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Preface

Mathematical inequalities make important part of mathematics. As a mathematical
concept they were well known to ancient mathematicians. For example, the triangle in-
equality as a geometric fact, as well as the arithmetic-geometric mean inequality, were
proved for the first time in the era of ancient Greece. When we look through the history,
inequalities played an important role in supporting and developing other mathematical
branches. It need a long time that inequalities become a discipline of study. Today, it be-
comes one of the central areas of mathematical analysis and is a fast growing discipline
with increasing applications in different scientific fields. When we talk about the impor-
tance of inequalities, we could emphasize the role of inequalities for producing equalities,
solving linear programming, solving optimization problems, provide a way of expressing
the domain of a function, of solving limits etc. Further, inequalities have important appli-
cations in many other areas of science and engineering.

Now there is also a powerful and useful mathematical concept called majorization
which are used for finding some nice and applicable inequalities. Majorization together
with the strongly related concept of Schur-convexity gives an important characterization
of convex functions. Moreover, the most important inequalities for convex functions as
Jensen’s inequality, the Hermite-Hadamard inequality, the arithmetic-geometric mean in-
equality can be easily derived by using an argument based on concept of majorization and
the Schur-convex functions theory. Further, majorization theory is a key tool that allows us
to transform complicated matrix-valued non-convex problem into a simple scalar problem.
Majorization relation plays a key role in the design of linear MIMO transceivers, whereas
the multiplicative majorization relation is the basis for nonlinear decision-feedback MIMO
transceivers [139].

In the paper Majorization: Here, There and Everywhere, by Barry C. Arnold in 2007
[33], it is written that prior to the appearance of the celebrated volume Inequalities: The-
ory of Majorization and its Applications (Marshall and Olkin 1979) many researchers were
unaware of a rich body of literature related to majorization that was scattered in journals
in a wide variety of fields. Indeed, many majorization concepts had been reinvented and
often rechristened in different research areas e.g., as Lorenz or dominance ordering in eco-
nomics. In 2011, authors gave the second edition of this book which is also a great deal for
researcher in the concept of majorization. They heroically had shifted the literature and en-
deavored to arrange new ideas about majorization and convexity, often providing a deeper
understanding and also given multiple proofs and multiple view points on key results.
Many of the key ideas relating to majorization was already discussed in the (also justly
celebrated) volume entitled Inequalities by Hardy, Littlewood and Polya ([79], 1934). We



hope that our book is one of monographs in a series that will contribute to the further
development and application of the concept of majorization.

In this book, we introduce new methods that allow us to establish a link between the
concept of majorization with class of convex functions and theirs natural generalization,
the class of convex functions of higher order, as well as classes of exponential and loga-
rithmically convex functions. In obtaining such results we use interpolation by different
classes of interpolating polynomials like the Abel-Gontscharoff polynomials, Lidstone’s
polynomials, Hermite’s polynomials, Taylor’s polynomials, as well as application of the
well known identities as generalized Montgomery’s identity and Fink’s identity. We de-
velop newly class of Green functions with nice properties which in combination with in-
terpolation give a series of refinements and generalizations of Majorization theorem which
plays important role in majorization theory. One of a version of Majorization theorem is
given in the form of the well known Majorization inequality

m m

Y o) <Y o(xi)

i=1 i=1

which holds for every convex function ¢ and real vectors X = (x1,...,%m), ¥ = (V1, -, Ym)
such that "’y is majorized by x”, in symbol y < x, which is given in Definition 1.7. This
inequality in literature it is also known as Karamata’s or the Hardy-Littlewood- Pdlya in-
equality. It’s weighted version is proved by Fuchs (see [74], [144, p.323]). A slight exten-
sion of Fuchs’ theorem is given by J. Pecari¢ and S. Abramovich ([161], 1997). However,
in this book, we present an aspect of development of Majorization theorem and its weighted
versions, simultaneously in its discrete and integral version. We also obtain refinements
and generalizations of one of the most important inequality for convex function known
as Jensen’s inequality and some closely related inequality in various spaces for different
classes of functions. Further, our results involve Chebyshev functionals, the Griiss and
Ostrowski type inequalities and inequalities involving measures of information entropy
from Information theory. This book gives results that are infact great contributions and
directions to the researchers in developing the notion of majorization.

The book is divided into three chapters. In the first chapter, we give a brief review of
some fundamental results on the topics. We give the notion of majorization, additive as
well as multiplicative majorization, and give results in discrete as well as continuous, i.e.
integral case. We present a several basic motivating ideas. Given results we interpret in
the form of the Lagrange and Cauchy type mean value theorems. As outcome we obtaine
new classes of Chauchy type of means. Applying so called Exponential convexity method,
established in [84], we interpret our results in the form of exponentially convex functions or
in the special case logarithmically convex functions. We present vary on choice of a family
in order to construct different examples of exponentially convex functions and construct
some means. Further, we give majorization results for double integrals. We introduce
majorization for matrices and give corresponding means.

In Chapter 2, we give the generalized results about majorization by using interpolation
by different classes of interpolating polynomials like the Abel-Gontscharoff polynomials,
Lidstone’s polynomials, Hermite’s polynomials, Taylor’s polynomials, as well as applica-
tion of the well known identities as generalized Montgomery’s identity and Fink’s identity

vi



in combination with newly developed class of Green functions with nice properties. We
obtain related the Griiss and Ostrowski type inequalities. We also present n-exponential
convex functions, exponential convex functions and log-convex functions to the corre-
sponding functionals obtained by generalized results.

In Chapter 3 we show how the Shannon entropy is connected to the theory of ma-
jorization. They are both linked to the measure of disorder in a system. However, the
theory of majorization usually gives stronger criteria than the entropic inequalities. We
give some generalized results for majorization inequality using Csiszar f-divergence. This
divergence we apply to some special convex functions reduces to the results for majoriza-
tion inequality in the form of Shannon entropy and the Kullback-Leibler divergence. We
give several applications by using the Zipf-Mandelbrot law (shorter Z-M law). We present
the majorization inequalities for various distances obtaining by some special convex func-
tions in the Csiszar f-divergence for Z-M law like the Rényi a-order entropy for Z-M law,
variational distance for Z-M law, the Hellinger distance for Z-M law, x>-distance for Z-M
law and triangular discrimination for Z-M law. We also give important applications of the
Zipf’s law in linguistics and obtain the bounds for the Kullback-Leibler divergence of the
distributions associated to the English and the Russian languages. We consider the defini-
tion of “useful” Csiszdr divergence and “useful” Zipf-Mandelbrot law associated with the
real utility distribution to give the results for majorization inequalities by using monotonic
sequences. We obtain the equivalent statements between continuous convex functions and
Green functions via majorization inequalities, “useful” Csiszar functional and “useful”
Zipf-Mandelbrot law. By considering “useful” Csisdar divergence in integral case, we give
the results for integral majorization inequality.

The book can serve as a reference and a source of inspiration for researchers working
in these and related areas. Applications of methods presented in book could be extended
to the others class of functions as strongly convex, uniformly convex and superquadratic
functions which contributed to the developments of methods and enabled the prospect
of further applications. In the end of this preface we want to emphasize that this book
integrates the whole variety of results from different papers which were previous published
in journals by different authors. It was practically impossible to quite unite the notation in
the book.

Authors
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Chapter

Introduction

In this chapter, a brief review of some fundamental results on the topics in the sequel is
given and a several basic motivating ideas are presented.

1.1 Convex Functions

Definition 1.1 Let I be an real interval. Then ¢ : I — R is said to be convex function on
Liffor all x,y € I and every A € [0, 1], we have

¢((1=2A)x+Ay) < (1=24)¢(x) +A0(y). (LD

If (1.1) is strict for all x,y € I, x #y and every A € (0,1), then ¢ is said to be strictly
convex.

If in (1.1) the reverse inequality holds, then ¢ is said to be concave function. If it is strict
forallx,y €I, x #yandevery A € (0,1), then ¢ is said to be strictly concave.

For convex functions the following propositions are valid which exactly define convex
functions on equivalent ways.

Remark 1.1 a) The inequality (1.1), for x1,x2,x3 € I, such that x|y < x3 < x3, x| # X3, we
can write in the form

o (x3), (1.2)
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(3 —=x2) @ (x1) + (x1 —x3) ¢ (x2) + (x2 —x1) ¢ (x3) > 0, (1.3)

setting x =x1,y = x3, A = (xp —x1) / (x3 — x1) . This inequality is often used as alternative
definition of convexity.
b) Another way of writing (1.3) is

¢ (x2) — ¢ (x1) <9 (v2) = ¢ () (1.4)

X2 — X1 y2—MN

where x; < yi, X2 < y2, X1 # X2 and y| # y».
The following two theorems concern derivatives of convex functions.
Theorem 1.1 (see [144, p. 4]) Let I be an real interval. Let ¢ : I — R be convex. Then

(i) ¢ is Lipschitz on any closed interval in I;

(ii) @_ and ¢! exist and are increasing on I, and ¢! < ¢! (if ¢ is strictly convex, then
these derivatives are strictly increasing);

(iii) ¢’ exists, except possibly on a countable set, and on the complement of which it is
continuous.

Remark 1.2 a) If ¢ : I — R is derivable function, then ¢ is convex iff a function ¢’ is
increasing.

b) If ¢ : I — R is twice derivable function, then ¢ is convex iff ¢ (x) > 0 for all x € I. If
0" (x) > 0, then ¢ is strictly convex.

Theorem 1.2 (see [144, p. 5]) Let I be an open interval in R.

(i) ¢ : 1 — Ris convex iff there is at least one line of support for ¢ at each xo € I, i.e.
for all x € I we have

¢ (x) > ¢ (x0) +A (x—xo),
where A € R depends on xy and is given by A = ¢' (xo) when ¢’ (xo) exists, and
A€ (9 (x0),9 (x0)] when ¢ (x0) # 0} (x0) .

(ii) ¢ : I — R is convex if the function x — ¢ (x) — ¢ (x0) — A (x —x0) , (the difference
between the function and its support) is decreasing for x < xo and increasing for
X > X0.

Definition 1.2 Let ¢ : I — R be a convex function. Then the subdifferential of ¢ at x,
denoted by d¢(x) is defined by

0p(x) ={aeR: 9 (y)—¢(x) —a(y—x) >0, yel}.
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There is a connection between a convex function and its subdifferential. It is well-
known that d¢(x) # 0 for all x € InrI. More precisely, at each point x € IntI we have
—oo < ¢ (x) < @) (x) <ooand

90 (x) € [9" (x0), 0! (x0)],

while the set on which ¢ is not differentiable is at most countable. Moreover, each function
¢ : I — R such that ¢(x) € d¢(x), whenever x € Intl, is increasing on Intl. For any such
function ¢ and arbitrary x € Intl, y € I, we have

O(y)—d(x)—ox)(y—x)>0
and
O —0(x)—ox)(y—x) = [ (y) = 9(x) —0(x) (y—x)|
> [[o ()= ¢()]—|ox)|-[(y—x)-

J. L. Jensen is considered generally as being the first mathematician whostudied con-
vex functions in a systematic way. He defined the concept of convex functions using the
inequality (1.5) that are listed in the following definition.

Definition 1.3 A function ¢ : I — R is called Jensen-convex or J-convex if for all x,y € I

we have
0 (x+y) L9000 (1.5)

2 - 2

Remark 1.3 It can be easily proved that a convex function is J-convex. If ¢ : [ — R is
continuos function, then ¢ is convex iff it is J-convex.

Inequality (1.1) can be extended to the convex combinations of finitely many points in
I by mathematical induction. These extensions are known as discrete Jensen’s inequality.

Theorem 1.3 (JENSEN’S INEQUALITY) Let I be an interval in R and f : 1 — R be a
convex function. Let n > 2, x = (x1,...,x,) € I" and w = (wy,...,wy) be a positive n-
tuple. Then

1 & 1 &
- | < — e 1.6
f<Wn lz:lwzxz> = anllwlf(x’)’ (1.6)
where
k
We=Ywi, k=1,....n. (1.7)

i=1

If f is strictly convex, then inequality (1.6) is strict unless x| = -+ = x,.

The condition “w is a positive n-tuple” can be replaced by “w is a non-negative n-tuple
and W, > 0. Note that the Jensen inequality (1.6) can be used as an alternative definition
of convexity.

It is reasonable to ask whether the condition “w is a non-negative n-tuple” can be re-
laxed at the expense of restricting x more severely. An answer to this question was given
by Steffensen [161] (see also [144, p.57]).
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Theorem 1.4 (THE JENSEN-STEFFENSEN INEQUALITY) Let I be an interval in R and

f 1 — R be a convex Sfunction. If
x = (x1,...,x,) € I" is a monotonic n-tuple and w = (w1, ..., wy) a real n-tuple such that
0<W,<W,, k=1,...n—1, W,>0, (1.8)

is satisfied, where Wy are as in (1.7), then (1.6) holds. If f is strictly convex, then inequality
(1.6) is strict unless x| = - -+ = x,.

Inequality (1.6) under conditions from Theorem 1.4 is called the Jensen-Steffensen
inequality.

1.2 Space of Integrable, Continuous and Absolutely
Continuous Functions

Let [a,b] be a finite interval in R, where —ee < a < b <oo. We denote by Ly [a,b], 1 < p < o,
the space of all Lebesgue measurable functions f for which |, f |f()|Pdt < oo, where

i1, = ([ 1rwrar) g

and by L[a, b] the set of all functions measurable and essentially bounded on [a,b] with

£l = esssup{|f(x) : x € [a,b]}.

Theorem 1.5 (HOLDER’S INEQUALITY) Let p,g € R be such that
1< p,qg <o and ;74— é = 1. Let f,g : [a,b] — R be integrable functions such that f €
Lpla,b] and g € Lyla,b]. Then

[ 170 <11, liel, - (19)

The equality in (1.9) holds iff A|f(t)|” = Blg(¢)|? almost everywhere (shortened to a.e.),
where A and B are constants.

We denote by C"([a,b]),n € Ny, the space of functions which are n times continuously
differentiable on [a, b], that is

C"(la,b]) = {f: a,b] = R: & € C([a,b]),k = O,l,...,n}.

In particular, C°([a,b]) = C([a,b]) is the space of continuous functions on [a,b] with the

norm "
17l =3[9 = 3 max
k=0

— Oxeab

9.
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and for C([a, b])
1flle = max [f(x)].
x€la,b]

Lemma 1.1 The space C"([a,b]) consists of those and only those functions f which are
represented in the form

1 n—1

G;jﬁTL%xty]¢Oﬁh+;%cﬁxaf, (1.10)

flx) =
where @ € C([a,b]) and ¢, are arbitrary constants (k=0,1,...,n—1).
Moreover;,
f®(a)

o) =fM(), = o (k=01,...n—1). (1.11)

The space of absolutely continuous functions on an interval [a, b] is denote by AC([a, b]).
It is known that AC([a,b]) coincides with the space of primitives of Lebesgue integrable
functions L [a, b] (see [100]):

feAc(ab) = fx) +/ Vi, @ € Lila,b].

Therefore, an absolutely continuous function f has an integrable derivatives f’(x) = ¢(x)
almost everywhere on [a,b]. We denote by AC"([a,b]),n € N, the space

AC"([a,b]) = {f € C""'([a,b]) : f"~V € AC([a, D))}
In particular, AC' ([a,b]) = AC([a,b)).

Lemma 1.2 The space AC"([a, b)) consists of those and only those functions which can be
represented in the form (1.10), where @ € Ly[a,b] and ¢y are arbitrary (k=0,1,..,n—1).
Moreover, (1.11) holds.

The next theorem has numerous applications involving multiple integrals.

Theorem 1.6 (FUBINI’S THEOREM) Let (X,.# ,u) and (Y, N ,v) be O-finite measure
space and f be u x v-measurable function on X X Y. If f > 0, then the next integrals are
equal

o fdtu v, /</fxde)>m1 /(/fxydu)> V().

Remark 1.4 The next equalities

/ab </Cdf(x,y)dy> dx = /cd </abf(x,y)dx> dy,
/ab </fo(x,y)dy> dx = /ab </ybf(x,y)dx) dy,

are consequences of the previous theorem.
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Theorem 1.7 (INTEGRAL JENSEN’S INEQUALITY) Let (Q, o/, ) be a measure space
with 0 < u(Q) < oo and let ¢ : Q — R be u-integrable function. Let f : 1 — R be a convex
Sunction such that Im¢ C I anf f o @ is a u — integrable function. Then

1 1
(g oo < s [ 700)auco. (L.12

If f is strictly convex, then (1.12) becomes equality iff ¢ is a constant p-almost everywhere
on Q. If f is concave, then (1.12) is reversed.

Remark 1.5 The discrete Jensen inequality (1.6) is obtained by means of the discrete
measure W on Q= {1,....n}, with u({i}) = p; and ¢ (i) = x;.

Another integral version of jensen’s inequality is based on the notation of the Riemann-
Stieltjes integral for which a brief outline is given here. One can find more information on
the Riemann-Stieltjes integral in [153].

Let [a,b] C R and let f,¢ : [a,b] — R be bounded functions. The each decomposition
D = {tg,t1,...,tn} of [a,b], such that 7y < 1] < --- < t,_ <1y, Stieltjes” integral sum

(F.0:D. 11 t) = 3 FIO() — 0(11))
i=1

is assigned, where y; € [f;_1,%], i = 1,...,n. These sums will be denoted with o (f,¢;D)
in the sequel.

Definition 1.4 Let f,¢ : [a,b] — R be bounded functions. A function f is said to be
Riemann-Stieltjes integrable regardung a function ¢ if there exists Iy € R such that for
every € > 0 there exists a decomposition Dy of [a,b] such that for every decomposition
D D Dy of [a,b] anf for every sum o (f, ¢;D)

lo(f:¢:D) —Is| <&

holds. The unuque Iy is the Riemann-Stieltjes integral of the function F regarding the
function ¢ and is denoted with

b
| o).

The Riemann-Stieltjes integral is a generalization of the Riemann integral and coin-
cides with it when ¢ is an identity.

The notation of the Riemann-Stieltjes integral is narrowly related to the class of the
function of bounded variation.

Definition 1.5 Lez ¢ : [a,b] — R be a real function. To each decomposition D = {1,t,
<oty of la,b), suchthata =ty <t) < -+ <ty <ty = b, belongs the sum

v<¢;D>=_'211|¢<n>—¢<m>|,
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which is said to be a variation of the function ¢ regarding decomposition D.
A function ¢ is said to be a function of bounded variation if the set {V(¢;D) : D € P} is
bounded, where 9 is a family of all decompositions of the interval [a,b]. Number

V(¢) =sup{V(¢:D):D € 7}
is called a total variation of a function ¢.
Theorem 1.8 The following assertions hold:

(i) Every monotonic function ¢ : [a,b] — R is a function of bounded variation on |a,b)
and V() = |¢(b) — ¢(a)l;
(ii) Every function of bounded variation is a bounded function;

(iii) If f and g are functions of bounded variation on [a,b], then f + g is a function of
bounded variation on [a, D).

Theorem 1.9 Let ¢ be a function of bounded variation on [a,b]. then:
(i) ¢ has at most countably many of step discontinuities on [a,b];

(i1) ¢ can be presented as ¢ = sy + g, where step function sy and continuous function g
are both functions of bounded variation on |a,b).

At the end of this section, we introduce two recently obtained results involving Cebyéev’s
functional that involve the Griiss and Ostrowski type inequalities.

Definition 1.6 Fortwo Lebesgue integrable functions f,g : [ot, B] — R, we define Cebysev’s

Jfunctional as
B
! / (¢)dt
. oy
o o

Theorem 1.10 [57, Theorem 1] Let f : [o,,f] — R be Lebesgue integrable and
g [a, B] — R be absolutely continuous with (- — o) (B —-)(g')*> € L1 e, B]. Then

T(f.g 1)d

1 1 B 17 N2 :
(91 < 500 >];§f3<ﬂ<x¢nwmmun¢0 RECRES

The constant \/LE in (1.13) is the best possible.

Theorem 1.11 [57, Theorem 2] Let g : [, ] — R be monotonic nondecreasing and
f: [, B] — R be absolutely continuous with ' € Le[ct, B]. Then

(00 < g IF - [ = (-t (1.14)

The constant % in (1.14) is the best possible.
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1.3 About Majorization

In this section, we introduce the concepts of majorization and Schur-convexity in order to
give some basic results from the theory of majorization that give an important character-
ization of convex functions. Majorization theorem for convex functions and the classical
concept of majorization, due to Hardy et al. [79], have numerous applications in different
fields of applied sciences (see the monograph [117]). In recent times, majorization type
results has attracted the interest of several mathematicians which resulting with interesting
generalizations and applications (see for example [4], [6], [S], [52], [137]-[136]). A com-
plete and superb reference on the subject is the book by Marshall and Olkin [123]. The
book by Bhatia (1997) [45] contains significant material on majorization theory as well.
Other textbooks on matrix and multivariate analysis also include a section on majoriztion
theory, e.g., [82, Sec.4.3], [24, Sec.8.10] and [144].

Majorization makes precise the vague notion that the components of a vector y are “less
spread out” or “more nearly equal” than the components of a vector x.
For fixed n > 2, let

x=(x1,..., %), Y= 1,2, Vn)

denote two n-tuples. Let

X[1) 2 X[

AV
\Y
=
=
Vv
=
~
AV

2 Yin)>

X(1) = X(2)

IN
IN
=
=
=
IN
=
=
IN

.. < y(n)

be their ordered components.

Definition 1.7 Majorization: (see [144, p.319]) X is said to majorize y (ory is said to

be majorized by x), in symbol, X >y, if
m

Vi < Zx[i] (1.15)
1 i=1

i=

holds form=1,2,....n—1 and

Note that (1.15) is equivalent to

> Yo

i=n—m+1 i=n—m+1

IA
\g
=

holds form=1,2,...,n— 1.

The following notion of Schur-convexity generalizes the definition of convex function
via the notion of majorization.
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Definition 1.8 Schur-convexity: A function F : S C R™ — R is called Schur-convex on
Sif
F(y) <F(x) (1.16)
for everyx,y € S such that
y<x.

Definition 1.9 (Weakly Majorization): For any two vectors X,y € R", we sayy is weakly
majorized by x or X weakly majorizes'y (denoted by X" >~y orx ="y) if

holds form =1,2,...,n— 1,n, or, equivalently,

DRI L

i=m i=m
holds form=1,2,....n—1,n.

Note that x >y implies x " > y; in other words, majorization is a more restrictive
definition than weakly majorization.
Observe that the original order of the elements of x and y plays no role in the definition of
majorization. In other words,
x <Ilx

for all permutation matrices I1.

Parallel to the concept of additive majorization is the notion of multiplicative majoriza-
tion (also termed log-majorization).

Definition 1.10 (Multiplicative Majorization): [139] Let X, y be two positive n-tuples,
y is said to be multiplicatively majorized by X, denoted by y <« X if

m

[Ty <

i=1

=

X[ (1.17)
1

holds form=1,2,....n—1 and
n n
[Tvi=11x
i=1 i=1

Note that (1.17) is equivalent to

IT »y

i=n—m+1 i=n—m+1

IN
=

holds form=1,2,...,n— 1.
To differentiate the two types of majorization, we sometimes use the symbol < rather
than < to denote (additive) majorization.



10 1 INTRODUCTION

There are several equivalent characterizations of the majorization relation x > y in
addition to the conditions given in definition of majorization. One is actually the answer
of a question posed and answered in 1929 by Hardy, Littlewood and Polya [80, 79] in
the form of the following theorem well-known as Majorization theorem (see [123, p.11],
[144, p.320]).

Theorem 1.12 (MAJORIZATION THEOREM) Let I be an interval in R, and let X, y be
two n-tuples such that x;, y; € I (i=1,...,n). Then

n

o0 < o) (L18)
i=1

i=1

holds for every continuous convex function ¢ : I — R if and only if X > y.
If ¢ is a strictly convex function, then equality in (1.18) is valid iff xjy =y, i=1,...,n.

Another interesting characterization of x >y, also by Hardy, Littlewood, and Polya
[80, 79], is that y = Px for some double stochastic matrix P. In fact, the previous charac-
terization implies that the set of vectors y that satisfy x > y is the convex hull spanned by
the n! points formed from the permutations of the elements of y.

The previous Majorization theorem can be be slightly preformulate in the following
form which gives a relation between one-dimensional convex function and m-dimensional
Schur-convex function (see [144, p. 333]).

Theorem 1.13 Let I C R be an interval and X = (x1,...,Xm), Y = (V15 -,Vm) € I". Let
¢ : I — R be continuous function. Then a function F : I'" — R, defined by
m
F(x) =Y 0(x:),
i=1

is Schur-convex on I iff ¢ is convex on I.

The following theorem can be regarded as a weighted version of Theorem 1.13 and is
proved by Fuchs in ([74], [144, p.323]).

Theorem 1.14 (FUCHS’S THEOREM) Let X, y be two decreasing real n-tuples, X,y € I",

and w = (wy,wa,...,wy) be a real n-tuple such that
k k
Zwiyig2w,~x,~f0rk:1,...,n—1, (1.19)
i=1 i=1
and
n n
Zwiyi = Zwixi. (1.20)
i=1 i=1

Then for every continuous convex function ¢ : I — R, we have

Swio (i) < wig(xi). (1.21)
i=1 i=1
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Remark 1.6 Throughout this book, if in some results we have x = (x1,X2,...,%),
y=1,y2,---,v) and w = (wy,wa,...,w,) are t-tuples and g is associated function and
we say that that these tuples are satisfying conditions (1.19), (1.20) and (1.21) holds, then
wetaken=tand ¢ =gin(1.19), (1.20) and (1.21).

The following theorem is valid ([133, p.32]):

Theorem 1.15 ([108]) Let ¢ : I — R be a continuous convex function on an interval I,
w be a positive n-tuple and X, y € I"* such that satisfying (1.19) and (1.20)

(i) If y is decreasing n-tuple, then (1.21) holds.
(ii) If x is increasing n-tuple, then reverse inequality in (1.21) holds.
If ¢ is strictly convex and x # Yy, then (1.21) and reverse inequality in (1.21) are strict.
Proof. Asin [161] (see [133, p.32]), because of the convexity of ¢
o(u) —o(v) > ¢4 (v) (u—v).

Hence,

3 wi [0 () — 0 ()]

Y
M-

Il
—_

wi ¢y (yi) (xi — yi)

= (P/ (yn) (Xn - Yn)
n—1

+ 3 (X% — V)[04 ) — 9% (r1)] > 0. (1.22)
k=1

where Xk = Z{'czl Wi X; and Yk = 2;{:1 WiVi.

The last inequality follows from (1.19) and (1.20), y is decreasing and the convexity of ¢.
Similarly, we can prove the case when x is increasing.

If ¢ is strictly convex and x # y, then

¢ (xi) — ¢ (i) > &% (i) (xi — i),
for at least one i = 1,...,n. Which gives strict inequality in (1.21) and reverse inequality
in (1.21). ]

The following theorem is a slight extension of Theorem 1.14 proved by J. Pecari¢ and
S. Abramovich [161].

Theorem 1.16 ([108]) Let w, x and y be an positive n-tuples. Suppose Y, ¢ : [0,00) — R
are such that  is a strictly increasing function and ¢ is a convex function with respect to
v i.e., ¢ oy is convex. Also suppose that

M»

k
Nwiv(y) < Ywiw(x), k=1,...,n—1, (1.23)
i=1 i=1
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and . .
N owiw(yi) = D wiw(x). (1.24)
i=1 i=1
(i) If 'y is a decreasing n-tuple, then (1.21) holds.
(ii) If x is an increasing n-tuple, then the reverse inequality in (1.21) holds.
If ¢ o w1 is strictly convex and XY, then the strictly inequality holds in (1.21).

Definition 1.11 (Integral majorization) Let x, y be real valued functions defined on an
interval [a,b] such that [ x(t)d, [} y(T)dT both exist for all s € [a,b]. [144, p.324] x(T)
is said to majorize y(7), in symbol, x(1) = y(7), for T € |a,b] if they are decreasing in
T € [a,b] and

/Sy(’r)d’r < /Sx(l')dl' fors € la,b], (1.25)

and equality in (1.25) holds for s = b.

The following theorem can be regarded as integral majorization theorem [144, p.325].

Theorem 1.17 (INTEGRAL MAJORIZATION THEOREM) x(T) = y(7) for T € [a,b] iff they
are decreasing in |a,b] and

b b
[ootmar < [Cotx) e (126)
a a
holds for every ¢ that is continuous and convex in [a,b] such that the integrals exist.

The following theorem is a simple consequence of Theorem 1 in [140] (see also [144,
p-328]):

Theorem 1.18 Let x(7), y(7) : [a,b] — R, x(7) and y(T) are continuous and increasing
and let U : [a,b] — R be a function of bounded variation.

(a) If
b b
/v y(t)du(r) < /v x(t)du(t) forevery v € [a,b], (1.27)
and
b b
| 3@dute) = [ xm)dute) (1.28)

hold, then for every continuous convex function ¢, we have

b b
[ ov@)du) < [ o () an(). (129
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(b) If (1.27) holds, then (1.29) holds for every continuous increasing convex function ¢.

Definition 1.12 Ler F(7), G(t) be two continuous and increasing functions for T > 0
such that F(0) = G(0) = 0 and define

F(t)=1-F(t), G(t)=1-G(t) for 7>0. (1.30)

(cf.[144], p.330) F(7) is said to majorize G(7), in symbol, F (t) = G(7), for T € [0, +0) if

s s
/ G(r)dt < / F(t)dt forall s > 0,
0 0

/Owﬁ(r)dr = /wa(r)dr < oo,

The following result was obtained by Boland and Proschan (1986) [47] (see [144],
p-331):

and

Theorem 1.19 F (1) = G(t) for T € [0,+<0) holds iff

/ 0(1)dF (1 / 0(7)dG(t (1.31)
holds for all convex functions ¢, provided the integrals are finite.

The following theorem is a slight extension of Lemma 2 in [120] which is proved by
L. Maligranda, J. Pecaric¢, L. E. Persson (1995):

Theorem 1.20 ([109]) Let w, x and y be positive functions on [a,b]. Suppose that ¢ :
[0,00) — R is a convex function and that

/ y()w(t)dr < /vx(t)w(t)dt, v € [a,b] and

/aby(t) w(t)dr = ./abx(t) w(t)dt.

(i) If y is a decreasing function on [a,b), then

b b
/a o0 (v(1)) wit)dr < / 0 (x(t)) w(t)dr. (1.32)

(i) If x is an increasing function on |a,b), then

b b
/a 6 (x(0) witydr < / 0 ((t)) w(t)dr. (1.33)

If ¢ is strictly convex function and x # y (a.e.), then (1.32) and (1.33) are strict.
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Proof. As in [120], if we prove the inequalities for ¢ € C! [0,0), then the general case
follows from the pointwise approximation of ¢ by smooth convex functions.
Since ¢ is a convex function on [0, ), it follows that

¢ (1) — ¢ (u2) > ' (u2) (uy — uz).

If we set

then F(v) > 0, v € [a,b], and F(a) = F(b) = 0.
Then

b
> [0 b0 (o) — 5O wir)
- / o'
= [0'D / F()a [0 (o))

- - / F(6)0" (1)) £(1)di > 0.

The last inequality follows from the convexity of ¢ and y being decreasing.
Similarly, we can prove the case when x is increasing.
If ¢ is strictly convex function and x # y (a.e.), then

O [x(0)] — o ()] > 9" y(1)] [x(t) — ¥(1)] (a.e.).
Which gives strict inequality in (1.32) and (1.33). O

The following theorem (see [109]) is a slight extension of Theorem 2 in [161] which is
proved by J. Pecari¢ and S. Abramovich (1997):

Theorem 1.21 ([109]) Let w be a weight function on [a,b] and let x and y be positive
functions on [a,b]. Suppose ¢,y : [0,00) — R are such that  is a strictly increasing
function and ¢ is a convex function with respect to Y i.e., ¢ oy~ is convex. Suppose also
that

[ weo)woa < [y widr, ve o) (1.34)
and b b
/a w O(0)) wlt)dr = / W (x(1)) wlt) dr. (1.35)

(i) Ify is a decreasing function on [a,b], then (1.32) holds.
(ii) If x is an increasing function on [a,b), then (1.33) holds.

If ¢ oy~ is strictly convex function and x # y (a.e.), then the strict inequality holds in
(1.32) and (1.33).
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1.4 Mean Value Theorems

A mean on [", where I C R is an interval, is every function M : I" — R, with property

min{xy,xp, ..., X, } <M(x1,x2,...,%,) < max{x;,xp,..., X%, }
that holds for every choice of all xi,...,x, € I. For mean M we said that is symmet-
ric if for every permutation o : {1,2,...,n} — {1,2,...,n} we have M(x;,x2,...,X,) =

M(X5(1):X6(2), - - »Xa(n))-

As examples, we present classes of means that follows from the well-known mean
value theorems.

Theorem 1.22 (LAGRANGE’S MEAN VALUE THEOREM) If a function @ : [x,y] — R is
continuous on a closed interval [x,y] and differentiable on the open interval (x,y), then
there is at least one point & € (x,y) such that

ey 90— o)
¢@%——77;—-

Under assumption that a function @’ is invertible, from Lagrange’s theorem it follows

that there is a unique number
—1(e0) -k
£= (¢) ( ( (%) )
y—x
which we called Lagrange’s mean of [x,y].

