2) + 825 f) < P3(h,g1— g2, f) + P3(h, 825 f ).

Clearly, under assumptions as in the statement of theorem, we have 23 (h,g; — g2;f) <0
(see also Remark 3.23), hence it follows that 225 (h, g1; f) < Z?3(h,g2; f), which completes
the proof. O



Chapter

Some further improvements.
Levinson’s functional

In the first part of this chapter some additional refinements concerning Jessen’s functional
(2.2) (see also [22]) are presented. Inequalities observed in Chapter 2 are in this part
reexamined under new assumptions and by means of new results involved. It is interesting
to see how non-weight bounds for discrete Jensen’s functional, given in Lemma 1.2 served
as a tool in obtaining these new refinements.

In the second part of the chapter, superadditivity of Levinson’s functional is studied,
as it was previously done in [109]. Closely related to the Jensen inequality, this functional
is here observed in a more general setting that again belongs to the Jessen’s variant of this
inequality.

In view of this facts, this chapter can be regarded as a continuation of Chapter 2 and
thus inherits its environment of the positive linear functionals acting on the space of real
valued functions.

4.1 Refinements of the inequalities related to
Jessen’s functional

Properties of superadditivity and increase of Jessen’s functional (2.2) proved in Theorem
2.2 are improved in the following theorem. Remarks 2.1 and 2.2 concerning conditions on

131
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well-defining of Jessen’s functional need to be taken into account in the sequel, as well.

Theorem 4.1 Let A : L — R be a positive linear functional. Suppose f,p and q € L. If
O : 1 — R, I CRisacontinuous and convex function, then

- A(pf) A(qf) (pf)  Algf)
miniat) ) |o (500 ) -0 (500 ) 20 (3 31ty )
< (D, f,p+qA)— 7 (D,f,pA) = 7 (D,f,q:A)

< max{A(p),A(q)} [@ (%) +® (1%) —20 (% + %)] . 4.0

Moreover, if p > q, A(p) # A(q) and AIE{EI; Eq{) € 1, then

/ (q)>f>p;A) - f (q)7f7q;A)

> min{A(p) —A(q),A(q)} {q’ (%) e (%)

()]

Proof. In order to prove relation (4.1), we use non-weight bounds from Lemma 1.2.
For convex function @ and in case n = 2 relation (1.64) reads:

min{p,q} { )+ @(y) — 2P (x;ry)}

< () + 00) - 7+ o (P2 )

< max{p, cﬂ[ )+ D(y) — 20 <x;y)] 4.3)

If we substitute p with A(p), ¢ with A(g), x with ﬁf( )> and y with (( in (4.3) we obtain
o) (58) (0 )
SAW(%) R R T

< nastatpai) o (7)o (5 ) (%+%)} o

From the definition (2.2) of Jessen’s functional it follows that

/(q)’f’p+q;A)_/(q)’fap;A)_f(q)’faq;A)

= Alp)® (%) +A(q)® (%) —(A(p)+A(q))® <w) _
4.5)
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Combining relations (4.4) and (4.5) we get (4.1).
Functional ¢ (®, f,-,A) is superadditive and increasing on L and satisfies relation

(4.1). Hence for p > g, A(p) # A(q) and % € I the following holds:

/(q),f,p;A)—/(q),f,p—q;A)—f(q),f,q;A)

min{A(p —q),A(q)} [‘1’ (%) e <%)

(S )

(p—a)
min{A(p) - A(q) A(g)) [ (7552’( ) o ()

ol e “o

Since _Z (@, f,p —q;A) > 0, we obtain (4.2). This completes the proof. ad

Y

:l:-

Theorem 4.1 provides the refinement and the converse of the superadditivity property
(2.3) from Theorem 2.2 and refines the monotonicity property (2.4) from the same theorem.
Note also that the statements of Theorem 4.1 are formulated in a more general setting with
p,q € L, since for n = 2 this condition is as valid as with p,q € LT.

Corollary 4.1 Let A: L — R be a positive linear functional and ®: I — R, I C R be a
continuous and convex function. Suppose f € L and p,q € L. Then the inequality (4.1)
holds. If p > q and A(p) # A(q) > 0, then (4.2) holds.

Corollary 4.2 Let A: L — R be a positive linear functional, f € Landlet ®: I — R, I C
R be a continuous and convex function. If p € LT attains its minimal value p =mineg p(x)
and its maximal value p = maxycg p(x), then the following series of inequalities holds:

PI(D,f,LA)— 7 (D, f,p;A)
PA(f) —A(pf) A(pf)
= min{pA(l) = A(P). ”}{ (m(l)—A@))”’(z&@))

(421

S (@.f,p:A)—p 7 (D, f,1:A)
o (A(pf) BA(f)> o (@ )

= minfA(p) = pA(1), PAD}H @ | 52

2@{% A(pf) - pA(f) A(.)I‘ H “s)

A(p)—pA(1) A
7 (@.f.1:4) = A(@(/)) — A(1)® (M) . 49)

)
)

where
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Proof. Since
P = p(x) = p,

double application of property (4.2) yields required result since

F(D,f,P:A) =D 7 (®,f,1;A) and £ (@, f,p:A) =p_7 (D, f,1;A).

O

Remark 4.1 Let’s rewrite relations (4.7) and (4.8) from Corollary 4.2 in the discrete form.
We suppose E = {1,2,...,n} and L is the class of real n-tuples. If we consider discrete
functional A defined by A(x) = Y | x;, where X = (x1,x2,...,X,), then we deal with the
discrete Jensen’s functional (1.65) and the relation (4.7) takes form

max {Pi}Jn(@,x) — Ju(P,X,P)

max {p;} ¥ x;i — iy pixi I
> min{n max {p;} —P,,P,} | ® I=izn +d 72,:1[71361
1<i<n n max {p;} — P, P,
1<i<n
1| max {pi} XL — Ty pixi ST b
—208 5 | = I F + == :
nlrgzagxn Di n n
(4.10)
and the relation (4.8) takes form
Jn(®,x,p) — min {p;}J,(P,x)
1<i<n
Tiypixi— min {pi} N xi
> - . ' . ‘ <i<
= min{F, —n min {pi},n min {pi}}| @ Py —n min {p7)
1<i<n
S pixi— min {pi} S0
o (M) g [T BB
z i [ '
4.11)

n .
i=1Y

where the functional J,(®,x, p) is defined by (1.65) and J,,(®,x) =Y. | P(x;) —nd <2—> .

n

4.1.1 Application to weight generalized means

As expected, basic results from the previous section are applied to weight generalized
means (2.11) with respect to positive linear functional A: L — R and thus the correspond-
ing results from Section 2.1.3 are improved. We firstly establish the improvement of The-
orem 2.4 concerning the Jensen-type functional (2.12). Again, notation and the definition
conditions induced in Section 2.1.3 remain valid in the sequel, as well.
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Theorem 4.2 Let A: L — R be a positive linear functional and x,w: 1 — R, I C R be
continuous and strictly monotonic functions. Suppose [ € L is such that y(f) € L and
p,q € L. If x oy~ is a convex function, then functional #*(xow ', w(f),;A) defined
by (2.12) possesses the following properties

min{A(p),A(q)} {x oy (A(W(f))) b oy (A(qw(f))>

A(p) A(q)
ot (ALY | Alav ()
oV ( 2A(p) * 2A(q) ﬂ
< I xow Lw(f),p+a:A) = ZT(xow L w(f),piA) — 7 (xow Lw(f).q:A)
< max{A(p), (@)} [xowl (%) T (%)
_1 (Alpy(f)) | Algqy(f))

Moreover, if p > q, then

ST xovw L w(f),pA) = 2T (xow L w(f), ¢:A)
> min{A(p)—A(q),A(q)}[ ow1(A(pwé{2;—ﬁgz;u(f)))+xow1<A(Ztéfq()f)))
ooy {% [A(pl[/(f))—A(qll/(f)) A(qlé/( (4.13)

Al —Alg) | A Q)f))] H '

Proof. We consider Jessen’s functional (2.2) where the convex function @ is replaced
with y oy ~! and f € L with y(f) € L. Functional (2.12) can be rewritten in the following
way:

ST (xoww(f).pA) = A(p- (xwf (w(f))))*A(”)" (‘”1 (%D
= A(px(f) )x (My (f»P’ )
— Ap)x <Mx f,p A)) —A(p) (My (£, p:A))
= A(p) [ (Mx(f’ )) (My/(f,p,A))] .
Now, inequalities (4.12) and (4.13) follow from Theorem 4.1. =

Using the similar substitutions as in the previous theorem, we give its consequence in
the form of the following corollary, which is also an improvement of the corresponding
Corollary 2.2.

Corollary 4.3 Let functions x, v, f and functional A be defined as in Theorem 4.2 and let
p € L" attain its minimal value p = mincg p(x) and its maximal value p = max.cg p(x).
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If x o w~ ' is a convex function, then the following series of inequalities holds:

PI T (xow L w(f), LA) — 77 (xou L w(f), p:A)

> min{pA(1) —A(p).A(p)} [x oy (I_?A(u];;f()l))_i‘(g(f)) )

oyt (AYUDY . -1 {1 [PAW) —Alpy(f) | Alpw(f))
ey ( A(p) ) xev {2[ PA)—A() T A(p) m
(4.14)
I (xew L w(f).pA) —p 7T (xow w(f), LA)
> min{A(p) — pA(1),pA(1)} lxowl (A(pu;((];)))_ Ejg;“”)
L (A(f) 1 1| Alpw () = pAW(f)) | Aw(f))
“‘“”1( A(D) )‘2’“"”1{5 Ap)-pA) AN H
(4.15)
where
T (ow L w(f), LA) = A1) [x (My(f:A)) — x (My(f34))] (4.16)
and
My (f:A)=n"" (Aff((lf))) n=x1v. (4.17)

We now observe the Jensen-type functional (2.17) defined by means of a generalized
weight power mean (2.16).

Corollary 4.4 Let r and s # 0 be real numbers and functions f,p,q € L, f(x) >0, x € E.
Suppose A: L — R is a positive linear functional such that A(p),A(q) > 0. Then functional
(2.17) possesses the following properties:

(i) Ifr£0ands>0,s>rors<O0,s<r, then

s (452) (47 (34545

< Z7(ow () p+a:A)= 27 (ow  w(f),pA) = 77 (xow w(f) g:A)
et A l (MG (40 o (400 e’

Ap) A(g) 2A(p) | 24(g)

(4.18)

ii)Ifr£0ands>0,s>rors<0,s<r, then for p,q € L such that p > q the
p.q P=q
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following inequality holds:
I oy w(f).pA) = 77 (xow!
> min{A(pq),A(q)}[(M)

A(pf")
A(p) —A(q)

- (pf") ~Alaf") | Alaf7))’
21- ( ) )] (4.19)

Ap)—Alg) | Al9)
(iii) If r =0, then

min{A(p),A(q)} [ <SA rinJ) ) texp (SA qu))
s (0. i)
(xo

2A(p)

IN

70w () pasA) = 7 o (). A= 2 (o wi),45)
max{A(p),A(q)} {exp <sA Plnf ) (sA qlnf))

sA(pln f) sA qlnf
—2ex ( 24 () } (4.20)

IN

(iv) If r = O, then for p,q € L™ such that p > q the following inequality holds:

I (xow L w(f).pA) — 77 (xow L w(f),q:A)

) B ex sA(plnf) —sA(glnf) ex sA(gqIn f)
> ik At oo (HEREERL ) o (50

et ]

Proof. Follows directly from Theorem 4.2. We have to consider two cases depending
on whether r # 0 or r = 0.

If r # 0, we define x(x) = x* and y/(x) =x". Then, yoy ! (x) =x7 and (0 ufl)" (x)
= S(Sr—;r)x%’z. Thus, y oy~ !is convex if s >0, s > rors <0, s < r. On the other hand,
xowfl isconcaveif s >0, s <rors<O0,s>r.

If r = 0, we put x(x) =x* and y(x) = Inx. Then, y o y~!(x) = ' is convex under
assumption s # 0. Results follow immediately from Theorem 4.2. O

Corollary 4.5 Let s # 0 and r be real numbers such that r #0, s >0, s > r or s <0,
s <rand let p € L attain its minimal value p = mineg p(x) and its maximal value p =
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maxycg p(x). Then the following series of inequalities holds:
P77 (ow () 154) = 77 (ko™ w(f) piA)

> min{pA(1) —A(p),A(p)} [(ﬁ—f—,if(rl))_ﬁ&f) ) ;

A(pfr) %7 1-% ﬁA(fr)*A(pfr) A(pfr) B
+( A(p) ) ’ ( PA(1) —A(p) - A(p) ) ] (4.22)

p3A) —p 77 (o w(f),1;A)
A(p) — pA(1)
AUMNT s (AW =AU A ;
() -2 (B B e
Ifr=0, then

pI7 (xow w(f), LA) = 77 (xow L w(f),p:A)
> min{pA(1) — A(p),A(p)} [ ( lnf ”lnf))

I7 (xow Ly

(f)
> min{A(p) — pA(1), pA(1)} {
5 (

(pInf) s pAlnf plnf) A(pln f)
“"p< ) H A —A(p) ) m (424
7 (xow (s Z(xow L w(f), LA)
> min{A(p) - [ ( o “‘”)
+exp(&i‘( { [ plnf pA lnf +A1§1(nl];) H (4.25)
where
I7 (xow L w(f), LA) = A {[My(£;4))° — M(f;A)]°} (4.26)
and
M\ T
M, (f;A) = @U)A% . O 4.27)
exp( Arzlf) ),tzO

Now, we consider discrete variants of relations (4.22)—(4.25). We suppose E = {1,2,...,
n},n € Nand L is a class of real n- tuples. Hence we consider discrete functional defined
by A(x) =X | xi, where X = (x1,x2,...,%,). Clearly, A(1) =Y ;1 =n.
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Recall the discrete form

S DX
M, (x,p) = (5 >1 r#0 4.28)
(M=) ™, r=0

that generalized weight power mean (2.16) assumes in this environment. For r = 1 we

obtain arithmetic mean A, (x,p) = M;(x,p) = ( > p,x,) , while for r = 0 geometric

L
mean G, (x,p) = Mo(x,p) = ([T~ x/") ™ is obtained. Now, if we insert constant n-tuples

p— (max (e 1)) orp = (i (oo pmin () ).

1<i< 1< < - 1<i<n 1< <n

expressions for arithmetic and geometric mean reduce to

1

An(x Zx, and Gy (x (Hx,) (4.29)
and inequalities (4.24) and (4.25) for s = 1 and r = O can be rewritten as

n max {p;} [A}(x) — Gy(x)] — Pa[An(x.P) — Gu(x.p)]

1<i<n
) max; <i<,{pi} In(G)(x))" — In(G,(x,p))"™

> '} — PP, ==

> min{n 112%{17,} s P} {CXP< nmaxi<in{pi} — P,

maxi <i<p {pi} I(Gy(x))" —In(Gu(x,p))"
nmaX1§ign{Pi} - P +lnGn(X7p):| }:| ,

+Gxp)- 2000 {5 |
(4.30)

PolA,(x.B) = Gu(x.p)] ~n min {pi} [A2(x) ~ GA(x)]

. . . In(G,(x,p))™ —min; <;<,{p;} In(G)(x))"
> P, — ; i .
> min{F, ”12’51{17’}’” T, {pit} {eXp( P, —nmin<;<,{p;}

+G2(x)2exp{2 [ln(Gn(X )" —miny <i<,{pi} In(G,)(x))" +lnGo(x)] H

B, — Vlmlnlgzgn{l’z}

(4.31)
Some variants of inequalities (4.30 ) and (4.31) were studied in papers [4]-[9].

Remark 4.2 As we previously discussed (see Chapter 2.1), Young’s inequality follows
directly from arithmetic-geometric mean inequality, so relations (4.30) and (4.31) provide
refinements of Young’s inequality, as well. Let x = (x1,x2,...,%,) and p = (p1,p2,-.-,Pn)
be positive n-tuples such that )| 1%- = 1. We denote

1 1 1
xP = (x",x0%,....xP")  and p1—<—,—,...,—>.
P1 P2 Pn
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Series of inequalities (4.30) and (4.31) can be rewritten in the form

7 max {%} [A)(xP) — Ga(xP)] — [An(xP,p ) — G, (xP,p~1)]

1<i<n

P\ _ P n!
) { { 1 } } lngll?g‘n{p,}ln( (X )" —In(xP,p~")
> min< nmax ¢ — p— 1,1 exp

1<i<n | pi 10 _
| nmax {7} -1
+Gn(xp,p71)
0 (P P 1
1 lrgleg(n{p}ln(G (xP))"—InG,(xP,p~) »
—26Xp E 1 +1nGn(Xp>p ) )
nx {7} -1
(4.32)
Ap(xP p~!) = G,(xP,p~!) — n min L onp Go(xp)]
’ ’ 1<i<n  pi "
of o (b {5 1
> min{ 1—n min { — ;> ,n min
I<i<n | pi 1<i<n
P n—1)_ 1 1 0 (P2
G, (x*,p~")~ min {1 }In(G}(x"))
X | exp
1—n min {i}
1<i<n LP
InG,(xP,p~')— min {i_}ln(GS(xp))”
0 1 1<i<n Pi
+GIXP)— 2exp{ +In(Go(x?)
2 1-n min{i}
1<i<n \Pi
(4.33)

Since corollaries 4.4 and 4.5 do not cover the case with s = 0 and r # 0, this case
ought to be considered separately, as it was done in Chapter 2.1, where for that purpose
functional (2.28) was defined. The refinements that correspond to this functional are given
in the following corollary.

Corollary 4.6 Let r < 0 and let f,p,q € L, f(x) >0, x € E. Suppose A: L —Risa
positive linear functional such that A(p),A(q) > 0. Then functional (2.28) possesses the
following properties:

(i)

Ll (AwS) AN oy, (AlRSY) |, Alaf")
mn{ato) )y o (85 ) n (557 -2 (5555 54857
< 7 (xow L wlf), prq:A)— 77 (xow L w(f). A — 7 (xow L w(f). ¢:A)
A(pf") Alqf”) Alpf") | Alqf")
< max{A(p) (")}‘[h‘(/«(p) )““(A@ ‘21“(2A<p>+2A<q>)]
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(i) If p,q € L™ with p > q and A(p) > A(q) > 0, then

=

7 ov W) pia) = £ ow (). A)
> min{A(p) - Alg)A(a)) [ (HELIZHA ) o (21900

A(p)—A(q A(q)
oS L[AWRS) ~AlefT) | Alaf")
2! {2{ A(p) —A(g) * A(q) }H (439

Proof. The proof is direct consequence of Theorem 4.2. We define x(x) = Inx and
w(x) = x". Then function y o y~!(x) = L Inx is convex if < 0 and concave if r > 0. That
completes the proof. O

The analogue of Corollary 4.5, that covers the case s = 0 and r # 0 is contained in the
following result.

Corollary 4.7 Let r <0, f € Lt, f(x) >0, x € E and A: L — R be a positive linear
functional. Suppose p € LT attains its minimal value p = Minep p(x) and its maximal
value p = maxycg p(x). Then the following series of inequalities holds:

P77 (xow wif).iA) = 77 (xow  w(f).pA)
> min{l_?A(l)—A(P)’A(P)}% [m <%)

() el A e

7 (ow w(f).pA) —p 77 (xow ™ w(f). 1:A)
(

Alpf") —gA(f’))
H , (4.37)

1“( A(p)—pA(D)
~In [Mr(f;A)]> - (438)

1
A(f7) 1 [A(pf") —PA(f") | A(f)
““( )‘“{El Alp)—pA(D) A

where
A(ln )
A1)

I7 (xow L w(f),A) =A(1) (

4.1.2 Application to Holder’s inequality

Refinements presented in the previous section, considering arithmetic-geometric and
Young’s inequality imply that the analogous ones can be obtained for Holder’s inequal-
ity (2.33), expressed by means of a positive linear functional, in a continuation to the
corresponding results from Chapter 2.1 An improvement of Theorem 2.5 is thus given in
the following theorem. Here it involves inequality (4.32), although an analogous result can
be obtained for inequality (4.33).
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Theorem 4.3 Ler p; > 1, i =1,2,...,n be such that ¥, [%_ = 1. Suppose f; € L", i=
1,2,...,n are such that H;’:Lfil/”", ]_[?Zlfil/” € Lt. IfA: L — R is a positive linear
functional, then the following inequality holds:

ngg{i} 147 () - T1A7 " () (Hfz'lf) HA” (fi) = (Hﬁ”'ﬂ
sisn ( pi i—=1 i=1 i=1
> m1n{nln<1;c1<xn{—}—1 1}HA” fi)

1

1 ~
1 max { }ln]'[ fin e, -4
1<i<n An f Pi

W g, o
x |A< exp l" £(fi) +A([]h7
nmax{—}fl i=1

1<i<n LPi

l

1
n max In[T., <4 —In[T2, - 1
1<i< { } A}L : zl- ) 1 n - Di
—2A< exp = l(f) AI ('f’)JrzlnHif
2(”52?;{—} -1 =LA (f;)

Pi

(4.39)
x,), wherex; = [fiJA(f)] 7, i = 1,2

Proof. 1f we consider n-tuple x = (xy,x, 2,....1,
the expressions in (4.32) that represent the difference between arithmetic and geometric

mean, become

n n .

_ Jfi fili

Au(xP, G xp, E - ,
n( P ) n p i—1 piA ﬁ) - .

AY() — G = liAf" ff[ :

_”,1 (fi) izlAﬁ(fi)'

woacry AT g7 A (T, v
A[An(xp,pfl),Gn(xpm*l)] _ 2 A(fz) B ( lf > 1<711f)
[T, A% (f) T AP (fi)

and

nacry A(TE fir AT, fir
Al ~ )] = 13T ( - (f3 =1—%1(f?-
i= . —1 a4 \Ji i=1 " \Ji

Applying functional A to the inequality (4.32), the sign of the inequality does not change
since A is linear and positive.

O
Yet another improvement of the previously presented results is motivated by recalling
the fact that Holder’s inequality can be deduced directly from Jensen’s inequality, which
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was described in detail in Chapter 2.1 where functional (2.38) was deduced and Theorem
2.7 was established. We now give its refined form.

Theorem 4.4 Letrands € R be suchthat 1/r+1/s= 1. Suppose A: L — R is a positive
linear functional, f,g € L™ and f attains its minimal and its maximal value on E. If r > 1,

then
@g;funlA¢0>4i<§)‘4<(§>i>

, ( [maxceg f(x)]A (%) —Al8) Agg)
= min{{maxf(IAL) =ANADN 2| T S TR —AG) Ay

=

—AT(N)AY ()~ A(f78t)

s

5

[maxer f(x)|A (£> —Alg) FAT(f)A

f
[maxye f(x)]A(1) = A(f)

@ =

()] - (4.40)

Proof. We consider relation (4.7) from Corollary 4.2 with arguments f and p respe-
ctively replaced with g/ f and f, where ®(x) = —rsx'/5. Clearly, ® (x) = x'/*=2, s0 @ is
convex function if x > 0. In this setting, Jessen’s functional (2.2) reads

7 (o) (10 (5)) -wom (35)
= rs [l ()ad o)

(AT (@) —A (7

(A~ @) -a(rre)].

Gl

1
r

rs [A'

Further,

Now, we insert obtained expressions ¢ (®,g/f,f;A) and 7 (®,g/f,1;A) in (4.7)
and obtain (4.40). O
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4.2 Superadditivity of Levinson’s functional

In 1964, N. Levinson [126], proved the following:
If f:(0,2¢) — R has a non-negative third derivative and p;, x;, y;, i = 1,2,...,n, are
such that p; >0, " pi=1,0 <x; <¢, and

Xi+y1=x2+y2=" =X, +y, = 2c, (4.41)
then the inequality
n n
Y pif(xi) = fX) < Y pif (i) — f() (4.42)
i—1 i—1

holds, where X = Y, pix; and y = X" | p;y; are the weight arithmetic means.

During decades, Levinson’s result has been generalized and extended in several di-
rections. Popoviciu [189], noted that the assumptions on the differentiability of f can be
weakened and for the inequality (4.42) it suffices to assume that f is 3-convex.

Recall that f : I — R is n-convex if its nth order divided difference is non-negative,
that is, if [xp,x1,...,x,]f > 0, for all choices of n+ 1 distinct points xo,x1,...,Xx, € I. The

nth order divided difference of a function f : I — R at distinct points xg,xy,...,x, € [ is
defined inductively by
[x,']f - f(x,'), i= 0, 1,2, o, n,
" o x| Vi
_ X1y Xn — X055 Xn—1
[xo,xl,...,x,,]f— X — %o .

If the nth derivative f (") of an n-convex function exists, then f (n) >0, but f (n) may not
exist (for more details, see [177]).

Bullen [45], gave another proof of the Popoviciu result rescaled to a general interval:
if f: [a,b] — R is 3-convex and p;,x;,yi, i = 1,2,...,n, are such that p; >0, X} | pi=1,
a < x;,y; <b, (4.41) holds for some ¢ € [a,b] and

max{xy,...,x, } <min{yy,...,yn}, (4.43)

then (4.42) holds.

The aforementioned generalizations of the Levinson inequality assume that the distri-
bution of the points x; is equal to the distribution of the points y; reflected around the point
¢ € [a,b]. A few years ago, Mercer [135], gave an important extension of the Levinson
inequality by replacing the condition of symmetric distribution with the weaker one that
the variances of the corresponding sequences are equal. More precisely, he showed that if
a function f has a non-negative third derivative and (4.43) holds, then the inequality (4.42)
is valid when the condition (4.41) is replaced by a weaker assumption

Y pilei =) =¥ pilyi —)*. (4.44)
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Witkowski [213], extended the result of Mercer to hold for a 3-convex function and he
further weakened the condition (4.44) by replacing equality of variances with the inequality
in a certain direction.

Motivated by the ideas of Witkowski, Pecari¢ et.al. [176] (see also [21]), showed that
the Levinson inequality under the Mercer assumption (4.44) holds for a more general class
of functions described in the following definition.

Definition 4.1 Let ®: I — R and ¢ € I°, where I° is the interior of the interval I. We say
that ® € A (I) (® € (1)) if there exists a constant o such that the function F(x) =
®(x) — %x? is concave (resp. convex) on I N (—eo,c| and convex (resp. concave) on I
[c,°°).

Remark 4.3 It should be noticed here that the constant & appearing in Definition 4.1 is
not necessarily unique. For example, it has been shown in [21] that if ® € J#°(I) and
there exist one-sided second order derivatives ®” (¢),®’] (c), then o can be chosen to be
any real number from the interval [®” (c), @’ (c)]. In particular, if there exists the second
order derivative ®”(c), then oc = ®”(c), which yields the uniqueness of the constant in this
case.

A function ® € J#°(I) is said to be 3-convex at point ¢ and #,°(I) generalizes 3-
convex functions in the following sense: a function is 3-convex on [ if and only if it is
3-convex at every ¢ € I°. For example, ®(x) = x* is an example of a function that belongs
to #?(—1,3), but is not 3-convex on (—1,3). Moreover, function ®(x) = |x| belongs to
Ji’lo(— 1, 1), but is not differentiable at O (for more details, see [21]).

Pecari¢ et.al. [176], proved a more general probabilistic version of the Levinson in-
equality under the assumption of equality of variances. In particular, they showed that in
the discrete Levinson inequality the number of the points of two sequences and associ-
ated weights do not need to be same. More precisely, they showed that if x; € [N (—eo, c],

yj€IN[c,), pi>0,9;>0,i=1,2,...,n, j=1,2,...,m, are such that
n m n ) m 2
Ypi=Yqi=1 and Y pi(x—3°"= Y q;(y;-7)
i=1 j=1 i=1 j=1
where X =¥ pix; and y = Y7L gy, then the inequality
n m
D pi®(xi) = O(X) < Y, q;0(v;) — D) (4.45)
i=1 j=1

holds for every ® € J#°(I).

Note also that paper [176] shows that #|°(I) is the largest class of the functions for
which the Levinson inequality holds. In other words, class .%#|°(I) characterizes the Levin-
son inequality.

The recent investigation on this topic ([109]) related to the previously presented results
on superadditivity of Jessen’s functional in Chapter 2, again takes place in the linear space
of the real valued functions and the positive linear functionals acting on it. Thus Levinson’s
functional is established in the above setting, and its corresponding properties are analyzed.
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Similarly to the concept of the Jessen functional, the Levinson functional may be re-
garded as the difference between the right-hand side and the left-hand side of the Levinson
inequality. We deal with the difference between two Jessen functionals. The associated
linear spaces and functionals need not to be the same.

Let L; and L, be the linear spaces of real-valued functions defined on nonempty sets
E| and E,, respectively. Further, let A} and A, be positive linear functionals defined on
L and Lo, respectively. In this setting, the Levinson functional .2}, 4, is defined as the
difference between the corresponding Jessen functionals, i.e.

gAl,Az(q)vflvfévpl?pZ) = /Az(q)7f27p2) - /Al(q)vflvpl)v (446)

where A; : L; — R are positive linear functionals, f; € L;, p; € Lf, i=1,2,and ® € 7 (I)
(or %C (I)). Recall that L;r stands for the subset of L;, i = 1,2, consisting of all non-
negative functions.

In order to show that the Levinson functional possesses the properties of superadditivity
and monotonicity, Jessen functional’s properties of the same kind are employed.

Remark 4.4 While the Jessen functional is accompanied with a convex or a concave
function, the Levinson functional is related to a class .#,°(I) or 5 (I). Thus, if ® € #°(I)
(or (1)), the expression 74 (®, f, p) should be transformed so that it contains a convex
(or a concave) function as an argument. More precisely, let F(x) = ®(x) — $x%, where a is
an arbitrary constant fulfilling conditions as in Definition 4.1. Then, utilizing the definition
of the Jessen functional, we have

2
@ f.0) =AF () -a)F (508 + 5 |atert) - R

:/A(vavp)Jr ( ( %) )

It should be noticed here that if A(p) = 1, then the quantity A (p(f — %)2) represents a

variance of the function f. In order to summarize our discussion, we use the abbreviation

satrr)=A(n( %) )

so that the previous relation can be rewritten as

/A(q)va ) /A(Ff7 )+ AA(f? ) (4.47)

This relation will be extensively used in deriving the properties of the Levinson functional.
Clearly, the relation (4.47) depends on the chosen constant ct.

The following proposition yields conditions under which the Levinson functional is
positive (or negative). It corresponds to a probabilistic version of the Levinson inequality
derived in [176] (see Theorem 2.3).
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Proposition 4.1 Suppose A; : L; — R are positive linear functionals and let f; € L;, p; €
Lf, i = 1,2. Further, let f;(E;) C I, i = 1,2, where I is an interval, and suppose that there
exists ¢ € 19 such that

sup fi(x) < c < inf fo(x). (4.48)
x€E| x€Ey
If Ax, (f1,p1) = Aa, (f2, p2), then the inequality
$A17A2(q)7f17f27p17p2) 20 (449)

holds for every continuous function ® € J¢,(I), provided that p; f;, pif?, pi®(f;) € Li, and
Ai(pi) >0, i=1,2. If ® € [ (I) is a continuous function, then the sign of inequality
(4.49) is reversed.

Proof.  Since Aa, (f1,p1) = Aa,(f2,p2), taking into account the relation (4.47), we
have

gAl,Az(q)7f17f2apl7p2) = fAz(q)7f27p2) - fAl(q)uflapl)
= _Ia,(F,f2,p2) — Za,(F, f1,p1)+ % (Aa, (f2,p2) —Aa, (f1,P1))
= fAZ(F’f2’p2) - /Al(F7f17p1)7

where F' and « are as in Definition 4.1. Moreover, since F is convex on I N [c,e°) and
concave on I N (—eo,c], utilizing the Jensen inequality (2.1) we have _Za,(F, f2,p2) > 0
and _Z4, (F, f1,p1) <0, which completes the proof. a

Rewriting inequality (4.49) in its expanded form yields

Ax(paf2)
Ax(p2)

which represents the Levinson inequality in this setting.

A1(p1fi)

A (p2@(f2)) — Ax(p2)@ ( ) > A1 (p1@(f1)) —Ar(p1)P (m) , (4.50)

Remark 4.5 It is obvious from the proof of the Proposition 4.1 that the inequality (4.49)
holds if the condition A4, (f1,p1) = Aa, (f2, p2) is replaced by the weaker condition

o (Aa, (fo,p2) —Aa, (fi1,p1)) =0,

where o is any constant fulfilling the conditions as in Definition 4.1. Since ®” (¢) <
o< CIDl(c) (for more details, see [21]), if, additionally, ® is convex (resp. concave), this
condition can be further weakened to Ay, (f2,p2) — A, (fi,p1) > 0 (resp. < 0).

The following theorem provides the superadditivity property of the Levinson functional
which is the crucial result in further investigation.

Theorem 4.5 Suppose A; : L; — R are positive linear functionals and let f; € L;, pi,qi €
Li*, i=1,2. Further, let f;(E;) C 1, i= 1,2, where I is an interval, and suppose that there
exists ¢ € I such that the condition (4.48) is fulfilled. If

AAl(f1>p1)+AA1(flaql)_AAl(flapl+q1)

4.51
:AAZ(f2>p2)+AA2(f27q2)_AAz(f27p2+q2)7 ( )
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then for every continuous function ® € J#,°(I) one has

ZAI,Az(q)vfbvapl JF‘]l»PZ +q2) > D%AI,Az(q)?flva?plva) +$A1,A2(q)7flvf27‘11»fh)»
(4.52)
provided that pifi,qifi, pif7qif7, pi®(f;), i®(f;) € Li, and Ai(pi) > 0, Ai(q:) >0, i =
1,2. If ® € £ (1) is a continuous function, then the sign of inequality (4.52) is reversed.
Proof. Let ® € #°(I) and F(x) = ®(x) — $x?, where « is any constant fulfilling
conditions as in Definition 4.1. Then, taking into account the relation (4.47) and the fact
that the function F' is convex on I N [c, o), it follows that

o
/Az(q)7f27p2+q2) = /Az(F7f27p2+q2) + EAAz(f27p2+q2)

> Ia,(F, fa,p2) + Za,(F, fo,q2) + %AAz(fz,Pz +q)
= In (D, f2,p2) + Ia, (P, f2,q2) — %AAz(fz,Pz) - %AAz(fz,én)

o
+ §AA2(f2»P2 +q2)7

due to the superadditivity of the Jessen functional. Similarly, since F is concave on I N
(—oo,¢], utilizing the subadditivity property of the Jessen functional, we have

Ia (@, f1,p1+q1) < _Za (P, f1,p1) + Ia (P, f1,q91) — %AAl(fhPl) - %AAl(fla‘Il)
+%AA1(f1,P1+CI1)~

Finally, since

gAl,Az(q)afb]%apl +511>P2+512) = fAz(q)7f27p2+q2) - fAl((D?flapl +511)>

subtracting the previous two inequalities and taking into account the assumption (4.51), we
obtain (4.52), as required. O

Remark 4.6 It should be noticed here that the properties of positivity and superadditivity
of the Levinson functional are not directly related. Namely, the functionals appearing in
relation (4.52) are not positive in general. They are positive if in addition As, (f1,p1) =

Ay, (f2,p2) and Ay, (f1,q1) = Da, (f2:92).-

Corollary 4.8 Suppose A; : Li — R are positive linear functionals and let f; € L;, pi,q; €
Li*, i =1,2. Further, let f;(E;) C1,i=1,2, where I is an interval, and suppose that there
exists ¢ € I such that (4.48) holds. If p; > q;, i = 1,2,

AAl(fhpl_ql):AAz(f27p2_q2)7 (453)

and

Ap, (f15,p1) = Ba, (f1,91) = Da, (f2,P2) — Aay (f2,92), (4.54)
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then the inequality

gAl,Az(q)7f17f2apl7p2) > jAl,Az(q)7f17f2>q1>q2) (455)

holds for every continuous function ® € ¢\ (I), provided that pifi, qif;, pif?. qif?, pi®(f:),
qi®(fi) € Li, and Ai(p;i) > 0, Ai(gi) >0, i =1,2. If ® € #,°(I) is a continuous function,
then the sign of inequality (4.55) is reversed.

Proof. Due to superadditivity property (4.52), it follows that

fAl,Az(q)7fl»f27P1»P2) > jAl,Az(q)?flva?pl —4q1,P2 7‘]2) +°%A1,A2(q)vfl7f27qlvq2)'

In addition, since Ag, (f1,p1 — q1) = A, (f2, P2 — q2), it follows that

gAl,Az(q)afbfZapl —4q1,D2 —512) > 07

so (4.52) holds. O

Remark 4.7 Similarly to Remark 4.5, it should be noticed here that the superadditivity
and monotonicity properties of the Levinson functional hold under some weaker condi-
tions. Namely, taking into account the proof of Theorem 4.5, it follows that the inequality
(4.52) holds if the condition (4.51) is replaced by

o (Ap, (f2, P2+ q2) — Ap, (2, 02) — Aa, (f2,92))
> o (Aa, (f1, 01 +q1) — Aa, (f1o21) — Ba, (f1,q1)) s

where o is any constant fulfilling conditions as in Definition 4.1. In the same way the
inequality (4.55) holds if the conditions (4.53) and (4.54) are respectively replaced by
weaker conditions

o (M, (f2,02 — q2) — Ba, (f1,p1—q1)) =0

and

o (A, (fo,p2) = Day (f2, 02 — q2) — Ay (f2,92))
>0 (Aa, (f1,p1) —Aa, (f1,p1 — q1) — Aa, (f1,q1)) -

Monotonicity of the Levinson functional can be employed in obtaining bounds for the
corresponding functional. Namely, if the weights p; and p, are bounded functions, the
Levinson functional .Z4, 4, (®, f1, f2, p1,p2) can mutually be bounded by a non-weight
functional of the same type. The non-weight Levinson functional is defined by

Zf?l?Az(q)vfbfZ):gAl,Az(q)7flvf27171)7 (456)

that is, when p;(x) = 1 and ps(y) = 1, for all x € E; and y € E,. The importance of the
following result lies in the fact that it provides both a refinement and a converse of the
Levinson inequality. Of course, in order to obtain such relations, it is necessary to assume
positivity of the Levinson functionals appearing there.
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Theorem 4.6 Suppose A;: Li — R are positive linear functionals and f; € L;, i = 1,2.
Let fi(E;) C 1, i = 1,2, where I is an interval, and suppose that there exists ¢ € 10 such
that (4.48) holds. Further, suppose p; € L;r, i = 1,2, are bounded functions and let m; =

infyeg, pi(x), Mj = sup,cp pi(x), i =1,2. If

Ap, (f1,p1) = Da, (f2,2), (4.57)
Ap, (f1, p1 —min{mi,my}) = Ay, (f2, p2 — min{my,my }), (4.58)

and
AAl(flal):AAz(f271)a (459)

then the inequality

Lp, o (D, f1, fo, 01, p2) = min{my,my }.LY 4, (P, f1, f2) (4.60)
holds for every continuous function ® € J,°(I), provided that p;f;, pif?, 7, ®(f3), pi®(f)
€ L;, and Ai(p;), Ai(1) > 0, i = 1,2. In addition, if the condition (4.58) is replaced by

Ag, (fr,max{mi,my} — p1) = Ag, (2, max{mi,ma} — p), (4.61)

then

Lp, (@, 1, f2, 15 2) < max{mi,my} LY 4 (@, f1, f2). (4.62)
If ® € (1) is a continuous function, then the signs of inequalities (4.60) and (4.62) are
reversed.

Proof. Since p;(x) > min{m,my}, forall x € E;, i = 1,2, we utilize the relation (4.55)
with constant functions g;(x) = min{m;,m,}, x € E;, i = 1,2. Now, since

XAI,AZ (q)vfl 7f27min{m17m2}7min{ml 7m2}) = min{mlva}"zﬂXl,Az (q)vfl 7f2)7
the inequality (4.60) holds. The remaining inequality (4.62) is proved in the same way. O

It should be noticed here that the relation (4.60) provides a refinement of the Levin-
son inequality (4.50), while (4.62) yields its converse. Rewriting these inequalities in the
expanded forms, we have

i S8) sy (5280
Ax(f2)

> min{my,m;} [AZ(CD(fz)) —A2(1)¢(A2(1) ) —A(®(f1) +A(1)D <‘Z11((J;1))ﬂ
(4.63)

and

Ay (p2®(f2)) — Aa(p2)@ (%) —Ai1(p19(f1)) +Ai1(p1)® (A;EZI?{;U
Ay(f2)

< max{my,m;} {Az(d)(fz)) —Ax(1)® ( (1) ) —A(®(f1)) +A(1)D (2((}11))” .
(4.64)

We say that the relations (4.63) and (4.64) represent the refinement and the converse of the
Levinson inequality in the difference form.
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Remark 4.8 Similarly to Remark 2.29 and Remark 4.7, the inequalities (4.60) and (4.62)
hold if the assumptions (4.57), (4.58), (4.59) and (4.61) are respectively replaced by weaker
conditions

o (Aa, (f2,P2) —Aa, (f1,p1)) >0,

o (A, (f2, p2 —min{my,my}) — Ap, (f1, p1 —min{my,my})) > 0,
o (Aa,(f2,1) = Aa, (f1,1)) >0,

o (Aa, (f2, max{my,my} — p2) — Aa, (f1, max{mi,my} — p1)) >0,

where o is any constant fulfilling conditions as in Definition 4.1.

4.2.1 Applications

In this section we give a refinement and a converse of the Levinson inequality in the discrete
form. Let L; and L, be linear spaces of real-valued functions defined on finite sets E; =
{1,2,...,n} and E; = {1,2,...,m}. Further, suppose that the corresponding functionals
are defined as the sums of coordinates, that is, A;(x) = Y1, x; for x = (x1,x2,...,%,), and
Ay (y) =¥ yj fory = (y1,y2;...,ym). Notice that in this setting we have A;(1) =n and
A;(1) = m. Now, employing Theorem 4.6 and Remark 4.8, as well as the relations (4.63)
and (4.64), we obtain the following consequence.

Corollary 4.9 Let ¢ € I°, where 1 is an interval, x; € 1N (—eo,c], y; € IN[c,), i =

1,2,...,n, j=1,2,...,m, and p; >0, q; > 0 be such that ¥;_, p; = 271:1611' = 1. Further,

suppose ® € | (I) and let o« be any constant fulfilling conditions as in Definition 4.1. If
m

aY pixi—3*<a q;(v;—57, (4.65)
i=1

j=1
oy u)( x“"x°>2<oc§l( u)( y“my())z (4.66)
pi—M)|\Xi———— ] < qj— M)\ Yj— = :
P ' 1—un = / T 1 —um
and . "
a Y (x—x0)’ <a Y (yi—yo) (4.67)
i=1 j=1

where u = mln{phqj’ i= 1727"'7n7j = 1727"'am}’ X = 2?:1]’1’3513 y= 27:1QJyj’ X0 =
%2,"’:19613 Yo = %271:1)713 then the inequality

Eml qj®(yj) — @(y) — }nlpid)(xi) + O(F)
T - (4.68)

ZH { illq)(Yj) —m®(yo) — iq)(x,') Jrnd)(xo)}
j= —

=3

holds. In addition, if

2 '  vnxg—X 2 & '  vmyo—y 2
aYv-p)(xi-—— ] <ad(v—qg)|(yj———=] . (4.69)

fart vn—1 = vim—1
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where v =max{p;,q;; i=1,2,...,n,j=1,2,....,m}, then

i=1
m n

<v| Y @) —m®@(yo) — Y, P(xi) +nP(xo) |-
= i=1

i qjP(y;) — @(y) - 2 pi®(x;) + @ (%)
o (4.70)

If® e (I), then the signs of inequalities (4.68) and (4.70) are reversed.

Notice that inequalities (4.68) and (4.70) yield a refinement and a converse of the in-
equality (4.45).

Remark 4.9 With notation as in Corollary 4.9, it follows that

. 11 11
u<ming —,— » <maxqy —,— p < V.
m n m n

For example, if u = %, then the expression 1~ Hno appearlng in (4.60) is taken to be

zero. The remaining limiting cases are treated in the same way.

Remark 4.10 Suppose that m =n and p; = ¢;, i = 1,2,...,n, in Corollary 4.9. It is easy
to see that in the case of a symmetric distribution of points x;, y; around the point c, that
is, when the assumption (4.41) is fulfilled, the conditions (4.65), (4.66), (4.67) and (4.69)
hold trivially. In fact, we have equality signs in these relations.

Corollary 4.9 can be employed in order to obtain more precise estimates for some
known inequalities involving the arithmetic, geometric and harmonic means. In particular
— arefinement of the famous Ky Fan inequality.

Example 4.1 Let us consider Corollary 4.9 for the case of the function ®(x) = logx,
defined on the interval I = (0,e0), and let ¢ € I. Obviously, ® € .#°(I) for every ¢ € I and

the corresponding parameter o from Definition 4.1 is oz = f”(¢) = — CLz < 0. Moreover, in
this case the inequality (4.68) reads
np
G (x p) (y) Gn( )1 Anlx,p)

where A,(x,p), Gn(x,p), An(x), G,(x) are the arithmetic and geometric means in both
weight and non-weight forms, i.e. A,(x,p) = X | pixi, Ga(x,p) = H;?:le", Aulx) =

1
%Zl’lexi, Gn(x) =TT, x/, and the parameter u is defined in Corollary 4.9. Note that,
due to the Levinson inequality, we have

o] Tem] =

If m = n, the inequality (4.72) represents the Ky Fan inequality for arithmetic and geometric
means in a non-weight form. Originally, the Ky Fan inequality was proved on the interval
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(0, 1), with a symmetric distribution of points x; and y; around the point % (for more details,
see [126]). Therefore, the inequality (4.71) represents the refinement of the weight Ky Fan
inequality. Similarly, utilizing the relation (4.70), we obtain

Gn(»,9) _ [Gu ™ TAx)]"™ An(y,q)
Gn(x,p) = [Am(y) ] |:Gn (y)] An(x.p)’ (4.73)

which represents the converse of the weight Ky Fan inequality. Finally, taking into account
the Remark 4.5 and by virtue of concavity of the function ®(x) = logx, we conclude that
inequalities (4.71) and (4.73) hold when in conditions (4.65), (4.66), (4.67) and (4.69) the
parameter ¢ is removed and the signs of inequalities are reversed.

Example 4.2 In this example, we refer to the concave function ®(x) = —% defined on
I = (0,00). In this case, Corollary 4.9 yields more precise estimates for differences of re-
ciprocals of arithmetic and harmonic means. More precisely, with notation as in Corollary
4.9, we obtain the refinement

1 1 1 1

An0d)  Hnnd)  An(op) | Ha(np)

m m

zuhﬂwm@)f&”+mkﬂ

and the converse

1 1 1 1

An0d)  Hnnd)  An(op) | Ha(np)

SV[ A:zy)*Hm(y) An(x) H:(X)]’

where H,(x,p) = (X}, ;’—;)71, Hy(x)= (13, %)71 is the harmonic mean in its weight
and non-weight form, respectively. Like in the previous example, these inequalities hold
with the conditions (4.65), (4.66), (4.67) and (4.69) reduced to the forms without the pa-

rameter o and with reversed signs of inequalities.






Chapter

Different approaches to
superadditivity

This chapter integrates the results on superadditivity for several classes of functionals, each
having its own specificities and thus requiring a specific approach developed. In the first
place, we use the opportunity to present here a few not so recent, but nevertheless basic
important results on superadditivity, developed by D. S. Mitrinovié, J. E. Pecari¢ and L. E.
Persson in 1992, see [152].

In the second part of the chapter, quasilinearity of the functional (hov)- ((I) o év’) is ana-
lyzed, where @ is a monotone h-concave (h-convex) function, v and g are functionals with
certain super(sub)additivity properties. General results of the type are then applied to the
functionals generated with the Jensen, the Jensen-Mercer, the Beckenbach, the Chebyshev
and the Milne inequality. This approach was firstly developed in [167]. Finally, in the
third section, superadditivity of the functionals associated with the Gauss-Winckler and
the Gauss-Polya inequalities is proved, as it was previously done in [207].

5.1 On a general inequality with applications

The authors in [152] proved a general set-valued inequality in two analogical forms. As
applications, they obtained some simple inequalities for convex, concave, subadditive and
superadditive functions, also pointing out that some classical inequalities (e.g. those by

155
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Minkowski, Beckenbach and Dresher, as well as those by Pecari¢ and Beesack (see [31])
or by Peetre and Persson (see [183])) are the special cases of their obtained results. To be
more specific, those results are the special cases of the following proposition. The details
are worked out in the sequel.

Proposition 5.1 Let F: I - R, g: D — Ry and f: D — I, where D is an additive
Abelian semigroup and I is a subset of R".

1° Assume that F' is convex and that one of the following conditions holds:
(i) f is affine;
(ii) F is non-increasing and f is superadditive;

(iii) F is non-decreasing and f is subadditive.
If g is affine or if g is superadditive and F(0) < 0, then

st (L) <or (29) +eor (£9). 6

gx+y) g(x) g(y)

2° Suppose that F is concave and that one of the following conditions holds:

(i) fis affine;

(iv) F is non-increasing and f is subadditive;

(v) F is non-decreasing and f is superadditive.

If g is affine or if g is superadditive and F(0) > 0, then

et (L) 2 e (9 e (£). 6

Let 22(Q) denote the power set of the set Q, i.e., the set of all subsets of Q. The
following “set-valued” versions of the inequalities from Proposition 5.1 are proved in two
analogical forms, as follows.

Theorem 5.1 Let F: [ — R be a convex function and let G: D — P (Ry) and f: D — I
be arbitrary functions. Then the function

. f (X))
= inf aF | —= ), €D, 5.3
fi(x) ot a ( p x (5.3)
is subadditive if one of the conditions (i), (ii) or (iii) holds, and if, for all a € G(x) and
beG(y,) a+be G(x+y) orif there exists ¢ > a+b, such that c € G(x+y) and F(0) <O0.

Proof. First we assume that F(0) <0, f is non-decreasing, f is subadditive and, for
all a € G(x) and b € G(y), there exists ¢ > a+ b, such that ¢ € G(x+y). Consider a € G(x)
and b € G(y). We note that the function H(¢) = F (¢ f(x)), r > 0, is convex and (since also
F(0) <0) we conclude that the function H(¢)/t is non-decreasing. Therefore, by using the
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assumption that f is subadditive and F' is convex and non-decreasing, we obtain that, for
some ¢ > a+ b, such that c € G(x+y),

o (LB o (a+b)F faty) o (a+b)F fO)+7B)
c a+b a-+b
< ar (1) por (1), 54
a b
Therefore, for any €, 0 < € < %, there exists ¢ € G(x+ ), such that
x—+

or (L) <1 et + 1+ €110) 5.5

By taking infimum once more and letting € — 0, we obtain

filx+y) < filx)+ A1)

The proofs of the remaining cases consist of making obvious modifications of the proof
above, so the details are omitted. O

Theorem 5.2 Let F: I — R be a concave functionandlet G: D — P (Ry ) and f: D—1
be arbitrary functions. Then the function

fo(x) = sup aF <@>, x€eD, (5.6)

acG(x) a

is superadditive if one of the conditions (i), (iv) or (v) holds, and if, for all a € G(x) and
be G(y),a+be G(x+y) orif there exists ¢ > a+ b, such that ¢ € G(x+y) and F(0) > 0.

Proof.  Suppose that f is superadditive, F(0) > 0, F is non-decreasing and, for all
a € G(x) and b € G(y), there exists ¢ > a+ b, such that ¢ € G(x+y). Then, in particular,
we find that H(t) = F(z f(x)), t > 0, is a concave function and, thus, that the function
H(r)/t is non-increasing. Hence, by arguing in a similar way as in the proof of Theorem
5.1, we find that, forany €, 0 < € < %, and some ¢ € G(x+y),

x+
(1= e+ (1= e)pa) < er (L2, 5.7
and, by taking supremum once more and letting € — 0, we find that the function f; is
superadditive. The proofs of the other cases are similar. O

Remark 5.1 Theorem 5.1 may be seen as a further generalization of results in [183] and
[186]. Moreover, Theorem 5.2 generalizes the corresponding result from [186] in a similar
way.

Proof of Proposition 5.1. Follows by applying theorems 5.1 and 5.2 with G(x) = [g(x)]
(the singleton case). O
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Concluding remarks and examples
When Proposition 5.1 is applied with F(u) = u?, p = ao‘Tﬁ, flx) = (j'gxo‘du)é, glx) =

1
(foxPdu)P, the following form of the Beckenbach-Dresher inequality (see e.g. [26, 28,
47, 183]) is obtained.

Example 5.1 Letx,y >0ae. onQ. If0<a<1<Porif0<B <1<, o +# P, then

1 1 .
M)M ((fszxadH)“ﬁ (fgyo‘du)aﬁ
(fg(Hy)ﬁdu S\Ufan)  T\Upfan) (5.8)

Ifp<0<a<lorifoa<0<p <1,then (5.8)holds in the reversed direction.

Remark 5.2 In view of the discussion above, it is obvious that Example 5.1 can be easily
generalized in various directions. Here are a few such generalizations (complements):

(i) By using a positive linear functional A acting on the space of real functions, instead
of the special cases A(x) = [ xdu, we obtain (generalized forms of) some versions
of the Beckenbach-Dresher inequality, previously proved by Pecari¢ and Beesack
(see [31]) and by Peetre and Persson (see [185, 186]).

(ii) The inequality (5.8), in its turn, is a subadditivity condition and the reversed in-
aquality is a superadditivity condition. Therefore, we can use Proposition 5.1 and
iterate the procedure. After the first step, we obtain the following generalization of
Example 5.1: fFO<B <1<, y<0<d6<1l,a#B,y#8, a—p—y+6>0,
then

1 1
Jolrt ) ot y)°du\ "7 fox®dp fox®du\ T
Jole+y)Pdu [o(x+y)Ydu JoxPdu [ox'du

1
JoyPdu Joydu
Moreover,if B <0< a<1,y<0<§<1,0#B,y#8, a—B—5+vy >0, then
R (T i
Jo(x+y)Bdu [o(x+y)ddu JoxPdu [oxPdu

+ <nyo‘du Joy'dp ) o
fszyﬁdﬂ fgyadﬂ .

(iii) By using the continuity property of generalized Gini means (see [183]), we obtain
the inequalities corresponding to the exceptional cases in Example 5.1 (and the in-
equalities in case 2 above). For example, for the extremal case: @ = f8 = 1, the
inequality (5.8) reads:

o (M) () ot
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and the corresponding inequality for the other limiting case: oo = f§ = 0 reads:

exp (ﬁ /an(ery)du) > exp (ﬁ /anxdu) +exp (ﬁ /anydu>.

A special case of this inequality is the following well-known inequality for positive
sequences (see e.g. [28, p. 26]):

(o) = (11e) - (112)
i=1 i=1 i=1

So far, the only applications of the general theorems have been given for the single-
valued case presented in Proposition 5.1. An application for another extremal case, when
G(x) =Ry, for all x € D, is given within the following example.

Example 5.2 Let D=R", f(x) =x = (x1,...,%,), G(x) =R, for all x € D and consider

the (Amemiya) norm
n
. Xk
X[lg= inf a1+ ) ©&(—]) ],
Ixlo= inf ( ) (a)>

where @: Ry — Ry is a convex function. By applying Theorem 5.1 with
n
F(u) =1+ Y ®(jul),
k=1
we find that
X+ ylle < [xllo+[lyle,

and thus we have obtained another proof of the Minkowski inequality for Orlicz sequence
spaces. Moreover, by using Theorem 5.2 in a similar way, we find that the inequality

X+ yllw = [Ix[le =+ [[y[le
holds, where ¥: R, — R is a concave function and
n xk
IXly = sup a1+ W (—) .
acRy k=1 a
Finally, we remark that the Beckenbach-Dresher inequality (Example 5.1) means that (inte-

gral forms of) the classical Gini means (investigated e.g. in [183] and [187]) are subadditive
or superadditive, with certain restrictions on the parameters involved.
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5.2 Properties of some functionals associated
with #-concave and quasilinear functions
with applications to inequalities

In [61], [62], [63], [64] S.S. Dragomir researched functionals which arise from quasilinear
functionals related to the classical inequalities. For example, he considered the functionals

. _a 5 . p=a

viog(%) (in [61]), vI" 7 g4, ngp (both in [62]), v 7 g7 (in [63]), and finally, v- (@ o £)
(in [64]), where v is additive, g is super(sub)additive, ® is a concave (convex) function
and p and g are real numbers with some properties. In each paper he applied the given
results about composite functional to some of the classical inequalities such are the Jensen,
the Holder or the Minkowski inequality. L. Nikolova and S. VaroSanec in [167] gener-
alized his results. They investigated similar functionals related to an h-convex function
@ under assumptions which are weaker than the assumptions in the above mentioned pa-
pers. More specifically, they investigated quasilinearity of the functional (hov) - (CI) ) %) ,
where @ is a monotone A-concave (h-convex) function, v and g are functionals with cer-
tain super(sub)additivity properties. They applied those general results to some special
functionals generated with several inequalities such as the Jensen, the Jensen-Mercer, the
Beckenbach, the Chebyshev and the Milne inequality.