Lagrange’s mean we can generalize using Cauchy’s mean value theorem.

Theorem 1.23 (CAUCHY’S MEAN VALUE THEOREM) Let functions @,y : [x,y] — R be
continuous on an interval |x,y] and differentiable on (x,y) and let ' (t) # 0 forall t € (x,y).
Then there is a point & € (x,y) such that

9(&) _ o) -0
V() v -y
Under assumption that a function % is invertible, from Cauchy’s theorem it follows
that there is a unique number

- (5) (zm)

which we called Cauchy’s mean of interval [x,y]. Continuous expansion gives & = x if
y=x.

Remark 1.7 If we take w(x) = x, as a special case of Cauchy’s mean we get Lagrange’s
mean. Moreover, many well known means in mathematics we can get as special cases

of Cauchy’s mean. Under assumption that x,y € (0,00) and choosing @(x) = x" and
w(x) =x" u,v €R, u+#v,u,v+#0, we obtain two-parameter mean
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1

Euy(x,y) = ( u(y” —x") ) =

v(y" —x)
firstly introduced by Stolarsky ([162], [163]). It’s usually known as Stolarsky’s mean.
Stolarsky has also proved that E(u,v;x,y) can be extended by continuity as follows:

(a2
Eyy(x,y) = (v(y”—x“)) , uFEv,uv#0,x#£y,

Eu’o(x,y) = EO,v<xvy) = (m

L\
Eu,u(x, ):E u xxu ) x#)’?’/l#ov

y
E0,0<x7y) = \/x_y7 x#yv
Eyv(x,x) =x.

yu_xu

1
) , uF0,xF#y,

This mean is symmetric, i.e. E,,(x,y) = Ey,(x,y) holds for all choice of numbers u,v € R,
x,y € (0,00). It is also monotonic in both parameters, i.e. for r,s,u,v € R, such that r <s,
u < v, we have
E"-,u(xvy) S ES-,V(xLy)'

As special cases of the Stolarsky’s mean, we get basic means:

. . x+
e arithmetic mean: E »(x,y) = Ty
e geometric mean: Eqo(x,y) = /%y,
e harmonic mean: E_» _1(x,y)

r r r
e power mean of order r : Eq,(x,y) = <x ery > ,

e logarithmic mean: E) o(x,y) = _r=r

1 Y\ v—x
e identric mean: lim,_,1 E, ,(x,y) = — <y_) , efc.
’ e

Definition of mean can be extend to the weighted version.

The weighted power mean of order s € R of x, where x = (xi,...,x,) and w =
(wi,...,wy) are positive real n-tuples such that 3", w; = 1, is defined by

n 5

(2 Wi-xf) ) s 7é 0;
=

M,(x) = My(x,w) :={ T, s=0

i=1

min{xy,..., Xy}, §— —oo,

max{xy,...,x,} §— oo.

This mean are defined in the same manner, with the conditions

min{xy,...,x,} < Ms(x) <max{xy,...,x,}
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for all xy,...,xp.
As a special case of the weight power mean we get:

o weighted arithmetic mean M, (x) =A, =X} | wix;
. . n Wi
e weighted geometric mean My(x) = [] x;"
i=1

n Wi
i=1 x;

e weighted harmonic mean M_;(x) =

Theorem 1.24 (EXTREME VALUE THEOREM) If @ : [x,y] — R is continuous function
on a closed interval [x,y|, then @ is bounded and attains a maximum and minimum value
over that interval, i.e. m < @(t) <M for all t € [x,y], where m = min,c[y @(t) and
M =max(t).

Following the idea described before and using Extreme value theorem, we prove firstly
the Lagrange type mean-value theorems and then deduce from them the Cauchy type mean-
value theorems. As consequences we generate new Cauchy’s type means.

Let x = (x1,%2,...,X1), ¥ = (V1,Y2,--.,yn) be real n-tuples. Throughut this section
I, represents the interval defined by I} = [m;,M,], where m; = min{minx;, miny;} and
1 1

M = max{maxx;, maxy;}.
1 l

Theorem 1.25 ([26]) Let x and y be two real n-tuples, X =y, and ¢ € C>(I}). Then
there exists & € Iy such that

ifl’(xi)—ifl’(yl'): @{imz—iﬁ}. (1.36)
i=1 =

i=1 i=1

Proof. Since (7)" is continuous on /;, so m < ¢" (x) < M for x € I}, where m = min,¢y, (])H (x)
and M = max,¢y, (Z)” (x). Consider the function ¢; and ¢, defined on /; as

2 2
MTquj(x) and (])Q(x):q)(x)f% for x €.

1 (x)

It is easily seen that

n

O (x)=M—9¢"(x) and ¢,(x)=¢ (x)—m for xe1.

So, ¢; and ¢, are convex.
Now by applying ¢; for ¢ in Theorem 1.12, we have

n n

Y01 00) < X0 (xi).



18 1 INTRODUCTION

Hence, we get

n n M n n
29— Xo) < 71{2)#—2%}- (1.37)
i=1 i=1 i=1

i=1

Similarly, by applying ¢, for ¢ in Theorem 1.12, we get
n

D0 (x) —
i=1

If Y7, x% — 3", y? = 0, then from (1.37) and (1.38) follows that for any & € Iy, (1.36)
holds.
If $7 x> — 3" v? > 0, it follows by combining (1.37) and (1.38) that

a9 (n) X9 (%’))
<2 < M.
= ( 2 =2 vi? =

Now using the fact that for m < p < M there exists & € I; such that ¢ (&) = p, we get
(1.36). O

n

Do) > %{Zxﬂ—Zy%}. (1.38)
i=1 i=1

i=1

Theorem 1.26 ([26]) Let x and y be two real n-tuples, x =y and ¢, ¢ € C*(I,). Then
there exists & € I, such that
i1 0 (i) — X, 9 (i)
T () =X 0 ()

provided that the denominators are non-zero.

_? (1.39)
)

Proof. Let a function k € C?(I;) be defined as

k:C](p*CQ(pv

where ¢ and ¢, are defined as
n n
a=X e —Y oW,
i=1 i=1

Cz=§n:1¢(xl') - _5114)(%)-

Then, using Theorem 1.25 with f = k, we have

0_ (Cl (p//z(é) — 0 ¢//2(§)) {ixl} o iyl}} ) (1.40)
=1 =1

By using (1.36) for ¢, left hand side of (1.36) is non-zero by our assumption, it follows
that ¥ x2 — 3y # 0.
Therefore, (1.40) gives

a 9"
cl (&)

After putting values of ¢; and ¢, we get (1.39). o

S
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Corollary 1.1 ([26]) Let x and 'y be two real n-tuples such that x =y, then for distinct
s,t € R\{0,1}, there exists & € I} such that

s(s— 1) S0 — Sy
() S Sy

Proof. Set ¢(x) =x' and @(x) =x*, s,r € R\{0, 1}, s # 7 in (1.39), we get (1.41). a

g = (1.41)

Remark 1.8 Since the function & — &'~ is invertible, then from (1.41) we have
1
SIS xSyl Y 7
my < {s(s )Z’,l:lxlY 2;11)’18} <M. (1.42)
1t —1) Ty xi* — X, i

In fact, similar result can also be given for (1.39). Namely, suppose that ¢”/¢” has an
inverse function. Then from (1.39), we have

= () (Gretrsasn)

So, we have that the expression on the right hand side of (1.43) is also a mean.

Theorem 1.27 ([26]) Let x and y be two decreasing n-tuples, W be a real n-tuple such
that conditions (1.19) and (1.20) are satisfied and ¢ € C*(I;). Then there exists & € I
such that

Y wid(xi) — D wid(yi) = (Z)T(é) {ZWiXiz — ZWiy,'z}. (1.44)
i=1 i=1 i=1 i=1

Theorem 1.28 ([26]) Let x and y be two decreasing n-tuples, W be a real n-tuple such
that conditions (1.19) and (1.20) are satisfied and ¢, € C*(I,). Then there exists & € I,
such that

Sigwid (xi) — X wi ¢ (vi)
Sigwi o (xi) — Xy wi o (vi)

_? (1.45)
)

provided that the denominators are non-zero.

Corollary 1.2 ([26]) Let x and 'y be two decreasing n-tuples, w be a real n-tuple such
that conditions (1.19) and (1.20) are satisfied, then for distinct s,t € R\{0, 1} there exists
& € Iy such that
g = s(s—1) iy wixi’ — S wivit
tt—1) Ziywix® — XL wiyi*

Remark 1.9 Since the function & — &'~ is invertible, then from (1.46) we have

(1.46)

1

_ noowexid — 3wyt )
m < {s(s [ Ziii - B v } < M. (1.47)
tt—1) X wix® — X wiyi®
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In fact, similar result can also be given for (1.45). Namely, suppose that ¢” /@” has inverse
function. Then from (1.45), we have

_ (¢ 1( ?lwimxi)z;uwm(yi)) ”
= () (God—snen) (49

So, we have that the expression on the right hand side of (1.48) is also a mean.

Theorem 1.29 ([108]) Let w, x and y be an positive n-tuples, y € C*([0,%0)) and
@ € C*(I1) such that conditions (1.23) and (1.24) are satisfied. Let'y be a decreasing
n-tuple and y'(y) > 0 for y € Iy, then there exists £ € I, such that

() S ()~ Y E O E) 0 W E) [ y
Y0 i) = $ w0 () P E) S’ z W2 00)].
(1.49)

Proof. Setm = minye;, ¥(y) and M = max,e;, ¥(y), where

Consider the function ¢; and ¢» defined on /; as

o1(x) = 3My*(x) — @(x) and ¢2(x) = @(x) — ymy?(x) forx € .
It is easily seen that for

Gx)=¢ [v '] = %sz — oy ()]
we have
Ty Ty — o Tw=(x 7T (x
G/,(x):M_w[w W] ¢" [w ()}f) [u; W] v [y ()]
(v [yt (x)])
Similarly,
Hx) =gy '0)] =0y ') - %mxz_
We have
T (x T — o Tw=(x 7Ty
H//(x):w[w Wl e" v '@ - v @y v ' @]

(v [y ()’

This shows that ¢; and ¢; are convex functions with respect to y.
Applying (1.21) for ¢; and ¢, we have

n

n
Zwi (Z)l -xl 2 (Z)l Yi)
i=1
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and
n n
> widn (xi) > Y wi ¢ (i),
i=1 i=1
that is,
M n n
5 Zwl ZWZ )’l > 2 xl) - Zwi(p(yi) (1.50)
i=1 i=1
and
n n
N owio (xi) — Y wio (i) 2— Zw, Zw, )| (1.51)
i=1 i=1
By combining (1.50) and (1.51), (1.49) follows from continuity of ‘. O

Theorem 1.30 ([108]) Let w, x andy be positive n-tuples, y € C?([0,0)) and @1, ¢, €
Cc? (1) such that conditions (1.23) and (1.24) are satisfied. Lety be a decreasing n-tuple
and W' (y) > 0 for y € I, then there exists & € Iy such that

V(EG(E) ~ ol(EV'(E) | Smeit) ~SLimei ) 5,
VEWE) - REVE) T Thwie) - Swe )

provided that y'(y) @3 (y) — @5(y) w"(y) # O for everyy € I.

Proof. Define the functional © : C?(I;) — R by

0) = ilwiw(xi) - znllwi(p(y,)

and set @y = O(¢2) @1 — O(@;) @2. Obviously ©(¢y) = 0. Using Theorem 1.29, there
exists & € I such that

ot = YEBE GV [§ o) Suppe]. sy

We give a proof that the expression in square brackets in (1.53) is non-zero due to x # y.
Suppose that the expression in square brackets in (1.53) is equal to zero, i.e.,

0= Zw, Zw, (y1) (1.54)

By using (1.54), (1.23) and (1.24), we have

n

0=2wl~w2<xi>—ilwl~w > 3 2w ) x) v ) 20
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This implies

znllwi w2 (%) — ilw,- w2 (vi) = iw,' Qw i) [w(xi) — v (i)l

i=1
or equivalently

iwmww>nmmfo

Which obviously implies that x # y.

Since x # y, the expression in square brackets in (1.53) is non-zero which implies that
v (E)ol (&) — @)(&E)w"(E) = 0, and this gives (1.52). Notice that Theorem 1.29 for
@ = @, implies that the denominator of the right-hand side of (1.52) is non-zero. O

Corollary 1.3 ([108]) Let w, x andy be an positive n-tuples such that conditions (1.23)
and (1.24) are satisfied. Also lety be a decreasing n-tuple, then for s,t € R\{0,q}, s #1,
there exists & € Iy such that

s(s—q) X1y Wixji - 2?:1“’1’)’?
1t —q) i wix] — X wiy}

étfs —

(1.55)

Remark 1.10 Since the function & — &'~ is an invertible, therefore from (1.55) we have

1
m < (S(S 4) Zif'w’xi 22””;) < M. (1.56)
t(t*‘I) Zi:lwt'x}Y - 2,’:1Wiyi

In fact, similar result can also be given for (1.52). Namely, suppose that

AY) =W el () — et (y)/ (W' () e (v) — @3(y) w"(v)) has an inverse func-
tion. Then from (1.52), we have

L (Zgwior (i) — X wi (yi))
=AH S : : 1.57
: < w2 (i) — X wi @2 (vi) (1.57)

So, the expression on the right hand side of (1.57) is a mean.
Throughout this section /> denotes the interval defined by

L = [my,M;], where my = min{m,y,my; } and My = max{M,),My}. (1.58)

In the above expression, m,() and m,, are the minimums of x(#) and y(¢) respectively.
Similarly, M, and M, are the maximums of x(¢) and y(t) respectively.

Theorem 1.31 ([26]) Let x(t) and y(t) be two functions on [a,b] such that x(t) > y(t)
and ¢ € C? (). Then there exists & € I, such that

.[¢wmm—f%mmm=Q%Q{wam—ffmm}
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Proof. As in the proof of Theorem 1.25, we use Theorem 1.17 instead of Theorem 1.12. O

Theorem 1.32 ([26]) Let x(t) and y(t) be two functions in [a,b] such that x(t) > y(t)
and ¢, € C*(I,). Then there exists & € I, such that

(1.59)

provided that the denominators are non zero.

Corollary 1.4 ([26]) Let x(t) and y(t) be two functions in [a,b] such that x(t) > y(r),
then for distinct s,r € R\{0,1}, there exists & € I, such that

gros _ 62D [y (0di = [y (@) dr (1.60)

=) Eeydr— [Py d

Remark 1.11 Since the function & — E" is invertible, therefore from (1.60) we have

s(s— 1) [Pt — [y (0)di | ™
my < {r(r 1) fabe(t)dt - ffys(t)dt} = M. (1.61)

In fact, similar result can also be given for (1.59). Namely, suppose that ¢" /@" has an
inverse function. Then from (1.59), we have

(Y f;’¢<x<r>>dr—f:¢<y<r>>dr> L6
: <<p) <Jf<p<x<r>>drf:<p<y<r>>dr | (o2

So, we have that the expression on the right hand side of (1.62) is also a mean.

Theorem 1.33 ([26]) Let x(t) and y(t) be decreasing real valued functions defined on
[a,b] such that conditions (1.27) and (1.28) are satisfied and ¢ € C*(I) and u : |a,b] — R
be a function of bounded variation, then there exists & € I such that

[oewann - ["ovmaune) = S [F0aun - [(F0aun}.
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Theorem 1.34 ([26]) Let x(¢t) and y(t) be decreasing real valued functions defined on
[a,b] such that conditions (1.27) and (1.28) are satisfied, U : [a,b] — R be a function of
bounded variation and ¢, € C*>(I,). Then there exists & € I, such that

}Zﬂp (x(t)) jzm - (1.63)

OO du(r) 9" (&)
(p )

provided that the denominators are non zero.

Corollary 1.5 ([26]) Let x(t) and y(t) be positive decreasing functions defined on [a,b]
such that conditions (1.27) and (1.28) be satisfied and U : [a,b] — R be a function of
bounded variation, then for r,s € R\{0,1}, s # r, there exists & € I, such that

gres — =) [ o)~ [}y 0)dute) Len

Remark 1.12 Since the function & — &' is invertible, therefore from (1.64) we have

ng{g ;{ ¥ () du() = [7y <t)du(t>}“§M2_ (1.65)

w(6)du(t) = [y () du()

In fact, similar result can also be given for (1.63). Namely, suppose that ¢” /¢"” has an
inverse function. Then from (1.63), we have

_ (o ff¢<x(t))du(t)—ff¢(y(t))du(t)>
: <<P> (f:<p<x<r>>du<r>—f:<p< M) (100

So, we have that the expression on the right hand side of (1.66) is also a mean.

Theorem 1.35 ([102]) Let F(t) and G(t) be defined in (1.30) such that F (1) = G(1)
and ¢ € C?[0,+o), then there exists é € [0, +-o0) such that

/(p 7) dF (T /q) 7) dG(t _¢ (é){/omrzdF(T)/:Tsz(T)}.

Proof. As in the proof of Theorem 1.25, we use Theorem 1.19 instead of Theorem 1.12. O
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Theorem 1.36 ([102]) Let F(t) and G(t) be defined in (1.30) such that F(t) = G(1)
and ¢, € C*[0,+). Then there exists & € [0,-+oo) such that

Jo 9 (1) dF(z) - [57¢ () dG(z) _ 9" (&) (1.67)

Jo o (r)dF(7) = [ o(r)dG(r)  ¢"(§)

provided that the denominators are non zero.

Corollary 1.6 ([102]) Let F(t) and G(t) be defined in (1.30) such that F (1) = G(t),
then for r,s € R\{0,1}, s # r, there exists & € [0,+o0) such that

s(s—1) [yt dF(t) — [y T7dG(T)

&= r(r—1) [ 5dF (1) — 5 7dG(T)

(1.68)

Remark 1.13 Since the function & — &' is an invertible, therefore from (1.68) we have

0 < | s= D) i TdF() — Jy (1)dG(r) e < o, (1.69)
r(r—1) [<odF(t) — [*1dG(1)

In fact, similar result can also be given for (1.67). Namely, suppose that ¢" /@" has an
inverse function. Then from (1.67), we have

_ (9" [ [59o(@) dF(r) — [§7 ¢ (1) dG(z)
*- (w”) (fS"(p(f) dF(7) = J§ @ (7) dc(f))' (1.70)

So, we have that the expression on the right hand side of (1.70) is also a mean.

Theorem 1.37 ([109]) Let w be a weight function on |a,b], x(t) and y(t) be two positive
functions on |a,b] such that conditions (1.34) and (1.35) are satisfied, y € C?([0,)) and
¢ € C? (). Also let x(t) be a decreasing function on [a,b] and y'(y) > 0 for y € L. Then
there exists & € I such that

b b
[ omenwia — [Cobenwiar (L7
_VEE) - @) [
- YOI [ v @) war

b
- [ bolvoa].

Theorem 1.38 ([109]) Let w be a weight function on |a,b), x(t) and y(t) be two positive
functions on |a,b] such that conditions (1.34) and (1.35) are satisfied, y € C?([0,0)) and
O1,00 € C? (D). Also let x(t) be a decreasing function on [a,b], y'(y) > 0 fory € I, and
x(t) #y(t) (a.e.). Then there exists & € I, such that

W) (&) — 0{(E) W' (&) _ Ji o1 (@] wle)dr — [7 91 [y(0)] w(r)dt
V()05 (E) — 5 (E)w"(E) [P pulx(@)]wlt)dr — [P ¢a[y(r)] w(t)dt

provided that y'(y) $5 (v) — ¢5(y) W" (v) # Oforeveryy € b.

(1.72)
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Proof. Define the functional ® : C?(,) — R by

0(0) = [ o) wiar — [ 6l0)] wiyas

and set @o = O(¢2) o1 —O(¢1) ¢2. Obviously ©(¢y) = 0. Using Theorem 1.37, there exists
& € I such that

o(n) = LEMEL MV P2 wirar - [ wboiwia).

2 (v’
(1.73)
We give a proof that the expression in square brackets in (1.73) is non-zero due to
x(t) # y(t) (a.e.). Suppose that the expression in square brackets in (1.73) is equal to
zero, i.e.,

b
0= [ [wls(e)) = w2 (o)) wio)ar (1.74)

In Theorem 1.21, we have that

[ wb@wid < [yl widr, xefa.b)
Set .
F) = [ W) = vl wioydr

Obviously F(x) > 0, F(a) = F(b) =0. By (1.74), obvious estimations and integration by
parts, we have

b b
0 :/a [w? x(0)] = v ()] wie)dr > /a 2y [y} [w k()] — w y(0))] w(e)dr.

b b
_ / 2y ()] dF () = — / Ft)d 2y [y(1)]] > 0.

This implies

[ 0]~ v bl wdr = [ 2] 0] — v )] wiar
or equivalently
b
| ] = w o) wie)de = o.

Which obviously implies that x(¢) = y(¢)(a.e.).

Since x(7) # y(t) (a.e.), the expression in square brackets in (1.73) is non-zero which im-
plies that y'(&) 9§ (&) — ¢4(&) w” (&) =0, and this gives (1.72). Notice that Theorem 1.37
for ¢ = ¢ implies that the denominator of the right-hand side of (1.72) is non-zero. |



1.5 n-EXPONENTIAL CONVEXITY 27

Corollary 1.7 ([109]) Let w be a weight function on [a,b] and let x(t) and y(t) be two
positive functions on |a,b] such that conditions (1.34) and (1.35) are satisfied. Also let x(t)
be a decreasing function on |a,b] and x(t) # y(t) (a.e.), then for s,t € R\{0,q}, s #1, there
exists & € I, such that

s(5=q) J2X () w(r)dr — [2¥ () wir)dr
(=a) 22 (r)wir)dr — 23 wir)dr

Proof. Set ¢ (x) =x', ¢r(x) = x* and w(x) = x9, in (1.72), we get (1.75). O

étfs —

(1.75)

Remark 1.14 Since the function & — &'~ is invertible, therefore from (1.75) we have

1

s(s—q) o (r)w(r)dr - ffyt(r)w(r)dr> &
" < Ma. 1.76
- <’(t‘f> e Pe@wna) S 0

In fact, similar result can also be given for (1.72). Namely, suppose that

A) =W ) o7 () — o)W () /(W' ()9 (v) — @3(y) w” (v)) has an inverse function.
Then from (1.72), we have

§A1<ﬁmwwwmm—ﬁmMmem>
12 02 ()] wlr)dr = [ 02 [y(r)] w(r) dr

So, we have that the expression on the right hand side of (1.77) is also a mean.

(1.77)

1.5 n-Exponential Convexity

Here I denotes an open interval in R.
Definition 1.13 ([144, p. 2]) A function ¢ : I — R is convex on an interval I if
¢ (x1)(x3 —x2) + @ (x2) (x1 —x3) + 9 (x3) (x2 —x1) 2 0, (1.78)
holds for all xy,xy,x3 € I such that x; < x» < x3.
Now, let us recall some definitions and facts about exponentially convex functions:

Definition 1.14 ([142]) For afixedn € N, a function ¢ : I — R is n-exponentially con-
vex in the Jensen sense on I if

z Xp+x
Y OCkOCz(Z)( kz l) >0

ki=1

holds forall oy, e Rand x; € I, k=1,2,...,n.
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Definition 1.15 ([142]) A function ¢ : I — R is n-exponentially convex on I if it is
n-exponentially convex in the Jensen sense and continuous on I.

Remark 1.15 From the definition it is clear that 1-exponentially convex functions in the
Jensen sense are in fact non-negative functions. Also, n-exponentially convex functions in
the Jensen sense are m-exponentially convex in the Jensen sense for every m € Nym < n.

Proposition 1.1 If ¢ : I — R is an n-exponentially convex in the Jensen sense, then the

matrix [(l) (%) } - is a positive semi-definite matrix for all m € N;m < n. Particularly,
m
(23]
2 kl=1

Definition 1.16 A function ¢ : [ — R is exponentially convex in the Jensen sense on I if
it is n-exponentially convex in the Jensen sense for all n € N.

forallmeN, m=1,2,...,n.

Definition 1.17 A function ¢ : I — R is exponentially convex if it is exponentially convex
in the Jensen sense and continuous.

Remark 1.16 It is easy to show that ¢ : 1 — R is log-convex in the Jensen sense if and
only if

o)+ 2080 () + B200) 0

holds for every o, B € R and x,y € I. It follows that a function is log-convex in the Jensen-
sense if and only if it is 2-exponentially convex in the Jensen sense.

Also, using basic convexity theory it follows that a function is log-convex if and only if
it is 2-exponentially convex.

Corollary 1.8 If ¢ : I — (0,0) is an exponentially convex function, then ¢ is a log-convex
Sfunction that is

P(Ax+ (1—A)y) < *(x)9'*(y), forallx,y €1, A €[0,1].

When dealing with functions with different degree of smoothness divided differences
are found to be very useful.

Definition 1.18 The second order divided difference of a function ¢ : I — R at mutually
different points yo,y1,y2 € 1 is defined recursively by

[y17¢] = (P(yl)? = 071a27
[)’iv)’i+l§¢] = d)(thl) _d)(yl)v = 0717
Yit1 — Vi
1,2:0] — [yo,y1: 9]
Y2 =0 '

0, y1,¥2:0] = (1.79)
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Remark 1.17 The value [yo,y1,y2; 9] is independent of the order of the points yg,y1, and
V2. By taking limits this definition may be extended to include the cases in which any two
or all three points coincide as follows: Ny, y1,y2» € 1

0(y2) — 9(v0) — ¢ (v0) (2 — o)

5 ;Y2 # Yo,
(v2=0)

lim [yo,y1,¥2:¢0] = [Yo,Y0,y2: 0] =
Y=o

provided that ¢/ exists, and furthermore, taking the limits y; — yo(i = 1,2) in (1.79), we
get

n

[v0,¥0,y0:¢] = ylijrylo[yo,yl,yz;(b] = @fori: 1,2
provided that (Z)” exists.
Assuming that ¢U=1) (x) exists, we define
) . ¢(/7])<x)
[)C,...,)C,(P] = W (180)

Jj—times

The notion of n-convexity goes back to Popoviciu [148]. We follow the definition given
by Karlin [90]:

Definition 1.19 A function ¢ : [a,b] — R is said to be n-convex on [a,b), n > 0 if for all
choices of (n+ 1) distinct points in [a,b], the n-th order divided difference of ¢ satisfies

[x0,. .., Xn30] > 0.

Under the assumptions of Theorems 1.12 consider the functionals

(x.y,0) = 2¢xl 2 (vi)- (1.81)

i=1

Under the assumptions of Theorem 1.14 or Theorem 1.15(i) consider the functional
n n
Fole,y,w,0) = witp (xi) — Y witp (i) (1.82)
i=1 i=1
Under the assumptions of Theorem 1.18 consider the functional

)= [ o) an®) — [ o 0e) duo). 183

Under the assumptions of Theorem 1.19 consider the functional

FilF.G.0)= [ 0(n)dG(r) - [ o(r)dF(z). (1.84)

Under the assumptions of Theorem 1.20 (i) consider the functional

Fton0)= [ oG war— [0 6 wiyar (1.85)
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Under the assumptions of Theorem 1.16(i) consider the functional
n n
Fitey,wooy™) =Y wig (x) = 3 wid (). (1.86)
i=1 i=1
Under the assumptions of Theorem 1.21 (i) consider the functional

Falovmooy )= [Coao)wia— (o0 wia a8y

Theorem 1.39 Ler F ;(j = 1,2,..,5) be linear functionals as defined in (1.81),(1.82),
(1.83), (1.84) and (1.85). Let Q = {¢, :t € J C R}, where J is an interval in R, be a family
of functions defined on interval I such that the functiont — [yo,y1,y2; ] is n-exponentially
convex in the Jensen sense on J for every three mutually different points yo,v1,y2 € I. Then
the following statements hold.

(i) The function t — F j(.,.,@) is n-exponentially convex in the Jensen sense on J
and the matrix [ (., ., 9y )]},_, is a positive semi-definite for all m € N,m < n,
T h

1,..,tm € J. Particularly,

det[F j(.,.,pu+y )|{i=1 =0 forallm=1,2,...,n
1)1k,

(ii) If the functiont — F j(.,.,¢;) is continuous on J, then it is n-exponentially convex on

J.

Proof. Fix j=1,2,....5.
(i) Let us define the function

o(y) = 2": by, (v),

ki=1

where 1y = %31 n e J, b e R k=1,2,...,n.
Since the function 7 — [yo,y1,y2; ¢] is n-exponentially convex in the Jensen sense on J by
assumption, it follows that

n
Vo, y1,y2: 0] = 2 bkbi[yo,y1,y2: 0] > 0,
k=1

which implies that o is convex on J. Hence F ;(.,.,w) > 0, which is equivalent to

n
2 bkble<'7'7¢lkl) > 07
k=1

and so we conclude that the functionr — [ ;(.,., ;) is n-exponentially convex function in
the Jensen sense on J.
The remaining part follows from Proposition 1.1.

(ii) If the function t — F ;(.,.,¢;) is continuous on J, then it is n-exponentially convex
on J by definition. O

The following corollary is an immediate consequence of the above theorem.
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Corollary 1.9 Let F j(j = 1,2,..,5) be linear functionals as defined in (1.81),(1.82),
(1.83), (1.84) and (1.85). Let Q ={¢, : t € J C R}, where J is an interval in R, be a
family of functions defined on inteval I such that the functiont — [yo,y1,y2; ] is exponen-
tially convex in the Jensen sense on J for every three mutually different points yo,y1,y2 € 1.
Then the following statements hold.

(i) The functiont — [ j(.,.,¢:) is exponentially convex in the Jensen sense on J and the
matrix [F j(.,., ¢y )|, is a positive semi-definite for all m € N,m < n,
L1k,

t,..,tm € J. Particularly,

det[F j(.,.,pu+y )|{ =1 =0 forallm=1,2,...,n.
1)k,

ii) If the functiont — F i(.,.,¢;) is continuous on J, then it is exponentially convex on
J D y
J.

Corollary 1.10 Ler F ;(j = 1,2,..,5) be linear functionals as defined in (1.81),(1.82),
(1.83), (1.84) and (1.85). Let Q = {¢, : t € J C R}, where J is an interval in R, be a
family of functions defined on interval interval I such that the function t — [yo,y1,2; @]
is 2-exponentially convex in the Jensen sense on J for every three mutually different points
Y0,¥1,y2 € 1. Further, assume that F j(.,.,¢) is strictly positive for ¢, € Q. Then the
following statements hold.

(i) Ifthe functiont — [ ;(.,.,¢) is continuous on J, then it is 2-exponentially convex on
J and so it log convex on J and for r,s,t € J such that r < s <t, we have

(Fj('7'7¢5'))t7r§ (Fj('7'7¢r))lis(Fj('7'7¢I))S7r' (1.88)

(ii) If the functiont — F j(.,.,¢) is differentiable on J, then for every s,t,u,v € J, such
that s <u andt <v, we have

Bt (oo F jy Q) <Buy(ess Fj, Q) (1.89)
where 1
FiCnds)\ 57
B ,(Q) = By (0 F j,Q) = (W>(¢) v (1.90)
exp <W) , S=t,
Jor ¢s, ¢ € Q.
Proof.

(i) By Remark 1.16 and Theorem 1.39, we have log-convexity of / (.,.,¢/) and by
using ¢(x) =logF ;(.,.,¢x) in (1.78), we get (1.88).

(i) For a convex function ¢, the following inequality holds

0(s) = 9(1) _ 9(w)—9(v) (1.91)

s—t = u—v
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for all s,¢,u,v € Jsuchthats < u,t <v,s#t,u v (see [144, p.2]).
Since by (i), the function F ;(.,.,¢y) is log-convex, by setting ¢ (s) =log F ;(.,., ds)
in (1.91), we have

logFj(vv(PS) 710gF](7d7¢t) < 10gF](77¢u) 710gFj(77¢V)

s—t u—v

fors <u,t <v,s#t,u+# v, which is equivalent to (1.89).
The cases s =t and u = v can be treated similarly.

OThe inequality (1.88) is known as Lyapunov’s inequality (see [79, p. 27]).

Moreover, several applications of majorization are obtained by using following impor-
tant example

(Y x:,0,...,0) = (x1,...,X). (1.92)
i=1

We also give applications of additive and multiplicative majorizations.

Corollary 1.11 Let x be a real n-tuple and

n

n

Fi.0) =0 Xx) =Y o), (1.93)
i=1 i=1

be a linear functional. Let Q = {¢, : t € J C R}, where J is an interval in R, be a family of

functions defined on interval I such that the function t — [yo,y1,y2; &/ is n-exponentially

convex in the Jensen sense on J for every three mutually different points yo,v1,y2 € I. Then

the following statements hold.

(i) The functiont — 1 (., @) is n-exponentially convex in the Jensen sense on J and the
matrix [F 1 (., 9y )]},_, is a positive semi-definite for allm € Nym <n, t1,..,t € J.
R

Particularly,
det[F (., oo )]} 1—y > 0 forallm=1,2,....,n.
LIRS

(ii) If the functiont — [, (., ) is continuous on J, then it is n-exponentially convex on

J.

Proof. Setx = (¥ x;,0,...,0) and y = (x1,...,x,) from Theorem 1.39 in linear func-
tional F {(.,.,¢,) define in (1.81), we get our required results. |

Here, we define logx in this way:
logx = (logxy,...,logx,).
Corollary 1.12 Let x andy be two positive n-tuples, x < y,

n n

ﬁ] (x7y7¢t) = 2 ¢t(yl) - 2 (Pt(xi)v
i=1 i=1
be linear functional. Let Q = {¢ : t € J C R}, where J is an interval in R, be a family of
functions defined on interval I such that the function t — [yo,y1,y2; ] is n-exponentially
convex in the Jensen sense on J for every three mutually different points yo,y1,y2 € I. Then
the following statements hold.
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(i) The functiont — [ 1 (., @) is n-exponentially convex in the Jensen sense on J and the
matrix [[ 1 (., 9y )0, is a positive semi-definite for allm € N,m <n, 1y, ...t € J.
R

Particularly,

det[F (., @r)]—y = 0 forallmeN, m=1,2,...,n.
)Mk,

ii) If the functiont — ﬁ; - O is continuous on J, then it is n-ex onentially convex on
P
J.

Proof. Setx =logx andy = logy in Theorem 1.39 by using linear functional f (.,., @)
define in (1.81), we get our required results. O

Remark 1.18 As Corollary 1.12, we can give Corollary 1.9 and Corollary 1.10 in a sim-
ilar fashion.

Theorem 1.40 Let F j,(j = 1,2) be linear functionals as defined in (1.86) and (1.87).
Let Q ={¢ : 1t € J C R}, where J is an interval in R, be a family of functions defined on
interval I such that the function t — [yo,y1,V2; @ o W~ 1], where the function v is strictly
increasing, is n-exponentially convex in the Jensen sense on J for every three mutually
different points yo,y1,y2 € I. Then the following statements hold.

(i) The function t — F ;(.,.,¢) is n-exponentially convex in the Jensen sense on J
and the matrix [F j(.,., ¢y, )|}, is a positive semi-definite for all m € N,m < n,

t,..,tm € J. Particularly,

det[F j(.,., ¢y )|ii—y > 0forallme N, m=1,2,....n.
1) Ik,

(ii) Ifthe functiont — F j(.,.,¢;) is continuous on J, then it is n-exponentially convex on

J.

Proof. Fix j=1,2.
(i) Let us define the function @ for#; € J,b; € R, [ € {1,2,..,n} as follows

o)=Y bibnrim (2),

I,m=1
which implies that

n
0oy~ (2) = X bibnduim 0w (2),

I,m=1

Since the function ¢ — [z0,21,22; ¢ © 1,1/’1] is n-exponentially convex in the Jensen sense,
we have

n
20,21,z 00y ] = D blbm[ZOJlaZZ;(p’ﬁ# oy ']>0,

I,m=1
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which implies that w o y~! is convex function on J and therefore we have

ﬁj(., .,Wo l[/il) >0.

Hence

n

2 bkblﬁj(.,.,(ptlﬂm o l[lil) >0.

[,m=1 2

We conclude that the function # — F ; is an n-exponentially convex function on J in the
Jensen sense.

(i1) This part is easily followed by definition of n-exponentially convex function. O

As a consequence of the above theorem we give the following corollaries:

Corollary 1.13 Let [ j,(j = 1,2) be linear functionals as defined in (1.86) and (1.87).
Let Q= {¢ :t € J C R}, where J is an interval in R, be a family of functions defined on
interval I such that the functiont — [y, y1,y2; ¢ © u/’l], where the function \ is strictly in-
creasing, is exponentially convex in the Jensen sense on J for every three mutually different
points yo,y1,y2 € 1. Then the following statements hold.

(i) The functiont — F (.., ¢) is exponentially convex in the Jensen sense on J and the
matrix [ j(.,.,0u+0)]},_, is a positive semi-definite for all m € N,m < n,
L1k,

t,..,tm € J. Particularly,
det[F j(.,.,¢ur1)fi—y = 0forallm=1,2,...,n.
w01k,

(ii) Ifthe functiont — F j(.,.,¢;) is continuous on J, then it is n-exponentially convex on

J.

Corollary 1.14 Let F j,(j = 1,2) be linear functionals as defined in (1.86) and (1.87).
Let Q= {¢ :t € J C R}, where J is an interval in R, be a family of functions defined on
interval I such that the function t — [yo,y1,y2; ¢ o W™ '], where the function v is strictly
increasing, is 2-exponentially convex in the Jensen sense on J for every three mutually
different points yo,y1,y> € I. Further, assume that [ j is strictly positive for ¢; € Q. Then
the following statements hold.

(i) Ifthe functiont — F ;(.,.,¢) is continuous on J, then it is 2-exponentially convex on
J and so it log convex on J and for r,s,t € J such that r < s <t, we have

(FiCons @)™ < (F (o 0r)  (F (s 90))™" (1.94)

(ii) If the functiont — F j(.,.,¢:) is differentiable on J, then for every s,t,u,v € J, such
that s < u andt < v, we have

B (oo Fj,Q2) < By (o, F,Q) (1.95)
where 1
ﬁj(-wd)s) 5= S?é[
j ~ Fi(n0r ’ ’
B (Q) =By(.,.,F j,Q) = ( i d;-)(.,.,%) (1.96)
o ((Hs3t) 5=

Jor g5, ¢ € Q.
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Proof. The proof is similar to the proof of Corollorry 1.10. O

Remark 1.19 Note that the above results still hold when two of the points yo,y1,y2 € |a,b]
coincide, say y1 = yo, for a family of differentiable functions ¢ such that the function
t — [v0,Y1,Y2; O] is n-exponentially convex in the Jensen sense (exponentially convex in the
Jensen sense, log-convex in the Jensen sense on J); and furthermore, they still hold when all
three points coincide for a family of twice differentiable functions with the same property.
The proofs are obtained by recalling Remark 1.17 and by using suitable characterizations
of convexity.

1.6 Examples of Exponentially Convex Functions
and Cauchy Type Means

In this section we will vary on choice of a family D = {¢, : ¢+ € J} in order to construct
different examples of exponentially convex functions and construct some means.

Example 1.1 Let
Dy ={y; :R—[0,0) : r € R}

be a family of functions defined by

tize”‘, t#0;
v (x) =

1.2 —
z.x, t=0.

Here we observe that \y; is convex with respect to y(x) = x which is strictly increasing

and continuous. Since, W (x) is a convex function on R and t — %l]/t (x) is exponentially
convex function [142]. Using analogous arguing as in the proof of Theorems 1.39 and 1.40,
we have that t — [y, y1,y2; W] is exponentially convex (and so exponentially convex in the
Jensen sense). Using Corollary 1.9 and 1.13 we conclude thatt — F ¢(.,.,¥); k=1,...,5
andt — F j(.,.,y:); j = 1,2, are exponentially convex in the Jensen sense. It is easy to see
that these mappings are continuous, so they are exponentially convex.

Assume thatt — F (.,.,y;) >0;k=1,....5andt — F j(.,.,y;) > 0; j=1,2. By using
convex functions ; in (1.43) we obtain the following means:

Fork=1,2,...,5

1 FrlsnWs) .
7= log (ri(.,.,w) » SFEL

ms,l('v'alljkvb\;) - %—%’ s:t#o,
Fi(oid.yo)

3F k(o W0) 7
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In particular for k = 2 we have

ms,l(-v'aF:%b\l/)

1 2 X pie™i=3 pieVi
+— log

L . —|; s#£t;s,t £0;
Rt Zzﬂzn) Flst#0;
Yy = PiXieTt =2, piyierl 2
M s(.,.,F3,D) == —o=l = s #0;
CRACTR an p'es'\’*zn, p_es), 50 )
~ 2l’71 r;-x372’?171p-ly3
Mo.o(.y., F3,Dp) = AL ==l

3 (ZLI pixt =31 | piy,-z)

Since 9ﬁ57l(.,.,Fk,bv1) = log%s,,(.,.,Fk,bvl) (k=1,2,...,5), so by (1.89) these means
are monotonic.

Similar results can also be obtained for F (.,.,¢;) (j =1,2).

The following two corollaries are the applications of Example 1 given in [102].
Corollary 1.15 Let x andy be two positive n-tuples, y <« x ,

- %(ﬂ:ﬂ?*ﬂ:ﬂ?),
F](x,y,l[/[) = Fl(longlogyvlm)

t#£0;

% ( - logzxi -3 logzyi>, t=0,
and all x;’s and y|y’s are not equal.
Then the following statements are valid:

n
(a) For every n € N and sy,...,sn € R, the matrix [Fl(.,.,Wm):|
semi-definite matrix. Particularly

is a positive
i,j=1

k
det |:F](.,.,l[/sl-+sj ):| Z 0
=
fork=1,...,n.

(1.97)
ij=1

(b) The function's — F 1(.,., ) is exponentially convex.

(¢) The functions — I {(.,.,Ws) is a log-convex on R and the following inequality holds
Jor —co < r <5 <t < oo

Fl('a *y Ws)tir < Fl(-a 2] Wr)tis Fl ('7 *y Wl)sjr' (198)
Corollary 1.16 Let x and y be two positive decreasing n-tuples, p = (p1,...,pn) be a
real n-tuple and let

FZ(xvyle/t) = FZ(Ing710gy7 lllt)

%(E;’zlpix’i—ELlpiyi), 1#0;
3 ( " pilogixi— 30 p; 10g2yz')a 1=0,

such that conditions (1.19) and (1.20) are satisfied and | »(.,., ) is positive.
Then the following statements are valid:
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n

(a) For every n € N and sy,...,sn € R, the matrix [Fz(-, o Wsits; )} is a positive
ij=1
semi-definite matrix. Particularly

k
det [Fz(.,.,wm)] >0 (1.99)

IV
fork=1,... n.
(b) The function s — [ (..., ) is exponentially convex.

(¢) The function's — I 5(.,., ;) is a log-convex on R and the following inequality holds
Jor —co < r <5 <t < oo

Faloows) ™ < Faluwnr) 7 Falonw)™ (1.100)

Example 1.2 Let .
Dy ={¢ :(0,00) - R:r € R}

be a family of functions defined by
X .
o (701
@(x) =1 —logx; t=0; (1.101)
xlogx, t=1.

Since @,(x) is a convex function for x € R™ and t — %(p, (x) is exponentially convex,
so by the same arguments given in previous example we conclude that t — F ¢(.,.,®;);
k=1,....5andt — F (.,.,q) are exponentially convex. We assume that t — F (.., @)
>0, k=1,....5andt — F (.,., ) > 0.

For this family of convex functions we can give the following means:

fork=12,...)5

(%) o S#L
9ﬁsz(., .,Fk,b\;) = o gszsz; . r;é(’(?go(sy))’ s=t#0,1;
7 exp I_ZFFE(%%D’ s=1=0;
exp(— 1— 72’}(“%(;’)'1))), s=t=1.
In particular for k = 2 we have
1
My (o, F 3,Ds) = (M) HrL oSl ) 7 SE08.1£0;
(o3, = o (LR asb e 2t), o

mo,o(-v'aF:ﬁvb\é) = exp

Y pilog?xi =31 pilogyi 1) .
2(31, pilogx; — S| p;logy;) ’

S pixilog?xi =30 piyilogiyi 1> .
2 (Z,’-’:| pixi logxi — Y| pivi logy;) ’

ml,l('?'vF:%,D\Z/) = eXp
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Since 93757,(.,.,Fk,5;) = %w(.,.,Fk,B;) (k=1,2,...,5), so by (1.89) these means are
monotonic.
Similar results can also be obtained for F (.,.,¢;) (j =1,2).

Marshall, Olkin and Arnold (2011) give our results about log-convexity in ([123],
p.666-667). They use our results in statistical theory. The following corollary is given in
([123], p.373) which is in fact application of our result in Example 2.

Corollary 1.17 If W is a positive random variable for which the expectation exists and
o > B, then the function

EWY —(EWPY(EW® JEWPY | .
téz—l) 8 ’ t7é0,1,
(logEW* —ElogW%) — (logEWP — ElogWF); =0, (1.102)

E(W*logW®) — (EW®)(log EWP)
—EWP1ogWP) — (EWP)(log EWP)(EW®* /EWP), 1=1.

g(t) =

is log convex.

The following remark is given in [26].

Remark 1.20 Ler x = Zz"?l—p;? be such that p; >0 and ¥}, p; = 1. If we substitute in

i=1
Theorem 1.10 (x1;x2;...3%,) = (x3X5...5x) for F 2(X,y,w, @), we get Lypunov’s inequality
given in [27]. In fact in such results we have that y is monotonic n-tuple. But since the

weights are positive, our results are also valid for arbitrary y.

Example 1.3 Let L
D3 = {8 :[0,0) - R:t € R"}

be a family of functions defined by
X
. ].
o) = { s 170h (1.103)
xlogx, t=I.
In our results we use the notation 0 log0 = 0.
We can give the similar result as in Example 1.3, as exponential convexity and means.

We give applications of Example 3 which is in fact corollaries in [102].

Corollary 1.18 Let x be non-negative n-tuple and [ 1 is defined in (1.93). Then the fol-
lowing statements are valid:

n
(a) For everyn €N and sy,...,s, € RY, the matrix [,ﬁl(., o Osits; )} is a positive
7 =1
semi-definite matrix. Particularly

k
det [ﬁl(.,.,ﬁm)] >0 (1.104)

7 lij=1

fork=1,... n.



1.6 EXAMPLES OF EXPONENTIALLY CONVEX FUNCTIONS AND... 39

(b) The function s — [ 1(.,.,0s) is exponentially convex.

(¢) The function s — F1(.,.,9) is a log-convex on R and the following inequality
holdsfor0 < r <s <t <oo:

~ ~

Fl('?'aﬁs)lir < Fl(-a'7ﬂr)tisﬁl<-7'aﬁl)S7r' (1105)
Corollary 1.19 Let x andy be two positive n-tuples, y <« x ,

llz( ?:1%*2?:1)’?)7 t #0;
ﬁ](x7y7lfft) = ﬁl(longOgyle'[t) =
3 ( " log?xi— 30 10g2yi>, =0,

and all x;’s and y|y’s are not equal.
Then the following statements are valid:

n
(a) For every n € N and sy,...,sn € R, the matrix [,ﬁl(., o Wsits; )} is a positive
7 =1
semi-definite matrix. Particularly

k
det {,ﬁl(.,.,wsﬁsj )] >0 (1.106)
2 ij=1
fork=1,....n

(b) The function s — F 1(.,., Ws) is exponentially convex.

(¢) The functions — [ 1(.,., ;) is a log-convex on R and the following inequality holds
for —oo < r < s <t < oot

ﬁ]('v'vuls)tir S ﬁ]('v'vwr)tisﬁl('v'vl"[t)sir' (1107)

We define the following means of Cauchy type for Corollary 1.18 which is also given
n [102].

N Fr(L 0\

M, (., F1,D3) = (?E ’19‘ ) , t,reRT, r#t. (1.108)

ol ( B ( Zl lx, log(zglzlx,’)fz;‘:]xi’ logxii 2r — ) P,
rr\-s l 1xj)r72?:1-Xir (V*l)

R Ty ( i:lxi)(]()g( i 1xi))2— 1ixi(logxi)*
Em"‘('F"’)”*""‘p(z(( (e )5t moan] )

Similarly as in Example 2, these means are monotonic.
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We define the following Cauchy means in [102], which are similar to [146] for p; =1,
i=1,...,n

ﬁ?%,ﬁl,bé):(( ) trsERY t£r1#s rés

i=1% )" — Zi=1%;
(1.109)
m;r<.7ﬁl’b‘;): (r(rgs)_zzr'lzle log(zt 1xj)_s2, lxslogxl>%’ r#s.
s (D) =2+
_ no)5 P ] -
m;*(,Fl,D3)—exp(( i) og(E =1 ) nSZ =1%i ogxl_rizi;v))’r#s.
(52 - 5217)

(1.5 = exp ((Zor21) (08 (i) = P9y (g 1)
25((2?:115}?) log (T xf) — s XLy x° logx,») s

Similarly as in Example 2, these means are monotonic.
The following Corollary is given in [102].

Corollary 1.20 Lett,r,u,v € R" such that t < u, r < v, then the following inequality is
valid

M (L F1,D3) < M (L F1,D3). (1.110)
Proof. Let
t
_ 1 n )y .
Fi(a9) = { i (Tew) —Zad), r#1 (L111)
2?:1)@' log(zg’zlx,-) 72?:1)(,' Ingi, t=1.

Using monotonicity of the means, we have

r(r—1) (Zn 1xl) — XX\ u(u—1) (E?:Mi)v_xz 14\ vu
(’(tfl) ()" _Eizlxi> - ("("*1)-( ?:1xi)u_2i:1xi> -

Since 5 > 0 by substituting x; = x}, t = %, r=Lu= % and v = % in above inequality, we
get

(V(V*S).(Zillx‘?)‘_*27:1%)/—% - (u(ufs).@?:lx?) 72?:1)@”)%.
0=9) (pr )=y 5/ ;

1= 1

By raising power , we get (1.110). O
Remark 1.21 Let us note that in [145], the following function ¢, =t [, was considered.

It was proved that
A W A (1.112)
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In [146], it was proved that this implies

I—r
—r
FS S pl=sgs—r

t—s s—r
Fr Fl .

Since r,fty—;:,, < 1, we have that (1.112) is better than (1.105).
Example 1.4 Let .

Dy ={6;:(0,00) — (0,00) : 7 € (0,00) }
be family of functions defined by
e Vi

6, (x) = .

Since t — % 6, (x) = e Viis exponentially convex, being the Laplace transform of a non-
negative function [172]. So by same argument given in Example 1.1 we conclude that
t— Fi(,0)k=1,....5and t — F (.,.,0,); j=1,2, are exponentially convex. We
assume thatt — F(.,.,0,) >0 k=1,....5andt — [ ;(.,.,6,) >0; j=1,2.

For this family of functions we have the following possible cases of Us(.,., Fk,bz):
fork=1,2,...,5

1
— Fi(n0) )77 o
bbb = (rk(.’.,6t>(/>7k(.,.,id.9y)) 1
eXp(im*;‘), s=t.

In particular for k = 2 we have

1
n —X; n —y; s—t

t 38 pie VS — S| pie VS
n —X; n —y: ?

S i Die X’%*Zizlpie ivi

HS,Z(F:%B‘;) = (

~ LS pixie VS — S| piyie SV
F3,Dg)=exp| ——= = = —— .
‘u&S( 3 4) p ( 2\/5 2;’1:1 piefxi\/g _ 2;”:1 piefyi\/g Ky

Monotonicity of By,(., .,Fk,bz) is followed by (1.89). By (1.43)

ms,l(w'aFk»/D\g):_(\/E—" \/;)log%s,t<-7'aFkam) (k: 1727"'75)

defines a class of means.
Similar results can also be obtained for F ;(.,.,¢;) for j =1,2.

Example 1.5 Let .
Ds ={¢:: (0,%0) = (0,%0) : 1 € (0,00)}

be family of functions defined by
[ .
& (x) = { )(Clzc)g;)m t#1;

£, t=1
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Since %(]), (x) =t~ = e > 0, for x > 0, so by same argument given in Example 1.1
we conclude thatt — F (.,.,¢); k=1,...,5andt — F (.,.,¢:) are exponentially convex.
We assume thatt — F (.,.,¢) >0, k=1,....5andt — F (.,.,¢;) > 0.

For this family of functions we have the following possible cases of Us(.,., Fk,BZ):

fork=1,2,...,5 1
Fk(-:'vq)»?) 5=t .
(Pt ™ SHEL

Usis (s F ks Ds) = exp —%—%}y), s=t+#1,

_ 1 Flid 91) —r—
XP\ T3 e ) s=t=1
In particular for k = 3 we have
1

POy () Ty pis S-S pis i\ 5 ) .
bl 3,09 = (e St S ) sE A

Ny 1 2 pixis =30 piyis™Yi 2 .
Hss(cs-F3,Ds) = exp <7§ ZZ?:| I’ifx"*Zi'-’:. pis i slogs ) s#1,

Monotonicity of (., ., Fk,B;) is followed by (1.89). By (1.43)
ms,l('a 3 Fkv/D\S/) = _L(Svt)log.u*s,l('a 3 Fkv,D\S/) (k = 1727 ce 75)
defines a class of means, where L(s,t) is Logarithmic mean defined as:

T SN
L(s,t) = { logHOg;’ ::ét
, )

Similar results can also be obtained for F (., ., ¢).

Example 1.6 Let .
Dg = {8 :(0,00) - R:r € R}
be a family of functions defined by
%x’; t#£0,1;
& (x) = ¢ —qlogx; 1=0; (1.113)
gxilogx, t=q.

Here we observe that & is convex with respect to y(x) = x7, g > 0 which is strictly in-
creasing and continuous. Since, &(x) is a convex function on R and t — %5, (x) is
exponentially convex function [142]. Using analogous arguing as in the proof of Theorem
1.40, we have that t — [yo,y1,y2; 0] is exponentially convex (and so exponentially convex
in the Jensen sense). Using Corollary 1.13 and 1.14 we conclude that t — F (.,.,8) is
exponentially convex in the Jensen sense. It is easy to see that these mappings are contin-
uous, so they are exponentially convex.

Assume that t — F (.,.,8) > 0. By using convex functions & in (1.113) we obtain the fol-
lowing means:

for k=3 is given in [109],

o (sls—q) L p)dr— Ly (wrydr\ T
“t,s(.,.,F},D()) = (f(IQ) fbxs(r)w(”)d"—fbys(r)w(r)dr> , (1.114)

a
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fors,t € R\{0,q},s #1t, as means in broader sense.

[ (1) logg()w(r)dr— 2y (r) log f(r)w(r) dr  25—q
122 (rpw(r) dr— [y (r)w(r) dr s(s=9)’
7 24(r) og? x(r) w(r)dr — [ ¥(r) Iogy(r) w(r)dr 1
2| [2x9(r) loga(r) w(r)dr — [2y9(r) logy(r)w(r)dr] 9
o ool 73, Be)= 2 OEXIW)r = [Jogs(rwir)dr 1,

2 {[a logx(r)w(r)dr — ["logy(r)w(r) dr] q

log,u“(, 7F37D6) s #0,q.

log‘uqq( 5. 7F37D6)

By using (1.95), we can prove the monotonicity of these means.
Similar results can be obtained for F (.,.,&), given in [109] and [108].

1.7 Further Results on Majorization

Theorem 1.41 ([70]) Let ¢ : I — R be a continuous convex function on an interval I,
xpyi €1(i=1,2,...,n), w; 20 (i=1,2,...,n) with Wy = ZiLy w; > 0. If (xi = yi) ;1) 15
nondecreasing (nonmcreasmg), (y,)(l ) is nondecreasing (nonincreasing) and satisfying

(1.20), then (1.21) holds.

Now we give further generalization of Theorem 1.41. For this use some notations and
definitions from [134].
We define the inner product on R" by

n
(xy) =Y xywg forx = (x1,...,x,) andy = (y1,...,¥n), (1.115)
k=1
where wy, ..., w, are positive numbers.

We assume that e = {ey,...,e,} isabasisin R", and d = {d,,...,d,} is the dual basis
of e, that is (e;,d;) = &;j (Kronecker delta).

We say that a vector v € R" is e-positive, if (e;,v) >0 foralli=1,...,n

We denote J = {1,...,n}. Let J; and J, be two sets of indices such that J; UJ, = J.

Letv € R" and u € R. A vector z € R" is said to be u,v-separable on J; and J, (with
respect to the basis e), if

(ei,z—uv) >0 forie Jy, and (ej,z—uv) <0 for j€Jjp (1.116)

(see [134]).
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If v is e-positive, then z is u,v-separable on J; and J, with respect to e if and only if

max (e),z) < < min eiz)
j€h (ej,v) el (e;,v)

(1.117)

A vector z € R" is said to be v-separable on J; and J, (with respect to e), if z is u,
v-separable on J; and J, for some . By (1.117), z is v-separable on J; and J, with respect
to e if and only if

max n {eir2)

rovided v is e-positive). 1.118
jeh (ej,v) — ich (e;,v) (prov 15 e-positive) ( )

We say that a function ¢ : I C R — R preserves v-separability on J; and J, with respect
to e, if (@(z1),9(22),...,0(zx)) is v-separable on J; and J, with respect to e for each
z=1(21,22,---,2n) € I" such that z is v-separable on J; and J, with respect to e.

Theorem 1.42 ([135]) Let ¢ : I — R be a continuous convex function on an inter-
val I. Assume @ € d¢, where d¢ is the subdifferential of ¢. Let X = (X1,X2,...,%m),
Y=01,V15- s ym) and w= (Wi, wi,...,wp), wherex;,y; €I, w; >0forie J={1,2,...,m},
and let u, v € R™ with (u,v) > 0. If there exist index sets J| and J, with J; UJ, = J such
that

(i) 'y is v-separable on J| and J, with respect to e,

(ii) x-y is A, u-separable on J; and J, with respect to d, where o = (x —y,v)/{(u,v),
(iii) (x—y,v) =0, or (x —y,v){z,u) > 0, where z=(9(y1), @(y2) -+, @ (ym)),
(iv) @ preserves v-separability on J1 and J, with respect to e,

then (1.21) holds.

Remark 1.22 Theorem 1.42 remains valid for arbitrary interval I C R whenever ¢ and ¢
are continuous on I (e.g., ¢ € C'(I)).

Remark 1.23 It is not hard to check that the quadratic function ¢(¢) := ¢2, t € I, satisfies
condition (iv). So, it follows from Theorem 1.42 that

n n
Y owig <3 wixg, (1.119)
k=1 k=1

provided x,y,u,w,v satisfy the above conditions (i)-(ii) and (iii) for z = 2y.

Remark 1.24 For some bases e and d and vectors w and v in R" (see Corollaries 1.21
and 1.22), condition (iv) is satisfied automatically, since ¢ € d¢ is nondecreasing by the
convexity of ¢. In such cases, (iv) can be dropped from Theorem 1.42.

We present refinement of Theorem 1.42 for twice differentiable functions (not neces-
sarily convex).
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Theorem 1.43 ([14]) Let ¢ : I C R — R be a twice differentiable function on open in-
terval I. Assume that there exist constants y,I" € R with the property that

y<¢"(t)<T forallt €l (1.120)

Letx = (X1,..., %), Yy = (V1,-.-,yn) and w = (wy,...,wy), where x;,y; € I, w; > 0 for
icJ={1,...,n}, and letu,v € R" with (u,v) > 0.
If there exist index sets J| and J, with J1 UJ> = J such that

(i) y is v-separable on J, and J, with respect to e,
(ii) x —y is A, u-separable on J| and J, with respect to d, where A = (x —y,v)/(u,v),
(iii’) (x—y,v) =0, or (x—y,v)(z,u) >0 for
2= (@y ()5 @y(vn)) and z=(@r(y1),...,or(yn)); (1.121)
where
@y(t):=9¢'(t)—yt and @r(t):=Tt—¢'(t), t€1, (1.122)
(iv’) @y and @r preserve v-separability on Ji and J> with respect to e,

then
1 n 2 ) n n 1 n ) 2
57 Dok =0 < X wrd(w) — X, wid () < 5T > wi (=) (1.123)
k=1 k=1 k=1 k=1

Proof. Similarly as in the proof of [36, Proposition 1], it is sufficient to apply Theorem 1.42
to the convex functions ¢y (t):=¢ (1) — $yt* and ¢r(r):=1T1*> — ¢ (1), 1 € I. O

Remark 1.25 Theorem 1.43 remains valid for arbitrary interval I whenever ¢ and ¢’ are
defined and continuous on I.

Remark 1.26 For some bases e and d and vectors w and v (see Corollaries 1.21 and
1.22), condition (iv’) holds automatically, since the functions @, and Qr are nondecreasing

by (1.120).

In the rest of this section, we demonstrate special cases of Theorem 1.43 for various
vectors u and v and bases ¢ and d in R”. This leads to generalizations of [135, Corollar-
ies 2.3,2.6,2.10, 2.11].

Corollary 1.21 ([14]) Under the assumptions of Theorem 1.43, letu =v = (1,...,1)
and let e = d be the basis in R" (orthonormal with respect to inner product (1.115)) given
by

1

i=d; = 0,...,0 ,1,0,...,0), i=1,...,n. 1.124
el 1 \/‘4_/1( 9 Y b ] I )7 L ’ ,I’l ( )
i— 1 times
Denote
n
A={x—ywv)/ 2 Xk — Yi)Wk, where W, = 2 Wi (1.125)
— k=1

If there exist index sets J| and J, with J1 UJ> = J such that
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(i) y is v-separable on Jy and J, with respect to e, i.e.,

vi <y foricJyandjecJ, (1.126)

(ii) x —y is A,u-separable on J| and J, with respect to d = e, i.e.,
Xj—yi<A<xi—y; foricJiandje<J, (1.127)
(iii’) (x—y,v) =0, or (x —y,v)(z,v) > 0 where z and ¢y and @r are defined by (1.121)-
(1.122),
then (1.123) holds.

Proof. Tt is sufficient to show that condition (iv’) in Theorem 1.43 is fulfilled.

Since ¢y (t) := ¢(t) — Syr%, t € I, is a convex function (see (1.120)),

@y(t) = ¢(t) is a nondecreasing function. If a = (ay,...,a,) is a v-separable vector
on J; and J, with respect to e, then a; < g; fori € J; and j € J> (see (1.118), (1.115) and
(1.124)). Consequently,

oy(aj) < @y(a;) forieJjand j€ J.

Therefore the vector (@, (ai1),...,¢y(ay)) is v-separable on J; and J> with respect to e.
Thus @y preserves v-separability on J; and J5.

In a similar way it can proved that @r preserves v-separability on J; and J, with respect
to e.

In summary, condition (iv’) is satisfied, as required. ]

Observe that conditions (1.126)-(1.127) are satisfied for
Ji={1,2,....om}and J, ={m+1,...,n}
for some m € J, if both y and x — y are monotonic nonincreasing vectors, i.e.,
Y=o 2y and X —yp > ... 2> X — Y

Corollary 1.22 ([14]) Under the assumptions of Theorem 1.43, let u =v = (1,...,1)
and let A be as in (1.125). Suppose that e is the basis in R" consisting of the vectors

1 1
ei=(0,...,0 ,— — ,0,...,0), i=1,...,n—1, and (1.128)
~—— Wi Wit
i— 1 times
1
e, =(0,...,0,—). (1.129)
n
Let d be the dual basis of e, that is
d=(1,...,1,0,...,0), i=1,...,n. (1.130)
——
i times

If there exist index sets J| and Jy with J1 UJ> = J such that
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(i) y is v-separable on Jy and J, with respect to e, i.e., there exists U € R satisfying
Vi—=Yi+t1 <0<yi—yiy1 fori€Jiand je ) (1.131)
with the convention y,+1 = U,
(ii) x —y is A,u-separable on J| and J, with respect to d, i.e.,

1
Wi f

T M\.

i
(xkfyk 2 (Xx —ye)wi fori€Jyand j € Jp, (1.132)

l
where Wy = Y, wy forl =1,2,...,n,
k=1
(iii’) (x—y,v) =0, or (x —y,v)(z,v) > 0 where
z and @y and @r are defined by (1.121)-(1.122),
then (1.123) holds.

Proof. Tt is not hard to check that condition (iv’) of Theorem 1.43 is met (see the proof of
Corollary 1.21). Now, Corollary 1.22 follows from Theorem 1.43. O

If y is monotonic nondecreasing, i.e., y; < y2» < ... <y, and x —y is monotonic non-
decreasing in P-mean [167, p. 318], i.e.,

V:/lkll(Xk yk)wk<ﬁi§1xkyk)wk, [=1,2,....,n—1, (1.133)
then conditions (1.131)-(1.132) are satisfied for
={n}andJ, ={1,2,...,n—1}.
Moreover, (1.133) can be replaced by

L S (= yowi < =
— ) (k= yi)wie < —
Wi i3 W

T M:

(xk_)’k)wk» 1=1,2,...,n—1.

Corollary 1.23 ([14]) Under the assumptions of Theorem 1.43, letu =v = (1,2,...,n)
and let e = d be the basis in R" given by (1.124). Denote

A= (x—y)/(w,v) where Wy = 3, Kwy. (1.134)
k=1

If there exist index sets Jy and J, with J; UJ, = J such that
(i) y is v-separable on Jy and J, with respect to e, i.e.,

Y

I <Y forie gy and j € ), (1.135)
J l
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(ii) x —y is A, w-separable on J; and J with respect to d = e, i.e.,

Xi—

YTV ) < BTV porie T and j €, (1.136)

J

(ii’) {((x—y,v)=0,0r(x—yv)(z,v) >0
where

z and @y and Qr are defined by (1.121)-(1.122),

(iv’) @y and @r preserve v-separability on J1 and J, with respect to e, i.e., (1.135) implies

o0y) o) oorli) _ erlvi) forichiandjed,  (1.137)
J i j i
then (1.123) holds.
Proof. Apply Theorem 1.43. O

A vectory = (y1,...,yn) € R" is said to be star-shaped [167, p. 318], if

Yoo Vit
] §l+1 for I=1,2,...,.n—1. (1.138)
A function ¢ : I — R, ¢t € I, where I C R™, is said to be star-shaped, if the function t — @
is nondecreasing.