In the sequel, 7 and J are intervals in R, (0,1) C J and functions  and f are non-
negative functions defined on J and I, respectively.

Let us recall that function 2 : J/ C R — R is said to be a supermultiplicative function if

h(xy) > h(x)h(y), (5.9)

for all x,y € J. If the inequality (5.9) is reverse, then / is said to be a submultiplicative
function. If equality holds in (5.9), then £ is said to be a multiplicative function.

Definition 5.1 (SEE [206]) Let h: J — R be a non-negative function, h # 0. Function
f 1 — Ris an h-convex function if f is non-negative and for all x,y € I, a € (0, 1),

flox+(1—a)y) <h(o)f(x) +h(1 —a)f(y).

If the inequality is reverse, then f is an h-concave function.

5.2.1 Functionals associated with monotone /-concave and
h-convex functions

Lemma 5.1 Lerx,y € Cand f : C — R be a non-negative, L-superadditive and K-positive
homogeneous functional on C. If M > m > 0 are such that x —my and My — x € C, then

%K(M)f(y) > f(x) > LK(m) f(y).
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Proof. Using L-superadditivity and K-positive homogenity of f we have

fx) = flx—my+my) 2 L(f(x—my) + f(my))
> Lf(my) = LK(m)f(y),

giving the second inequality. Similarly, we get the first inequality. Namely, using ho-
mogenity and L-superadditivity we get

FFOMY) = 7 f(My—x-+2) > f(My —x) + f(x) > f(2).

TKM)10) = 1

O

The above-proved lemma is a generalization of a result from [61] in which f is super-
additive and positive homogeneous of order s.

Theorem 5.3 Let h be a non-negative function which is ky-positive homogeneous. Let C
be a convex cone in the linear space X and v : C — (0,0) be an L-superadditive functional
on C.

(i) If h is submultiplicative, g : C — [0,00) is an L-superadditive (L-subadditive) func-
tional on C and ® : [0,00) — [0,00) is h-concave and non-decreasing (non-increasing), then
the functional Ng : C — R defined by

mala) = hiviye (£

is ky (L)-superadditive on C.
(ii) If h is supermultiplicative, g is L-subadditive, ® is h-convex and non-decreasing
with ®(0) = 0, then N is ki (L)-subadditive.

Proof. (i) Let us suppose that & is submultiplicative, g is L-superadditive, ® is &-
concave and non-decreasing. Let o0 = Lv(vx(fy) ,B= Lv(vx(i)y) . Since v is L-superadditive, we
have oo+ <1 and

°(Sey) 2 ()
-o{Ge )

v(y)
A )o(22) s (25)0()
() (28) () ()
zh@ﬂzﬂﬂﬂL¢<ﬁﬂ)+hMWw)¢<Jﬂ)}

(v(x+y)) (v(x+y))  \v(y)

The first inequality holds because @ is non-decreasing and because of the L-superaddi-
tivity of g. The second inequality follows h-concavity of ®. Next we use ki-positive
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homogeneity of & and finally the submultiplicativity of #. Multiplying with i(v(x+y)) we

have
e (L2 ) [uoee () - howe (L)),

Hence ng is k1 (L)-superadditive. The proofs of the other cases follow in a similar manner.
O

A superadditive and non-negative functional has the following property.

Corollary 5.1 Let h be a non-negative submultiplicative function which is ki-positive
homogeneous. Let C be a convex cone in the linear space X and v : C — (0,00) be L-
superadditive and ky-positive homogeneous on C. Let x,y € C and assume that there exist
M > m > 0 such that x —my and My —x € C. Let K(t) = ki(ka(t)). If g: C — [0,00)
is an L-superadditive (L-subadditive) and kj-positive homogeneous functional on C and
@ : [0,00) — [0,00) is h-concave and non-decreasing (non-increasing), then

1
mK(M)Thb(y) > No(x) = ki (L)K(m)ne ().
Proof. Note that h(v(ax)) = h(kz(ct)v(x)) = ki (ka(@))h(v(x)) = K(a)h(v(x)). We
observe that if v and g are ky-positive homogeneous functionals, then Ne(x) = A(v(x))
O (%) is a K-positive homogeneous functional and, by Theorem 5.3, it follows that ne

is a ky (L)-superadditive functional on C. By applying Lemma 5.1 we get the result. O

Corollary 5.2 Let h be a non-negative submultiplicative function which is positive ho-
mogeneous of order sy. Let C be a convex cone in the linear space X and v : C — [0, )
be L-superadditive and positive homogeneous of order s, on C. Let x,y € C and assume
that there exist M > m > 0 such that x —my and My —x € C. If g: C — [0,°) is an L-
superadditive and positive homogeneous functional of order s, on C and @ : [0,00) — [0, 00)
is h-concave and non-decreasing, then

MS

oMo (y) = Me(x) = m’L ne (y)

where s = 5157.

Proof. Put in the previous corollary k(1) =151, kp(¢) =2, and K(z) =12 =¢°. O

Remark 5.3 If L = 1, then the assumption about homogeneity of & can be omitted and
the statement of Theorem 5.3 still holds, namely we get superadditivity (subadditivity) of
No.

If we consider the additive function v, then using the same proof (L = 1 and the first
inequality is just equality) we get the following statements:

(1) If g is superadditive (subadditive), ® is h-concave and non-decreasing (non-incre-
asing), where / is submultiplicative, then the functional n¢ is superadditive.
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(ii) If g is superadditive (subadditive), ® is h-convex and non-increasing (non-decrea-
sing), where 4 is supermultiplicative, then the functional ng is subadditive.

Comparing these statements with the results of Theorem 5 from the paper [60] we see
that if @ is a non-negative function, then we have results for wider class of functions @,
i.e. for h-concave or h-convex functions.

The case s = 1, h(t) =1 gives results for concave @, as it is in [60], but for v and
g superadditive and s,-positive homogeneous. The case when v is only superadditive is
important for applications — see the application to the Chebyshev and Milne functionals.

Moreover, Corollary 5.1 under assumptions that v is additiveand L= 1, k| () = kx (1) =
t, becomes the same as Corollary 1 a) from [60].

More about Corollary 5.1: If a(z) =#°, s, = 1, L = 1 and we use as an example ®(x) =
®{(x), s > 1, @y is concave non-decreasing, then we get the result of Corollary 1 from
[60].

5.2.2 Case 1: function v is additive
Application to Jensen-type inequalities

Let f be a real mapping on a convex subset C; of a linear space. Let us fix n € N and
X €C1, (i=1,...,n),and let Sy (n) :={p=(p1,..-,pn) : pi>0,i=1,....nand P, =
Y pi>0}. Si(n)is aconvex cone.

As usual, the Jensen functional J : S; (n) — R is given by

n n
J(p) =Y pif (xi) = Puf L Y pixi |,

i=1 P i3
i.e. is a difference between the right-hand and the left-hand sides of the Jensen inequality
for the convex function. As we know, J is positive homogeneous; if f is convex, then
J is non-negative and superadditive, while, if f is concave, then J is non-positive and
subadditive. The comparative inequalities for the Jensen functional are derived in [61]: if
M > m > 0 such that Mp > ¢ > mp (i.e. Mp; > q; > mp; foreachi=1,...,n), then

MJ(p) = J(q) = mJ (p).

As an application of the results from the previous section we have the following theo-
rem.

Theorem 5.4 Let h be a non-negative submultiplicative function and f be convex. Sup-
pose @ is h-concave and non-decreasing on [0,0). Then the composite functional N :
S+ (n) — R defined by

No(p) = h(P)P (21 f,_’if(xi) —f (21 %m)) (5.10)

is superadditive. Let, furthermore, h be k-positive homogeneous. Suppose P, q € S+(n)
and let M > m > 0 be such that Mp > g > mp. Then

oz (1) = oo (1) = wmieye (12,

n n Pn
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Proof. Take v(p) = P, and g(p) = J(P). The functionals v and g are positive homoge-
neous, v is additive and g is superadditive. Using Theorem 5.3 we get that the composite
functional ng is superadditive on S, (n) and k-positive homogeneous. Hence, we apply
Lemma 5.1 and get the wanted inequalities. |

Remark 5.4 If /i(r) =1, then we get results from [60].

On the Jensen-Steffensen conditions

Now, let f be a real function on an interval I C R. In the previous theorem weights p; are
non-negative and considered cone C is the cone S (n). As we have already discussed in
the previous chapters, for some choices of points xi,...,x, € I this cone can be substituted
with a larger cone. Let ¥ = (x1,...,x,) be fixed monotonic n-tuple of elements from / and
let us define the set S(x,n) as the set of all p € R”" such that P, > 0, 0 < P, < P,, where
P, = Zlepi, er":l %xi el

The set S(x,n) is a cone. By the Jensen-Steffensen inequality [177, p. 57], the dif-
ference J(p) = X7 pif (xi) — Buf (Zl |7 x,), where f is convex on /, is non-negative
for each p € S(x,n). Using a similar proof as for the Jensen functional on Sy (n) we get
that J is superadditive for convex function f and applying Theorem 5.3 we obtain that the
functional ng given by (5.10) is superadditive and corresponding comparative inequalities
hold. Let us recall that these comparative inequalities under the Jensen-Steffensen condi-
tions with an additional normalizing property P, = 1 were proved in [23], only by using a
different method.

Applications to the Jensen-Mercer functional

As we have already considered, A. McD. Mercer in the paper [134] proved the Jensen-type
inequality which includes boundary points of an interval — the Jensen-Mercer inequality
(1.12).

The Jensen-Mercer functional JM : S (n) — R defined by

IM(p) = Pu(f(a) )= 2. pif (xi) Pfaer*—Zplxz

is positive homogeneous, non-negative for a convex function f and non-positive for con-
cave function f. We have already established its superadditivity in Chapter 3, and now,
applying the results from the previous section, we have the following theorem.

Theorem 5.5 Let h be a non-negative submultiplicative function, f be a convex function
and let @ : [0,00) — [0,00) be a h-concave non-decreasing function. Then the functional

{: 84+ (n) — R defined by

() = h(E) (f(a) 0= 5 3 il )~ flat b= ipix»)

nj=1

is superadditive on S+(n).
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Proof. Consider the functionals v(p) = P, and g(p) = JM(p). The functional v is
additive and g is superadditive and

m0(p) = h(v(p))@ (%) — ).

Hence, by applying Theorem 5.3 we get the desired result. O

Corollary 5.3 Ler us suppose that the assumptions of Theorem 5.5 are fulfilled and let h
be k-positive homogeneous. If p, g € S+(n) and M > m > 0 are such that Mp > g > mp,

then
MMMGM¢(E%E);zMQ”¢(gg@>2kWMGw®<ﬂ%@>.

The proof follows from Corollary 5.1.

Applications to the Beckenbach functional

As [27], Theorem 5, shows: if f is convex for x € [0,a] and starshaped in [0,5], (i.e.
f(ox) < of(x) forany o € (0,1),) b > a, then for x; € [0,b] and o € (0,1), I, 0 =1,
we have

15 Y o) < 3 3 ouf ().
i=1 i=1

That inequality is known as the Beckenbach inequality. Let us consider the Beckenbach
functional J, :

Jap(P) = 5 X, pif () = Puf (g > gx,) :
i=1 n

i=1
where p,q € Si(n) and a,b, f satisfy assumptions of the Beckenbach inequality. The
above-mentioned theorem shows that J, ,(p) > 0.

Proposition 5.2 The functional J, 5, is superadditive.

Proof. It yields that

Jap(P+7) —Jap(P) — Jap(q)

= _(Pn+Qn)f<

a<h Pi a<h gi
+h.f (ZZ}T,,XI> + b f (Elzl—nxl

i=1

v
s
o
_|_
Q
=
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because f is convex on [0, a] and

Yhuca ¥ ou<a

W‘IQ

O

Theorem 5.6 Let h be a non-negative submultiplicative function, f be a convex function
and let ® : [0,00) — [0,00) be an h-concave non-decreasing function. Then the functional
Ne : S+ (n) — R defined by

Mo (p) = h(P)® (% 3 pr) s (g > %))

is superadditive on Sy (n). Furthermore, if h is k-positive homogeneous, P, g € S+ (n) and
M > m > 0 such that Mp > g > mp, then

e (2280} > o) (“4D) > wmpipe (“4).

Proof.  Consider the functionals v(p) = P, and g(p) = J,»(p). The functional v is
additive and g is superadditive, and applying Theorem 5.3 we get that ng is superadditive.
The comparative inequalities follow from Corollary 5.1. O

5.2.3 Case 2: function v is superadditive
What follows in this section are some applications concerning the superadditive function
V.
Applications to the Chebyshev functional for sums
Let @ and b be two real n-tuples. We call it similarly ordered if
(ai —aj)(bi—bj) 20

foranyi,j=1,...,n. If the above inequality is reversed, then n-tuples are called oppositely
ordered.
Let us denote

T(a,b,p :Zplzpzab 721716112171

The statement of the classical Chebyshev inequality is the following (see [177, p. 197—
204]).

The Chebyshev inequality. Leta = (ay,...,a,) and b = (by,...,b,) be two n-tuples
of real numbers and p = (py,...,p,) be a non-negative n-tuple. If @ and b are similarly
ordered, then the Chebyshev inequality

T(a,b,p) >0
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holds. If @ and b are oppositely ordered, then the reverse inequality holds.
In the following theorem we consider quasilinear property of the Chebyshev functional
p—T(ab.p).

Thegrem 5.7 If @ and b are similarly ordered real n-tuples, p > 0, then the functional
T(a,b,p)is superadditive in the variable p. If a and b are oppositely ordered real n-tuples,
then the functional T (a,b,p) is subadditive.

Proof. Let us suppose that @ and b are similarly ordered n-tuples and let us consider
the sum T'(a,b,p+79q) — T(a,b,p) — T(a,b,q). We have

T(a,b,p+q)—T(@b,p)—T(@b,q)
n n n n n n n n
= Y\ pi Y qiaibi+ Y, qi Y, piaibi — Y, piai Y, qibi — Y, qiai Y, pibi = Ly.
=1 = =1 i1 =1 =l =1 =

After simple calculation we get

n
Lyyr =L+ 2 (Pns19j + qns1pj)(aj — ang1)(bj — buyr)-
]

Since 7 and 7 are non-negative and @ and b are similarly ordered, we have

Lys1 2Ly 2Ly 2>... 21 =0,
which means that 7'(a@, b, p) is superadditive. If @ and b are oppositely ordered, the proof is
similar. o

Let us apply the previously obtained results to the functional T'(a,b,p).

Theorem 5.8 Let h be a non-negative submultiplicative function, and @ : [0,00) — [0, )
is h-concave and non-decreasing.

(i) If @ and b are similarly ordered, then the functional Ne(p) = h(P?)® (T(EP’—IZ_J"@) is

superadditive on S (n).
Furthermore, if h is k-positive homogeneous, p,q € S+(n) and M > m > 0 are such
that Mp > q > mp, then

k(M?)h(P})® (Lag”_’)) > h(Q})® (LEQE@) (5.11)
> K (B2 (T(_P—fﬁ))

(ii) If @ and b are oppositely ordered, then the functional Ne(p) = h(P2)® (#ﬂz’z’ﬁ))

is superadditive on S (n). If additionally, the assumptions on h, p,q,M and m are satisfied
as in case (i), then the inequalities (5.11) hold with substitution T — —T.
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Proof. If @ and b are similarly ordered, let us define v and g as v(7) = P? and g(p) =
T(a,b,p). These functionals are positive homogeneous of order 2 and superadditive. By
Theorem 5.3 with L = 1 we have that 7ng is superadditive, and by Corollary 5.1 for the
functional 1, we obtain the inequality (5.11).

If @ and b are oppositely ordered, then the functional —7'(@,b,p) is superadditive and
non-negative and we proceed as in the proof of case (i). O

Remark 5.5 If ®(x) =x, ie. h(r) =
n-tuples, then for p,q such that Mp > g > mp, we get
M>T(a,b,p) > T(a,b,q) > m*T(a,b,p). (5.12)
Ifp >7q,i.e. M = 1, then from the above inequalities we get the following property of
monotonicity: 3 3
T(ab,p) > T(a,b.q). (5.13)
If @ and b are oppositely ordered, then the reversed inequalities in (5.12) and (5.13)
hold.
Let us take 5 = p\") = (p1,p2,...,pn), "V = (p1, 12, -, Pu-1,0), P2 = (p1,
P2y Pn-2,0,0),..., p@ = (p1,p2,0,...,0,0). Since p( > p(r=1) > > p(2) we can
use the above monotonicity to obtain the following result.

Corollary 5.4 Ifa and b are similarly ordered n-tuples and p > 0, then

T(a,b,p") > T(a,b,pn=1)) > T(a,b,pn=2)>...>T(@b,p?)>0
and

T(@b.p) = max [(pi+p;)(piaibi+piajby) = (piai+pja;)(pibi+pby)l-

If @ and b are oppositely ordered, then the reversed inequalities in the above inequali-
ties hold with the substitution max — min in the second result.

Chebyshev functional for integrals

Let f,g be real functions on I = [a,b]. Let S1(I) be the cone of non-negative functions p
on [ such that p, pf, pg and pfg are integrable. Denote

b

a

1 = [ pwax [ porwgea— [ posas [ pwgtas

The Chebyshev inequality for integrals states that T'(f, g, p) > 0 when f and g are similarly
ordered, i.e.

(f(x) = f(¥)(g(x) —g(y)) > 0.

If f and g are oppositely ordered, then T'(f, g, p) < 0. It is known that the following identity
holds:

T(Gan =5 [ [ POPOIE) - ) - ) dxay
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Using that identity we obtain that

T(f.&p+a)—T(f.&p)-T(f.849)
= 2 [ [ 1p09a05) + gp O — 500 (609 — 80y =0

when f and g are similarly ordered. Thus follows superadditivity of p — T'(f, g, p) on the
cone Sy (I). If f and g are oppositely ordered, then the functional —7'(f,g, p) is superad-
ditive. Corollary 5.1 refers to this case.

Corollary 5.5 Let h be a non-negative submultiplicative function, which is k-positive ho-
mogeneous and ® : [0,00) — [0,00) is h-concave and non-decreasing. Let f and g be
similarly ordered. If p,q € Sy (I) such that P = [" p(x)dx >0, Q = ["q(x)dx > 0 and
M > m > 0 are such that Mp(x) > q(x) > mp(x), then

K(M?)h(P?)@ (W) > Q%0 (W) > k(m?)h(P?)® (W) .

2
Proof. Let the function v be defined by v(p) = ([ f p(x) dx) . It is superadditive and

positive homogeneous of order s = 2. The function g will be the Chebyshev functional

T(f,g,p)- Itis also positive homogeneous of order s, = 2, superadditive and non-negative.
By Corollary 5.1 for the functional 1¢(p) = h(v(p))® (%) = (P (%) with
L =1, K(t) = k(?), the wanted inequality is obtained. O

Remark 5.6 If ®(x) = x, i.e. h(t) =1, k() = ¢, and if the functions f and g are similarly
ordered, then for p,q € S (I) such that such that Mp(x) > g(x) > mp(x) we get

’T(f.gp) > T(f,8,9) > m*T(f,g,p).

If p(x) > gq(x), i.e. M =1, then from the above inequalities we get the following
property of monotonicity:

T(f,g,p) >T(f.8.9).

If f and g are oppositely ordered, then the reversed inequalities hold.

Applications to the Milne functional

Here we consider the Milne inequality (see [83, p. 61-62]). Let a;,b;, i = 1,...,n, be
positive real numbers. Then

s

n
(ai+bi) 2

It is easy to get a weight version of the Milne inequality using substitutions

1

I

ai — piai, bi — pibi,
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where py, ..., p, are positive real numbers. Of course, it can be improved to non-negative
weights.
The Milne functional is defined as follows:
Clb
Jui(p 2p1a12p1b72p1 aHrb DL
S ai+bi

The weight Milne inequality means that Jy;(7) > 0. Also, it is easy to see that Jy; (op)
= o®Jyi(P), i-e. Jy; is positive homogeneous of order 2.

Theorem 5.9 The functional Jy;(P) is superadditive on S (n).

Proof. It yields that
Ini(P+q) —Ini(P) — Ini(q)

n n n n n n qlab n n plalbl
= Y piai Y, qibi+ Y, qiai Y, pibi— | Y, Pi(ai+b b + 2 qi(ai+b; ) D
=1 =l =1 =l i=1 ai+ “ait+bi

=L,

After some (not so short, but simple) calculations we get

4 4 anbn « qiaibi
Lyy1—Ly = pu | an 2 qibi+by, 2 qidi— b 2 qt(ai+bi) (an+bn) 2 T
b

i=1 i=1 n ni=1 i=

< < anby < d piaib;
+4qn aizizzlpibi+bn Zpiai_ b Zpi(ai+b) (an—i_bn)ZaH*b .

i=1 Antbn 2] i=1
The term in the first bracket can be written as:
I & g

bi —a;by)*.
a,+ b, ~ aiJFbi(an i —di n)

Thus
Ln+1 >L, ZLnfl > ... ZLl :07

which means that Jjy; is superadditive and the proof is complete. O
Let v(p) = P? and g(p) = Jui(P). Then the functional ng defined by
_ Imi(p
nolp) = e (224
n

is superadditive and it has boundedness property which follows from Corollary 5.1. The
following chain of inequalities hold.

Corollary 5.6 Ifa,b,7 > 0, then

Ii(p™) > Iy (p=D) > Iy (p@=2) > ... > Iy (p@) > 0

and

piaib Jerajbjﬂ '

Jui(p) >  max (PiaiJFPjaj)(l’ibiJFijj)(Pi(aiJFbi)JFPj(ajerj))(a‘ b ath,
iTOi  ajTbj

1<i<j<n
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5.3 Superadditivity of functionals related to Gauss’
type inequalities

In [207] superadditivity of some functionals associated with the Gauss-Winckler and the
Gauss-P6lya inequalities was investigated. In [75] C. F. Gauss mentioned the following
inequality between the second and the fourth absolute moments.

If f is a non-negative and decreasing function, then

( /0 T f(x)dx)

There have been many generalizations, sharpenings and improvements of inequality (5.14).
One of the major lines of generalization is due to A. Winckler and the other due to the pair
of the results of G. Pdlya.

A. Winckler, [212], gave the following result which is known as the Gauss-Winckler
inequality in the recent literature. More about it and its history one can find in [29].

2

< g /0 ) fwdx /0 T (). (5.14)

Theorem 5.10 If f is a non-negative, continuous and non-increasing function on [0, )
such that [y f(x)dx = 1, then form < r

((erl)/Omxmf(x)dx)% < ((rJrl)/Ooox’f(x)dx)%. (5.15)

Another generalization was done by G. Pdlya and today all of the inequalities of the
type are called the Gauss-Pdlya inequalites. Namely, in the book “Problems and Theorems
in Analysis” (see [188, Vol I, p. 83, Vol II, p. 129] one can find the following results.

Theorem 5.11 (i) Let f : [0,00) — R be a non-negative and decreasing function. If a and
b are non-negative real numbers, then

</Omxa+bf(x)dx)2 . (1_ <%)2> /:xzaf(x)dx/omx%f(x)dx

if all the integrals exist.
(ii) Let f : [0,1] — R be a non-negative and increasing function. If a and b are non-
negative real numbers, then

(/lea+bf(X)dx)2 > (1 - (%)3 ./O‘lxzaf(x)dx/olx%f(x)dx.

J. Pecari¢ and S. VaroSanec treated the above mentioned inequalities in a unified way
and proved the following generalizations (see [180], [181]).
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Theorem 5.12 Let g : [a,b] — R be a non-negative increasing differentiable function

and let f : [a,b] — R, be a non-negative function such that x — g,((x)) isa non-decreasing
function. Let p; (i =1,...,n) be positive real numbers such that ¥, p =1.1Ifa (i=
1,...,n) are real numbers such that a; > 717, then
+1)7 z
o+t p(o) gy > Hiz(@ipit D7 (/ ari f dx> . (5.16)
/g f(x) 1+2n1al 11 8(x

If g(a) = 0 and if the quotient function ; is non-increasing, then the reverse inequality in
(5.16) holds.

As a consequence of the above results one can conclude that if f and g satisfy the
assumptions of Theorem 5.12, then the function

0=+ 1) [ ¢ ()

is log-concave when £ 7 - is anon- decreasing function and the function Q is log-convex when

g(a) =0 and £ is non-increasing.
Using that property, the following generalization of the Gauss-Winckler inequality was
proved in [180]:

Theorem 5.13 Ler f and g be defined as in Theorem 5.12, £ 7 ! be a non- decreasing func-
tion and p, q, r, s be real numbers from the domain of definition of the function Q.
Ifp<q r<sandp>r,q>s, then

(5.17)

Ifg(a)=0and 65 is non-increasing, then the reverse inequality holds.

Remark 5.7 In [180] authors considered the case when g(x) = x, f is non-increasing and
a = 0. In that case inequalities (5.16) and (5.17) hold with b = e and thus the results for
moments follow.

Investigation of the properties of the mapping which arises from Gauss-Pélya’s in-
equalities or Gauss-Winckler inequality requires the specific tool which is here the follow-
ing type of the Holder inequality, [151]:

Proposition 5.3 Leta;,b;, p;, (i=1,...,n) be non-negative real numbers such that "

1= 1p
= 1. Then

1 1 1 n 1
alt-a b"l bt < (ai+ i) (5.18)
i=1
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It is a simple consequence of the weight arithmetic-geometric mean inequality:

1 1 1 1
a{’l a,f” bfl . brlzm
1 + €L 1
(a1+b1) (a11+b )p” (al'f'bl)]71 "'(an+bn)p"
aj ay bl bn

=1

§7+...+ Jr +...+7
pl(al +b1) pn(an +bn) pl(al +b1) pn(an +b11)

5.3.1 Functionals related to Gauss-Pdlya inequalites

Throughout this section functions f,g : [a,b] — R are non-negative, g is increasing dif-
ferentiable, numbers p; (i = 1,...,n) are positive reals such that ¥ | pi =land g (i=

1,...,n) are real numbers such that a; > — pl
Let us consider the functional G defined as

60 = [Tapcs A T (st d) (B [ et oy

i=1

It is obvious that f — G(f) is positive homogeneous, i.e. G(A f) = AG(f), forany A > 0.
As a consequence of Theorem 5.12, if f/g’ is a non-decreasing function, then G(f) < 0,
while if /g’ is non-increasing and g(a) = 0, then G(f) > 0.

The following theorem provides the superadditivity property of the functional G.

Theorem 5.14 Let f1, f>,g : [a,b] — R be non-negative functions, g increasing differen-
tiable, numbers p; (i =1,...,n) be positive reals such that Y}, pl =landa;i(i=1,...,n)

be real numbers such that a; > — % Then
G(fi+f2) 2 G(f1) +G(f2),

i.e. Gis a superadditive functional. Furthermore, if fi > fa are such that f ‘;fz is non-

increasing, g(a) =0, then

G(f1) > G(f),

i.e. G is non-decreasing.
Proof. Let us consider the difference G(f; + f>) — G(f1) — G(f2).

G(fi+f2) = G(fi) — G(f2)

= (aipi‘i‘lll (/g P fi+ f2)(x )dx)

i=1

1
Pi

1

lnl <-/K;bg(x)amif1 (x)dX) '

n

143 [ bg(x)“l*“'*“"<f1+fz><x>dx (apit 17
i=1 a

i=

=

—_
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n b n 1 .n b %
1 a; xX)AT T £ () dx — aipi+1)ri X)4P1f (x)dx
w43 a) [e e o= Tap= DF T ( [ s o)
1+za, / X) M () dx

a

ﬁ <./;bg(x)a,-pi (A +f2)(x)dx> P

i=1

n

1
(aipi+1)7i
i1

If‘[ ( /abg(x)aipi i (x)dx) g fll ( /a bg(x)“"”"fz(x)dX> IL] :

Setting in (5.18):

b b
a4 = / g(x)“Pi f (x)dx, b;= / () Pifo(x)dx, i=1,2,...,n
a a

and using the Holder inequality we have that G(f; + f2) — G(f1) — G(f2) > 0, so G is
superadditive.
If f1 > f2, f‘;fz is non-increasing and g(a) = 0, then G(f; — f>) > 0. Thus

G(f1) = G(fa+(fi—f2)) = G(f2) +G(f1 — f2) = G(f2). O

Corollary 5.7 Let f1, f>,g be non-negative functions on [a,b), g mcreasing differentiable,
g(a) =0, numbers p; (i=1,...,n) be positive reals such that Y| — p =La(i=1,...,n)
be real numbers such that a; > _F and ¢,C € R such that Cf; — f1, fi —cf> are non-

sz f1 fi=ch sz

negative and are non-negative non-increasing functions. Then

c{f[ aipi+1) zf[(/bg )P fa(x)d )i 1+Za/ xX) T f (x)d }

i=1 i=1

Y

lﬁl ,p,+lz}lﬁ(/bg api £, (x)d ) 1+2a1/g Yt £ () dx
c{ﬁ( ,p1+11’ﬁ</g G f, (x dx>- 1+2a,/g yattan (0 g }

i=1 i=1

Y

Proof. Using the previous results we have

CG(f) =G(Cfr) =G((CHh—fi)+ f1) > G(Cfr— f1)+G(f1) > G(f1)

and

G(fi) = G((fi—ch) +ef2) = G(fi = cfo) + Glef2) = Glefa) = eG(f2)
which concludes the proof. |

The following theorem contains a result on concavity of function G o ¢, where ¢ is a
concave function.
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Theorem 5.15 Let ¢ : [0,00) — [0,%0) be a concave function, fi, f, g be non-negative
functions on [a,b] such that (¢ o (atfi + (1 —a)fa) = [a(@ o fi) + (1 —a)(po f2)])/g is

non-increasing for some o € [0,1], g(a) =0. Then

)=
Gogo(afi+(1-a)f2) > a(Gogofi)+(1-a)(Godof).

Proof. For any x € [a,b] we have

(@o(afi+(1—a)f2))(x) =o(afi(x)+(1—-a)f(x)
> o (f1(x) + (1 - )9 (fa(x))
=(a(pofi)+(1—a)(pofr))(x),

where concavity of the function ¢ is used. So, we have ¢ o (arf) + (1 — ) f2) > a(¢ o
f1)+ (I —a)(¢o f2). Using properties of G and the above-proved inequality we have

G(go(afi+(1—-a)f2) > Gla(pofi)+(1—a)(dof))
G(a(¢of1)+G((1—-a)(9ofa))
=aG(¢po fi)+(1—a)G(do f2)

and the proof is established. O

Remark 5.8 Letus consider the case when g(x) =x, a =0, b =~ and f is non-increasing.
Let us denote by u,(f) a moment of the order r, i.e.

wo) = [ ¥ rtoa

Then the functional G has a form

n 1

G(f) H( a;pi + 1 p’ H.uazlh (1 + i ai).ual+--~+an (f)

i=1 i= i=1
and G is superadditive. Also, if f; > f, such that fj — f, is non-increasing, then G(f}) >

G(f2)-

5.3.2 Functionals related to the Gauss-Winckler inequality

Putting in (5.17) r = s = 0 we get the Gauss-Winckler inequality for f/g’ non-decreasing
function:

1 1

<<p+ D[ gp(x)f(x)dx) " <<q+ D gq(X)f(X)dX) q
Ji fx)dx - Ji fx)dx

where 0 < p < q. If f/g' is non-increasing and g(a) = 0, then the reversed inequality

holds.
Let us consider the functional W defined as

win = ([ rar) " (@ [ #0r00a) 0 [ o

The following theorem provides its superadditivity and monotonicity.
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Theorem 5.16 Let f1, f»,g : [a,b] — R be non-negative functions, g increasing differen-
tiable function and numbers p,q be positive reals such that p < q. Then

W(fi+ 1) =W (fi) +W(f2).
Additionaly, if fi > f» are such that hoh ‘ L s non- increasing, g(a) =0, then
W(f1) = W(f2).
Proof. Letus transform W (f1 + f2) —=W(f1) = W(f2).

W(fi+f2) =W(f) - W(f2)

= ([wiemwa) ™ (o0 [+ miwas)”

b
—@+n/g%mﬁ+ﬁmwx

(/ filx ) <61+1/g (x)fi( )dx)p
+(P+1)/abg1’(x)f1(x)dx— </a fz(x)dx)li ((q+1)/abg‘1(x)f2(x)dx>q

+@+uffwﬁww

P

_( abfl(x)dx>1z <(q+1)/a gq(x)fl(x)dx)f
- ( jfz(x)dX> o <(61+ I)ngq(X)fz(x)dx) ! >0,

where in the last inequality we use the Holder inequality with

1 p 1 p b b
n=2 ——1-L-0 Z—_Pyy, a1:/ FL(x)dx, b1:/ H(x)dx
P1 q P2 q a a

b b
a=(g+1) [ #0fi0dx, ba=(a+1) [ 0n00dx

So, superaddltivity of the functional W is established.
If - 1 L2 is non-increasing, g(a) = 0, then from Theorem 5.13 we obtain W (f; — f2) >0
and

W(fi) =W+ (fi— L) =W(h)+W(fi—f)=>W(f).
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Remark 5.9 Let us consider the case when g(x) =x, a=0, b =0 and f is non-increasing.
Now the functional W has the form

i

q

W(f) = (g+1)7 (o(N)'7 1 (f) = (p+ Dipl(f)

and W is superadditive. Also, if f; > f> are such that f; — f> is non-increasing, then

W(f1) > W(f2).

The following result is an interesting inequality for the Beta function.

Corollary 5.8 Let0 < p <gq, y;,y2 > —1. Then

P

1 1 \'"4
— [B + 1y + 1) +B(g+1,y:+1
(y1+1 y2+1) (g+Lyi1+1)+B(g+1,y2+1)

P
q

p P

> (! 17Bﬂ( +1,y1+1)+ ! lWBE( +1,y+1)
q q
St q+1,y1 — q+1,y2

where B is the Beta function defined as B(x+ 1,y+1) = [01 t*(1 —1)dr.

Proof. Ttis a consequence of the previous theorem with [a,b] = [0,1], fi(¢) = (1 —1),
i=1,2,g(x)=x a






Chapter

Jensen-type functionals for
the operators on a Hilbert
space

In this chapter we present the refinements and the converses of the operator mean inequal-
ities (arithmetic-geometric, arithmetic-harmonic, arithmetic-Heinz,...), all of which are
deduced from the superadditivity of the Jensen functional for the operators on a Hilbert
space, in its several variants. These improvements are obtained due to the inventive method
developed by J. Pecari¢, which is employed on the discrete Jensen functional (1.65) whose
real arguments are now substituted by operators on a Hilbert space. Some of the references
used in this chapter are e.g. [97], [98], [145], [147], [215] and the contents is for the most
part included within the published papers [96] and [107].

In the second part of the chapter, integral operator Jensen’s inequality is the base for
defining the corresponding functional, whose superadditivity and monotonicity are then
proved. Apart from this, but published in the same paper [110], an analysis of the multidi-
mensional Jensen’s functional for operators is presented, accompanied with several inter-
esting applications.

179
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6.1 Motivation

F. Kittaneh i Y. Manasrah in [97] obtained the following improvement of the classical
arithmetic-geometric mean inequality:

a’b'Y + max{v,1 - v}(va-— \/l_7)2 >va+(1—v)b
>a"b"V +min{v,1 - v}(va—vb)’, 6.1)
a,b >0, v € [0, 1], with its converse contained in the left inequality and the refinement in
the right one. It is well known that Heinz means
avb17V Jralfvbv
2 )
v € [0, 1], interpolate the geometric and the arithmetic mean of a,b > 0, wherefrom authors
in [97] managed to obtain the improvement in the following form:
b
Hv(a,b)erin{v,l—v}(\/_—\/l;)zg anr : (6.3)

On the other hand, recall that in not so recent paper [136] of R. Merris and S. Pierce
the matrix variant of the arithmetic-geometric inequality was given:

Hy(a,b) = (6.2)

v
A? (A*%BA*%) A <AV, B, (6.4)

A,B € M,(C), such that B is positive semidefinite and A is positive definite, v € [0, 1].

It was by means of (6.4) that Kittaneh and Manasrah in their another paper [98] ob-
tained new matrix generalizations of the relations (6.1) and (6.3). In that sense, matrix
variant of (6.1) reads

1
2max{v,1— v} {A VB - A? (A*%BA*%) ZAE]

1

1 _1 _\V 1

> AV, B—A? (A 3 BA z) Al
1 1 NS 1

> 2min{v,1 - v} [AVBAf (A*EBA*E) Af], 6.5)

where A € M,(C) is positive definite and B € M,,(C) is positive semidefinite, v € [0, 1].
These mean inequalities are of a special interest here because in the sequel we present
the results published in [96] and [107], where authors obtained the corresponding operator
(infinite dimensional) variant of these (finite dimensional) matrix inequalities.
For the sake of the further analysis concerning operators on a Hilbert space, let’s
mention here that H. Zuo ef al. obtained in [215] the refinement of the weight operator
arithmetic-harmonic mean inequality in the difference form:

AV,B—Al,B>2min{v,1—v}[AVB—A!B], (6.6)

where A and B are positive invertible operators and v € [0, 1].
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6.2 Superadditivity of the Jensen functional for the
operators on a Hilbert space

Here we define the functional for the operators on a Hilbert space whose properties will
provide us with the improvements of the operator mean inequalities.

Recall that the self-adjoint operators constitute the subspace of the C*-algebra of all
bounded linear operators and is denoted with %, (H), the set of all positive operators in
P, (H) is a convex cone in %, (H) which defines the order ” < on %, (H). This con-
vex cone is denoted with % (H). The set of all strictly positive (or positive invertible)
operators in %y, (H ) is denoted with 1" (H).

The idea on which the method developed by J. Pecari¢ was based has as a starting point
the discrete Jensen functional J(f,x,p) defined by (1.65) and analysed in [66]. We write
x = (x,9) and the first coordinate substitute with the self-adjoint operator D.

Let [a, D] be an interval in R and 6 € [a,b]. Suppose p = (p1, p2) is a nonnegative pair
of real numbers such that p + p; > 0. The set of all such pairs p will be denoted with Z2°.
Now, let D € %;,(H) be such that aly < D < bly, where 1y is a unit operator on H and
let f: [a,b] — R be a continuous function. Then Jensen’s functional _# (f,D,§,p) for the
operators on a Hilbert space is defined by

I (£,D,8,p) = prf(D) + paf ()1 — (p1+ ) f (M) .

(6.7)
P1+p2

If f is a convex function, then _# (f,D,8,p) > 0, for all p € 2°, as a consequence of the
Jensen inequality and the monotonicity property (1.40) valid for the operator functions.

Furthermore, if we fix f, D and 0, then we can observe # (f,D,d,-) as a function on
20,

Theorem 6.1 Let [a,b] be an interval in R and let § € [a,b]. Suppose D is an operator
in By (H) such that aly <D < bly andp = (p1,p2),.q = (q1,q2) € Z°. If f: [a,b] = R
is a continuous and convex function, then

S (f,D,8,p+q) > 7 (f,D,8,p)+ 7 (f,D,8,q), (6.8)
that is, 7 (f,D,0,-) is superadditive on 20, Furthermore, if p,q € 2° are such that
P = 4q, (i.e. p1 2 q1, p2 2 q2), then

Z(f,D,8,p) > 7 (f,D,d,q) >0, (6.9)
thatis, ¥ (f,D,38,") is increasing on 2°.

Proof. Discrete Jensen’s functional J(f,x, p) defined by (1.65) forn =2 and x = (x,3)
assumes the following form:

J(f,x,6,p) = p1f(x) +p2f(S) — (p1 + p2)f (M) '

(6.10)
pPi+p2



182 6 JENSEN-TYPE FUNCTIONALS FOR THE OPERATORS ON A HILBERT SPACE

Since the functional (1.65) is superadditive and increasing on 20, the functional j (f,x,0,p)
possesses the corresponding properties:

J(f:x,8,p+q) > j(f,x,8,p)+j(f,x,8,q), (6.11)

j(f,x,6,p) > j(f,x,8,q), P>q (6.12)

Continuous functional calculus (1.39) provides for the function f, which is continuous on
the spectrum of the operator D, to act on the self-adjoint operator D. Order preserving
property (1.40) for operator functions provides that inequalities (6.11) and (6.12) hold if
we substitute x by D, aly < D < bly. Hence the statement of the theorem is true. O

The lower and the upper bound for the functional J(f,D,d,p) are expressed by means
of the non-weight functional of the same type.

Corollary 6.1 Ler f, D, 8, p and functional ¢ be as in Theorem 6.1. Then the following
inequalities hold.:

Zmax{phPZ}/(f?D?(s) 2 /(f,D,(S,p) 2 Zmin{Pl»PZ}/(f»D»5)v (613)

where

Proof. Tf we compare the ordered pair p = (p1,p2) € 2 with the constant pairs

Pmax = (max{py, p2}, max{pi, p2}) and pmin = (min{py, p2}, min{py, p2}),

we see that Pmax > P > Pmin» S0 by applying (6.9) the following inequalities hold:

/(faDa(s»pmax) 2 /(f7D757p) Z /(va767pmin)~
Finauy7 since /(f7D757pmaX) = ZmaX{Pl»PZ}/(f»D»5) and /(f»D»&Pmin) =
2min{py,p2} 7 (f,D,§), inequalities (6.13) hold. a

With f, §, p and q as in Theorem 6.1, let A € B+ (H) and B € %;,(H). Sup-
pose that aA < B < bA. Now from the Jensen functional (6.7) we deduce the functional
A%/ (f,A’%BA’%,é,p>A% defined as

1

At 7 (f.a7tBATE,5,p) A

1

= pIATf(ATTBATT)AT 4+ po ()4~ (py +pz>A%f<

PIATEBA™I + pySly A
pPi+p2 '
(6.14)

Remark 6.1 The functional (6.14) is well defined because the condition aA < B < bA

implies aly < A’%BA’% < bly, that is, the spectrum of the operator A’%BA’% does
belong to the domain of the function f.
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The functional (6.14) also possesses the properties described in Theorem 6.1.

Theorem 6.2 Let A€ " (H) and B € By (H). Suppose aA < B < bA. If f, 5, p and q
and the functional ¢ are as in Theorem 6.1, then
Ad 7 (f,A75BA3,6,p+q) A
1 1 1 1 1 1 1 1
2A7/(f,A 5 BA 7,5,p>A7+A7/(f,A 5 BA 7,5,q>A2, (6.15)

that is, A? I (f,A’%BA’%,S, > A7 is superadditive on 2°. Furthermore, if p,q € Z2°
are such that p > q, then

Al g (f,A’%BA’%,S,p>A% > Al g (fA 5BA1 S q)A% >0, (6.16)
that is,A%/ (f,Af%BAf%,&')A% is increasing on 2°.

Proof. According to Remark 6.1, functional _# ( f ,A’%BA’% ,5,p> is well defined.
Because of the superadditivity in (6.8), the functional

7 (f,A’%BA’%,S,p+q> — 7 (f,A’%BA’%,S,p> s (f,A’%BA’%,é,q> 6.17)

is non-negative. Multiplicating this functional by Az both-sidedly, its non-negativity stays
preserved. Thus superadditivity in (6.15) follows directly, as well as monotonicity property
in (6.16). o

Both sided bounds, analogous to those of the functional (6.7) are obtained for (6.14),
as a consequence of Theorem 6.2. These bounds are of a special interest for they allow us
to observe some refinements and converses of the operator mean inequalities, which are
analyzed in the sequel.

Corollary 6.2 Let A € 71 (H) and B € %,(H) with aA < B < bA. Suppose 0 € |a,b],
[a,b] CR, p= (p1,p2) € Z° and let f: [a,b] — R be a continuous and convex function.
Then the following inequalities hold:

2max{pi,p2}Ad 7 (f,475BA73,5)A 72A%/<f,A’%BA’%,5,p>A%
zzmin{pl,pz}A%f(fA 5B 6) AL, (6.18)

where

J(fAIBAE,5) =

FATIBA ) 1 £(8)1y A"IBA"I+ 681y
2 -/ 2 '
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6.3 Application to operator means

Let us observe the functional (6.14) with the continuous convex function f: R — R de-
fined by f(x) =expx, for & = 0 and for the operator A~ 3BA~? substituted by log(A™ SBA™3 ),
where therefore B € %" (H). With these definition adjustments made, we deduce the
functional that is the difference between the operator arithmetic and geometric mean:

P1+pr2 rP1+r2

Z(A,B.p) = (p1+p2) {AV n B—Af n B}, (6.19)

where aA < B < bA.

The statements of the Theorem 6.2 and Corollary 6.2 referring to the functional (6.14)
are valid for its specified form - functional (6.19). Thus the relation (6.18) assumes the
following form:

2max{p1,p2}[AVB—AﬁB] > (p1+p2) [AVp_lB—Aﬁ r1 B]

P1tr2 P1+p2

> 2min{p1,p2} [AVB—A#B], (6.20)

which actually presents the converse and the refinement of the operator arithmetic-geometric
mean inequality. In that sense, inequalities (6.20) are the operator generalization of the ma-
trix inequalities (6.5) from [98].

In order to analyze and improve the operator arithmetic-Heinz inequality, let us firstly
show how operator Heinz mean interpolates operator arithmetic and geometric means, con-
sidering the operator order. Recall that the operator Heinz mean is defined by

H,(A,B) = ‘w’ (6.21)

ve0,1],A,Be BT (H).
Proposition 6.1 Let H be a Hilbert space and A,B € 7+ (H). If v € [0, 1], then
AtB < Hy(A,B) < AVB. (6.22)
Proof. Since
A (A’%BA’%YA% + Al (A’%BA’%>17VA% <AV,B+AV, ,B—A+B,

the second inequality in (6.22) holds.
With the aim of proving the first inequality in (6.22), we observe the scalar inequality

xv+x17v22\/)_c
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which holds for all x € Ry. On the other hand, the operator A"2BA™7 has a positive
spectrum. Thus according to the order preservation property (1.40) we can write

D=

(A 2BA2)" + (A2BA 7)Y >2(A"2BA 1) (6.23)

By multiplying the inequality (6.23) both sidedly by A%, the first inequality in (6.22) is
also proved. |

Inequality (6.3) described in the introductory part of this chapter improves the classical
arithmetic-Heinz inequality. Related results for the finite dimensional matrix variant also
exist and here we deal with the analogous results for the means defined by the operators on
a Hilbert space. In order to measure the difference between the arithmetic and the weight
Heinz mean on a Hilbert space, according to relation (6.22), we deduce the functional

1

23
P12 P1tP2

(6.24)

where p = (p1,p2) € 2 and A,B € #**(H). From (6.22) it follows that .# (B,C,p) >
0. Superadditivity and monotonicity of this functional are the contents of the following
theorem.

Theorem 6.3 Let H be a Hilbert space and A,B € 2+ (H). Suppose p,q € 2°. Then
A (A,B,p+aq) >4 (AB,p)+ .4 (A,B,q), (6.25)

that is, . (A,B,") is superadditive on °. Furthermore, if p,q € Z° are such that p > q

(P12 q1, P2 = q2), then
A (A,B,p) > .4 (A,B,q) >0, (6.26)

that is, /4 (A,B,-) is increasing on P°.

Proof. 'We make use of superadditivity of the functional ., defined by (6.19). For
ordered tuples p = (p1,p2) and q = (q1,42) is

Z(A,B,p+q) > Z(A,B,p)+.Z(AB,q). (6.27)
For ordered tuples p = (p2, p1) and q = (¢2,41) is also
Z(ABp+q) > Z(A,B,p)+ZL(ABq). (6.28)
Since
Z(A,B,p)+.Z(A,B,p)

= (p1+p2) [AVP_lB—AﬁP_lB} + (p1+p2) [AVP_zB—AﬁP_zB

p1+r2 p1+p2 p1+tr r1+r2

P1+r2 P1+p2

= (P1+P2)[2AVB—Aﬁ » B—Af B]

= 2% (A7B7p)7
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by adding up inequalities (6.27) and (6.28) is (6.25) proved.
Since p > q, the ordered tuples p — q i q have nonnegative coordinates and thus
A (A,B,p) = ./ (A,B,p—q+q) > .4 (A,B,p—q)+.#(AB,q).
As A (A,B,p—q) >0, it follows that .# (A, B,p) > .# (A, B, q), which proves the mono-
tonicity property. m|
Corollary 6.3 Let H be a Hilbert space. Suppose A,B € Z+F(H) andp € #°. Then
(p1+p2)[AVB—ALB| > .4 (A,B,p) > 2min{p1,p2} [AVB —AfB].  (6.29)

Proof. The first inequality in (6.29) is proved trivially by means of (6.22). When
proving the second inequality in (6.29), we compare the ordered pair p with the constant
ordered pair ppiy. Since p > Pmin, due to the monotonicity property of the functional .#
we have

M (A,B,p) > A (A,B,Pmin) -

Now, since
M (A,B’pmin) = min{pl,pz} [2A VB-— 2AﬁB]
= 2min{p1,p2} [AVB —AﬁB] s
the second inequality in (6.29) is proved. O

Remark 6.2 The first inequality in (6.29) stands for the converse of the arithmetic-Heinz
inequality and the second one is its refinement. Recall that the second inequality also
generalizes the improvement obtained for the classical arithmetic-Heinz inequality (6.3) to
the case of the inequality for the operators on a Hilbert space.

Remark 6.3 In Corollary 6.3 the constant ordered tuple pmax Wasn’t observed. Namely,
Pmax > P and monotonicity of the functional .# yield

2max{p1,p2}[AVB—AY{B| > .# (A,B,p). (6.30)
If we write r = 2max{py, p2}/(p1+ p2), inequality (6.30) assumes the form

H_»n (A,B)>AtB—(r—1)[AVB—A$B]. (6.31)
P1tr2
Since r > 1and AVB—A{B > 0, the last inequality (6.31) is weaker result than the starting
inequality H (A,B) > A#B. This justifies omitting this part from consideration.

ry
r1tpry
Finally, let us refer to the inequality (6.6) obtained in [215] which represents the re-
finement of the operator arithmetic-harmonic inequality. Using the tool developed here,
we supplement it with its converse as follows.
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Remark 6.4 Observe the inequality sequence (6.18). Define the continuous convex func-
tion f: (0,00) — R by f(x) = 1/x and let 6 = 1. If we substitute the operators A, B €
Y+ (H) with A~ and B~ the right inequality in (6.18) is actually the inequality (6.6) of
refinement of the operator arithmetic-harmonic inequality. The left inequality obtained in
(6.18) is then its converse in the following form:

2max{p1,p2}[AVBfA!B]Z(p1+p2) AV p B—A! » Bj. (6.32)

1’1+172 p1+172

6.4 Integral Jensen’s functional for the operators on
a Hilbert space

Suppose T is a locallly compact Hausdorff space and <7 is a C*-algebra of bounded oper-
ators on a Hilbert space H. A field (X;),., of operators in .« is continuous if the function
t — ||X;]| is continuous on 7. Moreover, by introducing bounded Radon measure p on
T and assuming the function # — ||X;|| is integrable, we can form the Bochner integral
JrXedu(t). Recall, the Bochner integral is the unique element in .7 which satisfies the

relation
o [xan®) = [ o 0)au.

for every linear functional ¢ in the norm dual .7 of & (see [82]).

In addition, we consider a field (¢ ), of positive linear mappings ¢ : &/ — % from ./
to another C*-algebra Z of bounded operators on Hilbert space K. Such field is assumed to
be continuous if the function 7 — ¢ (X) is continuous for all X € <7. Now, in the described
setting the authors in [144] obtained the following operator integral variant of Jensen’s
inequality.

Theorem 6.4 (INTEGRAL OPERATOR JENSEN’S INEQUALITY) Suppose </ and 9 are
unital C*-algebras on H and K respectively and (X;),.r is a bounded continuous field
of self-adjoint elements in </ with spectra in an interval I defined on a locally compact
Hausdorff space T, equipped with a bounded Radon measure . Furthermore, let (¢;),cr
be a field of positive linear maps ¢ : &/ — 9B, such that the field t — ¢, (1) is integrable
and [; ¢ (1g)du(t) = klk for some positive constant k. If f : I — R is operator convex
function, then

£(3 fo@ian®) < ¢ [oonane. 63

In addition, if f : 1 — R is operator concave, then the sign of inequality in (6.33) is re-
versed.

If kK =1, one obtains the non-weight form of the above mentioned inequality (6.33)
(see [80]).
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Integral Jensen’s functional Zy, (f,X;, 1) is deduced from (6.33) as follows:

Lo (f:Xe, 1) :/T(Pt (f(Xt))d.u(t)_kf<%/T¢t (X,)du(t)). (6.34)

If f:1— R is operator convex, then Zy, (f,X;,i) > 0. If f : I — R is operator concave
function, then Zy, (f,X;,u) <O0.

In the sequel we investigate the properties of the above defined Jensen’s integral ope-
rator, dependent on bounded Radon measure. For that sake, we define M to be the set
of all bounded Radon measures ( on T such that the field 1 — ¢ (1x) is integrable and
J7 & (1g)du(t) = ky 1k, for some positive constant k.

Further, suppose that t, v € M are bounded Radon measures such that

/ 0 (L) du(t) = kulg, ky >0 and / 0 (1y)dv(t) = kylg, ky > 0. (6.35)
T JT

If £ = u — v is bounded Radon measure in M, then

[ 9 () a(e) = (= k)1

which implies k;; > k.
When Jensen’s functional (6.34) is observed for a convex function f, we get the fol-
lowing result.

Theorem 6.5 Suppose 2, (f,X;, 1) is the functional defined by (6.34), in the setting as
in Theorem 6.4. If f : I — R is an operator convex function, then

/¢t (f?XY’H+V) > f(l)t (f’thu)—’—f(l)t (f>Xlav)a (6.36)

ie. 2o (f,X:,-) is superadditive on ML,.. Furthermore, if u,v € My are such that p —v
My, then

o (f:Xe,) > _Fo, (f,Xe,v) >0, (6.37)
ie. Z (f,X:,-) is increasing on M.

Proof. Suppose u and v are bounded Radon measures satisfying relation (6.35). Ac-
cording to the definition of the functional (6.34) it follows

/¢t (f,X[,‘LL-i-V)
' 1
= [0+ v0 - ks (i o a0

= [+ [ o7 @))avie) - (&)

v 1
xf <k,u+kv ku/d)f X;)du(t) + ku+kvﬂ/f¢’ (X,)dv(t)). (6.38)
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Operator convexity of f implies

Ky kv 1
f(k,ﬂrkv k# / & (X,)du(t) + kMJrkv.E./T(p[(X[)dv(t))

k kv 1
< kMJrkv < /(Pt (X;)du(t )) kqukvf(E/T(p[ (X;)dv(t)).
(6.39)

Now (6.38) and (6.39) imply

ForXoutv) = [0 (f(&))du(r)@f(i [ox)aun)

+/¢t (X;))dv(t ( /(}),X,dv)
= Jo ([ X, 0)+ o (f.Xe,v),

that is, superadditivity of _Zy, (f,X;,-) on M.
Since u — v € My, the measure u can be represented as the sum of two Radon mea-
sures in M4, i.e. 4 = (u — v) + v. Thus, superadditivity property (6.36) yields inequality

/(p,(f,X,,,u):/¢,(f,X,,(u—v)+v)Zfq,,(f,X,,ufv)Jr/(p,(f,X,,v).
Since Zy, (f,X;,u—v) > 0, it follows that _Zy, (f,X:,u) > Zo, (f, Xs,v) > 0. |

Remark 6.5 When f: I — R is an operator concave function, inequalities (6.36) and
(6.37) are with the reversed sign, that is, functional (6.34) is subadditive and decreasing on
M.

Let u,v € M be the bounded Radon measures on a locally compact Hausdorff space
T such that u is absolutely continuous with respect to v. The Radon-Nikodym theorem
(see [195, p. 122]) states that there exists a non-negative integrable function p : T — R, the
so called Radon-Nikodym derivative, such that du(r) = p(¢)dv(t).

In the described setting, we have the following result.

Corollary 6.4 Supppose u,v € M are bounded Radon measures on a locally compact
Hausdorff space T, such that u is absolutely continuous with respectto v andletp: T — R
be the Radon-Nikodym derivative, i.e. du(t) = p(¢t)dv(t). If p is a bounded function, then

{?lel;)p(t)} Ho(fXe,v) = Jo (f X,1) = Lig;p(r)] Fo (f,X0,v), (6.40)
where o, (f,X;,") is defined by (6.34).