It has been proved in [135] that if ¢ : I C Rt — R™ is a differentiable nondecreasing
convex and star-shaped function on open interval I, then ¢ preserves star-shapeness of
vectors, i.e., (1.138) implies

o) < o(yiy1)

forl=1,2,....n—1. 1.139
l — l+1 or = 7"’ ( )

If y and x —y are star-shaped vectors, and ¢y and @r preserve star-shaped vectors, then
conditions (1.135)-(1.137) are satisfied for the index sets

Ji={m+1,...,n} and J,={1,2,....,m}
for some m.

Corollary 1.24 ([14]) Under the assumptions of Theorem 1.43, letu =v = (1,2,...,n)
and let A be as in (1.134). Assume that e and d are the bases in R" defined by (1.128)-
(1.130).

If there exist index sets Jy and J, with J; UJ, = J such that

(i) y is v-separable on Jy and J, with respect to e, i.e., there exists U € R satisfying
Vgl —Yj = U =>yir1—Yyi fori€Jiand je (1.140)

with the convention y, 1 = u(n+ 1),
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(ii) x —y is A,u-separable on J| and J, with respect to d, i.e.,

(X —yi)wp <A <

M\..

i
2 Xp—Ye)Wi fori€Jyand j € Jy, (1.141)

3=
€>| —_

k=1

~ l
where Wy = Y, kwy, [ =1,...,n,
k=1
(iii’) {(x—y,v) =0, or (x —y,v)(z,v) > 0 where z and @, and @r are defined by (1.121)-
(1.122),

(iv’) @y and @r preserve v-separability on J1 and J, with respect to e, i.e., (1.140) implies
that there exist v,p € R satisfying

Py Vje1) =@y (vj) 2 v 2 @y (viet) =@y (i) forieJiandje s, (1.142)
or(vj+1) —or(y;) = p = @r(yis1) — @r(yi) fori€Jiandje ) (1.143)
with the convention @y(y,41) = v(n+1) and @r(y,+1) =p(n+1),
then (1.123) holds.
Proof. Use Theorem 1.43. O
A vectory = (yy,...,yn) is said to be convex [167, p. 318], if
2= <y3=»< . <V —Yn 1 (1.144)
Equivalently, (1.144) says that

y,gy’”% forl=2,...,

In consequence, a function ¢ : I — R preserves convex vectors if (1.145) implies

n—1. (1.145)

o) < (p(y”l);‘p(y’“) forl=2,...,

For instance, if ¢ is nondecreasing and convex, then (1.146) is met.
Conditions (1.140)-(1.143) are fulfilled for the index sets

n—1. (1.146)

Ji={1,2,...om}and J, ={m+1,...,n}

for some m depending on A, whenever @, and @r are nondecreasing convex functions with
¢y(0) =0 and @r(0) =0, and x —y is monotonic nonincreasing in P-mean, i.e.,

1 [ 1 [+1
W 2 (k= yi)wk > =— Y (e —yi)wg forl=12,....n—1,
=1 Wi i1
and, in addition, y = (y1,...,y,) is a decreasing convex vector such that y; <n(y, —y;)

(e.g,y=—(n+1,n+2,...,2n)).
In [36] the following majorization type theorem for the Stieltjes integral and its refine-
ment have been proved (cf. [74, p. 11], [144, pp. 324-325]).



50 1 INTRODUCTION

Theorem 1.44 ([36]) Let ¢ : I C R — R be a continuous convex function on interval 1
and let x,y, p, U : [a,b] — I be real functions such that:
(i) x,y,w, U are continuous on [a,b] with w(t) > 0 for anyt € [a,b];
(ii) p is monotonic non-decreasing on [a,b);
(iii) w is of bounded variation on [a,b);

(iv) y is monotonic non-decreasing (non-increasing) and x —y is monotonic non-decreasing
(non-increasing) on [a,b] and

b b
| wnani) = [ s dut).
Then
b b
/a w(t) o (v(r)) dpa(t) < / w(t)o (x(1)) i (r). (1.147)

We present extension of Theorem 1.44 by using generalization of N. A. Sapogov’s
result.

Lemma 1.3 ([13]) Let w,u,v,x,y,2: [a,b] — R be continuous functions on |a,b] with u
be increasing and w(t),x(t),v(t) > 0 for all t € [a,b]. Denote A = —j" Jdu(r)

S wo)x(o)v(o)du()”
Suppose that there exist two intervals I) and I with I, UL, = [a, b] such that

t t
(l) y( 2) S M for[l 611,t26127

V(l‘z) v(tl)

(i) d) 20 forti €I,t, € .

x(t) ~ x(tr)

Then the following inequality holds

b b
| weendut) [ woz0v0due)
b b
S/a w(t)z(t)y(t)d,u(t)/a w(t)x(t)v(t)du(t). (1.148)

Proof. From (i) we can say that there exists some o € R such that

(t) y(t1)

S Sa< = fort; € 11,1 € . (1.149)

(5]
t) (

g(l‘l)ZO, g(t2)§0 forty €Iy, 1, € I, (1.150)

~

<
~—~

~
—_

)
Let us consider g(¢) = y(z) — ov(r) and

H0) = 0) ([ W)

Now from (1.149) we may write

—

J2w(O)z(e)v(0)du(s) ). € [a,b]
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and similarly from (ii) we may write
2(t1) — Ax(t1) >0, z(t2) — Ax(rn) < Ofort) € 11,12 € I. (1.151)
Since [ w(1)x(¢)v(r)du(r) > 0, so multiplying this with (1.151) we obtain
h(r1) >0, and h(t;) <0 fort; € 11,1, € . (1.152)

By using (1.150) and (1.152) we have g(¢)h(z) > 0 for all t € [a,b], so we may write

/ (e Oh()du(t) > 0. (1.153)

From (1.153) we obtain (1.148). O

Remark 1.27 In [138] Z. Otachel proved inequality (1.148) using the relation of syn-
chronicity between vectors with respect to dual bases in Banach spaces V and its dual
V.

Remark 1.28 If we set in Lemma 1.3: v(t) = x(t) = 1 for every t € [a,b] we will get
CebySev’s result. On the other hand if we set in the corresponding CebySev’s result:

z(t) — % and y(t) — % we will get Lemma 1.3.

In the following theorem we prove majorization type inequality by using Lemma 1.3.

Theorem 1.45 ([13]) Let ¢ : I — R be a continuous convex function on the interval I.
If @ € d¢ (3¢ is the subdifferential of ¢) and u,v,w,x,y, 1 : [a,b] — R are continuous
functions such that u is increasing, w(t),u(t),v(t) > 0 and x(t),y(t) € I for all t € [a, D).
_ [ ) (<) =y(0)v(t)dp ()
Denote & = 25 owinant)
Suppose that there exist two intervals Iy and I, with I} U I, = [a,b] such that

(i) (Piy(gz))) < (piy(gl))) Jor n €, €l (1.154)
(ii) x(tziaj(m <A< x(”i(tj(”) for 1 €L, € b (1.155)

Under the above assumptions, the following assertions hold.

(A) If / ") (x(6) — ()W) dia(e) =0, then (1.147) holds, (1.156)
(B)If [2w(t)(x(e) — y(2))v(e)du(e) [P w(t)p(y())u(t)du(s) > 0, then (1.147) holds.

Proof. Tt follows from [36, Theorem 5] that

[ W 0000) - 000)ar0) = [ w060 3o, (15T



52 1 INTRODUCTION

Utilizing Lemma 1.3, we get

[ w0 )00 0)ant)

S W) () = y(e))v(e)dp (1) J; w(t) @ (v() Ju(t)dpu (1)
S woyu(e)v(t)du(r)

since [P w(t)u(t)v(t)du(r) > 0. So, if [P w(t)(x(t) — y(1))v(t)du(t) = 0 then (refc00) fol-
lows from (1.157) and (1.158).

Similarly, if the condition [”w(z)(x(r) — y(¢))v(2)du(t) [2w(t)@(y(e))u(t)du(r) > Ois
fulfilled, then (refc00) holds by virtue of (1.157) and (1.158). This completes the proof. O

>

: (1.158)

In fact in the following corollary we prove majorization type inequality by using N. A
Sapogov’s result.

Corollary 1.25 ([13]) Under the assumptions of Theorem 1.45, let u(t) = v(t) = 1 for
all t € [a,b]. Denote & = 3 [P w(t)(x(t) —y(t))du(t), where W = [P w(t)du(t) > 0.
If there exist two intervals I} and I, with [y U, = [a, D] such that

(i) y(r2) < y(n1) forty € I, 12 € Iy, (1.159)

(ii) x(tz) 7)1([2) <A< x(tl) 7y(l‘1) forty € 1, € Iy, (1.160)
then assertions (A) and (B) of Theorem 1.45 hold.

Proof. It is sufficient to show that condition (i) of Theorem 1.45 is satisfied for v(r) = 1,

t € [a,b]. Since ¢ is convex function and @ € d¢, @ is nondecreasing function, so (1.159)

implies (1.154), for v(¢) = 1,¢ € [a,b)]. O
Conditions (1.159) and (1.160) are fulfilled for I} = [a,c|,l» = [c,b] where a < ¢ < b,

if both y and x — y are monotonic nonincreasing functions.

Likewise, if both y and x —y are monotonic nondecreasing functions, then (1.159) and

(1.160) hold for I} = [c,b] and I, = [a,c].

In these cases, Corollary 1.25, assertion (A) of Theorem 1.45, reduces to a result [13,

Theorem 6].

Corollary 1.26 ([13]) Under the assumptions of Theorem 1.45, let u(t) = v(t) =t for all
t € la,b] CR™. Denote A = & [2tw(t) (x(t) — y(t))du(r), W = [ 2w(t)du(t) > 0.
If there exist two intervals I} and I with [y U, = [a, D] such that

(0) (p(ytitz)) < (p(y:])) forn €l n b, (1.161)
(id) w <A< Mﬁ;rt] clneb, (1.162)

then assertions (A) and (B) of Theorem 1.45 hold.

Proof. Apply Theorem 1.45. O
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Remark 1.29 For related discrete version of Lemma 1.3, Theorem 1.45, Corollary 1.25
and Corollary 1.26 see [134] and [135].

We give refinement of (1.147).
Proposition 1.2 ([36]) Ler u:1 C R — R be a twice differentiable function on the in-
terior 1° of interval I and such that there exist constants y,I" € R with the property that

2
y < % <T foranyz € I°, and let x,y,p,u : [a,b] — I be real functions such that the

conditions (i) — (iv) of Theorem 1.44 are satisfied.
Then

L [ 0120520 aut

Y

b b
| poue)aut) = [ pou) du)

1 b
EY./a p(6) [ (6) = ()] du(t). (1.163)

Y

Remark 1.30 It was proved in [36, Remark 4] that if statements (i) — (iv) of Theo-
rem 1.44 are valid, then we have

[0 20— 0] aut) 2

By using equality condition for Cebysev inequality [144, p.197], we have that

/ ’ p(t) () = y2(1)] dulr) =0 iffx(¢) = y() or x{t) + y(r) is constant.

Theorem 1.46 ([14]) Let ¢ < CZ(I), where [ is compact interval in R, and let
X = (X1y.5%), ¥ = V1,.--,9n) and w = (wi,...,wy), where x;,y; € I, w; > 0 for
icJ={1,...,n}, andu,v € R" with (u,v) > 0.

Suppose that X,y,w,u,v satisfy conditions (i)- (iii) from Theorem 1.42, where 7 = 2y
and conditions (iii’)-(iv’) from Theorem 1.43, where y := rpei;ld)”(t) and I' 1= max 0" (1).

Then there exists & € I such that

9"(S)

Enka [00w) =9 0w = — wi (xF — 1) - (1.164)
k=1

M=

k=1

Theorem 1.47 ([14]) Let ¢,y € C*(I), where I is compact interval in R, and let
x= (X1, ,x0), ¥ = V1y..-,9n) and w = (wi,...,wy), where x;,y; € I, w; > 0 for
iceJ={1,...,n}, andu,v € R" with (u,v) >0, (x —y,v) =0.

Suppose that x,y,w,u,v satisfy conditions (i)- (ii) from Theorem 1.43 for some in-
dex sets J; and J (J1 UJy, = J), and all nondecreasing functions defined on I preserve
v-separability on J| and J with respect to e. Then there exists & € I such that

¢"(8) _ i wi[®(xe) — 0 ()]
v'(&) oy wi[wlx) —w)]

(1.165)

provided that the denominators are non-zero.
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Proof. The proof is anologous to the proof of Theorem 1.26. O

Corollary 1.27 ([14]) Under the assumptions of Theorem 1.47, set ¢(x) = x* and
w(x) =x0, fora,b € R\ {0,1}, a # b, with I C R,
Then there exists & € I such that

(1.166)
Proof. Apply Theorem 1.47. O

Remark 1.31 Since the function & — E%7°, a,b € R\ {0,1}, a # b, is invertible, then
Sfrom (1.166) we have

— n a4 _ya ﬁ
e [0 1)2ﬁ:1w;<(x2 y/;) <M (1.167)
ala—1)3_ we (x2 — %)

In fact, similar result can also be given for (1.165). Namely, suppose that 5—/,,, has inverse
function. Then from (1.165) we have

("N TS w9 () — ()]
5(w) (zzlwk[ka)—w(yk)])' (1.16%)

So, the expression on the right hand side of (1.168) is a mean.

Theorem 1.48 ([15]) Let ¢ € C*>(I), where I is a compact interval in R. If x,y,w,u
satisfy conditions (i)-(iv) from Proposition 1.2, then there exists & € I such that

b " b
[ w0 tow0) - 000 aut) = 2 w20 - 20] aut) | 1169
Proof. Analogous to the proof of Theorem 1.25 but use Proposition 1.2. ]

Remark 1.32 In the proof of Theorem 1.48 if y > 0 and x(t) — y(t) and x(t) + y(t) are
non-constants, then

[0 660) ~ 000 autt) >

Theorem 1.49 ([15]) Let ¢,y € C*>(I), where I is a compact interval in R. If x,y,w,u
satisfy conditions (i)-(iv) from Proposition 1.2 and x(t) — y(t) and x(t) + y(t) are non-
constants, then there exists & € I such that

0"(8) _ S w(n)[9(x() — 9(y(1))] du(r)
WIE) LT wln) [w(x(e) = w(y(e)] dulr)

provided that the denominators are non-zero.

, (1.170)
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Proof. Analogous to the proof of Theorem 1.26. O

Corollary 1.28 ([15]) Under the assumptions of Theorem 1.49, set ¢(z) = 7 and
v (z) =7, for g,r e R\ {0, 1}, g # r, with I C R™. Then there exists & € I such that

r(r=1) o wie) [¥9(1) — y*(0)] due)
q(q—1) J; wlo) [ (1) =" (¢)] dulz)
Proof. Apply Theorem 1.49. O

gar = (1.171)

Remark 1.33 Since the function & — £97" with ¢ # r is invertible, then from (1.171) we

have 1

o < { rlr = 1) wi0) [1(1) = ¥(0) () } . 117
alq—1) [ w(t) v (6) =y (1)) dulc)

In fact, similar result can also be given for (1.170). Namely, suppose that 3—/,/, has inverse
function. Then from (1.170) we have

- ( o ) (f:wm [0(x(1) = 9 (1)) du(1) ) |
V') D) [w(x(0) = y ()] dulr)

So, the expression on the right hand side of (1.173) is also a mean of x(r) and y(z).

(1.173)

Remark 1.34 We can obtain n-exponential convex functions for Theorem 1.41, Theorem
1.42, Theorem 1.43 and Theorem 1.44 as in Section 3.

1.8 Majorization Inequalities for Double Integrals

We give majorization inequalities for double integrals.

Theorem 1.50 ([13]) (a) Let ¢ : I — R be a continuous convex function on the inter-
val I and w,x,y : a,b] X [¢,d] — R be continuous functions such that x(t,s),y(t,s)
be decreasing int € |a,b] and let U : [a,b] — R be a function of bounded variation,
u: [c,d] — R be increasing function.

(ay) Ifforeachs € [c,d]

./a‘vw(t,s)y(t,s)du(t)§/avw(t,s)x(t,s)du(t), velab (1174)

and

b b
/a w(t,s)x(t,5)du(t) = / w(t,s)y(t,s)du(r) (1.175)
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hold, then

/ / t,8)¢ (y(t,s))du(r) / / t,5)¢ (x(z,s))du(t)du(s(1.176)

(ay) Ifforeachs € [c,d), (1.174) holds, then for continuous increasing convex func-
tion ¢ : I — R, (1.176) holds.

(b) Suppose that ¢ : [0,00) — R is a convex function and w,x,y : [a,b] x [c,d] — R are
integrable functions. Let u : [a,b] — R, u: [c,d] — R be increasing and satisfying
conditions (1.174) and (1.175).

(by) If for each s € [c,d), y(t,s) is a decreasing function in t € [a,b), then (1.176)
holds.

(by) If for each s € [c,d], x(t,s) is an increasing function in t € |a,b], then the
reverse inequality in (1.176) holds.

(c) Let ¢ : I — R be continuous convex function on the interval I, w,x,y : [a,b] X [c,d]
— I be continuous functions with w(t,s) > 0 be a function of bounded variation and
let w:fa,b] = R, u:[c,d] — R be increasing functions. If y(t,s) and x(t,s) — y(t,s)
are increasing(decreasing) in t € [a,b] and satisfying condition (1.175), then (1.176)
holds.

(d) Let ¢ : I — R be a continuous convex function on the interval I, ¢ € d¢ (J¢ is
the subdifferential of §), w,x,y,g,h : [a,b] X [c,d] — R be continuous functions with
x(t,s),y(t,s) € I, w(t,s),g(t,s),h(t,s) >0and u: [a,b] = R, u:[c,d] — R be in-

Lew(t.8) (x(t) ~y(t.5) du ()

o w(t,s)g(t.5)h(t,)du(r)
Suppose that there exist two intervals I} and I, with Iy Ul = |a,b] such that for each

creasing functions. Denote A =

s € [c,d]
0 D D e,

(ii) MSA Sw]‘ornelhtzeb- (1.178)
8

1,5) g(t1,s

If Jywie.s)(x(t,s) = y(t,9))h(t,s)du(e) [7 wit,)@((t,5))w(t.s)du(t) = 0, then
(1.176) holds.

Proof. (a) By using Theorem 1.18 we may write

/abw(t,s)d) (v(t,9)) dpa(t) < /abw(t,s)d) (x(t,5))du(t), foreach s € [c,d].  (1.179)

Integrating both hand sides with respect to u(s), we deduce the desired result (1.176).
In a similar way we can prove (b),(c) and (d). O
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Now, we give a majorization type result by using Green’s function.
Consider G defined on [a, B] x [a, B] by

Chira) oy
Gt,s) = chitn oo (1.180)
—o b —_ —_ .

The function G is convex in s, it is symmetric, so it is also convex in . The function G is
continuous in s and continuous in 7.

For any function ¢ : [a, 8] — R, ¢ € C?([e, B]), we can easily show by integrating by
parts that the following is valid

B—x
B—a
where the function G is defined as above in (1.180) ([171]).

X—uo p "
00 = 0(@)+ g o)+ [ Gles)o"(9as. (118D

Theorem 1.51 ([13]) Let w,x,y : [a,b] X [c,d] = R, u:[a,b] - R and u: [c,d] — R
be continuous functions and o, Blinterval such that x(t,s),y(t,s) € [a,B] for (t,s)
€ la,b] x [c,d]. Also let (1.175) holds.

Then the following are equivalent.

(i) For every continuous convex function ¢ : [o, f] — R, (1.176) holds.
(ii) Forall T € [o,B] holds

d b d b
| w5600, Dandus) < [ [ wie,)G(x(e,9). Ddu(e)du(s)

(1.182)

Moreover, the statements (i) and (ii) are also equivalent if we change the sign of inequality
in both inequalities, in (1.176) and in (1.182).

Proof. (1)=-(ii): Let (i) holds. As the function G(-,7) (7 € [a, B]) is also continuous and
convex, it follows that also for this function (1.176) holds, i.e., (1.182) holds .

(i)=(i): Let ¢ : [, f] — R be a convex function and without loss of generality we can
assume that ¢ € C?([a, B]). Also let (i) holds. Then, we can represent the function ¢ in
the form (1.181), where the function G is defined in (1.180). By easy calculation, using
(1.181), we can easily get that

// ()0 (x(t,5))dp (1) // (£,)9 (3(1,5))dpt(1)du(s)
_ /a V / w(t, $)G(x(t,5), T)dp (t)dus)

d rb
- / / w(t,s)G(y(t,s),T)du(t)du(s)] 0" (1) dr.

Since ¢ is a convex function, then ¢”(7) > 0 for all 7 € [, B]. So, if for every 7 € [a, f]
the inequality (1.182) holds , then it follows that for every convex function ¢ : [ct, f] — R,
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with ¢ € C?([a, B]), inequality (1.176) holds.

At the end, note that it is not necessary to demand the existence of the second derivative of
the function ¢ ([144, p.172]). The differentiability condition can be directly eliminated by
using the fact that it is possible to approximate uniformly a continuous convex function by
convex polynomials. O

Remark 1.35 Under the assumptions of Theorem 1.51, if for all T € o, B], the inequality
(1.182) holds then by setting ¢ (x) = x*,x € [c, B), in (1.176) we get

d rb d
/c / w(t, )2 (1, 5)d () duls) < / w(t, )2 (¢, 5)du () du(s). (1.183)

Theorem 1.52 ([13]) Let ¢ € C*([e, B]) and w,x,y : [a,b] x [c,d] — R, u : [a,b] — R,
u: la,b] — R be continuous functions such that x(t,s),y(t,s) € [o,B] for (t,s)
€ [a,b] x [c,d]. Let (1.175) holds. If for all T € [a, ], the inequality (1.182) holds or
if for all T € [, B], the reverse inequality in (1.182) holds, then there exists & € [ot, 3]
such that

// ()0 (x(t, ))du(t) // (£,)9 (3(t,5))dpa (1) du(s) =
é (// (t,8)x tsdu t)du(s // (t,5)y de“(M“())' (1.184)

Proof. The idea of the proof is the same as the proof of Theorem 1.25. O

Theorem 1.53 ([13]) Let ¢,y € C*([t, B]) and w,x,y,u,u be defined as in Theorem
1.52. Also let (1.175) holds. If for all T € [a, B, the inequality (1.182) holds or if for all
T € [o, B], the reverse inequality in (1.182) holds, then there exists & € o, B] such that

0"(8) _ [ Jywlt )0 (xlt,s)du()duls) = [ J, wit )9 (v(e,5)dp()duls) o
V&) L W)y, s)dp(e)duls) = [ L w9 s)dun)duls)

provided that the denominators are non zero.

Proof. The idea of the proof is the same as the proof of Theorem 1.26. O

Corollary 1.29 ([13]) Under the assumptions of Theorem 1.53, set ¢(x) = x' and
w(x) =x", for Im € R\ {0,1}, I # m with [a, 8] C R, then there exists & € [a,f]
such that

m(m—1) [ [7wt,s)x' (¢,5) dp(t)du(s) — [ 7wt )y (2,5) da(t)dus)

LI =1) [ 7 wle ) (t,s)du(t)du(s) = [ [ wit )y (t,5)dp(t)uls)
(1.186)

glfm

provided that the denominator is non zero.
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Proof. Theorem 1.53 can be applied. O

Now We are able to introduce generalized Cauchy means from (1.185). Namely, sup-
pose that 2 i " has inverse function, then from (1.185) we have

- ( 9" ) B < S 2 w(t,5)9 (x(2,9))dpa(0)duls) = [ 2 wit, )9 (v(t,5))dpa(t)du(s) ) |
V') NS w () was)dp () duls) f;’f:w(r,s>w(y<r,s>>du<r>du(<ls>187)

Remark 1.36 Since the function & — E'=" with | # m is invertible, then from (1.186) we
have

<{ m(m— 1) [ [ wit,s)x' (¢ vs)dli(f)du(S)fcdfabw(t,s)y’(t,s)du(;)du(s)}IIZB.
LE=1) (2 [P w(e,s)0m (e, s)du(t)du(s)— [2 [P w(e,s)ym (t,s)du(t)u(s) |~

(1.188)

We shall say that the expression in the middle defines a class of means.

1.9 On Majorization for Matrices

Matrix majorization: The notion of majorization concerns a partial ordering of the di-
versity of the components of two vectors x and y such that x,y € R”. A natural problem
of interest is the extension of this notion from m-tuples (vectors) to n x m matrices. For
example, let

X = (X1,X2,...,%;) and Y = (y;,¥5,...,¥,)
be two n x m real matrices, where X1,X2,...,Xn; ¥1,¥2,--.,¥, are the corresponding row
vectors.

Definition 1.20 ([144]) Let X,Y be two n X m real matrices forn > 2, m > 2.
X is said to row-wise majorize Y (X »="Y) if x; >=y; holds fori =1,2,...,n

Theorem 1.54 ([12]) Let ¢ : I — R be a continuous convex function on an interval I and
X = [x;;], Y = [yij] and W = [wj;] be matrices, where x;j,y;j € [ and wi; € R (i=1,2,...,n,
j=12.....m).

(a) If X ="Y, the following inequality holds

n m

22¢m§22 o (xij) (1.189)

i=1j=1

If ¢ is strictly convex on I, then the strict inequality holds in (1.189) if and only if
X #Y.
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(b) If(xij) (yu) (l = 1,2,..,n) are decreasing and satisfy the following con-
ditions
k k
ZwijyijSZWijxij, k=1,2,....m—1, (1.190)
j=1 =1
fori=1,2,....nand
2 Wijyij = Z Wijij (1.191)
fori=1,2,....n.
Then
n m n m
> ¥ wiio i) < Z Z wij 0 (xij)- (1.192)
1 i=1j=1

i=1j=
(c) (c1) If (yij)jzl,_m (i = 1,2,..,n) is decreasing with wi; >0 (i = 1,2,...,n,
J=1,2,...,m) and satisfying conditions (1.190) and (1.191), then (1.192)
holds. If ¢ is strictly convex on I, then the strict inequality holds in (1.192)
ifand only if X #£Y.

(c2) If (xij) ;7 (i = 1,2,..,n) is increasing with wij > 0 (i = 1,2,....n,
Jj=1,2,....m) and satisfying conditions (1.190) and (1.191), then reverse in-
equality in (1.192) holds. If ¢ is strictly convex on I, then the reverse strict
inequality holds in (1.192) if and only if X # Y.

(d) If (xij = ij) j—tm and (yij) ;1 (i = 1,2,..,n) are increasing (decreasing) with
wij>0(i=1,2,...,n, j=1,2,...,m) and satisfying condition (1.191), then (1.192)
holds. If ¢ is strictly convex on I and w;j > 0, then the strict inequality holds in
(1.192) if and only if X # Y.

(e) Letw;; >0 (i=1,2,...,n,j=1,2,..,m) andu,v € R"™ with (u,v) > 0. If there exist
index sets Jy and J, with J; UJ> = J such that for eachi=1,2,..,n

(i) (Yij)j:Tm is v-separable on J| and J, with respect to e,
(ii) (xij— yij)j:L_m is A, u-separable on Jy and J, with respect to d, where
A = ((xij = Yij) ot V) /(@ 9),

(i) ((xij = Yij) ;=17 -¥) = 0. or {(xij = yij) ;_77 - v){(@ij) j_m-u) = O, where
(Zij)j:L_m = (‘p(yil)’ (XS] (p<yim))’

(iv) @ preserves v-separability on J; and J, with respect to e,

then (1.192) holds.

Proof. (a) By using Theorem 1.12, we can write
m
2¢ Vij) gz (xij), fori=1,2,...,n. (1.193)

Summing (1.12) over i from 1 to n, we get (1.189).
In a similar way, we can prove (b), (¢), (d) and (e). O
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Theorem 1.55 ([12]) Let ¢ : [ct, B] — R be a continuous convex function on the interval
(o, B] and X = [x;5], Y = [yij] and W = [wy;] be matrices, where x;j,yij € [0, B] and wij € R
(i=1,2,...,n, j=1,2,...,m) such that condition (1.191) is satisfied.
Then the following two statements are equivalent.
(i) For every continuous convex function ¢ : [o, f] — R, (1.192) holds.

(ii) Forall T € [o,B] holds

n m

2 yu, _ZZWijG(xij,T). (1.194)

i=1j=1

HM:

Moreover, the statements (i) and (ii) are also equivalent if we change the sign of inequality

in both inequalities, in (1.192) and in (1.194).

Proof. The proof is similar to the proof of Theorem 1.51. O
We give mean value theorems.

Theorem 1.56 ([12]) Let X, Y and W be matrices as in Theorem 1.54 such that con-

dition (1.191) is satisfied. Let also ¢ € C*([ot,B]). If for all T € (o, B, the inequality

(1.194) holds or if for all T € [a,B), the reverse inequality in (1.194) holds, then there
exists & € [a, B] such that

ZZWW%J Zzwutbyu (ZZ wijxg; — ZZW,]yU) (1.195)

i=1j= i=1j= i=1j i=1j

Proof. The idea of the proof is the same as the proof of Theorem 1.25. O

Theorem 1.57 ([12]) Let X, Y and W be matrices as in Theorem 1.54 such that con-
dition (1.191) is satisfied. Let also ¢,y € C*([a,B]). If for all T € o, B], the inequality
(1.194) holds or if for all T € |a,B), the reverse inequality in (1.194) holds, then there
exists & € [a, B] such that

O"(E) My Xjhywijo(xip) — Xy BT wij¢ (vig)

= , (1.196)
v'(&) XL i wiiw(xij) — Xty T wii v (vig)
provided that the denominators are non zero.
Proof. The idea of the proof is the same as the proof of Theorem 1.26. O

Corollary 1.30 ([12]) Let X, Y and W be matrices as in Theorem 1.54 such that con-
dition (1.191) is satisfied. If for all T € [a, B], the inequality (1.194) holds or if for all
7 € [, B] the reverse inequality in (1.194) holds and [c, B is closed interval in R, then
foru,y € R\{0,1}, u# v, there exists & € o, B] such that

v(iv—1) 27 123” 1Wijx;‘j_2? 12? 1Wijyidj
u(u—1) 12 llex -3 121 ]leylj

EvY = (1.197)

provided that the denominator is non zero.
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Proof. Set ¢(x) =x" and y(x) = x" in Theorem 1.57, we get (1.197). a

Now we are able to introduce generalized Cauchy means from (1.196). Namely, sup-
pose that % has inverse function, then from (1.196) we have

_ (P_”)l er"1271Wij¢(xi')*2f’12?1Wij¢(i') 1198
: <w” ( Y e 0) — S v On) ) (1199)

Remark 1.37 Note that we can consider the interval [a,B] = [myy,My,], where
my,y = min{minx;;, miny;; }, My, = max{maxx;;, maxy;;}.
’ ij ij ij ij

Since the function & — E"™Y, u # v is invertible, then from (1.197) we have

1

< v(v—1) Ty Zihywiixd; — X Xiyowiyl; |1 Y (1.199)

Xy . < My y. .
N u(u—1) ¥, il wijxi; — Xy X Wiy !

We shall say that the expression in the middle defines a class of means of x;; and y;;.

Let X, Y, W and ¢ be defined as in Theorem 1.54. We define the functional A; (X,Y,W;¢)
by

n m

A XYW(P ZZWU(Z) xlj Zzwlj(p ylj

i=1j= i=1j=
Let w,x,y,u, U, ¢ be defined as in Theorem 1.51. We define the functional A, (x,y,w;¢) b

Ao (x,y,w;0) // (t,8)0(x(t,s))du(r) // (t,5)0 $))du(t)du(s).

Theorem 1.58 Let Q = {¢, : 1 € J C R} be a family of functions defined on I such that
the function t — [yo,y1,y2; ¢] is n-exponentially convex in the Jensen sense on J for every
three mutually different points yo,y1,y2 € 1. Consider [ = Ay(X,Y,W:¢) and | , =
Ao (x,y, w3 ), if (1.194), (1.182) hold for every T € [o, B] and F 3 = —A (X, Y,W;¢,) and
Fa=—Aa(x,y,w; @), if (1.194), (1.182) hold in the opposite direction for every T € [, B].
Then for the linear functionals F j(.,.,¢) (j = 1,2,3,4) the following statements hold:

(i) The function t — Fj(.,.,(]),) is n-exponentially convex in the Jensen sense on J
and the matrix [ j(.,.,Qu+ )|},_, is a positive semi-definite for all m € N,m < n,
T h

1,..,tm € J. Particularly,

det[F j(cyes @un )|y > Oforallme N, m=1,2,...,n
s )k,

(ii) Ifthe functiont — ,Ej(., ., &) is continuous on J, then it is n-exponentially convex on
J.

Proof. The proof is similar to the proof of Theorem 1.39. O

As a consequence of the above theorem we can give the following corollary.
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Corollary 1.31 Ler Q ={¢, : 1 € J C R} be a family of functions defined on I such that
the function t — [yo,y1,y2; %] is exponentially convex in the Jensen sense on J for every
three mutually different points yo,y1,y2 € I. Consider Fi =A((X,Y,W;¢) and Fr=
Ao (x,y,w; @), if (1.194), (1.182) hold for every T € [a, B] and F 3 = —A1(X,Y,W;¢,) and
Fa=—No(x,y,w; @), if (1.194), (1.182) hold in the opposite direction for every T € [ct, B].
Then for the linear functionals F j(.,.,¢) (j = 1,2,3,4) the following statements hold:

(i) The function t — Fj(., . @) is exponentially convex in the Jensen sense on J and
the matrix [F j(.,.,Qu+ )|7',_, is a positive semi-definite, for allm € N, t1,...t,, € J.
B

Particularly,

det[Fj("'v(p’j;L)]Zfl:l = 0.

ii) If the functiont — [ ; ., @) is continuous on J, then it is exponentially convex on
J D y
J.

Corollary 1.32 Let Q = {¢ : t € J C R} be a family of functions defined on I such that
the functiont — [yo,y1,y2; ¢ is 2-exponentially convex in the Jensen sense on J for every
three mutually different points yo,y1,y2 € 1. Consider = Ay(X,Y,W:¢) and F , =
Ao (x,y, w3 ), if (1.194), (1.182) hold for every T € [, B] and F 3 = —A(X,Y,W;¢) and
Fa=—Ay(x,y,w; ), if (1.194), (1.182) hold in the opposite direction for every T € [ct, B]
and also suppose that Fj(., ) (j=1,2,3,4) is strictly positive for ¢, € Q. Then for the
linear functionals Fj(., ) (j=1,2,3,4) the following statements hold:

i) If the functiont — F i(.,.,¢;) is continuous on J, then it is log convex on J and for
J 8
r,s,t € J such that r < s <t, we have

(F (s @) < (F s 90) 7 (F s 8)) " (1.200)
Ifr<t<sors<r<t,then (1.88) holds in the reverse direction.

(ii) If the functiont — Fj(., ., @) is differentiable on J, then for every s,t,u,v € J, such
that s <u andt <v, we have

%S,t('a'vfjag)S%u,\/('?'afjvg) (1201)
where
Fi(0) )7
J\0s -
= = - (F,H(Pt)) s #£t,
By, (Q) =B, (., F j,Q) = 47t (1.202)
eXp (j ) Ky :t’
.for ¢S7¢t S Q
Proof. The proof is similar to the proof of Corollary 1.10. O

Remark 1.38 Similar examples can be discussed as given in Section 1.6.






Chapter

Majorization and n-convex
Functions

2.1 Majorization and Lidstone Interpolation
Polynomial

In mathematics, a Lidstone series, named after George James Lidstone, were introduced to
offer series representation of infinitely times continuously differentiable functions, using
the even derivatives, in the neighborhood of two points instead of one point representation
given by Taylor series (see Section 2.3). Such series have been studied by G. J. Lidstone
(1929), H. Poritsky (1932), J. M. Wittaker (1934) and others (see [30]).

Definition 2.1 Ler ¢ € C*([0,1]), then Lidstone’s series has the form

3 (6290)A1 —1) + 0 1)), @1

k=0

where A, is a polynomial of degree (2n+ 1) defined by the relations
)s (2.2)

65
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Other explicit representations of Lidstone’s polynomials are given by [16] and [170],

2 1)kt
An(t) = (*l)nﬂznﬂ 2 (kz”)“ SlIlkﬂ,'l‘7
k=1
| 612n+l lZn—I
M) = ¢ [~ i
n—2
202243 1) 2n—2%k=3 B
B 2 (2k+4)! sz+4(2n 2k— 3)" n=12,...,
k=0
22n+l

An(t) = (2n+]) BZn+1 (%),n: 1,2...7

where By 4 is the (2k + 4)-th Bernoulli number and By, ( %) is the Bernoulli polyno-
mial.

In [171], Widder proved the following fundamental lemma.

Lemma 2.1 If ¢ € C*'[0,1], then

n—1
o) =S, [oPI @A)+ 0 W] + [ Galr.)6% ()
k=0
where
(t_l)sv s <t,
= = 2.
Gl(tas) G(I,S) {S])t, tgs, ( 3)

2
is homogeneous Green’s function of the differential operator % on [0,1], and with the
successive iterates of G(t,s)

1
Gult.5) = [ G1(6.p)Gur(p.5)dp, n=2, (2.4
Remark 2.1 The Lidstone polynomial can be expressed in terms of G,(t,s) as

1
t):/o Gy(t,8)sds, n>1.
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We arrange this section in this way. In the first subsection we give some new identities
by using interpolation by Lidstone’s polynomial which enable us to obtain generalized re-
sults of majorization theorems, in discrete and integral forms. Obtain generalizations hold
for (2n)-convex functions. We give bounds for identities related to the generalizations of
majorization inequalities by using Cebysev functionals. As outcome we give the Griiss and
Ostrowski type inequalities for these functionals. We present related results in the form of
the mean value theorems which leads to construction of several families which are expo-
nentially convex and as outcome we obtain some new classes of Cauchy type means. In
the second subsection we using Lidstone’s interpolation in combination with new Green’s
functions to generate analogous results. In the last subsection we consider generalization
of Jensen’s and the Jensen-Steffensen inequality obtained by using interpolation by Lid-
stone’s polynomial.

2.1.1 Results Obtained by Lidstone Interpolation Polynomial

Theorem 2.1 ([7]) LetneN, x = (x1,...,Xm),¥y = (V1,---,Ym) and w = (wy,...,wy,) be
m-tuples such that x;, y; € [a,b] and w; €R (i =1,...,m) and ¢ € C*"[a,b]. Then

Y wi¢ (xi) = X wi ¢ (vi)
=1 =1

= ni(b —a)*¢(a)
k=0

n—1

+ X (b—-a*o ()
k=0

+(b—a)™! /ab

i=1 a i=1 a
(2.5)
Proof. Consider
m m
Y owid (xi)— D wi ¢ (vi). (2.6)
i=1 i=1
We use Widder’s Lemma for representation of function in the form:
9(x) nf(b P 629 (@) [ 222) + 9@ (), (122
X) = —a a
k=0 “\b—a “\b—a
b —a t—a
b— 2n—1 / x—a (2n) d
so-ar 6, (320520 o ar
(2.7)

where, Ay is a Lidstone polynomial.
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Using value of ¢(x) from (2.7) in (2.6), we have

2%’4’ (xi) — ﬁwﬂb (vi)

s o b—x Xi—a
_ ; b 2k | 4(2k) A i (2k) PIA i
,le{kzo( o [ e (5=2) + o (3=

m b

_\2n—1 Xi—a t—a (2n)

36— "6, (32522 ) o 0ar

m n—1 _
zwz{ (b a)2k|:¢(2k)(a)Ak(b Vi Jr(P(Zk)(a)A ()71 a):|}
=1 k=0 b—a b—

i b —a t—a
_ (b 21171/‘ . Yi—a (2n) d

S| o—arrt [6 (32 =5 ) o 0.

after some arrangement we get (2.5). O

Integral version of the above theorem can be stated as follows.

Theorem 2.2 ([7]) Letn €N, x,y: [a,B] — [a,b], w: [0, ] — R be continuous func-
tions and ¢ € C*'[a,b]. Then

B B
| wo o)ar= [“wie) o (vie)ar

o o

= nil(b*a)qu)@k) (a) [/f w(t)A (bb_xg)> di =
n :2;(17 —a)*¢ @) (p) Uaﬂ w(t) Ay ( b)_aa) dt — /f w(t) Ay (yg)t)—aa dt}
+(b—a)?! "ot (s) {/ﬁw(r)cnc(t)“, Z—“) dr/ﬁw(r)cn<y(t)“, u) dr] ds.

b—a —a a

=
~

We give generalization of majorization theorem for 2n-convex function.

Theorem 2.3 ([7]) Letn €N, , x = (x1,...,Xm),¥y = V15, Vm) and w = (Wi,...,Wy)
be m-tuples such that x;, y; € [a,b] and w; €R (i=1,...,m).
Ifforallt € [a,b]

ZW‘ "(b a’b— ) 2WG< p ﬁ) (28)

then for every (2n)-convex function ¢ : [a,b] — R, we have
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Zwi(P(xi)*ZWi(P Vi

Zb a2k

=0

+ Y (b—a)* ¢

oS (32)- S (22)]
oo (520) $om (220)]
2.9)

If the reverse inequality in (2.8) holds, then also the reverse inequality in (2.9) holds.

Proof. If the function ¢ is 2n-convex, without loss of generality we can assume that ¢ is
2n-times differentiable therefore we have ¢(*") (x) > 0, for all x € [a, b], and by using (2.8),
we get (2.9). O

Theorem 2.4 ([7]) Letn €N, x,y: [0, B] — [a,b] and w : [0, B] — R be any continuous
functions. If for all s € |a,b]

B —a s— B —a s—
yit)—a s—a / x(t)—a s—a
<
/a w(t)G,,( 2 ,ba)dt_ ; w(t)G,,( PR dt
then for every (2n)-convex function ¢ : [a,b] — R,

B B
[ wostoydr = [Cwip(oiear

a+ :2;(1; e (O;) [/aﬁ w(t) Ay (bb—_xg)> o /j A <bb—_yg)) d;]
+ :Z;(b —a)*¢ (p) [ /a g <x§:)—aa) dr — /a 0 (y(b’);a“) d,] .
(2.10)

If the reverse inequality in (2.10) holds, then also the reverse inequality in (2.10) holds.
The following theorem is majorization theorem for 2n-convex function:

Theorem 2.5 ([7]) Let n € N, Let x = (x1,...,Xn),Yy = (V1,-..,¥m) be two decreasing
real m-tuples with x;, y; € [a,b] (i=1,...,m), letw = (wy,...,wy) be a real m-tuple such
that which satisfies (1.19), (1.20) and G,, be defined in (2.4).

(i) Ifnis odd, then for every 2n-convex function ¢ : [a,b] — R, it holds

iwup (xi) — iwﬂp(%)

3
|
—_

> ¥ (b—a)*¢(a)

‘T‘»
)

+ X (b—a)* o (b)

»
Il
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(ii) Let the inequality (2.11) holds and let § : [a,b] — R be a function defined by

:Z:(ba)zk <¢(2k>(a)Ak<Z_ )+¢ ) (b)As (ﬁ)) (2.12)

If ¥ is a convex function, then the right hand side of (2.11) is non-negative that is
the following weighted majorization inequality holds

m m
Swio (i) < Y wio(x). (2.13)
i=1 i=1

(iii) If n is even, then for every 2n-convex function ¢ : [a,b] — R, it holds

f:lwiq)(xi) - iwﬂp (vi)

k=1 i=1 i=1

n—1 m o m o
+ 3 (- a6 (b) | S winy (2 a)—ZwiAk n—d
k=1 i=1 b—a i=1 b—a

(2.14)

(iv) Let the inequality (2.14) holds and let O : [a,b] — R be a function defined in (2.12).
If © is a concave function, then the right hand side of (2.14) is non-positive, that is,
the reverse inequality in (2.13) is valid.

Proof. (i) By (2.3), G{(t,s) <0,for0<t,s <1.

By using (2.4), we have G,(z,s) < 0 for odd n and G,(¢,s) > 0 for even n.

Now as G is convex and G,,_ is positive for odd n, therefore by using (2.4), G, is convex
in first variable if n is odd. Similarly G, is concave in first variable if # is even.

Hence if n is odd then by majorization theorem we have

ZwG (b = a) Zwl n( a,;—Z). (2.15)

1

Therefore if n is odd, then by Theorem 2.3, (2.11) holds.
(i1) We can easily get the equivalent form of the inequality (2.11) as

2w () =Y wid (i) = Y wid (xi) = Y wid
i=1 i=1 i=1 i=1

By using (1.19), (1.20) and the fact that ¢ is a convex function, so by applying weighted
majorization inequality, we get immediately the non-negativity of the right hand side of
(2.11) and we have the inequality (2.13).

Similarly using these arguments for parts (iii) and (iv), we get (2.14) and the reverse in-
equality in (2.13) by using function defined in (2.12). O
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The following theorem is majorization theorem for 2n-convex function in integral case.

Theorem 2.6 ([7]) Letn €N, x,y: [a, ] — [a,b] be decreasing and w : [0, B] — R be
any continuous functions and G, be defined in (2.4). Let

/ " w(e)y()dr < / " w()x(t)dr, for v € [a, ] (2.16)

Jo [0

and

B B
/ w(t)y(r)dr = / w(t)x(t)dt. 2.17)

(i) If nis odd, then for every 2n-convex function ¢ : [a,b] — R, it holds

B B
| wootod = [ w000

o [0

> S (b a6 0 [von (B2 ai- [Puon (520

+ ¥ (b—a)*¢0 (1) {/ﬁ w(t) Ay (xg) — a) dt — /ﬁ w(t) Ay (yi)t)—aa) dt] .
(2.18)

(ii) Let the inequality (2.18) holds and let O : [a,b] — R be a function defined in (2.12)
be a convex function, then the right hand side of (2.18) is non-negative that is the
following weighted majorization inequality in integral case holds

B B
[“wiooar < [“wioo)ar (2.19)

Jo [0

(iii) If n is even, then for every 2n-convex function ¢ : [a,b] — R, it holds

—

B B
| o) [“wig(se)ar

o

< "21<b—a>2k¢<2k>o<(a> [von (52 ai- [Puom (522l

=1 Ja
l g)_aa) dt] .

(2.20)

+
=
|
=
\

&
[
~

<

S
=

—

=

| p— |
—
=
=

—

-~

S~—

>

i

7N\
=
S
S~—
\
Q
~
QL
~
\
—
=
=
=
>
X
7N
<

(iv) Let the inequality (2.20) holds and let O : [a,b] — R be a function defined in (2.12).
If O is a concave function, then the right hand side of (2.20) is non-positive that is
the reverse inequality in (2.19) is valid.
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For m-tuples w = (wi,...,wn), X = (x1,...,x%,) and y = (y1,...,Vm) with
Xi, vi € [a,b],w; €R (i=1,...,m) and the function G, as defined above, denote

Zwl "(b a b a) ZWG < —a b—jl)’ 221

1

similarly for x,y : [et, 8] — [a,b] and w : [, f] — R be continuous functions and for all
s € [a,b], denote

T(s) = /aﬁ w(1)Gy (xg)_a“, 2_2) dt—/aﬁw(t)Gn (yg)_a“, Z_Z) dr.

(2.22)
We have the Cebysev functionals defined as:
Yy = / "2 (0ydr < ! / bY’(t)dt) 2 (2.23)
b—aJa b—ala
! / "2 (5)ds ( ! / bY’(s)ds) ’ (2.24)
b—ala b—ala

Theorem 2.7 ([7]) Let ¢ : [a,b] — R be such that ¢ € C*'[a,b] for n € N with
2

((—a)(b-".) [(])(Z"H)} € Lla,b), and xi,y; € a,b] and w; € R (i = 1,2,...,m) and let

the functions G, Y and T be defined in (2.4), (2.21) and (2.23) respectively. Then

Y owid (xi)— > wid (y)
py i-1
n—1

= (b— a2k
k

| S (57) - S (52

w( ) S ()

+(bfa>2"*2 (62 ) 9> V(@) / Y(1)di +H,(93a,b),  (2.25)

I
o

b Cl2k

HM_

where the remainder H! (¢;a,b) satisfies the estimation

1} (9:a.b)| < %mmﬁ [e-aw-n o) a ' e
Proof. 1f we apply Theorem 1.10 for f — Y and & — ¢(2) we obtain
‘bia/abY(t)q)(Z")(t)dtbia/abY 1)dt. —/ o (1)dr
< )t | oo o) W, em
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Therefore we have

b—ap [ Y0 0

_ (b 7(1)2’172 <¢(2nfl)(b) _ (P(z"*l)(a)) /bY(I)dl‘#*H,: ((]);a,b) (2.28)

where the remainder H,l (¢;a,b) satisfies the estimation (2.26). Now from identity (2.5)
we obtain (2.25). O

Integral case of the above theorem can be given as follows.
Theorem 2.8 ([7]) Let ¢ : [a,b] — R be such that ¢ € C*'[a,b] for n € N with
2
(—a)b—") [(])(Z’HU} € Lla,b), and x,y : [a,B] — [a,b], w: [a, B] — R be continuous

Sfunctions and let the functions G,,Y and T be defined in (2.4), (2.22) and (2.24) respec-
tively. Then

B B
| woo)ar= [wie) o i) ar

o o

S o™ (a) [ /f O (bb—_xg)> i /j w(t) Ay <bb— _y(r)) dt]

- Z (b—a)*¢9 (b) [/: w(t)Ax (xi)t)—aa) dt — /f w(t)Ax (yg)t)—aa) dt}

+(b—a)? (¢(2n71) (b) — ¢<zn—1)<a)> /bY’(s)ds +H, (¢:a,b), (2.29)

where the remainder ITI,} (¢;a,b) satisfies the estimation
1
(b— a)z”*i

b @nt1) ]2
t—a)(b—t [ (e } dt
Using Theorem 1.11 we obtain the following Griiss type inequality.

Theorem 2.9 ([7]) Let ¢ : [a,b] — R be such that ¢ € C*"[a,b] (n € N) and $*"+1) >0
on [a,b] and let the function Y and T be defined by (2.21) and (2.23) respectively.
Then we have the representation (2.25) and the remainder H\(¢;a,b) satisfies the bound

/4. o1 s ¢(2”*1)(b)+¢(2’1*1>(a) ¢(2n72)(b)7¢(21172)(a)
|H) (¢;a,b)| < (b—a) HYHM{ : B )¢ _

1
2

[T(?,Y)] :

HJ((P;a,b)‘ <

(2.30)
Proof. Applying Theorem 1.11 for f — Y and h — ¢(?) we obtain

1 b 1 b 1 b

(2n) _ (2n)

‘b_a/a Y ()¢ (t)dr b_a/a Y(t)dt.b_a/a o (t)dr
1 Y/’

/b(r —a)(b—1)¢" (). (2.31)

<5%=a|
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Since
b b
/(tfa)(bft) (nt1)( 26 — (a+b)] 9@ (1)dr
= (b—a) [p" D (b) + 9 e )| =2 (0@ 1) -6 (),
using the identity (2.5) and (2.31) we deduce (2.30). O

Integral version of the above theorem can be given as follows.

Theorem 2.10 ([7]) Let ¢ : [a,b] — R be such that ¢ € C*"[a,b] (n € N) and ¢**+1) >0
on [a,b] and let the functions Y and T be defined by (2.22) and (2.24) respectively.
Then we have the representation (2.29) and the remainder H!(¢;a,b) satisfies the bound

¢(2n71)(b)+¢(2n7])(a) (P (2n—2) (b) ¢ (2n— 2)(a)
2 B b—a ’

ﬁrﬁ(‘P;a,b)’ < (b—a)?! ' = )

We give the Ostrowski-type inequality related to the generalization of majorization
inequality.

Theorem 2.11 ([7]) Suppose that all the assumptions of Theorem 2.1 hold. Assume

P
(p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, %—i— cl/ =1. Let ‘(l)(z")

[a,b] — R be an R-integrable function for some n € N. Then we have

iwiq) (x;) — fllWi(P (i)

(2.32)

The constant on the right-hand side of (2.32) is sharp for 1 < p < oo and the best possible
forp=1.

Proof. Let us denote

Y(t)=(b—a)™!

S (35572) - (0572
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Using the identity (2.5) and applying Holder’s inequality we obtain

b—x; n ' b—y;
Zw,Ak( )izlw,Ak(b_aﬂ

Xi < yi—a
Wk( ) B (0]

/‘P 62 (1)dt </ab|‘lj(t)|th):l

1
For the proof of the sharpness of the constant (ff |‘I’(t)|"dt> ? let us find a function ¢ for

which the equality in (2.32) is obtained.
For 1 < p < oo take ¢ to be such that

9O (1) = sgn¥ () [¥(1)| 7T

For p = oo take ¢>") (r) = sgn'¥(z).
For p = 1 we prove that

[ vl <lgl[2§]|‘1’()l</ab

is the best possible inequality. Suppose that |\¥'(#)] attains its maximum at 7y € [a,b]. First
we assume that W (#9) > 0. For € small enough we define ¢¢(¢) by

ﬁmmmﬁwmm 3 (b—a)*¢

k=0

<H¢2n

o (t)‘ dt) (2.33)

Oa GSISI(),
0: (1) == w, (t—to), to <t <ty+e,
n_(t—t) ,t0+g§t§b.

Then for € small enough

b 'ty +E€ 1
/ Y1) (1) / W (r)—dt
Ja 1o 3

Now from the inequality (2.33) we have

1 1)+¢€ fo+e ]
—/ Y(r)dt < ‘P(to)/ Edl =¥(t).

€ Jiy To

1 [fote
=— / W (t)dr.

€ Ji

Since
1 th+€
lim — Y(r)dt = ¥(to)
e—0 € Jy,

the statement follows. In the case ¥ (#y) < 0, we define ¢ (¢) by
1 ~1
at—t—¢)" ", a<t<u,

L—t—e)" n<t<t+te,
t0+8§t§b7

Oc (1) ==

)

and the rest of the proof is the same as above. O
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Integral version of the above theorem can be stated as follows.

Theorem 2.12 ([7]) Suppose that all the assumptions of Theorem 2.2 hold. Assume
(p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, l + l = 1. Let

"P (2n)

[a,b] — R be an R-integrable function for some n € N. Then we have

B B
| w09 xo)di— [ w00 b)) dr

a a

- ni] (b—a)*¢™(a) {/ﬁ w(t)Ar <bb—_x(t)> dt — /ﬂ w(t)Ax (bb—_y(t)) dt]
k=0 o a a a
- ::Z;(b —a)*¢) (p) [/j w(t)Ax (x(bt)_aa) dr — /j w(t)Ax <yg)_aa) d;}

< (b—a)?™!
,/jw(t)G" (xét)_;j Z—Z) dt./aﬁw(t)Gn <yg)_aa7 Z_Z> "

(L

The constant on the right-hand side of (2.34) is sharp for 1 < p < oo and the best possible
forp=1.

q q
ds)

(2.34)

&

Motivated by the inequalities (2.9) and (2.10), we define functional ©;(¢) and ©,(¢)
by

¢>iwi¢<xl~>_mzlw,»¢<y>

n—1 m
b—x; b—yi
A — Y wiA
e (772) =S (b)]

- Z(b—a)”‘(l)(zk) (a)
ZWLAk( _“) —iwlAk (y’_“)] (2.35)

M=
S

Q

_Zb a2k 2k

w
Q

k=0 a a a
Zz;(b a)* ¢ (b) [/f w(t)Ax (xg);a) dt — /: w(t)Ax (yi)t)—aa) dt}
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Theorem 2.13 ([7]) Let ¢ : [a,b] — R be such that ¢ € C*'[a,b]. If the inequalities in
(2.9) and (2.10) hold, then there exist &; € |a,b] such that

0,(¢) = 9>V (£)0i(n), i=1,2. 2.37)

x2n

(2n)!"

where 1(x) =

Proof. (See also Theorem 7 in [30]) Since ¢(>") is continuous on [a b] som < ¢ ( )
<M for x € [a,b], where m = min,¢q ;) ¢ (x) and M = MaX e g p) ¢ (x). Consider the
function ¢; and ¢, defined on I as

Mx2n m x2n

(pl ()C) = (21/1)' - (Z)(x) and ¢2(x) = (Z)(x) - (2]’[)'

for x € a,b].

It is easily seen that

¢1(2n)(x) :qu)(z”)(x) and ¢22n ( ) ¢(2ﬂ)(x)7m for xel.

So, ¢ and ¢, are 2n-convex functions.
Now by applying ¢; for ¢ in Theorem 2.3, we have

Zwi(pl Xi) 2 (Z)l yl

+2ba%%

o (32)- £ (22)]

m
Yi—
=) wil\ (
) i=1 b—

01(¢) <MO(n). (2.39)

Q

+2ba%%

ZW,Ak ( Z)] (2.38)

Hence, we get after some simplification

Now by applying ¢, for f in Theorem 2.3 and some simplification we get
mO1(n) < O61(9). (2.40)

If ©;(n) = 0, then from (2.39) and (2.40) follows that for any & € [a,b], (2.37) holds.
If ©1(n) > 0, it follows from (2.39) and (2.40) that

0,(¢)
"= 8i(n)

Now using the fact that for m < p < M there exists &; € [a,b] such that o) (&) =p, we
get (2.37) for i = 1. Similarly we can prove (2.37) fori = 2. O

IN

M. (2.41)
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Theorem 2.14 ([7]) Let ¢,y : [a,b] — R be such that ¢,y € C*'[a,b]. If the inequalities
in (2.9) and (2.10) hold, then there exist &; € |a,b] such that

0i9) _ (&) ., (2.42)

Oi(p) wn(&)’

provided that the denominators are not zero.

Proof. (See also Corollary 12 in [30]) We use the following standard technique: Let us
define the linear functional T" € C*"[a,b] as T'() = ©1()). Next, we define

2()=0(0)T (@) —@()L(9).

According to Theorem 2.13, applied on ¥, there exists &; € [a,b] so that

From I'(y) = 0, it follows ¢ ?") (£;)T'(p) — @ (E)['(¢) = 0 and so (2.42) is proved.
Similarly we can prove (2.42) for i = 2. O

We use an idea from [84] to give an elegant method of producing an n-exponentially
convex functions and exponentially convex functions applying the above functionals on a
given family with the same property (see [142]):

Theorem 2.15 ([7]) Let ® = {¢ : s € J}, where J an interval in R, be a family of func-
tions defined on an interval [a,b] in R, such that the function s — @[xo,...,xy] is an
n-exponentially convex in the Jensen sense on J for every (21 + 1) mutually different points
X0,---,X € [a,b]. Let ©;(9), i = 1,2 be linear functionals defined as in (2.35) and (2.36).
Then s — ©;(¢s) is an n-exponentially convex function in the Jensen sense on J. If the
function s — O;(¢y) is continuous on J, then it is n-exponentially convex function on J.

Proof. The idea of the proof is the same as that of the proof of Theorem 1.39 but using
linear functionals O (k = 1,2) instead of F (k= 1,2,..,5). a

The following corollaries are immediate consequence of the above theorem.

Corollary 2.1 ([7]) Let ® = {¢;: s € J}, where J an interval in R, be a family of func-
tions defined on an interval [a,b] in R, such that the function s — @[xo,...,xy] is an
exponentially convex in the Jensen sense on J for every (21 + 1) mutually different points
X0,---,X € [a,b]. Let ©;(9), i = 1,2 be linear functionals defined as in (2.35) and (2.36).
Then s — ©;(¢s) is an exponentially convex function in the Jensen sense on J. If the func-
tion s — O;(¢s) is continuous on J, then it is exponentially convex function on J.
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Corollary 2.2 ([7]) Let ® = {¢;: s € J}, where J an interval in R, be a family of func-
tions defined on an interval [a,b] in R, such that the function s — @g[xo,...,x] is an
2-exponentially convex in the Jensen sense on J for every (21 + 1) mutually different points
X0,---,X € [a,b]. Let ©;(9), i = 1,2 be linear functionals defined as in (2.35) and (2.36).
Then the following statements hold:

(i) If the function s — ©;(@s) is continuous on J, then it is 2-exponentially convex func-
tion on J. If s — ©;(¢y) is additionally strictly positive, then it is log-convex on J.
Furthermore, the Lypunov’s inequality holds true:

[©:(@)]"™" < [@i(9r)] " [©i(91)]"" (2.43)
for every choice r,s,t € J such that r < s <t.

(ii) If the function s — O;(¢;) is strictly positive and differentiable on J, then for every
S,q,u,v € J such that s < u and q < v, we have

Us.q (0;,®) < Ma,y (0;,®), (2.44)
where |
(ei(%) ) 4 5
@l (p ) q?
g (01,0) = 4 q)m-(qx) (24
o (828). 5=
Sfor ¢s, 0, € .
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10 but using
linear functionals ©(k = 1,2) instead of F (k= 1,2,..,5). a

Remark 1.19 is also valid for these functionals.

Remark 2.2 ([7]) Similar examples can be discussed as given in Section 1.4.

2.1.2 Results Obtained by New Green’s Functions and Lidstone
Interpolation Polynomial

In this subsection we give generalized results for majorization theorems obtained by using
newly defined Green’s functions [114] and Lidstone’s polynomial. We find new upper
bounds for the Griiss and Ostrowski type inequalities. We also give further results for
majorization inequality by making linear functionals constructed to convex functions fi—x)
At the end we give some applications.

Remark 2.3 As a special choice the Abel-Gontscharoff polynomial for ’two-point right
focal’ interpolating polynomial for n =2 can be given as:

B
f(2)=fe)+(z—a) f(B) +/ Gaa(z,w)f" (w)dw, (2.46)
o
where Gg »(z,w) is the Green function for ‘two-point right focal problem’ given as

a—-w, o<w<g,
Gl(z,w):Gg,z(z,w):{ a_z : S—WW S_BZ. (2.47)
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As mentioned in [114], the complete reference about the Abel-Gontscharoff polyno-
mial and theorem for "two-point right focal’ problem is given in [16].

Pecari¢ etal. (2017) [114] introduced some new types of Green’s functions by keeping
in view the Abel-Gontscharoff Green’s function for ’two-point right focal problem’ that

are: ﬁ
. z—p, o<w<gz,

o Z— 0, O‘SWSZ7

G3(z,w){ wea, z<w<p (2.49)
| B=w a<w<g

G4(z,w)—{ By cew<b (2.50)

They gave the following lemma, using this we obtain the new generalizations of majoriza-
tion inequality.

Lemma 2.2 Ler f : [o, B] — R be a twice differentiable function and Gp, (p =1,2,3,4)
be the new Green functions defined above, then along with (2.46) the following identities
hold:

B
1@ = FB)+ =B @+ [ Galzaw)s” (w)aw. @50

[0

f@)=f(B)—(B—a)f'(c)+(z—o)f'(ax) + / ’ G3(z,w)f" (w)dw,  (2.52)

J o

B
F) = (@)= (B—a)f (@) — (B—2)f (B)+ / Galz,w)f' (w)dw.  (2.53)

The following identity is the equivalent statements between classical weighted ma-
jorization inequality and the inequality constructed by newly developed Green’s functions.

Theorem 2.16 Let x = (x1,...,%m), ¥ = (V1,---,9m) € [¢,B]" be two decreasing
m-tuples and also w = (wy,...,wn) be a real m-tuple such that satisfying (1.20) and
G, (p=1,2,3,4) is defined as in (2.47)-(2.50) respectively. Then the following statements
are equivalent:

(i) For every continuous convex function f : [a, ] — R
m m
Zwif(yi) < Zwif(xi) . (2.54)
i=1 i=1

(ii) Fors € [, B], the following inequality holds

m
S wiG, (vivs) < ¥ wiGp (xi,s), p=1,2,3,4. (2.55)
i=1 i=1

3

Moreover; the statements (i) and (ii) are also equivalent if we change the sign of
inequality in both inequalities, in (2.54) and (2.55).
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Proof. “(i) = (ii)” Let the statement (i) holds. By fixing p = 1,2,3,4, and as the functions
G,(.,s) (s € [, B]) are also continuous and convex, follows that for these functions also
inequality (2.54) holds for each fix p, i.e., (2.55) holds.

“(ii) = (i)” Let f : [0, B] — R be a convex function and without loss of generality we can
assume that f € C? ([, B]) and also let (ii) holds. Then we can represent the function f in
the form (2.46), (2.51), (2.52) and (2.53) for the functions G,, p = 1,2,3,4 respectively.
By an easy calculation we get for all s € [a, ]

Yowif (i)=Y wif (i

i=1 i=1
[3 m m

= / <2w,-cp (xi,5) = Y wiGp (y,-,s)> f"(s)ds, p=1,2,3,4.
o \i=1

i=1
(2.56)

Since f is a convex function, then f” (x) > 0 for all x € [a, B]. So, if for every s € [, B] the
inequality (2.55) holds for each p = 1,2,3,4, then it follows that for every convex function
f: o, B] — R, with f € C?[a, B], inequality (2.54) holds.

At the end, note that it is not necessary to demand the existence of the second derivative of
the function f ([144], p.172). The differentiability condition can be directly eliminated by
using the fact that it is possible to approximate uniformly a continuous convex functions
by convex polynomials. O

We present the majorization difference as in terms of Lidstone’s interpolating polyno-
mial and newly defined Green’s functions.

Theorem 2.17 Let n € N be such that n > 3, x = (x1,...,%n),¥y = (V1,---,Vm) and
w = (Wi,...,wn) be m-tuples such that x;, y; € [o.,] and w; € R (i = 1,...,m) be real
m-tuple such that satisfying (1.20) and G, (p = 1,2,3,4) is defined as in (2.47)-(2.50) re-
spectively. Let also Gy, be defined as in (2.4) and f € C*"[a., B], then we have the following
identities for p = 1,2,3,4,

iWif (xi) — zm:]w,»f(y,)

n—3 B m —
_ 2<B_a)2kf(2k+2)(a)/a <2w Gy (xi,8) ZWG Vi, § )) A (ﬁB a)ds

3

k=0 i=1 =
n—3 p [ m s—a
N2k £(2K42)
3B p) [ (2 159) = Sy s >Ak(ﬁa)ds
+(ﬁ_a)2n71

; 5 m m nf s— —
/a £ (1) (/a (izlwiG,, (xi,8) —izzlwiGp (Yi,s)> G, ( ,Z’ ; ic) dS> dt,

/! . . .
where G, means second derivative with respect to ’s’.