Proof. Let us define the measures Usyp and Uiys by

itan(t) = [supp ()| av(e) and as) = i o) ).

teT



190 6 JENSEN-TYPE FUNCTIONALS FOR THE OPERATORS ON A HILBERT SPACE

Since [7 ¢ (1g)dv(t) = ky1n, ky > 0, we have

/Td» (L) dpsup(t) = {fggp(t)] kylg

and
/ & (L) duing (1) = {infp(f)] kylg,
JT teT

that is, Usup, Winf € My. Moreover, it is obvious that ps,, — u and g — Uins € My, so the
double use of (6.37) yields the interpolating series of inequalities

/¢t (vatv.usup) Z /¢t (f?X[HLL) 2 f(l)t (faXta.uinf) .
Finally, since

o (/X tup) = [fggpm] o (FX0V)

and
o et = [0 p0)] S (70

we get the lower and the upper bound for Jensen’s integral functional for the operators, as
in (6.40). a

Remark 6.6 The left inequality in (6.40) is a converse and the right one is a refinement
of the inequality (6.33).

6.5 Multidimensional Jensen’s functional for the
operators on a Hilbert space

After observing the operator convex (concave) functions of several variables, we intro-
duce the multidimensional Jensen’s functional for the operators on a Hilbert space and
then prove its superadditivity and monotonicity on the set of real nonnegative n-tuples.
Accompanied both-sided bounds expressed by the non-weight functional of the same type
provide us with the converse and the refinement of the multidimensional Jensen inequality.
The general results of this type are then applied to the weight multidimensional geometric
means which had been defined in [70]. A special type of the Jensen functional is derived for
connections and solidarities, which then leads to new types of converses and refinements
of Holder’s inequalitiy and the inequality of Minkowski.
The contents of this section is published in [110].
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6.5.1 Multidimensional operator convexity and concavity
LetHj, j=1,...,m be Hilbert spaces and let X C H"’ | %r(H ) be a convex set.

Definition 6.1 Function F : X — R is operator convex in m variables if for all A =
(A1,A2,...,Ap), B=(B1,B2,...,By) EX and for 0 <A <l is

F(AA+(1—A)B) < AF(A)+ (1—A)F(B). (6.41)

If the reverse inequality holds in (6.41), then the function F is operator concave in m
variables.

Inequality (6.41) is going to be referred to as the multidimensional operator Jensen’s
inequality. Similarly as was the case with the classical Jensen inequality, we can observe
(6.41) for n operators, n € N.

Proposition 6.2 Let p = (p1,p2,...,pn) be a nonnegative real n-tuple such that P, =

Yt pi>0andlet A€ X, i=1,2,...,n. If F : X — Ris an operator convex function in
m variables, then the folowing inequality holds:

1 & 1 &
F (F ZPiAi> =5 Y piF (A;). (6.42)
n =1 ni=1
If F is an operator concave function in m variables, then (6.42) holds with the reverse sign.

Proof. We are going to prove (6.42) by means of mathematical induction. For n =2
inequality (6.42) holds according to Definition 6.1. Suppose that inequality (6.42) holds
forn € N. Using P41 = Zl’.'jll pi, and applying (6.41) it follows that

n+1
P, Pn+1
=F|— =) pAi+ —An1
<P11+12pl ) (PnJrl PnlZ P "
1
( zp, ) PLE (Apia)
Fui

ey 2[71 p’1+1F(An+1)
n+1 Py = Puyi

o Pn+1

n+1

= Zpl

n+1

which was to prove. The reverse inequality for the case of a concave function F' is proved
in a similar manner. ]

The set of all nonnegative real n-tuples p = (p1,p2,...,ps) such that B, =31  p; >0
is going to be denoted with 22? in the sequel.
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6.5.2 Superadditivity of the multidimensional Jensen functional
for the operators on a Hilbert space

Multidimensional Jensen’s functional # (F,Ay,...,An;p) for the operators on a Hilbert
space is deduced from (6.42) as follows:

n 1 n
J(FAy,...,An;p) = Y, piF (Aj) — P,F (}7 ZpiAi> . (6.43)
i=1 n =1

By fixing the first 7+ 1 parameters, functional (6.43) can be observed as a function on 229,

If the function F is operator convex, then due to Proposition 6.2 is _# (F,Ay,...,An;p) >

0, for all p € 220, If F is operator concave, then ¢ (F,Ay,...,An;p) <0, for all p € 20.
Properties of the functional (6.43) are established in the following theorem.

Theorem 6.6 Ler A€ X,i=1,2,....,n,andp = (p1,p2,---,Pn), 4= (q1,92,---,qn) €
PO IfF : X — R is an operator convex function, then

F(FAy,...,Ap;p+q) > 7 (FA1,...,An;p)+ 7 (F,Ayq,...,Aniq), (6.44)

that is, ¢ (F,Aq,...,An;") is superadditive on 9. Furthermore, if p and q € 2 are
such that p > q, then

J(FAq,...,Ap;p) > 7 (F,Aq,...,An;q) >0, (6.45)
thatis, ¢ (F,Aq,...,An;") is increasing on 22.
Proof. Let us write

/(F7A177All7p+q)

= i(PiJFQi)F(Ai)(PnJFQ")F(

i=1

n

1
Py+ 0O i=1

(pi+ ‘Ii)Ai)

:2:1171' JFZ‘]Z nJFQn) <n+Qn [szz i+ n+Qn anq, 1).

(6.46)

On the other hand, operator convexity of the function F' yields

F(P 10, F _n,z"’ S en Z" )

b 0 (1&
§P+Q,, (,,le’ ) p+QnF<QanzA,>. (6.47)

From (6.46) and (6.47) we prove superadditivity:

n 1 n n
J(F.A1,....An:p+q) > Y piF (Aj)—P,F (F ZPiAi> +Y qiF (A
Pyt n =1 i=1

1 &
—OnF | — iAi .
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If p = q, then the relation (6.45) obviously holds. If p > ¢, we can write p= (p— q) +q.
Applying (6.44) it follows:

S (F,Ay,..,Anip) = J (F Ay, An;p—q+q)
> Z(FA1,...;,An;p—q)+ 7 (F,A1,...,An:q).
Since p—q € 2, it follows _Z (F,Ay,...,An;p—q) > 0 and finally

/(FaAla"->An;p) Z /(F,Al,...,An;q) 207

which was to prove. |

Remark 6.7 When F is an operator concave function, the inequalities (6.44) and (6.45)
change their sign, i.e. # (F,Ay,...,Ay;-) is subadditive and decreasing on 9. Namely,
concavity of F changes the sign in Jensen’s inequality (6.42) and ¢ (F,Ay,...,An;p) <0,
forallp € 20.

The property (6.45) of Jensen’s functional yields the both-sided bounds of the func-
tional expressed by means of the non-weight functional of the same type.

Corollary 6.5 Suppose A;€X,i=1,2,...,nandp=(p1,p2,...,pn) € P2 IfF: X —R
is an operator convex function, then
max {pi} £ (F.AL-- An) > 7 (F A1 Awp) > min {pi} 7 (F A1 A,

1<i<n
(6.48)

where
n

1 n

J(FAy,...,An) = Y F(Aj) —nF (ZzAi>' (6.49)
i=1 i=1

Proof. If we compare the n-tuple p = (py,pa, ..., pn) € 22 with the constant n-tuples

Prmax = ( lnslg{pi}, (o max, {pi}) and pmin = ( min {pi}..... ggn{pi}),

it is obvious that ppax > P > Pmin, and convexity of F' as well as the property (6.45) yield

/(FvAla"'>An;pmax) 2 f(F7A17--'aAn;p) 2 f(FaAlw-'aAn;pmin)-

Since
/ (F7A17 R 7An;pmax) = ln<lla<xn{pl}/(F7A17 R 7An)
and
/ (F7A17 e 7An;Pmin) = llzliign{pi}/(F7Al, e 7An)7
we proved the inequalities (6.48). O

Remark 6.8 When F is operator concave, inequalities (6.48) change their sign.

Remark 6.9 Bounds (6.48) for the functional (6.43) are the converse and the refinement
of the multidimensional operator Jensen’s inequality (6.42).
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6.5.3 Connections

As we analyzed in Section 1.5, there is an isomorphism established between connections
and the operator monotone nonnegative functions defined on [0,o0), which are in that case,
as we also remarked — operator concave. These are called the representation functions for
connections. Having this in mind, we apply our previously derived results to an arbitrary
connection O.

For A; = (X;,Y;) € 7 (H) x B1(H), i = 1,...,n, the functional (6.43) assumes the
following form:

/G(X7Y;p):ipi(xio'yi)_[)n (Piipz ) ( sz t)a

i=1 ni=1

where X and Y stay for the ordered n-tuples (X;,Xa,...,X,) and (Y1,Y2,...,¥,) of the posi-
tive operators. Furthermore, the property of positive homogeneity o (X oY) = (aX) o (aY),
X,Y € BT(H), a>0,yields

J°(X,Y;p) sz (X;oY)) (Z pi ,) o (Z PiYi> : (6.50)
i=1

i=

Functional (6.50) is Jensen’s functional for connections.

According to Proposition 6.2, #°(X,Y;p) <0, for all p € &0 and acccording to
Theorem 6.6 is _# °(X,Y;-) subadditive and decreasing on 2.

If we apply Corollary 6.5 to functional ¢ °(X,Y;p), we obtain its both-sided non-
weight bounds expressed by the functional of the same type.

Corollary 6.6 Ler H be a Hilbert space, X = (X1,Xa,...,X,) and Y = (Y1,Y,...,Yy)
e[t H)",p=(p1,p2,---,Pn) € PV, If G is a connection, then

max {p;} 7°(X,Y) < _#7°(X,Y;p) < @iQn{p"}/c(X’Y)’ (6.51)

1<i<n

where

/“(X,Y):i X;oY;) <2X>a<§njl’> (6.52)
i=1 i=1

Proof. Follows directly from Corollary 6.5, relation (6.50) and positive homogeneity
of the connection o. ]

Remark 6.10 We are going to analyze some special cases of connections by means of
which we are going to derive the operator variants of some well known operator inequali-
ties. Let s and 7 be conjugate exponents, i.e. such that 1 /s+ 1/t =1, s > 1. If we consider
0 a geometric mean §/; and substitute the operators X; and ¥; with X} and Y/, where
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X;,Y; € 17 (H), the inequalities (6.51) are given in the following form:

3 (x4, ]) <zlx> " (23)]

i=1

Sipi(xfﬁl/sYi) (sz >ﬁ1/5<2sz’>
i=1
f} (X1 5Y]) — <2X> f1/s <2Y>1 : (6.53)
i=1 i=1

i=1

lrglﬁggl{pz}

<
[in {pi}

We clearly see that in (6.53) we have the refinement and the converse of the weight operator
Holder inequality, expressed via its non-weight form. In particular, for s =¢ = 2, we have
the same for the Cauchy inequality.

Another application of Corollary 6.6 refers to the parallel sum. Recall that for X,Y €
P (H) a parallel sum is defined by X : Y = (X 14 Y’l) ! If we substitute invertible
operators X;, Y;, i =1,2,...,n with Xfl, Y»*l, i=1,2,...,n, inequalities in (6.51) become

4

-1

—1 —1
max {p;} 2 (Xi+Y)~ (2)(,.1) + (21/,.‘)
i=1 i=1

1<i<n i—1

-1 -1\ !
n n n
<YpiXi+r) ' = [ Xpx" ) + ([ Xy

= -1 -1

-1

—1 -1
11212{17,} Y X+ - (}%x1> +<i§:1141> . (6.54)

i=1

Similarly as before, in (6.54) we have the refinement and the converse of the operator
Minkowski inequality. Formerly, the idea of relating connections and the operator inequal-
ities of Holder and Minkowski had been presented in [160]. The scalar inequalities that
correspond to the relations (6.53) and (6.54) were obtained in [168] and are also contained
in the monograph [151, pp. 718].

6.5.4 Solidarities

In Section 1.5 we introduced solidarities, which, being understood as generalized connec-
tions, also possess the property of joint concavity described in relation (1.58).

ForAj = (X;,Y:) € BT (H)x "1 (H),i=1,...,n, the functional (6.43) assumes the
following form:

J(X,Y;p) = ipi (XisYi) — Py (% ip:’&) s (% ip%) )

i=1
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where X = (X,X2,...,X,) and Y = (Y}, Y2,...,Y,). Since solidarities also possess the
property of positive homogenelty, (see [71] for more details), it follows that

n
S (X,Y:p) sz (X;sY;) (2 pi ,> s (21?%) : (6.55)
i= i=1
According to Proposition 6.2 is _7*(X,Y;p) <0, for X,Y € [Z"T(H)]",p € . Ac-
cording to Theorem 6.6 is _#*(X,Y;-) subadditive and decreasing on . Functional
Z°(X,Y;p) also possesses the non-weight bounds, analogous to those described for the
functional for connections.

Corollary 6.7 Ler H be a Hilbert space, X = (X1,Xa,...,X,) and Y = (11,Y,....Yy)
€ [BTT(H)]" andp = (p1,p2;-..,pn) € PV, If s is a solidarity, then

max {pi} 7°(X,Y) < _7°(X,Y;p) < mm {p,}/ (X,Y), (6.56)

1<i<n

where

fS(X’Y)Zi XisY:) (ZX>s<ZY> (6.57)
i=1 i=1

Remark 6.11 We are going to apply the functional (6.55) to a special type of solidar-
ities — the relative operator entropy defined by (1.59). To be more precise, for X,Y €
[+ (H)]" functional (6.55) becomes

'Yi> ; (6.58)

and is called Jensen’s functional for the relative operator entropy. In particular, ¢ S(X,Y:p)
<0, for X,Y € [T (H)]", pe 20 and #5(X,Y;-) is subadditive and decreasing on
229, Analogous non-weight bounds are inherited from the previously analyzed functional
for solidarities:

X, Y;p) = sz (X;|Y;) — (sz

max {p;} 75(X,Y) < _Z5(X,Y;p) < mm {p,}/ (X,Y), (6.59)

1<i<n

where

J5xX ZS Xi|Y;) — (}nlx

Inequalities in (6.56) and (6.59) represent the weight forms of the operator inequalities
which had been earlier obtained in [160], but only in its non-weight form.

Let us just mention here that Tsallis’ relative operator entropy defined by (1.60) could
also be analyzed in view of a special type of the functional defined as a parametric ex-
tension of (6.58) and this functional also possesses all of the properties of the previously
observed functionals for the operators.

2Y> : (6.60)
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6.5.5 Multidimensional weight geometric means

Multidimensional weight geometric mean G[n,t],0 <t < 1, of positive invertible operators
A1,A, ..., A, was defined inductively in [70], using (1.54).
Lo 1 _1 1
Let G[2,t](A1,A2) = Aif;Ay = A (A1 TANA, 2)tAf. For n > 3 we have the following
consideration. LetAfl) =A;, foralli=1,2,...,n and inductively for r

r—1 r—1 r—1
AL, Al

A" = Gln—1,1] (AY*”,..-,A, i+1

Then, there exists the limit hmHmA(r) in the Thompson metric on the convex cone 7 (H)

and it does not depend on i (see [70]). Thus one can define

Gn,1](A1,As, ... Ay) = lim AV

r—o0

Multidimensional weight geometric mean possesses the property of joint concavity (which
can be proved by induction, considering (1.52), for n = 2):

n n
n,t] (2 )L,'Ai> > Z)L,'G[n,t] (Aj), (6.61)
i=1 i=1
where 4; >0, Y | A;=1and A;j = (A;1,Ap,...,An), i =1,2,...,nare the ordered n-tuples
of positive invertible operators on a Hilbert space.
Now, suppose A; = (Aj1,An,...,An) € [BTT(H)]",i=1,2,....n,p= (p1,02,---,Pn)
S @,?, 0<t<1andGln,t]isa mult1d1mens1onal weight geometric mean. Motivated by
(6.61) we deduce the Jensen functional for multidimensional weight geometric means:

FO Ay, Anp) Zp, [n,1] ( PGnt( Zp, ) (6.62)

”z

Since Gn,t] (1/P, X1 | piAi) = 1/P,G[n,t] (X1, piA;), functional (6.62) becomes

ZO (A, Ansp) Zp, n,t] ( (Zp, ) (6.63)

As a consequence of the joint concavity property of G[n,z] it follows that the functional
(6.63) is non-positive and after Theorem 6.6 is subadditive and decreasing on 2. Both-
sided bounds of the functional (6.63) are given in the following corollary.

Corollary 6.8 Let H be a Hilbert space, Aj = (Ai1,Ap, ..., Ain) € [BTT(H)]", i=1,2,...,
np=(p1,p2,- - Pn) € P2and 0 <t < 1. If G[n,t] is a multldlmenszonal weight geomet-
ric mean, then

max {p;} ZM(Ay,... An) < £ (Ay, ..., An;p)

1<i<n

< min {p;} 79" (Aq,...,An), (6.64)

1<i<n
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where
SO (A, An) = 3 Glt) (A1) ~ Gl (Z Ai> : (6.65)
i=1

i=1
Proof. Follows directly from Corollary 6.5, relation (6.63) and positive homogeneity

of the geometric mean G|n,z]. O

Remark 6.12 Bounds in (6.64) represent the refinement and the converse of the inequal-
ity (6.61).



Chapter

Improvements of some matrix
and operator inequalities via
the Jensen functional

In this chapter, according to published paper [119], several refinements of Heinz norm
inequalities are derived by virtue of convexity of Heinz means and with the help of the
Jensen functional. Operator analogues of refined Heinz norm inequalities are also derived.

In the second part of the chapter, as it was published in [120] some improved weak
majorization relations and eigenvalue inequalities for matrix versions of the Jensen in-
equalities regarding convexity are derived, with corresponding applications to log convex
functions and the refinements of some related matrix inequalities.

7.1 Improved Heinz inequalities via the Jensen
functional

Recall that Heinz mean in parameter ¢ € [0, 1], defined by

atb17’+a17’b’

h(ab) = ===, a,b>0, (7.1)

199
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interpolates between the geometric mean and the arithmetic mean, i.e.

b
Vab < hy(a,b) < anr . telo1].

Clearly, ho(a,b) = hi(a,b) = “zib and hyy(a,b) = Vab. Moreover, it is easy to see that
the Heinz mean, considered as a function of 7, ¢ € [0, 1], is convex, attains its minimum at
t =1/2, and attains its maximum atz = 0 and ¢ = 1. Moreover, & (a,b) is symmetric with
respect to t = 1/2, that is, h/(a,b) = hy_,(a,b), t € [0,1].

The previous discussion is likewise extended to the operator level in the following
sense: If A, B, and X are operators on a complex separable Hilbert space such that A and B
are positive, then for every unitarily invariant norm ||| - |||, the function

fult) =[||AXB"" + A" X B (7.2)

is also convex on [0, 1], attains minimum at z = 1/2, attains maximum atz =0 and ¢ = 1,
and is symmetric with respecttoz = 1/2,i.e. fj,(t) = fr(1 —1).

Remark 7.1 Considering the Hilbert space M, (C) of n x n complex matrices, the unitar-
ily invariance of the norm ||| - ||| means that |||[UAV||| = |||A||| for all A € M,,(C) and for all
unitary matrices U,V € M,(C). Examples of unitarily invariant norms are the Hilbert-
Schmidt norm, the trace norm, and the spectral norm defined respectively by [|Al|2 =
(2, 52(A) 2, J|AlL = X si(A), and [|A]| = s1(A), where s (A) > ... > 5,(A) are the
singular values of A € M, (C), that is, the eigenvalues of the positive semi-definite matrix
Al = (A*A) "2 For more details the reader is referred to [34]. By a slight modification,
the notion of unitarily invariant norms can also be extended to operators on a complex sep-
arable Hilbert space (see e.g. [202]). In such setting, when considering |||A||, the operator
A is implicitly assumed to belong to the norm ideal associated with ||| - |||

Hence, for every unitarily invariant norm, the Heinz norm inequalities (see [34]) read
2(||A2XB? ||| < |||JAXB" + A" XB'||| < |||AX + XB]||. (1.3)

The first inequality in (7.3) will be referred to as the left Heinz norm inequality, while the
second one will be referred to as the right Heinz norm inequality. For a comprehensive
inspection of the results concerning the above norm inequalities the reader is referred to
[34], [35], [36] and [84], where one can also find proofs of the properties of function f;,
defined by (7.2).

The following presented results were motivated by [95], where Kittaneh had obtained
several refinements of Heinz norm inequalities (7.3) by utilizing convexity of function
fn and the well-known Hermite-Hadamard inequality (see e.g. [151]). The above norm
inequalities are here improved via convexity of function fj, by means of the properties of
the discrete Jensen functional

> ) , (7.4)

n

fn(f7x7p) = En:pif(xi) _Pnf<
i=1
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where f: 1 C R — R is a convex function, x = (xy,X2,...,%,) € I[", n > 2, and p =
(p1,p2,--.,pn) is a positive n-tuple of real numbers with P, = Y} | p;, whose properties of
superadditivity (1.66) and monotonicity (1.67) were extensively exploited in the previous
chapters of this monograph.

7.1.1 Improved Heinz norm inequalities via boundedness of
the Jensen functional

In order to improve Heinz norm inequalities (7.3), we are going to exploit properties of
the Jensen functional (7.4) and convexity of function f;, defined by (7.2). For that sake we
consider the Jensen functional in the form that will be more suitable in our research. More
precisely, we consider the two-dimensional normalized Jensen functional, that is,

S (fxt) =1 =1)f(x1) +1f(x2) = (1 =1)x1 +1x2), (7.5)

where 7 € [0,1] and x = (x,x7). Taking into account order relation as in (1.67), the ordered
pair (¢,1 — 1) can mutually be bounded with the constant pairs, i.e. we have

(min{z,1 —¢},min{z,1 —¢}) < (¢,1 —7) < (max{r, 1 —7}, max{zr,1 —1}).

Therefore, by virtue of the monotonicity property (1.67), the above relation yields bounds
for the two-dimensional normalized Jensen functional (7.5), that is,

2min{r, 1 —1}_7o(f,x) < _Z(f,x,t) <2max{r,1 -1} _#o(f.x), (7.6)

where

/O(fvx): 2 2

In other words, functional (7.5) is mutually bounded by a non-weight functional of the
same type. The double inequality (7.6) will be crucial in deriving improvements of Heinz
norm inequalities. Namely, we are going to study relations (7.6) equipped with the convex
function (7.2) on certain subintervals of [0, 1]. This will provide various improvements of
Heinz norm inequalities.

In the sequel let 5% denote a complex separable Hilbert space, while BT (.5%) denotes
the set of positive operators on 7. For the sake of a simpler notation, we here use the
abbreviation

fxn) +f(x2) iy (xl +x2) .

H,(A,B,X) =A'XB'" "'+ A''XB,

where A, B, X are operators on .7 such that A, B € BT (%) and 7 € [0, 1]. Clearly, operator
H;(A,B,X)/2 has the meaning of Heinz operator mean. The following result is an immedi-
ate consequence of the first inequality in (7.6), for convex function f;,(¢) = |||H; (A, B, X)]||
considered on the interval [0, 1].

Theorem 7.1 Let A, B and X be operators on a complex separable Hilbert space F¢; such
that A,B € B (). Then for every unitarily invariant norm ||| - ||| the inequality

14X+ XBI[| = [|[H(4,B,X)|[| = 2min{r, 1~} [l[]AX +XBI|| - 2/[lA1X B[] = 0

1.7)
holds for every t € [0, 1].
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Proof. Letxg=(0,1) and let f;,(t) = |||H;(A,B,X)]|||. Considering the first inequality
in (7.6), thatis, # (f,Xo,t) > 2min{z,1 —t}_#Zo(fi,Xo). we have

(1—=1)£5(0) +2£,(1) — fi(¢) > 2min{z, 1 — ¢} {w — (%)} _

Now, since f;(0) = f;,(1), the previous inequality reduces to

710~ () = 2minfr, 1~} [0~ 4 (5]

which represents (7.7). O

The inequality (7.7) was obtained in [95] with a slightly different technique (see also
[97] where this result was derived for the Hilbert-Schmidt norm). On the other hand, since
the function f,(¢) = |||H;(A,B,X)]||| is symmetric with respect to r = 1/2, i.e. f,(t) =
fn(1—1),1 €]0,1], it suffices to consider the Jensen functional on the interval [0, 1/2].

Theorem 7.2 Let A, B and X be operators on a complex separable Hilbert space ¢ such
that A,B € B (). Ift € [0,1/2], then the inequality

14X + XB||| - [[|H (4, B.X) |
> min{2r,1 -2} [[[[AX +XB|| + 21|42 X BE ||| — 2/ |H (4, B.X)]|
+2t[|[1AX + xB1|| 2| [ xBH||]] > 0 (7.8)
holds for every unitarily invariant norm ||| - |||. Moreover, ift € [1/2,1], then

14X +XBI|| = |||H:(A,B,X)|
> min{2 21,20~ 1} [|[|AX + XB|| + 2/||A XB3 ||| ~ 21[|Hy (4, B.X) ]
I

+2-2) [|||Ax + XB||| - 2|||[A2XB? |||] > 0. (7.9)

Proof. Considering the first inequality in (7.6) with f,(¢) = |||H;(A,B,X)]|| and x; =
(0,1/2), we have 7 (fi,Xx1,1) > 2min{z,1 —1}_Zo(fn,X1), that is,

(1=0)£0) + 1 (%) i (5) = minfr.1 1) [fh<0>+fh (%) 2, (%ﬂ |

The previous inequality can be rewritten in the form

705 (5) zminte.1 =0} 500+ 5 (5) -2 (5) | 1[50 -4 (5)]

that is,

7O -0z minf2r.1 -2 [0+ (5) -2 (3) |42 [0 - ()]

(7.10)
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where ¢ € [0,1/2]. Hence, we get inequality (7.8).
On the other hand, if € [1/2,1], then 1 —7 € [0,1/2]. Hence, replacing 7 with 1 —7 in
(7.10) and using the fact that f;,(¢) = f;(1 —t), relation (7.10) yields inequality

70) =) = ming2-2020-13 [0)+. (1) ~251 (5]

1
) [ 4 (0)— /i (5)} e/,
that is, we obtain (7.9). The proof is now completed. O

Remark 7.2 It should be noticed here that inequalities (7.8) and (7.9) yield the refinement
of inequality (7.7). More precisely, due to convexity of function f;,(¢) = |||H,(A,B,X)]||
one has L

[llAX +XBI[[ +2][|A2XB= || - 2[[[H} (A, B,X)||| = 0,

so the right-hand sides of inequalities (7.8) and (7.9) are not less than the right-hand side
of inequality (7.7).

In order to obtain the refinement of the left Heinz norm inequality, we have to apply
the second inequality in (7.6), together with a convex function f,(z) = |||H; (A, B, X)|||.

Remark 7.3 By considering the upper bound for the Jensen functional, that is, the second
inequality in (7.6), and x9 = (0, 1), we have

F1(0) = Filt) < 2max{r, 1 —1} [fh(O) 5 (%)] .

The above inequality is equivalent to

05 (3) 2 0-2mai - 504 (3)]. o

Since max,¢o,){#,1 —} > 1/2, the right-hand side of inequality (7.11) is non-positive,
which means that in this case we actually obtain worse result than the original inequality
in (7.3).

Although the application of the second inequality in (7.6) on interval [0, 1] does not
provide refinement of the left Heinz norm inequality, we can obtain some refinements by
considering certain subintervals of [0, 1].

Theorem 7.3 Let A, B and X be operators on a complex separable Hilbert space ¢ such

that A,B € BT (), and let 0 < a < 1/2. If ||| - ||| is unitarily invariant norm, then the
inequality
1opl 2[1-2¢ 1opl
.83 - 208 > 2220 (4,80 - 20485 2 0

(7.12)
holds forall t € [a, I‘ZA] U [%, 1 fa].
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Proof. Considering the second inequality in (7.6) equipped with x = (a, %) and f;,(1) =
[||H:(A,B,X)|||, we have Z (fj,,x,t) <2max{t,1—1}_#y(fy,X), thatis,

a-nta-+in (3) - (222

ful@) + fu(3) _fh<2a+1)

<2 t,1—t
om0 (o

The previous inequality can be rewritten in the form

fh((lzz)tJrZa)_fh (%)

> (11— max{r, 1 —1}) fola) + ((t— 1 —max{t, 1 —1}) fy (%)

+2max{r, 1 —1}f, (2“: 1) . (7.13)

Generally speaking, the right-hand side of inequality (7.13) is not always non-negative.
Hence, we are going to find a restricted set of parameters # such that the right-hand side of
(7.13) is non-negative.

For that sake we assume that 1 —7 —max{r,1 —} > 0, that is, max{z,1 —¢} < 1 —1.
In that case + < 1/2 and also max{r,1 —¢} = 1 —¢. Under such conditions, the above
inequality (7.13) reduces to

(7852) (1)) (2] <)

which is equivalent to

w0 ()2 22 () ()] o2

On the other hand, if t € [2“4*3 11— a], thenl—r € [a, IJZZ“] , so replacing ¢t with 1 —¢ in

(7.14), together with the symmetry argument, yields inequality

w05 (3) 2 252 6 (255 - (3)| e |[2520-d aus)

Finally, inequalities (7.14) and (7.15) provide (7.12) and the proof is completed. O

Note that the previous theorem yields the refinement of the left Heinz norm inequal-
ity on the subset of [0, 1] which consists of two symmetric intervals with respect to the
midpoint of [0, 1]. On the other hand, the interval [0, 1] can be covered with such symmet-
ric intervals, hence we can obtain refinements of the Heinz inequality on each symmetric
subset. This procedure is described in the following result.
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Theorem 7.4 Let A, B and X be operators on a complex separable Hilbert space F¢; such
that A,B € BT (), and let n € N. If ||| - ||| is unitarily invariant norm, then the inequality

1 1 1 1
a3, 20128 > 21— 21| ey 4B -2l XB ] 20
271
(7.16)

n—1__ n__ -1
holds for all t € [22—122—+1‘] U [221111,2”2—,,“}.

Proof. In order to cover the interval [0, 1], we repeatedly utilize Theorem 7.3. At the
first step, we use inequality (7.12) with a = 0, which yields inequality

1 1 1 1
1A, B30I = 21 144X B2 | > 211 20| 11y (4, B, )| ~ 2/l xBE | ]

valid forallz € [0,3] U [3,1].

At the second step we apply the previous theorem to the endpoint of the interval that
establishes the inequality in the previous step, that is, @ = 1/4. In this case relation (7.12)
yields inequality

1 1 1 1
[11H:(4,B,X)|I| - 2/[|AZX B2 || > 2%|1 21| [HlH%(A»B’X)lH—2|HA2XBZ|H ;

which is valid for the values ¢ € [%, %] U [%, %]
Now, the further construction is explicitly determined. At the n-th step we consider

inequality (7.12) for a = a,, where a, is the solution of the recurrence relation

o 2a,1+1

P (7.17)

an
with the initial condition a; = 0. The above recurrence relation (7.17) is linear non-
homogeneous of the first degree. Using the usual methods for solving recurrence rela-
tions or by a mathematical induction principle, we easily obtain solution of (7.17), that is,
a, = 2”;# Finally, considering (7.12) with this solution a,, we exactly obtain inequality
(7.16) as required. The proof is now completed. O

7.1.2 Operator analogues of the Heinz norm inequalities

Although it was previously explored (Chapter 6), it is not redundant to come up with
the introduced notation once more: B(7) denotes the semi-space of all bounded linear
self-adjoint operators on Hilbert space ., while B (#) denote the set of all positive
invertible operators in B(.7¢°). The weight operator arithmetic mean V, and geometric
mean f,, for 7 € [0,1] and A, B € BT (), are defined as follows:

AV,B=(1—1)A+1B,

S

AfB=A7(A"2BA ) A3
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If t = 1/2, the arithmetic and the geometric mean are denoted respectively by V and f, for
brevity. Recall e.g. (6.21) that the definition of Heinz means in real case can be raised up
to the level of operators, by

~ At;B+Af_B
HI(A,B): ﬁt +2 ﬁlt

and, as we have already seen, Heinz mean I-I,(~, -) interpolates between the non-weight
arithmetic and geometric mean, that is,

A#B < H,(A,B) < AVB. (7.18)

The first inequality in (7.18) will be referred to as the left Heinz operator inequality, while
the second one will be referred to as the right Heinz operator inequality. As we have
already discussed in Chapter 6, authors in [96] obtained the following refinement of the
right Heinz operator inequality:

AVB—H,(A,B) > 2min{r,1 —1} (AVB — A#B), (7.19)

which corresponds to the norm inequality (7.7). The same result had been obtained in
paper [98], for matrices.

The previous refinement (in general case) was established with the help of the appro-
priate scalar inequality and the well-known monotonicity principle (1.40).

Remark 7.4 Inequality (7.19) is a simple consequence of a more general method devel-
oped in [107]. More precisely, recall (Chapter 6) that the authors in [107] established the
Jensen functional for bounded self-adjoint operators. Such functional is defined by

A ([:X,8,0) = (L=0)f(X) +1/(8) 1 — f (1 =1)X +151 ), (7.20)

where f : [a,b] — R is a convex function, X € B(5), al ;y < X < bl , and 1 4 de-
notes identity operator on Hilbert space .77. The above defined functional possesses both
monotonicity (1.67) and superadditivity (1.66) properties as in the real case, which implies
mutually boundedness of the functional (7.20) via the non-weight functional:

2min{t, 1 —1}_Zo(f,X,8) < _7Z(f,X,8,1) <2max{t,1 —1}_Zo(f,X,8),  (7.21)

where

Fatr.x,3) = L0 O g (X300,

Hence, considering the first inequality in (7.21) equipped with the exponential mapping
f(x) =expx, § =0, and X = log (A’%BA’%), [107] provides inequality

AV|_,B—A#_,B>2min{t,1 —1} (AVB — A4B). (7.22)

Finally, considering inequality (7.22) with 1 —¢ instead of # and adding these two inequal-
ities, we get (7.19).



7.1 IMPROVED HEINZ INEQUALITIES VIA THE JENSEN FUNCTIONAL 207

It should be noticed here that the second inequality in (7.21), i.e. the method developed
in [107], did not provide the refinement of the left Heinz operator inequality, similarly as in
Section 7.1.1 (see Remark 7.3).

On the other hand, such improvement can be established by virtue of the following
classical inequality. Namely, it is well-known that the logarithmic mean L(x,y) = ﬁ,
x#y, L(x,x) = x, x,y > 0, interpolates between the non-weight arithmetic and geometric
mean:

VB < Lx,y) < ’% x,y>0. (7.23)
The above interpolating series of inequalities can be used in obtaining a refinement of the
left Heinz operator mean.

Theorem 7.5 Let A,B € B () andlett € [0,1]\{1/2}. Then
1 ~
AEB < mA%F,(A’%BA’%)A% < H/(A,B), (7.24)
where
S ) x#1
Fy(x) =1 Togx ’
21, x=1.

Proof. Starting from (7.23), we have

.Xl_xlfl - xt_’_xlft

<
Vas (2t—1)logx = 2’

x>0,x#1,

that is, :
1 X +xt
F L
1S —H—

Vx < x> 0.

Since A"2BA? > 0, monotonicity principle (1.40) for operator functions yields inequality

1
2t—1

A=

<

1 1\t 1
AT2BA™2 A"2BA™2
(A"2BA™7) F(A2BA™2) < ( ) +2( )
Moreover, multiplying both sides of the previous series of inequalities by A%, we have
(7.24), as claimed. O

Remark 7.5 If r = 1/2, the above inequality (7.24) reduces to a trivial equality.

Note that the improvements (7.19) and (7.24) of the Heinz operator inequalities were
derived without utilizing convexity of the Heinz means. If this fact is taken into account,
we can derive operator analogues of all results from Sections 7.1.1 and 7.1.2

For that sake, we here define the function f : [0,1] — R, x > 0, by

B X 4x

filt) === (7.25)
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Clearly, the above function represents the Heinz mean in the real case, that is, we have
fx(t) = hy(1,x). Recall that f; is convex on [0,1], attains minimum at 7 = 1/2, attains
maximum at f = 0 and 7 = 1, and is symmetric with respect to the midpoint of interval
[0,1].

On the other hand, the same properties of function f;, defined by (7.2), were exploited
in Sections 7.1.1 and 7.1.2, in order to obtain improved Heinz norm inequalities.

Therefore, in the sequel we consider the Jensen functional (7.5) equipped with the
above function fy. In addition, using the same technique as in the previous section, we ob-
tain appropriate scalar inequalities, which will, by virtue of monotonicity principle (1.40)
for operator functions, yield the corresponding operator analogues of the Heinz norm in-
equalities.

What follows is an operator analogue of Theorem 7.2.

Theorem 7.6 Suppose A,B € B+ (). Ift € [0,1/2], then the inequality
AVB — H,(A,B) > min{2t,1— 2t} [AVB +AtB—2H, (A,B)}
421 [AVB — AtB] > 0 (7.26)
holds. Moreover; if t € [1/2,1], then
AVB — H,(A,B) > min{2 — 21,2t — 1} [AVBJrAﬁB ~2H, (A,B)}
+(2—21)[AVB— AtB] > 0. (7.27)
e

Proof. Considering the first inequality in (7.6) with f,(r) = *5—, x > 0, and x; =
(0, %), we have # (fy,X1,1) > 2min{r, 1 —1}_#o(fx,X1), that is,

(1=1)£(0) +1f; (%) ~fo(5) 2 min{r,1 -1} {fx<0)+fx (%) o, (%)} .

The previous inequality can be rewritten in the form

£(0) = fu(e) > min{2r, 1 - 21} [ L(0)+ £, (%) 2, (iﬂ +or [fx(0> e (%)] ,

where ¢ € [0,1/2], that is,
I+x o +x1
2 2

where 1 € [0,1/2]. Since inequality (7.28) holds for all x > 0, using the monotonicity
principle (1.40) and the fact that A’%BA’% >0, we have

1 |
> min{27,1 - 2¢} {% 4x? —xd xi} ) [% xi] . (7.28)

Ly+A"2BA"3 (A"1BA72) 4 (A"2BA~2)

2 2
1 1
ly+A2BA 2 ! i
> min{2s,1—2¢} %HA*%BA’%)2 —(a73BATE)i
1 1
3 ly+A 2BA 2 !
(atmat) | g | XA ZEL D (ipat (7.29)
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Finally, multiplying both sides of inequality (7.29) by A%, we obtain (7.26). Obviously,
the inequality (7.27) follows by the symmetry argument, since H, (A,B) = H;—;(A,B). O

Remark 7.6 Since f; is a convex function, by virtue of monotonicity principle (1.40) for
operator functions, we have AVB + A#B — 2H| (A,B) > 0. Therefore, the above Theorem
7

7.6 yields an improvement of inequality (7.19).

Note that the proof of Theorem 7.6 follows the same lines as the proof of Theorem 7.2.
This is meaningful since the functions f;, and f, defined respectively by (7.2) and (7.25),
have the same properties concerning monotonicity, symmetry and extrema points.

Therefore, the proofs of theorems 7.3 and 7.4 together with the monotonicity princi-
ple (1.40) for operator functions can also be utilized in deriving the operator versions of
inequalities (7.12) and (7.16). More precisely, we consider the mentioned proofs with a
function f; instead of f}, and use the monotonicity property (1.40) in the same way as in
the proof of Theorem 7.6.

Theorem 7.7 Suppose A,B € B+ () and let 0 < a < 1/2. Then the inequality
~ 211 =2t 1~
Hi(A,B) — AtB> % [H# (A,B) —AﬁB} >0

—za

holds for allt € [a, 122“] U [%, 1 fa].

Theorem 7.8 Let A,B € B () and let n € N. Then the inequality

H;(A,B) —AtB > 2"|1 — 2| |:H211 (A,B) —AﬁB] >0
on+

holds for all 1 € |25t T4 [ U [, 221,

» on+l 2n+1 9 on

Of course, theorems 7.7 and 7.8 provide refinements of the first Heinz operator inequal-
ity.

7.2 More accurate weak majorization relations for
the Jensen and some related inequalities

Throughout this section we deal with the algebra ., of all n x n complex matrices, where
2, stands for the set of all Hermitian matrices in .#,. For an interval J C R, we denote
by 4,(J) the set of all Hermitian matrices in .4, whose spectrum is contained in J. We
denote by .7}, the set of all positive semi-definite matrices in .#,, while &, stands for the
set of all positive definite matrices in .. For column vectors x,y € C" their inner product
is denoted by (x,y) = y*x.
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For Hermitian matrices A and B we define an operator order, i.e. A < Bif B—A € ..
Further, for A € .7, we denote by A;(A) > A2(A) > --- > A,(A) the eigenvalues of A ar-
ranged in a decreasing order with their multiplicities counted. The notation A (A) stands for
the row vector (A;(A),A2(A),...,A4,(A)). The eigenvalue inequality A (A) < A(B) means
that A;(A) < A;(B) for all 1 < j < n. The weak majorization inequality A(A) <,, A (B)
means ZI;ZIQLJ-(A) < 2,’;:17?/'(3)’ k=1,2,...,n. The above three kinds of ordering sat-
isfy A<B= A(A) <A(B) = A(A) <,, A(B). Note that the first implication is the Weyl
monotonicity theorem (see, e.g. [34, p. 63]), while the second holds trivially.

On the other hand, f : J — R is operator convex if

fA+(1—=1)B) <tf(A)+(1-1)f(B), (7.30)

forall 0 <r < 1andA,B € 7;(J). Recall that for a Hermitian matrix H € J#,(J), f(H) is
defined by familiar functional calculus.

One of the numerous operator versions of the Jensen inequality asserts thatif f:J — R
is an operator convex function such that 0 € J and f(0) < 0, then

FIX*AX) < X*f(A)X (7.31)

holds for all A € J%,(J) and contractions X € .#,. Recall that X € .#,, is called contrac-
tion if ||X|| < 1, considering spectral norm || - ||. For some related versions of the Jensen
operator inequality, the reader is referred to [74].

Some ten years ago, Aujla and Silva [20] proved that if f:J — R is a convex func-
tion, then the eigenvalues of f(tA 4 (1 —¢)B) are weakly majorized by the eigenvalues of
tf(A)+ (1 —1)f(B), thatis,

A(ftA+(1=1)B)) <y A (tf(A)+ (1 —1)f(B)), (7.32)

where A,B € ,(J) and 0 < ¢ < 1. In addition, if 0 € J and f(0) < 0, they also showed
that
A(f(XTAX)) <w A (X" f(A)X) (7.33)

holds for all A € J%,(J) and contractions X € .#,. It has also been shown in [20] that
if f is additionally a monotone function, then the relations (7.32) and (7.33) become the
eigenvalue inequalities.

Here we derive the improvements of weak majorization inequalities (7.32) and (7.33),
as well as the improvements of their eigenvalue counterparts, as it was previously published
in paper [120]. Firstly, we cite several auxiliary results, needed for this study.

The following two lemmas were utilized in proving weak majorization inequalities
(7.32) and (7.33). First of them is an operator version of the Jensen inequality with regard
to an inner product (-, -).

Lemma 7.1 (SEE [158]) Let A € 5,(J) and let f : J — R be a convex function. Then
the inequality

f((Au,u)) < (f(A)u,u) (7.34)

holds for every unit vector u € C".
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What follows is the extremal representation for eigenvalues which is known in literature
as the Ky Fan maximum principle.

Lemma 7.2 (SEE [34], P. 35) IfA € ¢, then

k k
Y Ai(A) =max Y (Auj,u;), k=1.2,....n, (7.35)
i=1 i=1
where the maximum is taken over all choices of orthonormal vectors uy,us, . .., ux.

In the sequel, in order to improve weak majorization inequalities (7.32) and (7.33), we
again employ the well known properties of the discrete Jensen functional

I"(fx,p) = 2, pif (xi) = Puf (%)
i=1 m

where f :J — R s a convex function, x = (x1,x2,...,%,) €J™,m>2,and p = (p1, p2,...,
Pm) 1is a positive m-tuple of real numbers with P,, = ¥ | p;. These properties were ana-
lyzed in detail in Chapter 1 and Chapter 2, but we cite them, nevertheless, repeatedly
whenever a new environment with its specific conditions and applications is involved.

Since the above functional is increasing on the set of positive real m-tuples in the sense
that

I (fxp) = I (fxq) >0,

whenever p > ¢q. i.e. p; > qi, i = 1,2,...,m the following converse and the refinement of
the corresponding discrete Jensen inequality are immediate consequences:

m max {pi} £4"(f.x) = J"(f,x.p) =m min {pi} £5"(f.0),  (7.36)
where #'(f.x) = S0 _p (S

7.2.1 Improved weak majorization inequalities for the Jensen
inequality

The crucial step in obtaining weak majorization inequalities that are more precise than
(7.32) and (7.33) is an improvement of the Jensen inequality described in the previous
section (the second inequality in (7.36)).

Observe that, due to the discrete Jensen inequality (1.4), the relation (7.32) can be
stated in the following multivariate form:

A <f<,§:1piAi)> <w i (ipif(Ai)) , (7.37)

where f : J — R is a convex function, Aj,As,...,Ay € 56,(J), and X" pi =1, p; > 0,
i=1,2,...,m.

The following theorem provides an improvement of inequality (7.37) (I, stands for a
unit matrix in .#,.)
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Theorem 7.9 Ler f : J — R be a continuous convex function and Ay, Az, . ..,Ay € 5,(J).
Iy, pi=1pi>0i=1.2,...,m, then

A (f(im&) +len> <w A (ipif(Ai))7 (7.38)
i=1 i=1

where u = min{py,p2,...,pm} and

L

v Hg gf (A, ) << (ZA)M>> (7.39)

ue

Proof. Let A1,A2,...,A, be the eigenvalues of X", p;A; arranged so that f(A;) >
f(A2) >+ > f(A,), and let uy,uy, ..., u, be the corresponding orthonormal eigenvectors.
Then, utilizing (7.39) and the second inequality in (7.36), we have

$5((8p4) o

k <<(Zl’z )uj,uj>) + uvk

(S rtamsn) e 3 (s ms((G (S ager )

M

Jj=1

s}k}l (3
gjil (in}l’,lpif(@iuj,uﬁ))-

Moreover, by virtue of the inequality (7.34) and the Ky Fan maximum principle (7.35), it
follows that

jzk:l (imlpif(<Aiuj7”j>)> < Ek:l (;}1:1Pi<f(Ai)“j»“j>)

that is,

jzklkj <f<iipiAi> +MV1n) < i%(ﬁ}piﬂm)),

for k=1,2,...,n. This proves our assertion.

O

It should be noticed here that the scalars u and v appearing in Theorem 7.9 are non-
negative. Of course, it is possible to achieve that they are positive.
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Example 7.1 Let f : R — R be defined by f(x) = |x| and let

—6 5 110
A_<5—6>’ B_(01)'
Then, A (|442]) = (%,%) and A (3A|+%1B|) = (M,H’Tm) , that is, we have

(22.32) <, (12492, 2552) by virwe of (7.32).

Utilizing Theorem 7.9 we can get even a more precise estimate. Namely, defining
() = |[(Au,u)| + | (Bu,u)| — |{(A + B)u,u)|, where u = (;;) € C2, [ju]| = 1, it follows
that

g(u) =7+ 10us |* — 10Re(u;2) — |10[uy|* + 10Re(u1 ) — 5| -

Now, if 10]u1|? + 10Re (1) — 5 > 0 then g(u) = 12 — 20Re(u @) > 2 since Re(u i) <
P4l < 1 Otherwise, if 10fuy |2+ 10Re(u12) — 5 < 0, then g(u) = 2+ 20|y |2 > 2.

Moreover, since g(ug) = 2, where uy = (?) , it follows that

v= min [{Au,u)|+ [(Bu,u)| — [{(A+ B)u,u)|=2.

[Jull=1

uecz

Therefore, the relation (7.38) yields a more accurate estimate

(ﬂﬂ) +%_2(1’1): <2+5ﬁ 2+5ﬁ> - <1z+5ﬁ, 12—5\/§>.

2 2 2 72 2 2

Remark 7.7 If f : J — R is a strictly convex function and there exist indices i,j €
{1,2,...,m} such that A; < A;, then

m

glu) = Zf((Aiu,u>) —mf<<%(2A,~)u,u>> >0, ueC" |ul|=1.

i=1

Since the set S = {u € C";||u|| = 1} is compact, the function g : § — R attains its mini-
mum on S which implies that v > 0. Hence, in this case the relation (7.38) represents the
refinement of (7.37).

Our next intention is to give the corresponding refinement of the inequality (7.33).
Clearly, the multivariate version of (7.33) asserts that if /' :J — R is a convex function
such that 0 € J and f(0) <0, then

i=1 i=1

1

forAy,Ay,...,Ap € 76,(J) and X,,Xs,..., Xy € My, such that | X"X; <1I,.
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Theorem 7.10 Let f : J — R be a continuous convex function and Ay,Az,..., Ay €
(J). Further, let X1, X, ..., Xim € My be such that ¥ | X;X; <I. If0 € Jandf( ) <0,

then
A < f< ZXi*AiXi) + u’v’ln) <w A (in* f(Ai)Xi) , (7.41)
i=1

i=1

where the scalars W' and V' are defined by

= 1m0, XXy = Xl = X5 300 |
i=1

and

V' — min zf (A, ) + £(0) — (m+1)f<<mLH(§";1A,.)u,u>).

1 :
lul=1 &4
ue

Proof. We give only the sketch of the proof. Let A1,A;,...,A, be the eigenvalues of
Y XFAiX; arranged so that f(A;) > f(A2) > -+ > f(An), and let uy,uz,...,u, be the
corresponding orthonormal eigenvectors.

Without loss of generality we can assume that || Xju;|| # 0 for all indices i € {1,2,...,m}
and j € {1,2,...,n}. Then, it follows that

(o (Sxian) ) = (S (4, Z 1= 3 ) )
i i Aidki | | = iy i ) ' - iujl|”) -V,
! ,':11 i=1 ! HXIMJ” HXIMIH i=1 !

for j=1,2,...,n. Now, taking into account the above relation, the obvious inequality u’ <
min{|| X102, | Xau;]%, o | Xl 2, 1 — 30 || Xiuj]|}, j = 1,2,...,n, and the condition
£(0) <0, the proof follows the lines of the proof of Theorem 7.9 with scalars u' and v/
instead of u and v. O

) |

Example 7.2 Let f : R — R be defined by f(x) = x* and let

(1) (Y
V2

In this setting, A ((X*AX)*) = (% é)

a
o5

<w (2,3) = A (X*A*X), due to (7. 33). Now, uti-
lizing Theorem 7.10, it follows that u’ = % since ||[X*X|| = ||, — X*X|| = 7, and
7
= _ Au,u)t = —.
vi=g mml (Au,u) 3
uEC

Finally, the inequality (7.41) yields more precise relation

11 7 23 1 1
(1’6_4> + 6_4(1’1) = (6_4’§) =w (lg)-
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Remark 7.8 The previous example shows that it is possible to achieve that the scalars
u' and v’ appearing in Theorem 7.10 are positive. More generally, if X;'X; € &, i =
1,2,...,m, and 3" | X;*X; < I, then w' > 0. In addition, if f : J — R is a strictly convex
function and if either there exist indices i, j € {1,2,...,m} such that A; < A}, or there exists
index i € {1,2,...,m} such that A; € &, or —A; € P, then V' > 0.

If f is a non-negative function, then the relations (7.38) and (7.41) entail the corre-
sponding inequalities for unitarily invariant norms. Recall that a norm ||| - ||| on .#, is
called unitarily invariant if |||UAV||| = |||A||| for all A € ., and for all unitary matrices
U,V € #,. One of the most basic classes of unitarily invariant norms are the Ky Fan
norms || ||, k= 1,2,...,n, defined as

k
IA[|@ = D s5(A), k=1.2,...n,
=

where s1(A) > sp(A) > --- > 5,(A) are the singular values of A, that is, the eigenvalues
of |[A| = (A*A)"/2. The Fan Dominance Theorem (see, e.g. [34, p. 93]) asserts that if
[[All ) < [|Bl[(x) for k = 1,2,...,n, then [||A]|| < |||B]|| for all unitarily invariant norms.
If f is a non-negative function, then the eigenvalues appearing in relations (7.38) and
(7.41) coincide with the corresponding singular values. Thus, by virtue of the Fan Domi-
nance Theorem, theorems 7.9 and 7.10 entail the inequalities for unitarily invariant norms.

Corollary 7.1 Let f:J — R be a non-negative continuous convex function and Ay, A,, . ..,
An€ (). If Y pi=1,pi >0,i=1,2,...,m, then the inequality

Hlf(z,lpiAi) +uvhl[| < Epif(Ai)m

=

holds for any unitarily invariant norm ||| - |||, where the scalars p and v are defined as in
Theorem 7.9. In addition, if 0 € J and f(0) = 0, then

m m
(X X7AX) + VLI < 111 Y X7 F(A)Xil,
i=1 i=1

where X1,Xa,...,Xm € My, are such that Y | X X; < I,, and the scalars @' and V' are
defined as in Theorem 7.10.

Observe that the relations derived in Example 7.2 are eigenvalue inequalities since the
corresponding function f(x) = x* is increasing on R*. Namely, it has been shown in [20]
that if f:J — R is a monotone convex function, then there is a stronger result with regard
to weak majorization inequalities (7.32) and (7.33), i.e (7.37) and (7.40). More precisely,

if f:J — R is in addition a monotone function, then

A (f(ﬁ%pﬁ)) <A (iin:lpif(Ai))
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A ( f(lilXi*AiX,)) <A <§1X f(Ai)Xi> :

provided that the assumptions of Theorem 7.9 and Theorem 7.10 are fulfilled. The above
eigenvalue inequalities have been derived by virtue of the following minimax characteri-
zation of eigenvalues (see, e.g. [34, p. 58]):

and

Aj(H)= max min{(Hu,u);uc A |ul|=1}
dim #=j (7.42)
= min  max{(Hu,u);u€ .4, ||ul|=1}, j=1,2,...,n, '
d1m M=n—j+1

where H is a Hermitian matrix and .# is a subspace of C".
Having in mind the results of theorems 7.9 and 7.10, we can also derive refinements of
these eigenvalue inequalities, again by virtue of the above minimax principle.

Theorem 711 Let f:J — R be a monotone continuous convex function and A1,A,, . .. ,Ap,
()IfZ 2i=Lpi>0,i=1.2,...,m, then

A (f ( i piAi> + .UVIn) <A (Z i f(Ai)) , (7.43)
i=1 i=1

where the scalars U and v are defined as in Theorem7.9. In addition, if 0 € J and f(0) <0,

then
A < f< ZX;‘A,X,) + M'v'ln> <i < Y X f(A,~)X,~> , (7.44)
i=1 i=1

where X1,Xa,..., X € My are such that Y | X X; < I,, and the scalars ' and V' are
defined as in Theorem 7.10.

Proof. We prove (7.43) only. The proof of the inequality (7.44) is similar.
If f:J — R is increasing, then A;(f(H)) = f(A;(H)), j=1,2,...,n, for any H €
2, (J). Moreover, since f is increasing, it follows that

Mf(H))—f(A,»(H))—f( max  min {(Hu,uyiu € A, |u —1})

dim .7 =j

= max min{f((Hu,u));u € 4, ||u||=1}.

dim .7 =j

Now, since the function g : / — R, defined by g(x) = f(x)+ uv is also increasing, we have
that

;L,,-<f<i§1piAi)+uvzn)_dnrlr{a;]mm{ (<(2p, Jue)) + wviaee A =1},

(7.45)
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Now, utilizing (7.39), the second inequality in (7.36), and the inequality (7.34), we have
f<<(2PiAi)u,u>> +uv
i=1
m m 1 m
Sf( ZPi<Az~u’u>) + (Z £ (At ) Mf(<; ( ZAi)u,u>))

i=1
m

i f((A,u)) <Y pi(f(A <2p,f Juu),  ull = 1.

i=1

Combining this with (7.45) and the minimax principle (7.42), we have

Aj (f(lﬁn:ll?iAi> +HVIn> < lj(ﬁlll’if(f‘i))

which proves our assertion in the case of increasing function. The same conclusion can be
drawn for the case of decreasing function f since in that case A;(f(H)) = f(An—j+1(H)),
j=L12,....n,H e ,J). a

As an application of Theorem 7.11, we give the following consequence.

Corollary 7.2 LetA; € .7, i=1,2,....mr>1orA; € P, i=12,....m,r<0. Then,
m r m

A <2A,~) v | <A {mT Y AT (7.46)
i=1 i=1

v = min Z (Aju,u)” m17r<(2A,~)u,u>r.

1!
=1 &~

ue(c
Further, if A; € S, i=1,2,....,m, and 0 < r < 1, then

A <<2A,~) — vom“ln) > A <m“ ZA;) , (7.47)
i=1 i=1

m
Vo = min m17’<(2A,~)u,u>r—

=1 :
Jull =L = :
ue

where

where

(Aju,u)".

™M=

1

Proof. 1If r > 1, then f(x) = x" is increasing convex function. On the other hand,
if » <0, then f(x) = x" is decreasing convex function. Therefore, the application of the
eigenvalue inequality (7.43) yields (7.46) in both cases.

Similarly, to obtain (7.47) we utilize (7.43) equipped with the decreasing convex func-
tion f(x) = —x",0<r< 1. O



218 7 IMPROVEMENTS OF SOME INEQUALITIES VIA THE JENSEN FUNCTIONAL

Remark 7.9 It should be noticed here that the Corollary 7.2 provides the refinements of
the corresponding results from [11], [17], and [20]. Observe that for r = —1 and for oper-
ators A; replaced by their inverses A, ! relation (7.46) represents a strengthened version of
a harmonic-arithmetic mean inequality.

Let us now consider the case of a concave function. To do this, we need the notion
of a weak supermajorization. Let x,y € R" be the vectors with coordinates arranged in an
increasing order, i.e. x; <xp < --- <xpand y; <yp < --- <y, We say that x is weakly
supermajorized by y, in symbols x <"y, if 215:1361' > 2];:1)’/, k=1,2,...,n.

Remark 7.10 Let f : J — R be a concave function. Applying Theorem 7.9 to the convex
function — f and utilizing that x <,, y implies —x <" —y (see [34, p. 30]), it follows that

Al (f(ZPil‘h) HV11n> <W7LT<21’if(Ai)>’
i=1 i=1
where 4 = min{py,p2,...,Pm}»

vi= min mf(<l(§A,~)u,u>) —zmlf(<Aiu,u>>,

=1 !
Jul =L it
ue

and T means that the eigenvalues of the corresponding matrix are arranged in an increasing
order. If f is in addition a monotone function, then, utilizing Theorem 7.11, we obtain the
corresponding eigenvalue relation, that is,

A ( f< il p,~A,~> - um) > A (i"zllpif(Ai)) .

The same conclusion can be drawn for the weak majorization relation (7.41) and its eigen-
value counterpart (7.44).

Our next application of weak majorization inequalities deals with a version of the
Jensen inequality due to Mercer [134]. Recall, if f : [o, ] — R is a convex function,
then

Flat B3 pix) < f(o) + F(B)— 3 pisa), (7.48)
i=1 i=1

where " | pi =1, p; > 0,and x; € [a, B], i = 1,2,...,m. This inequality has been derived
as a consequence of the original Jensen inequality (see Chapter 1 for details). Having in
mind this fact, we derive here the weak majorization inequality that corresponds to (7.48).

Corollary 7.3 Suppose that f : [a,B] — R is a continuous convex function and let
ALAg, . Ap e ([a,B)). IF X pi=1,pi>0,i=1,2,...,m, then

(1B, —ﬁlpiAi) sty ) <o (-4 7B - iilp,f(Ai)), (7.49)
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where = min{pi,ps,...,pm} and

n= Hl,n Zf o+p— (A,u,u})—mf((x—i—ﬁ—<%(iA,~)u,u>>.
c'

ue

Proof.  Rewriting relation (7.38) with operators (o + 3)I, — A; instead of A;, i =
1,2,...,m, we obtain

A (f( (a+ Bl Zpl ) +l“”lln> <w A <2pif((a +B)In Ai)). (7.50)
i=1
On the other hand, since f is convex on [o, 8], it follows that

fla+B—x) < fla)+f(B)—f(x), xelo,p],

and consequently,

pif((a‘i’ﬁ)ln*Ai) < pi(.f(a)+f(ﬁ))ln 7pif(Ai)7 i= 1727"'7m'

Here, < means the operator order. Now, adding these m inequalities, we have

zpl F((@+ B~ A) < (F(@)+ F(B) b — 3 pir(A)
i—1

that is,

m
M Ers(erp-a)) <a((@+@)n-Spra)).  asy

i=1
by the Weyl monotonicity principle. Now, relations (7.50) and (7.51) entail the inequality
(7.49). a

If f is in addition a non-negative function, Corollary 7.3 entails the corresponding
inequality for unitarily invariant norms, while in the case of a monotone function f the
relation (7.49) becomes the eigenvalue inequality. These relations are omitted here.

7.2.2 Applications to log convex functions

A positive function f : J — R is called log convex if

flex+(1=1)y) < f(0' F (),

forall 0 <7 <1 andx,y € J. Obviously, f is a log convex function if and only if log f is a
convex function.

By virtue of (7.32), Aujla and Silva [20] proved that if f:J — R is a log convex
function, A, B € J,(J), and 0 <t < 1, then the eigenvalues of f(tA+ (1 —¢)B) are weakly
majorized by the eigenvalues of f(A) f(B)'~, that is,

A(ftA+ (1 —1)B)) =< A (FA) F(B)'). (7.52)

Taking into account Theorem 7.9, we can improve relation (7.52). In order to do this, we
first cite the following lemma.
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Lemma 7.3 (SEE [18]) Let A,B € &2,. Then,
A (logA +1logB) <, A (log (A%BA%)).
The following result yields a general refinement of the inequality (7.52).
Theorem 7.12 Let f: J — R be a continuous log convex function. Then
A(fA+(1=1)B)) <w EHA (FA) F(B)') (7.53)
forall A,B € ,(J) and 0 <t <1, where i = min{t,1 —t} and
o LA ) f((Bu,u))
e N

ue

Proof. The function log f is convex on interval J. Therefore, by Theorem 7.9 and
Lemma 7.3, we obtain

A(log (E*f(tA+ (1—1)B))) = A(log f(tA+ (1 —1)B) + ulogé&l,)
A(tlog f(A)+ (1 —1)log f(B))
=2 (log f(A)' +1log f(B)' ™)
=< A (log (£(4)2(B) " £(4)2)).

Now, since the function x — ¢* is increasing and convex (see also [34, p. 42]), it follows
that

A(ERFUA+(1=1)B)) < A (f(A)2f(B)' ' f(4)?)
(fay s,
which entails the relation (7.53). O

By the Weyl Majorant Theorem (see [34, p. 42]) it follows that |A (X)| <,, A (|X|) holds
for any X € .#),. Consequently, the Theorem 7.12 entails the corresponding inequality for
unitarily invariant norms.

Corollary 7.4 Ler f : J — R be a continuous log convex function and A,B € 5,(J). If
0 <t <1, then the inequality

11/ GA+(L=0)B)|[| < E7HILF(A) F(B) I

holds for any unitarily invariant norm ||| - |||, where the scalars u and & are defined as in
Theorem 7.12.

Our last application of Theorem 7.12 refers to the function x — x~", r > 0. Clearly,
this function is log convex on R



7.2 MORE ACCURATE WEAK MAJORIZATION RELATIONS 221

Corollary 7.5 LetA,Be€ &, and 0 <t < 1. Then

A((AT + (1=0)B™H ) =, ETHA(ATBUI), (7.54)
where r > 0, u = min{z,1 —t}, and
1 . {(A+Bu,u)*

=— mn — -
47 =1 (Au,u)"(Bu,u)"
ue

S|

Proof. Tt follows from (7.53) by setting f(x) =x~", r > 0, and replacing A and B by
A" and B~ respectively. m]

The relation (7.54) improves the corresponding result from [20]. In particular, putting
= % and r = 1 in (7.54), we obtain the inequality

—1 —1\ —1
M) ) <staateh,

1 {(A+B)u,u)?
&= 4 mgl” (Au,u)(Bu,u)

ue

where

The previous relation represents a more accurate form of a harmonic-geometric mean in-
equality.






Chapter

The converse Jensen
inequality: variants,
improvements and
generalizations

In this chapter, various variants of the converse Jensen inequality are studied. The Lah-
Ribari¢ inequality, as the most important converse Jensen’s inequality, motivates the first
group of its accompanied generalizations and improvements. Generalizations are obtained
for positive linear functionals and furthermore, on convex hulls and on k-simplices. The
main tool for improvements in this part is Lemma 1.2. All of these results were published
in [102]. From these results are then derived k-dimensional variant of the Hammer-Bullen
inequality and an improvement of the classical Hermite-Hadamard inequality. Another
important variant of the converse Jensen inequality is the Giaccardi-Petrovi€ inequality. Its
improvements are also derived by means of Lemma 1.2, as well as from some previous
improvements. Motivated by the obtained results, two functionals (the Giaccardi-Petrovié
differences) are defined and for those are Lagrange and Cauchy type mean value theorems
proved. A large family of n-exponentially convex and exponentially convex functions is
constructed. Most of the results regarding the Giaccardi-Petrovi¢ inequality correspond to
the contents of the paper [173].

Finally, we present results from paper [175], where the generalizations and the im-
provements of the converse Holder and Minkowski inequalities are studied, with their ac-
companied applications to mixed means.

223
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8.1 Variants of the converse Jensen inequality

Strongly related to Jensen’s inequality is the converse Jensen inequality. As it was de-
scribed (Theorem 1.10) in the introductory chapter, one of its most important variants is
the Lah-Ribari¢ inequality, which for a real convex function defined on an interval [a,b]

n
and for x; € [a,b],p; > 0,i=1,...,n, with Zpi =1, claims that
i=1

u b—3¥L | pixi | DiXi —
3, pif ) < DAL g 4 HEIPIZC ) (8.1)
i=1

where (8.1) is strict for a strictly convex function f, unless x; € {a,b},i € {j 1pj> 0}.
Another related result can be found in [154] (see also [151, p. 690]) where the authors
proved the following theorem.

Theorem 8.1 Ler x = (xy,...,x,) be an n-tuple in I", p = (p1,...,pn) a nonnegative
n-tuple such that P, =Y} | p; >0, m = min{xy,...,x,} and M = max{xy,...,x,}. If
f: I — R is differentiable and f' strictly increasing, then the inequalities

1 n 1 n 1 n
f (F leixi> < P l; pif (xi) <A+ f (F leixi> (8.2)

ni— i— nj—

hold, where
p= L L () (L)
et (7)1t

In the sequel, we again observe the environment of E being a nonempty set and L a
linear class of functions f : E — R which possesses the following properties:

Ll: If f,g€ L, thenaf+Pge L, foral o, f €R;
L2: 1 €L, thatis, if f(x) =1,x € E, then f € L.
We consider positive linear functionals A : L — R, or in other words we assume:
Al: A(af+Bg) = aA(f) + BA(g), for f,g € Land o, B € R;
A2: If f(x) > Oforall x € E, then A(f) > 0.
If additionally the condition

A3: A(l) =1
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is satisfied, we say that A is a normalized positive linear functional or that A(f) is a linear
mean on L.

In [30] (or see [177, p. 98]), Beesack and Pecari¢ gave the following generalization of
the Lah-Ribari¢ inequality, which involves positive normalized linear functionals, leaning
on the appropriate variant of Jensen’s inequality, i.e. Jessen’s inequality (1.15).

Theorem 8.2 Ler L and A be as in Theorem 1.11. If ¢ : [m,M] — R is a convex function,
then for all g € L such that ¢ (g) € L the inequality

A9 (g)) < YA

T ) (8.3)

holds.

Remark 8.1 The right hand side of (8.3) is an increasing function of M and a decreasing
function of m. This follows by writing it in the form

om)+ (4 ()~ m) P =0 a1y (ar - a (g)

M—m
and noting that m < A (g) < M, while both functions m — (¢ (M) — ¢(m)) / (M — m) and
M (¢(M)— ¢(m)) /(M —m) are increasing by the convexity of ¢.

¢(M) — ¢ (m)

In the same paper [30] (or see [177, p. 100-101]), the authors also proved the following
theorem.

Theorem 8.3 Let L, A and g be as in Theorem 1.11 and let ¢ : [m,M] — R be a differen-
tiable function.

(i) If @' is strictly increasing on [m, M| then

A(9(g)) <A +0(A(g)) (8.4)
for some A satisfying 0 < A < (M —m) (u— ¢’ (m)), where
=

More precisely, A may be determined as follows: Let X be the (unique) solution of
the equation ¢’ (x) = u. Then

A=¢(m)+u(x—m)—9¢(%)
satisfies (8.4).
(ii) If ¢' is strictly decreasing on [m, M| then
P(A(g)) <A +A(0(g)) (8.5)

for some A satisfying 0 < A < (M —m) (¢’ (m)— ), where u is defined as in (i).
More precisely, for X defined as in (i) we have that

A=9(&)—¢(m)—uE—m)
satisfies (8.5).
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It can easily be verified that the right hand side of (8.2) from Theorem 8.1 can be ob-
tained as a special case of (8.4): we just have to consider E = [m,M], L=RE = {f|f: E —
R}, g = idp and A(f) = I}nzg’zlpif(xi), where p; >0, x; € [m,M], i=1,...,n, and
P, =", pi #0. After a few simple steps we obtain the same A. The left hand side
of (8.2) is obviously a special case of (1.15).

In [32] (or see [177, p. 101]) Beesack and Pecari¢ gave the following generalization of
Theorem 8.3, which at the same time presents a generalization of Knopp’s inequality for
convex functions (see [103]).

Theorem 8.4 Let L and A be as in Theorem 1.11. Let ¢ : [m,M] — R be a convex function
and J an interval in R such that ¢ ([m,M]) C J. If F: J x J — R is increasing in the first
variable then for all g € L such that ¢ (g) € L the following inequality holds

F(A(0().0(A(g)) < max F(M‘x¢<m>+"‘”;¢<M>,¢<x>) (8.6)

T x€[m,M) M—m M
= max F(00 (n) + (1-0)0 (M), 0 (0n-+ (1 0)01)).

Furthermore, the right-hand side of (8.6) is an increasing function of M and a decreasing
Sfunction of m.

It is quite simple to prove that Theorem 8.3 is a special case of Theorem 8.4. Namely,
if we apply Theorem 8.4 to ¢ which is differentiable and strictly convex on [m, M] (at the
end points x = m and x = M we may consider the right and the left derivatives respectively)
in a few easy steps we obtain (8.4). Here we give the proof only for the first case (i); (ii)
can be obtained in a similar way if in Theorem 8.4 we take —F instead of F and consider
¢ which is differentiable and strictly concave.

If F is defined by F (x,y) = x —y, the inequality in (8.6) becomes

A(0(6)) ~ 0 (A(e) < max, [(xm.M.0), 57
where [ : [m,M] — R is defined by

(M—x)¢ (m)+ (x—m) 9 (M)
M—m

fx):=f(xmM,¢) =
Note that f (m) = f (M) =0 and

¢ (M)—¢(m)
M—m

—¢(x).

fx) = —¢'(x) =pu—9'(x).

Since ¢ is strictly convex, f” is strictly decreasing on [m,M] and the equation f’ (x) =0
(that is, ¢’ (x) = u) holds for a unique x = % € (m,M). It follows that f (x) > 0 for all
x € [m,M] with equality for x € {m,M}. Consequently, the maximum value on the right
hand side of (8.7) is attained at x = X and thus for

= ¢ (m)+uE—m)—9¢ ()

-9 (%)
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we have that
A(9(g)) <A+ 9(A(g)).

The discrete version of Theorem 8.4 can be found in [151, Theorem 8§, p. 9—10]. Some
results of this type were considered in [74], where generalizations for positive linear op-
erators were obtained. Further generalizations for positive operators are given in [147].
Some related results for convex functions of higher order can be found in [52], [54] and
[55]. Recently, S. Iveli¢ and J. Pecari¢ [88] have obtained generalizations of Theorem 8.4
for convex functions defined on convex hulls.

Throughout this section, without further noticing, when using [m, M], we assume that
—oo < m < M < . We will also need to equip our linear class L with the additional lattice

property:
L3: (Vf,g€L)(min{f,g} € LAmax{f,g} €L).

Obviously, (IR{E , S) (with the standard ordering) is a lattice. It can also be easily veri-

fied that a subspace X C RE is a lattice if and only if x € X implies |x| € X. This is a simple
consequence of the fact that for every x € X the functions |x|, x~ and x™ can be defined by

x| (t) =[x (t)], x*(t)=max{0,x(¢)}, x (¢t)=—min{0,x(t)}, ¢€E,

and

xtxT =y, xT—x =x,

: 1 1
min {x,y} = 5 (x+y—x—l), max{xy}=z@x+y+k-y). (8.8)

8.2 Improvements and generalizations of the
Lah-Ribari¢ inequality

In order to prove our main result related to the Lah-Ribari¢ inequality, we make use of
Lemma 1.2, which we, for the reader’s convenience, cite again for n = 2. From its de-
scribed monotonicity property, which is the main tool for all improvements presented in
the second part of the book, also follow the improvements of some related inequalities
from the previous section.

Lemma 8.1 Let ¢ be a convex functionon Dy, x,y € Dy and p,q € [0, 1] such that p+q =
1. Then

min{p,q} [fP (x)+0(v)—2¢ (j%)]
o () +49 (v) — ¢ (px+qy) "
max {p,q} {d) (x) + ¢ (v) —2¢ C%)] '

IN

IN
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The following theorem [102] is an improvement of Theorem §.2.

Theorem 8.5 Ler L satisfy L1, L2, L3 on a nonempty set E and let A be a positive nor-
malized linear functional. If ¢ is a convex function on [m,M], then for all g € L such that
¢ (g) € L we have A(g) € [m,M] and

Aw@) <A Ay a@s, s10
where et |
g—%l%, 6¢—¢<m>+¢<M>z¢(@).

Proof. First note that ¢ (g) € L also means that the composition ¢ (g) is well defined,
hence g (E) C [m,M]. Now we have m1 < g < M1 and

m=A(ml)<A(g) <AM1)=M.
Let the functions p,q : [m,M] — R be defined by

M—x xX—m

p)

For any x € [m,M] we can write

0 =0 (gr—amt 20 ) =0 (pm+ M),

By Lemma 8.1 we get

9 (x) < p(x) 9 (m) +q(x) ¢ (M) —min{p(x),q(x)} [¢ (m) +¢ (M) —2¢ (’”—Z’”)] -

Let g € L be such that ¢ (g) € L. In this case we have p(g), ¢(g) € L and applying A to the
above inequality with x < g (x) we obtain

A9(6) A(p ()0 (m)+A(a()) 0 (40) -4 (@) o m) +0 )20 (52|
where the function g is defined on E by

V) — miM
2(x) = (min{p(g) . (8)}) () = 5 - %

and by L3 it belongs to L. Since p and g are linear functions, we have A (p (g)) = p(A(g))
and A(q(g)) =q(A(g)), hence

A(9(8) <p(A(g) 9 (m)+q(A(g))d (M) —A(g)Jy,
which is (8.10). O
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Remark 8.2 Obviously, if applied to an appropriate L, Theorem 8.5 is an improvement
of Theorem 8.2, since under the required assumptions we have

A<g>6¢=A<§1 ""’}lﬂ) (o0m)+ 00020 (")) 20

Corollary 8.1 Let p be a nonnegative n-tuple with P, =Y p; # 0 and x € [m,M]". If
¢ : [m,M] — R is a convex function then

1Y M—x x—m I O
Fni;pz(ﬁ(xz)é _m¢(m)+M_m¢(M)P—ni21pl<§W . (8.11)

<

where x = %ﬂ Yot pixi and 8y is defined as in Theorem 8.5.
Proof. If we consider E = [m,M], L =RI"| ¢ = idg, A(f) = £ 3iL, pif (xi), then
the inequality in (8.10) becomes (8.11). a

We can use Theorem 8.5 to obtain refinements of some other inequalities mentioned
previously. First we give an improvement of Theorem 8.4 in the special case of F (x,y) =

xX—y.

Theorem 8.6 Under the assumptions of Theorem 8.5, the following inequality holds:

A0 (g) -0 (A(2)

< xg[lm{%MmH%MM)—mw} ~A@)5
= max (00 (m)+(1-0)0 (M)~ (Bm-+ (1-6)M)} ~A()3,.

where g and Oy are defined as in Theorem 8.5.

Proof. This is an immediate consequence of Theorem 8.5. The identity follows from
the change of variable 6 = (M —x) / (M — m), so that for x € [m,M] we have 6 € [0, 1] and
x=0m+(1—-6)M. O

Next we give an improvement of Theorem 8.3. We will consider only the case when
¢’ is strictly increasing (and therefore is ¢ convex), since an analogous result for ¢’ being
strictly decreasing can be obtained in a similar way.

Theorem 8.7 Let L and A be as in Theorem 8.5. If ¢ : [m,M] — R is a differentiable
function such that ¢’ is strictly increasing on [m,M|, then for all g € L such that ¢ (g) € L
the inequality

A(9(g)) <A +¢(A(g)) —A(8) 8y (8.12)
holds for some A satisfying 0 < A < (M —m)(u — ¢’ (m)), where
0D 0 (m

M—m
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and g, 8y are defined as in Theorem 8.5.
More precisely, A may be determined as follows: let X be the (unique) solution of the
equation ¢’ (x) = u. Then

A =0 (m)+pE—m)—9¢(%)
satisfies (8.12).

Proof. The proof follows by the same argument we used in the previous section, since
by Theorem 8.6 we have

A(9(g)— 0 (A(g)) < max f(xmM,¢)—A(g)d,

E

where f is defined as in (8.7). O

Another interesting consequence of Theorem 8.5 is the following Hadamard type in-
equality which is an improvement of a result from [31].

Theorem 8.8 Ler L and A be as in Theorem 8.5. If ¢ : [m,M] — R is a continuous convex
function, then for all g € L such that ¢ (g) € L the inequalities

pm+qM p9 (m)+q¢ (M) _
o(Phra) <aew <P ams, s

hold, where p and q are any nonnegative real numbers such that

_ pm+qM

A(g) pta

(8.14)

and g, 8¢ are defined as in Theorem 8.5.

Proof. First note that ¢ (g) € L implies A(g) € [m,M]. Hence there exist a unique non-
negative real number A € [0,1] such that A (g) = Am+ (1 — A)M. If p,q are nonnegative
real numbers satisfying (8.14) then obviously

P, 4 _
p+q  ptq

From Theorem 1.11 we have

pm+gM\
o () — g (ate) <40 (0),

which is the first inequality in (8.13).
Since

M—Alg)

— 0 (M) = L= (m)+ g (M),

 ptyq p+q
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by (8.10) we obtain

p9(m)+q9 (M)

A(g) 0y,
rra (8) 8o

A9 (g)) <

which is the second inequality in (8.13). a

As a corollary of Theorem 8.8 we obtain a result from [46] where it was proved that
trapezoid rule produces a bigger error than the mid-point rule.

Corollary 8.2 If ¢ : [m,M] — R is a continuous convex function, then the inequalities

g(m)+oM) 1
L0 Mo mas (8.15)

m+M
> m/¢ )dx— ¢< )20

hold.

Proof. This is a special case of Theorem 8.8 attained for E = [m,M], L = C([m,M)),
g=idp, A(f) = 77~ [ f(x)dx, p = g = 1. We obtain

m+M 1 M
¢( . )g M_m/ 0 (x) dx (8.16)

om+oM) 8 M.

S 2 _Mipm m g(X)dx.

A simple calculation gives

1 MN( ) d 1

- X -

M—m 4 )

hence

¢ (m )42r¢ Mm/‘g

— S oD Lo o 20 (25H1)]

_ Lo (m+MN  9(m)+ 9 (M)
_¢( >+ o0, (8.17)

From (8.16) and (8.17) we obtain

2 (’”*M) 2 [Towa

IN

IN
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which is equivalent to

o ("5H) -y [ ot

iy e
S (P(m);‘P(M)_Mim/mMMx)dx.

By the Hermite-Hadamard inequality for convex functions we know that

1 M m+M
0% 5 [ owar—o ("5,

IN

hence (8.15) is proved. O
What follows are some further applications of our main result.

Corollary 8.3 Let L and A be as in Theorem 8.5. If g € L is such that log g belongs to L

and g (E) C [m,M] C R, then

expS (4)

(m+M)2}A(§) ’

A(g) <exp(A(logg)) [
4mM

(8.18)

where S (+) is Specht ratio and g is defined as in Theorem 8.5.
Proof. This is a special case of Theorem 8.7 for ¢ = — log. In this case (8.12) becomes

—A(logg) <A —1logA(g) —A(g) 0-10g,

that is,
explogA(g) = A(g) <exp(A(logg) +24 —A(g)5-10)
expA
= exp(A(logg)) —F———-
exp (A (g) 57 log)
where 5
M M
O_log = —logm — logMJrZIOngzr =log (m4:1M) ,
_ logm —logM i——l— M—m
 M-m 7 u logM—logm’
hence

A = —logm+ u(¥—m)+logx

A_4 Mlm
zlogi(’”) = —S(A—/I>,

elog(%)m m
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where S (-) is Specht ratio (see for example [74, p. 71]), defined by

W1

S(h) = ——, he R, \{1}.

eloghn—T

Considering all this, we obtain (8.18). a

Corollary 8.4 Ler L and A be as in Theorem 8.5. If p € L is such that log (p) belongs to
Land p(E) C [m,M] C Ry, then

m

A(p) < expA(logp) + Iﬁg;ﬂms <%) —A(p) (m+M— 2\/mM> , (8.19)

where S (+) is Specht ratio and p is defined by

L1 ! ’logp—log\/mM1|
P=3 logM —logm
Proof. This is a special case of Theorem 8.7 for ¢ = exp and g = logp. In this case
(8.12) becomes
A(explogp) < A +expA(logp) — A (§) Sexp,

where
1 logM
exp = explogm +explogM — 2exp % —m+M—2vVmM,
- Mmm X=logu =1Io _ Mzm
H= logM —logm’ =~ Bk = glonglogm’
hence
A = explogm+ u (¥ —logm) —expx
= m+ M—m lo M—m —1lo —1
- logM —logm g logM —logm em
M — M
- 75 (-) :
log - m
Considering all this we obtain (8.19). a

Now we give generalizations and improvements of Lah-Ribari¢ and related inequalities
for convex functions on convex hulls in R¥ and, analogously, for convex functions on
k-simplices in R¥. We also verify that this is a generalization and an improvement of
the Hermite-Hadamard inequality for simplices and generalization of the Hammer-Bullen
inequality.
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Theorem 8.9 Let U be a convex subset of R and n € N. If f: U — R is a convex
function, xy,...,x, € U and py,...,p, nonnegative real numbers with P, = Y| p; > 0,
then Jensen’s inequality

1 12
f (; me) < =¥ pif (x) (8.20)
=1 n =1
holds.

At this point, the reader is referred to Section 1.1, in order to recall the notions of a
convex hull, k-simplex and barycentric coordinates, which define the new environment in
the sequel.

With L¥ we denote the linear class of functions g: E — R* defined by

g(t)="(gi1(t),...,8(t)), &€L, i=1,... k.

For a given linear functional A, we also consider linear operatorg =(A,...,A): [F - Rk
defined by

A(g) = (A1), A(g) (8.21)

If A3 is satisfied, then using A1 we also have:
Ad: A(f(g)=f (g(g)> for every linear function f on R,

Remark 8.3 If we choose F(x,y) =x—y, as a simple consequence of Theorem 8.4 it
follows

ACF()) =/ (A(g)) < max [0(m) +(1—0)F(M) — f(Bm + (1~ O)M)). (822

Taking F(x,y) = i, for f > 0, it follows

A(f() o . [0f(m)+(1-0)f(M)
f(A(g)) ~ e[| f(Om+(1—-0)M)

As already mentioned in the introductory part, (see Theorem 1.12), McShane proved an
additional generalization of Jessen’s inequality (1.15). According to the above described
setting, this theorem states that for a continuous convex function f defined on a closed
convex set U C R and for all g € L¥ such that g(E) C U and f(g) € L, with A being a pos-
itive normalized linear functional on L and A defined as in (8.21), the following inequality
holds:

(8.23)

f(A(g)) <A(f(g))- (8.24)

J. Pecari¢ and S. Iveli¢ proved in [88] the following generalization of Theorem 8.2.

Theorem 8.10 Ler L satisfy properties L1 and L2 on a nonempty set E and A be a positive
normalized linear functional on L. Let xy,...,x, € R* and K = co({xi,...,x,}). Let f be
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a convex function on K and /11, ., An barycentric coordinates over K. Then for all g € L
such that g(E) C K and f(g), A ()ELl—l ., we have

AU©) < 3 AG(8)) £ ().

We give generalizations and improvements of theorems 8.4 and 8.10 which will be
obtained using the following lemma, which is a generalization of Lemma 1.2 on convex
sets.

Lemma 8.2 Let ¢ be a convex function on U where U is a convex set in R¥, (X1,..0y2%0) €

n
U" and p = (p1,...,pn) be nonnegative n-tuple such that 2 pi=1. Then
i=1

min{pi,...,pn} [}n (i) n(])( 2)(,)]
(im&)
i=1 i—1

< max{pjy,.. [En: o (x;) —no (rlz zn:xi)] )

M=

<

For n € N we denote
n
A= (.u*la"'?.u*n):‘L’Li207ie{17"'an}azui:1 .
i=1

If f is a function defined on a convex subset U C R¥ and X1,X2,...,x, € U, we denote

n 1 n
Sl}(xla cee 7xn) = Zf(xl) —nf (; 2)6,') :
i=1 i=1
Obviously, if f is convex, S;-(xl, ceeyXn) > 0.
The following theorem presents an improvement of Theorem 8.10.

Theorem 8.11 Let L satisfy properties L1, L2 and L3 on a nonempty set E and A be a
positive normalized linear functional on L. Let xy,...,x, € RF and K = co ({xy,...,x,}).
Let f be a convex function on K and /11, ., An barycentric coordinates over K. Then for
all g € L¥ such that g(E) C K and f(g), A ()ELl—l .,n, we have

A(f(2)) < X AKi(8) f (xi) — A (min {Ai(g)}) S}(x1, . xn). (8.25)



236 8 THE CONVERSE JENSEN INEQUALITY: VARIANTS, IMPROVEMENTS. ..

Proof. For each t € E we have g(r) € K. Using barycentric coordinates we have

Ailg(1) > 0,i=1,....n, 3% Aalg(r)) = 1 and

Since f is convex, we can apply Lemma 8.2, and then

—f(iM@WkJ

Ai(g(1)).f (xi) —min{2i(g(1))} [if(x,) —nf (1 ixz'ﬂ . (8:26)

i=1

M:

<
1

Now, applying the functional A to (8.26), we get

N——

A(f(g) < A (2/1 —min{A;(g)} SF(x1,- .., Xn)

= ZA A(min{2i(g)}) SH(x1, ..., Xn).

O

Remark 8.4 Theorem 8.11 is an improvement of Theorem 8.10, since under the required
assumptions we have

A(min{Ai(g)}) SHx1, 1 %0) >0,

Remark 8.5 If all the assumptions of Theorem 8.11 are satisfied and additionally is f a
continuous function, then

R(8)) < AU () < T ACHE) S ()~ Amin ((©)D S, 30,

where the first inequality is actually McShane’s inequality (8.24) and the second one is the
statement of Theorem 8.11.

Remark 8.6 We know that under the assumptions of Theorem 8.11 we have

A(f(g) < 2, A(%i(g)) f (xi) — A(min{Ai(g)}) SF(x1,- -, 2n)-

™M=

i=1

Dividing by f(g(t)) = f (i )Li(g(t))xi> , when f > 0, we obtain
i=1
1A

AU () T AGU)/ ) Almin{Ale): =L
f@@ﬁ‘f< 1A (g)x) 7 (Ate > Foxrss
< max 2t Hif (i) A(min{Ai(g): i=1,. })S"(xl, .

< DO o) £ (At 3
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which is equivalent to

i ‘LL,'f(X,') e . e n
A(f(g) <ma lmf (A(2)) — A (min {(g): l_1,...,n})sf(xl,...,;z,;).m

This is an improvement of the inequality (2.6) from [88].

Now, making use of Theorem 8.11 we are able to obtain a generalization and an im-
provement of Theorem 8.4.

Theorem 8.12 Let L satisfy properties L1, L2 and L3 on a nonempty set E, A be a pos-
itive normalized linear functional on L and A defined as in (8.21). Let x1,...,X, € R*
and K = co({x1,...,x,}). Let f be a convex function on K and A, ...,A, barycentric
coordinates over K. If J is an interval in R such that f(K) CJ and F: J xJ — R is
an increasing function in the first variable, then for all g € L* such that g(E) C K and
f(g),Ai(g) € L,i=1,...,n the following inequalities hold:

F@U@Mﬂ&@ﬁ

I /\

(ZA A(min {2i(g )})S?(xl,...,xn),f(g(g)))

IN

IglaxF <2u, J(xi) —A(min{A;i(g)}) St (x1, .-, xn), f (iuixi>> .

n—1 i=1

(8.28)

Proof. For each r € E is g(r) € K. Using barycentric coordinates it follows that
Ai(g(1)) = 0,i=1,....n, T} Ai(g(t)) = 1 and

Since A is a positive normalized linear functional on L and A a linear operator on Lk, it
follows that

A(®)= (A(s0).- Alg) = ZAG(E)x:
where A (4i(g)) 2 0,i=1,...,nand 3 | A(Li(g)) = A(ZiL, Ai(g)) = A(1) = 1. There-

fore, A (g) € K.
Since F: J x J — R is an increasing function in the first variable, using (8.25) we have

F@U@»ﬂ&@o
(}514 A(min {2(g <>>}>s;<x1,”.,xn>hfci<g>>> S 329
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By substitutions
A(A’l(g)) = Mi?i = 17"'7”7

n
= 2 Mix;.
i=1

it follows

Now we have

(ZA A (min {2, (g(z ))})S}'-(xl,---,xn),f(g(g))>

= (2% [ (xi) = A(min {2;(g ())})S’}(m,...,xn),f(}nlluixi>>

n n
< maxF (2 A(min{A;(g(t))}) SF(x1,. ., xn), f (2 u,x,)) .
n 1 i=1 i=1
By combining (8.29) and the last inequality we get (8.28). a
Remark 8.7 If we choose F(x,y) =x—y, as a simple consequence of Theorem 8.12 it
follows
A(f(g)) — f(Alg) (Zﬂz f(xi) (2%%) —A(min{A;(g )})S}'-(m,---,xn)) :
(8.30)
Taking F(x,y) = 3 for f >0, it follows
A > i f(x;) — A (min {A; St (x1,. ..,
&) _ o (& 1 Mif (xi) —A( n{ (&)}) Sjar o)\ 8.3D)
F(A(g)) ~ A f(Zi) nixi)
The inequalities (8.30) and (8.31) present generalizations and improvements of (8.22) and

(8.23).
If we replace F' by —F in Theorem 8.12 we obtain the following result.

Theorem 8.13 Let L satisfy properties L1, L2 and L3 on a nonempty set E, A be a pos-
itive normalized linear functional on L and A defined as in (8.21). Let x1,...,X, € R¥
and K = co({x1,...,x,}). Let f be a convex function on K and Aj,..., A, barycentric
coordinates over K. If J is an interval in R such that f(K) CJ and F: J xJ — R is
a decreasing function in the first variable, then for all g € L* such that g(E) C K and
f(g),Ai(g) € L,i=1,...,n the following inequalities hold:

F(A(f()).fA <g>>)
> F (ZA (mln{l( )})S;'c(xl,,_,’xn),f(g(g))>
> minF (iuif(x,) A(min{A;(g)})SF(x1,- -, Xn), f (iuix,)) . (8.32)
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Now we consider the special case where the convex hull is a k-simplex.

Let S be a k-simplex in R* with vertices VI,V .oy Vigl € R*. The barycentric co-
ordinates Ay, ... At 1 over S are nonnegative linear polynomials which satisfy Lagrange’s
property

1,i=j
A,»(v.,-)_&j_{o? i#j_

It is known (see [33]) that for each x € S barycentric coordinates A (x),..., Agy1(x)
have the form

A,l(x) _ VOlk ([X,VQ,... ,Vk+1])

Vol (S) ’
Vol ([vi,x,v3,...,viq1])
h(x) = Vol (S) ’
A1 (x) = AT 8:33)

VOlk (S) ’

where Vol (F) denotes the k-dimensional Lebesgue measure of a measurable set F C RE.
Here, for example, [vy,x,...,v1] denotes the subsimplex obtained by replacing v, by x,
i.e. the subsimplex opposite to v,, when adding x as a new vertex.

The signed volume Voli(S) is given by (k+ 1) x (k+ 1) determinant

Vil V21 Vi+11
v01k(5)zy Vi V22 Vkt12 |

Vik V2k = Vi+lk

where v = (Vi1,V12,-+,Vik)s -5 Vi1 = (V11 Vb 125+ -5 Vi 1x) (see [193]).
Since vectors vo —vy,...,vr1 — vy are linearly independent, then each x € S can be
written as a convex combination of vy,...,v;, in the form
Vol (|x,va,...,Vv Vol ([vi,..., v, x
_ k([ 3 V2, ’ k+1])vl+"'+ k([ 1y s Vs ])VkJrl- (834)
VOlk (S) VOlk (S)

Now we present an analogue of Theorem 8.11 for convex functions defined on k-
simplices in R,

Theorem 8.14 Let L satisfy properties L1, L2 and L3 on a nonempty set E, A be a posi-
tive normalized linear functional on L and A defined as in (8.21). Let f be a convex function
on a k-simplex S = [v1,va,...,vkr1] in R¥ and Ay, ..., A1 be barycentric coordinates over
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S. Then for all g € L* such that g (E) C S and f(g) € L we have

k+1
A(f(8)) < Y Ailg)) f (vi) —A(min{Ai(g)}) S (v, vieq1)
i=1
VOIk({X(g),Vz,...,Vk+1j|> Volk([vl,vz,...,g(g)b
= Vol (S) fi) 4+ Vol (5) fis1)
—A(min{Ai(g)}) S5 (v, vk (8.35)
Proof. Analogous to the proof of Theorem 8.11, with
1 1 1
1 |&1(t) va Vi+11
ks :
Voly ([g(2),va2,- -+, Vir1 gk(t) vak -+ Vigik
o (gla)) = 8z, v ,
Vol (S) 1 1 1
1 (V11 V21 Vi+11
H .
Vik V2k *° Vi+lk
1 1 1
1|Vl v &1(t)
k| P
Vol ([vi, .-+, vk, 8(1)]) Vik o Ve k(1)
A t)) = = ,
r+1(8(1)) Vol (S) 1 1
1 [ Vi1 va1 Vit+11
CIREE
Vik V2k = Vi+lk
and
1 1 1
1A(g1) var wksn
ol .
e Age) vak -+ Visk VOlk({A(g)Wz,m,VkHD
(%1 () = 1 1 T | - Vol (S) ’
1 (Vi1 vai Vit+11
] .
Vik V2k *° Vitlk

(8.36)
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11 1
Llvit via Algr)
Ko : :
A v v Alg) | Volg ([vl’”"vk’A(g)D
A(Ay1(g) = 1 1 --- 1 - Vol (S) ’
11Vvi1 v21 Vi+11
E . .

Vik V2k = Vi+lk

Using Theorem 8.14 we prove an analogue of Theorem 8.12 for k-simplices in R¥.

Theorem 8.15 Let L satisfy properties L1, L2 and L3 on a nonempty set E, A be a posi-
tive normalized linear functional on L and A defined asin (8.21). Let f be a convex function
on a k-simplex S = [v{,vy,...,vip1] inR¥ and Ay, . .., Ay be barycentric coordinates over
S. If J is an interval in R such that f(S) C J and F: J x J — R an increasing function in
the first variable, then for all g € L* such that g (E) C S and f(g) € L we have

F(A(£(2)).£(A(9))) (8.37)
< mpr (G 2 4+ G

—A(min {24(8)}) S5 01, ). S () )
k+1 k+1
= maxF (Z wif (vi) = A(min {A(¢)}) S (v, ovie), f (Z HWi)) :
k i=1 i=1

Proof. Analogous to the proof of Theorem 8.12, with substitutions

~ Vol ([x,va, ..., virt]) Vol ([vi, ..., v, x])
w = peees Mkl = )
Vol (S) Vol (S)

and
k+1

X = 2 MUivi.
i=1
O

Remark 8.8 If all the assumptions of Theorem 8.14 are satisfied and in addition f is
continuous, then

f(A(g) < A(f(2))

k+1
< ilA(ki(g))f(w)—A(min{xi(g)})s§+1(v1,...,vkﬂ)
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Vol ({X(g),vz, ... ,kaD Vol ([vl,vz, ... ,A(g)D
= Vol (S) fo)+-+ VoIr(S) S(ig1)
—A(min {Ai(g) ) S (v, vk (8.38)

The first inequality is McShane’s (8.24) and the second one is Theorem 8.14.

Example 8.1 Let S = [v1,vs,...,vi.1] be a k-simplex in R and f a continuous convex
function on S. Let (E, <7, 4) be a measure space with positive measure A such that A (E) <
oo, Let L be a linear class of measurable real functions on £. We define the functional

A:L— Rby
A@)Z;égéﬁ@MXW-

It is obvious that A is a positive normalized linear functional on L. Then the linear operator

A is defined by
1
= — t

We denote e [2g(t)dA(t). If g (E) C S and f(g) € L, then from (8.38) it follows

eg=
f(@) < A(f(g) (8.39)
Volg ([8,v2,-- -, vkt 1)) Vol ([vi,...,v.8))
: Voik ) ) V(l)lk(S) d

( /mln{/l k1A )) S v ).

Remark 8.9 Let S = [v|,..., v 1] be a k-simplex in R, If we put E = S, g = ids and A
is a Lebesgue measure on S from Example 8.1, we get

Vk+1)

k+1

_ 1 1
idszm/l‘dt:\/*:k_*_—lZVi
-1

flids) = g / U

where v* is the barycenter of S. Now we have

i 1
107) < g7 [ 10

VOlk ([V*,Vz,...
S|

: kt1
_ (é_|./smin{/l,~(t): i= 1,...,k+1}dt) [Zf —(k+1)f(v )]

k+1
k+1 (Zf )— (ﬁ/smin{&'(r): i:1,...,k+1}dt>

k+1

Zf vi)— (k+1)f(v )]. (8.40)

Vol ([ve,...,vi,v*])

s Vi l])
S f )+ S|

Frr1)
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Fori=1,...,k+ 1, let S; be the simplex whose vertices are v* and all vertices of S except
vi. Denote by v; the barycentre of S;,i = 1,...,k+ 1. Since Vol (S;) = Vol (S;), i,j =
1,...,k+1, it follows from (8.33) that # € S; implies min; A;(r) = A;(z). It follows

k+l
/ min(r)dr = / A4 (8.41)
S i
We have

1
/ Aj(t)dt = —/ Vol [Viy..ootyee o vir1] dt
Sj N S

= IVOIk [Vl, ,/ l‘dl‘,...,vk+1:|
|S| S;
= MVOI [v * = LVI *
= |S| k 1,...,Vj,...,vk+1:|—k+1 ok[vl,...,vj,...,vkﬂ]
L Nl v ] = —— 8], (8.42)
(k+1)2 kLVLseees Voo Vit (k+1)3 .

Using (8.41) and (8.42) we get

/mm/l k+1)2| | (8.43)

Now, putting (8.43) in (8.40), we have

107) < 7 [r0a

k+1

1 *
= (k+122fv’ AU

which is obtained in [78, Theorem 4.1].
It can be easily verified that the right-hand side of this inequality is equivalent to the
k-dimensional version of the Hammer-Bullen inequality, namely

1 . y k k+1 k
m./sf(l)dl‘—f(v ) < kJr—l ;f(v,')— E/Sf(t)dt

which is proved, for example in [210].
In one-dimensional case, this is an improvement of classical Hermite-Hadamard in-

equality
+b 1 b fla)+f(b) 1
f(a2 ) Sbia./a f(l‘)dISM_ZS}(a’b)’

where S%-(a,b) = f(a)+ f(b) — f(a-i-b)
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8.3 Improvements of the Giaccardi and the Petrovic
inequality

Another variant of converse Jensen’s inequality is the Giaccardi inequality, the special
case of which is the Petrovi¢ inequality (for the latter, see also Chapter 3). Improvements
of these inequalities are again obtained by means of Lemma 1.2 and are given in the sequel.

Theorem 8.16 (GIACCARDI’S INEQUALITY) Let ¢ be a convex function on an interval
I, p a nonnegative n-tuple with Y| p; = P, # 0 and X a real n-tuple. Ifx € I" and xy € 1
are such that Y} pix; = X € I,X # xo and

(Xi—_X())(.f_xl') > 07 i= 1,...,”,

then . .
pid(xi) §A¢(f)+B(ZPi— 1>¢(x0),
i=1 i=1
where
A— i pilxi —xo) B— i1 PiXi
- n . ’ \n . .
Zizlplxl X0 2,’:11’;% X0

A simple consequence of the Giaccardi inequality is the Petrovi¢ inequality:

Corollary 8.5 (PETROVIC’ INEQUALITY) Let ¢ be a convex function on [0,a],0 < a <
oo, Then for every nonnegative n-tuple p and every x € [0,a]" such that ¥} pix; =% € (0,q]

and
n

Zpixi ija ]: 1,...,”,
i=1

the following inequality holds:

S pid(x) < 0(5) + (ipi 1)¢<0>.
=1 i=1

1

For further details on the Giaccardi and the Petrovi¢ inequality see [177].

In order to improve these two inequalities, we use the left-hand side of Lemma 1.2,
which is here observed for n = 2 and for a convex function ¢ defined on an interval I, it
states that

xX+y

minp.q} |00 +00) ~20 (132 ) | < po) + a0~ 0(pr ), 6k

where x,y € I and p,q € [0, 1] are such that p 4 ¢ = 1.
Furthermore, we also prove the Lagrange and the Cauchy-type mean value theorems,
which we then use in studying Stolarsky-type means defined by the Giaccardi and the
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Petrovi¢ differences. By means of these differences, n-exponentially convex and exponen-
tially convex functions are produced, making use of some known families of functions of
the same type.

The following theorem is our main result in this scope.

Theorem 8.17 Let ¢ be a convex function on an interval I, p a nonnegative n-tuple with
Yt pi= P, # 0 and x a real n-tuple. If x € I'" and xy € I are such that ¥}, pix; =X €
1,X # xp and

(xi—x0)(X—x;) >0, i=1,...,n, (8.45)

then

n n 5 X _ xptx

2. pid(xi) SAQE)+B (D pi—1)d(x0) - 2Pn+5¢2p, — |, (840

i=1 i=1
where

Y pilxi —xo) i pixi (Xo er)
A==l PR g _SElPE s () +

Y1 PiXi— X0 Yl PiXi — X0 o= 0(x0)+0()

2
Proof. The condition (x; — xo)(X—x;) > 0,i=1,...,n, means that either xy < x; < ¥
or X <x; <xp,i=1,...,n. Consider the first case (the second is analogous).
Let the functions p, g : [x,%] — [0, 1] be defined by

For any x € [xo,X] we can write

o) =0 ( a xxo+”°x) = O(px)xo + ().

X —Xo X —Xxp

By inequality (8.44) we get for x € [xp, X]

min{p(x).4(x)} [¢<xo>+¢< 920 ("0”)]
< p()0(x0) - 4O (E) — P(p(x)x0 + ()

and then,
O(x) = ¢(p(x)xo +q(x)X)
< ¢(x0) + q(x)9(X) — min{p(x),q(x)} [(b(xo) +o(R) - 20 <xo +x>} .

Multiplying ¢ (x;) by p; and summing, we get

sz xl < szl X() +q(x,)¢(f)—min{p(xi),q(xi)}

. [‘P(xo)‘HP( ) —20 (x”x)]
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n
-xl

= ¢(f)§ — +¢ X0 ZP: szmln{l’(xz) q(xi)}
Xi— Xo+X%
:AM@+M2m7UMW*%&+%Zm—;iT
i=1 i=1

Remark 8.10 Obviously, Theorem 8.17 is an improvement of Theorem 8.16, since under
the required assumptions we have

3 3 pimin{p(s).a(x)} > 0.

What follows is an improvement of the Petrovi¢ inequality.

Theorem 8.18 Let ¢ be a convex function on [0,a], 0 < a < oo. Then for every nonnega-
tive n-tuple p and every x € [0,a]" such that 3!, pix; = X € (0,a] and
n
N pixi>xj, j=1,....n, (8.47)
i=1

the following inequality holds

n 5¢ n xl 1
Zpl xl <¢ Z —7314'5(1)217:"7—— ) (848)
i=1 =2
where 85 = ¢(0) + ¢ (%) —2¢ (3).
Proof. This is a special case of Theorem 8.17; choose xg = 0. O

Remark 8.11 The Giaccardi inequality can also be improved by means of Theorem 8.5,
viewed as a special case, similarly as in Corollary 8.1.

Assume x( < X. For m = xo and M = %, from (8.45) we have x € [m,M]" and Corollary
8.1 implies

1 Pi—x X—xoP, O Xj— x";x
. ) < i 4 = 2
2P0 () < 0 (o) + R0 () 2P+6¢2p, F—
n n 5 Xi— Xo+X%
=A¢ | Y pixi | +B| Y pi—1 |0 (x0) 2Pn+5¢2p, — XZ .
i=1 i—1 — A0

For xo > X7 | pix; we define m = Y| pix;, M = xy, so the rest of the proof is similar to
the one above.
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8.3.1 Giaccardi-Petrovic¢ differences

At the very beginning of the current section, the reader is referred to Section 1.1 in order to
study or recall the notions of n—exponentially convex and exponentially convex functions,
as well as some other related notions.

Motivated by inequalities (8.46) and (8.48), we define two functionals:

’ prxl

(8.49)
where f is a function on an interval /, p is a nonnegative n-tuple, X is a real n-tuple, X, P,,
0r,A, B are as in Theorem 8.17, and

5 n : 1 n
Oy (x,p, f) = <2pr4) -{&+@§h#§—ﬂ—2pjmx<&w>
i=1

i=1

X() +x

®i(x,p.f) = Af(D) + B <2p 1) flaw)~ L pit oy zp,

i=1

where f is a function on an interval [0,a], p is a nonnegative n-tuple, X is a real n-tuple and
X, P, &7 are as in Corollary 8.18.

If f is a convex function, then Theorem 8.17 and Corollary 8.18 imply that ®;(x, p, f) >
0,i=1,2.

Now, we present Lagrange and Cauchy type mean value theorems for the functionals
D, i=1,2.

Theorem 8.19 Let I = [a,b], p be a nonnegative n-tuple with ¥} pi =P, # 0 and x a
real n-tuple. Let X € I" and xo € I be such that Y}, pix; = X € I, ¥ # xo and (8.45) holds.
Let f € C*(I). Then there exists & € I such that

S

1(xp.f) = 1

——P1(x,p, o), (8.51)
where fo(x) = x°.

Proof. Since f € C%(I), there exist real numbers m = min_f”(x) and M = max_f"(x).
x€la,b) x€la,b)

It is easy to show that the functions f; and f, defined by
M
Al) = 2 = f),
S = () -T2

are convex. Therefore

q)l(xapafl)

>0
¢1(X7P7f2) Z 0

and we get

M
q)l(x7p7f) S ?q)l(xvp?fo)? (852)
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®1(x.p.f) = 5 D1 (x.p.fo)- (8.53)

From (8.52) and (8.53) we get

m M
Eq)l(xd’»f()) S q)l (Xapaf) S ?q)l (XapafO)'
If @ (x,p,x?) = O there is nothing left to prove. Suppose ®; (x,p,x?) > 0. Then

< Zq)l(xvpvf)

<M.
"= (I)1 (Xapaxz) B

Hence, there exists £ € I such that

_ /&)

q)l(x7p7f) - T(I)l (Xapafo)'

O
Theorem 8.20 Let I = [0,a], p be a nonnegative n-tuple and x a real n-tuple. Let X €

[0,a]" such that Y}, pix; = X € I and (8.47) holds. Let f € C*(I). Then there exists & € I
such that

1/
q)Z(X?p?f) = f ég)q)Z(vava)? (854)
where fo(x) = x.
Proof. Analogous to the proof of Theorem 8.19. O

Theorem 8.21 Ler I = [a,b], p be a nonnegative n-tuple with ¥} | pi = P, # 0 and x be
a real n-tuple. Let x € I" and xo € I be such that ¥} pix; =% € I, X # xo and (8.45) holds.
Let f,g € C*(I). Then there exists & € I such that

@ (x,p.f) _ f"(§) (8.55)

@ (x,p,g) ¢"(&)’

provided that the denominators are non-zero.

Proof. Define h € C?([a,b]) by

h= le — 28,
where
Ccl = q)l(X»P»g)» ) = q)l(xapaf)'
Now by Theorem 8.19 there exists & € [a,b] such that

(61@ Cz@) D (x,p, fo) =0.
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Since @ (x,p, fo) # 0 (otherwise we have a contradiction with @ (x,p, g) # 0, by Theorem
8.19), we get
Qi (x,p.f) _ f'(&)

@ (x,p,g)  £"(&)

O

Theorem 8.22 Let I = [0,a], p be a nonnegative n-tuple and x be a real n-tuple. Let
x € [0,a]" be such that I, pix; = % € I and (8.47) holds. Let f,g € C*(I). Then there
exists & € I such that

q)Z(vavf) _ f//(é)

= , (8.56)
q)2(x7p7g) g//(g)
provided that the denominators are non zero.
Proof. Analogous to the proof of Theorem 8.21. O

We use an idea from [90] to give an elegant method of producing an n-exponentially
convex functions and exponentially convex functions applying the functionals ®; and @,
to a given family with the same property.

Theorem 8.23 Let Y ={f;:s€J}, Jis aninterval in R, be a family of functions defined
on an interval I in R, such that the function s — [y, y1,¥2; fs] is n-exponentially convex in
the Jensen sense on J for every three mutually different points yo,y1,y2 € I. Let ®; (i =
1,2) be linear functionals defined as in (8.49) and (8.50). Then s — ®;(x,p, fs) is an n-
exponentially convex function in the Jensen sense on J. If the function s — ®@;(x,p, fs) is
continuous on J, then it is n-exponentially convex on J.

Proof. For§; € Rands; €J,i=1,...,n, we define the function

n
gy) =Y &&ifsrs; ().
ij=1 2
Using the assumption that the function s — [y, y1,y2; f5] is n-exponentially convex in the
Jensen sense, we have

n
o.vi,y2:8l = Y, &i&ilvo,yisya: fores;] >0,

vi+5j
ij=1 )

which in turn implies that g is a convex function on / and therefore we have ®;(x,p,g) > 0,
i=1,2. Hence
n
Y, &&jDi(x,p, futs; ) > 0.
i,j=1 2
We conclude that the function s — @;(x, p, f;) is n-exponentially convex on J in the Jensen
sense.

If the function s — ®;(x,p, f;) is also continuous on J, then s — ®@;(x,p, f;) is n-
exponentially convex by definition. |

The following corollary is an immediate consequence of the above theorem.
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Corollary 8.6 Let Y = {f;:s € J}, Jisaninterval in R, be a family of functions defined
on an interval I in R, such that the function s — [yo,y1,v2; f5] is exponentially convex in the
Jensen sense on J for every three mutually different points yy,y1,y» € I. Let ®; (i=1,2) be
linear functionals defined as in (8.49) and (8.50). Then s — ®;(X,p, f;) is an exponentially
convex function in the Jensen sense on J. If the function s — ®;(x,p, f5) is continuous on
J, then it is exponentially convex on J.

Corollary 8.7 Let Q = {f, : s € J}, where J an interval in R, be a family of functions
defined on an interval I in R, such that the function s — [yo,y1,v2; fs] is 2-exponentially
convex in the Jensen sense on J for every three mutually different points yo,y1,y2 € 1.
Let ®@;, i = 1,2, be linear functionals defined as in (8.49) and (8.50). Then the following
statements hold:

(i) If the function s — ®;(x,p, fs) is continuous on J, then it is 2-exponentially convex
function on J, and thus log-convex function.

(ii) If the function s — ®;(x,p, f5) is strictly positive and differentiable on J, then for
every s,q,u,v € J, such that s < u and g < v, we have

Us g (X, @, Q) < 1y (X, P;,Q), i=1,2, (8.57)
where .
D;(x,p.fs) \ —4
(cDi(va7ﬁ])> S # q’
My (%, D7, Q) = e (8.58)
%(Di(xvaS) _
P\ “eixpr) )0 ST D
for fi, fq € Q.

Proof. (i) This is an immediate consequence of Theorem 8.23 and Remark 1.3.
(ii) Since by (i) the function s — ®;(x,p, f) is log-convex on J, that is, the function
s+—log®;(x,p, f;) is convex on J. Applying Proposition 1.2 we get

logq)i(xapafs) - logcbi(X»P»fq) < logq)i(xvpvfu) - logq)i(xvpva)

(8.59)
s—q u—v
fors <u,q <v,s+# q,u+ v, and therefrom conclude that
U q(X, D;, Q) <ty (x,P;,Q), i=1,2.
Cases s = g and u = v follow from (8.59) as limit cases. O

Remark 8.12 Note that the results from Theorem 8.23, Corollary 8.6, Corollary 8.7 still
hold when two of the points yg,y,y2 € I coincide, say y; = yo, for a family of differen-
tiable functions f;, such that the function s — [yo,y1,y2; f5] is n-exponentially convex in the
Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen sense),
and furthermore, they still hold when all three points coincide for a family of twice differ-
entiable functions with the same property. The proofs are obtained by recalling Remark 1.4
and suitable characterization of convexity.
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We present several families of functions which fulfil the conditions of Theorem 8.23,
Corollary 8.6 and Corollary 8.7 (and Remark 8.12). This enable us to construct a large fam-
ily of functions which are exponentially convex. For a discussion related to this problem
see [68].