=
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Proof. Fix p = 1,2,3,4, substituting the identities (2.46), (2.51), (2.52) and (2.53) into
majorization difference, we get

m m B m m
;Wif(xi) - ;Wif(yi) :/OC (21 wiGp (xi,5) — ;WiGp (y,-,s)) f"(s)ds.

(2.58)
We use Widder’s Lemma for representation of function in the form:
n—1
¥) = _azk{@k)a,\(h)Jr (2% A(x—“)]
1) = 3 (B - |/ g ) +rem (5
B X—a t—a
_ 2n—1 (2n)
+ (ﬁ Ol) / Gn <ﬁ a B OC> f (t)dtv
where, Ay is a Lidstone polynomial.
Therefore, differentiating twice with respect to s, we get
n—3
ey 2k | p2k42) B—s (2k+2) s—a
716 = BB |1 eons (F=2 )+ r o (5=
p s—o t—
+(B—a)! / G, ( ' B a) 2 (t)dr. (2.59)
Using value of f” (s) from (2.59) in (2.58), we have
Z wi f (xi) — 2 wi f (Vi)
_ 2 B— azkf2k+2 / <2WG X, 8 —ZWiGp(yi,s)> Ak<g_;)ds
i=1 -
n—3 m s—a
n 2 (B — a)zkf(2k+2 / 2 wiGp (xi,5) 2 wiGp (vi,s) | Ak ( ) ds
k=0 i=1 B —a
=+ (B _ a)anl

/j (lﬁ":lwiGp (xi,5) _inj:lwi(;p (yi,S)> (/aﬁ G, (;2’ ;;O;) £ (t)dt) ds,

after applying Fubini’s theorem we get (2.57).

Integral version of the above theorem can be stated as follows.

Theorem 2.18 Let n € N be such that n > 3, x,y : [a,b] — [o,B], w: [a,b] — R be
continuous functions that satisfy

/abw(r)y(r)dr = /abw(r)x(r)dr, (2.60)
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and G, (p = 1,2,3,4) is defined as in (2.47)-(2.50) respectively. Let also G, be defined as
in (2.4) and f € C*"[ar, B), then we have the following identities for p = 1,2,3,4,

b b
/a w(r) f(x(r))dr—/a w(r) f (y(r))dr

— :Z(ﬁ — o) ) () /abW(r) Uaﬁ (Gp (x(r),s) — Gp(y(r),s)) Ak (5_ a) ds] dr
::(B a)* 2 (B) / () [ /a ’ (G (x(r),5) = Gp(y(r), 5)) Ax ( ; - ) ds} dr

@-a [ 10w [N

(/j (Gy (x(1).5) = G, (y(r).5)) G, (;‘; —t )ds) d,] i

The following theorem is the generalization of majorization theorem i.e., Fuchs’s the-
orem.

Theorem 2.19 Let all the assumptions of Theorem 2.17 be satisfied.
Iffor all s € [, B]

/aﬁ (ﬁ:lwiGp(xz, ZWL (Vis ) H(gi ;7 >ds>0

forp=1,2,3,4.  (2.6])

then for every (2n)-convex function f : [, f] — R, we have

ﬁwif<xi>—f’z’lwif<yl>

n—3 ﬁ m mn ﬁfs
2% £(2k+2) wiGy (xi,8) — S wiG, (vi. s s
>3 (B e | (2 Gy (1.5) = B m Gy >>Ak(ﬁ_a)d

w

n—

B m m S
2 - a)zkf(2k+2)( )/a (lzll wiGp (Xi,5) — i;lwiGp ()’i,S)> Ay (B _(Z‘> ds.

k=0

(2.62)
If the reverse inequality in (2.61) holds, then also the reverse inequality in (2.62) holds.

Proof. If the function f is 2n-convex, without loss of generality we can assume that f is
2n-times differentiable, we have f(*")(x) > 0, for all x € [, B] (see [144], p.19 and p.293).
Therefore substituting (2.61) and () (x) > 01in (2.57), we get (2.62). |

Integral version of the above theorem which is in fact the generalization of the weighted
integral majorization theorem can be stated as:



84 2 MAJORIZATION AND n-CONVEX FUNCTIONS

Theorem 2.20 Let all the assumptions of Theorem 2.18 be satidfied.
Iffor all s € [a, B]

/abw(r) (/aﬁ (Gp (x(r),s) — Gp(y(r),s)) GZ (g—z, ;—z) ds) dr>0,
forp=1,2,3.4. (2.63)

then for every (2n)-convex function f : [, f] — R, we have

b b
| ) £ yar= [ £ o) ar

> ’;ZZ(ﬁ — a)Zkf(ZkH)(a)-/abW(r) [/ﬁ (Gp (x(r),8) — Gp(y(r),s)) Ax ( B—s ) ds] i

Jo B —a
+ZZ([3 — i) /a"w(r) [ /j (Gp (x(r),5) — Gp(y(),5)) Ax <E_‘;‘C) ds} dr
(2.64)

If the reverse inequality in (2.63) holds, then also the reverse inequality in (2.64) holds.
The following theorem is majorization theorem for 2n-convex function:

Theorem 2.21 Let n € N such that n > 3 and x = (x1,...,Xm),y = V1,---,Ym) be two
decreasing real m-tuples with x;, y; € [a,B] (i=1,...,m) and w = (wy,...,wn) be a real
m-tuple such that which satisfies (1.19), (1.20). Let also G, (p = 1,2,3,4) be defined as in
(2.47)-(2.50) respectively.

Let the inequality (2.62) holds and let F : [, B] — R be a function defined for p=1,2,3,4
as

F(.):= "23 (B — o) F+2) (or) /ﬁ Ax (ﬁ—_;) Gp(.,s)ds

k=0 a B—
n—3 B .
o 2k o( )
+/(§::()<B o)k f2k+2 (B) /a Ag (—ﬁ — a) Gy(.,s)ds. (2.65)

If F is a convex function, then the right hand side of (2.62) is non-negative that is the
following weighted majorization inequality holds

m m
Nowif (i) < Y wif(xi). (2.66)
i=1 i=1
Proof. We can easily get the equivalent form of the inequality (2.62) as
m m m m
Dowif ()= Y wif (i) > PwilF (i) = Y wiFF (vi).
i=1 i=1 i=1 i=1
By using majorization conditions (1.19), (1.20) and the fact that [F is a convex function, we

can apply weighted majorization inequality, which implies immediately the non-negativity
of the right hand side of (2.62) and we have the inequality (2.66). O
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The following theorem is majorization theorem for 2n-convex function in integral case:

Theorem 2.22 Let n € N such that n > 3, x,y : [a,b] — [a, B] be decreasing and w :
[a,b] — R be any continuous functions satisfying

/av w(r)y(r)dr < /av w(r)x(r)dr, for v € |a,b] (2.67)

and

/abw(r)y(r)dr = /abw(r)x(r)dr. (2.68)

Let also G, (p = 1,2,3,4) is defined as in (2.47)-(2.50) respectively.

Let the inequality (2.63) holds and let F : [ot, B] — R be a function defined in (2.65) is
a convex function, then the right hand side of (2.63) is non-negative that is the following
weighted majorization inequality in integral case holds

b b
/a w(r) f((r)dr < / w(r) £ (x(r))dr. (2.69)

In the next part of this subsection, we give the upper bounds like the Griiss and Os-
trowki type for our generalized results.

Let x,y be two decreasing real m—tuples, let w = (wy,ws,...,wy,) be a real m-tuple
such that satisfying (1.20). Also let G, and G,(p = 1,2,3,4) be as defined in (2.4), (2.47),
(2.48), (2.49), (2.50) respectively. Then consider

B n m " - t—a
Y (s) = /a (ileiGp (xi,s) _iZZ]WiGp (yi,s)> G, (; —o’ B— oc) s,
(2.70)

where p = 1,2,3,4 and s € [, B]. Similarly for x,y : [a,b] — [, ] and w : [a,b] — R be
continuous functions that satisfy (2.68) define Y5 (s) as

1) = [ w0 ([ (60001~ G009 6 (55 222 ) )
2.71)

where p=1,2,3,4and s € [«, ].

Consider the éebyéev functional defined as

B B 2
T(Yu,n,):#/ Yﬁ(s)ds—< ! / Yu(s)ds) . ou=1.2. (2.72)

B—ola B—ola
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Theorem 2.23 Letn € N be such thatn >3 and f : [o, ] — R be such that f € C*"[a, B]

2
with (. —o)(B—.) [f(z”*l)} € L, B], and also x,y be two decreasing real m-tuples such

that x;,y; € [a,B] and wi € R (i = 1,2,...,m) satisfying (1.20). Let also the functions
G, (p = 1,2,3,4) be defined as in (2.47)-(2.50) respectively and Y be defined in(2.70).
Then the remainder REM(f; o, B) defined for p =1,2,3,4 as

REM(f;c., B) = zwl ()= Swif O
i=1

— B m m st
B o 2k £(2k+2) wi Xi,§) — ] irS s
kgow 22 (a) [ (21 Gy x5:9) = 3 wiGp >>Ak(ﬁ_a>d

n—3 B m §—
_kzo(ﬁ;_a)zkf(zkﬂ)(ﬁ)/a (lzlwiGp(xl, Zwl (vi, s )Ak<ﬁa)ds

(B (52 B) - 1) [ i @73)

o

satisfies the estimation
1

wesia < C=D 2 o ot [ eop o [reoe o] af
Proof. Comparing (2.73) and (2.57) we have 2.74)
REM(f; 0, B) = (B — o) (X1, /).
Applying Theorem 1.10 to the functions Y and f(*") we obtain (2.74). ]

Integral case of the above theorem can be given as follows.

Theorem 2.24 Let n € N such that n > 3 and f : [, B] — R be such that f € C*'[a, B]
2

with (.—a)(B—.) {f(z”*l)} € L, B], and x,y : |a,b] — [, B], w: |a,b] — R be con-

tinuous functions satisfying (2.68). Let also the functions G, (p = 1,2,3,4) be defined as in

(2.47)-(2.50) respectively and Y be defined as in (2.71). Then the remainder M(f; o,B)
defined for p = 1,2,3,4 as

REWA(f ) = [ () ) dr— [ ()£ 00

_ :ZZ([; B oc)z"f(Zk“)(a)./abW(r) [/aﬁ (G (x(r),5) — Gp(y(r),s)) Ax ( B-;) ds] i
R Zzz(ﬁ —* ) /abw(r) Uaﬁ (Gp (x(r),5) = Gp(x(r),9)) A <:3—(Z¢> ds} dr

(B (5 B) 1) [ ratssas @75)

Jo
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satisfies the estimation

(B~
V2

Using Theorem 1.11 we obtain the following Griiss type inequality.

REM(f; 0., B)| < [T(Y2,Y2))?

—ap—n[rero]

87

1
2
dt

Theorem 2.25 Let n € N such that n > 3 and f : [, B] — R be such that f € C*"[a, B]

and also f®"*1) >0 on o, B]. Let the function Y| be defined as in (2.70).
remainder REM(f; o, B) defined by (2.73) satisfies the estimation

B)+2 @) IB)—s

Then the

2n—1 / f(zn
IREM(f; o, B)| <(B—a)™ || Y]] 2 a B—a

(2n— 2( )}

(2.76)

Proof.  Since REM(f; o, B) = (B — )" T (X1, f*"), applying Theorem 1.11 to the

functions Y and f(?") we get (2.76).

Integral version of the above theorem can be given as follows.

O

Theorem 2.26 Let n € N such thatn >3 and f : [o, ] — R be such that f € C*"[ct, B]
and also "V >0 on [, B]. Let also the function Y, be defined as in (2.71). Then the

remainder REM(f; o, B) defined by (2.75) satisfies the estimation

~—

2

. (2n—1) (2n—1) (2n—2) _ £(2n-2)
REM(f;OC,ﬁ) g(B*a)2n71 HYIZHM{f (ﬁ)+f (a)if (ﬁ f (Ol)

=

We give the Ostrowski-type inequality related to our generalized result.

—a

Theorem 2.27 Suppose that all the assumptions of Theorem 2.17 hold. Assume (u,v) is

a pair of conjugate exponents, that is 1 < u,v < oo, i + % = 1. Let ‘f(zn)

an R-integrable function for some n € N. Then we have

3w ) = B (09

- 2 B— ) 2kf 2k+2 / <2WG Xi,§) Zwl (vi,s)

_"* - (2K+2) oS wiGp (X, 8 —mw~ isS — s
kgo(ﬁ Ot)zkf s (ﬁ)/a (lzl le( is ) 2 le(YIa )) Ak<ﬁ )d

< (B

Bl B[ m w5 — _
(./a /oc (;:lwiGP(xla ZW, yt» ) Gn(ﬁi’;(z‘)d‘g

where p =1,2,3,4.

" (e, B] — R be

(2.77)

}
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The constant on the right-hand side of (2.77) is sharp for 1 < u < e and the best possible
foru=1.

Proof. Let us denote

B[ m m /" - —
V) = (B! | (gwﬁp(xl»s)QWva(yf’”)G <ﬁ o a>ds’

o

forp=1,2,3,4.
Using the identity (2.57) and applying Holder’s inequality we obtain

Yowif ()= Y wif ()
i=1 i=1

n—3 B m B _s
_ kgo(ﬁ _ a)Zkf(ZHZ)(a)/a (lzl b (xi,5) Zwl (vi,s ) Ak (ﬁ _— ds
o 2%k £(2k+2) P i
~ S (B - o)y (ﬁ)/ 3 G, (x1,5) ZW,G,, irs) | Ak [ 2—= ) ds
k=0 o i=1 ﬁ (04
o] < ] ([ wor dr)

1
The proof of the sharpness of the constant ( I O’? |‘P(t)|vdt> " is analogous to the proof of
Theorem 2.11. ]

Integral version of the above theorem can be stated as follows.
Theorem 2.28 Suppose that all the assumptions of Theorem 2.18 hold. Assume (u,v) is
u
a pair of conjugate exponents, that is 1 < u,v < oo, % + % = 1. Let ’f(z”)’ S, Bl — R

be an R-integrable function for some n € N. Then we have the following identities for
p=12734

b b
[ ws e ar= [ wir)f o) ar

_ 222(5 - a)Zkf(2k+2)(Ol)/abw<V) [/j (Gp (x(r),s) = Gp(¥(r),s)) Ak <£_;) ds} dr

_kzz (B — o) f2+2)(B) /abw(r) [ /ﬁ (Gp (x(r),5) = Gp(y(r),8)) Ak (;;Z‘l) ds] dr
(L]

(/] 6060960019 6, (37 5=% Y as ) ar

< (B-a |
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The constant on the right-hand side of (2.78) is sharp for 1 < u < o and the best possible
foru=1.

Motivated by the inequalities (2.62) and (2.64), we define functionals © (f) and O, (f)
by

0:(f) = zmllwz'f(xt) —iwtf(yl')

n—3 B m n ﬁ*S
B N2k £(2k+2) wiGy (xi,5) — ¥ wi i) r
360 [ (2 G (115) ~ 3Gy ( >>Ak(ﬁ_a)d
n—3 B[ om m s—a
B N2k (2k+2) wiGp (xi,8) — ¥ wi i\S s,
36 22p) [ (2 G (1:5) = J G >>Ak(ﬁ_a)d
(2.78)
b b
Os(f) = [ W) £ ) dr= [ wlr) S () dr
n—3 b B B—s
- - 2k(2k2) wlr X(r),s)— r),s S r
3B [t | [ (6 0.9~ Gyt ) o (= )] a
n—3 b B s— O
. )\ 2k p(2k+2) w(r x(r),s) — r),s s|dr.
3 (B2 20) [ i) | |76 5009 = G000 v (5= ) s d
(2.79)

The Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems:

Theorem 2.29 Let f : [a, B] — R be such that f € C*"[a, B]. If the inequalities in (2.61)
and (2.63) hold, then there exist &; € [a, B] such that

i(f) =2 (&)ei(n), i=1.2, (2.80)
where 1 (x) = %
Proof. Similar to the proof of Theorem 7 in [30]. O

Theorem 2.30 Let f,g: [o, 8] — R be such that f,g € C*'[a, B). If the inequalities in
(2.61) and (2.63) hold, then there exist & € [a., B] such that

Oilf) _ (&) .
©i(g) :g(zn)(gi)7 i=1,2. (2.81)

provided that the denominators are not zero.

Proof. Similar to the proof of Corollary 12 in [30]. O
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For example, in the papers [97] and [96] the results about majorization in the form of
n-exponentially, exponentially and logarithmically convex functions as well as generalized
Cauchy mean value theorems for class of convex functions f are presented, but here we
present these results for the class of convex functions f(x)/x and also an important thing
is to construct examples for such type of results. So first we give the classical results for
convex function f(x)/x and then make functionals for obtaining n-exponentially, exponen-
tially and logarithmically convex functions.

Theorem 2.31 Let I, C R" be an interval and x = (x1,...,%m), ¥ = (V1,-..,Ym) € I'".
Let f : 1, — R be a continuous function. Then a function F : I'' — R, defined by

1 .
= 2 M7 (2.82)
-1 M
is Schur-convex on I'! iff fi—x) is convex on ;.
Proof. In this proof we use Abel’s transformation.
Without loss of generality, assume that x; # y;, define
A= T i=(1,...,m). (2.83)
Yi—Xi

Since the function f( L is convex, therefore we have A; | < A;, for (i =1,2,...,m), which
means that A; is decreasmg.
The proof follows from [144, p.323-324]. O

The weighted version of the above theorem is stated as follows.

Theorem 2.32 Let x, y be two decreasing m-tuples with entries from I, C R, let

w = (w1, wa,...,wy) be a real m-tuple such that
k k
N owiyi < Y wixifork=1,....m—1, (2.84)
i=1 i=1
and
m m
Zwiyi = Zwixi. (2.85)
i=1 i=1

)

Then for every convex function == : 1. — R, we have
m

zw, i

Proof. The proof is similar to the Theorem 2.31. O

(2.86)

Vi

Motivated by the inequalities (2.82) and (2.86) that are linear in f, we define the linear
functionals under the assumptions of Theorem 2.31 and Theorem 2.32:

(x,y,f) = fo‘ 2@ (2.87)
i i=1 !
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and
m X m .
Ao(x,y, f) = ZWiM—ZwiM. (2.88)
i=1 i i=1 Vi
Under the assumptions of Theorem 2.31 and Theorem 2.32, it holds A;(f) > 0,1 = 1,2,

for all convex functions fi—x)
The following Lemma is given in [99]:
Lemma 2.3 Let f € C*(I) for an interval I C R\ {0} and consider m,M € R such that
e 2L 0 =2 () +2/()
X
Also, let f1, fr be real valued functions defined on I as follows

<M.

3

i) =M%~ f(x),

Then flT(x) and sz(X) are convex.

The Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems:

Theorem 2.33 Let x,y be two real m-tuples.
- x>yforl=1,

- x,y be decreasing and let w = (wy,wa, ..., wy) be a real m-tuple such that satisfying
(1.19) and (1.20) for 1 = 2.

Let [o,B] CR" and f € C?([et, B]) then there exists & € [, B] such that

My )= TG 28N G +21E) 3 s (g9

287

Proof. Fix [ =1,2 (see Theorem 2.8 in [99]), by convexity of fi(x) and f>(x) from Lemma
2.3 therefore (2.82) changes to

M
Al(xvyaf) S 7Al(x7yax3)a (290)
m 3
EAl(xayvx ) < Al(xayvf)' (291)

Since A; (x,y,x*) # 0, so from (2.90) and (2.91) we have

2Al(x7yaf)
< 2 <M. 2.92
"= Al(x7y7x3) N ( )

Therefore we get the required result by using Lemma 2.3. O
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Theorem 2.34 Let x,y be two real m-tuples.
sx>=yforl=1,

- X, y be decreasing and let w = (wy,wa, ..., Wy, ) be a real m-tuple such that satisfying
(1.19) and (1.20) for 1 =2.

Let [, ] C R and f,g € C*([et, B]), then there exists & € o, B] such that

A(xoy,f) ELFI(&) =281 (&) +2f(&)
A(xy,g)  ERe"(&) 288 (&) +28(&)’

1=1,2, (2.93)

provided that denominators are non-zero.

Proof. Fix [ = 1,2 (Theorem 2.9 of [99]), define € C*([c, B]) in the way that
h=cif—cg, where ¢y =N\(x,y,8) and c3=N\(x.y,f).

Now using (2.89) with f = h, we have

E1"(6)-2Ef'(8) +2f(§) £2¢"(£)-2&8/(£) +23(£) _
(C] ( 253 ) —C2 ( 253 )) A[(x,y,x3) -0
(2.94)

Since A;(x,y,x*) # 0, we get the required result. ad

In order to obtain results regarding the exponential convexity, we define the families of
functions as follows.
For every choice of 7 + 1 mutually different points zo, . ..,z € [&, ] we define

o Ty ={f:[o,f] = R:veJand v+ [z0,...,%, @] is n-exponentially convex in
the Jensen sense on J }

o My={fy:[a.p] =R:veJand v [z0,...,%, @] is exponentially convex in the
Jensen sense on J }

e Fs={f,:[a,B] = R:veJand v |z0,...,7, f"ix)] is 2-exponentially convex in
the Jensen sense on J }
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Theorem 2.35 Let A; (I = 1,2) be the linear functionals defined by (2.87) and (2.88)
associated with family F1. Then the following statements hold:

(i) The function v — NA;(f,) is an n-exponentially convex function in the Jensen sense

P
on J and the matrix {Al < Srity >} is a positive semi-definite. Particularly
ij=1

p
det |:Al (fvi+Vj ):| > 0
2/ lij=1

holds forallp €N, p <n, vi,...,vp €J.

it) If the function v — N (Jy is continuous on J, then it is n-exponentially convex func-
P y
tion on J.

Proof. (i) Forfixedl =1,2,%; € Randv; € J,i=1,...,n we define the function

n f@(x)

Using the assumption we have

n Frizv; (x)
[Z07"'7Z176]: 2 19!1-9] ZO»---aZHZf 207
i,j=1

which in turn implies the required results (see Theorem 10 in [99]). O

The following corollaries are immediate consequences of the above theorem.

Corollary 2.3 Ler A; (I = 1,2) be the linear functionals defined by (2.87) and (2.88) as-
sociated with family 5. Then the following statements hold:

(i) The function v — A;(f,) is an exponentially convex function in the Jensen sense on
J.

(ii) If the function v — NA;(f,) is continuous on J, then it is exponentially convex function
onlJ.

Corollary 2.4 Let A; (I = 1,2) be the linear functionals defined by (2.87) and (2.88) as-
sociated with family Fs. Then the following statements hold:

(i) If the function v — N;(f,) is continuous on J, then it is 2-exponentially convex func-
tion on J. If vi— N(fy) is additionally strictly positive, then it is log-convex on J.
Furthermore, for every choice q,u,w € J, such that g < u <w, Lypunov’s inequality
holds:

AR < [N )T A ()]
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(ii) If the function v — NA;(f,) is strictly positive and differentiable on J, then for every
p,q.u,w € J, such that p < u and g < w, we have

Up.q (AL, P) < Wy (A, D), (2.95)

where
1

Ni(fp) \ =4
A(fe ) )4 7é q
HUp.q (Al?q)) = ( ! q)t%?/\](f])) ! (2.96)
A () ) =4

Proof. (i) This is an immediate consequence of Theorem 2.35 and Remark 1.16.

(i) Fix [ = 1,2, since v — A;(f, ) is positive and continuous, by (i) we have that the function
vi= Ai(fy) is log-convex on J. So, for p,q,u,w € J, such that p # g and u # w and p < u
and g < w, we have

log A;(fp) —logAi(fy) < logAs(fu) —logAi(fw)

, (2.97)
pP—q u—w
i.e. we conclude that
Hp.g (A, @) < iy (A, @)
Cases p = g and u = w follows from (2.97) as limiting cases. O

Remark 2.4 Note that the results from Theorem 2.35, Corollary 2.3 and Corollary 2.4
still hold when two of the points zy,...,z € o, B] coincide, say z1 = zo, for a family of

differentiable functions f, such that the function v — {Zo, 2t 4 ")Ex)} is an n-exponentially

convex in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the
Jensen sense), and furthermore, they still hold when all (t + 1) points coincide for a family
of t differentiable functions with the same property. The proofs are obtained by (1.80) and
suitable characterization of convexity.

Remark 2.5 We can give the similar results as Theorem 2.35, Corollary 2.3, Corollary
2.4 and Remark 2.4 for (2t + 1)-points as to prove (2n)-exponentially convex functions.

At the end of this subsection, we give some applications of our generalized results
about the upper bounds as well as exponential convex functions.
Firstly, we consider some related inequalities by using our generalized results of upper
bounds.

Example 2.1 By using Ostrowski-type inequality (2.77) for n =3 as an upper bound of
our generalized results:

o let f(x) =¢",x €R, then

m . m ) —a 5 1
0< Swiet - Swien |< L= b _ eyt
i=1

i=1 Uu
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o let f(x) =x", [0,0) for r > 1, then

m m
0 <| Y wix — Y wij |
i=1 i=1

o Sr(rf1)("72)("73)("74)("75) u(r—6)+1 _ L u(r—6)+1 ’l‘ G
<(B-a) T (s ) Gy |,

o let f(x) =xlogx, x € (0,00), then

z z 24(B—a)’ (1 Y
0<| S wiilogs— 3 wivrlogy [< 2L (grose_g1-5) ", |,
i=1 i=1 (1—5u)u
o let f(x) = —logx, x € (0,00), then
m m 120(8 = o 5 B B %
0<| Y wilogyi — Y wilogx; |[< Ll) (ﬁ] o _ ! 6“) I Gp llv,
i=1 i=1 (1 —6u)x

where Gy = [ (S, wiG) (xi,5) — 51t wiGy (v,5)) G (5%, 572 ) ds, (p = 1,2,3,4).
We can also give the particular cases of above results for u =1 and v = oo.

Now, we construct exponentially convex function by using family of convex functions
defined on (0,).

Example 2.2 Let
E; ={6,:(0,0) — (0,%0) : v € R}

be a family of continuous convex functions defined by

xe™ .
2 v # 07

0,(x) =

3
5, v=0.

"
We have v — (6‘—(X)) (t € R) is exponentially convex for every fixed x € R. Using analo-

X
gous arguing as in the proof of Theorem 2.35 we also have that v — 0,[zo, . ..,%] is expo-
nentially convex (and so exponentially convex in the Jensen sense). Using Corollary 2.3 we
conclude that v — N;(0,) is exponentially convex in the Jensen sense. It is easy to verify
that this mapping is continuous (although mapping v — W, is not continuous for v = 0), so
it is exponentially convex.
For this family of functions, [, 4 (0©,A2) from (2.96), becomes

E(6)
El(es)

1
t—s
prs (B, Az) = < > , tF£s,t,s#£0;

trs (B, Az) = exp iy pix;e — XL piyie 22 t=s5#0;
iA=L S pixiei =X piviei 1) ,
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LS8 pixt =30 povt
Moo (E1,A2) = exp (- a5 | -
' 3L Pi’fi3 =2 Pix?

Now using (2.95), ;s is monotone function in parameters t and s.

d2e, \ 15
We observe here that ( ji‘; ) (Inx) = x so using Theorem 2.34 it follows that

M; s(E1,A2) = Inpy; s(Eq1,Az),

satisfies
(04 S Mt,s(]El 7A2) S ﬁ

This shows that M,’s(IEl ,\2) is a mean. Because of the above inequality (2.95), this mean
is also monotonic.

Remark 2.6 We can construct other examples for exponentially convex functions as Ex-
ample 2 for the families of continuous convex functions:

[}
Er ={w :(0,00) > R: 7R}
where
xt! .
t(t—1)’ t#0,1;
e (x) = —xlogx, t =0;
x*logx, t =1.
[ ]
E; ={x :(0,00) = (0,00) : 7 € (0,00) }
where,
r—r .
lf)gzﬂ t 7é 17
x(x) = \
5, t=1
[}
Eq = {8 :(0,0) — (0,00) : 1 € (0,0)}
where,
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2.1.3 Results Obtained for the Jensen
and the Jensen-Steffensen Inequalities
and their Converses via Lidstone Polynomial

In this subsection (see [31]), using majorization theorems and Lidstone’s interpolating
polynomials we obtain results concerning Jensen’s and the Jensen-Steffensen inequalities
and their converses in both an integral and discrete case. We give bounds for identities
related to these inequalities by using Cebysev functionals. We also give the Griiss and
Ostrowsky type inequalities for these functionals. Also we use these generalizations to
construct a linear functionals and we present mean value theorems and n-exponential con-
vexity which leads to exponential convexity and then log-convexity for these functionals.
We give some families of functions which enable us to construct a large families of func-
tions that are exponentially convex and give Stolarsky type means.
We will use the following notations for composition of functions:

Ae (2) = Ax(x), x € [a,b], k=0,1,....n— 1, (2.98)
Ac(B2) = Alx), x € [a,b],k=0,1,...,n— 1. (2.99)
Theorem 2.36 Lern € N, x = (xq,...,xn), and w = (wi,...,wy) be m-tuples such that

€la,b,wieR,i=1,....m W, =" w,Xx= WL,,,ZZ'n:I wix; and ¢ € C**[a,b]. Then

7 2 Wi (xi) — ¢(%) (2.100)
i=1

n—1

- 2 ¢(2k) (a)(bfa)zk [WLm iwi[\k(xi) f/A\k(J_C)
k=0 i=1

n—1

+ 2 ¢(2k)(b)(bia)2k |\W%n iwi;\k(xi) */N\k()_f)
= i=1

F o [0 [W,,lzwl G (12, £24) — G (2, —>] 00

Proof. Consider
7= X Wit (xi) — 9(%). (2.101)
i=1

By Widder’s lemma we can represent every function ¢ € C*"[a,b] in the form:
n—1

0() = 3 (b-a)* [629 @Ak(x) + 0 () As(v)]

k=0
b
+ (bfa)z’l”/ Gy (32, =2Y ¢ (r)dr, (2.102)

where Ay is a Lidstone polynomial. Using (2.102) we calculate ¢ (x;) and ¢(X) and from
(2.101) we obtain (2.100) ]
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Using Theorem 2.5 (a) we give generalization of Jensen’s inequality for (27)-convex
function.

Theorem 2.37 Let n € N, x = (x1,...,xn) be decreasing real m-tuple with x; € [a,b],
i=1,...,m letw=(wy,...,wy) be positive m-tuple, W, = " | w; and X = WLm S Wi

(i) Ifnis odd, then for every (2n)-convex function ¢ : [a,b] — R, it holds

n—1 m
> (D(Zk) (a) (b — [W%n 2 Wi\ x,) Ak( )
k=1 i
n—1
+ Y 0B (b—a)* | - Y wiki(x) — Ac(®) (2.103)
k=1
Moreover, we define function F : [a,b] — R, such that
n—1
F)= Y, (b= a9 (@)Au(x) + 629 (b)) (2.104)
k=1
If F is convex function, then the right hand side of (2.103) is non-negative and
7 > wid (%) — ¢ () > 0. (2.105)
i=1

(ii) If nis even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse inequality
in (2.103) holds.
Moreover, if F is concave function, then the reverse inequality in (2.105) is valid.

Proof. Forl=1,... k, such that x; > X we get

B S

Ifl=k+1,...,m—1, such that x;; <X we have

l m
ZW,'X,' = 2 WiX; — 2 WiXx; > 2 WiX — 2 WiX = 2 WiX.
i=1 i—1

i=l+1 i=l+1
So,
! !
Y owix <Y wixi foralll =1,...,m—1 (2.106)
i=1 i=1
and obviously
m m

WiX = WiX;. (2.107)
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Now, we putx = (xi,...,X,) andy = (x,...,x) in Theorem 2.5 (a) to get inequality (2.103).
For inequality (2. 105) we use fact that for convex function F' we have

Zwl x;)—F(x) > 0.

O

Remark 2.7 For x: [or, ] — R continuous decreasing function, such that x([ct, B]) C
p
[a,b] and A : o, B] — R increasing, bounded function with A(a) # A(B) andx = Jox0)dA ()

JEarw
for x(y) > X, we have:
Y Y Y
/ () dA (1) > / (y)dA () = / XA (1), v € [, B]. (2.108)
If x(y) < X we have
/ "My dn() = / P ) dr ) - / P 0are) (2.109)
o o Y
> /ﬁmm—/ﬁm(z):/ymm, velaBl.
a y o
Equality
B s
/ K1) dA (1) = / XA (1) 2.110)
obviously holds.

So, If n € N is odd, then for every (2n)-convex function ¢ : [a,b] — R, we obtain integral
version of the inequality (2.103) from the above theorem

JEO () dA)
) o
(20 | Jo Mex)dA@w) 5
2¢ A T
+:21¢(2k)(b)(b_“)2k fgﬂkéx;;)z?(t)—ixk(f) , (2.111)

which is result proved in [28].
Moreover; for the convex function F defined in (2.104) the right hand side of (2.111) is

non-negative and
J£ 0 (x(0)) d (1)
JE ar ()

If n is even, then for every (2n)-convex function ¢ : [a,b] — R the reverse inequality in
(2.111) holds. Moreover, if F is concave function, then the reverse inequality in (2.112) is
also valid.