Example 8.2 Consider a family of functions

Q) ={gs:R—[0,00): 5 R}

® Se s #0,
8s\X) =
%2 s=0.

defined by

2
We have ”fix%‘ (x) = €** > 0 which shows that g, is convex on R for every s € R and s —

‘i{zx%* (x) is exponentially convex by definition. Using analogous arguing as in the proof of

Theorem 8.23 we also have that s — [yo,y1,y2;&s] is exponentially convex (and so exponen-
tially convex in the Jensen sense). Using Theorem 8.6 we conclude that s — ®@;(x,p, g5),
i = 1,2, are exponentially convex in the Jensen sense. It is easy to verify that these map-
pings are continuous (although mapping s — g is not continuous for s = 0), so they are
exponentially convex.

For this family of functions, 4 (x,®;, L), i = 1,2, from (8.58) becomes

1

D;(x,p.gs) =q
(q)i(XJnglI)) ’ s ?é %
“S,q(x7q)i7gl) = eXp(%—%>, S:C]?éoa

exp (%)

and using (8.57) they are monotonic functions in parameters s and g.
Using theorems 8.21 and 8.22 it follows that fori = 1,2

s=q=0,

MS,q(Xa q)h Ql) = log‘uS,q(qu)ia Ql)

satisfy min{xo, X} < M, ,(x,P;,Q;) < max{xo,%}, which shows that M; ,(x,®;,Q,) are
means (of xp,x1,...x,,X). Notice that by (8.57) they are monotonic means.

Example 8.3 Consider a family of functions
Q ={f;:(0,00) = R:s€R}

defined by
ﬁ s#0,1,
fs(x) = —logx, s=0,
xlogx, s=1.
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a*fs =2 _ ,(s—2)logx : :
Here X)=x""=¢e > 0 which shows that f; is convex for x > 0 and s —

> A
‘if;‘ (x) is exponentially convex by definition. Arguing as in Example 8.2 we get that

the mapping s — @ (x,p,gs) is exponentially convex. In this case we assume x; > 0,
j=0,1...,n. Notice that the functional @, is not defined in this case (of course it can be
defined for s > 0). Functions (8.58) in this case are equal to:

1
1(xp.fy) ) 74
(SHaps)™. s#4.
D s
exp(s = dglxxpp]jjf()))>> s=q#0,1,
.“s,q(xyq)l»QQ) = o1 (xpf
1(x,p, o
exp(l 211>1Xp,})0> s=q=0,
@, (x,p.fof1) L
exp( 1—W> s=q=1.

If @, is positive, then Theorem 8.21 and Theorem 8.22, applied for f = f; € €, and
g = fq € Q, yield that there exists & € [min {xo, %}, max {xp,%}] such that

q)l (Xapafs)
q)l (vaqu) .

Since the function £ — £°79 is invertible for s # ¢, we have

g

q)l (X P, fS)
(I)1 (Xa P»fq)
which together with the fact that p, 4(x, ®,Q5) is continuous, symmetric and monotonic

(by (8.57)), shows that ;4 (x,®;,€) is a mean. Now, by substitutions x; — xf, s — 2,
q— g (t #0, s # q) from (8.60) we get

min {xp, &} < ( ) o < max {xp, X}, (8.60)

. o q)l(xlvl)?fs Tiﬁq o
mln{xf),x[} < (m) < max{xf),xl},

where X' = . € delne a new mean as 10110wS:
here x' = (x,...,x). We defi foll

/t
) t
Us.gt (X, @1, Q) = (“%7?("’@1’92)) » 170 (8.61)
Usg(logx,®@1,Q),  1=0.

These new means are also monotonic. More precisely, for s,q,u,v € R, such that s < u,
q<v,s#u,q#v,wehave

Hw;t(x»q)l»QZ) < My (x,D1,9Q;). (3.62)

We know that

t

(X pafs/t))
a (X, P1,Q) = ———=
7(X, 1,9Q2) ( (%, 1) <u

.

q)l(x7p7fv/l) ) ;7

v (x,D1,Qy) =
t( ! 2) (q)l(x7pafq/l)
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for s,q,u,v € I, such that s/t < u/t, q/t <v/t and t # 0. Since L 4(x,P1,Q>) are mono-
tonic in both parameters, the claim follows. For ¢t = 0, we obtain the required result by
taking the limit# — O.

Example 8.4 Consider a family of functions

Q3 = {h;: (0,00) — (0,00) : 5 € (0,00) }

defined by
2 y § 7£ 1
hs(x) _ log
%2, s=1.

2
Since s +— ”ilx@‘ (x) = s is the Laplace transform of a non-negative function (see [211]), it
is exponentially convex. Obviously /, are convex functions for every s > 0.

For this family of functions, u 4(x,®1,€3), in this case forx; >0, j=0,1,...,n, from

(8.58) becomes

1
Dy (x,p.hs) 5=q
(7( q)) ) s#q,
@y (x,p.id-hs)
s g(x,D1,Q3) = exp( s¢>1xrl:11)hs 7s1§gs>’ s=q#1,

¢1(X7P71d'h1)> 7 s=q=1,

exp (’ 30, (x,p.r)

and it is monotonic in parameters s and g by (8.57).
Using Theorem 8.21, it follows that

MY-,C] (qu)l ) Q3) = 7L(qu) log“&q(X?q)l ) Q3)7

satisfies min {xp, ¥} < M (x,®1,Q3) < max {xo,X}, which shows that M ,(x, Py, 93) is
a mean (of xo,X1,...X,,%). L(s,q) is the logarithmic mean defined by L(s,q) =
s#£q, L(s,s) =s.

Example 8.5 Consider a family of functions

Q4 = {ks: (0,00) — (0,00) : 5 € (0,00)}

logs logq

defined by
e Vs
ky(x) = .
5(x) B
Since s — ‘i’? (x) = e V5 is the Laplace transform of a non-negative function (see [211]),

it is exponentially convex. Obviously k; are convex functions for every s > 0.
For this family of functions, u ,(x,®;,€4), in this case forx; >0, j=0,1,...,n, from
(8.58) becomes

1

@) (X,pks) | =4
C) B
Py (x.p.id-ks) 1) s=gq

‘u’S,Cl(qu)l i Q4) =
P (‘ 25D(xpk) S
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and it is monotonic function in parameters s and g by (8.57).
Using Theorem 8.21, it follows that

MS,q(qu)lag4) = - (\/E+ \/C_I) log“S.,l](qu)17Q4)

satisfies min {xo, X} < M ,(x,®;,L4) < max {xg,X}, which shows that M, ,(x,P,Q4) is
a mean (of xg,xp,...x,,%).

8.4 Refinements of the converse Holder and
Minkowski inequalities

Most of the classical inequalities have their variants involving positive linear functionals.
Among others, in [177, p. 115] we can find the following generalization of this type for the
converse Holder inequality.

Theorem 8.24 Let L satisfy conditions L1 and L2 and let A be an isotonic linear func-
tional. Let p>1, q=p/(p—1), and w,f,g > 0 on E with wfP, wgl, wfg € L. If
0<m< f(x)g~9P(x) <M forx € E, then

K(p,m.M)A? (wf?)A (wg?) < A(w/g) (8.63)
where K(p,m,M) is a constant defined as

1 1
L L (M—m)?|mMP — MmP|4

K M) =|p|?|q|1 .

(p,m,M) = |p|7q| M — ]

(8.64)

If p<00r0< p <1, then the reverse inequality in (8.63) holds, provided either A(wfP) >
0 orA(wg?) > 0.

In the sequel, we present a refinement of the converse Holder inequality, and, as its
consequence — a refinement of the converse Beckenbach inequality. We consider the
Minkowski inequality for infinitely many functions and for functionals, state its converse
and give refinements of both variants of the converse Minkowski inequality. Finally, ob-
tained results are applied to integral mixed means.

The starting point of this consideration is Theorem 1.31, cited in the introductory part
and for the sake of simplicity is again cited here, in a more suitable form.

Theorem 8.25 If ¢ is a convex function on an interval  CR, x = (x1,...,x,) € I" (n >
2), p and q are positive n-tuples such that p; > q; for all i =1,2,...,n, P, =Y | pi,
On =21, qi then

n

n 1 n n 1
N pio(x;) — P (— Zpixz) > N qid(xi) — Ond <— qm) >0.  (3.65)
i=1 i3 i=1 On 5
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Furthermore, let us recall the AG inequality in the following form.

Proposition 8.1 (AG inequality) Let a,b be positive real numbers. If o, B are positive
real numbers such that o+ 3 = 1, then

aa+ Bb > a®bP. (8.66)
If a < 0or o > 1, then the reversed inequality in (8.66) holds.

The following theorem contains, as the main result here, a refinement of the converse
Holder inequality.

Theorem 8.26 Ler L satisfy L1, L2 on a nonempty set E and let A be a positive linear
functional. Let p € R, g = =L, and w, f,g > 0 on E with wf?, wg4, wfg € L.

p—r
Let m,M be such that 0 < m < f(x)g~9/?(x) < M for x € E.
If p > 1, then
1 1
A(wfg) = K(p,m,M)A» (wfP)Ad(wg?) +A(g?, fg)N(p,m,M) (8.67)
> K(p,m,M)A? (wf?)A7 (wg?), (8.68)
where : 1
K( M) =| |117| Ié(Mfm)ﬂmM”me”H
p7m7 - p q |Mp_mp| 9
PP — 0 (MM
N(p,mM) =" (57)
MP — mP
and u Y
—m m—+
A(gq,fg)=A<W( g —|fg— =58 ))

If0<p<landA(wg?) >0, or p <0 and A(wfP) > 0, then the reversed inequalities in
(8.67) and (8.68) hold.

Proof. Putting in (8.65) p; = «, p» = B where o and 3 are positive real numbers such
that oo+ B =1, g1 = g2 = min{a, B}, ¢(x) =x”, p > 1, we have:

P
(ax+ By)’ < ax” + Py’ —min{c, B} (x”—l—y”— 2 (%) ) . (8.69)

Let h be a function in L such that 0 < m < h(x) < M for x € E, m # M, and define o

and f as follows:
M —h(x) _ h(x)—m
OC(X)— M—m ’ ﬁ(x)_ Mfm
Obviously, o(x) 4+ B(x) = 1, h(x) = o(x)m+ B (x)M. Putting in (8.69): x =m, y = M,
and above-defined o/(x) and f(x), we have

< th(x)m,urh(x)fm
—-m M—m

7P (x) MP — min{a(x), B(x)} (m”JrM” ) (#)p) .
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Multiplying that inequality with k(x) > 0 and using linear functional A we obtain:

T (MAK) ~ AGKR) +

~A(kmin{a, B}) <mP+MP— > (#)j .

Using formula min{o, 8} = %(oc +pB—|B—«al), putting h = fgfg, k =wg9, where % +

A(khP) <

— (A(kh) — mA(K)

cl/ = 1 after multiplying with M —m we get

(M —m)A(wf?) 4 (mMP — MmP)A(wg?)
+A<w(M;mgq— fg—m;M )) [mP+MP—2<#>p}
< (M7 —mP)A(wfg). (8.70)

gq

M — M
In the following text, the term A (w <TmF — ‘G— %F D) is denoted by

A(F,G).
Using AG inequality (8.66) with o = 1 >0, B = £ > 0,a = p(M —m)A(wf?) > 0 and
b= q(mM? — MmP)A(wg?) > 0 we obtain:

(M —m)A(wfP) 4+ (mMP — MmP)A(wg?)

= p(M JA( f”)+q( MP —MmP) A (wg?)

> prqt (M —m)7 (mMP — MmP) A7 (wfP)AT (wg). 8.71)
Combining (8.70) and (8.71) and rearranging, we finally have
11 1 11 1
PPt (M —m)D (mMP — Mi?) T A7 (w ) A% (g?)
M 4
+A(g?, fg) |m" +MP =2 (%) ] < (M" —mP)A(wfg).
If p > 1, then MP —m? > 0, and after dividing with M? —m? we get
1 1
K(p,m,M)A? (wfP)Ad (wg?) + A(g?, fg)N(p,m,M) < A(wfg), (8.72)
where K(p,m,M) is a constant from (8.64) and N(p,m, M) is a constant defined as

b2 (2"
B MP — mpP )

N(p,m,M) (8.73)
Since the term A(g9, fg)N(p,m,M) is non-negative for p > 1, inequality (8.72) is an
improvement of the converse Holder inequality (8.63).
Let us discuss other cases for exponent p.
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Let p < 0. Then the function x — x” is also convex on (0,c), so inequality (8.70)
holds. Also we want to use AG inequality, but now, o0 < 0, a < 0 and » < 0 since in this
case mMP — MmP < 0. So, we have aa + Bb = —(a|a| + B|b|) > —|a|*|b|P and

(M —m)A(wfP) 4+ (mMP — MmP)A(wg?)
_ (}7|p<M—m>A<wf">| + 2 glmt? —Mmf’)A(wgm)

1 1 1 1 1 1
—|p|7|q|* (M —m)?|mMP — MmP[1AP (wfP)Ad (wgT).

Y

Combining above inequality with (8.70) and multiplying with —1 we obtain
P17 g (M — m)? [mM? — Mim? 1A% (f?)A% (wg)
—A(g, 1) [m” +MP -2 (#)p]
> —(MP —mP)A(wfg) = MV —mP|A(wfg).

A term mP + MP —2 (#)p is positive because it is a consequence of the Jensen
inequality for a strictly convex function x — x?, p < 0. After dividing with |M? —mP| =

—(MP — mP) we obtain

K(p,m,M)All_’ (wfp)A% (wg!) +A(g?, fg)N(p,m,M) > A(wfg). (8.74)

Let us point out that in this case the factor N(p,m, M) is negative.

If 0 < p < 1, then x — x” is concave on [0, ) and in (8.70) reversed sign holds. Using
AG inequality for o = § > 1, f =1 <0, a= p(M—m)A(wf?) >0 and b = g(mM” —
MmP)A(wg?) = |q| - |mMP — MmP|A(wg?) > 0 we obtain:

1 1
P71qls (M — m)7|mMP — MmP|1 A7 (wfP) A7 (wg?)

+ (g f) a2 (L) ] > a7 -t

In this case MP —m” > 0 and dividing above inequality with M? —m? we obtain (8.74).
Let us mention that in this case m” +M? —2 (#)'7 is negative, so the factor N(p,m,M)
is negative. O

One of the numerous generalizations of the Holder inequality is the well-known Beck-
enbach inequality ([214]). Here we pay attention to the converse Beckenbach inequality.
In [157] the following result (slightly modified) is given.

Theorem 8.27 Suppose that %Jré =1,a,b,c,x;,y;i >0and z; = (%)q/p, (i=1,2,...,n).
Let there exist positive numbers m and M such that

a

m< (E>q/p§M and m < i

ylfl/ p

<M, i=12,...n.
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n n %
a—i—chl’»7 a—l—cZzl’»7
i=1 i=1
n - K ,m,M n
b+c Y xiyi (p )

b+ cZziyi
=1 i=1

If p <1 (p #0), the reverse inequality holds in (8.75).

If p> 1, then

==

(8.75)

The following theorem provides a refinement of the above-mentioned converse Beck-
enbach inequality.

Theorem 8.28 Suppose that assumptions of Theorem 8.27 hold. If p > 1, then

n O\ 7
a+62xlp
i=1

1

n 14
a—+c zp
( 1:21 l) | Np.m M)A

IN

1 K(p,m,M 4 z
b+c Y xiyi (p ) b+cY ziyi b+c Y xyi
— - ) =
n P
a—l—cZzl’»7
1 i=1
SK(pmM) L ’
Y b+cY ziyi
i=1
where
M—m q /! m+M 1 m+M
_ q a)_
N Y NIy

and K(p,m,M) is defined as in (8.64). If p < 1 (p # 0), the reverse inequalities hold.

Proof. Let p > 1. From equality %-i—l = g we have
(=)
b yl b yl7

and using that equality we obtain

1 1
n P n P

p and q
<a+CiE1Zi> B <a+<b> C‘E yl.)

n a % q
b+cZz,~y,~ b+(5> cZyi

q n 7%
— (a ot ey . (8.76)
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Q=

n F n
The product (a +coy ol ) (a Pbitc D y?) is one side of the Holder inequality
i-1 i=1

for two sequences: (a?,xy,...,x,) and (a ?b,yy,...,y,) with weights (1,c,...,c). Using
inequality (8.67) we get

n » % g n 4 é 1 n
a-l—ci;lxi a qu-l—ci;yi < m b+ci:21x,~y,~—A~N(p,m,M) ,

where K and N are defined in Theorem 8.26 and A is defined in Theorem 8.28. Dividing
the above inequality with (b+c Y}, x,'y,')(a"’/”b‘/ +cyly yf’)l/" and using result (8.76),
we get the desired improvement. |

Now we investigate the converse Minkowski inequality for functionals and the converse
of the continuous form of the Minkowski inequality. In [177, p. 116] one can find the
following form of the converse Minkowski inequality for functionals.

Theorem 8.29 Let A,p,q,w, f,g be as in Theorem 8.26 with additional property w(f +
g)P € L. Let m and M be such that 0 < m < f(x)(f(x) +g(x))"' <M and 0 < m <
g(x)(f(x) +g(x))"" <M, forx € E.

If p> 1, then

AP (w(f +8)P) = K(p.m,M) - (A% (wf?)+ AP (wgp)>, 8.77)

where K(p,m,M) is defined as in (8.64).
If0< p < 1lorifp<QO, then the reverse inequality in (8.77) holds, provided that
Aw(f +g)?) >0, for p <0.

Using the improvement of the converse Holder inequality, we can prove the following
improvement of the converse Minkowski inequality for functionals.

Theorem 8.30 Let the assumptions of Theorem 8.29 be satisfied. Then for p > 1

AP (w(f+8)") = K(p,m,M) (AT (wf?) + A (wg)) (8.78)

A((f +8)P, f(f+8)P ) +A((f+8)" 8(f +8)P 1)
AT (0(f +8)7)

+N(p,m,M)

)

and for p < 1 (p # 0) the reversed inequality holds.
Proof. Let p > 1. Writing A(w(f + g)”) as
AWw(f+8)(f+8)" ") =Awf(f+8)" " +we(f+2)" ")
and using inequality (8.67) we obtain
AW +8)P) = AGwF(f + 8P+ Alwg(f + )P
> K(pam, M)AT (wf")AT (w0(f +8)") + A/ +8)" F(/ +8)" "IN (p,m, M)
K (p,m, M)AT (wgJAT (w(f +)7) +A((f +8)"8(f +8)" ™ IN(p,m, M)
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= K(p,m, M)AT (w(f +8)7) (A7 (wf") + A7 (wg")

N (pm, M) (A +8)" F(f +8) )+ A +8)g(f+8)"™)

Dividing by Ad (w(f +g)?) we get desired result.
If p > 1, then the second term in the sum on the right-hand side in (8.78) is non-negative
and inequality (8.78) is a refinement of the known converse (8.77). Similar proof holds for

p<1(p#0). m

The previous investigation does not cover the so-called Minkowski integral inequality.
Let (X,Zx,u) and (Y,Zy, V) be two measure spaces with o-finite measures y and v re-
spectively. Let f be a non-negative function on X x Y which is integrable with respect to
the measure p x v.

If p > 1, then

[/X (/;f(x,y)dv(y))pdﬂ(x)r S/Y(/};f”(x,y)dy(x)>édv(y). (8.79)

The above result is also called “the continuous form of the Minkowski inequality” or
“the Minkowski inequality for infinitely many functions” and, for example, it can be found
in [128, p. 41]. Considering the proof of this inequality we can conclude that there exist a
related result for other values of the exponent p (see [87]).

IfO<p<1land

L(] f(x,y)dV(y))pdu(x) >0, [ eav) >0, (u—ae)  (§80

then the reverse inequality holds.

If p < 0 and the above-mentioned assumptions (8.80) hold as well as the additional
one:

/X FPy)du) >0 (v—ae.), (8.81)

then the reverse inequality holds.

As we know, in the literature there is no result corresponding to the converse of the
above mentioned results. In the following theorem we state a converse of that variant of
the Minkowski inequality.

Theorem 8.31 Let (X,%x,u) and (Y,Zy,V) be two measure spaces with o-finite mea-
sures WL and Vv respectively. Let f be a non-negative function on X x Y which is integrable
with respect to the measure [ X V.
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f(x,y)
Jy f(,y)dv(y)

([ stonaves)anco]

> kpont) [ ([ 26 avo)enGonin| [ wan] " s s

If 0<m< <M forallxc X,y€Y, thenforp > 1

> K(pm) [ (/ f”(x,y)du(X)de(y), (8.83)

where K(p,m,M) is defined with (8.64), N(p,m,M) is defined with (8.73), H(x) =
Jy f(x,y)dv(y) and

mi= (L ("5 = o) - "E M) duw) ) avi

If 0 < p <1with(8.80)or p <0 with (8.80) and (8.81), then the reversed inequality holds.

Proof. Let us denote
= [ Fnav).

Using Fubini’s theorem we get

L (f reaven) aut) = [ e wiauo
— [ (frenave) )it
— [ (s auto) avo),
Using (8.68) for functional A(9) = fy ¢ (x)du(x) we get
[ (f oo au ) avo)
> klpan) [ [ teau ) " (f #reoanc) ()N

> kpont) [ ( [ 17)auto )W( [ B @aut >)p”dv<y>.

p—1
P

Dividing by (/ H?(x)du (x)) we get inequalities (8.82) and (8.83). a
X

_



262 8 THE CONVERSE JENSEN INEQUALITY: VARIANTS, IMPROVEMENTS. ..

8.4.1 Application to mixed means

Let r,s be two positive numbers, r < s. Let us put p = 7 and f — f” in inequalities (8.79)
and (8.83). After powering by 1 and dividing with (u(X))"/* and (v(¥))"/" we get the
following relations

. 1 , 1
. T(xy)dv(y)\ 7 s S(xy)du(x)\ s "
jX (fyf (x.y) V())) du(x) fY (fxf (xy)du( )) dav(y)

v(Y) w(X)
< (8.84)
u(X) v(Y)
and

1

"(x,y)dv(y ; B S(x,y)du(x § r
Iy (fyf (v(,;)) V(})) du(x) N Kl E I (fxf L&)) J )) dv(y) Cos
u(X) = (;’m’ ) v(Y) » (885
where in (8.85) m and M are real numbers such that 0 < m < L,y) < M. Using

Jy fr(x,y)dv(y)

notation :
LT X)dp) \ 7.
MU(f, ) = (AGRp)"s rro

in inequalities (8.84) and (8.85) we obtain the following theorem.
Theorem 8.32 Let the assumptions of Theorem 8.31 be valid. If r < s, r,s # 0, then

MO (MU(f,v), ) < MU (MVI(F ), v) (8.86)
If m and M are real numbers such that 0 < m < M <M, then
ijr(xvy)dv(y)
is] (gl (S ml (gl
M (MU v), ) = K (2 mm) MV (M8 (), v), (8.87)

where K is defined by (8.64)

Making use of (8.82), the refinement of the above mixed mean inequality can be ob-
tained. These are inequalities for mixed means, the second one is a converse of the first
inequality. Discrete version of (8.86) is given in [151, p. 109], while its converse is a new
result. It is instructive to calculate mixed means for some special spaces and measures.

Corollary 8.8 Let a,b,ct,y,r,s € R be such that a < b, r <s, o,y >0, s #0. If g:
[a,b] — R is a non-negative measurable function, then the following inequality holds:
1

s

[(Z,IW /ab(y —a)! <(y ja)a /ayg’(t)(t - a)“‘dr) % dy] (8.88)
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Furthermore, if m and M are real numbers such that for x € [0,1], y € [a, b]

g'(atx(y—a)) Y
J2er(atx(y—a)(y—a)*dy ~

0<m<

)

then

s

ﬁ /f(y —a)’™! <(y ja)a ./:g’(r)(t - a)aldt> dy] | (8.89)

> K m ). [ﬁ [o-a (e ygS(,)(,_a)yld,)?dy] ;

Proof. Let us put in (8.86) the following: X = [0,1], Y = [a,b], du(x) = x"~'dx and
dv(y) = (y—a)* 'dy, a,y € R\{0}, f(x,y) = g(a+x(y —a)) where g is a non-negative
measurable function. Then v(Y) = L (b —a)* and u(X) = %

After substitutions, inequality (8.84) becomes

5

[#s)/;s/r /01 (/abgr(a +x(y—a)(y— a)‘“dy) %X“dx] | (8.90)

< [ (byr/lf;a [ ([ asstr-apria) % (y—a)“dy] 7

Putting in the right-hand side of the inequality a new variable r = a + x(y — a), we get that
the right-hand side has a form

T

[(by —/;;a /b ((y_1 a7 ./:gs(”(f“)“df) g <ya>°”dy] - (8.91)

The same substitution is done in the left-hand side of (8.90) and we get that the left-hand
side is equal to:

s/r 1 a+x(b—a) ;
l(bwﬁ/ X1 (ia/ gr(t)(t—a)o‘ldt) dx]
—a s/r 0 X a

By the change of the variable y = a + x(b — a) in outer integral, it is further equal to

vt y—a Tt ((b—a)® N a
[(ba)‘“/’/a (ba)yl((ya)a/a g (1)t —a) lclt) ﬂ] .

s
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Finally, we get
l(b ja)y /ab(y —a)! <ﬁ /jg’(t)(t - a)fxldt> ’ dy‘| (8.92)

) [ﬁ/ab(y_a)al((yla)Y/aygS(f)(t—a)Yldf>:dy] )

where o,y > 0, r <s,r,s #0.
From (8.85), using the same substitutions, the converse of (8.88) follows. O

Let us point out that inequality (8.88) was firstly obtained in [51, Theorem 3] and it
was used for proving the well-known Hardy’s inequality. Also, let us mention that the
above inequalities about mixed means can be refined like it was done with the inequalities
in previous sections.



Chapter

Further improvements and
generalizations of the
Jessen-Mercer inequality

As we have already comprehended, Lemma 1.2 has a great impact considering the im-
provements and generalizations of a variety of the Jensen-type inequalities. We proceed
with the applications of this important monotonicity property in a similar manner. Thus
in the first section of this chapter, two improvements of the Jessen-Mercer inequality are
presented, and in the second section - a generalization of the Jessen-Mercer inequality (as
a consequence of the analogous one for the Jensen inequality) on convex hulls, with an im-
provement obtained by means of Lemma 1.2. What follows are the k-dimensional variant
of the Hammer-Bullen inequality, as well as an improvement of the classical Hermite-
Hadamard inequality. Two functionals (Jessen-Mercer differences) are consequently de-
fined and Lagrange and Cauchy type mean value theorems are proved in this setting, too.
Hence it was possible to construct a large family of functions which are n-exponentially
convex and exponentially convex, which is finally presented at the end of the chapter.
Most of the results presented in this chapter were previously published in [132].

265
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9.1 Improvements of the Jessen-Mercer inequality

Jensen-Mercer inequality (1.12) generalized by means of a positive linear functional is
called Jessen-Mercer’s inequality ([49]) and was cited in Theorem 1.13 in the introductory
part of the monograph: for a positive normalized linear functional A, for L satisfying L1
and L2 and for a continuous convex function ¢ defined on [m,M], the inequality

p(m+M—A(f) <@(m)+oM)—A(p(f)) ©.1)

holds forall f € L, such that ¢ (f), ¢ (m+M — f) € L (sothatm < f(¢t) <M forallt € E),
and is reversed if ¢ is concave.

Remark 9.1 In fact, to be more specific, the following series of inequalities was proved:

@(m+M—A(f)) < A(p(m+M-—f))
a0+ S o)
o (m)+oM)—A(e(f)). 9.2)

Furthermore, according to [102] and already cited Theorem 8.5, it was proved that if
@ is a convex function defined on [m,M], then for all g € L such that ¢ (g) € L we have
A(g) € [m,M] and the following inequality holds:

IN

IN

(@) < A oy s A8 1y gy, ©.3)
where
=5 i e de=otmton 20 ("HH).

Utilizing inequality (9.3) and Lemma 8.2, which is the generalization of Lemma 1.2
on convex sets, we will refine the series of inequalities (9.2).
The following two theorems are the main results.

Theorem 9.1 Ler L satisfy L1, L2, L3 on a nonempty set E, and let A be a positive
normalized linear functional. If @ is a continuous convex function on [m,M), then for all

f € Lsuchthat ¢ (f),p (m+M— f) € L, we have
p(m+M—A(f) < A(p(m+M—f))

< AU o () 4 AU ) <2 — m’f—MD&p

o+ o0 -a@)- [1- 2 (|- "52)) &
o (m) + 0 (M)~ A(0 (1),

IN

IN
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where
m-+M

8o =@ (m)+ (M) —-2¢ (T) (9.4)

Proof. Using the first inequality from the series (9.2) and applying inequality (9.3),
firstly to the function g = m+ M — f, and then to the function f, we obtain

@ (m+M—A(f))
< A(p(m+M—f))

< M g0+ A g ) (5 - g - ")

= oo o0~ [ g g a0 - (3 -5 )
< olm+ 000 -4l -24 (3~ 370|752 )

— olm+on-a@mn)- [1-2-a (|- 254))] 5

< @(m)+oM)-Ap(f)).
The last inequality is a simple consequence of the easily provable facts that §, = ¢ (m) +

9 (1) ~ 20 (25) > 0and 1 - 22 (|7 - 254]) >0, -

Theorem 9.2 Ler L satisfy L1, L2, L3 on a nonempty set E, and let A be a positive
normalized linear functional. If @ is a continuous convex function on [m,M), then for all

f € Lsuchthat ¢ (f),p (m+M— f) € L, we have
¢ (m+M—A(f))

< B2 o)+ A ) (3 a0 - 224 ) o
< om-+o00 -0t - 13— (a(|r- 2]} +Jaon - 222 &

IN

o+ o0 - - [1- 3704 (|- "54]) |
< @m+oM)—A(p(f),
where 8 is defined as in (9.4).

A

Proof. Inequality (9.3) provides:

M—A(f) A(f)—m 1 1 m—+M
atotr) < M2 D )+ LRy (3= - 22 ) s,
9.5)
Let the functions p,q : [m,M] — R be defined by
M—t t—m
Py =1 al)=
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For any ¢ € [m,M] we can write

M—t t—m

o) =@(—m+ o —M)=o(p(t)m+q@t)M).

By Lemma 8.2, for n =2, it follows:

@) <p(t)@(m)+q(t)pM)—min{p(r),q(1)} 5y,

where 8, = ¢ (m)+ @ (M) —2¢ (“3M). Using (8.8) we can write it in the form

o) < AL p(m+ 2 g0~ (3 - |- "2 ) 5,

Substituting # <> A (g), where g € L such that A(g) € [m,M], we get

P(A(g)) < Mil‘;ffng)w (m) +A7;4g)_:nm<p (M)~ (% - ﬁ Alg)= #D o
9.6)

Now, applying inequality (9.6) to g = m+ M — f (and using linearity and normality of A),
and then using inequality (9.5), we have

9 (mtM—A(f)
< B2 o)+ A ) (3 i fa - 224 ) o

M—m M—m
1 1 m+M
W‘MM)]_(E_W A(f)‘TD5¢

oA,
< om0 00 -al00) -4 (5~ 37 1~ "5 ) %

ol o) - | 1A

Il
S
g
+
S
=

\

=
p=3
-

\

| — |
—_
\

o (A(f# )+’A(f)@m 8

o+ o0 -ai) - [1- 370 (|- "54]) |5

IN

M—m

The last inequality is obtained applying Jessen’s inequality to the continuous and convex
function |x| so that

-2 o252 - 25)
O

Using Theorem 9.2 we can get an upper bound for the difference A (¢ (f)) — @ (A (f)),
obtained in [174].
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Corollary 9.1 Let L satisfy L1, L2, L3 on a nonempty set E, and let A be a positive
normalized linear functional. If @ is a continuous convex function on [m,M), then for all
f€Lsuchthat ¢ (f), ¢ (m+M— f) € L, we have

Ao o) < g (a (=222 ) o -2 g

M—m
where 8 is defined as in (9.4).

Proof. Theorem 9.2 gives us

Ale(f)) <@ (m)+oM)—@(A(f) —m+M)
e e

Since the function ¢ is convex, it follows that

m+M>. 9.8)

o M- A) (A1) = 20 ("5
Combining inequalities (9.7) and (9.8) we obtain

A((P(f))*q’( ()
<om)+oM)—[p(m+M—A(f)+@(A(f))]

T (=) o =),

o o220t -

== o=

IN
S

)opon-=).

9.2 Generalization on convex hulls

We present a generalization of the Jessen-Mercer inequality for convex functions on convex
hulls in R¥ and give its improvement. From these results we obtain a k-dimensional variant
of the Hammer-Bullen inequality and an improvement of the classical Hermite-Hadamard
inequality.

Let’s notice that &, from (9.3) is equal to S5, (m,M) = f(m)+ f(M) —2f (251).

The following variant of Jensen’s inequality (generalization on convex hulls) was proved
by A. Matkovi¢ and J. Pecari¢ in [136].
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Theorem 9.3 Let U be a convex subset in R* x1,...,x, €U andyy,...,y, € co({xiy,...,
Xu }). If @ is a convex function on U, then the inequality

0 (2711’1’%’ - Zyleyj) < 2?:1]’1'([’ (x;) — 2;'”:1 w;Q (yj) 9.9)
Pn - Wm o P,, - Wm ’
holds for all positive real numbers p1,...,p, and wy, ..., wy, satisfying the condition

pi>Wy, i=1,...,n,

n m
where P, = Zpi and W, = 2 wj.
i=1 j=1

Our following theorem generalizes and improves Theorem 9.3.

Theorem 9.4 Let L satisfy properties L1, L2, L3 on a nonempty set E, A be a posi-
tive linear functional on L and A be defined as in (8.21). Let x1,...,x, € R* and K =
co({x1,...,xn}). Let @ be a convex function on K and Ay, ..., A, be barycentric coordi-
nates over K. Then for all g € L* such that g (E) C K and ¢(g),Ai(g) € L,i=1,...,n, and
positive real numbers py,...,pp, with P, = Y| p;, satisfying the condition

pi>AQ), i=1,...,n, (9.10)
we have
Y pixi—A(g)
(p < fl,n_A(l) )

< Zica i (i) — By A(i(8)) @ (xi) — mini {pi — A(4i(g))} S (X1 - - Xn)

a Pn_A(l)

< Zie1 Pi@ (i) — A(@(8)) — Sp(xi,- . xn) [mini {pi — A(Ai(g))} +A (min; {Ai(g)})]

a Pn_A(l) '

(9.11)

Proof. For each t € E we have g(r) € K. Using barycentric coordinates we have
n

Ai(g(t)) >0,i=1,....n, ¥ Ai(g(t)) = 1 and
i=1

Since ¢ is convex on K, it follows that

0(5()) < S A0)00) ~min Ae()} Syl ). 1)
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Applying positive linear functional A to (9.12) we get

i (mln{/l( )}) S (x1 %),
where
lilmi(g» A ({if@) =
and

Also we have

Now we can write

Ypii—Alg) 1 .
}l)an(l) B Pn*A(l) (zpixi_ZA(li(g))xi>

TR —lA(l) lnl (pi—A(%i(8)))x
We have
P, —1A(1) ,:21 (Pi—A(i(g)) =1
and 1
Eam P AE) 20 =1
since

pi> A1) >A((g), i=1,....n.

Y pixi—A(g)

Therefore, expression
P Pn —A (1)

belongs to K.
Since ¢ is convex on K, we have

Y pixi—Al(g)
JE= )

(o)

N . pi—AA .
SP A 1:21 )(D(Xi)—miln{p&Ai(A((f)))}S(p(xl,...,xn)

Tl i (i) — XL A(Ai(g)) @ (i) — min; {p; — A(Ai(g))} S (¥, - )
P,—A(1)

is a convex combination of vectors xi,...

271
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o Zim1 i@ (i) — A(@(8)) — Sp(xi,- . xn) [mini {pi — A(Ai(g))} +A (mini {Ai(g)})]
= P A1) '
O

The following corollary shows that Theorem 9.4 is also a generalization of Theorem
9.2 on convex hulls.

Corollary 9.2 Ler L satisfy properties L1, L2, L3 on a nonempty set E, and A be a positive
normalized linear functional on L. Let ¢ be a convex function on an interval I = [m,M] C
R. Then for all g € L such that g(E) C I and ¢(g) € L, we have

@ (m+M—A(g))

< A e (s

IN
=3
g
+
=3
S

\
=
S
=

\

| —

\

S
=
=,

\

N‘
ES

I
i

N———

N———

—_
U

RS
3
=

Proof. Foreacht € E we have g(r) € 1.

Since interval I = [m,M] is 1-simplex with vertices m and M, then the barycentric
coordinates have the special form:

Mte) =55 ana ale() = £

M—m M—m
Applying functional A we have
A(e) = 1A g AGaa(e)) = A ©.14)
Choosing n =2, p1 = p» = 1, x1 = m, x» = M, it follows from (9.11) that
o (M~ A(g)
< plm) + p(on) — |2 ) L)
(5 57 00 - 521 ot + 0t 20 (222
= ) 4 A )~ (5 3 = ) s m
< @(m)+oM)—-A(e(g))
R
= ol +o00-At0)- | 1= (a5 4 (|- 224 )) ) | st
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Theorem 9.5 Let L satisfy properties L1, L2, L3 on a nonempty set E, A be a posi-
tive linear functional on L and A be defined as in (8.21). Let x1,...,x, € R* and K =
co({x1,...,xn}). Let @ be a convex function on K and Ay, ..., A, barycentric coordinates
over K. Then for all g € L* such that g (E) C K and ¢(g),Ai(g) € L,i=1,...,n and pos-
itive real numbers py,...,p, satisfying the conditions P, — A (1) > 0, where P, = ¥ | pi,
and

Srpixi—A(g)

P AL €k, (9.15)
we have
0 Y1 pixi—A(g)
Pn_A(l)

_ 20 (3 281 p) ~ Ao (5fA ()

= P—A(1)

B0 ( Eapin) — S A () () + min {AG(9)} Syt

- P,—A(1) )

(9.16)

Proof. For each t € E we have g(r) € K. Using barycentric coordinates we have
Ai(g()) >0,i=1,...,n, 3" Ai(g(r)) =1 and

Also we have

We can easily see that

1 ~ 1 &
A ®) = 3y 2A @) €K,
1 n
ml;A@i(g)) =1and A(I)A()Li(g)) >0, i=1,...n
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Using reversed Jensen’s inequality (see [177, p. 83]) and (9.17) we have

I (%ﬂ Y1 Pixi> —A(1) (ﬁg(é’))
B —A(1)

o

11 (an 27:1191961') —A(1)e (ﬁg(é’))
2 Pan(l)

P (% 2?’:1pfxz'> —AQ) g7y T A (i(8) @ () + min; {A(Ai(8))} S (x1, -, 1)
= Pn _A(l) '

O

Remark 9.2 If positive real numbers py, ..., p, satisfy condition (9.10), then condition
(9.15) is also satisfied since K is a convex set. Hence (9.11) can be extended as follows:

P (7 Zi1 po) = Sy A (Au(8)) @ () + min {A(u(g))} S (o1, x0)
Pn —A (1)
P (% S pini) ~ Ao (A (9))
= Pn_A(l)

py pixi —A(g)

o Zina i@ () — By A(i(8)) @ (xi) — mini {pi — A(Ai(g))} S (X1 - - Xn)

- Pn_A(l)
< Zie1 i@ (i) — A(@(8)) — Sp(xi,- .. xn) [mini {pi — A(Ai(g))} +A (min; {Ai(g)})]
- Pn_A(l) '

Corollary 9.3 Let L satisfy properties L1, L2, L3 on a nonempty set E, and A be a positive
normalized linear functional on L. Let @ be a convex function on an interval I = [m,M| C
R. Then for all g € L such that g(E) C I and ¢(g) € L, we have

ol M-A(6) = 20 ("3 ) - o (a(o)

> 20 (MM - [ gy 4 Ay

1 1 m+M
e |A(0)—
+(2 w—m A®) " )

Proof. Choosingn =2, x; =m, x, =M, p; = pp = | and using (9.14), the inequalities
in (9.18) easily follow from (9.16). a

(m,M). (9.18)
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Corollary 9.4 Let L satisfy properties L1, L2, L3 on a nonempty set E, A be a positive
normalized linear functional on L and A be defined as in (8.21). Let ¢ be a convex function
on k-simplex S = [vi,va,...,Vir1] in R¥ and A1, ..., A1 barycentric coordinates over S.
Then for all g € L* such that g (E) C S and ¢(g) € L we have

(k+ 1)@ (b S vi) = S 24(A(2)) (vi) + min {Ai(A(g)) } S5 (v, i)
k

_ (kDo (55 v) — 0(A(e))
- k

<o (25»‘11 wA(g))
k
_ ZE 000 SE M) () —mini {1~ A(Ae) } 557 (1 vae)
- k
SE 0 (1)~ A(9(2)) = ST (01, vier) [mini { 1 = 2i(A(g)) | +A (miny {Z4(2)))
< .
- k
(9.19)
Proof. Since barycentric coordinates Ay, ..., A;41 over k-simplex S in R¥ are nonneg-
ative linear polynomials, then A (A;(g)) = Ai(A(g)),i=1,...,k+ 1.
Choosing x; =v;,i=1,....,k+ 1 and p; = p» = --- = pry1 = 1, the inequalities in
(9.19) easily follow from (9.11) and (9.16). O

Remark 9.3 As a special case of Corollary 9.4, for k = 1, and if we take p and g as non-
pm+qgM

, we get right hand side of the inequality
r+q

negative real numbers such that A (g) =
(2.3)in [101].
Remark 9.4 Using the same technique and the same special case as in Example 8.1 and

Remark 8.9, from (9.19) we get the same results, that is, the k-dimensional version of the
Hammer-Bullen inequality, namely

1 . kKl X
m/sf(l)dl‘—f(v ) < H—lizzlf(w)_m/sf(t)dt’

and, as a special case in one dimension, an improvement of the classical Hermite-Hadamard
inequality:

() < Lo = LI s,

where S%-(a,b) = f(a)+ f(b) — f(a-i-b)
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9.2.1 Jessen-Mercer differences
Motivated by theorems 9.1 and 9.2, we define two functionals ®;: Ly — R, i = 1,2, by
Q1(p) = @(m)+oM)—@(m+M-A(f))—A(¢(f))
-2 4 mEMIN 5 9.20
[ () o 020
and
D2(¢) = @(m)+ o (M) —@(m+M—A(f))—A(p(f))
1 m+M m+M
e (- a2

where A, f and J, are as in Theorem 9.1, Ly = {@: I — R: @(f),p(m+M— f) € L},
[m,M] C 1. Obviously, @ and ®, are linear.

If ¢ is additionally continuous and convex, then theorems 9.1 and 9.2 imply @;(f) >
0,i=1,2.

In the following, with @y we denote the function defined by @g (x) = x
we need.

Now we provide Lagrange and Cauchy mean value type theorems regarding the func-
tionals ®;, i =1,2.

2 on any domain

Theorem 9.6 Let L satisfy L1, L2 and L3 on a nonempty set E, and let A be a positive
normalized linear functional on L. Let f € L be such that oo € Ly, f(E) C [m,M] C I and
let ¢ € C*(I) be such that ¢ € Ly. If ®y and ®; are linear functionals defined as in (9.20)
and (9.21), then there exist & € [m,M],i = 1,2 such that
3
®;(p) = ‘pT(g’)cpi(q;o), i=1,2.
Proof. We give the proof for the functional ®;. Since ¢ € C?(I), there exist real

numbers @ = min @”(x) and b = max ¢”(x). It is easy to show that the functions
xe[m,M] x€[m,M]
@1, ¢ defined by
b a
¢1(x) = Exz —0(x), @2(x) = f(x) - Exz

are continuous and convex, hence @ (¢;) > 0, ®;(¢2) > 0. This implies
a b
th(fpo) < @) < §<I>1(<po)-

If @ (¢o) = 0, there is nothing to prove. Suppose @; (¢p) > 0. We have

a<

<b.
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Theorem 9.7 Let L satisfy L1, L2 and L3 on a non-empty set E, and let A be a positive
normalized linear functional on L. Let f € L be such that ¢y € Ly, f(E) C [m,M] C I and
®1,02 € C2(1) such that @1, @, € Ly. If ®1 and @, are linear functionals defined as in
(9.20) and (9.21), then there exist & € [m,M], i = 1,2 such that

Di(e1) _ o1(S)
Qi(p2)  @Y(&)

provided that the denominators are non-zero.

= 1727

Proof. We give the proof for the functional ®;. Define ¢3 € C?([m,M]) by

¢3 =191 — 202, where ¢ = @ (), c2 =P1(¢).

Using Theorem 9.6, we get that there exists &; € [m,M] such that

(o150 480 0y ) 0

Since @ (¢p) # 0, (otherwise we have a contradiction with @ (¢,) # 0, by Theorem 9.6),

we obtain
Qi) _ 9/ (&)
Qi(p2) @y (&1)

O

We use an idea from [90] to give an elegant method of producing n-exponentially con-
vex and exponentially convex functions, applying the functionals ®; and @, to a given
family of functions with the same property.

Theorem 9.8 Ler ®;, i = 1,2, be linear functionals defined as in (9.20) and (9.21). Let
Y ={q@s: s €J}, where J is an interval in R, be a family of functions defined on an open
interval I such that Y C Ly and that the function s — [yo,y1,y2; Q] is n-exponentially con-
vex in the Jensen sense on J for every three mutually different points yy,y1,y2> € I. Then
s +— D;(¢5) is an n-exponentially convex function in the Jensen sense on J. If the function
s+ ©;(@y) is also continuous on J, then it is n-exponentially convex on J.

Proof. For&; eR,i=1,...,nands; €J,i=1,...,n, we define the function y: I — R
by

20)= 3 EE101:1, ).

i,j=1

Using the assumption that the function s — [yo,y1,¥2; @s] is n-exponentially convex in the
Jensen sense, we obtain

n
Vo, y1,y2: ] = 2 ‘gi@jb’o,ybyz;fps,-;s,-] >0,
ij=1
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which in turn implies that ) is a convex (and continuous) function on /, and therefore
®;(x) >0,i=1,2. Hence

n

Y, &i&iPi(@sts) > 0.

i,j=1 2

We conclude that the function s — ®;(¢y) is n-exponentially convex on J in the Jensen
sense. If the function s — ®; (@) is also continuous on J, then s — ®; (@) is n-exponentially
convex by definition. |

The first of the following two corollaries is an immediate consequence of Theorem 9.8.

Corollary 9.5 Let ®;, i = 1,2, be linear functionals defined as in (9.20) and (9.21). Let
Y ={q@s: s €J}, where J is an interval in R, be a family of functions defined on an open
interval I such that Y C Ly and that the function s — [yo,y1,y2; @s| is exponentially convex
in the Jensen sense on J, for every three mutually different points yy,y1,v> € I. Then
s — @;(@y) is an exponentially convex function in the Jensen sense on J. If the function
s+ @;(@y) is continuous on J, then it is exponentially convex on J.

Corollary 9.6 Let ®;, i = 1,2, be linear functionals defined as in (9.20) and (9.21). Let
Q ={q@s: s €J}, where J is an interval in R, be a family of functions defined on an open
interval I such that Q C Ly and that the function s — [yo,y1,y2;@s] is 2-exponentially
convex in the Jensen sense on J, for every three mutually different points yo,y1,y2 € 1.
Then the following statements hold:

(i) If the function s — ®@;(@y) is continuous on J, then it is 2-exponentially convex func-
tion on J. If s — ®;(@y) is additionally strictly positive, then it is also log-convex on

J.

(ii) If the function s — @;(@y) is strictly positive and differentiable on J, then for every
s,q,u,v € J, such that s < u and g < v, we have

Ms,g (Di, Q) < Ly (D;, Q), i=1,2, (9.22)

where

1
q)i(qJK) ﬁ S;ﬁ
D; ’ q,
e g (@1, Q) = ( ("’f’;_lli(%) (9.23)
exp( B0 )>S=q,

for @5, 04 € Q (U 4(P;,Q),i = 1,2, are the Stolarsky type means.)

Proof. (i) This is an immediate consequence of Theorem 9.8 and Remark 1.3.
(ii) Since by (i) the function s — ®@;(¢y) is log-convex on J, that is, the function s —
log @;(¢y) is convex on J, applying Proposition 1.2 we get

log ®i(s) —log @i(9y) _ log Pi(¢u) —logPi(¢y)

s—q u—v

(9.24)
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fors <u,q <v,s+#q,uv, and therefrom conclude that
s g (@i, Q) < (P}, Q), i=1,2.

Cases s = g and u = v follow from (9.24) as limit cases. O

Remark 9.5 Note that the results from Theorem 9.8, Corollary 9.5, Corollary 9.6 still
hold when two of the points yg,y;,y2 € I coincide, say y; = yo, for a family of differ-
entiable functions @, such that the function s — [yo,y1,y2; @s] is n-exponentially convex
in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen
sense), and furthermore, they still hold when all three points coincide for a family of twice
differentiable functions with the same property. The proofs are obtained by recalling Re-
mark 1.4 and suitable characterization of convexity.

Now, we present several families of functions which fulfil the conditions of Theorem
9.8, Corollary 9.5 and Corollary 9.6 (and Remark 9.5). This enables us to construct a
large family of functions which are exponentially convex. For a discussion related to this
problem see [68].

In the rest of the section we consider only ®; and ®, defined as in (9.20) and (9.21),
with A being continuous and f such that compositions with any function from the chosen
family €Q;, as well as with other functions which appear as arguments of ®@; and ®@,, remain
in L.

Example 9.1 Consider a family of functions
Q) ={gs: R—[0,00): s € R}

defined by

2 . .

We have ”Zx%‘ (x) = €* > 0, which shows that g, is convex on R, for every s € R and
2

ilx%‘ (x) is exponentially convex by definition. Using analogous arguing as in the proof

of Theorem 9.8 we also have that s — [yo,y1,y2:8s] is exponentially convex (and thus
exponentially convex in the Jensen sense). Using Corollary 9.5 we conclude that s —
®;(gy), i = 1,2, are exponentially convex in the Jensen sense. It is easy to verify that these
mappings are continuous (although mapping s — g is not continuous for s = 0), so they
are exponentially convex.

For this family of functions, 4 (®;,Q1), i = 1,2, from (9.23) become

S

(365)7 s#e
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and, by (9.22), they are monotonic functions in parameters s and g.
Using Theorem 9.7, it follows that fori = 1,2

M; (@i, Q1) = log ls,q(Pi, Q1)

satisfy m < M 4(®;, Q) < M, which shows that M, ,(P;,Q,) are means (of a function g).
Notice that by (9.22) they are monotonic.

Example 9.2 Consider a family of functions

Q) ={fs: (0,0) > R: s ¢ R}

defined by
S(;Cfl)v s # 07 17
fs(x) = § —logx, s=0,
xlogx, s=1.
Here, i;g? (x) =2 = e720¥ > (0, which shows that f; is convex for x > 0 and s
‘Z{é‘ (x) is exponentially convex by definition. Arguing as in Example 9.1 we get that the
mappings s — ®;(gs),i = 1,2 are exponentially convex. Functions (9.23) in this case are
equal to:
1
Di(fs) | 54
(567) " S7 4
1-25 _ @i(fsfo) —
exp (S(S,f) - @l(f:)) ) y =4 7é 07 17
‘u's,‘l(q)hgz) = @ (fz)
i fo
w1 UH). o=am

If @; is positive, then Theorem 9.7 applied for f = f; € £, and g = f, € Q; yields that
there exists & € [m,M] such that

ésfq q)i(fY)

S Di(fy)
Since the function & — £%79 is invertible for s # g, we then have
1
(I)i(fs) ) =a
m < <M, (9.25)
<q)i(fq)

which together with the fact that u, ,(®;,Q,) is continuous, symmetric and monotonic (by
(9.22)), shows that i ,(®;,Q,) is a mean (of a function f).

Example 9.3 Consider a family of functions

Q3 = {hy: (0,00) — (0,00): s € (0,00)}
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defined by
s
o s#F L
hy(x) = ir; ’
5 s=1.
Since s — ‘fx';s (x) = s* is the Laplace transform of a nonnegative function (see [211]), it

is exponentially convex. Obviously, &, are convex functions for every s > 0.
For this family of functions, 4 (®;,Q3), i = 1,2, from (9.23) become

(B e

,us,q(q)i»Q'S): exp(—m——z), s=q#1,

sD;(hy) slns

2<1>,~(id-h1)> ’

exp (— 30,0y s=q=1,

and are monotonic in parameters s and g by (9.22).
Using Theorem 9.7, it follows that

M; 4 (@;,Q3) = —L(s,q)1og s ¢(Pi, Q23)

satisfies m < M 4(P;,Q3) < M, which shows that M ,(P;, Q3) is a mean (of a function h).
L(s,q) is the logarithmic mean defined by L(s,q) = 1555, § # 4 L(s,5) = s.
Example 9.4 Consider a family of functions

Q4 = {ks: (0,00) — (0,00) : 5 € (0,00)}

defined by
e Vs
ks(x) = -
Since s — % (x) = e~*V5 is the Laplace transform of a nonnegative function (see [211]),

it is exponentially convex. Obviously, k; are convex functions for every s > 0.
For this family of functions, i 4(®;,Q4), i = 1,2, from (9.23) become

1
@; (k) \ 54
QQD ; s #q,

U (i Q) = ( ofik) _ 1)

exXp (72¢§q>,-(ks) %

and are monotonic in parameters s and g, by (9.22).
Using Theorem 9.7, it follows that

Mqu(q)hQ“) = (\/E+ \/6_1) IOg‘LLS’q(CI),',QA‘)

satisfies m < M 4(®;,4) < M, which shows that M ,(®;,€24) is a mean (of a function k).






Chapter 10

New improved forms of the
Hermite-Hadamard-type
inequalities

In this chapter, improvements of various forms of the Hermite-Hadamard inequality (the
ones of Fejer, Lupas, Brenner-Alzer, Beesack-Pecari€) are presented. It is interesting that
these improvements also imply the Hammer-Bullen inequality which deals with a compar-
ison of the left-hand and the right-hand side of the Hermite-Hadamard inequality. These
improvements are given in terms of positive linear functionals and are again obtained by
means of the monotonicity property of Lemma 1.2, adjusted to this environment. Obtained
results are used in constructing new families of exponentially convex functions.
All new results in this chapter are contained in paper [101].

10.1 More on the Hermite-Hadamard inequality

The Hermite-Hadamard inequality was discussed in detail in Chapter 1, (see Theorem
1.23). Namely, for a convex function f defined on [a,b] C R, where a < b, is

J(55) st w250

283
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The Hammer-Bullen inequality, (see Theorem 1.24 and the related considerations in
Chapter 1 for details), proves that the first inequality in (10.1) is stronger than the second

one: | /abf(x)dx_f<a+b> _S@ ) 1 /abf(x)dx. (102)

b—a 2 2 b—a
In 1906, Fejér, while studying trigonometric polynomials, obtained inequalities which
generalized those of Hermite. He proved that if w : [a,b] — R is a nonnegative integrable
function such that the curve y = w(x) is symmetric with respect to the straight line x =
(a+Db) /2, then for every convex function f : [a,b] — R the following inequalities hold
(see [177, p. 138]):

f(‘”f) /abw(x)dxg/abw(x)f(x)dxg M/abw(x)dx. (10.3)

Obviously, for w = 1, the inequalities in (10.3) become the Hermite-Hadamard in-
equality. Another generalization of the Hermite-Hadamard inequality was given in [124]
and [130] (or see [177, p. 143]).

Theorem 10.1 Let p,q be given positive numbers and [a,b] C I, a < b. Then the inequal-

ities
patgb\ _ 1 (Tt pf(a)+qf(b)
f( . )gzy/” floe < PEE (10.4)

hold for T = (pa+gb)/ (p+q), y > 0 and all continuous convex functions f : I — R if

b—a .
y< mmm{p,q}-

It can be easily verified that for p = ¢ =1 and y = (b — a) /2 the inequalities in (10.4)
become the Hermite-Hadamard inequalities. Using the same technique as in the proof of
(10.2) (see [170]) it can be proved that the first inequality in (10.4) is stronger than the
second one, that is,

1 Tty a+qgb a)+qf() 1 [Tty
_/ f(x)dx—f(p q )SPf( )+af( )__/ Fdx. (10.5)
2y Jr—y ptq p+q 2y Jr-y

In [10] Brenner and Alzer proved the following generalization of the Hermite-Hadamard
inequality which is in fact a Fejér-type variant of (10.4).

Theorem 10.2 Let p,q be given positive numbers and let w : [a,b] — R(}L be integrable
and symmetric with respect to the line x = (pa+gb) / (p + q) =T, in the sense that w (T +1)
=w(T —1),forallt € [O b—d min {p,q}] If f : [a,b] — R is a convex function, then for

" ptq
all y € R such that
b—a
0<y< ——min{p,q (10.6)
T a {p.q}

the following inequalities hold:

pa+qgb\ [T+ T+y pf(a)+qf(b) [T+
f( - )/ wavs [ i) pajar < PHOEILEL [T, 00,
(10.7)




10.2 IMPROVEMENTS 285

Theorem 10.1 was generalized for positive linear functionals in [31].

Theorem 10.3 Let L satisfy L1, L2 on a nonempty set E and let A be a positive normal-
ized linear functional. If f: I — R is a continuous convex function and |a,b] C I, where
a < b, then for all g € L such that f (g) € L the inequalities

a—+qb a)+qf (b
f<u) <A(f(g) < DL @ *af () (10.8)
rP+tq rP+tq
hold, where p and q are any nonnegative real numbers such that
pa—+qb
A(g) = . (10.9)
(g) Py

Remark 10.1 It can be easily verified that Theorem 10.2 (and therefore Theorem 10.1)
can be obtained as a special case of Theorem 10.3. Namely, for given positive numbers p
and g, T and w as in Theorem 10.2 and y satisfying (10.6) such thatw = fTTf;w (x)dx#£0,
we define E = [a,b], L= % (E), g = idg and

AU = [ e

Here % (E) denotes the subspace of all (bounded) R-integrable functions on E = [a,b].
Observe that A is a positive normalized linear functional and

1 /Tﬂ pa-+qb

A(g)=A(idg) == dx=T =
() =Ads) = [ o o

By Theorem 10.3 we immediately obtain (10.7).

10.2 Improvements

We now provide the improvements of the forms of the Hermite-Hadamard inequality,
which were analyzed in the previous section. By means of these, new families of ex-
ponentially convex functions are constructed.

With I we denote an interval in R and with [a,b] an interval in R such that —eo < a <
b < oo,

We make use of Lemma 8.1, as a a special case of Lemma 1.2 forn = 2.

Our main result in this scope is the following improvement of Theorem 10.3.

Theorem 10.4 Let L satisfy L1, L2 and L3 on a nonempty set E and let A be a positive
normalized linear functional. If f : I — R is a continuous convex function and [a,b] C I,
then for all g € L such that g (E) C [a,b] and f (g) € L we have A(g) € [a,b] and

patgb prl@)+af(b) s
f( p+a ) SAU(9) = = 0 = —4@), (10.10)
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where p and q are any nonnegative real numbers such that

pa+qb
Ag) = (10.11)
@) ==
and g, 8y are defined by
1 |g— 4321 a+b
~:_177 - =
=21 BT = ra) ) -2

Proof. Firstly, note that g (E) C [a,b] implies
a=A(al)<A(g) <A(bl)=hb,

hence there exists a unique nonnegative real number A € [0,1] such that A(g) = Aa+
(1—A)b. If p,q are nonnegative real numbers satisfying (10.11), then

P, 1
p+q 7 ptq

From Jessen’s inequality we have

—1-4

pa+qb\
£(PE) — ) =AU (@),

which is the first inequality in (10.10).
By Lemma 8.1, for n = 2, we have

f(g(X))=f<b_g(x)a+g(x) )

b—a b
§%§%¥@+“ﬂ r )

b
L fb—g(x) g(x) - a+b
min{ £, £ )4 5 0) - 21 .
Applying A to the above inequality, we obtain

A )+ A=) g) [f<“>+f( ) f<a+b>}’

A(f(g) <
where g is defined on E by

—gx) gx)—a x) — &b
g(x):min{bbgi),gg))a }:%_Lg(b)az |

and by L3 it belongs to L. By (10.11) we obtain
pfla)+qf(b 8
pr@*al®b) s,
p+q
which is the second inequality in (10.10). a

A(f(g) <
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Remark 10.2 Theorem 10.4 is an improvement of Theorem 10.3, since under the re-
quired assumptions we have

A(g)@—A(%l%) (r@+s0)-21(57)) 20

Furthermore (this will be important in the following considerations)
L le=2]

0<Al z1———| <

< ( 5 A <

The following theorem is another improvement of Theorem 10.3.

Theorem 10.5 Ler L satisfy L1, L2 and L3 on a nonempty set E and let A be a positive
normalized linear functional. If f : I — R is a continuous convex function and [a,b] C I,
then for all g € L such that

g(E) S [a,b] and f(g) el

and for all y such that
b—a
0<y< ——min{p,q}, (10.12)
P {p.a}
we have
pa+gb
f<———>§Afg (10.13)
) AU )
pfla)+qf o [Pfla)+qf (b pa+qb
_pf@raf®) o TPf@) et () |
rP+q p+q p+q
where p and q are any nonnegative real numbers such that
A(g) = Petab (10.14)
r+q
and g is defined by
1 _
g:_l_w Alg)l]
2 2y

Proof. First note that from g (E) C [a,b] follows A(g) € [a,b] and by (10.12) we have
a<A(g)—y<A(g)+y<b.
If we apply Theorem 10.4 to a; = A(g) —y, by = A(g) +y, we have that

A(g)—y+A(g)+y ai+b
Ag) = A AR Y _ath
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which implies that we can set p = ¢ = 1 and by (10.10) we obtain

f(A(g) <A(f(2)
and
A (g) < LA ETAOEN 4 (4 (0) )+ £ A () +9) -2 (A (2))]
= (1-24() TACWIETEWED o ) (4 ).

Since f is convex on [a,b], we know that

Flale) -y < LAY g AWy

Fag) +y) < T AN ) ALY
hence

f(A(g)*y);f(A(g)ﬂ) < b;éig)f(aH%f(b)-

If p and ¢ are any nonnegative numbers such that (10.14) holds (note that they are different
from those we started with), we obtain

[(Ag)=y)+/(A)+y) _ pfla)+af(b)
2 I 'l

Considering all this and the fact that 1 —2A (g) > 0 (see Remark 10.2), we deduce

atre) < (1-24@) LD 5 0) 7 a )
_pfl@)+af(®) |, . [pfla)+af(b) . (pa+gb
- ptg 24@) p+q f( p+q ﬂ

O

From (10.13) we can easily obtain a Hammer-Bullen type inequality for positive linear
functionals.

Corollary 10.1 Under the conditions of Theorem 10.5 the following inequality holds:

o | P (@) +af (b) . pa+qb
(124 () | POELE) (10| > 2009 4 - (P22 )]

In the sequel, we show how these results can be used to obtain refinements of the
previously given inequalities as well as the related Hammer-Bullen type inequalities.
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Corollary 10.2 Let p,q be given positive numbers andlet w: [a,b] — Ry be an integrable
function which is symmetric with respect to the line x = (pa+qgb)/(p+q) =T, in the
sense that

(Vt € {0, %min{p,q}b w(T +1)=w(T —1).

If f : la,b] — R is a convex function, then for all y € R such that

b—a
0<y< ——min{p,q (10.15)
P {p.a}
and
T+y
W:/ w(x)dx # 0
T—y
the following inequalities hold:
patgb\ _ 1 [T pf(a)+4qf(b)
f(7>§:/ w(x) f(x)dx < =———2 — A, 07, (10.16)
) < [ e A

where

Ay =

N —

1 [T+y x—#

7%/ b—a dx,
b

8= f(a)+ f(b)— 2f(“+ )

Proof. This is a special case of Theorem 10.4. First note that for some given positive
numbers p,q and T = (pa+ gb) / (p+ q) the assumptions on y imply a < T —y < T +y <
b, hence f is defined on [T —y,T +y]. If we choose E, L, A and g as in Remark 10.1, all
the conditions of Theorem 10.4 will be satisfied and (10.10) accordingly becomes

f(M) < ; /T.T+yw(x)f(x)dx< M —A(g) 6y,

rt+q -y B p+q
where
1 T+y
A@ == [ Twixgxa (10.17)

W JT—y
BRI e

=-—= dx=A
2 iﬁéuy A — v

The condition on continuity of f on [a,b], required in Theorem 10.4 for an arbitrary chosen
A, just like in Jessen’s inequality, can be omitted in this special case. O

Remark 10.3 Let us emphasize here that under the conditions of Corollary 10.2 we have
A, 87 > 0, hence (10.16) is a refinement of (10.7).

If we want to simplify A,, from the previous theorem we have to consider four cases:
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(i) T € (a,(3a+b) /4] and y satisfying (10.15) or T € ((3a+b) /4,(a+b) /2] and 0 <
y<(a+b)/2—-T.
For such T and y we have x — (@ +b) /2 <0, for all x € [T —y,T +y], hence

11 ’ -
Ay = — dx
" JrW/Tfy W) b—a

2
1+ T atb T-a
2 b—a 2b—-a) b—a

Here we used the fact that symmetry of w yields

1 T+y
— w(x)xdx=T.
w Tfy

(i) T €((3a+0b)/4,(a+b)/2] andy > (a+b) /2 — T, but still satisfying (10.15).
For such T and y the function defined by v = x — (a + b) /2 changes sign on [T —y,
T +y], hence we leave A,, in the form (10.17).

(iii) T € ((a+b)/2,(a+3b)/4,] andy > T — (a+b) /2, but still satisfying (10.15).
For such T and y the function v defined by v = x — (a+b) /2 changes sign on
[T —y,T +y], hence we again leave A,, in the form (10.17).

(iv) Te((a+Db)/2,(a+3b)/4,]and0<y<T —(b+a)/20rT € [(a+3b)/4,b) and
y satisfying (10.15).
For such T and y we have x — (a+b) /2 > 0, for all x € [T —y,T +y], hence in a
similar way as in (ii) we obtain

As a special case of Corollary 10.2, we obtain the Hammer-Bullen inequality (10.2).

Corollary 10.3 If f : [a,b] — R is a convex function, then the inequality

f«»;f@)_blaééﬂﬂdxzblalff@ﬁu_f<“;b> (10.18)

holds.

Proof. This is a special case of Corollary 10.2 forw=1,p=g=1,y=(b—a)/2.In

this case we have
T+y b
/ w(x)dx:/ dx=b—a,
T—y a

so it follows from (10.16) that

f(ﬁb)ﬁl f}mmsi@gﬂﬁfm&~ (10.19)

2 b—a
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A simple calculation gives A,, = 1/4, hence

L@LIO) 5, HOLIO) i) )2y (412)]

1 (a+b fla)+ f (D)
_Ef( - )+ I, (10.20)

From (10.19) and (10.20) we obtain

2f (a;b) < bial/a‘bf(x)dxg(a;b) D10

which implies

'f(a);f(b) - bia/abf(X)dxz bfla/abf(x)dxf(a;b)

O

In a similar way, as a special case of Corollary 10.2 we obtain (10.5), but we skip its
proof here.

Corollary 10.4 Let p,q be given positive numbers andlet w: |a,b] — R; be an integrable
function, symmetric with respect to the line x = (pa—+qb) / (p+q) = T, in the sense that

(Vt € [0,min{T —a,b—T})w(T +t)=w(T —1).

If f : la,b] — R is a convex function, then for all y such that

0<y< =% min{p.q} and T () £0
<y< ——minqp,q; an W:/ w(x
rP+q T—y

the following inequalities hold

pa+qgb 1 [T+
F(PE) < L [ s 1021
cpfla+afb) (pf(a)+qf(b) f(Pa+qb>)
T ptg " p+q p+q ))’
where ) oy ,
szlfﬁ [/T w (x) xdx — Tyw(x)xdx].

Proof. This is a special case of Theorem 10.5, for E, L, A and g as in Remark 10.1. In
this case (10.13) becomes

pa+qgb 1 Ty
f(m) < %/Tiy w(x) f(x)dx

pf(a)+qf (b) . [pfla)+qf(b) pa+qb
= p+q ZA(g)[ p+aq f( p+aq ﬂ
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where
A(g ! ! " T|dx
@=3 57 ), w7l
1 1 T T+y T T+y
_——_[T w(x)dxfT/ w(x)dxf/ w(x)xder/ w(x)xdx]
2 2yw T—y T T—y T
L L e [ ar| = 2a
_E_Zy—w /T w(x)x —.Tiyw(x)x =58

O

Remark 10.4 A Hammer-Bullen type inequality follows easily from (10.21). Namely,
under the conditions of Corollary 10.4, the following inequality holds:

(1-A,) {M 1 /‘”yw(x)f(x)dx]

P+q wJr—y
1 [Tty pa+qb
> A, [%/ w(x)f(x)dx—f<—p+q )]

In the following corollary we give a refinement of the discrete analogue of the Hermite-
Hadamard inequality (see [177, p. 145]).

Corollary 10.5 Let x; < xy < -++ < x, be equidistant points in I. Then for every convex
Sunction f : I — R the following inequalities are valid:

Jr - 1 n
f<x12x ) SZizzlf()ci)

. M*An (.f(x1)+f(xn) f(xﬁxn))’

where

Al’l: 7I{GIN‘O.

1—Jth n=2k+1
1 n="2k

— Kk
2%—1>

Proof. This is a special case of Theorem 10.4 for E = [a,b] = [x1,x,], L=RE g =
idg and A defined by

n

AU =37 ().

i=1

Since
(VZ'E{I,...,YL*I}) Xit1 —Xi =h,
we have
) 1 nx1+ (n—1)(h+(n—1)h)
A(g)=Alidp) ==Y x;= 2
niz n

2+ (m=1)h  x+x,
N 2 o2
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that is, we can choose p = ¢ = 1 and (10.10) becomes

+ n 1 d + n ~
f(x1 ’“><ZIZIf < LT g5,
where
5 _Z(f(xl);rf(xn) f<x1J2Fxn>)
and
1 1 L Xt
A(g)_zin(x —xl)zl1 i 2
1 1 d , 2x1+(n—1)h
2*n(n—1)hl§1x‘+(’*l)h* 2 ’
1 1

|2i—n—1|.

HM:

T2 (n—1);
Considering the parity of n, we obtain

e e F 20, n=2k+1
N 2 2k(2k+1 Yie12,
A(g) { e

1 1k (9 _
3~ w21 (2i— 1), =2k
1

_{5(1—%),n=2k+1

1
L(1-555), n=2k 2

-
2
Note that for n = 1 and n = 2 we have A,, = 0. O

In order to provide another result, we need to add yet another property to the linear

class L.
Let o7 be an algebra of subsets of E and let L be a class of functions f: E — R having

the properties L1,L2,L3 and
L4: (VfeL)(VE € &) fCg €L,
where Cp, is the characteristic function of Ej, that is,

L tekE
Cr, (’)_{0, t€E\E; "

It can be easily seen that for every E| € o7 the following assertions are true:

(i) Cg, €L
(if) If A is a positive linear functional on L such that A (Cg,) > 0 and g € L, then A;
defined by
A(gCk))
A — R/
1 (g) A (CE1 )

is a positive normalized linear functional;
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(iii) If A is a positive linear functional on L and g € L, then
A(Cg)+A(Cp\g,) =1

and
A(gCr) +A(gCp\g,) =A(g).

Theorem 10.6 Let L satisfy L1 — L4 on a nonempty set E and let f : I — R be a con-
tinuous convex function while g,h € L are such that f(g),f (h) € L. Let A, B be two
positive normalized linear functionals on L such that A(h) = B(g). If E| € < satisfies
A (CEl) >0,A (CE\El) > 0 and

(Mt €E) a<g(t) <b,

where
4 = min A(hCEl)’A(hCE\El) ’
A(Cr) " A(Cp\g,)
b — max A(hCEl)’A(hCE\El) ’
A(Cr) " A(Cp\g,)
then

F(A(R) <B(f(g)) <A(f(h))—B(g)5r, (10.22)
where g and 8y are defined as in Theorem 10.4. In the limiting case a = b, (10.22) becomes
f(A(R) =B(f(g)) <A(f(h)).

Proof. By Jessen’s inequality we have

(Gt

(A (hCe\e,) \ _ AW (W Cr\g,)
A(Cpg) A(Cpg)
Without loss of generality we may assume
a4 = mi A (hCEl) A (hCE\El) _ A (hCEl)
A(CEI) TA (CE\EI) A(CEI) ,

bem {A(hCEl) A(hCE\El)} A (hCp\r,)

A(CEI) ’ A(CE\EI) B A(CE\El) .

A(f(h)CE,)
A (CEl)

IN

and

IN

If a < b and
p=A(Cg), q=A(Cppg),
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we have
ptq=A(Cg)=A(1)=1,

E\E

B(g) = A(h) = A(hCg,) + A (hc ) = pa+qb,
and applying Theorem 10.4 to B and g, by (10.10) we obtain

f(A(R) =1 (B(g) <B(f(g) <pfla)+qf(b)—B(2)df

—ace) (e ) vacon) 1 (%) 8@

If a = b, it follows that g is a constant function and the limiting case follows immediately.
0O

Theorem 10.6 is an improvement of [177, Theorem 5.14] and at the same time it gives
a refinement of Jessen’s inequality. We also give the following improvement of [177,
Theorem 5.14].

Theorem 10.7 Suppose that the assumptions of Theorem 10.6 hold. If a < b, then for all
y such that

0<y<min{B(g)—a,b—B(g)} (10.23)

the following inequalities are valid:

F(A(R) <B(f(g))
<A(f(h)—2B(8) [A(Cr) f(a) +A(Crg,) £ (b)— f(B(g))],
where
.1 |g—B(g)l
g= 51772)} .

Proof. This proof is almost identical to the proof of Theorem 10.6, except that we use
Theorem 10.5 instead of Theorem 10.4, hence for a < b and y satisfying (10.23), using
(10.13) we obtain
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10.3 Hammer-Bullen differences

Motivated by theorems 10.4 and 10.5, we define two functionals ®; : L, — R, i = 1,2, by

1 (f) = W A(f(8)) ~A@)5. (10.24)

where A, g,&, p and ¢ are as in Theorem 104, L, ={f : I = R: f(g) € L}, [a,b] C I and

_pfla)+qf(®) s | Pf@)+af(b)  (pa+gb
= PHOZAC) (1)) - 2a(g) | POEIE) (P22 (1029

where A, g, g, p and g are as in Theorem 10.5, L, as above and [a,b] C I. Obviously, @,
and @, are linear.

If f is additionally continuous and convex, then theorems 10.4 and 10.5 imply ®;(f) >
0,i=1,2.

In the sequel, with f we denote the function defined by fj (x) = x
might need.

Now, we give Lagrange and Cauchy type mean value theorems for the functionals @;,
i=1,2.

Dy (f)

2 on any domain we

Theorem 10.8 Let L satisfy L1, L2 and L3 on a nonempty set E and let A be a positive
normalized linear functional on L. Let g € L be such that fo € L, , g(E) € |a,b],[a,b] C I
and let f € C*(I) be such that f € Le. If ®1 and ®, are linear functionals defined as in
(10.24) and (10.25), then there exist &; € |a,b] such that
1" (%
Di(f) = f—éé)q)
Proof. We give a proof for the functional @. Since f € C*(I), there exist real numbers

m = minye[,p f(x) and M = max,e(, ) f” (x). It is easy to show that the functions fi, f2
defined by

l(f0)7 i= 172

2
are continuous and convex, therefore @ (f;) > 0,®(f2)

£ix) = 22— ), o) = )
> 0. This implies
%Cbl(fo) <Pi(f) < %(I)l(fo)_

If @ (fo) = 0, there is nothing left to prove. Suppose @;(fp) > 0. We have

Hence, there exists & € [a,b] such that

@(f)zT 1(fo)-
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Theorem 10.9 Let L satisfy L1, L2 and L3 on a non-empty set E and let A be a positive
normalized linear functional on L. Let g € L be such that fy € Lq, g(E) € [a,b],[a,b] C I
and fy, f, € C2(I) such that fi, f> € L,. If ® and @, are linear functionals defined as in
(10.24) and (10.25), then there exist &; € [a,b| such that

i) _ f1(&)
o) A&

provided that the denominators are non-zero.

Proof. We give a proof for the functional ®;. Define f3 € C?([a,b]) by
f3=ci1fi —cafa, where ¢; = ®@1(f2), c2=P1(f1).
Using Theorem 10.8 we get that there exists & € [a, b] such that

(280 B0 0,50,

Since ®@;(fp) # 0, (otherwise we have a contradiction with @ (f>) # 0, by Theorem 10.8),

we obtain
@ (/1) _ )
@(f2) (&)

O

As we did in the previous chapters when we considered the similar subjects, we make
use of an idea from [90] in employing an elegant method of producing an n-exponentially
convex functions and exponentially convex functions, applying the functionals ®; and ®,
to a given family with the same property.

Theorem 10.10 Ler ®;, i=1,2,belinear functionals defined as in (10.24) and (10.25).
Let Y = {f;:s € J}, where J is an interval in R, be a family of functions defined on an
open interval I such that ' C Lg and that the function s — [yo,y1,y2; fs] is n-exponentially
convex in the Jensen sense on J, for every three mutually different points yo,y1,y2 € I. Then
s+ @;(fy) is an n-exponentially convex function in the Jensen sense on J. If the function
s+ @;(f5) is continuous on J, then it is n-exponentially convex on J.

Proof. Foré; eR,i=1,...,nands; € J,i=1,...,n, we define the function h: I — R
by

h) = 3 Gife ).

ij=1

Using the assumption that the function s — [y, y1,v2; f5] is n-exponentially convex in the
Jensen sense we obtain

n
Vo, y1.y25h] = 2 gigjb)anlayZ;fSi;Sj] >0,
=1
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which in turn implies that / is a convex (and continuous) function on 7, therefore ®;(h) >
0, i=1,2. Hence

2 Ei&D; vﬂ

i,j=1

We conclude that the function s — ®;(f;) is n-exponentially convex on J in the Jensen
sense. If the function s — ®;( f;) is also continuous on J, then s — ®;( f;) is n-exponentially
convex by definition. |

The following corollary is an immediate consequence of the above theorem.

Corollary 10.6 Let ®;, i= 1,2, be linear functionals defined as in (10.24) and (10.25).
Let Y ={fs:s €J}, where J is an interval in R, be a family of functions defined on an
open interval I, such that Y C Lg and that the function s — [yo,y1,y2; fs] is exponentially
convex in the Jensen sense on J, for every three mutually different points yo,y1,y2 € I. Then
s — @;(fs) is an exponentially convex function in the Jensen sense on J. If the function
s+— @;(fs) is continuous on J, then it is exponentially convex on J.

Corollary 10.7 Let ®;, i=1,2, be linear functionals defined as in (10.24) and (10.25).
Let Q = {f; : s € J}, where J is an interval in R, be a family of functions defined on an
open interval I such that Q C L, and that the function s — [yo,y1,y2; fs] is 2-exponentially
convex in the Jensen sense on J, for every three mutually different points yo,y1,v2 € 1. Then
the following statements hold:

(i) If the function s — ®;(f5) is continuous on J, then it is 2-exponentially convex func-
tion on J. If s — @;(f) is additionally strictly positive, then it is also log-convex on
J.

(i) If the function s — ®;(fy) is strictly positive and differentiable on J, then for every
s,q,u,v € J, such that s < u and q < v, we have

.u*s,q(q)iag) S “u,v(q)i>g)7 i= 1727 (1026)
where 1
(q’ ;ﬂ) T s#4q,
,ugq( Q) = ‘o (10.27)
exp ([l_ ) ,$=¢,
for f, fy € Q.

Proof. (i) This is an immediate consequence of Theorem 10.10 and Remark 1.3.
(ii) Since by (i) the function s — ®;(f;) is log-convex on J, that is, the function s —
log @;(f;) is convex on J, applying Proposition 1.2 we get

log ®i(fs) —log ®i(fy) _ log®i(fu) —log ®i(f,)

s—q - u—v

, (10.28)
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fors <u,q <v,s#q,u+# v, and therefrom conclude that
s g (@i, Q) < (P}, Q), i=1,2.

Cases s = g and u = v follow from (10.28) as limit cases. O

Remark 10.5 Note that the results from Theorem 10.10, Corollary 10.6, Corollary 10.7
still hold when two of the points yg,y;,y2 € I coincide, say y; = yo, for a family of differen-
tiable functions f; such that the function s — [yo,y1,y2; f5] is n-exponentially convex in the
Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen sense),
and furthermore, they still hold when all three points coincide for a family of twice differ-
entiable functions with the same property. The proofs are obtained by recalling Remark 1.4
and the suitable characterization of convexity.

Now, we present several families of functions which fulfil the conditions of Theorem
10.10, Corollary 10.6 and Corollary 10.7 (and Remark 10.5). This enable us to construct a
large family of functions which are exponentially convex. For a discussion related to this
problem see [68].

In the rest of the section we consider only ®; and @, defined as in (10.24) and (10.25)
with A which is continuous and g such that compositions with any function from the chosen
familly Q;, as well as with other functions which appear as arguments of ®; and ®,, remain
in L.

Example 10.1 Consider a family of functions
Q) ={g;:R—[0,00): 5 R}

defined by
SLZ e, s #£0,
2

8s\X) =
) {%x, s=0.

2 . .
We have ‘;x%* (x) = €™ > 0 which shows that g, is convex on R for every s € R and
2
S ilx%‘ (x) is exponentially convex by definition. Using analogous arguing as in the proof

of Theorem 10.10 we also have that s — [yg,y1,V2;8;s] is exponentially convex (and so
exponentially convex in the Jensen sense). Using Theorem 10.6 we conclude that s —
®;(gy), i = 1,2, are exponentially convex in the Jensen sense. It is easy to verify that these
mappings are continuous (although mapping s — g is not continuous for s = 0), so they
are exponentially convex.

For this family of functions, i ,(®;,Q1), i= 1,2, from (10.27) become

Di(gs) ) 54
(55)"" 74
Ws,q(Pi, Q1) = ¢ exp (q)&fiiéf;) — 72> , $s=q#0,
@ (id-g9) _
exp ( 30 20) ) » $=4=0,
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and using (10.26) they are monotonic functions in parameters s and g.
Using Theorem 10.9 it follows that for i = 1,2

MS#I((DI'? Ql) = log.us,q(q)ia Q)

satisfy a < M, ,(®;,Q,) < b, which shows that M, ,(D;,€2;) are means (of a function g).
Notice that by (10.26) they are monotonic.

Example 10.2 Consider a family of functions
Q ={f;:(0,00) > R:seR}

defined by
o s # 0L,
fs(x) = { —logx, s=0,

xlogx, s=1.

2
Here, ”2 L (x) = "2 = ¢(s=2)Inx >  which shows that f, is convex for x > 0 and s — ”éb;’;' (x)

is exponentially convex by definition. Arguing as in Example 10.1 we get that the mappings
s— ®;(gs), i= 1,2 are exponentially convex. Functions (10.27) in this case are equal

to: 1
( 8;)>_q’ s#q,
Us,q(Pi, ) = e"p(i =) )>> s=q#0,1,
exp(l 2@ f()) s=q=0,
exp (—1— BBAL) =g,

If @; is positive, then Theorem 10.9 applied for f = f; € Q> and g = f, € €2, yields that
there exists & € [a,b] such that

ésfq _ q)i(fs)
q)i(fq) .

Since the function & — &5~ is invertible for s # g, we then have

1

CI)"(f“))W b 10.29
<(wi7y) =" o

which together with the fact that u, ,(®;,Q,) is continuous, symmetric and monotonic (by
(10.26)), shows that i 4 (®P;,€2>) is a mean (of a function A).

Example 10.3 Consider a family of functions

Q3 ={hy:(0,00) — (0,00) : 5 € (0,00)}
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defined by
s
o s#F L
hy(x) = ir; ’
5 s=1.
Since s +— ”Zx@‘ (x) = s~ is the Laplace transform of a non-negative function (see [211]), it

is exponentially convex. Obviously /, are convex functions for every s > 0.
For this family of functions, i ,(®;,Q3), from (10.27) becomes

(B e

,us,q(q)i»Q'S): exp(—%——z), s=q#1,

slns

2<1>,~(id-h1)> s=q=1

exp (‘ 3%;(h)

and it is monotonic in parameters s and g by (10.26).
Using Theorem 10.9, it follows that

M; 4 (®;,Q3) = —L(s,q)log ps 4 (PiQ3)

satisfies a < M; 4(P;,Q3) < b, which shows that M; ,(P;,Q3) is a mean (of a function ).
L(s,q) is the logarithmic mean defined by L(s,q) = 1555, § # 4 L(s,5) = 5.
Example 10.4 Consider a family of functions

Q4 = {ks: (0,00) — (0,00) : 5 € (0,00)}

defined by
e Vs
ks(x) = -
Since s — ‘i’? (x) = e~*V5 is the Laplace transform of a non-negative function (see [211]),

it is exponentially convex. Obviously &, are convex functions for every s > 0.
For this family of functions, ; ,(®;,Q4) from (10.27) becomes

(B 2

Us q (CI),', S24) =
D; (id-ks) 1 )

exXp (* 2/s®Bilks) S

and it is monotonic function in parameters s and g by (10.26).
Using Theorem 10.9, it follows that

Mqu(q)hQ“) = (\/E+ \/6_1) IOg‘LLS’q(CI),',QA‘)

satisfies a < M; 4(®;,Q4) < b, which shows that M ,(P;,Q4) is a mean (of a function ).






Chapter 1 1

On the refinements of the
Jensen operator inequality

In this chapter, several refinements of the Jensen operator inequality are presented, for n-
tuples of self-adjoint operators, unital n-tuples of positive linear mappings and real valued
continuous convex functions with the condition on the spectra of the operators. Using these
refinements, the refinements of inequalities among quasi-arithmetic means, under similar
conditions are obtained and, as an application of these results, a refinement of inequalities
among power means is additionally provided.

The chapter is concluded with the considerations on the converses of the generalized
Jensen inequality for a continuous field of self-adjoint operators, a unital field of positive
linear mappings and real valued continuous convex functions, where new refined converses
are presented using the Mond-Pecari¢ method improvements.

The reader can find the presented results published in [141], [142] and [143].

11.1 Jensen’s operator inequality

At the very start of our consideration, we recall the basic notions and definitions, some of
which have already been used throughout the monograph. Let Z(H) be a C*-algebra of all
bounded linear operators on a Hilbert space H, where 1y stands for the identity operator.

303
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We define bounds of a self-adjoint operator A € #(H) by

my = inf (Ax,x) and My = sup (Ax,x),
[lxll=1 [lx]|=1

forx € H. If Sp(A) denotes the spectrum of A, then Sp(A) is real and Sp(A) C [ma, My].
Furthermore, for an operator A € Z(H) we define operators |A|, AT, A~ by

A= (A"A)' 2 AT =(A[+A)/2, AT =(A]-A)/2.

Obviously, if A is self-adjoint, then |A| = (4%)"/2 and A*,A~ > 0 (called positive and
negative parts of A = AT —A7).

In [156], B. Mond and J. Pecari¢ proved the following version of the Jensen operator
inequality:

f (2”: Wiq)i(Ai)> S Enlwiq)i (f(A,)), (111)
i=1 i=1

for an operator convex function f defined on an interval I, where ®; : B(H) — ZA(K),
i=1,...,n, are unital positive linear mappings, Ay,...,A, are self-adjoint operators with
the spectrain / and wy, ..., w, are non-negative real numbers with 37", w; = 1.

In [80], F. Hansen, J. Pecari¢ and I. Peri¢ gave a generalization of (11.1) for a unital
field of positive linear mappings. The following discrete version of their inequality:

f (Z <I>,~(A,~)> < Enld% (f(A)) (11.2)
i=1 i=1

holds for an operator convex function f defined on an interval I, where ®; : Z(H) —
HB(K), i=1,....n, are unital fields of positive linear mappings (i.e. Y, ®;(1x) = lk),
Ay,..., A, are self-adjoint operators with the spectra in /.

Very recently, in [139, Theorem 1], J. Mi¢i¢, Z. Pavi¢ and J. Pecari¢ provided the form
of the Jensen operator inequality without operator convexity, as follows.

Theorem 11.1 Let (Ay,...,A,) be an n-tuple of self-adjoint operators A; € B(H) with

bounds m; and M;, m; < M;, i =1,...,n. Let (Dy,...,D,) be an n-tuple of positive linear

mappings ©; : BH) — B(K), i=1,...,n, such that ¥ | ®;(1y) = 1g. If
(ma, M) N [m;,M;] =0, fori=1,...n, (11.3)

where ma and My, my < My, are bounds of the self-adjoint operator A=Y, ®;(A;), then

f (z @(Ai)) < ¥ o () (11.4)
i—1 i=1

holds for every continuous convex function f: I — R provided that the interval I contains
all m,',M,'.
If f: I — R is concave, then the reverse inequality is valid in (11.4).
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Furthermore, they considered in [138, Theorem 2.1] the case when (m4, Ma) N [m;, M;] =
0 is valid for severali € {1,...,n},butnot foralli = 1,...,n and thus obtained an extension
of (11.2), as follows.

Theorem 11.2 Let (Ay,...,A,) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i =1,...,n. Let (®y,...,®,) be an n-tuple of positive
linear mappings ®; : B(H) — B(K), such that 31 ®;(1p) = alg, i, . Pi(ly) =
B 1k, where 1 <n; <n, o, >0 and oo+ = 1. Let m = min{my,...,my,, } and M =
max{Mi,...,M, }. If

(m,M)N[mj,M;] =0  for i=n;+1,...,n,

and one of two equalities

ny 1 n

— ZCD 2 i(A) = i Y @A)
i=1 i=nj+1
is valid, then
1 ny n n
— an < Y0 (f( = > @ (11.5)
i=1 ﬁ i=n;+1

holds for every continuous convex function f : I — R provided that the interval I contains
allmi,M;, i=1,...,n
If f : I — R is concave, then the reverse inequality is valid in (11.5).

In order to obtain our main result, we make use of the left hand side of Lemma 1.2, for
n =2, which for a convex function f defined on an interval I and forx,y € I, p1, p> € [0, 1],
such that p; 4+ p» = 1 provides

min{p1.p2} [f<x>+f<y> 2 ("”)]
< prf(x)+paf(y) — f(p1x+ p2y). (11.6)

In Theorem 11.1 it was shown that Jensen’s operator inequality holds for every contin-
uous convex function and for every n-tuple of self-adjoint operators (Ay,...,A,), for every
n-tuple of positive linear mappings (®y,...,®,) in the case when the interval with bounds
of the operator A = Y} | @;(A;) has no intersection points with the interval with bounds
of the operator A; for each i = 1,...,n. Now, by means of (11.6) we obtain a refinement
of this inequality. We still need another result, utilizing the idea previously moderated in
[102, Theorem 12].

Lemma 11.1 Let A be a self-adjoint operator A € B(H) with Sp(A) C [m,M], for some
scalars m < M. Then

74y < T pn) S () - 5, (L)
Gesp. £(4) 2 2 pon) + S (M) +5,)
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holds for every continuous convex (resp. concave) function f: [m,M| — R, where
8¢ = f(m)+f(M)—=2f ("5H1)  (resp. 8y =2f ("5 — f(m) — f(M)),
and A=11y— o ]A— 1My,
Proof. We prove only the convex case. Putting x = m,y = M in (11.6) it follows that

f(pim~+p2M) < pif(m)+ paf(M)
—min{py,p2} (f(m)+ f(M) —2f (1))

holds for every py, p» € [0, 1] such that p; + p, = 1. For any ¢ € [m,M] we can write

110 _f(g_;erA;_":nM) .

(11.8)

I—m

Then by using (11.8) for p; = = =m We get
M —t t—m
t) < M
f@) < = fm) + o — f(M)

(11.9)

(53 -5 2)) (s + s 20 (521,

. M—t t—m 1 1 m-+M
mn{ —,—— > = — — t— .
M—m M—m 2 M-—m 2

Finally, we use the continuous functional calculus for a self-adjoint operator A: f,g €
€(I),Sp(A) C1and f > g implies f(A) > g(A); and h(r) = |¢| implies ~#(A) = |A|. Then,
by using (11.9), we obtain the desired inequality (11.7). O

since

Theorem 11.3 Let (Ay,...,A,) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i = 1,...,n. Let (®y,...,®,) be an n-tuple of positive
linear mappings ®; : B(H) — B(K), i=1,...,n, such that ¥} ®;(1gy) = lg. Let

(ma,Mp) N [m;,M;] =0 fori=1,. and ~ m<M,
where my and Ma, ma < My, are the bounds of the operator A = ¥ ®;(A;) and
m=max{M;: M; <my,i€{l,...,n}}, M=min{m;: m>Mu,ic{l,...,n}}.

If f: I — R is a continuous convex (resp. concave) function provided that the interval I
contains all m;,M;, then

f (2 @(Ai)) < 3@ (f(A) — 644 < 3 @i (f(A) (11.10)
-1 '

i=1

(resp. f(iq% ) iq)i(f(Ai))+5ng ; (f(Ai))) (11.11)
i=1 i=1 i=1



11.1 JENSEN’S OPERATOR INEQUALITY 307

holds, where

8y = 8 m.M) = flm)+ F(41) —2f (251
(resp. 8= 8;(m,M) = f( gM) (m) — f(M1) ), (11.12)
A=Ay(mM) = 11 ———ﬂA 2 ’

and m € [m,ma), M € [My, M), m < M, are arbitrary numbers.
Proof. We prove only the convex case.

Since A =3 | ®;(A;) € B(K) is the self-adjoint operator such that mlg < mylg <
3P ®@i(A;) <Malg <Mlg and f is convex on [m,M] C I, then by Lemma 11.1 we obtain

(an ) Mk~ 3L, Oi(A, )f(n7)+Zglzlq)i(Ai)rﬁ_n_ile(M)—(sfg, (11.13)

M—m M —

where 8; and A are defined by (11.12). _
But since f is convex on [m;, M;] and since (ma,My) N [m;,M;] = @ implies (m,M) N
[mi,M;] = 0, then

MlHA
M—m

MU=y 4 AU gy, =1

f(Ai) =
holds. Applying a positive linear mapping ®;, summing and adding —6,@, we obtain

S @i(Ay) —mlg
M—m

Lo ~ Mlg =3 @A)
~ = M—m

f(m)+

(M) = 8A,

(11.14)
since 3,7 | ®;(1y) = lx. Combining inequalities (11.13) and (11.14), we have the left hand
side of (11.10). Since 7 > 0 and A > 0, we also have the right hand side of (11.10). O

Remark 11.1 In particular, if my < My, then Theorem 11.3 in the convex case yields

f(iq)i(Ai)> Zq) 6fA<ZCI) Ai)),

where v
< ma +
By = Byl ) = o)+ 1) 27 (254
and . )
-~ my + My
A=A My) = =1g— 1k!.
A(ma,My) ) K My —m, ) K

Note that if m < M and my = My, then inequality (11.10) holds, but gfg is not defined.
This case is worked out in Example 11.1 (I) and (II).
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F(@(4))+ @A) < §(f(A) + Dy f(4,) =84,

where
| ; 8= f(m)+ f(M) = 2f(M+m)2),
j m ]g i A= %11(_ Mirﬁ D©,(4))+Dy(4,) - M;—m Ig

m M=m m, M, m=M M,

Figure 11.1: Refinement for two operators and a convex function f

Example 11.1 We give three examples for the matrix case and n = 2.

We put f(¢) = 1* which is convex, but not operator convex in (11.10) (see [74]). Also,
we define mappings @1, @ : M3(C) — M (C) as follows: @1 ((aij)1<i j<3) = 5(aij)1<i,j<2s
®, = O, (then d, ([3)+Q)2(]3) =D). N

I) Firstly, we observe an example when &/A is equal to the difference of the right
hand side and the left hand side of Jensen’s inequality. If A; = —3/3 and A, = 213, then
A=®(A))+DPy(A2) = 0.5, som= —3, M =2. We also put m = —3 and M = 2 and
obtain

(@1 (A1) + P2 (A2))* = 0.06251 < 48.51 = Dy (A}) + D, (A3)

and its improvement
(@1 (A}) 4+ DP2(A2))* = 0.06251, = D, (A1) + @, (A3) — 48.4375D,,

since 8 = 96.875,A = 0.51,.

II) Next, we observe an example when 5,@ is not equal to the difference of the right
hand side and the left hand side of Jensen’s inequality. If

-1 0 0 200 1/10
A= 0 =2 0 and A,=1030], then A:§<0 1),
0 0 —1 004

som=—1,M=2. Weputm=—1 and M = 2 and obtain

1 /10 To
@+t = () < (3 9) =i +os (a3
2
and its improvement

(D1 (A1) + Dy (A2))* = % (é (1)) < % ((1) 621)

Il
S
=
—
SN—
+
S
v
—
=
[SES
SN—
\

—_

5|

N
O -
- O

N———

since 8 = 135/8,A = 1,/2.
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III) Next, we observe another example with matrices A| and A,. If

-4 1 1 5 -1 -1 1/10
A= 1 =2 -1 and A,=|—-1 2 1 then A= 3 (O O)’
1 —-1-1 -1 1 3,

som) = —4.8662, M; = —0.3446, my = 1.3446, M, =5.8662, m = —0.3446, M = 1.3446
and we put m = m, M = M (rounded to four decimal places). We have

s 1 (10 1283 255 s s
2

and its improvement

4 1/(10 639.9213 255
(@1{A) +P2(A2))" = 7={ ) = 255 117.8559
, o (15787 0

= P (A7) + (Az)_< 0 0.6441)

(rounded to four decimal places), since

~ (05 0
§;=3.1574, A= < 5 0.2040).

But, if we put m = my = 0, M= My = 0.5, then A =0, so we do not have an improve-
ment of Jensen’s inequality. Also, if we putm =0, M =1, then A = 0.5 ((1) (1)) ,0r=17/8

10

and (Sf-A =0.4375 (0 |

), which is worse than the above improvement.

What follows is a corollary of Theorem 11.3 involving the convex combination of
operators A;, i =1,...,n.

Corollary 11.1 Ler (Ay,...,Ay,) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; <M, i =1,...,n. Let (0y,...,0,) be an n-tuple of nonnegative
real numbers such that )}, o; = 1. Let

(ma,Mp) N [mi,M;] =0 fori=1,...,n, and m<M,
where mp and My, my < My, are the bounds of A = Y| o;A; and
m=max{M; <my,i€{l,...,n}}, M=min{m; > My,ic{l,...;n}}.

If f: I — R is a continuous convex (resp. concave) function provided that the interval I
contains all m;,M;, then

F Y oAi | < Sfyoif(A) —8A <, aif (Ai)
=1

(resp. f| X, otAi | > 31, oif(Ai)+8A> T aif (Ar))
i=1
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holds, where &8¢ is defined by (11.12), A= %1;1 — ﬁ oA — ’E%MIH and m €
[m,ma), M € [Ma,M], m < M, are arbitrary numbers.

Proof.  We apply Theorem 11.3 for positive linear mappings ®; : Z(H) — A(H)
defined by ®; : B— o4B,i=1,...,n. O

In the following theorem we give an extension of Jensen’s operator inequality given in
Theorem 11.1 and a refinement of Theorem 11.2.

Theorem 11.4 Let (Ay,...,A,) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; <M;, i =1,...,n. Let (®y,...,®,) be an n-tuple of positive
linear mappings ®; : B(H) — B(K), such that 31, ®;(1p) = alg, i, 1 Pi(ln) =
B lk, where 1 <n; <n, o, >0 and o+ = 1. Let m; = min{my,...,my, }, Mg =
max{Mji,...,M,, } and

_my, if {M;: M; <myp,i€{m+1,....n}}=0,

|\ max{M;: M; <myp,i€{n +1,...,n}}, otherwise,

M — Mg, if{mi:mizMR,iE{nlJrl,...,n}}:@,
| min{m;: mj > Mg,i € {n;+1,...,n}}, otherwise.

If
(mp,Mg)N[mj,M;] =0 for i=n;+1,...,n, m<M,

and one of two equalities

ny n

1 1
— D, Di(Ai) = ) Di(Ai) = 5 Di(A;
2 2% =20 =5 3 4)
is valid, then
1 ni 1 ny -~ n
= 2 i(f(A) < — X Bil/(A) +BOA <Y, Bi(f(A)
i=1 i=1 i=1
< LS a(f(a) - ash<~ S @i(f(a) (1115)
ﬁi:nlJrl ﬁi*nlel

holds for every continuous convex function f : I — R provided that the interval I contains
all my,M;, i =1,...,n, where

o i " /- (11.16)
A=Apon, olm,M) = %11{_ oc(Ml—;%) Y o <’A,~_ m—iZ-MlH )
i=1

and m € [m,mr), M € [Mg,M), m < M, are arbitrary numbers.
If f : I — R is concave, then the reverse inequality is valid in (11.15).
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Proof. We prove only the convex case.
Let us denote

ni 1 n n
2(1) B=—= Y ®4;), C=)Y di4)
ﬁ i=n;+1 i=1
It is easy to verify that A=B or B=C or A = C impliesA = B=C.
Since f is convex on [m,M] and Sp(A;) C [m;,M;] C [m,M] fori = 1,...,ny, it follows

from Lemma 11.1 that

M1y —A; A;j—ml ~

FlA) < =) + M)~ 8As i= 1

holds, where 8; = f (i) + f(M) —2f ('MTM) and A; = Ly — 2|4, — ’ﬁ;—ﬁl,,’. Apply-

ing a positive linear mapping ®; and summing, we obtain

< 4)) < Malg — 37 ;(A) YL Pi(Ai) —molg

= Mm fm) + M—m

S

since Y1, @;(1y) = alg. It follows that

f(M)

))

1 & MlK A A—mlg
— ) D;( = 1) A 11.17
a2 )< S )+ f (M)~ & (11.17)
whereK:%1,(*%2;11@(’&455”41,,‘). .
In addition, since f is convex on all [m;,M;] and (m,M) N [m;,M;] = @ for i = n; +
1,...,n, then
Mly—A; ., —  Ai—mly .
A > 2 _ , =n+1
Fa) > TSy ¢ S o), =
It follows
Mlg—B B—mlk
D; ( ) A S/A. 11.18
ﬁl; A > = f i) + = f(M) & (11.18)
1+1
Combining (11.17) and (11.18) and taking into account that A = B, we obtain
1w 1Y -
— Zq)i (f(A)) < % 2 ; (f(Ai)) — 67A. (11.19)
o5 B it

Next, we obtain

1 &

_Zq)
= ;(I),'(f(A,

RI™
™M=

®i(f(Ai)) (bya+p=1)

Il
—
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< 21: )+ 2 ﬁ5/A (by (11.19))
i=1 i= n1+1
3% Z —ad/A+ Y, @i(f(A)—BSA  (by(11.19))
i=n|+ i=n1+1
1 n
B 2 ~8A (bya+B=1),

which gives the following double inequality

1 ni n 1 n .
azq)i( 2 ﬁ(sj < E 2 q)i(f(Ai))*(SfA'
i=1 i=1 i=ni+1
Adding ﬁSfAV in the above inequalities, we get
1 1 -
—ZCD )+ BSA< ZCI) Ap)) < 5 Y @i(f(A) — adsA. (11.20)
i=nj+1

Now, we prove that 67 > 0 and A > 0. B B
Indeed, since f is convex, then f ((m+M)/2) < (f(m)+ f(M))/2, which implies that
Or > 0. Also, since

_ - n M—m
Sp(a) ClmM] = [A— g < Ty, fori= 1,
then B _
< M+m M—m
Z‘E’(’Az— > 1H>§ 7ol
i=1

which gives

1 1 il
0<-1lg——— Y D; [ |A
=2k oc(M—m)Z{ (

Consequently, the following inequalities

&i@ ) < iiqn A) + BSA,

i=1

1 n n

— [0) D) —adA< =

ﬁi:§+1 (f(A)) —adA < g :nZ )

hold, which together with (11.20) proves inequalities (11.15). O
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Example 11.2 We observe the matrix case of Theorem 11.4 for f(z) = ¢*, which is the
convex function but not operator convex, n =4, n; = 2. We present an example such that

é (@1(4]) + @2(43)) < é (@1(A1) + @2(A3)) + BS,A
< Dy (A]) + D2 (A3) + D3(A3) + D4(A}) (11.21)
< %( S(AD) + Dy(AD)) — by < % (@3(4%) + @4(AD)

[ +m)*/8 and

M+ m M+m
(O] (|A1 Ih|) + ®, (|A2— ) I3|>) .

1
a

holds, where 87 = M+

~ 1
A=sh- s
22

We define mappings @; : M3(C) — M, (C) as follows: @;((aji)i<ji<3) =
i=1,...,4. Then 3} | ®;(h)=hLanda = =1

/\/-\

(aj)1<jk<as

Let
2 9/81 2 9/80
A;=2[9/8 2 0], Ay=3(9/8 1 0],
1 0 3 0O 0 2
4 1/21 5/31/20
As=-3[1/2 4 0, Ag=12(1/23/20
1 0 2 0O 0 3

5.46221, m3 = —14.15050, M3 =

Then m; = 1.28607, M} =7.70771,my = 0.53777, M, =
—4.71071 my = 12.91724, M4 = 36. Hence mp = myp, MR = Ml, m = M3 and M my

4 9/4)

(rounded to five decimal places). Also,
(D3(A3) +DP4(Ag)) = (9/4 3

é (P1(A1) +D2(A2)) = B

and
_ 1 4 4 _ (989.00391 663.46875
Ar= g (AN + &) = <663.46875 526.12891)’
68093.14258 48477.98437
= D1 (A]) + @2(43) + @ (A3) + y(43) = <48477.98437 51335.39258) !
1 4 4 135197.28125  96292.5
Br=pg (@s(43) +P4(43)) = ( 96292.5 102144.65625) '
Then
Af<Cf<Bf (11.22)
holds (which is consistent with (11.5)). _ B
m,M),m € [~4.71071,0.53777),M € [1.70771,

We will choose three pairs of numbers (
12.91724] as follows:
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i) m=my =0.53777, M = Mg = 7.70771, then

~ 0.15678 0.09030\  (231.38908 133.26139
=PoyA=05-2951.69249- (0.09030 0.15943) - (133.26139 235.29515)
ii) m=m=—471071,M = M = 12.91724, then

< ~ 0.36022 0.03573 5000.89860 496.04498

A2 =porA =05 '37766'07963' (0.03573 0.36155) - ( 496.04498 5019.50711)
iii) m = —1, M = 10, then

< ~ 0.28203 0.08975 1294.66 411.999

Ay =B8;A=0.5-9180.875- ( ) = (411.999 1265, )

0.08975 0.27557
Next, we obtain the following improvement of (11.22) (see (11.21)):

D Ap<A LA 1220.39299 796.73014 c. 134965.89217 96159.23861

Vo ArSArTAITA 796.73014 761.42406 ) ~7 S | 96159.23861 101909.36110

:Bfle <Bf,
i) A <A A 5989.90251 1159.51373\ _ 130196.38265 95796.45502
FRAFTE2= 1 1159.51373 5545.63601 F =\ 95796.45502 97125.14914

= Bf —A < Bf,

i) A <At Ree (2283.66362 1075.46746) ¢ (133902.62153 95880.50129)

1075.46746 1791.12874 95880.50129 100879.65641
= Bf —A3 < Bf.

By means of Theorem 11.4, we get the following result.

Corollary 11.2 Let the assumptions of Theorem 11.4 hold. Then

R

—Zcb ) < —2<b Ai)+118A < 5 > @i(f(A) (11.23)
i=n;+1
and
1 ny n . 1 n
— > Pi(f( a 2 ~nSA< Y Di(f(A) (11.24)
o5 ﬁ i=my B it

holds for every y1,7» in the closed interval [, B], where 8¢ and A are defined by (11.16).

Proof. Adding a:8fA in (11.15) and noticing 87A > 0, we obtain

1M n

_Zq) 2(1) +OC5fA<é Y, ®i(f(A)).

i=n;+1

Taking into account the above illequality and the left hand side of (11.15) we obtain (11.23).
Similarly, subtracting BS,A in (11.15) we obtain (11.24). |
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Remark 11.2 Let the assumptions of Theorem 11.4 be valid.
1) We observe that the following inequality

f(l 3 cI>,~(A,~)) Z D-8ds< L 3 @A)
ﬁi:nl+1 i=ny Bl ni+1

holds for every continuous convex function f : I — R provided that the interval / contains
all mj,M;,i=1,...,n, where 5f is defined by (11.16),

~  ~ - = 1 M
Aﬁzmmmmeazim» ﬁ 2 DA —
i=n;+1
and m € [m,my], Me [Mg,M], m < M, are arbitrary numbers.
Indeed, by the assumptions of Theorem 11.4 we have
1 & 1 &
mpoly < ZCI) i) <Mgaly and — Y @i(A;) = = @;(A;),
i=1 o3 B it

which implies

1
mply < — Z D;(A <MR1H
ﬁz np+1

Also (mp,Mg)N[m;,M;]=0fori=n;+1,...,nand 3" — ﬁCD (1) = 1g. Hence we can
apply Theorem 11.3 to operators A, 41,...,A, and mappings ﬁ(I)i wherefrom we obtain
the desired inequality.

2) We denote by mc and Mc the bounds of C =3, ®;(A;). If (mc,Mc) N [mi, M;] =0,
i=1,...,ny, then series of inequalities (11.15) can be extended from the left side if we use
refined Jensen’s operator inequality (11.10):

f(i@(Ai)) (1"2‘q> ) < 5 B - o7k

ni
< lZcb Zcb +B§,»A<2cb A))
i=1
<3 2 —adA gl Y, Pilf
=ny 1n1+1
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Remark 11.3 We obtain the equivalent inequalities to the ones in Theorem 11.4 in the
case when Y | ®;(1y) = y 1k, for some positive scalar y. If oc+ 8 = v and one of two
equalities

1 ny 1 n n
— ) ®;(A) == D;(A;) = - ) D;(A;
aizzl (Ai) ﬁi:§+1 (Ai) Y; (Ai)
is valid, then
2 o) < 2 Sodsan+Lad < S o)
i=1 i=1
1 & a.~ 1 &
< — D;(f(A;))— —06,A< — D;(f(A;
<F.3 OMMN-JHA<E B o)

holds for every continuous convex function f : I — R provided that the interval / contains
all mj,M;,i=1,...,n, where 5f and A are defined by (11.16).

With respect to Remark 11.3, we obtain the following obvious corollary of Theo-
rem 11.4 with the convex combination of operators A;, i = 1,...,n

Corollary 11.3 Ler (Ay,...,Ay) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i =1,...,n. Let (p1,...,pn) be an n-tuple of non-
negative numbers such that 0 < Y1, pi = pn, < Pn = Y4, pi» where 1 < n; < n. Let
mp =min{my,...,my, }, Mg =max{M,,...,M,, } and
" — mp, if {M;: M; <mp,i€{n+1,...,n}} =0,
|\ max{M;: M; <my,i€{n +1,...,n}}, otherwise,
M = MR7 if{mi:mizMRvie{nl+17"'7n}}:07
min{m;: m; > Mg,i € {n1+1,...,n}}, otherwise.
If
(mp,Mg)N[mj,M;] =0 for i=n;+1,...,n, m<M,

and one of two equalities

1 & 1
_ZpiAl_ ZP!’A Z DiAi
Pn; 2 n = T Png i
is valid, then
1 1 Pn - 1 &
— Y pif(A) < — Y pif(A) + (1 - —1> 8rA < — Y pif (A
Pny ;D pn1 i=1 Pn Pn ;5
b (11.25)
Pny
pif 5 A < pif(A

p“ Pn; §+1 ) Pn Pn = Pny ;i §+l l

holds for every continuous convex function f : I — R provided that the interval I contains
allmi,M;, i =1,...,n, where (Sf is defined by (11.16),

m—l—]l/_I
)

In

_ _ - 1 ni
A= A gy (M) = 51 = - (M ) sz(
1
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and m € [m,mr), M € [Mg, M), m < M, are arbitrary numbers.
If f: I — R is concave, then the reverse inequality is valid in (11.25).

As a special case of Corollary 11.3 we obtain an extension of Corollary 11.1.

Corollary 11.4 Ler (Ay,...,Ay) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M, m; <M;, i=1,...,n. Let (p1,...,pn) be an n-tuple of non-negative
numbers such that ¥} p; = 1. Let

(ma,Mp) N\ [mj,M;] =0 fori=1,. and m<M,
where my and My, my < My, are the bounds of A = ZizlpiAi and
m=max{M; <my,i € {1,...,n}}, M=min{m; >My,ic{l,...,n}}.

If f: I — R is a continuous convex function provided that the interval I contains all
mi, M;, then

1 = 1
ZPI i) < f( ZP; i E ASE ZPI += sz
) L2 (11.26)
< 2 tf( ) E ASZsz(Ai)
i=1 i=1
holds, where 8¢ is defined by (11.16), A= 111-1 M pr ‘Z, | PiAi — gﬁly and m €

[m,my], M € [Mx,M), m < M, are arbitrary numbers.
If f: I — R is concave, then the reverse inequality is valid in (11.26).