—¢(¥) >0. (2.112)
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Remark 2.8 Motivated by the inequalities (2.103) and (2.111), we define functionals
©1(09) and O,(¢) by

01(¢) = Wﬁfiwm(xi)m»‘c) (2.113)
- :zjw @b-a* [WL S wihets) o)
- :ZIIW (b)(b— ) [W— i"zllwlwl)—ﬂk(x)
and
0n(9) = H I A ﬂ%ﬁ%“” () 2114
- Zj¢<2k><b><ba>2k M)A ) ﬁ(;’zf)“) w)],

Similarly as in [28] we can construct new families of exponentially convex function and
Cauchy type means by looking at these linear functionals. The monotonicity property of
the generalized Cauchy means obtained via these functionals can be prove by using the
properties of the linear functionals associated with this error representation, such as n-
exponential and logarithmic convexity.

Using majorization theorem for (2n)-convex function we give generalization of the
Jensen-Steffensen inequality.

Theorem 2.38 Let n € N, x = (x1,...,x,) be decreasing real m-tuple with x; € [a, ),
i=1,...,m, letwf(wl, ., Wm) be real m-tuple such that 0 < Wy < Wy, k=1,...,m
W, > O where W, = Z | Wi and X = WLm S Wix;.

(i) If nis odd, then for every (2n)-convex function ¢ : [a,b] — R, the inequality (2.103)
holds.
Moreover, for the convex function F defined in (2.104) the inequality (2.105) is also valid.

(ii) If nis even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse inequality
in (2.103) holds.

Moreover, for the concave function F defined in (2.104) the reverse inequality in (2.105) is
also valid.

Proof. Forl=1,...,k, such that x; > X we have

-1
Zwlxl Wix; = Y (xi —xip1)Wi > 0 (2.115)

i=1 i=1
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and so we get /

Forl=k+1,...,m—1, such that x;,; <X we have

m m
X (W =W — Y, wixi = Y, (xim1 —x;) (Wi — Wi—1) >0 (2.116)
i=l+1 i=I+1
and now m m
Y wix =Wy —W)x> (W —W)x, > Y, wixi. (2.117)
i=l+1 i=l+1

So, similarly as in Theorem 2.37, we get that conditions (1.19) and (1.20) for majorization
are satisfied, so inequalities (2.103) and (2.105) are valid.

]

Remark 2.9 For x: [a,B] — R continuous, decreasing function, such that x([ct, B])
[a,b] and A : [a, B] — R is either continuous or of bounded variation satisfying A (o)

A 57— JEx0dr() . :
(1) <A(B) forallx € [a,B] and X = W,forx(y) > X, we have:

/ayx(t)dk (t)—x(y) -/aml (t)= _/ayx/(,) (/O: dA (x)) dr>0

)—c./;dw) gx(y)/aydk(t) < /yx(t)dl(t).

Jo

c
<

and so

If x(y) <X we have

x(y)./yﬂd/l(t)—./yﬁx(t)d/l(t) _ —./yﬁx/(t) (/tﬁd/ux)) di >0

B p B
x./y d)L(t)>x(y)/y OE / H()dA (1)

JY
Similarly as in the Remark 2.7 we get that conditions for majorization are satisfied, so
inequalities (2.111) and (2.112) are valid.

and now

Theorem 2.39 Let n € N, x = (xy,...,x,) be real r-tuple with x; € [m,M] C [a,b], i =
1,...,r, letw = (wy,...,w,) be positive r-tuple, W, = ¥|_ w; and X = W% S WiXi.

(i) If n is odd, then for every (2n)-convex function ¢ : [a,b] — R, it holds
r

Y wid () < T o (M) + M2 (m) 2.118)
i=1

- 3 0¥ @b -a*-

- X 9P0) (b a)*-
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Moreover, for the convex function F defined in (2.104), we have

2 ) < Ao (M) + M2 g (m). (2.119)

(ii) If n is even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse inequality in
(2.118) holds.

Moreover; for the concave function F defined in (2.104) the reverse inequality in (2.119) is
also valid.

Proof. Using inequality (2.103) we have

b Y wio () = Yowio (5EM+ i=m)
i=1 i=1
(M) + 4= (m)

€|~

S .)_C
— Y oM (@)(b—a)* | TR (M) + R (m) — 3= Y wik(xi
=1 =1
n—1 I
_ ¢(2k) (b)(b— a)2k ;I:";lAk (M) + AA,;I:;ZA/( (m)— WL, 2 Wil (xi) | -
= i=1

Hence, for any odd n and (2n)-convex function ¢ we get (2.118).
For inequality (2.119) we use the fact that for convex function ' we have

,
i D wiF (xi) < 52 F (M) + 4= F (m).
i=1
(ii) Similar to the part (i) O

Corollary 2.5 Letn €N, x = (xy,...,x,) be real r-tuple with x; € [m,M], letw = (wy,...,w;)
be positive r-tuple, W, = Y7, w; and X = WL, S WiXi.
If n is odd then for every (2n)-convex function ¢ : [m,M| — R it holds

n—1

i wig(x) < Y (M —m)* 2 Wi [q)(zk) (m)Ar(x;) + 00 (M)A, (x,-)} . (2.120)
i=1 i=1

k=0
If n is even, then the reverse inequality in (2.120) is valid.

Proof. We use inequality (2.118) for m = a and M = b and (2.2). O

Remark 2.10 Forx:[o, B] — R continuous function, such that x([ct, B]) C [m, M] [a,b]

and A : [a, B] — R increasing, bounded function with A (o) # A(P) and X = faj‘ﬁT()’
2 dA(t
similarly as in Theorem 2.39 we get integral version of converse of Jensen’s inequality.
For odd n € N and for every (2n)-convex function ¢ : [a,b] — R we have:
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B
Jie O _ xm g (31) 1 5 () — 5 9029 )5 — )

JBar) e e k=1
. B Ak (x(£))dA (1)
X—m M—x o Mk
M— mA ( ) MfmAk( ) f(f d)L(l)
n— B
(2k) )2k | Z=m R M—% X  Jo Ax(x(2))dA(2)
;; ¢ (D) (b —a)™ | 3 A (M) + 3= Ax (m) —ff 20 ] ,

which is result proved in [28].
Moreover, for the convex function F defined in (2.104) we have

Ja 90t)ar(r)

— gy (M) 4 M=X ) 2.121
_fd/l(t) O (M) + 7= (m) ( )

If n is even, then for every (2n)-convex function ¢ : [a,b] — R, the reverse inequality

in(2.121) holds.
Moreover; for the concave function F defined in (2.104) the reverse inequality in (2.121) is

also valid.

Remark 2.11 Motivated by the inequalities (2.118) and (2.121), we define functionals
O3(¢) and ©4(¢) by

) = 5 X Wit (xi) — 3 (M) — 4= ¢ (m)
i=1

+ :Z:W"’ (@)(b—a)*- l{}’ﬁlf\k (M) + M=X Ry (m) — W%iilwi/ik(xi) (2.122)
+:21¢< '(b)(b—a) [Hﬁkw)%iﬂk(m)—w%lilwlﬂm) :
and
04(9) — %%—ﬁww)—mmm
.
+ 30 @0 [;;,':;Ak () + B A () é;;?:;“ )]
. :1¢<2">(b)(b P l;;,";,ﬁk (M) + =5 A ) fé%* v )]

Now, we can observe the same results which are mentioned in Remark 2.23.
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In the sequel we use the above theorems to obtain generalizations of the previous re-
sults.

For m-tuples w = (Wy,...,Wp), X = (x1,...,%y) With x; € [a,b], w; e R, i=1,...,m,
X = Wim >, wix; and function G, as defined in (2.4), we denote

sz Gu (3= 57%) —Gn (375 5%) - (2.123)

°~|

Similarly for x : [, B] — [a,b] continuous function, A : [a, B] — R as defined in Remark
2.7 or in Remark 2.9 and for all s € [, b] denote

18 G (M55t 28 ) da o)

Y(s) = T ar NE=w=) (2.124)
We have the CebySev functionals defined as:
b b 2
T(Y,Y):ﬁ/a Y2(¢)dt — (%/ Y’(t)dt) : (2.125)
b 2
T(Y,Y) = /Y’2 ds(b]—a/a Y(s)ds) . (2.126)

Theorem 2.40 Let ¢ : [a,b] — R be such that ¢ € C*'[a,b] for n € N with
2

(—a)(b-") [(p(z’lH)} € Lla,b] and x; € [a,b], wi e R, i=1,2,....m, X = Wimz;-"zl WiX;

and let the functions G,, Y and T be defined in (2.4), (2.123) and (2.125). Then

n—1

o Y wio ) — 6@ = 3 6% (@) (b—a)* lWL 3 ik () — Ad(®)
i=1 i=1

+ 3 0 (b)(b—a)? [ ZW Ax(xi) — Ak (X)
+(bia)anl <¢(2n71)( 2n 1 )

{W,,ZZWI[ (xi) A (x0)] = [An (%) + A(rc)]}

+H, (¢:a,b), (2.127)

where the remainder H} (¢;a,b) satisfies the estimation

)2)17%

|H,(¢:a,b) | < (’”“T[T(Y,Yﬁ (2.128)

2

| [ e—ae—n o) a
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Proof. If we apply Theorem 1.10 for f — Y and & — ¢*") we obtain

ﬁ /aby(t)(p(Zn) (t)dt — bLﬂ /abY(t)dt : %ﬂ /ab(f)(zn) (r)dt

< ST o

Therefore we have

2n 1 / Y 2n

b
= (p—ap? (¢<2"*1><b>—¢<2"*1><a>) [ Y@+ Hi(9:a.b),

a
where the remainder H ! (¢;a,D) satisfies the estimation (2.433). Now from identity (2.100)
and fact that A, (1 —7) = fol Gy (t,5)(1 —s)ds (see [16]) we obtain (2.127). ad

Integral case of the above theorem can be given as follows
Theorem 2.41 Let ¢ : [a,b] — R be such that ¢ € C**[a,b] for n € N with
2

(—a)(b—".) {(1)(2"“)} € Lla,b], let x : [o,f] — R be continuous functions such that

x([ex, ﬁ]) [a b| and 2. :

[a, B] — R be as defined in Remark 2.7 or in Remark 2.9 and
Let the functions G,, Y and T be defined in (2.4), (2.124) and (2.126).

:fa A1)
J‘é’dw) '
Then
BRONRD) _ oy S g [ B0020) 3 o
JBanr@) 2(1) ) Ear 1(X)
§ 008 () g2k | e M O)AE)
+I§1¢ (b)(b—a) Par® — A®)

+(b7a)2n71 (¢(2n71)(b)7¢(2n71)(a)> .

8 RaGe) + A GO A0 o

{ T [An (D) + An )]}
+H,(9;a,b), (2.129)

where the remainder H! (¢;a,b) satisfies the estimation
1 2 2

H[ a5 o) as

- —a 2}17l ~ o~
| Ay (9:a,b) |< 0= [T(T,7)]

(2.130)

Using Theorem 1.11 we also get the following Griiss type inequality.
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Theorem 2.42 Let ¢ : [a,b] — R be such that ¢ € C**[a,b] for n € N and ¢>* 1) >0 on
[a,b] and let the function Y be defined in (2.123). Then we have the representation (2.127)
and the remainder H) (¢;a,b) satisfies the bound

| H (¢:a,b) |< (b—a)* VY]] { ¢<2"*‘>(b>;¢<2"*‘><a) _ 0 () -9V (a) } _

b—a
(2.131)
Proof. Applying Theorem 1.11 for f — Y and h — ¢(*) we obtain
L7 2 L[t L
m/ﬂ ()" (1) — m/ﬂ Y(¢)dr - m/ﬂ 02" (¢1)dr
b
< sl / (t — a)(b—1)p@D(1)dr. (2.132)

Since
/ (6= a)(b— )6+ (1)dr / "0t — (a+5)] 0 (1)t

= (b—a) [p®V(b) + 9 N(a)| ~2 (0> (b) — 9 (a))
using the identity (2.100) and (2.132) we deduce (2.131). O
Integral version of the above theorem can be given as follows.

Theorem 2.43 Let ¢ : [a,b] — R be such that ¢ € C*" [a,b] for n € N and $>**1) > 0 on
[a,b] and let the function Y be defined in (2.124). Then we have the representation (2.129)
and the remainder H) (¢;a,b) satisfies the bound

| A (¢:a,b) |< (b—a)* YT||.. { ¢<2"*‘>(b>;¢<2"*‘><a) _ 02 (h) -9V (a) } _

b—a

We also give the Ostrowsky type inequality related to the generalization of majorization
inequality.

Theorem 2.44 Letx; € [a,b], w; €R,i=1,2,....m X= WLm Y wixi and let (p,q) be a

pair of conjugate exponents, that is 1 < p,q < oo and ;7 + é =1. Let p € C*™" [a,b] be such

P
that ’(l)(z”) : [a,b] — R is an R-integrable function for some N. Then we have

m n—1

i wid(x) — (@) — Y, 0 (a)(b—a)™ [WLm i wile(xi) — Ac(X)
' k=1 i=1

i=1
m B
e 3G (38 8) — G (3. 22)
i=

(2.133)

n—1

_ 2 ¢(2k)(b)(b_a)2k [WLm iwi]\k(xi) —/N\k()_C)
=

k=1

b
SCR e e (/

The constant on the right hand side of (2.133) is sharp for 1 < p < oo and the best possible
forp=1.
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Proof. Let’s denote

()= (- [ S (3 b—>cn<z—z,;,—z>]-

Using the identity (2.100) and applying Holder’s inequality we obtain

n—1

i iWi 9 (i) =0 (x) — k§)¢‘2") (a)(b—a)* lw%n iWiAk(xi) —Ak(®)
n—1 m
- I(Z()‘P(Zk) (b)(b—a)* [WL}“ > wilke(xi) = Ax(X) ‘

< (2n) qci 14
I ||p Il/f )eds |

1/q
For the proof of the sharpness of the constant (f : |‘P(t)|th> let us find a function ¢

for which the equality in (2.133) is obtained.
For 1 < p < <o take ¢ to be such that

2n dt

01 (1) = sgn¥ (1) (1) 77
For p = oo take ") (1) = sgn'¥(1).

For p = 1 we prove that

[ o o

Ja

b
< max [¥(1)| ( / o) (t)‘dt) (2.134)
t€(a,b] Ja
is the best possible inequality. Suppose that |¥(¢)]| attains its maximum at #y € [a, b]. First
we assume that W (zp) > 0. For € small enough we define ¢¢(¢) by

07 GSISIO,
(Z)S(t): gnl(tito)’a t0§t§t0+87
— >!(t—to)”*1, fo+e<t<b.

—

Then for € small enough

fo+€ 1 1 [tote
_ / Y(1)~di| = ~ / W(1)dr.
0] € €y
Now from the inequality (2.134) we have
I to+€ 10+€ I
L () dr < W(no) / Lt =¥ (1y).
1o 1o
Since
10+€
lim 1 W(r)dt =" (to)

£—0 Iy
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the statement follows. In the case ¥ (zp) < 0, we define ¢, (z) by

ﬁ(tftofs)"*l, a<t<t,
Pe(t) =9 —L(t—t0—e), t<t<t+e,

O7 o+ € <tr< b7
and the rest of the proof is the same as above. O

Integral version of the above theorem can be stated as follows.

Theorem 2.45 Let x: [a, ] — R be continuous functions such that x([ct, B]) C [a,b],A
[£x(0)dA ()

[a, B] — R be as defined in Remark 2.7 or in Remark 2.9, X = “Faro and let (p,q) be
WAL
a pair of conjugate exponents, that is 1 < p,q < o and %Jr % =1. Let ¢ € C*"[a,b] be
such that |¢") ! : [a,b] — R is an R-integrable function for some n € N. Then we have
s d = B Ac(x(e))dr(t)  »
fa ¢(I;C(t)) (t) o ¢(x) - 2 (])(zk)(a)(bfa)Zk foc kéx(t)) (t) 7/\/(()_() (2.135)
foc dA (t) k=1 fa d)t’(t)
= BR(x(t))dr ()
_ 2 ¢(2k>(b)(bfa)2k foc k[g ( )) ( ) 7/\/(()_() ‘
k=1 Jo A2 (1)
X(l)*a s—a q
b Jo Gn (g 5a ) dA (1) . a
< G- Yo, | [ (=) G (5% 54) | ds
Ja S5 dr )

The constant on the right hand side of (2.135) is sharp for 1 < p < oo and the best possible
forp=1.

2.2 Majorization and Hermite Interpolation
Polynomial

In Section 2.3 we discuss about results obtained by approximation with Taylor’s polyno-
mials. Taylor’s polynomials are useful over small intervals for functions whose derivatives
exist and are easily evaluated. Unlike that, Lagrange polynomials can be determined sim-
ply by specifying certain points on the plane through which they must pass. They agree
with a function ¢ at specified points. The values of ¢ are often determined from obser-
vation, and in some situations it is possible to determine the derivative of ¢ as well. For
example, if the independent variable is time and the function describes the position of an
object, the derivative of the function in this case is the velocity, which might be available.
In this section we consider Hermite’s interpolation which determines a polynomial that
agrees with the function and its first derivative at specified points. It includes Lagrange’s
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interpolating polynomial as particular case. When we consider Hermite’s interpolation,
we may discusse about different an error function e(r) = ¢ (t) — pg (¢), where ¢ € C"[a, ]
and ppy (1) is Hermite’s interpolating polynomial of the function ¢. On the basis of various
applications, several representations with different kind of error function e(¢) can be ob-
tained like Peano’s representation, Cauchy’s representation, Newton’s representation etc.
Here we discusse about Hermite’s interpolation with Peano’s representation and its particu-
lar cases namely, Lagrange interpolating polynomial, (m,n —m) interpolating polynomial,
two-point Taylor interpolating polynomial. Using interpolation by Hermite’s polynomi-
als we give new generalizations of majorization inequalities. We also give bounds for
the identities related to the generalizations of majorization inequalities by using Cebysev
functionals and derive the Griiss and Ostrowski type inequalities for these functionals. We
present mean value theorems which lead to exponential convexity and log-convexity for
these functionals, i.e. enable us to construct families of exponentially convex functions
and as consequences Stolarsky type of means.

2.2.1 Results Obtained by Hermite Interpolation Polynomial

Let —co< @< f <ooand o <a; <ap---<ar<f, (r>2) be the given points. For
¢ € C"[cr, B] a unique polynomial pg(s) of degree (n — 1) exists satisfying any of the
following conditions:
Hermite conditions:

. ) r
pi(a) = 9'(a;); 0<i<k, 1<j<r Ykji+r=n (H)
=1

It is of great interest to note that Hermite conditions include the following particular cases:
Lagrange conditions:(r = n, k; = 0 for all j)

praj) = ¢(a;),1 < j<n,

Type (m,n—m) conditions: (r =2, 1<m<n—1,ki=m—1, ky=n—-m—1)
p((rlpzn)(a) = (P(i)(a)a 0 <i<m-— 1)
Py (B)=90(B),0<i<n—m—1,
Two-point Taylor conditions: (n =2m,r=2,kj =k, =m—1)
Do) = ¢ gy — 4@ 0<i<m—1
Pyr(a) = ¢ (a), pyr(B) =9 (B),0<i<m—1.
We have the following result from [16].

Theorem 2.46 Let —o<a<fi<ewando <ay <ay - <a, <P, (r>2)be the given
points, and ¢ € C"[aL, B]. Then we have

O(t) =pu(t)+Run(0,t) (2.136)
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where pg (t) is Hermite’s interpolating polynomial, i.c.

r kj .
pu(t) =Y Y Hij(t)o' (a;):

j=1i=0

the H;; are fundamental polynomials of the Hermite basis defined by

ki—i ki+1
1 o(t) S dk ((t—ap)y X
Hii(t)= —-————— - | —— t—a; 2.137
l}( ) il ([—aj)kj+lil kzzo k! dtk ( U)(f) tia.( a}) ) ( )
-
with ,
o) =[10-a)""", (2.138)
j=1
and the remainder is given by
B
Rit(9:0) = [ Guualt,5)9")(s)ds
o
where Gy ,(t,s) (Peano’s kernel) is defined by
l kj _ =il
2‘1 -go (a(”*si)*l)' Hyj(1); s <1,
Gralt,s) =4 7770 o (2.139)
- L Hi(t): s >,
j:§1:+1i:0 (n—i=1)! i(t): 5 2

foralla; <s<a;,1;1=0,....,r withay= o and a,, = .

Remark 2.12 In particular cases,

a) for Lagrange conditions, from Theorem 2.46 we have
¢(t) = pL(t) +RL(9,1)

where pr(t) is the Lagrange interpolating polynomial i.e,

n n

o) = 3 TT (%) 9(as)

J=li=1 “4j — %
k#j

and the remainder Ry.(,t) is given by

Ri(¢.1) = /ﬁ GL(t,s)0" (s)ds

[0

with i | ,
— —da,
1 Zle—r I (“f*‘fk>’ =t
GLt,s) = —— . Wi (2.140)
(n—1)! a1 1—ay
- X (aj—s)" 11 (—X% s>t
PEn i =g NG
K]

aq<s<ay,l=12,....n—1witha; = o and a,, = B;
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b) for type (m,n —m) conditions, from Theorem 2.46 we have
(P(t) = P(m,n) (t) + R(m,n) ((P,t)
where Py, ) (t) is (m,n —m) interpolating polynomial, i.e

m—1 n—m—1

P (1) =, T(1)9' () + ;) n:()9'(B),

i=0
with
(1) = %(tf a)i(;_%)nmmkzloi <nmk+k 1> (;:O;)k (2.141)
and '
ni(t) = ll, (tﬁ)"(é_ooi)mngl <m+]/: 1) (;_%)k (2.142)

and the remainder Ry, ,y(9,1t) is given by

B
R(m,n)((pvt):/;C G(m,n)(t7s)¢(n>(s)ds

with

’:201 {mpzl:()j (nfm;rpfl) (%)p} .

G(mn)(t 5) = %,(ﬁ—‘;)nm’ a<s<t<p
n—-m—1 rn—m—i— Y

_ Eo [ qgo (m+;/71) (ET(;) }

—B)i(B—s)—i—] _ m
%([ﬁ) : a<t<s<p:

(2.143)

c¢) for Type Two-point Taylor conditions, from Theorem 2.46 we have

O(t) = por(t) + Ror(9,1)

where po1(t)is the two-point Taylor interpolating polynomial i.e,

pr =23 (" [ () () e

+4 _i!B)i (;ii)m ( ;_f; >k¢"(B)} (2.144)
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and the remainder Ry (¢,t) is given by

B
Ror(6,1) = /a Gar(1,5)0™ (s)ds

with

M

™t 9"S (" P [ K A (RO MRS
Gurlt) =1 |, =0 (2.145)

Tl (55 9 3 ()= pl ), sz
where p(t,s) = =21 (1, 5) = p(t,5), V1,5 € e, B].

Now we give identities related to generalizations of majorization inequality obtained
by interpolation by Hermite’s polynomials.

Theorem 2.47 ([8]) Let —o< a<f <candoa<a; <ay---<ar<P, (r>2)bethe
given points, and ¢ € C"[a, Bl andw = (W1,..., W), X = (X1,...,Xm) andy = (Y1,...,Ym)
be m-tuples such that x;, y; € [, B],w; € R (I =1,...,m). Also let H;; be the fundamental
polynomials of the Hermite basis and Gy , be the Green function as defined by (2.137) and
(2.139) respectively. Then

Ms

wy (Hij(x;) — Hij(y1))

iwld’(xl)_iwld’ () i S [
=1

=1 j=1 ,:o =1 (2.146)
/ 2 GHn xla GH,n(ylvs))‘| (p(")(s)ds
Proof. Using (2.136) in 3", w; ¢ (x;) — X%, wy ¢ (v;) we obtain (2.146). |

Integral version of the above theorem can be stated as follows.
Theorem 2.48 ([8]) Let —o< a<f <candoa<a; <ay---<ar<P, (r>2)bethe
given points, ¢ € C"[a, B] and x,y : [a,b] — [, B], w: [a,b] — R be continuous functions.

Also let H;j be the fundamental polynomials of the Hermite basis and Gy, be the Green
function as defined by (2.137) and (2.139) respectively. Then

b b
[ ot - / w(©)0(3(x))dr

b
=3 S o0 [ [ v ety -] s

J=1i=0
+/ [/ ) (G n(x(7), )_GH,n<y(T),S))dT:| 0™ (s)ds.

In the following theorem we give generalized majorization inequality.
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Theorem 2.49 ([8]) Let —o< a <f <ewand o <aj <ay---<a, <P, (r>2)be
the given points, and w = (Wi, ..., Wp), X = (X1,...,Xn) andy = (y1,...,Ym) be m-tuples
such that x;, y; € [, B],w; € R (I=1,...,m). Also let H;j be the fundamental polynomials
of the Hermite basis and Gy, be the Green function as defined by (2.137) and (2.139)
respectively. If ¢ : [ot, B] — R is n-convex and

wi (GH,n(xl»S)—GH,n(yl»S)) 207 RIS [O‘aB] (2148)

M=

T
I

Then

Yowie(x) =Y, wio(v)
= = (2.149)

Hij(x;) H;j(vr).

T Ms
H M\_
H M\.

33 mE s

Proof.  Since the function ¢ is n-convex, therefore without loss of generality we can
assume that ¢ is n-times differentiable and (])(”) > 0see [144, p. 16 and p. 293]. Hence, we
can apply Theorem 2.47 to obtain (2.149). O

HM=

Integral version of the above theorem can be stated as follows.

Theorem 2.50 ([8]) Let —o< o <f <ccanda<a; <ay---<ar<P, (r>2)bethe
given points, and x,y : [a,b] — [a, B], w : [a,b] — R be continuous functions. Also let H;;
be the fundamental polynomials of the Hermite basis and Gp , be the Green function as
defined by (2.137) and (2.139) respectively. If ¢ : [, B] — R is n-convex and

/ (2 (Gun(x(1),5) — Gun(y(2),5))dT > 0, 5 € [ct, B]. (2.150)

Then
b b
[ w@oe)ar - [Cw@et)dr
ro ki b
=IRUCH [/ w(t) (Hij(x(7)) — Hij(y(7))) d| . (2.151)
j=1i=0 a

In the following theorem we discuss the case for majorized tuples.

Theorem 2.51 Ler all the assumptions of Theorem 2.49 be satisfied. Additionally, let
y < x. If the inequality (2.149) holds for w; = 1, | = 1,..,m and the function

F() =Y 0" (a)H() (2.152)
is convex on [, B], then the following inequality holds.

Yon) < i ¢ (xi). (2.153)
i=1
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Proof. 1f (2.149) holds, the right hand side of (2.149) can be written in the form

m

F(x)— Y, F(n),

1 =1

M=

~

where F is defined by (2.152). If F is convex, then by majorization theorem we have

m

m _
ZF(XP) - ZF()’l) >0,
=1 I=1

i.e. the right hand side of (2.149) is nonnegative, so (2.153) immediately follows. O

The weighted version of the above theorem can be presented as follows.

Theorem 2.52 Let all the assumptions of Theorem 2.49 be satisfied. Additionally, let
x=(x1,...,Xm) andy = (y1,...,Vm) be decreasing m-tuples such that

! !
N wiyi < Yowixi forl=1,....m—1, (2.154)
i=1 i=1

and

m m
Y owiyi = D wixi. (2.155)
i=1 i=1

hold. If the inequality (2.149) holds and the function

_ ki
F() =Y 3 0" (a)Hi(-) (2.156)
j=1i=0

is convex on [, B], then the following inequality holds.

m m
Swio (i) < Y wid(x). (2.157)
i=1 i=1

Proof. The proof is similar to the proof of Theorem 2.51. O

The integral version of the above theorem can be stated as follows.

Theorem 2.53 Let all the assumptions of Theorem 2.50 be satisfied. Additionally, let x
and y be decreasing functions such that (2.67) and (2.68) hold. If the inequality (2.149)
holds and the function

[ Mz

, ok
F() =Y Y 0" (a)H(-) (2.158)
j=1i=0
is convex on [, B], then the following inequality holds.

b b
[ w@otendr < [Cwwo()a. (2.159)
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By using Lagrange conditions we can give the following result.
Corollary 2.6 Let —o<a<f <occanda<a; <ay--<ay, <P, (n>2)bethe given
points, and w = (Wy,...,Wp), X = (x1,...,Xm) andy = (y1,...,ym) be m-tuples such that
x, v € [a, Bl,w € R (I =1,...,m). Let Gy, be the Green function as defined in (2.140).

(i) If ¢ : [a, B] — R is n-convex and

wi (GL(x1,8) — GL(y1,8)) >0, s€ o, B].

M=

N
Il

Then
> owi¢(x)— sz o ()
=1

i 2, 0l

=
7N
=
|
2
N—
|
\g!
=
™M=
<
5
S~—
—=
7N
=
|
RS

aj—ak>'

(2.160)

T M§

=1 =1 k=1
k#j

(i) If the inequality (2.160) holds and x, y are decreasing m-tuples such that (2.154),
(2.155) hold and the function

is convex on [, B], then the inequality (2.157) holds.
By using type (m,n — m) conditions we can give the following result.

Corollary 2.7 Let [, ] be an interval and w = (wy,...,wp), X = (x1,...,xp) andy =
(V1,---,¥p) be p-tuples such that x;, y; € [0, B],w; € R (I = 1,...,p). Let G, be the
Green function as defined by (2.143) and t;,M; be as defined in (2.141) and (2.142) respec-
tively.

(i) If ¢ : [a, B] — R is n-convex and

wi (G(m,n)(xlas) - G(m,n)())las)) >0, s€ [Ol,ﬁ].

M~

~

1

Then
P m—1 p
Y wi¢ () ZWJ(Z) )= YN wimi(x) — ) e’ (a)
= i=0 =1
nemel p (2.161)

+ ) wi(Mi(xr) = i) 9" (B).
1

i=0 I=
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(ii) If(2.161) holds and x, y are decreasing p-tuples such that (2.154), (2.155) hold and

the function
m—1 n—m—1
F()= ;) ()9 (o) + ;) ni(-)9'(B)

is convex on o, B], then
P P
S wio(n) < Y wid(x,).
=1 I=1

By using Two-point Taylor conditions we can give the following result.

Corollary 2.8 Let [a, ] be an interval and w = (wy,...,wp), X = (x1,...,xp) andy =
(¥15---,¥p) be p-tuples such that x;, y; € [, B],w; € R (I =1,...,p). Let par and Gar be
as defined by (2.144) and (2.145), respectively.

(i) If ¢ : [a, B] — R is n-convex and

wy (Gzr(xl,s) — Gzr(yl,s)) >0, se [oc,ﬁ].

DM~

=1

Then
P P P P
Nowio ()= Y wio (vi) =D wipar(x1) = >, wipar (1) (2.162)
=1 =1 =1 =1

(ii) If (2.162) holds and x, y are decreasing p-tuples such that (2.154), (2.155) hold and
the function par is convex on o, B], then

P P
Nowio () <D wio(x).
=1 =1

Remark 2.13 Similarly we can give related results to Corollary 2.6-2.8 for majorized
tuples. Also we can give related integral version.

In the sequel (see [8]) we use the above theorems to obtain generalizations of the pre-
vious results.

For m-tuples w = (w1,...,wp), X = (x1,...,%n) and y = (y1,...,ym) With x;, y; €
[, B],w; €R (I =1,...,m) and the Green function G , as defined in (2.139), denote

M=

9{H<s) = wi (GH,n<xlas)_GH,n<ylas))a RS [OC,B], (2163)

=1

similarly for continuous functions x,y : [a,b] — [a, B], w : [a,b] — R and the Green func-
tion G, as defined in (2.139), denote

Br(s) = /abw(l') (Gun(x(7),s) — Gua(y(1),5))dr, s€][c,B]. (2.164)
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Consider the éebyéev functionals T(Ry, Ry ), T(By, By ) are given by:

B B 2
T(Ru,Ry) = B%oc R, (s)ds — <B i a/a ERH(s)ds>

T(By,By)= ﬁ%a/j B2 (s)ds — <Bia /j %H(s)ds>2

Theorem 2.54 ([8]) Let —o < a < f <eoand a<a; <ar-- <a <f, (r>2)
be the given points, and ¢ € C"[at,B] such that (- — o)(B —-)[¢"*V)? € L[, B] and
w=(Wi...,Wn), X = (X1,...,%n) and y = (y1,...,Ym) be m-tuples such that x;, y; €
(o, B],w; € R (I =1,...,m). Also let H;j be the fundamental polynomials of the Hermite
basis and the functions Gy , and Ry be defined by (2.139) and (2.163) respectively. Then

<

m r k
N wio(x) ZWHP =Y o0 [Zwl ij(x1) Hij(yl))]
i=1

j=1i=0
nl nl
42 ([2 i /my<s)ds+xy(¢;a,/3). (2.165)

where the remainder Ky (9; o, B) satisfies the estimation

B —a
V2

Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

1

2

ku (90, B)| < TRy, B2

B
[ =B =s)lo*(s)Ps

The integral version of the above theorem can be stated as follows.

Theorem 2.55 ([8]) Let —o< o <f <ccanda<a <ay - <a, <P, (r>2)bethe
given points, and ¢ € C"[cx, B] such that (-— o)(B —-)[¢"*V)? € L[, B] and x,y : [a,b] —
[or, B], w: [a,b] — R be continuous functions. Also let H;; be the fundamental polynomials
of the Hermite basis and the functions Gy, and By be defined by (2.139) and (2.164)
respectively. Then

b b
A\Mﬂ¢@@DdT—L1Mﬂ¢@@DdT (2.166)
b
= 33 00tap [ wio) oo o ]
j=li
Lo ”(ﬁg_ff (o /j%H(s)deH(qJ;a,ﬁ). (2.167)

where the remainder Ky (¢; o, B) satisfies the estimation

N

7 [T (Bu,Bu)|?

Kn(9:0,B) <

B
| 5= a)B -9l )Pds
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Using Theorem 1.11 we obtain the following Griiss type inequalities.

Theorem 2.56 ([8]) Let —o<a<f <ccanda<a; <ay - <a, <P, (r>2)bethe
given points, and ¢ € C"[a, B] such that ") is monotonic non decreasing on o, 8] and
let SRy be defined by (2.163). Then the representation (2.165) holds and the remainder
ku (¢; o, B) satisfies the bound

(n—1) (n—1) (n—2) _ H(n=2)
|KH(¢;Q7B)|§%|OO{¢ B)+0"e) _9p) -0 (a)}_

B—a
Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral case of the above theorem can be given as follows.

Theorem 2.57 ([8]) Let —o<a <P <wand a <aj <ay-- <ar <P, (r>2)be
the given points, and ¢ € C"[at, B] such that ¢ is monotonic non decreasing on |a, ]
and let x,y : [a,b] — [a, B], w: [a,b] — R be continuous functions and the functions Gy
and By be defined by (2.139) and (2.164) respectively. Then we have the representation
(2.166) and the remainder Ky ,(¢; o, B) satisfies the bound

(n—1) (n—1) (n—2) 4 (-2)
lkﬂw;a,ﬁns%mw{"’ (B)+9" (@) 9" (B) -9 <a>}.

2 B—o

We present the Ostrowski type inequalities related to generalizations of majorization
inequality.

Theorem 2.58 ([8]) Suppose that all assumptions of Theorem 2.47 hold. Assume (p,q)

is a pair of conjugate exponents, thatis 1 < p,q<oo, 1/p+1/q=1. Let ‘(l) o, Bl — R
be an R-integrable function. Then we have:
m r kj . m
N wi(x) ZWMP Vi) 2 2‘15()(“1') N wi (Hij(x;) — Hij(w))
=1 j=li= =1
<|[¢"™| 1194l (2.168)

where Ry is defined in (2.163).
The constant on the right-hand side of (2.168) is sharp for 1 < p < oo and the best
possible for p = 1.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O
Integral version of the above theorem can be given as follows.

Theorem 2.59 ([8]) Suppose that all assumptions of Theorem 2.48 hold. Assume (p,q)
P

is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q=1. Let ‘(Z) n)
[a, B] — R be an R-integrable function. Then we have:
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b b
/a W(T)(Z)(X(T))dr—/a w()9 (v(1))dT

rkj

_ 3 Y60 (a)) [/abw(r) (Hi;(x(7)) —Hij(y(r)))dr]

<[
j=1i=0

B, (2169

where By is defined in (2.164).
The constant on the right-hand side of (2.169) is sharp for 1 < p < o and the best
possible for p = 1.

Remark 2.14 ([8]) We can give all these results of bounds for the Lagrange conditions,
Type (m,n — m) conditions, Two-point Taylor conditions.

Motivated (see [8]) by inequalities (2.149) and (2.151), under the assumptions of The-
orems 2.49 and 2.50 we define the following linear functionals:

FI0) =S wio ()~ 3w o ()
=1 =1

r kj . m
- 21 2%)‘1’(’) (a;) lz wy (Hij(x;) _Hij<)’l))1 : (2.170)
j=1i= I=1
FE®) = [w@ote)dr— WDt
ro ki b
=3 3000 | [ w(e) Hya(e) - B as] . @1y
j=1i=0 a

Remark 2.15 ([8]) Under the assumptions of Theorems 2.49 and 2.50, it holds
FH(¢)>0,i=1,2, for all n-convex functions ¢.

The Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems.

Theorem 2.60 ([8]) Ler ¢ : [ct, f] — R be such that ¢ € C"[ct, B]. If the inequalities in
(2.148) and (2.150) hold, then there exist & € [a, B] such that

Fife)=o"E)r(), i=12
where @(x) = )’;—’: and FIH, i=1,2 are defined by (2.170) and(2.171).

Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see also the
proof of Theorem 4.1 in [86]). O
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Theorem 2.61 ([8]) Let ¢,y : [a, B] — R be such that ¢,y € C"[or, B]. If the inequali-
ties in (2.148) and (2.150) hold, then there exist & € [ot, 3] such that

Fio) _ o™ ._,

Fiy) g

provided that the denominators are non-zero and F lH , 1= 1,2, are defined by (2.170)
and(2.171).

Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see also the
proof of Corollary 4.2 in [86]). O

We use an idea from [142] and produce n-exponentially and exponentially convex func-
tions.

Theorem 2.62 ([8]) Let Q = {¢ : 1 € J}, where J is an interval in R, be a family
of functions defined on an interval [o, ] such that the function t — [xo,...,Xn; @] is n-
exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0, -+, Xn € [, B]. Then for the linear functionals F ¥ (¢,) (i = 1,2) as defined by (2.170)
and (2.171), the following statements hold:

(i) The functiont — FLH((])I) is n-exponentially convex in the Jensen sense on J and the
matrix [F (914 )I71—1 is a positive semi-definite for all m € N,m < n, t1,...ty € J.
SRRV}

Particularly,

det[F ' (@r+)]7=y > O forallm €N, m=1.2,...,n.
2 '

(ii) If the functiont — F f’ (¢r) is continuous on J, then it is n-exponentially convex on J.

Proof. The idea of the proof is the same as that of the proof of Theorem 1.39. O

The following corollary is an immediate consequence of the above theorem

Corollary 2.9 ([8]) Ler Q = {¢, : t € J}, where J is an interval in R, be a family of
functions defined on an interval [, B] such that the function t «— [xo,...,Xn; @] is ex-
ponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0, -+, Xn € [, B]. Then for the linear functionals F ¥ (¢,) (i =1,2) as defined by (2.170)
and (2.171), the following statements hold:

(i) The functiont — | lH (¢y) is exponentially convex in the Jensen sense on J and the
matrix [F (¢4 )I71=1 is a positive semi-definite for all m € N,m < n, ty,...ty € J.
WALV

Particularly,

det[F ' (@r4)]71=y > 0 forallm e N, m=1,2,...,n.
2

(ii) If the functiont — | fi (¢y) is continuous on J, then it is exponentially convex on J.
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Corollary 2.10 ([8]) Let Q = {¢ : t € J}, where J is an interval in R, be a family
of functions defined on an interval [o, ] such that the function t — [xo,...,xn; @] is 2-

exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X05- -y Xn € [0, B]. Let FH, i = 1,2 be linear functionals defined by (2.170) and (2.171).
Then the following statements hold.:

(i) If the function t — | lH (¢y) is continuous on J, then it is 2-exponentially convex
function on J. If t — Ffl(q)t) is additionally strictly positive, then it is also log-
convex on J. Furthermore, the following inequality holds true:

_ t—s §— .
FE@O " < [Fle)] " [Fl @), i=12
for every choice r,s,t € J, such that r < s <t.

(ii) If the function t — F,H((Pt) is strictly positive and differentiable on J, then for every
p,q,u,v € J, such that p < u and q < v, we have

Upg(FE.Q) < i (FF,Q), (2.172)

where

1
FH n—
‘(¢”))’ Y, p#a

g (FH Q) = (7 ZH&%) 2.173)

i f?<¢p>) _y

F(9p)
for ¢p, ¢4 € Q.
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10. O
Remark 1.19 is also valid for these functionals.

Remark 2.16 ([8]) Similar examples can be discussed as given in Section 1.4.

2.2.2 Results Obtained by Green’s Function and Hermite
Interpolation Polynomial

In this subsection, using interpolation by Hermite interpolating polynomials in combina-
tion with Green’s function (1.180) we establish new identities for majorization inequalities
which enable us to obtain new generalization of majorization inequalities. Using new iden-
tities we present analogous results as in the previous subsection.

The following lemma describes the positivity of function (2.139) (see [43], [111]).

Lemma 2.4 The Green function Gu ,(t,s) has the following properties:

o Gyt
(i) ”wZSY’ >0,a1 <t <apar <s<a;

(ii) Gra(t,5) < Gpyigg=ay W(O;

(iii) [P Gpn(t,s)ds = 10
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In the following theorem we some identities related to generalizations of majorization
inequality.
Theorem 2.63 ([10]) Let —c <o <f <ecando <aj;<ay---<a, <P, (r>2)bethe
given points, and ¢ € C"[ct, B] andw = (Wi, ..., wn), X = (x1,..., %) andy = (¥1,...,Ym)

be m-tuples such that x;, y; € [o, B],w; €R (I =1,...,m). Also let H;j,Gn , and G be as
defined in (2.137), (2.139) and (1.180) respectively. Then

ZWJ(P x7) ZWNP i) (ﬁﬁ) C 2
;K
Zwl (x1,8) = Gyt 1 > > 0 apHy(o)ar (2.174)

a5
+/ / [ZWI (x1,) = G(yi,1))

Proof. Using (1.181)in ¥* , w; ¢ (x;) — X", wy ¢ (1) we have

Grna(t,5)9" (s)dsdr.

iWHP(xl)* iwl(l)()’l)

ZWIG xlv ZWIG()’lJ) (])//(t)d[.

SRR SR

=1

(2.175)
By Theorem 2.46, ¢” (1) can be expressed as
ok . p
= X S H 007 @)+ [ Guaalt)o 95 @176)
j=1i=0 o
Using (2.176) in (2.175) we get (2.174). 0

Integral version of the above theorem can be stated as follows.

Theorem 2.64 ([10]) Let —~ <o <P <oanda<a;<ay---<ar <P, (r>2)bethe
given points, ¢ € C"[ct, B] and x,y : [a,b] — [ct, B], w: [a,b] — R be continuous functions.
Also let H;j, Gy, and G be as defined in (2.137), (2.139) and (1.180) respectively. Then

B[ rb roko
) L w0t~ 6@ 0)ae| 5 300 @t

1
+ /a ’ /a ’ { / bw(r) (G(x(1),1) — G(y(r),t))dr] Grin_2(t,5)9" (s)dsdr.
(2.177)
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Theorem 2.65 ([10]) Let —c < ot =a; < az--- < ar=ff <o, (r > 2) be the given
points, w = (Wi,...,Wy), X = (x1,...,%,) and y = (y1,...,¥m) be m-tuples such that
x, yi € |o,Bl,w € R (I =1,...,m) and H;j, G be as defined in (2.137) and (1.180) re-
spectively. Let ¢ : [a, B] — R be n-convex and

M=

wi (Gx,1) = Gyi,1)) 20, 1€ [a, . (2.178)
l

Consider the inequality

iWMP (x1) — iwﬂp i) > MZ(Q) iwz (X1 —y1)
=1 =1

B
o)
Ja

(i) Ifkj is odd for each j =2, ..,r, then the inequality (2.179) holds.

i wi (G(xg,t) = Gont) | XY 0 (a;)Hij(r)dr. (2.179)
=1 j

(ii) If k; is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequality in
(2.179) holds.

Proof.

(i) Since the function ¢ is n-convex, therefore without loss of generality we can assume
that ¢ is n—times differentiable and ™) > 0 see [144, p. 16 and p. 293]. Also as
it is given that k; is odd for each j = 1,2,..,r, therefore we have w(r) > 0 and by
using Lemma 2.4(i) we have GH!H,Q(Z‘,S) > 0. Hence, we can apply Theorem 2.63
to obtain (2.179).

(ii) If k, is even then (¢ —a,)f ! < 0 for any ¢ € [a, B]. Also clearly (t —ap)f1+! >0
for any 7 € [or, ] and H;;i(r —a;)kit >0 for t € [, B] if k; is odd for each
j=2,..,r—1, therefore combining all these we have w(t) = [T;_,(t —a;)* ™ <0
for any 7 € [ot, B] and by using Lemma 2.4(i) we have Gy »,»(t,s) < 0. Hence, we
can apply Theorem 2.63 to obtain reverse inequality in (2.179).

Integral version of the above theorem can be stated as follows.

Theorem 2.66 ([10]) Let —~ < o =a; <ay--- < a, = <o, (r > 2) be given points
and x,y: [a,b] — [ot, B], w: [a,b] — R be continuous functions and H;; and G be as defined
in (2.137) and (1.180) respectively. Let ¢ : [, B] — R be n-convex and

/ " w(2) (G((1),1) — GOy(2).1))dT > 0, 1€ [at, B]. (2.180)
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Consider the inequality

[@o0@)r - /}(rm(y(r)) o2 20D o)) - y(pae

+/[/ ) (Gx(2),1) — G(x( }

(i) Ifkj is odd for each j =2, ..,r, then the inequality (2.181) holds.

B-

zr: (f) l+2 Hij(l)dl.

j=1i=0

(2.181)

(ii) If k; is odd for each j =2,..,r — 1 and k, is even, then the reverse inequality in
(2.181) holds.

By using type (m,n — m) conditions we can give the following result.

Corollary 2.11 ([10]) Let [oc,B] be an interval and w = (wi,...,wp), X = (X1,...,Xp)
andy = (y1,...,yp) be p-tuples such that x;, y; € [o, B],w; € R (I=1,...,p). Let G be
the Green function as defined in (1.180) and 7;,n; be as defined in (2.141) and (2.142)
respectively. Let ¢ : [ot, B] — R be n-convex and the inequality (2.178) holds for p-tuples.
Consider the inequality

iwm(xl)*iwm()’l) > wiwl(ﬂyﬂ

S |
of

(i) If n —mis even, then the inequality (2.182) holds.

m—1 n—m—1
ZWI (x1,1) = G(yr,t KZT o 2 ni(r) 9+ ( ﬁ))df-

(2.182)

(ii) If n—m is odd, then the reverse inequality in (2.182) holds.
By using Two-point Taylor conditions we can give the following result.

Corollary 2.12 ([10]) Let [ct,] be an interval, w = (wy,...,wp), X = (x1,...,Xp) and
Yy = (1,...,yp) be p-tuples such that x;, y; € [o,B],w; € R (I =1,...,p) and G be the
Green function as defined in (1.180). Let ¢ : [ct, B] — R be n-convex and the inequality
(2.178) holds for p-tuples. Consider the inequality

ZWJ(Z) x7) iwzfl’ 1) > Wiwz X;—
=1

=1
o)

p

Y wi (Glx.1) —G(YIJ))]

=1

B S ) e

i=0 k=0

G () v
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(i) If m is even, then the inequality (2.183) holds.
(ii) If m is odd, then the reverse inequality in (2.183) holds.

Remark 2.17 Similarly, one can also easily obtain the integral variants of Corollaries
2.11,2.12.

The following generalization of majorization theorem is valid.
Theorem 2.67 ([10]) Let —o < 0t =a; < ap--- < a, = ff < oo, (r > 2) be the given

points, x = (x1,...,Xp) andy = (y1,...,ym) be m-tuples such that y < x with x;, y; € [, ]
(I=1,...,m). Let H;; be as defined in (2.137) and ¢ : o, 8] — R be n-convex. Consider

=~

J

i (G(xs,1) = Gyt ] i 2 ¢ l+2 a;)H;j(t)dr.

=1 j=1i=0

m

B
200 =
=1 =1 b /O‘

M=

> o (x)

(2.184)
(i) Ifkj is odd for each j =2, ..,r, then the inequality (2.184) holds.

(ii) If k; is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequality in
(2.184) holds.

(iii) If the inequality (reverse inequality) in (2.184) holds and the function

2 2 / 1) (a;)dr (2.185)

j=1i=0

is convex (concave) on [, B, then the right hand side of (2.184) will be non negative
(non positive) that is the inequality (reverse inequality) in (2.153) will holds.

Proof. (i) Since the function G is convex and y < x therefore by Theorem 1.12, the
inequality (2.178) holds for w; = 1. Hence by Theorem 2.65(i) the inequality (2.184)
holds.

(i1) Similar to part (ii).

(iii) The proof is similar to the proof of Theorem 2.51. o

In the following theorem we give generalization of Fuch’s majorization theorem.
Theorem 2.68 ([10]) Let —~ < 0t =a; < ap--- < a, = ff < oo, (r > 2) be the given
points, x = (x1,...,xu) andy = (y1,...,ym) be decreasing m-tuples and w = (wy, ..., wp,)

be any m-tuple with x;, y; € [ot, B],w; € R (I = 1,...,m) which satisfy (1.19) and (1.20).
Let H;j be as defined in (2.137)and ¢ : [a, B] — R be n-convex, then

> owid (x)) — Y wid (vi)
=1 =1
.k

- [ [2 Glx) = Gl | 3

=1 j=1i=0

o2 (aj)Hij(r)dr.  (2.186)

e
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(1) If'k; is odd for each j =2,..,r, then the inequality (2.186) holds.

(ii) If k; is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequality in
(2.186) holds.

(iii) If the inequality (reverse inequality) in (2.186) holds and the function

2 2 / G(- 00 (a))dt (2.187)

j=1i=0

is convex (concave) on [, B], then the right hand side of (2.186) will be non negative
(non positive) that is the inequality (reverse inequality) in (2.157) will hold.

Proof. Similar to the proof of Theorem 2.67. O

In the following theorem we give generalized majorization integral inequality.

Theorem 2.69 ([10]) Let —c< o< f <occand a=ay < ay---<a,=f, (r>2) be
the given points, and x,y : [a,b] — [, B] be decreasing and w : [a,b] — R be continuous
Sfunctions such that (1.27) and (1.28) hold. Also let H;j be as defined in (2.137) and ¢ :

[a, B] — R be n-convex and consider the inequality

b b
/a w(2)9 (x(1))dT — / w(2)9(y(1))dt
8 b (2.188)
> / V w(T) (G(x(t),1) — ))dt 224)‘*2 (aj)Hyj(t)dr.

o j=li=
(i) Ifkj is odd for each j =2, ..,r, then the inequality (2.188) holds.

(ii) If k; is odd for each j =2,..,r — 1 and k, is even, then the reverse inequality in
(2.188) holds.

(iii) If the inequality (reverse inequality) in (2.188) holds and the function
2 2 / 1)¢ (a;)dr (2.189)
j=1li=

is convex (concave), then the right hand side of (2.188) will be non negative (non
positive) that is the inequality (reverse inequality) in (2.159) will hold.

By using type (m,n —m) conditions we can give generalization of majorization in-
equality for majorized tuples:

Corollary 2.13 ([10]) Let [o,B] be an interval, x = (x1,...,x,) andy = (yi,...,¥p) be
any p-tuple such that'y < x with x;,y; € [a, B] (I =1,...,p). Let T; and n; be as defined in
(2.141) and (2.142) respectively and ¢ : [a, B] — R be n-convex. Consider
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p p
o)=Y o)

=1 l

m—1 n—m—1
i(G(xl, Gyt ](Z ()9 (o) + 2 ni(1) o2 B)) dr.

(2.190)

—

(i) If n—mis even, then the inequality (2.190) holds.
(ii) If n—m is odd, then the reverse inequality in (2.190) holds.
(iii) If the inequality (reverse inequality) in (2.190) holds and the function
B m—1 ' n—m-—1 '
- [ 6t (20 G000+ 3 n,»<r>¢’(ﬁ>> a e

is convex (concave) on [, B, then the right hand side of (2.190) will be non negative
(non positive) that is the inequality (reverse inequality) in (2.153) will hold.

By using Two-point Taylor conditions we can give generalization of majorization in-
equality for majorized tuples:

Corollary 2.14 ([10]) Let [a, B] be an interval and x = (xl, X ) = (y1,- ,yp) be
decreasing p-tuples such thaty < x with x;,y; € [o,B] (I =1,. Let ¢ : [0, B] —
be n-convex. Consider
p p g[r
> 000~ 000> [ |2 (0= Conn)| Py, 2150
=1 =1 o =1

=58 (S o

+(f —i!ﬁ)i (;—zy(;_%)kd,(m)(ﬁ)] .

(i) If m is even, then the inequality (2.192) holds.

(ii) If mis odd, then the reverse inequality in (2.192) holds.

(iii) If the inequality (reverse inequality) in (2.192) holds and the function

P()= /f G(-,1)F(¢)dt

is convex (concave) on [, 3], then the right hand side of (2.192) will be non negative
(non positive) that is the inequality (reverse inequality) in (2.153) will hold.
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Remark 2.18 Similarly we can give the weighted and integral version of Corollaries
2.13,2.14.

In the sequel (see [10]) we use the above theorems to obtain generalizations of the
previous results.

For m-tuples w = (w1,...,wp), X = (x1,...,%n) and y = (y1,...,ym) With x;, y; €
(o, B],w; € R (I =1,...,m) and the Green functions G and Gy, be as defined in (1.180)
and (2.139) respectively, denote

/[ZM (x1,1) = G(yi,1))

G a(t,s)dt, se[o,pl, (2.193)

similarly for continuous functions x,y : [a,b] — [a, B], w : [a,b] — R and the Green func-
tion G and Gy, be as defined in (1.180) and (2.139) respectively, denote

3(s) = /ﬁ Mbw(r)(c(x(r),t)G(y(r),t))]drcy,,,z(t,s)dt, sela,fl. (2.194)

o

Consider the Cebygev functionals T'(£, £), T(J,J) are given by:

2

1 B
5 s)ds — <ﬁ — Ot/a S(s)ds) , (2.195)

T( ,ﬁ)zﬁla./aﬁ(]z(s)ds— <ﬁ1a/aﬁ3(s)ds)2. (2.196)

Theorem 2.70 ([10]) Let —c < ot < B <ecand a <aj; < az---<a, <f, (r>2)
be the given points, and ¢ € C"[ct,B] such that (- — o)(B —-)[9"*V]? € Llet, B] and
w = W,...,Wm), X = (X1,...,%n) and y = (y1,...,ym) be m-tuples such that
x;, yi € [o,Bl,w € R (I=1,...,m). Also let H;j be the fundamental polynomials of the
Hermite basis and the functions G and £ be defined by (1.180) and (2.193) respectively.
Then

T(g,

[

M=

iWHP(xl) - iw,q)(y,) _9(B)—9¢(x)
=1 =

5 wy (x; —y1)
+/ﬂ

~

k

G(x;,t) — Gyt ] D Z(P (2 (a;)Hyj(r)dt

1:11:

<

(=]

-1 (p p
40 ( / £(s)ds+ K (9: 0, B). (2.197)

[0

where the remainder x(¢; a, B) satisfies the estimation

K(9:0,B)] < \/?/E—Q[T(g,g)]%

[P 199
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

The integral version of the above theorem can be stated as follows.

Theorem 2.71 ([10]) Let —ec < o <P <ecand a <ay <ap--<a, <f, (r>2)
be the given points, and ¢ € C"[at,B] such that (- — o)(B —-)[¢"*V)? € L[, B] and
X,y la,b] — [a,B], w: [a,b] — R be continuous functions. Also let H;; be the funda-
mental polynomials of the Hermite basis and the functions G and J be defined by (1.180)
and (2.194) respectively. Then

[r@on@nar— [weooar=E=2E [y - s

+ 1] o 6w - omn)dr| 3300 oy

J(s)ds+ K(o;0,B),
(2.199)

where the remainder K(¢; L, B) satisfies the estimation

N %
75 [1@.9)

Using Theorem 1.11 we obtain the following Griiss type inequalities.

[ Bt Pas| . @200

|K(¢;a,B)| <

Theorem 2.72 ([10]) Let —e< o< f <ocand a <a; <ay---<a, <, (r>2) be

the given points, and ¢ € C"[at, B] such that ¢ is monotonic non decreasing on |a, ]
and let £ be defined by (2.193). Then the representation (2.197) holds and the remainder
K(¢;a, B) satisfies the bound

9" (B)+ 0" (e) 9D (B) — 9" (a)
2 B—o

[k(¢;0,B)| < IIE'IIw{ } (2.201)

Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral case of the above theorem can be given follows.

Theorem 2.73 ([10]) Let —o< o< f <ecand o < ay; <ay---<ar <f, (r>2) be
the given points, and ¢ € C"[at, B] such that ¢ is monotonic non decreasing on |c, ]
and let x,y : [a,b] — [0, B], w: [a,b] — R be continuous functions and the functions G and
J be defined by (1.180) and (2.194) respectively. Then we have the representation (2.199)
and the remainder K(¢; o, B) satisfies the bound

(n—1) (n—1) (n—2) _ 4(n=2)
|k(¢;a7m|§”3,|w{¢ ) o e o 26— <a>}, 2202)
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We present the Ostrowski type inequalities related to generalizations of majorization
inequality.

Theorem 2.74 ([10]) Suppose that all assumptions of Theorem 2.63 hold. Assume (p,q)

is a pair of conjugate exponents, thatis 1 < p,q<oo, 1/p+1/q=1. Let | ’ [a,B] —R
be an R-integrable function for some n € N. Then we have:
< 9(B) — () $
— Y wio () — 2
=1 - S
r kj .
/ [2 Wl xlv G(yl7 )) 2 2¢(l+2)(a])Hl}(t)dt
j=1i=0
< H¢ I€ll, (2.203)

where £ is defined in (2.193).
The constant on the right-hand side of (2.203) is sharp for 1 < p < oo and the best
possible for p = 1.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O
Integral version of the above theorem can be given as follows.

Theorem 2.75 ([10]) Suppose that all assumptions of Theorem 2.64 hold. Assume (p,q)

o[ p) ~ R

is a pair of conjugate exponents, thatis 1 <p,q<oo, 1/p+1/q=1. Let

be an R-integrable function for some n € N. Then we have:

[r@otenar— [wmot@pr - LEZUD Py -y

B—a
B[ b .k
_/a {/a w(T)(G(x(7),r) — G(y(7),1))dT 21 0¢(l+2)(a,)Hl,(t)dt
j=li=
<H¢( g (2.204)

where J is defined in (2.194).
The constant on the right-hand side of (2.204) is sharp for 1 < p < oo and the best
possible for p = 1.

Motivated (see [10]) by inequalities (2.179) and (2.181), under the assumptions of
Theorems 2.65 and 2.66 we define the following linear functionals:

= iwz(l’(xz)—ivvz(l’(yz)—wiwz(xl—w)

/ [Zwl (x1,1) = G(y1,1) i 2] l+2 Hij(l)dt.

(2.205)
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FE@) = [w@oa@ar - [w@ot@hr - B0 [P0 - ymar

0

p , '
[ v eema-comaar] 3 300 @m0

o

(2.206)

Remark 2.19 ([10]) Under the assumptions of Theorems 2.65 and 2.66, it holds
FH(¢)>0,i=1,2, for all n-convex functions ¢.

Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems.

Theorem 2.76 ([10]) Let ¢ : [a, ] — R be such that ¢ € C"[a,B]. If the inequalities
(2.178) and (2.180) hold, then there exist &; € [a, B] such that

Fi9)=0"(&)F(9), i=1.2 (2.207)
where @(x) = 2 and FIH, i = 1,2 are defined by (2.205) and(2.206).

n!

Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see also the
proof of Theorem 4.1 in [86]). O

Theorem 2.77 ([10]) Let ¢,y : [, B] — R be such that ¢,y € C"[ct, B]. If the inequal-
ities (2.178) and (2.180) hold, then there exist &; € [a, B] such that

H (n) (.
Fi'(9) _ o™(&) =12 (2.208)

FEw) ~ w(E)

provided that the denominators are non-zero and F lH , 1= 1,2, are defined by (2.205)
and(2.206).

Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see also the
proof of Corollary 4.2 in [86]). O

Now we present results for n-exponentially and exponentially convex functions.

Theorem 2.78 ([10]) Let Q = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval [o, ] such that the function t — [xo,...,Xn; @] is n-
exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0, -+, Xn € [, B]. Then for the linear functionals F ¥ (¢,) (i =1,2) as defined by (2.205)
and (2.206), the following statements hold:

(i) The functiont — | fi (¢y) is n-exponentially convex in the Jensen sense on J and the
matrix [F 7 (¢ )IT1—y is a positive semi-definite for allm € Nym <n, ty,..,ty € J.
S,

Particularly,

det[F (e )2y >0 forallme N, m=1,2,....n.
2 '

(ii) If the functiont — FlH () is continuous on J, then it is n-exponentially convex on J.
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Proof. The idea of the proof is the same as that of the proof of Theorem 1.39. O

The following corollary is an immediate consequence of the above theorem

Corollary 2.15 ([10]) Let Q = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval o, B] such that the function t +— [xg,...,Xn; ¢ is ex-
ponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0, -+, Xn € [, B]. Then for the linear functionals F ¥ (¢,) (i = 1,2) as defined by (2.205)
and (2.206), the following statements hold:

(i) The functiont — F lH (¢r) is exponentially convex in the Jensen sense on J and the
matrix [F 7 (¢4 )];’fl:] is a positive semi-definite for allm € Nyom < n, ty,..,t,, € J.
2

Particularly,

det[F ' (@r4)]71=y > 0 forallm e N, m=1,2,...,n.
2

(ii) If the functiont — [ fi (¢y) is continuous on J, then it is exponentially convex on J.

Corollary 2.16 ([10]) Let Q = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval [o, B] such that the function t v« [xo,...,Xu; ] is 2-

exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X05---,%n € [0, B]. Let FH, i = 1,2 be linear functionals defined by (2.205) and (2.206).

i’

Then the following statements hold.:

(i) If the function t — | fi (¢y) is continuous on J, then it is 2-exponentially convex
function on J. If t — FIH((])I) is additionally strictly positive, then it is also log-
convex on J. Furthermore, the following inequality holds true:

FE@ < [P " FF@)] " i=1.2
for every choice r,s,t € J, such that r < s < t.

(ii) If the functiont — FIH((])I) is strictly positive and differentiable on J, then for every
p,q,u,v € J, such that p < u and q < v, we have

Upg(FE.Q) < i (FF,Q), (2.209)
where 1
F(gp) Y 7a
H (rH(¢Z) ) » o PFG
Wpq(Fi' Q)= g (2.210)
dp' i \Vp .
28 W) » P =4,
Jor ¢p, ¢, € Q.
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10. O

Remark 1.19 is also valid for these functionals.

Remark 2.20 ([10]) Similar examples can be discussed as given in Section 1.4.
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2.2.3 Results Obtained by New Green’s Functions and Hermite
Interpolation Polynomial

In this subsection (see [10]), using interpolation by Hermite interpolating polynomials in
combination with newly defined Green’s functions G.(c = 1,2,3,4), defined as in (2.47)-
(2.50), we present analogous results as in the previous subsection.

We begin with identities related to the generalizations of majorization inequality via
Peano’s representation of Hermite’s polynomial and new Green’s functions.

Theorem 2.79 Let —o<a<fi<ecando <aj <ay---<a, <P, (r>2)be the given
points, and f € C"[or, B] andw = (Wi,...,Wp), X = (X1,..., %) andy = (¥1,...,ym) be m-
tuples such that x;, y; € [o,Bl,w; € R (I =1,...,m). Also let H;;,Gn, and
G.(c =1,2,3,4) be as defined in (2.137), (2.139) and (2.47)-(2.50) respectively. Then
we have the following identities for c = 1,2,3,4,

N owi f () Zwlf i) <2W1X1 ZWm)f/(O‘)
I=1 =

o

+fﬂ”>4[2w ex1,1) = Gelyi,1))

where Peano’s kernel is defined as

ZWz e (x1,1) = Ge(yn,t ]22}“*2 a;)Hij(1)dt (2.211)

j=1i=0

Gy,nz(t,s)dt] ds,

[k (aj—s)
21 20 n i— 3) Hij(t);SStv
—=1i=

Gyna(t,s) =1’ i o (2.212)
r J (ajis)n i—3 . .
j:%”:() i Hij(); s > 1,

foralla;<s<ap,;1=0,...,rwithag= o and a,+| = .

Proof. Fix ¢ = 1,2,3,4, evaluating the identities one by one (2.46), (2.51), (2.52) and
(2.53) into majorization difference, we get

Yo £ ()= 3w f ()
=1 I=1
= (iwlxl — iwlyl> f,(Ol) +/ﬁ (ilec (xl,t) — inGc ()’lvt)> f//(t)dt'
=1 =1 * \i=1 =1

(2.213)

By the Peano’s representation of Hermite’s interpolatinhg polynomial Theorem 2.46, f” (1)
can be expressed as

r kj . B
= 3 Y Hy() ) (a)) + / Grna(t,5)f " (s)ds. (2.214)

j=1i=0
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Using (2.214) in (2.213) we get
> wio(x) ZWNP Vi) <2Wlxl Zwm>f o
=1
+/ ZWZ c(x1,t) = Ge(yi,t ]22]”” aj)Hij(t)dt
j=1i=0
+/ <2wl (x7,7) (i1 ) </ Gun-2(t,5)f U(s)ds)dt.

after applying Fubini’s theorem we get (2.211). O

Integral version of the above theorem can be stated as follows.

Theorem 2.80 