Proof. We prove only the convex case.

We define (n+ 1)-tuple of operators (By,...,B,11), Bi € B(H),by By =A=Y} | piAi
and B; =A;_1,i=2,...,n+ 1. Then mp, = my, Mp, = M, are the bounds of By and
mp; =m_1, Mp, = M;_ are the ones of B;, i =2,...,n+ 1. Also, we define (n+ 1)-tuple
of non-negative numbers (qi,...,qn+1) by g1 =1 and g; = p;—_1, i =2,...,n+ 1. We have
that Y74 g; = 2 and

(mp,,Mg,) N\ [mp,,Mp] =0, fori=2,....n+1 and m<M (11.27)

holds. Since
n+1 n+1

n n
Y qiBi=Bi+ Y, qiBi =Y, piAi+ Y, piAi = 2By,
i=1 i=2 i=1 i=1

then
n+ 1 n+1

q1B; = 2 qiBi = 2 q:B (11.28)

Taking into account (11.27) and (1 1.28), we can apply Corollary 11.3 for ny =1 and
B;, gi as above, and we get

n+1 n+1 n+1

qif(B1) <qif(B1) + 5 5fB< Z% )< Y qif(Bi) f—6fB< qu
i

S
where B = 51p — 37—

B — ’E%M 1 H’ , which yields the desired inequality (11.26). O
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11.2 Application to quasi-arithmetic and power
means

In this section we study an application of the results obtained in the previous section to
quasi-arithmetic operator means as well as to their special case — power means.
A quasi-arithmetic operator mean is defined by

Mo(A,®,n) = ¢! (i ; (‘P(Ai))> ; (11.29)
i=1

where (Ay,...,A,) is an n-tuple of self-adjoint operators in %(H) with the spectra in
I, (Dy,...,D,) is an n-tuple of positive linear mappings ®@; : B(H) — ZA(K), such that
Y ®i(lg) =1k, and ¢: I — Ris a continuous strictly monotone function.

The following result about the monotonicity of this mean was proven in [139, Theo-
rem 3].

Theorem 11.5 Let (Ay,...,A,) and (®y,...,Dy) be as in the definition of the quasi-
arithmetic mean (11.29). Let m; and M;, m; < M; be the bounds of A;, i = 1,...,n. Let
@,y : I — R be continuous strictly monotone functions on an interval I which contains all
mi,M;. Let mgy and My, my < My, be the bounds of the mean (A, ®@,n), such that

(m(p,M(p)ﬂ[mi,Mi]:Q), fori=1,....n. (11.30)

If one of the following conditions

1

(i) wo@~'isconvex and w~ is operator monotone,

Lis concave and fu/’l is operator monotone,

(i) yoop~
is satisfied, then
Mo(A, D, n) < My(A,®,n). (11.31)
If one of the following conditions

1

(ii) wo @~ is concave and w~' is operator monotone,

Lis convex and fw’l is operator monotone,

(ii’) yo@p~
is satisfied, then the reverse inequality is valid in (11.31).

For convenience, we introduce the following notation:

So.w(m,M) = y(m)+y(M)—2yoqp! (m)+o(M) :
oo (m. M) wl( )+ w(M) — 20! (2miiel) .
K

A n M m
Ap(m,M) = L _m‘zizlq)i(q)([h))_ﬂ );L(P( )1K’,

S}
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where (Ay,...,A,) is an n-tuple of self-adjoint operators in (H) with the spectra in
I, (®y,...,®,) is an n-tuple of positive linear mappings ®; : B(H) — ZA(K) such that
Y ®i(lg) =1k, @,y : I — R are continuous strictly monotone functions and m,M € I,
m < M. We include implicitly that Ay (m, M) = Ay 4(m, M), where A = X7, &;((A;)).

In the following theorem we make use of Theorem 11.3 and give a refinement of the
results presented in Theorem 11.5.

Theorem 11.6 Let (Ay,...,A,) and (®@y,...,Dy) be as in the definition of the quasi-
arithmetic mean (11.29). Let ¢,y : I — R be continuous strictly monotone functions on
an interval I which contains all m;,M;. Let

(m¢,M(p)ﬁ[mi,Mi]:0 fori=1,...,n, and m<M,

where my and My, my < My, are the bounds of the mean ///(p(A,(I),n) and m =
max {M;: M; <mg,i € {1,...,n}}, M =min{m;: m; > My,i€{1,...,n}}.
(i) Ifwo@!is convex and w~! is operator monotone, then

My(A,®,n) <y~ (2@ — 8o, .,,A(p> < My(A,®,n) (11.33)

holds, where 8¢, > 0 and X(p >0.

(i) If wo@~!is convex and —y~" is operator monotone, then the reverse inequality
is valid in (11.33), where 8y, > 0 and Ay, > 0.

(ii)) Ifyo ¢~ is concave and —y~" is operator monotone, then (11.33) holds, where
8oy <0and Ay > 0.

(ii") If wo @~V is concave and w=" is operator monotone, then the reverse inequality
is valid in (11.33), where 8¢, <0 andg(p >0.

In all the above cases, we assume that 8¢ 2_5(/,,“,(75,1\/_[), Avq, = g(p (m,M) are defined
by (11.32) and m € [m,my], M € [My,M], m < M, are arbitrary numbers.

Proof. We only prove the case (i). Suppose that ¢ is a strictly increasing function.
Since mijly <A; <Mily,i=1,...,n,and m(le < //l(p(A,(I),n) < M(le, then
(p(m,)1H<(p( )<(p( )1H7 i:l,...,n,
@(mg)1x < XLy Pi(@(Ai)) < 9(My) 1k
Also
(mg,My) N[mi,Mj] =0 fori=1,.
implies
(@(mg),0(My)) N[@(mi),@(M)] =0 fori=1,....n. (11.34)
Replacing A; by @(A;) in (11.10) and taking into account (11.34), we obtain that

! (ifbi((p( ) Zd> —8A, < Zdn (p(A))) (11.35)
i=1

i=
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holds for every convex function f: J — R on an interval J which contains all [¢(m;), ¢ (M;)]
— o([m;, M), where

8 = o)+ 7(o00) -2 (2720 ) o (11.36)

and AV(p - %IK - (p(]\})i(p(rﬁ) 2?:1 q)l((p(Al)) - (P(M);LCD(M) IK‘ Z 0.

Also, if ¢ is strictly decreasing, then we check that (11.35) holds for convex function
f:J — R onJ which contains all [p(M;), @(m;)] = @([m;,M;]), where Oy is defined by
(1136)and Ay = § 1 — o= ‘z, L Bi(p(A; ))fwl,(( >0.

Putting f = wo¢@ " in (11 35) and then applying an operator monotone function y !,
we obtain (11.33).

The proof of the case (ii) is similar to the above case with the inequality (11.11) instead
of (11.10). m]

Now, we give a special case of the above theorem. It is a refinement of [139, Corol-
lary 5].

—1;

Corollary 11.5 Ler (Ay,...,A,) and (®y,...,®,) be as in the definition of the quasi-
arithmetic mean (11.29). Let m; and M;, m; < M; be the bounds of A;, i = 1,...,n. Let
@,y : I — R be continuous strictly monotone functions on an interval I which contains all
mi,M; and & be the identity function on I.

(i) If =" is convex and

(m(p,M(p)ﬁ[mi,Mi] =0 fori=1,...,n, and Mg < Mg (11.37)

is valid, where my and My, my < My are the bounds of My(A,®,n) and My =
max {M;: M; <mg,i € {1,...,n}}, Mgy =min{m;: m; > Mgy,i € {1,...,n}}, then

My(A,®,n) < My (A, ®,n) — 8 s (m, M)Ay (m,M) < My (A,®,n) (11.38)

holds for every m € [myy),mq], Me (Mg, Mjy)], m < M, where Op, 7 (m, M) > 0 and Ay (m, M)
> 0 are defined by (11.32).
(ii) If o~ is concave and (11.37) is valid, then

My(A,®,n) > M4 (A, ®,n) — 8y (m,M)Ay(m,M) > My (A, ®,n) (11.39)

holds for every m € [mjy),mg), Me (Mg, Mg)], m < M, where 6q)7j(rﬁ,]‘z) <0andAy(m,M)
> 0 are defined by (11.32).
(iii) If @' is convex and (11.37) is valid and if w~' is concave, and
(mu,,Ml,,) N[m;,M;] =0 fori=1,...,n, and mpy) < Mpy
is valid, where my, and My, my < My are the bounds of My (A,®,n) and My =
max {M;: M; <my,i€{1,...,n}}, My, = min{m;: m; > My,i € {1,...,n}}, then
My(A,®@,n) < My(A,(D,n) g, (rﬁ

M)A M) <My (ABr) )
M)Ay (m,M) < My (A, ®,n)
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holds for every m € [myy),mq), Me Mg, Mig)], m < M and every m € [miy) m,

My, M), m < M, where 8, s (m,M) >0, X(p(m,]l/_l) > Oand6u,7y(n7,ﬂ/=1) <0, Ay(m,M) >
0 are defined by (11.32).

Proof. (i)—(ii): Putting v = .# in Theorem 11.6 (i) and (ii’), we obtain (11.38) and
(11.39), respectively.

(iii): Replacing v by ¢ in (ii) and combining this with (i), we obtain the desired in-
equality (11.40). O

Remark 11.4 Let the assumptions of Corollary 11.5 (iii) be valid. We get the following
refinement of the inequalities between quasi-arithmetic means

Mq(A,®.1) < My(A,®, 1)+ Ag.y (i, M, i1, M) < My(A,®,n),

where

8o (i, M) = i+ M —2¢~" (221000 ~ ¢

It is interesting to study a refinement of (11.31) under the condition placed only on
the bounds of operators whose means we are considering. We study it in the following
corollary. It is a refinement of the result given in [140, Theorem 2.1].

Corollary 11.6 Let A;, ®;, m;, M;, i = 1,...,n, and Q,y,.% as in the assumptions of
Corollary 11.5.
Let
(ma,Mp) N [m;,M;] =0 fori=1,...,n, and m<M

be valid, where my and My, my < My, are the bounds of A = ¥ ®;(A;) and

m=max{M;: M; <mg,i€{l,...;n}}, M =min{m;: m; > My,i € {1,...,n}}.

1

If w is convex, y~! is operator monotone, ¢ is concave, ¢~ is operator monotone,

then

My(A,®,n) < qf‘( ;;1d>i(<p(Af))+5<@ <My (A ®n) (11.41)
<

y (S @i (W (A) — SyA) < Ay (A, ®,n)

holds, where

3y
N

8p =29 (52 — o) — (M) 20, 8, = y(m) + (M) —2y (554 >0,
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_1 1 n+M
A—ZlK_ﬂ‘A_mTlK

1 1 M
. A= §1K—E)A—71K)
and  m,m € [m,my), M,M € [My,M), m <M, m <M  are arbitrary numbers.

If y is convex, —y~ ' is operator monotone, ¢ is concave, —@ ™ is operator monotone,
then the reverse inequality is valid in (11.41).

Proof. We only prove (11.41). By replacing ¢ by .# and next y by ¢ in Theorem 11.6
(ii”) we obtain left hand side of (11.41). Also, by replacing ¢ by .# in Theorem 11.6 (i)
we obtain right hand side of (11.41). O

Now we illustrate an application of Theorem 11.6 and Remark 11.4 to power functions.
Results for arbitrary power means are given in Corollary 11.8 in the next section.

Example 11.3 We put ¢(1) =¢'/3, y(t) = 1> and we define ®;,®, : M>(C) — M,(C) by
@, (B) = ®,(B) = 1B, for B € M>(C) (then @ (L) + ®1(L) = b).

IfA, = (183 2) and Ap; =125 <(1) (1)> , then

B | a3 (45375 16
M3 = My (AD2) = (3VA1+5V/A) —( 16 29.375)°

T 1.5 (108.81978 0.00059
= _ 5/1A5 145 _
M5 = M5(A®2) 24T+ 24 <0.00059 108.81919)

and we can take m = 17.94427, M = 125. We put also that m = m= 17.94427, M= 1V=1 =
125. 1t follows &) /35 = 8,y = 2.94885 x 10'0, §, 3 = §, s = 32.41718, 85 = &, » =
0.37027 0.20991) ~ - (0.49999 0.00001

74.69602, 413 =Ap = (0.20991 0.16036 )" 45 =4v = { 0.00001 0.49998

) (rounded

to five decimal places).
Then the following inequality holds:

15 1 ~ (6970109 2336045
s < \/§A1+§A2_5l/375A1/3 = (2336045 93.06154 ) = %

which is in accordance with Theorem 11.6, and

94.72543 22.80573

My < M3 H31 A+ O5As = <22.80573 71.91970

)§%57

which is accordance with the special case of Remark 11.4.

As a special case of the quasi-arithmetic mean (11.29) we can study the operator power
mean

1L (AN R
///Jr](A,é)z{(z" A rERMOL (11.42)
exp(Xi; @i (In(4:))),  r=0,

where (Aj,...,A,) is an n-tuple of strictly positive operators in Z(H) and (®y,...,®D,) is
an n-tuple of positive linear mappings @; : B(H) — % (K) such that 3} | ®;(1g) = 1.
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For convenience, we introduce notation as special cases of (11.32), as follows:
mS+MS—2(%>W r£0,

ms—l—Ms—2(mM)Y/2 r=0,

D;(A]) — M 1k r#0,

g —|In(X) |- 1|z (lnA)—ln\/ mlg|, r=0

Ors(m,M) =
(11.43)

~ l1K r1 7
A,(m,M) _ [M"—m"|

where m,M € R, 0 <m < M and r,s € R, r <s. We include implicitly that gr(m,M) =
A,a(m,M), where A = Y| ®;(A?) for r # 0 and A = 3, ®;(InA;) for r = 0.

Applying Theorem 11.6 to the operator power means, we obtain the following refine-
ment of inequalities among power means given in [139, Corollary 7].

Corollary 11.7 Ler (Ay,...,Ay) and (®y,...,D,) be as in the definition of the power
mean (11.42). Let m; and M;, 0 < m; < M; be the bounds of Aj,i=1,...,n
(i) Ifr<s,s>lorr<s<-I,

(mm,M[r]>ﬂ[mi,Mi]:07 i=1,....n, and ~ m<M,

where ml"l and MV, ml" < MU are the bounds of///,[r] (A,®) and m = max {Mi: M; <
ml i e {1,...,n}}, M:min{mi: m; > MU i e {1,...,n}}, then

" 1/s
M(AL®@) < (Z D; (A}) — 5r,sgr> <. (A, ®) (11.44)
i=1

holds, where 6” >0 for s>1, 8,5 <0 fors<—1 andA > 0. Here we assume that

85 = 8,5(m,M), A, = A, (m,M) are defined by (11.43) and m € [m,m"), M € [M), M),
m < M, are arbitrary numbers.
(i) Ifr<s,r<—lorl<r<s,

(m[s],M[s])ﬁ[mi,Mi]:@, i=1,...,n, and m<M,

where mb) and MV!, mbs) < M are the bounds of//l,gs] (A, ®) and m = max {Mi: M; <mb),
i€ {1,...,n}}, M = min{mi: m; > MV i e {1,...,n}}, then

-

1/r
M (AL ®) < ( @ (A?)&,ris) <. (A, ®)

i=1

holds, where 55, > Ofor r<—1,8,<0forr>1 andA > 0. Here we assume that
8s.r = 8,.r(m, M), A, = Ay(m,M) are defined by (11.43) and m € [m,mV], M € [MV), M),
m < M, are arbitrary numbers.
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Proof. We prove only the case (i) by putting ¢(z) =" and y(t) =¢*, forz > 0.

Then wo @' (r) =¢*/" is concave for r < s, s <Oand r # 0. Since —y (1) = ="/ is
operator monotone for s < —1 and (m[’] M [’]) N[m;,M;] = 0 is satisfied, then, by applying
Theorem 11.6 (ii) we obtain (11.44) for r < s < —1.

But, wo @ ' (r) =¥/" is convex for r <s, s > 0 and r # 0. Since y~'(t) = ¢'/5 is
operator monotone for s > 1, then by applying Theorem 11.6 (i) we obtain (11.44) for
r<s,s>1,r#0.

If r=0and s > 1, we put @(¢) = Inz and y(z) =%, ¢ > 0. Since yo ¢~ (¢) = exp(st)
is convex, then, similarly as above, we obtain the desired inequality.

In the case (i) we put ¢ (z) =¢* and y(t) =", for t > 0 and we use the same technique
as in the case (i). O

Example 11.4 Figure 11.2 shows regions (1), (2), (4), (6), (7) in which the monotonicity
of the power mean holds true [139, Corollary 6]. On the other hand, Figure 11.2 also
shows regions (1)—(7) in which the same holds true, but with the condition on spectra [139,
Corollary 7]. In [139, Example 2], it was shown that the order among power means does
not hold generally without the condition on spectra in regions (3), (5). Now, by using
Corollary 11.7, we give a refinement of inequalities among power means in the regions
(2)—(6) (see Remark 11.5).

7 AS
7/ & —ter| o
M, (4,0) <M, (4,0) in (1), (2). ), (6), (7)
! without condition on spectra
5
-1 12 1 r
+-1/2 [r] [r] [s]
® M, (4,D) <M, (4,D)+ (r,a,A) <M, " (4,D)
-1 in (2), (3), (4) or (4), (5), (6)
) without condition on spectra

Figure 11.2: Regions describing inequalities among power means

Corollary 11.8 Ler (Ay,...,A,) and (®y,...,D,) be as in the definition of the power
mean (11.42). Let m; and M;, 0 < m; < M; be the bounds of A;, i=1,...,n. Let

ml" M) N [m;,M;] =
m[s],M[S] N [m,',M,'] =

0 .0, mp) < My,
0, i=1,...,n, Wt[s]<M[S],
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where m", MU, ml" < M and mbs), MB, ml) < MY are the bounds of//l,y] (A,®) and
n[r] (A, @), respectively, and

my; = max Ming],ie{l, } My = min miZM[S],iE{l,...,n}

my,) = max § M; < mie{1,.. n}% M) = min ¢ m; >Mie{1,....,n}
Letm € [m[,],m[r]], M S [M[r],M[r]], m< M, andm S [m[s],m[s]], 1\/:[ € [MM,M[S]], m < ]‘7 be
arbitrary numbers.
(i) Ifr<1<s, then

holds, where 8,1 (m,M) > 0, A (m,M) >0, 051 (
by (11.43).
(ii) Furthermore if r < —1 <, then
V(A@) < (S @i (4) =81 0m,

1

. (11.46)
< (2;’:1(131' (A7) — 8 —1(m,

H

holds, where &, (m,M) <0, A,(m,M) >0, 6;7,1(17:1,1\/:1) > 0and Ag(m,
by (11.43).
(iii) Furthermoreifr < —1,s > 1, then

) > 0 are defined

- = — -1 —
(A, @) < ( 1D (A7) = 8,1 (m, M)A, (in M)) f///n[ (A, @) (11.47)
m

< MV(A®) <TI0 (A) — 81 (m, M)Ay(m, M) < 4 (A, ®)

§||

holds, where 5,7,1(n_1,M) <0, A(m,M) >0, 8.1(m,M) <0, A As(m, 1\/=I) > 0 are defined by
(11.43).

Proof. We prove only (11.45). If r < 1, then putting s = 1 in Corollary 11.7 (i) we get
the left hand side of (11.45). Also, if s > 1, then putting r = 1 in Corollary 11.7 (ii) we get
the right hand side of (11.45). O

Remark 11.5 Let the assumptions of Corollary 11.8 be valid. We get a refinement of
inequalities among power means as follows.
If r <1<sg, then

M (A,®) < VA D) + 8, (1m, M)A, (1, M) — 8, 1 (m, M)A (71, M) < M5 (A, D).

If r < —1<g, then

1

NA®) < 4N(A @)+ ( "D (A1) = 8y (m, M)A (m 1\7))71
(s @A) - SR <4 (A®).
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If r <—1,s>1,then

ﬁm@)¢%WA®+%ﬁm¢)5(@@m@ﬁ)

Finally, we give a refinement of inequalities among power means under the condition
placed only on the bounds of operators whose means we are considering.

Corollary 11.9 Let (Ay,...,A,) and (®y,...,D,) be as in the definition of the quasi-
arithmetic mean (11.29). Let m; and M;, m; < M; be the bounds of A;, i =1,...,n. Let

(m MUY [mi, M) =0, i=1,...n, mpy < My,
(m= MY A [, M) =0, i=1,....n, m_y < My,

where mM, MUY, mlY < M and m=1, MY =1 < MUY are the bounds of//lnm (A, @)
and //l,rl](A,d)), respectively, and

mm:max{Migmm,ie{l,... n}} Mm:min{m,>M 16{1 n}},
m[,l]:max{Migm[’”,iE{l, }} mm{m >MEUie|l,.. n}}

Let m € [myy, .m0, M e MY, Mpyl, m < M, and m € [m[,l],m[’l]], Me [M[’l],M[,l]],
m < M be arbitrary numbers.
Ifr<—1,s>1, then

A8 < (i, @ 47) S (DA D)) < A, @)

M
- - (11.48)
<. A @) < @h¢()8MmM mM) ‘< 4P A
holds, where 6_, ,(m,M) > 0, Av,l(n?,]\/_l) >0, 517S(n7,1\/=1) >0 and A, (n?,]\/zl) >0 are de-
fined by (11.43).

Proof. If r < —1, then by putting s = —1 in Corollary 11.7 (ii) we obtain left hand
side of (11.48). Also, if s > 1, then putting » = 1 in Corollary 11.7 (i) we obtain right hand

side of (11.48). Finally, we apply the order ., "/(A, ®) <. (A, ®). O

Now we give an application of Theorem 11.4 to the quasi-arithmetic mean with weights.
For a subset {A,,,...,An, } of {A4;,...,A,}, we denote the quasi-arithmetic mean by

M (}/,A (o} s, n2 (1 22 (I) ) (11.49)

ln1

where (A, ,...,A,,) are self-adjoint operators in (H ) with the spectrain 1, (@, , ..., Dp,)
are positive linear mappings ®; : Z(H) — Z(K) such that Z;an D;(ly) =ylg and @ :
I — R is a continuous strictly monotone function.
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Under the same conditions, we introduce, for convenience, the following notation:

3.y (m, M) = w(m) + y(M) —2yo ¢! (w) ;
(11.50)

RonslmM) = 31k~ s S\ ('q)(Ai) - e Lo,

).

where @,y : I — R are continuous strictly monotone functions and m,M € I, m < M. We
include implicitly that Ay ,, 4 (m,M) = Ap A&,y (m,M).

The following theorem is an extension of Theorem 11.6 and a refinement of [138,
Theorem 3.1].

Theorem 11.7 Let (Ay,...,A,) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; < M;, i = 1,...,n. Let ¢,y : I — R be continuous strictly
monotone functions on an interval I which contains all m;,M;. Let (®y,...,®,) be an
n-tuple of positive linear mappings ®; : B(H) — B(K), such that 31| ®:(1y) = a1,
in 1 @i(ly) = B 1k, where 1 <ny <n, a, >0and a+ = 1. Let one of two equal-
ities
My(0,A, @, 1,n1) = Mp(1,A,®,1,n) = My(B,A,P,n1+1,n) (11.51)
be valid and let
(mp,Mg)N[mj,M;] =0 for i=n;+1,...,n, m<M,

where my = min{my,...,my, }, Mg = max{Mi,...,M, },

_ my, if {M;j: M; <mp,ie{n+1,...,n}} =0,

o\ max{M;: M; <mp,i€{n +1,...,n}}, otherwise,
M= Mg, if {mj: m; >Mpg,ie{n+1,....,n}} =0,

| min{m;: m; > Mg,i € {n;+1,...,n}}, otherwise.

(i) Ifyo @~ is convex and ! is operator monotone, then

ni

% (Ot A (I),l,nl < u/ < Zq) B6¢ ]I/Agonh ) S%y/(l,A,¢,1,ﬂ)

( 2 @i ( O‘%w“‘wnh)
ﬁl =n+1

< %lll(ﬁvA?q)?nl + 17”)
(11.52)

holds, where 8y > 0 andg(p,nha >0.
(") If wo@~lis convex and —y~" is operator monotone, then the reverse inequality
is valid in (11.52), where 8¢y > 0 and Ag n, o > 0.
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(i) Ifyo ¢~ is concave and —y " is operator monotone, then (11.52) holds, where

Op.y <0andAgpn, o> 0.

(ii") If wo @' is concave and w=" is operator monotone, then the reverse inequality
is valid in (11.52), where 8¢,y < 0 and Agn, o > 0.

In all the above cases, we assume that 8.y = 8¢y (M), Ap n, o0 = Ag n, (M, M) are
defined by (11.50) and m € [m,mr), M € [Mg,M], m < M, are arbitrary numbers.

Proof. We only prove the case (i). Suppose that ¢ is a strictly increasing function.
Then
(mp,Mg) N\ [mj,M;] =0 for i=m+1,...,n

implies
(p(mr), 0(Mg)) N [@(m;),p(M;)] =0 fori=ni+1,...,n. (11.53)
Also, by using (11.51), we have
1 ni n 1 n
—Z‘D )= @A) = B Y, @A
i=1 i=n;+1

Taking into account (11.53) and the above double equality, we obtain by Theorem 11.4
that

=
=

1 ni

_Zq)

I/\
INgE

M

Di(f (9(A4)) + BSAgn 0 < Y, Bi(f (9(A)))

Il
-

Il
=M= —

I

- aShama<y i £ (0(4))).

l:ﬂ

IN
TII»— QIr

(11.54)

for every continuous convex function f : J — R on an interval J which contains all [ (m;),

@(M)] = (Imi, M), i = 1......n. where 8 = f(g(m)) + (g (M)) — 2f (221200 ).
Also, if ¢ is strictly decreasing, then we check that (11.54) holds for convex function
f+J — RonJ which contains all [¢(M;), (m;)] = @([mi, Mi]).
Putting f = yo ¢! in (11.54), we obtain

14 1 n
_Zq) a q) Jrﬁ&pr(pnlocﬁzq) (w(A))
i=1
1 & 1 &
< B 2 — 08¢ yApn 0 < B Y, @i (w(Ar)

Applying an operator monotone function y~! to the above double inequality, we obtain
the desired inequality (11.52). |

We now give some results that can be derived from Theorem 11.7, which are extensions
of Corollary 11.5, Corollary 11.6 and a refinement of [138, Corollary 3.3].
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Corollary 11.10 Let (Ay,...,A,) and (®y,...,

®,), mi;, M;, m, M, my, Mg, a and f be
as in Theorem 11.7. Let I be an interval which contains all m;, M; and

(mp,Mg)N\[mj,M;] =0 for i=n;+1,...,n, m< M.

I) If one of two equalities

M0, A, D, 1,n1) = My(1,A,®@,1,n) = My(B,A,®,n1+1,n)
is valid, then

1o _1y P 3
— Zq) a ' D;(A;) +ﬁ6(p’1A(P7”lva < 2, ®ilAi)
1 A S (11.55)
<z Y Di(A) - ad,iApna <7 Y, Didi(A)
B i=n;+1 ﬁ ="

holds for every continuous strictly monotone function ¢ : I — R such that o~ ! is convex
on I, where 8,1 = m+M —2 o ! (M) >0,

)

But, if 9! is concave, then the reverse inequality is valid in (11.55) for §,-1 <0
II) If one of two equalities

X¢7nlva = %11(_ mlilq), (‘(p(Al) — M

1
> H

and m € [m,mpr), M € [Mg, M), m < M, are arbitrary numbers

ni

n 1 n
—an =Y Di(A) == Y Di(A)
i=1 B i=ni+1
is valid, then

g
My(0,A, @, 1,n1) < (1 Y @i (o +B6¢A,,1> < Mp(1,A,®,1,n)

(B Zlq) océ(,,Anl) < Mo(B,A, @0 +1,n)
i=n|+

(11.56)

holds for every continuous strictly monotone function ¢ : I — R such that one of the fol-
lowing conditions
(i) @ is convex and ¢~ is operator monotone,

(i’) @ is concave and —@~" is operator monotone,
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is satisfied, where 8, = @(m) + @(M 1) —2¢ (erM)

-1 1 al m+M
Ay = lg——— S 0 (|4, — 1
mT ok a(M—m) = l(’ ! 2 1

)

and m € [m,mp), Me [Mg,M], m < M, are arbitrary numbers. But, if one of the following
conditions

1

(ii) @ is concave and @~ is operator monotone,

1

(ii’) @ is convex and —@Q " is operator monotone,

is satisfied, then the reverse inequality is valid in (11.56).

Proof. The inequalities (11.55) follow from Theorem 11.7, by replacing y with the
identity function, while the inequalities (11.56) follow by replacing ¢ with the identity
function and y with ¢. O

Remark 11.6 Let the assumptions of Theorem 11.7 be valid.
1) Note that if one of the following conditions

1

(i) wo @~ !is convex and y~! is operator monotone,

1

(i’) wo @~ !isconcave and —y ! is operator monotone,

is satisfied, then the following obvious inequality

My(B,A,@,n1+1,n) <y~ ( Z D;( 6¢Aﬁ) < My(B,A,®,n+1,n)

i=ny+1

holds, (see Remark 11.2), where 8, = @(m) + ¢(M) —2¢ (’“M)

M
1o —
—m

EZCI)A

i=nj+1

and m € [m,mg), M € [Mg,M], m < M, are arbitrary numbers.

2) We denote by m,, and M, the bounds of .#Z,(1,A,®,1,n). If (mgy,My) N [m;, M;] =
0,i=1,...,ny, and one of two following conditions
-1

(i) wo @ !isconvex and y~! is operator monotone

1

(ii) wo¢~!isconcave and —y~! is operator monotone
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is satisfied, then the double inequality (11.52) can be extended from the left side as follows:

Mp(1L,A,®@,1,n) = Mp(1,A,®,1,n)) <y~ ( ZCI) &M,Aa)
< M, (06 A (I),l,nl < v ( Zq) +B5(p y/A(pnl oc) g///w(l,A,(I),l,n)
<y 2 D; ( 065(/; I,/A(pnla g,//w(ﬁ,A,(I),nlJrl,n),
ﬁz n+1

where 8, and Ay, o are defined by (11.50),

~ 1 1|1 & m+M
Ag=-lg— ——|— A — — 1k
o ) K M—m ai:§+1 28] B K

As a special case of the quasi-arithmetic mean (11.49), we can study the weight power

mean as follows. For a subset {A,,,...,Ap, } of {A;,...,A,} we define this mean by
1 P2 1r
2 @ ( , r e R\{0},
M[r](’y’Aa(I)aplap2): l P
exp ( 2 ®; (In(A ) r=20,
Visp
where (A,,,...,A,,) are strictly positive operators, (®,,,...,®D,,) are positive linear map-

pings ®; : B(H) — %(K) such that 3,2 @;(1x) =y lk.
Under the same conditions, we introduce for convenience denotations as special cases
of (11.50), as follows:

mS+MS—2(—m';M'>S/r, r#0,
mS+MS—2(mM)S/2, r=0,
S (A — Mt

Ors(m,M) =
(11.57)

1 1
~ 1k — g r#0,
Ar(m,M) = ’ ]

g —|In (%) [71|2r, ®i(In4;) — Inv/Mmlg|, r=0

where m, M e R, 0 <m <M and r,s € R, r <s. We include implicitly that A, (m, M) =
gr,A (m,M), where A=Y | ®;(A]) forr 20 and A =¥} , ®;(InA;) for r = 0.

We obtain the following corollary by applying Theorem 11.7 to the above mean. This
is an extension of Corollary 11.8 and a refinement of [138, Corollary 3.4].

Corollary 11.11 Let (Ay,...,A,) be an n-tuple of self-adjoint operators A; € B(H) with
the bounds m; and M;, m; <M;, i =1,...,n. Let (®y,...,®,) be an n-tuple of positive
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linear mappings ®; : B(H) — B(K), such thar ;1 ®;(1y) = o1, ¥, 1 Pi(ly) =
B lg, where 1 <nj; <n, o, >0and ot + 3 = 1. Let

(mp,Mg)N\[mj,M;] =0 for i=n;+1,...,n, m<M,
where my = min{my,...,my, }, Mg = max{Mi,...,M,, } and

m— mr, if{M,'ZMiSmL,iE{n1+l,...,n}}:®,
|\ max{M;: M; <myp,i€{n +1,...,n}}, otherwise,

M= Mg, if {mj: m; >Mg,ie{n+1,....,n}} =0,
| min{m;: m; > Mg,i € {n;+1,...,n}}, otherwise.

(i) If either r < s, s > 1 or r < s < —1 and also one of two equalities
AV (o, A, 1,n1) = 4 (1,A,®,1,0) = 4" (B,A,®,n; +1,n)

is valid, then

1/s
MY (0, A, D, 1,ny) s( zcb )+ BSrsAsm ) <A (1,A,@,1,n)

" 1/s
g(l > cI»(Af)—oes,,s&,m,a) <A (B,A @1 +1,n)

i=nj+1

holds, where 6,5 > 0 andﬁs >0,

In this case, we assume that & = rg(m M) Asmﬂ = gs,nl,a(VE,M) are defined by
(11.57) and m € [m,mr), M € [Mg,M|, m < M, are arbitrary numbers.

(ii) If either r < s, r < —1 or 1 <r < s and also one of two equalities

M (0, A @, 1,0)) = A P(1,A,@,1,0) = 4P (B,A,® 1, +1,n)

is valid, then

1/r
J//[r](ocA D, 1,my) > ( ZCD +ﬁ6srA,,,17 ) zjllr](l,A,(D,l,n)

" 1/r
z(% )y <1>,~<Ar>—aas,,ﬁr,m,a> > A (BLADny +1,m)

i=nj+1
holds, where 8, <0 andgsv,,lva > 0.

In this case, we assume that &;, = svr(nz,ll/_l), AVVJ!MX = ernlva(rﬁ,]g) are defined by
(11.57) and m € [m,mr), M € [Mg,M|, m < M, are arbitrary numbers.

Proof. In the case (i) we put w(¢) =7 and @(t) =t"if r#0or ¢(t) =Int if r #0
in Theorem 11.7. In the case (ii) we put w(¢) =" and @(z) =¢* if s £ 0 or ¢(z) = Int if
s # 0. The details are here omitted. O
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11.3 Converses of Jensen’s operator inequality

In the sequel, converses of a generalized Jensen’s inequality for a continuous field of self-
adjoint operators, a unital field of positive linear mappings and real valued continuous
convex functions are studied. New refined converses are presented by using the Mond-
Pecari¢ method improvement. Obtained results are then applied in order to refine some
selected inequalities that include power functions.

We firstly recall some definitions needed in the sequel. Let 7" be a locally compact
Hausdorff space and let 7 be a C*-algebra of operators on some Hilbert space H. We say
that a field (x; ), of operators in <7 is continuous if the function # — x; is norm continuous
on 7. If in addition u is a Radon measure on T and the function ¢ — ||x,|| is integrable,
then we can form the Bochner integral [, x; d(t), which is the unique element in . such

that ‘
0 <I/Txfdu(t)> =/T<p(Xr)du(t),

for every linear functional @ in the norm dual .<7*.

Assume further that there is a field (¢ );er of positive linear mappings ¢, : & — %A
from .27 to another ¢™*-algebra 4 of operators on a Hilbert space K. We recall that a linear
mapping ¢, : &/ — A is said to be a positive mapping if ¢ (x,) > 0, for all x, > 0. We say
that such a field is continuous if the function 7 — ¢ (x) is continuous for every x € o7 Let
the ¢*-algebras include the identity operators and the function 7 — ¢ (1y) be integrable
with [ ¢ (1g) du(t) = klg, for some positive scalar k. Specially, if [ ¢ (1g)du(r) = Ig,
we say that a field (¢ );er is unital.

Let f be an operator convex function defined on an interval /. Davis [56] proved the
Schwarz inequality

F(0(x) <9 (f(x)), (11.58)

where ¢: 7 — Z(K) is a unital completely positive linear mapping from a C*-algebra
4/ to linear operators on a Hilbert space K, and x is a self-adjoint element in <7 with its
spectrum in /. Subsequently, Choi [50] noted that it is enough to assume that ¢ is unital
and positive.

The authors in [156]-[160] and [74] observed converses of Jensen’s inequality. In order
to present these results, we introduce some abbreviations. Let f : [m,M] — R, m < M. Then
a linear function through (m, f(m)) and (M, f(M)) has the form h(z) = ksz+ I, where

and = W (11.59)

fM) — f(m)

ky o= M—m

Using the Mond-Pecari¢ method, in [146] the following generalized converse of a
Schwarz inequality (11.58) is presented:

Fl9(f(A).g(9(A))] < max F [kpz+1y,g(z)] 1a, (11.60)

m<z<M
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for convex functions f defined on an interval [m,M], m < M, where g is a real valued
continuous function on [m,M], F(u,v) is a real valued function defined on U x V, matrix
non-decreasing in u, U D f[m,M], V D glm,M]|, ¢ : H, — Hj is a unital positive linear
mapping and A is a Hermitian matrix with its spectrum contained in [m, M].

A continuous version of (11.60) for operators and in the case of [} ¢ (1g)du () = kl,
for some positive scalar k, was presented in [145]. Recently, Mic¢i¢, Pavi¢ and Pecari¢
[138] obtained a better bound than the one given in (11.60), as is cited below.

Theorem 11.8 Let (x;),er be a bounded continuous field of self-adjoint elements in a
unital C*-algebra </ with the spectra in [m,M|, m < M, defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure W, and let (¢ );er be a unital
field of positive linear maps ¢ : of — B from o/ to another unital C*-algebra P. Let
my and My, my < My, be the bounds of the self-adjoint operator x = [ ¢ (x,;)du(t) and
fimM] =R, g: [my,My] >R, F: UxV — R, where f([m,M]) CU, g([me,My]) CV
and F be bounded.
If f is convex and F is operator monotone in the first variable, then

F[/T(Z),(f(x,))d,u(t),g(./T‘(I)t(x,)du(l‘))] <C g <Clg, (11.61)

where constants Cy = C((F, f,g,m,M,my,M,) and C = C(F, f,g,m,M) are

Ci = sup Flkpz+1ly,g(2)]

my<z<My

= sup Flpfm)+ (1= p)f(). glpm+ (1= p)M).,

C = sup Flkpz+15,5(2)]

m<z<M

= Oit;glF[pf(M) +(1=p)f(M), g(pm~+ (1 —p)M)].

If f is concave, then the reverse inequalities are valid in (11.61) with inf instead of sup in
bounds C| and C.

In the sequel, we assume that (x; );c7 is a bounded continuous field of self-adjoint ele-
ments in a unital C*-algebra .7 defined on a locally compact Hausdorff space 7 equipped
with a bounded Radon measure u and (¢ ),c7 is a unital field of positive linear mappings
¢ : o/ — P from &/ to another unital C*-algebra A.

For convenience, we introduce abbreviations X and 6f as follows:

-~ ~ 1 1 m+M
xzxxhqjt(m,M) = ElK* m T(P[ (|.X[ - ) 1H|) d“(t), (1162)

where m, M, m < M, are some scalars such that the spectra of x;, r € T, are in [m, M];

8 = 8, (m, M) = flm) + F(M) —2f (’”*M) ,

— (11.63)
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where f : [m,M] — R is a continuous function.

We remark that mly <x; < Mly, t € T implies [, ¢y (|x, — @1110 du(r) < @11(.
It follows that X > 0. Also, if f is convex (resp. concave), then easily follows 8¢ > 0 (resp.
6f <0).

In order to prove our main result related to the converse Jensen’s inequality, we again
make use of Lemma 1.2, which has already served as our main tool throughout the second
part of this monograph.

What follows is the main result. We use the Mond-Pecari¢ method improvement.

Lemma 11.2 Let (x; ) and (¢ )ier be as above. If the spectra of x,;, t € T are in [m,M),
for some scalars m < M, then

[ oredn® <k [ o0du@ +11 =87 <ky [ 0050 du(n)+11k. (1164

for every continuous convex function f: [m,M] — R, where X and &y are defined by (11.62)
and (11.63), respectively.
If f is concave, then the reverse inequality is valid in (11.64).

Proof. We prove the convex case only. By using Lemma 1.2 we get
f(prm+paM)
m—+M

< p1f(m)+ paf (M) = min{py, pa} | £(m) + f(M) —2f (Tﬂ ,

(11.65)

forevery p1, ps € [0,1], such that p; + p, = 1. Let functions py, p>: [m,M] — R be defined
by

M-z z—m

C M-m’

p1(2)
Then for any z € [m, M] we can write

M—z

Z
[ —f(M_mm+M_m

By (11.65) we get

M—z z—m N m+M
1) < 4 fln) + = g0~z | g0+ ) 27 (P52 | o)
where
~_1 1 m+M
T2 T Mem|tT T2 |
since
M-z z—m | 1 1 m+M
mm{M—m’M—m}_EM—m )
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Now, we use the following properties of a functional calculus for a self-adjoint operator
xi: f,g € C([m,M)),Sp(x) < [m,M] and f < g on [m,M] implies f(x;) < g(x); h(z) = |z
implies i(x;) = |x|, 7 € T. By using (11.66) we obtain

050 < o)+ 2= 1) =5 | )+ 700~ 25 (5]

M—m M—m
where
- 11 1 m—i—M1
X = =1y — X — .
TR T M 2

Applying a positive linear mapping ¢, integrating and using [, ¢ (1g)du(r) = lg, we get
the first inequality in (11.64), since
M
bl ) duto).

v= [0 @ an) = g [ o (b

The fact that 67X > 0 yields the second inequality in (11.64). O

At this point, Lemma 11.2 may provide the refinements of some other, previously
mentioned inequalities. In the first place, we present a refinement of Theorem 11.8.

Theorem 11.9 Let the assumptions be as in Lemma 11.2. Let m, and My, my, < M, be
the bounds of the operator x = [ ¢y (x;) du(t) and my be the lower bound of the operator
X.

If f is convex and F is operator monotone in the first variable, then

U@ f ) du(t) (/¢, () dp( ))] (11.67)

< sup Flkpz+1p—8myg(2)] Ik < sup Flkrz+17,8(2)] Ik

my <z<Mjy my <z<My
If f is concave, then the reverse inequality is valid in (11.67) with inf instead of sup.

Proof. We only prove the case when f is convex. Then §; > 0 implies 0 < §mzlg <
Orx. By using (11.64) it follows that

[ orduo <k [ o)) +ip- 7
< kf/T¢z(Xr)dM(f)+lf—5fmx11<Skf/T@(Xz)dH(t)ﬂLlf-

Taking into account operator monotonicity of F(-,v) in the first variable, we obtain (11.67).
O

11.3.1 Difference type converse inequalities

By using Jensen’s inequality, we obtain that

og (/ & (x )du(t ) /(]), Sx))du(t) (11.68)
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holds for every operator convex function f on [m,M], every function g and real number
o such that ag < f on [m,M]. Further, applying Lemma 11.2 we obtain the following
converse of (11.68). It is also a refinement of [138, Theorem 3.1].

Theorem 11.10 Let the assumptions be as in Lemma 11.2. Let m, and My, my, < M,,
be the bounds of the operator x = [ ¢ (x;)du(t) and f: [m,M| — R, g: [my,M,] — R be
continuous functions.

If fis convex and o € R, then

/(]), Sx))du(r) ocg(/(]), X )du( ))< max {kferlffocg }IK OfX,

my<z<My
(11.69)
where X and 8¢ are defined by (11.62) and (11.63), respectively.
If f is concave, then the reverse inequality with min instead of max is valid in (11.69).

Proof. We only prove the convex case. By using the first inequality in (11.64), we

obtain ‘
[ otraann - oe( [ otnau)
< kf-/ 00 ()t (1) + Ly 1x — 8% — ag(/T (]),(x,)du(t))

max {kpz+1r—ag(z)} I — 8%

my <z<My

IN

The function z — k¢z+ 1 — 0g(z) is continuous on [m,, M|, so the above global extremes
exist. ]

Remark 11.7 1) We remark that by using (11.69) and Theorem 11.9 the following in-
equalities:

/(Pt fxe))du(t) Otg(/(])z x)du( ))
< max {kferlffag }IK (Sfy< max {ku“i’lf*ag }IK

- my <z<M,

hold for every convex function f, every o € R, and m;1g <y < X, where mj is the lower
bound of x.

2) According to [138, Corollary 3.2] we can determine the constant in the right hand
side of (11.69).

i) Let f be convex. We can determine the bound Cy, in

/(Pt xt d,LL ag(/ (Pt Xt d,LL )) §Ca1K75f§

more precisely as follows:
e if @ <0 and g is convex, then

Co = max {kym,+ 1y — otg(my) , kM +1; — ag(M,)}; (11.70)



338 11 ON THE REFINEMENTS OF THE JENSEN OPERATOR INEQUALITY

e if & <0 and g is concave, then

kpmy+1r— ag(my) if ag' (z) > ks for every z€ (my,My),
Co = { kpzo+ 1y —aglzo) if oeg’ (z0) < ks < gl (z0) for some zg € (my, My),

kM, +1p — ag(My) if og! (z) < kg for every z€ (my, My),
(11.71)

e if o > 0 and g is convex, then Cy, is defined by (11.71);
e if @ > 0 and g is concave, then Cy, is defined by (11.70).
ii) Let f be concave. We can determine the bound ¢, in

calg — 5fx</(]), Sx))du(r) ocg(/ & (x ) du( ))

more precisely as follows:

o if o <0 and g is convex, then ¢ is equal to the right side in (11.71) with reverse
inequality signs;

o if @ <0 and g is concave, then ¢, is equal to the right side in (11.70) with min instead
of max;

e if o > 0 and g is convex, then ¢y, is equal to the right side in (11.70) with min instead of
max;

e if @ > 0 and g is concave, then ¢y is equal to the right side in (11.71) with reverse
inequality signs.

Theorem 11.10 and Remark 11.7-2 applied to functions f(z) = z” and g(z) = z4 provide
the following refinement of [138, Corollary 3.3].

Corollary 11.12 Let the assumptions be as in Lemma 11.2. Let m, and M, m, < M, be
the bounds of the operator x = [ ¢;(x;) du(t) and additionally let operators x; be strictly
positive. Let X be defined by (11.62).

(i) Let p € (—o0,0]U[1,00). Then

q
/¢z x)du(t) </ O () du( )) SC&lK_(mI’_FMI’_zlfl’(m_i_M)p)f’

where the bound C} is determined as follows:
o ifor <0andq e (—o,01U[1,00), then

C& = max {k,pmx +lp — amf{,k,pr +lp — OCM)?}; (11.72)
o ifoe <0andgqe (0,1), then
kepmy + Lo — omd if (th/kﬂr)l/(liq) < my,

Cgc = ltl’ +a(q* 1) (Olq/k[p)q/(liq) l..fmx S (aq/ktp)l/(lf‘l) S Mx, (1173)
ki My +1ip — oM if (th/k,p)l/(lfq) > M,,



11.3 CONVERSES OF JENSEN’S OPERATOR INEQUALITY 339

where kyp == (MP? —mP) /(M —m) and l;p := (Mm? —mM?) /(M —m) (i.e. replacing f with
2 in (11.59));
e ifaa>0andq € (—o,0]U][l,00), then C}, is defined by (11.73);
e ifaa>0andqe€ (0,1), then C}, is defined by (11.72).
(i) Let p € (0,1). Then

c 1K+(21 Pm+M)P —mP — M’7 x</(]), x)du(t) (/(]), X )du(t ) ,

where the bound c}, is determined as follows:

e ifa<0andq € (—0,0]U[l,00), then c}, is equal to the right side in (11.73);

e ifa<0andq € (0,1), then cl, is equal to the right side in (11.72) with min instead of
max;

o ifa>0andq e (—eo,01U[l,e0), then c, is equal to the right side in (11.72) with min
instead of max;

e ifa>0andq € (0,1), then ¢, is equal to the right side in (11.73).

Using Theorem 11.10 and Remark 11.7 for g = f and oo = 1 we obtain the following
result.

Theorem 11.11 Let the assumptions be as in Lemma 11.2. Let m, and M, m, < M., be
the bounds of the operator x = [ ¢ (x;)du(t) and f: [m,M] — R be a continuous function.
If f is convex, then

0</¢, Flx))du(t) (/ & () dut )gc_lefz, (11.74)

where X and Oy are defined by (11.62) and (11.63), respectively, and
C= max {kpz+1;—f(2)}. (11.75)
Furthermore, if f is strictly convex and differentiable, then the bound c lx — O7X satisfies
the following condition:
0 < Clg — 8% < { (M) — f(m) — f'(m)(M —m) — &mz} 1. (11.76)

where my is the lower bound of the operator X. We can determine more precisely the value
C =C(m,M,my,My, f) in (11.75), as follows:

C=kyzo+1s— flz0), (11.77)
where
iy if f'(mx) > kr,
20 = f”@»#f()<@<fW» (11.78)
M; if f'(My) < ky.

In the dual case, when f is concave, then the reverse inequality is valid in (11.74) with
min instead of max in (11.75). Furthermore, if f is strictly concave differentiable, then the
bound Clg — 87X satisfies the following condition:

{F (M)~ F(m) — £/ (m)(M —m) — 8ms} 1 < Clx — 8% < 0.
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We can determine more precisely the value Cin (11.77), with zg which equals the right side
in (11.78) with reverse inequality signs.

Proof. We only prove the right hand side of (11.76). Let the maximum value of a
continuous function z — k¢z+ 1y — f(z) on [m,,M,] be attained in zo. Since f is a strictly
convex function, it follows that f(m) — f(z9) < f'(m)(m— zp). Then

C= max {kpz+l—f(2)}

me<z<My
krzo+1r — f(z0) = f(m) — f(20) + kg(z0 —m)
(=f'(m) +kp) (z0—m) < (=f'(m)+kyg) (M —m).

IN

Taking into account that Sfm;IK < 5f3cv and the above inequalities, we obtain (11.76). O

Example 11.5 We illustrate examples for matrix case and 7' = {1,2} by putting f(z) =
t*, which is convex, but not operator convex. Also, we define mappings ®1,®, : M3(C) —
M2 ((C) as follows: q)l ((aij)lgi7jg3) = %(a,’j)lgingz, q)z = q)l (then q)l (13) +(I)2(]3) = 12).

I) Firstly, we observe an example without the spectra condition (see Figure 11.3).
Then we obtain a refined inequality as in (11.74), but don’t have a refined Jensen’s in-
equality.

8
.

<
3

3
S
N
=
E
sl
3|
3
N
N

3

E
i
SRS

Figure 11.3: Refinement for two operators and a convex function f

101 100 10
If X3=2(001 and X, =2(000], thenX—Z(O())
111 000

andmy = —1.604, M| =4.494, my =0, My =2, m = —1.604, M = 4.494 (rounded to three
decimal places). We have

(@1(X)) + D2(X2))* = (106 8) Z (ig ‘2‘2) =@ (X}) + @ (X5)



11.3 CONVERSES OF JENSEN’S OPERATOR INEQUALITY 341

and
80 40

) (X + @, (XF) = <40 24>

111.742 39.327

39.327 142.858

- 243758 0
0  227.758

) = @1 (X{') + 2 (X)) +Ch— §X

) = (@1 (X)) + P2(X2))* +Ch,

. = > 0.325 —0.097
since C = 227.758, 0y = 405.762, X = (_0.097 0.2092)

ITI) Next, we observe an example with the spectra condition (see Figure 11.3). Then
we obtain a series of inequalities involving the refined Jensen’s inequality and its converses.

41 1 5 -1 -1 Lo
X, =1 —2-1]andXo= (-1 2 1 ’thenXZ§<0 0)
111 11 3

and m; = —4.866, M| = —0.345, my = 1.345, M, = 5.866, m = —4.866, M = 5.860,

a = —0.345, b = 1.345 and we put m = a, M = b (rounded to three decimal places). We
have

@)+ a0 = (% )
639.921 255 _
( 255 117. 856) =@y (X{) + @2 (X3) — §y(a,b)X

6415 255
2551185) 1 (X{) + @2 (X7)

( 731.649 —162.575

<

N

162.575 325 15 ) = (d)1(X1)+CI>2(X2))4+C12—5f(m,M)}Z

872 471

< ©1(X1)+¢2(X2))4+512,

872. 409) =
05 0

0.325 —0.097
0 0.204

since 8¢(a,b) =3.158,X = ( —0.097 0.2092

), 8(m,M) = 1744.82, X = (
and C = 872.409.

Applying Theorem 11.11 to f(¢) = P, we obtain the following refinement of [138,
Corollary 3.6].

Corollary 11.13 Let the assumptions be as in Lemma 11.2. Let m, and M, m, < M,, be
the bounds of the operator x = [ ¢ (x;) du(t) and additionally let operators x; be strictly
positive. Let X is defined by (11.62). Then

0</(]),xt du(t) (/(]),x,du )

SC(mx,Mx,mMp)lK (mP +MP —2""P(m+M)P) X
§C(mx,Mx,m M,p)lxg <C(m,M,p)lg
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forp € (0,1), and

C(m,M,p)lg < c(my,My,m,M,p)lg
< c(my, Me,m, M, p)1x + (2" P(m+M)P —mP — MP) X

< [ oh)dut) (/m du( ))pso

for p € (0,1), where

k[P mx+lt17 *m/{,’ ifpm/]\,’il Z klp,
5(mX7MX7m7M7p): C(m7M»P) lfpm)16771 Sk;p SPM)?il? (1179)
keo My + L — MY if pME™" < koo,

and c(my,My,m,M,p) equals the right side in (11.79) with reverse inequality signs.
C(m,M, p) is the well known Kantorovich type constant for difference (see e.g. [74, §2.7]):

MP —mP 1/(p—1) MmP — mMP
m ) MmP —mM? R,

C(m»M»P):(P—1)<W A—m

11.3.2 Ratio type converse inequalities

In [138, Theorem 4.1], the following ratio type converse of (11.68) was given:

k l
/¢, f(x))dp )<mx‘?f‘<"m{ i f} (/¢ x)du(t ) (11.80)

where f is convex and g > 0. Applying Theorem 11.9 and Theorem 11.10, we obtain the
following two refinements of (11.80).

Theorem 11.12 Let the assumptions be as in Lemma 11.2. Let m, and My, my < M, be
the bounds of the operator x = [; ¢;(x;)du(t) and f: [m,M] — R, g: [my,My] — R be
continuous functions.

If f is convex and g > 0, then

[otranann < max ([ aane) -s5  avsn

my<z<Mjy

and

/Tq),(f(xt))du(t)s max {Mﬁ}g(/ﬁ,(mdw)), (11.82)

my <z<My g(

where X and 8y are defined by (11.62) and (11.63) respectively and my is the lower bound
of the operator X. If f is concave, then the reverse inequalities are valid in (11.81) and
(11.82) with min instead of max.
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Proof. We only prove the convex case. Let
k l
0 = max { et f}.
my <z<My g(Z)

Then there is zg € [my, M| such that oy = kfgz(ozj)lf d kfgz(;lf < oy, for all z € [my, My]. Tt

follows that kzo + 1y — 01g(20) = 0 and kyz+ 1y — ou1g(z) < 0, for all z € [my, M,], since
g > 0. Hence

max {ku“i’lf*alg } 0.

my <z<M,

By using (11.69) we obtain (11.81). The inequality (11.82) follows directly from Theo-
1/2 and z kuJrlf*(Sfm;.
g(z

rem 11.9 by putting F (u,v) = v—'/2uv='/2. Finally, functions z — kg( 5

are continuous on [m,, M,], so the global extremes exist in (11.81) and (11.82). O

Remark 11.8 1)Inequality (11.81)is a refinement of (11.80) since d,x > 0. Also, (11.82)
is a refinement of (11.80) since mz > 0 and g > 0 imply

k _ ~
max w S max ku + lf )
my<z<M g(2) me<z<My | g(z)

2) Let the assumptions of Theorem 11.12 hold. Generally, there is no relation between
the right sides of the inequalities (11.81) and (11.82) under the operator order (see Exam-
ple 11.3). But, e.g. if g( [ ¢ (x;)du(z)) < g(z0) Ik, where zo € [my, M,] is the point where
it attains max { bty } , then the following order

my<z<My g(z)

[ atsenans < mx (S [ aiagauo) -5

k lr—§6
max {fz+f fmx} </¢r )
my<z<My
holds.

Example 11.6 Let T = {1,2}, f(1) = g(t) = t*, ®x((aij)1<i,j<3) = 5 (aij)1<ij<2. k =
1,2.

IN

IN

411 5 -1-1 450
fX;=|120) and Xo=| -1 2 1 |, thenX—<(') 2)
101 -1 1 3
and m; = 0.623, M| = 4.651, my = 1.345, M, = 5.866, m = 0.623, M = 5.866 (rounded
to three decimal places). We have

629.5 —87.5
;1 (X2) + s (x3) = (87'5 5 )
(7823449 —53.737
<o (@100) + 92(Xy))" ~ &5 = ( —53.737 139.768 )

797438 0 ) (11.83)

<oc1(<I>1(X1)+q>2(X2))4—( 0 311.148
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since o = 19.447 (defined as in the right hand side of (11.81)), 8y = 962.73,

- (0157 0056\ _
0.056 0.178 ) = rheh

629.5 —87.5
D (X)) + @2 (X7) = <87.5 99 )

5246.13 0
<a2(q>1(x1)+cbz(xz))4—< 0 204.696)

(11.84)

797438 0
<ocl(d>1(X1)+CI)2(X2))4—< 0 311.148)’

since 0 = 12.794 (defined as in the right hand side of (11.82)). We see that in this example
there is no relation between matrices in the right sides of the equalities (11.83) and (11.84).

Remark 11.9 Similarly as in [138, Corollary 4.2], we can determine the constant in the
right hand side of (11.82).
(i) Let f be convex. We can determine the bound C in

[ atrtaane) SCg( / «p,(xt)du(r))

more precisely as follows:
e if g is convex, then

7 krg(z)
ifo (7)) > — S5
el)= kpz+ 1y —&ms

. krg(zo0)
fo < _ rrewo)
ife-(a0) < kfzo+1f — 6pmz

for every z € (my, M),

. g(?o)
M+ 1y 5f”lf e/ Kr8\z

if g’ (z) < ———=22—— forevery z€ (m,,M,);
g(Mx) & ( ) - ku-i-lf—(;fm; Y ( * x)

Cy = < g'(z0) forsome zg € (my,My),

(11.85)
e if g is concave, then

(11.86)

C — max { kfmx + lf — (Sfm; kax =+ lf — (Sf-m;} '

g(my) 7 g(My)
Also, we can determine the bound D in

Lot au <og( [ awann) -6

in the same way as the above bound C, but without m;.
(i) Let f be concave. We can determine the bound ¢ in

g(/ ¢z(xt)du(t)> < [t aut)
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more precisely, as follows:

e if g is convex, then c is equal to the right side in (11.86) with min instead of max;

e if g is concave, then c is equal to the right side in (11.85) with reverse inequality signs.
Also, we can determine the bound d in

dg(/T ¢t(xt)d.u(t)> —6x < /T(Pt(f(xt))dﬂ(t)
in the same way as the above bound c, but without m;.

Theorem 11.12 and Remark 11.9 applied to functions f(z) = z¥ and g(z) = z¢ provide
the following corollary, which is a refinement of [138, Corollary 4.4].

Corollary 11.14 Let the assumptions be as in Lemma 11.2. Let my and My, my < My be
the bounds of the operator x = [ ¢ (x;) du(t) and additionally let operators x; be strictly
positive. Let X be defined by (11.62), 8, := m? +MP —2'"P(m+ M) and m; be the lower
bound of the operator X.

(i) Let p € (—o0,0]U[1,00). Then

./T.d’t(x{’)dli(t)SC* <./T‘(p,(xt)du(t))q,

where the bound C* is determined as follows:
o ifg € (—o0,0]U[l,e0), then

kep my + ltz — 5,;1’)1} if q lr— 5{7””} <m,
my q l—¢q kp
R e L L VR )
1—gq q L —Opmz 1l—q ke
kﬂ’ Mx + lﬂ’ - 5,,]7’1} . Lip—6pm5z .
i /e

o ifqge (0,1), then

C* = max { o my by = Oy Kur g, M+ oy — 6”’”)7} . (11.88)
Ny Mx

Also,
[ o)) <o (/T@(x,)du(t))" ,,;

holds, where D* is determined in the same way as the above bound C*, but without mx.
(ii) Let p € (0,1). Then

o ([otane))' < [ atDraue.

where the bound c* is determined as follows:
o if g€ (—o0,0]U[l, o), then ¢* is equal to the right side in (11.88) with min instead of



346 11 ON THE REFINEMENTS OF THE JENSEN OPERATOR INEQUALITY

max;
e ifq e (0,1), then ¢}, is equal to the right side in (11.87).
Also, .
@ ([owann) ~ai< [o6hdue

holds, where 6p <0, x> 0 and d* is determined in the same way as the above bound d*,
but without my.

Applying Theorem 11.12 and Remark 11.9 for g = f, we obtain the following result.

Theorem 11.13 Let the assumptions be as in Lemma 11.2. Let m, and My, my < M, be
the bounds of the operator x = [ ¢;(x;)du(t) and f: [m,M] — R be a continuous function.
If f: [m,M] — R is a continuous convex function and strictly positive on [my, M|, then

/q), Fla))dult) < max{kuHf 5me} (/q), x)du(t ) (11.89)

and

./T‘¢z(f(xt))du(t)§ max {ku-i-lf} (/ 0 () da( )>_5ff, (11.90)

my <z<My f

where X and Oy are defined by (11.62) and (11.63), respectively, and my is the lower bound
of the operator X.

In the dual case, if f is concave, then the reverse inequalities are valid in (11.89) and
(11.90), with min instead of max.

Furthermore, if f is convex and differentiable on [my, M|, we can determine the bound

kpz+1r— (Sfm;}

oy = oy (m,M,my,My, f) = max { 7@

my <z<My

in (11.89) more precisely, as follows:

kfmx + lf - 5fmx kff( )
—_— —_— € (my, M),
) fl(m)‘)(g if f'(z) = kuijl]}( S{mx for every z € (my,My)
f20 +lf—omy .. , 1 (2o
a = € (my,My), (1191
1 } f(lZO) S if f'(z0) kfz()]:’_]lcji_)6fmE for some zo € (my,My), ( )
Myt Iy — Opmz !
€ (my,M,).
T Q) S e Jorevery 2 (maMy)
Also, if f is strictly convex and twice differentiable on [my, M|, then we can determine
the bound ' l
_ _ 2+ 1y
Oh = a2(m>M7mx>anf) - m}llzaé(Mx { f(Z) }

in (11.90) more precisely, as follows:

- kuOJrlf

11.92
7o) (192
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where zo € (my,My) is defined as the unique solution of the equation k¢f(z) = (krz+
lr)f'(z) provided (kymy +17) f' (my) [ f(my) < kp < (keMy+15) f' (M) [ f(My), otherwise
20 is defined as my or My provided ky < (kpmy+1r)f (my) /f(my) or ky > (kM +
Ie)f'(My) | f(My), respectively.

In the dual case, if f is concave differentiable, then the value o is equal to the right
side in (11.91) with reverse inequality signs. Also, if f is strictly concave twice differen-
tiable, then we can determine more precisely the value ¢, in (11.92), with zog which equals
the right side in (11.92) with reverse inequality signs.

Proof. The value o follows from Remark 11.9. The value o, follows from [138,
Corollary 4.7]. o

Remark 11.10 If f is convex and strictly negative on [m,, M,], then (11.89) and (11.90)
are valid with min instead of max. If f is concave and strictly negative, then the reverse
inequalities are valid in (11.89) and (11.90).

Applying Theorem 11.13 to f(¢) = ¢?, we obtain the following refinement of [138,
Corollary 4.8].

Corollary 11.15 Let the assumptions be as in Lemma 11.2. Let my and My, my < M, be
the bounds of the operator x = [ ¢ (x;) du(t) and additionally let operators x; be strictly
positive. Let X be defined by (11.62), 8, := m? +MP —2'=P(m+ M) and mz; be the lower
bound of the operator X.

Ifp & (0,1), then

0< [ o6d1aut) < KonMomat.p.0) ([ oauo)) =5,

IN

_ 14
K (my, My M. p,0) ( / ¢,(x,)du<r>) (11.93)

IN

kmatp) [ o)au))

and

0< [[atf)aut) < Konmomtt.p.md [ o0an))

IN

_ . P
K(my,My,m,M,p,0) (/T (Pt(xz)dli(t)) (11.94)

IN

kmat.p) ([ o)au()

where IZ(mx,Mx,m,M,p,c)
kipmy+1iw —cdp .. p(lw —cbp)

> (1—p)k
m)]g lf my —( p) Py
Ly —cS Ly — cb
= K(m,M,p,c) Ucw<(1_p)kﬂ,<w’ (11.95)
ny Mx

ki My +1;p — 6, i p(lip —cbp)

<(1—p)kep.
M;) Mx —( p) tP
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K(m,M,p,c) is a generalization of the well known Kantorovich constant K(m,M,p) =
K(m,M,p,0) (defined in [74, §2.7]), as follows

K(m M, p,c) i "ML= Mm" +cd,(M=m) (p—1 M? = m" ’
m,M,p,C) = (p—l)(M*m) p mMI’—MmI’JrC(s,,(Mfm) 7

(11.96)
forpeRand0 < c<0.5.
Ifp€(0,1), then

[ oraute) = Kontmtp.0) ([ otu)ano) - 5,7

Y

K s 1.0.0) [ q»(x,)du(r))p

Y

kmat.p) ([ ¢z(Xz)du(f)>p >0

and

[ oraue) = Konetmtpom) ([ ox)am))

Y

Km0 [ ¢,<xt>du<r>)p

Y

K(m.M. p) ( Lo (x:)du@)p >0,

where k(my,My,m,M,p,c) equals the right side in (11.95) with reverse inequality signs.
Proof. The second inequalities in (11.93) and (11.94) follow directly from (11.90) and

(11.89) by using (11.92) and (11.91), respectively. The last inequality in (11.93) follows
from

_ .
Kl Mo M.p,0) = max {52500

my <z<My Zp
kﬂ’Z‘i‘lﬂ’
< max { — » =K(m,M,p).
< m<Z<M{ p (m,M. p)

The third inequality in (11.94) follows from

K k Lp — 8,m+
K(mme,m,M,p,m;) = max {M}

my<z<My Zp
S K(mxaMx>m>M»p»0)»

since Opmy > 0, for p & (0,1) and M, > m, > 0. ]



11.3 CONVERSES OF JENSEN’S OPERATOR INEQUALITY 349

11.3.3 A new generalization of the Kantorovich constant

Definition 11.1 Let h > 0. Further generalization of the Kantorovich constant K (h, p)
(given in [74, Definition 2.2]) is defined by

R — (B +1 =2 P(h 1)P)(h—1)
Khpe) = (=1~ 1)

p—1 h? —1 P
X )
p hP—h+c(h?+1-2""P(h+1)?)(h—1)

for any real number p € R and any 0 < ¢ < 0.5. The constant K(h,p,c) is sometimes
briefly denoted by K (p,c).

Figure 11.4: Relation between K (p,c) for p€ Rand 0 < ¢ <0.5

By inserting ¢ = 0 in K(h, p,c¢) we obtain the Kantorovich constant K (%, p). The con-
stant K (m, M, p,c) defined by (11.96) coincides with K (&, p,¢) when putting h =M /m > 1.

Lemma 11.3 Ler h > 0. The generalized Kantorovich constant K (h, p,c) has the follow-
ing properties:

(i) K(h,p.c) =K(5,p.c), forall p € R,
(ii) K(h,0,¢)=K(h,1,c)=1,forall0<c<0.5andK(l,p,c)=1, forall p R,
(iii) K(h,p,c) is decreasing in c for p € (0,1) and increasing for p € (0,1),

(iv) K(h,p,c) > 1, forall p ¢ (0,1) and 0 < K(h,0.5,0) < K(h,p,c) <1, forall p €
(0,1),

(v) K(h,p,c) <hP~! forall p > 1.



350 11 ON THE REFINEMENTS OF THE JENSEN OPERATOR INEQUALITY

Proof. (i): We use an easy calculation:
K(l,p,c) RP—h e(h P+ 1-2""P(h P+ 1)P) (k1 = 1)
h (p=D(h'=1)
“ (pl hP—1 )p
p hP—hltclhP+1-=2"Ph~ 1+ 1)P)(h~1—1)
h—hP+c(1+h? —2'"P(h+1)P)(1—h)
(p—1)(1—h)
p—1 1 —h? P
( p h—hl’+c(l+hl’—21P(h—i—l)l’)(l—h))
= K(h,p,c).

(ii): Let & > 1. The logarithms calculation and the L"Hospital’s rule give K (h, p,b) — 1
asp—1,K(h,p,b) — las p—0and K(h,p,b) — 1 as h — 1+4. Now, using (i) we obtain
().

(iii): Let A > 0 and 0 < ¢ < 0.5. We have:

dK (1, pc) _ 2((@)!’111’“)

dc 2 2

p—1 h? —1 b
X .
p h—hP+c(h?+1-2""P(h+1)P)(h—1)

Since the function z — z” is convex (resp. concave) on (0,0) if p & (0, 1) (resp. p € (0,1)),
then (5=)? < 5= (resp. (55— )P > %5=), forevery & > 0. Then —7=~ <0if p ,
h thrl )4 hP2+1 (resp thrl 2 hP2+1) £ yh 0. Th dK(gcpc) 0if g 0.1
and % > 0if p € (0,1), which gives that K (h, p, ¢) is decreasing in c if p & (0,1) and

increasing if p € (0,1).
@v):Leth>1and 0 <c¢ <0.5.If p > 1 then

0 < (p—1)(-1)

h? —h+c(h?+1-=2"P(h+1)P)(h—1)

p—1 h? —1

p WP —h+c(h?+1-21-r(h4+1)P)(h—1)
implies
(p—1)(-1)
hP —h+c(h?+1—21-P(h+1)P)(h —1)

- (r-1 hP —1 P
=\ p W—htch?+1-2r(h+1)P)(h—1)) "’

which gives K (h, p,c¢) > 1. Similarly, K (h, p,c) > lif p<0and K(h,p,c) < 1lif p€ (0,1).
Hence (iii) and [74, Theorem 2.54 (iv)] yield K(h,p,c) > K(h,p,0) > K(h,0.5,0), for
p€(0,1).

(v): Let p > 1. Then (iii) and [74, Theorem 2.54 (vi)] yield K (h, p,c) < K(h,p,0)

<
hpfl- O



Bibliography

[1] S. Abramovich, G. Jameson, G. Sinnamon, Refining Jensen’s inequality, Bull. Math.
Soc. Sci. Math. Roumanie (N.S.) 47 95 (2004), no. 1-2, 3—14.

[2] S. Abramovich, M. Klari¢i¢ Bakula, M. Mati¢, J. E. Pecarié, A variant of Jensen-
Steffensen’s inequality and quasi-arithmetic means, J. Math. Anal. Appl. 307,
(2005), 370-386.

[3] M. Abramowitz, 1. A. Stegun, Handbook of mathematical functions with formulas,
graphs and mathematical tables, National Bureau of Standards, Applied Math. Se-
ries 55, 4th printing, Washington 1965.

[4] J. M. Aldaz, A refinement of the inequality between arithmetic and geometric means,
J. Math. Inequal. 4 2, (2008), 473-477.

[5] J. M. Aldaz, A stability version of Holder’s inequality, J. Math. Anal. Appl. 2 343,
(2008), 842-852.

[6] J. M. Aldaz, Self-improvement of the inequality between arithmetic and geometric
means, J. Math. Inequal. 2 3, (2009), 213-216.

[71 J. M. Aldaz, A measure-theoretic version of the Dragomir-Jensen inequality,
RGMIA Research Report Collection 14 Art. 6 (2011).

[8] J. M. Aldaz, Concentration of the ratio between the geometric and arithmetic means,
J. Theoret. Probab. 23 (2010), 498-508.

[9] J. M. Aldaz, Comparison of differences between arithmetic and geometric means,
available at the Mathematics ArXiv.

[10] H. Alzer, J. L. Brenner, Integral inequalities for concave functions with applications
to special functions, Proc. Roy. Soc. Edinburgh Sect. A 118 no. 1-2 (1991), 173—
192.

[11] T. Ando, X. Zhan, Norm inequalities related to operator monotone functions, Math.
Ann. 315 (1999), 771-780.

[12] M. Anwar, J. Jaksetié, J. Pecarié, A. Rehman, Exponential convexity, positive semi-
definite matrices and fundamental inequalities, J. Math. Inequal. 4 (2010), 171-189.

351



352 BIBLIOGRAPHY

[13] M. Anwar, J. Pecarié, On logarithmic convexity for differences of power means and
related results, Math. Inequal. Appl. 1 12 (2009), 81-90.

[14] S. Z. Arslanagi¢, S. S. Dragomir, An improvement of Cauchy-Buniakowski-
Schwarz’s inequality, Ma. Bilten 16 (1992), 77-80.

[15] W. Arveson, An Invitation to C*-algebras, Springer-Verlag, New York, Heidelberg,
Berlin, (1976).

[16] W. Arveson, A Short Course on Spectral Theory, Springer-Verlag, New York, Hei-
delberg, Berlin, (2002).

[17] J. S. Aujla, Some norm inequalities for completely monotone functions, SIAM J.
Matrix Anal. Appl. 22 (2000), 569-573.

[18] J. S. Aujla, J. C. Bourin, Eigenvalue inequalities for convex and log-convex func-
tions, Linear Algebra Appl. 424 (2007), 25-35.

[19] J. S. Aujla, S. S. Dragomir, M. Khosravi, M. S. Moslehian, Refinements of Choi-
Davis-Jensen’s inequality, Bull. Math. Anal. Appl. 32 (2011), 127-133.

[20] J. S. Aujla, F. C. Silva, Weak majorization inequalities and convex functions, Linear
Algebra Appl. 369 (2003), 217-233.

[21] I. A. Baloch, J. Pecari¢, M. Praljak, Generalization of Levinson’s inequality, J. Math.
Inequal. 9 2 (2015), 571-586.

[22] A. Barbir, K. Kruli¢ Himmelreich, J. Pecarié, Refinements of Jessen’s functional,
submitted.

[23] J. Bari¢, M. Mati¢, J. Pecarié, On the bounds for the normalized Jensen functional
and Jensen-Steffensen inequality, Math. Inequal. Appl. 12 2 (2009), 413—-432.

[24] J. Bari¢, A. Matkovié, Bounds for the normalized Jensen-Mercer functional, J.
Math. Inequal. 3 4 (2009), 529-541.

[25] E. Beck, Uber Ungleichungen von der Form f(My(x;ct), My (y;0))>My (f(x,y); ),
Univ. Beograd Publ. Elektroteh. Fak. Ser. Mat. Fiz. No. 320-328 (1970), 1-14.

[26] E.F. Beckenbach, A class of mean-value functions, Amer. Math. Monthly 57 (1950),
1-6.

[27]1 E. F. Beckenbach, Superadditivity inequalities, Pacif. J. Math. 14 (1964), 421-438.

[28] E.F. Beckenbach, R. Bellman, Inequalities, Berlin-Heidelberg-New York: Springer-
Verlag, (1983).

[29] P. R. Beesack, Inequalities for Absolute Moments of a Distribution: From Laplace
to Von Mises, J. Math. Anal. Appl. 98 (1984), 435-457.



BIBLIOGRAPHY 353
[30] P. R. Beesack, J. E. Pecari¢, On Jessen’s inequality for convex functions, J. Math.
Anal. Appl. 2 110 (1985), 536-552.

[31] P. Beesack, J. Pecarié, On Jessen’s inequality for convex functions II, J. Math. Anal.
Appl. 118 no. 1 (1986), 125-144.

[32] P. R. Beesack, J. E. Pecari¢, On Knopp’s inequality for convex functions, Canad.
Math. Bull. 30 no. 3 (1987), 267-272.

[33] M. Bessenyei, The Hermite-Hadamard inequality on simplices, Amer. Math.
Monthly 115 4 (2008), 339-345.

[34] R. Bhatia, Matrix Analysis, Springer-Verlag, (1997).

[35] R. Bhatia, Positive definite matrices, Princeton University Press, New Jersey,
(2007).

[36] R.Bhatia, C. Davis, More matrix forms of the arithmetic-geometric mean inequality,
SIAM J. Matrix Anal. Appl. 1 14 (1993), 132-136.

[37] Y. Bicheng, I. Brneti¢, M. Krnié, J. Pecarié, Generalization of Hilbert and Hardy-
Hilbert integral inequalities, Math. Inequal. Appl. 8 (2005), 259-272.

[38] Y. Bicheng, T. M. Rassias, On the way of weight coefficients and research for the
Hilbert-type inequalities, Math. Inequal. Appl. 6 (2003), 625-658.

[39] R. P. Boas, The Jensen-Steffensen inequality, Univ. Beograd Publ. Elektrotehn. Fak.
Ser. Mat. Fiz. No. 302-319 (1970), 1-8.

[40] M. Bombardelli, S. VaroSanec, Properties of h-convex functions related to the

Hermite-Hadamard-Fejer inequalities, Computers and Mathematics with Applica-
tions 58 (2009), 1869-1877.

[41] F. F. Bonsall, Inequalities with non-conjugate parameters, Quart. J. Math. Oxford
Ser. 22 (1951), 135-150.

[42] 1. Brneti¢, M. Krnié, J. PeCarié¢, Multiple Hilbert and Hardy-Hilbert inequalities
with non-conjugate parameters, Bull. Austral. Math. Soc. 71 (2005), 447-457.

[43] I. Brnetié, J. Pecari¢, Generalization of Hilbert’s integral inequality, Math. Inequal.
Appl. 7 (2004), 199-205.

[44] I. Brnetié, J. Pecari¢, Generalization of inequalities of Hardy-Hilbert’s type, Math.
Inequal. Appl. 7 (2004), 217-225.

[45] P. S. Bullen, An inequality of N. Levinson, Univ. Beograd Publ. Elektrotehn. Fak.
Ser. Mat. Fiz. 421-460 (1973), 109-112.

[46] P.S. Bullen, Error estimates for some elementary quadrature rules, Univ. Beograd.
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 602-633 (1978), 97-103.



354 BIBLIOGRAPHY

[47] P. S. Bullen, D. S. Mitrinovié, P. Vasi¢, Means and Their Inequalities, Dordrecht-
Boston-Lancaster-Tokyo: Reidel Publ. (1988).

[48] S. I. Butt, M. Krnié, J. Pecarié, Superadditivity, monotonicity and exponential con-
vexity of the Petrovi¢-type functionals, Abstract and Applied Analysis, 2012 (2012)
123913-1-123913-21.

[49] W. S. Cheung, A. Matkovi¢, J. Pecarié, A variant of Jessen’s inequality and gener-
alized means, J. Inequal. Pure Appl. Math. 7 1 (20006), Article 10.

[50] M. D. Choi, A Schwarz inequality for positive linear maps on C*-algebras, 1llinois
J. Math. 18 (1974), 565-574.

[51] A. Ciimeﬁja, J. Pecari¢, Mixed means and Hardy’s inequality, Math. Inequal. Appl.
14 (1998), 491-506.

[52] V. Culjak, A. M. Fink, J. Pecarié, On some inequalities for convex functions of
higher order, Nonlinear Stud. 6 no. 2 (1999), 131-140.

[53] V. éuljak, B. Ivankovié¢, J. E. Pecari¢, On Jensen-McShane’s inequality, Period.
Math. Hungar. 2 58 (2009), 139-154.

[54] V. Culjak, J. Pecari¢, Interpolation polynomials and inequalities for convex func-
tions of higher order, Math. Inequal. Appl. 5 no. 3 (2002), 369-386.

[55] V. éuljak, J. Pecari¢, M. Rogina, On some inequalities for convex functions of higher
order 11, Nonlinear Anal. 45 no. 3, Ser. A: Theory Methods, (2001), 281-294.

[56] C. Davis, A Schwarz inequality for convex operator functions, Proc. Amer. Math.
Soc. 8 (1957), 42-44.

[57] L. Debnath, K. Jichang, On new generalizations of Hilbert’s inequality and their
applications, J. Math. Anal. Appl. 245 (2000), 248-265.

[58] L. Debnath, B. Yang, On the extended Hardy-Hilbert’s inequality, J. Math. Anal.
Appl. 272 (2002), 187-199.

[59] S. S. Dragomir, A new refinement of Jensen’s inequality in linear spaces with appli-
cations, Math. Comput. Modelling 52 (2010), 1497-1505.

[60] S.S. Dragomir, Bounds for the normalized Jensen’s functional, Bull. Austral. Math.
Soc. 3 74 (2006), 471-478.

[61] S. S. Dragomir, Inequalities for superadditive functionals with applications, Bull.
Austral. Math. Soc. 77 (2008), 401-411.

[62] S. S. Dragomir, Quasilinearity of some composite functionals with applications,
Bull. Austral. Math. Soc. 83 (2011), 108—-121.

[63] S. S. Dragomir, The quasilinearity of a family of functionals in linear spaces with
applications to inequalities, Riv. Mat. Univ. Parma 4 (2013), 135-149.



BIBLIOGRAPHY 355

[64] S. S. Dragomir, Quasilinearity of some functionals associated with monotonic con-
vex functions, J. Inequal. Appl. 2012: 276, pp. 13.

[65] S. S. Dragomir, C. E. M. Pearce, J. E. Pecari¢, On Jessen’s and related inequalities
for isotonic sublinear functionals, Acta. Sci. Math. (Szeged) 1-4 61 (1995), 373—
382.

[66] S. S. Dragomir, J. E. Pecari¢, L. E. Persson, Properties of some functionals related
to Jensen’s inequality, Acta Math. Hungar. 1-2 70 (1996), 129-143.

[67] M. Dresher, Moment spaces and inequalities, Duke Math. J. 20 (1953), 261-271.

[68] W. Ehm, M. G. Genton, T. Gneiting, Stationary covariances associated with expo-
nentially convex functions, Bernoulli 9 4 (2003), 607-615.

[69] A. Florea, C. P. Niculescu, A Hermite-Hadamard inequality for convex-concave
symmetric functions, Bull. Math. Soc. Sci. Math. Roumanie Tome 50 98 (2007),
149-156.

[70] J. Fujii, M. Fujii, M. Nakamura, J. Pecari¢ and Y. Seo, A reverse inequality for the
weighted geometric mean due to Lawson-Lim, Linear Algebra Appl. 427 (2007),
272-284.

[71] J. Fujii, M. Fujii and Y. Seo, An extension of the Kubo-Ando theory: Solidarities,
Math. Japonica 35 (1990), 387-396.

[72] S. Furuichi, On refined Young inequalities and reverse inequalities, J. Math. Inequal.
5,(2011), 21-31.

[73] S. Furuichi, K. Yanagi and K. Kuriyama, A note on operator inequalities of Tsallis
relative operator entropy, Linear Algebra Appl. 407 (2005), 19-31.

[74] T. Furuta, J. Miéi¢ Hot, J. Pecari¢, Y. Seo, Mond-Pecari¢ Method in Operator In-
equalities, Element, Zagreb, (2005).

[75] C.FE Gauss, Theoria combinationis observationum, (1821).

[76] B. Gavrea, J. Jaksetié, J. Pecari¢, On a global upper bound for Jensen’s inequality,
ANZIAM J. 2 50 (2008), 246-257.

[77] A. Guessab, O. Nouisser, J. PeCari¢, A multivariate extension of an inequality of
Brenner-Alzer, Archiv der Mathematik, 98 3 (2012), 277-287.

[78] A. Guessab, G. Schmeisser, Convexity results and sharp error estimates in approxi-
mate multivariate integration, Math. Comp. 73 247 (2003), 1365-1384.

[79] P. C. Hammer, The midpoint method of numerical integration, Math. Mag. 31
(1957/1958), 193-195.

[80] F. Hansen, J. Pecari¢ and 1. Peri¢, Jensen’s operator inequality and its converses,

Math. Scand. 100 (2007), 61-73.



356 BIBLIOGRAPHY

[81] F. Hansen, G. K. Pedersen, Jensen’s inequality for operators and Lowner’s theorem,
Math. Ann. 258 (1982), 229-241.

[82] F. Hansen, G. K. Pedersen, Jensen’s operator inequality, Bull. London Math. Soc.
35 (2003), 553-564.

[83] G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities, 21 edition, Cambridge Uni-
versity Press, Cambridge, (1967).

[84] F. Hiai, H. Kosaki, Means for matrices and comparison of their norms, Indiana
Univ. Math. J. 48 3 (1999), 899-936.

[85] O. Hirzallah, F. Kittaneh, Matrix Young inequalities for the Hilbert-Schmidt norm,
Linear Algebra Appl. 308 (2000), 77-84.

[86] F. V. Husseinov, On Jensen’s inequality, Mat. Zametki 41 (1987), 798-806 (Rus-
sian).

[871 B. Ivankovié, J. Pecari¢, S. VaroSanec, Properties of mappings related to the
Minkowski inequality, Mediterr. J. Math. 8 (2011), 543-551.

[88] S. Iveli¢, J. Pecari¢, Generalizations of Converse Jensen's inequality and related
results, J. Math. Ineq. 5 1 (2011), 43-60.

[89] S. Iveli¢, J. Pecarié¢, Remarks on the paper “On a converse of Jensen's discrete
inequality” of S. Simi¢, J. Inequal. Appl. 2011, Art. ID 309565, 4 pp.

[90] J. Jakseti¢, J. E. Pecarié, Exponential convexity method, J. Convex Anal. 20 no. 1
(2013), 181-197.

[91] J. L. W. V. Jensen, Om Konvexe Funktioner og Uligheder Mellem Middelvaerdier,
Nyt. Tidsskrift for Mathematik 16 B (1905), 49-69.

[92] J. L. W. V. Jensen, Sur les fonctions convexes et les iné galités entre les valeurs
moyennes, Acta Math. 30 no. 1 (1906), 175-193 (French).

[93] B. Jessen, Bemaerkinger om konvekse Funktioner og Uligheder imellem Middel-
vaerdier I, Mat. Tidsskrift B (1931), 17-29.

[94] Khuram A. Khan, J. Pecarié, 1. Perié, Differences of weighted mixed symmetric
means and related results, J. Inequal. Appl. 2010 (2010), Article ID 289730, 16

pages.

[95] F. Kittaneh, On the convexity of the Heinz means, Integral Equations Operator The-
ory 68 4 (2010), 519-527.

[96] F. Kittaneh, M. Krni¢, N. Lovricevic, J. Pecari¢, Improved arithmetic-geometric and
Heinz means inequalities for Hilbert space operators, Publ. Math. Debrecen 80/3—4
(2012), 465-478.



BIBLIOGRAPHY 357

[97] F. Kittaneh, Y. Manasrah, Improved Young and Heinz inequalities for matrices, J.
Math. Anal. Appl. 1361 (2010), 262-269.

[98] F. Kittaneh, Y. Manasrah, Reverse Young and Heinz inequalities for matrices, Linear
Multilinear A. 59 (2011), 1031-1037.

[99] F. Kittaneh, Y. Manasrah, A generalization of two refined Young inequalities, Posi-
tivity, DOI 10, 1007/s11117-015-0326-, published online (2015).

[100] M. Klari¢i¢ Bakula, M. Mati¢, J. Pecari¢, On inequalities complementary to
Jensen’s inequality, Mat. Bilten (Skopje) LVIII 32 (2008), 17-27.

[101] M. Klari¢i¢ Bakula, J. Pecarié, J. Peri¢, Extensions of the Hermite-Hadamard in-
equality with Applications, Math. Inequal. Appl. 12 no. 4 (2012), 899-921.

[102] M. Klari¢i¢ Bakula, J. Pecarié, J. Perié, On the converse Jensen inequality, Appl.
Math. Comput. 218 no. 11 (2012), 6566-6575.

[103] K. Knopp, Uber die maximalen Abstinde und Verhdltnisse verschiedener Mittelw-
erte, Math. Z. 39 no. 1 (1935), 768776 (German).

[104] M. Krnié, A refined discrete Hilbert inequality via the Hermite-Hadamard inequal-
ity, Comput. Math. Appl. 63 (2012), 1587-1596.

[105] M. Krnié, On a strengthened multidimensional Hilbert-type inequality, Mathemat-
ica Slovaca. 64 5 (2014), 1165-1182.

[106] M. Krni¢, On some refinements and converses of multidimensional Hilbert-type in-
equality with non-conjugate exponents, Bull. Austral. Math. Soc. 85 3 (2012), 380—
394.

[107] M. Krni¢, N. Lovricevié, J. Pecari¢, Jensen’s Operator and Applications to Mean
Inequalities for Operators in Hilbert Space, Bulletin of the Malaysian Mathematical
Sciences Society 35 1 (2012), 1-14.

[108] M. Krnié, N. Lovricevié, J. Pecarié, Jessen’s functional, its properties and applica-
tions, An. Stiint. Univ. Ovidius Constanta Ser. Mat. Vol. 20 1 (2012), 225-248.

[109] M. Krnié, N. Lovricevié, J. Pecarié, Superadditivity of the Levinson functional and
applications, Period. Math. Hungar. (to appear).

[110] M. Krnié, N. LovriCevi¢, J. Pecari¢, Multidimensional Jensen’s operator on a
Hilbert space and applications, Linear Algebra Appl. 436 7 (2012), 2583-2596.

[111] M. Krnié, N. Lovri€evi¢, J. Pecari¢, On McShane’s functional’s properties and its
applications, Period. Math. Hungar. Vol. 66 2 (2013), 159-180.

[112] M. Krnié, N. Lovricevié, J. Pecarié¢, On some properties of Jensen-Mercer’s func-
tional, J. Math. Inequal. 6 1 (2012), 125-139.



358 BIBLIOGRAPHY

[113] M. Krnié, N. Lovricevi¢, J. Pecari¢, On some properties of Jensen-Steffensen’s func-
tional, An. Univ. Craiova Ser. Mat. Inform. Vol. 38 No. 2 (2011).

[114] M. Krnié, G. Mingzhe, J. PeCari¢, G. Xuemei, On the best constant in Hilbert’s
inequality, Math. Inequal. Appl. 8 (2005), 317-329.

[115] M. Krnié, J. Pecarié, A Hilbert inequality and Euler-Maclaurin summation formula,
ANZIAM J. 48 (2007), 419-431.

[116] M. Krnié, J. Pecarié¢, Extension of Hilbert’s inequality, J. Math. Anal. Appl. 324
(2006), 150-160.

[117] M. Krni¢, J. Pecari¢, General Hilbert’s and Hardy’s inequalities, Math. Inequal.
Appl. 8 (2005), 29-52.

[118] M. Krnié, J. PecariC, Hilbert’s inequalities and their reverses, Publ. Math. Debrecen
67 (2005), 315-331.

[119] M. Krni¢, J. Pecarié, Improved Heinz inequalities via the Jensen functional, Central
European Journal of Mathematics 11 9 (2013), 1698-1710.

[120] M. Krnié, J. Pecari¢, More accurate weak majorization relations for the Jensen and
some related inequalities, Linear algebra and its applications 458 9 (2014), 573—
588.

[121] M. Krnié, J. Pecari¢, On more accurate Hilbert-type inequalities in finite measure
spaces, Collect. Math. 65 1 (2014), 143-154.

[122] M. Krnié, J. Pecarié, 1. Peri¢, P. Vukovié, Recent Advances in Hilbert-type inequal-
ities, Element, Zagreb, (2011).

[123] E Kubo and T. Ando, Means of positive linear operators, Math. Ann. 246 (1980),
205-224.

[124] 1. B. Lackovi¢, P. M. Vasié, Some complements to the paper: “On an inequality
for convex functions” (Univ. Beograd. Publ. Elektrotech. Fak. Ser. Mat. Fiz. No.
461-497 (1974), 63—66). Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No.
544-576 (1976), 59-62.

[125] P. Lah, M. Ribari¢, Converse of Jensen’s inequality for convex functions, Univ.
Beograd Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 412460 (1973), 201-205.

[126] N. Levinson, Generalization of an inequality of Ky Fan, J. Math. Anal. Appl. 8
(1964), 133-134.

[127] Y. Li, B. He, On inequalities of Hilbert’s type, Bull. Austral. Math. Soc. 76 (2007),
1-13.

[128] E. H. Lieb, M. Loss, Analysis, Graduate Studies in Mathematics, vol. 14, American
Mathematical Society, Providence R.I., (2001).



BIBLIOGRAPHY 359

[129] L. H. Liu, X. F. Ma, L. C. Wang, A note on some new refinements of Jensen’s in-
equality for convex functions, J. Inequal. Pure and Appl. Math. 10 2 (2009), Art. 48.,

6 pp.

[130] A. Lupas, A generalization of Hadamard’s inequalities for convex functions, Univ.
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 544-576 (1976), 115-121.

[131] A. Matkovi¢, J. Pecarié, A variant of Jensen’s inequality for convex functions of
several variables, J. Math. Ineq. 1 1 (2007), 45-51.

[132] A. Matkovié, J. Pecarié, J. PeriC, A refinement of the Jessen-Mercer inequality and
a generalization on convex hulls in R¥, J. Math. Ineq. (to appear).

[133] E. J. McShane, Jensen’s Inequality, Bulletin of the American Mathematical Society
43 (1937), 521-5217.

[134] A. McD. Mercer, A variant of Jensen’s inequality, J. Inequal. Pure and Appl. Math.
4 4 (2003), Article 73.

[135] A.McD. Mercer, Short proof of Jensen’s and Levinson’s inequalities, Math. Gazette
94 (2010), 492-495.

[136] R. Merris, S. Pierce, Monotonicity of positive semidefinite Hermitian matrices, Proc.
Amer. Math. Soc. 31 (1972), 437-440.

[137] A. Mesihovi¢, J. Pecari¢, On some complementary inequalities, Makedon. Akad.
Nauk. Umet. Oddel. Mat.-Tehn. Nauk. Prilozi 14 no. 2 (1993), 49-54 (1995).

[138] J. Mici¢, Z. Pavié, J. PecariC, Extension of Jensen’s operator inequality for operators
without operator convexity, Abstr. Appl. Anal. 2011 (2011), 1-14.

[139] J. Mici¢, Z. Pavié, J. PecariC, Jensen’s inequality for operators without operator
convexity, Linear Algebra Appl. 434 (2011), 1228-1237.

[140] J. Mici¢, Z. Pavié, J. Pecarié, Jensen type inequalities on quasi-arithmetic operator
means, Sci. Math. Japon. 73 (2011), 183-192.

[141] J. Mici¢, J. Pecari¢, J. Peri¢, Refined Jensen’s operator inequality with condition on
spectra, Oper. Matrices 7 no. 2 (2013), 293-308.

[142] J. Mici¢, J. Pecari€, J. PeriC, Refined converses of Jensen’s inequality for operators,
J. Inequal. Appl. 2013: 353, pp. 20.

[143] J. Miéi¢, J. PecariC, J. Perié, Extension of the refined Jensen’s operator inequality
with condition on spectra, Ann. Funct. Anal. 3 no. 1 (2012), 67-85.

[144] J. Mici¢, J. Pecarié, Y. Seo, Converses of Jensen’s operator inequality, Oper. Matri-
ces 4 (2010), 385-403.

[145] J. Mici¢, J. E. Pecarié, Y. Seo, Inequalities between operator means based on the
Mond-Pecari¢ method, Houston J. Math. 1 30 (2004), 191-207.



360 BIBLIOGRAPHY
[146] J. Mici¢, J. E. Pecarié, Y. Seo, M. Tominaga, Inequalities of positive linear mappings
on Hermitian matrices, Math. Inequal. Appl. 3 (2000), 559-591.

[147] J. Mici¢, J. Pecari¢, V. gimié, Inequalities involving the arithmetic and geometric
means, Math. Inequal. Appl. 3 11 (2008), 415-430.

[148] G. Mingzhe, On Hilbert’s inequality and its applications, J. Math. Anal. Appl. 212
(1997), 316-323.

[149] G. Mingzhe, G. Xuemei, On the generalized Hardy-Hilbert’s inequality and its ap-
plications, Math. Inequal. Appl. 7 (2004), 19-26.

[150] G. Mingzhe, B. Yang, On the extended Hilbert’s inequality, Proc. Amer. Math. Soc.
126 (1998), 751-759.

[151] D. S. Mitrinovi¢, J. E. Pecari¢, A. M. Fink, Classical and New Inequalities in Anal-
ysis, Dordrecht-Boston-London: Kluwer Acad. Publ. (1993).

[152] D. S. Mitrinovié, J. E. Pecari¢, L. E. Persson, On a General Inequality with Appli-
cations, Zeitschrift fiir Analysis und ihre Anwendungen 2 2 (1992), 285-290.

[153] D. S. Mitrinovié, J. E. Pecarié, V. Volenec, Recent Advances in Geometric Inequal-
ities, Dordrecht-Boston-London: Kluwer Acad. Publ. (1989).

[154] D. S. Mitrinovi¢, P. M. Vasié, The centroid method in inequalities, Univ. Beograd.
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 498-541 (1975), 3-16.

[155] F. C. Mitroi, About the precision in Jensen-Steffensen inequality, Annals of the Uni-
versity of Craiova, Mathematics and Computer Science Series 37 4 (2010), 73-84.

[156] B. Mond, J. Pecari¢, Converses of Jensen’s inequality for several operators, Revue
d’ Analyse Numer. et de Théorie de I’ Approxim. 23 (1994), 179-183.

[157] B. Mond, J. E. Pecari¢, On Converses of Holder and Beckenbach Inequalities, J.
Math. Anal. Appl. 196 (1995), 795-799.

[158] B. Mond, J. Pecari¢, Convex inequalities in Hilbert space, Houston J. Math. 19
(1993), 405-420.

[159] B. Mond, J. Pecarié, On Jensen’s inequality for operator convex functions, Houston
J. Math. 21 (1995), 739-754.

[160] B.Mond, J. Pecaric, J. Sunde and S. VaroSanec, Operator versions of some classical
inequalities, Linear Algebra Appl. 264 (1997), 117-126.

[161] M. S. Moslehian, Operator extensions of Hua's inequality, Linear Algebra Appl.
430 (2009), 1131-1139.

[162] C.P. Niculescu, The Hermite-Hadamard inequality for convex functions of a vector
variable, Math. Ineq. Appl. 5 4 (2002), 619-623.



BIBLIOGRAPHY 361

[163] C.P.Niculescu, The Hermite-Hadamard inequality for convex functions on a global
NPC space, J. Math. Anal. Appl. 356 1 (2009), 295-301.

[164] C. P. Niculescu, Convexity according to means, Math. Inequal. and Applications 6
no. 4 (2003), 571-579.

[165] C. Niculescu, L. E. Persson, Convex Functions and Their Applications, A Contem-
porary Approach, CMS Books in Mathematics/Ouvrages de Mathématiques de la
SMC, 23, Springer, New York, NY, USA, (2006).

[166] C. P. Niculescu, L.E. Persson, Old and new on the Hermite-Hadamard inequality,
Real Anal. Exchange 29 2 (2003/2004), 663-685.

[167] L. Nikolova, S. VaroSanec, Properties of some functionals associated with h-

concave and quasilinear functions with applications to inequalities, J. Inequal.
Appl. 2014: 30, pp. 17.

[168] J. E. Pecarié, Improvements of Holder’s and Minkowski’s inequalities, Mat. Bilten
43 (1993), 69-74.

[169] J. E. Pecarié¢, Konveksne funkcije: Nejednakosti, Nau¢na knjiga, Beograd, (1987).

[170] J. E. Pecari¢, Notes on convex functions, General inequalities, 6 (Oberwolfach,
1990), 449-454, Internat. Ser. Numer. Math. 103, Birkhzuser, Basel, (1992).

[171] J. E. Pecari¢, On Jessen’s inequality for convex functions 111, J. Math. Anal. Appl. 1
156 (1991), 231-239.

[172] J. Pecarié, J. Perié, Generalizations and improvements of converse Jensen’s inequal-
ity for convex hulls in R¥, Math. Inequal. Appl. 17 no. 3 (2014), 1125-1137.

[173] J. Pecari¢, J. Peri¢, Improvements of the Giaccardi and the Petrovic¢ inequality and
related Stolarsky type means, Annals of the University of Craiova, Mathematics and
Computer Science Series. 39 1 (2012), 65-75.

[174] J. Pecarié, J. Peri¢, Remarks on the paper “Jensen’s inequality and new entropy
bounds” by S. Simic, Math. Inequal. Appl. 6 no. 4 (2012), 631-636.

[175] J. Pecarié, J. Perié, S. VaroSanec, Refinements of the converse Holder and Minkowski
inequalities, manuscript.

[176] J. Pecari¢, M. Praljak, A. Witkowski, Generalized Levinson’s inequality and expo-
nential convexity, Opuscula Mathematica 35 3 (2015), 397-410.

[177] J. E. Pecarié, F. Proschan, Y. L. Tong, Convex functions, partial orderings and sta-
tistical applications, Academic Press, Inc. (1993).

[178] J. E. Pecari¢, 1. Rasa, On Jessen’s inequality, Acta. Sci. Math. (Szeged) 3—4 56
(1992), 305-3009.



362 BIBLIOGRAPHY

[179] J. Pecarié, V. gimic’, A note on the Holder inequality, J. Inequal. Pure and Appl.
Math. 7 5 art. 176 (2006), 1-3.

[180] J. Pecarié, S. VaroSanec, Gauss’ and related inequalites, Z. Anal. Anwendungen 14
(1995), 175-183.

[181] J. Pecarié, S. VaroSanec, Remarks on Gauss-Winckler’s and Stolarsky’s Inequalities,
Utilitas Math. 48 (1995), 233-241.

[182] J. E. Pecari¢, P. M. Vasi¢, On the Holder and some related inequalities, Rev. Anal.
Numér. Théor. Approx. 25 48 No. 1 (1982), 95-103.

[183] J. Peetre, L. E. Persson, A general Beckenbach’s inequality with applications, Func-
tion Spaces, Differential Operators and Nonlinear Analysis, Proc. Conf. Sodankyli,
Aug. 1988 (Ed.: L. Piivirinta), Pitman’s Res. Notes Math. 211 (1989), 125-139.

[184] 1. Peri¢, P. Vukovié, Hardy-Hilbert’s inequality with general homogeneous kernel,
Math. Inequal. Appl. 12 (2009), 525-536.

[185] L. E. Persson, Some elementary inequalities in connection with X”-spaces, Con-
structive Theory of Functions, Proc. Conf. Varna, (1987), Sofia: Publ. House Bulg.
Acad. Sci. (1988), 367-376.

[186] L. E. Persson, Generalizations of some classical inequalities with applications,
Nonlin. Anal., Funct. Spaces and Appl. Proc. Conf. Roudnice nad Labem, (1990)
(Eds: M. Krbec, A, Kufner, B. Opic, J. Rdkosnik), Teubner-Texte zur Mathematik:
Vol. 119, Leipzig: Teubner Verlagsges, (1990), 127-148.

[187] L. E. Persson, S. Sostrand, On generalized Gini means and scales of means, Res.
Math. 18 (1990), 320-332.

[188] G. Pélya and G. Szegd, Aufgaben und Lehrsditze aus der Analysis, Vol. I and 1II.
Berlin, Springer Verlag (1925).

[189] T. Popoviciu, Sur une inequalite de N. Levinson, Mathematica (Cluj) 6 (1964), 301—
306.

[190] I. Rasa, A note on Jessen’s inequality, Itin. Sem. Funct. Eq. Approx. Conv. Cluj-
Napoca, Univ. “Babes-Bolyai”, preprint 6, (1988), 275-280.

[191] T. M. Rassias, B. Yang, On the way of weight coefficents and research for the
Hilbert-type inequalities, Math. Inequal. Appl. 6 (2003), 625-658.

[192] A. W. Roberts, D. E. Varberg, Convex Functions, Academic Press, New York —
London, (1973).

[193] R. T. Rockafellar, Convex Analysis, Princeton Math. Ser. No. 28, Princeton Univ.
Press, Princeton, New Jersey, (1970).

[194] J. Rooin, A refinement of Jensen’s inequality, J. Inequal. Pure and Appl. Math. 6 2
(2005), Art. 38, 4 pp.



BIBLIOGRAPHY 363

[195] W. Rudin, Real and complex analysis, McGraw-Hill, New York, (1970).

[196] S. Simi¢, On a global upper bound for Jensen inequality, J. Math. Anal. Appl. 1343
(2008), 414-4109.

[197] S. Simié, On an upper bound for Jensen’s inequality, JIPAM. J. Inequal. Pure Appl.
Math. 10 no. 2 (2009), Article 60, 5 pp.

[198] S. Simi¢, On a new converse of Jensen’s inequality, Publ. Inst. Math. (Beograd)
(N.S.) 8599 (2009), 107-110.

[199] S. Simié, Best possible global bounds for Jensen'’s inequality, Appl. Math. Comput.
215 no. 6 (2009), 2224-2228.

[200] S. Simié, On a converse of Jensen’s discrete inequality, J. Inequal. Appl. 2009, Art.
ID 153080, 6 pp.

[201] S. Simié, Best possible global bounds for Jensen functional, Proc. Amer. Math. Soc.
138 no. 7 (2010), 2457-2462.

[202] B. Simon, Trace ideals and their applications, London Mathematical Society Lec-
ture Note Series, 35, Cambridge University Press, Cambridge-New York, (1979).

[203] H. M. Srivastava, Z. G. Xiao, Z. H. Zhang, Further refinements of the Jensen
inequalities based upon samples with repetitions, Math. Comput. Modelling 51
(2010), 592-600.

[204] H. M. Srivastava, Z. G. Xiao, Z. H. Zhang, Some further refinements and exten-
sions of the Hermite-Hadamard and Jensen inequalities in several variables, Math.

Comput. Modelling 54 (2011), 2709-2717.

[205] T. Trif, Characterizations of convex functions of a vector variable via Hermite-
Hadamard’s inequality, J. Math. Ineq. 2 1 (2008), 37—44.

[206] S. Varosanec, On h-convexity, J. Math. Anal. Appl. 326 (2007), 303-311.

[207] S. VaroSanec, Superadditivity of functionals related to Gauss’ type inequalities,
Sarajevo Journal of Mathematics, Vol. 10 22 (2014), 1-9.

[208] P. Vukovié, Note on Hilbert-type inequalities, Turk. J. Math 35 (2011), 1-10.

[209] S. Wasowicz, Hermite-Hadamard-type inequalities in the aproximate integration,
Math. Ineq. Appl. 11 (2008), 693-700.

[210] S. Wasowicz, A. Witkowski, On some inequality of Hermite-Hadamard type, Opus-
cula Math. 32/3 (2012), 591-600.

[211] D. V. Widder, The Laplace transform, Princeton Univ. Press, New Jersey, (1941).

[212] A. Winckler, Allgemeine Siitze zur Theorie der unregelmdfiigen Beobachtungs-
fehler, Sitzungsber. Akad. Wiss. Wien, Math.-Natur. KI. Zweite Abt. 53 (1866),
6-41.



364 BIBLIOGRAPHY

[213] A. Witkowski, On Levinson’s inequality, RGMIA Research Report Collection 15
(2012), Article 68.

[214] Y. D. Zhuang, The Beckenbach inequality and its inverse, J. Math. Anal. Appl. 175
(1993), 118-125.

[215] H. Zuo, G. Shi, M. Fujii, Refined Young inequality with Kantorovich constant, J.
Math. Inequal. 4 5 (2011), 551-556.



Index

additive-type inequalities, 55
arithmetic mean, 4
arithmetic operator mean, 20

barycentric coordinates, 9

Beck’s inequalities, 55

Beckenbach’s functional, 165

Beckenbach’s inequality, 165

Beckenbach-Dresher’s inequality, 158

Beta function, 70

Boas’ integral variant of Jensen-Steffensen’s
inequality, 104

Bochner integral, 187

bounded linear operator, 16

bounded self-adjoint operator, 17

C*-algebra, 16

of bounded operators on

a Hilbert space, 187

Cauchy mean value theorem, 15
Cauchy-Schwarz inequality, 13
Chebyshev’s functional, 167

for integrals, 168
Chebyshev’s inequality, 166

for integrals, 168
concave function, 2
conjugate exponents, 77
connection, 19
continuous functional calculus, 17
contraction, 210
converse Jensen’s inequality, 7
converse Schwarz inequality, 333
convex function, 2
convex hull, 9

difference type converse inequalities, 336

discrete Holder’s inequality, 13

discrete Hilbert’s inequality, 13

discrete Jensen’s functional, 24

discrete Jensen-Mercer’s
functional, 111

under the Steffensen’s

conditions, 117

discrete Jensen-Steffensen’s
functional, 100

discrete Minkowski’s inequality, 13

exponentially convex function, 10
in the Jensen sense, 10

Fan Dominance Theorem, 215
Fejér’s inequalities, 284
function of bounded variation, 5

Gamma function, 88
Gauss-Polya’s inequalities, 171
Gauss-Winckler’s functionals, 175
Gauss-Winckler’s inequality, 171
Gelfand mapping, 17
general Hilbert-type inequality, 65
generalized Holder’s inequality, 13
generalized Kantorovich constant, 349
generalized Minkowski’s inequality, 13
generalized weight power mean

of a function, 33
geometric mean, 4
geometric operator mean, 20
Giaccardi differences, 244
Giaccardi’s inequality, 244
Gini means, 159

Hammer-Bullen differences, 296
Hammer-Bullen’s inequality, 15

365



366

harmonic mean, 4

harmonic operator mean, 20
harmonic-geometric mean inequality, 221
Heinz means, 12

Heinz norm inequalities, 200
Hermite-Hadamard’s inequality, 15
Hilbert space, 16

Hilbert’s inequality, 14

identric mean, 4

incomplete Beta function, 70

integral Hilbert’s inequality, 14

integral Jensen’s functional for the

operators on a Hilbert space, 187

integral Jensen’s inequality, 4

integral Jensen-Mercer’s functional, 114
under the Steffensen’s conditions, 120

integral Jensen-Mercer’s inequality, 114

integral Jensen-Steffensen’s functional, 105

integral Jensen-Steffensen’s inequality, 104

integral Minkowski’s inequality, 42

integral operator Jensen’s inequality, 187

Jensen’s functional, 194, 195, 196, 181

for connections, 194

for solidarities, 195

for the operators on

a Hilbert space, 181

for the relative operator entropy, 196
Jensen’s inequality, 2
Jensen-Mercer’s inequality, 7
Jensen-Steffensen’s inequality, 6
Jensen-Steffensen-Boas’ functional, 105
Jessen’s functional, 29
Jessen’s inequality, 8
Jessen-Mercer differences, 276
Jessen-Mercer’s inequality, 8
joint concavity, 19

k-simplex, 9

Kubo-Ando’s theorem, 20

Ky Fan maximum principle, 211
Ky-Fan’s inequality, 152

Lowner-Heinz inequality, 18
Lagrange mean value theorem, 15

INDEX

Lah-Ribari¢ inequality, 7
lattice, 227
Levinson’s functional, 146
Levinson’s inequality, 144
under the Mercer assumption, 145
logarithmic mean, 4
logarithmically convex function, 10
in the Jensen sense, 10

McShane’s functional, 48
McShane’s inequality, 8
mean, 3
Milne’s functional, 169
Milne’s inequality, 169
minimax characterization
of eigenvalues, 216
Mond-Pecari¢ method, 335
multidimensional Jensen’s
functional for the operators
on a Hilbert space, 190
multidimensional weight
geometric mean, 197
multiplicative-type inequalities, 55

n-concave function, 2

n-convex function, 2

n-exponentially convex function, 10
in the Jensen sense, 9

n-th divided difference, 2

non-conjugate exponents, 90

non-conjugate parameters, 90

operator arithmetic-harmonic
inequality, 187
operator arithmetic-Heinz inequality, 184
operator concave function, 18
operator convex function, 18
operator convex function
in m variables, 191
operator Heinz mean, 184
operator Jensen’s inequality, 19, 210
operator mean, 19
operator monotone function, 18
operator ordering, 17

parallel sum of operators, 20



INDEX

Petrovi¢-type functionals, 122
Petrovié-type inequalities, 122
Petrovi¢ differences, 245

positive definite operator, 17
positive homogeneous functional, 23
positive linear functional, 7

positive semidefinite operator, 17

quasi-arithmetic mean, 3

Radon-Nikodym’s theorem, 189
ratio type converse inequalities, 342
relative operator entropy, 22
representation function

for the connection, 21
reversed Jensen’s inequality, 3
Riemann-Stieltjes integrable function, 5
Riemann-Stieltjes integral, 5

Schwarz inequality, 333
solidarity, 22

Specht ratio, 233

spectrum of an operator, 16
Steffensen’s conditions, 7
Stolarsky’s means, 4

strictly convex function, 2
strictly n-convex function, 2

367

subadditive functional, 23
superadditive functional, 23

Tsallis’ relative operator entropy, 22

weak majorization inequalities, 210
weak supermajorization, 218
weight arithmetic-geometric

mean inequality, 11
weight generalized mean

of a function, 32
weight geometric-harmonic

mean inequality, 12
weight Jessen’s inequality, 28
weight McShane’s inequality, 48
weight operator arithmetic mean, 21
weight operator arithmetic-

-geometric-harmonic

mean inequality, 21
weight operator geometric mean, 21
weight operator harmonic mean, 21
weight operator Heinz means, 21
weight power mean, 3
weight quasiarithmetic mean, 53
Weyl Majorant Theorem, 220
Weyl monotonicity theorem, 210

Young’s inequality, 12



Zagreb, January 2016




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Photoshop 5 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [481.890 694.490]
>> setpagedevice


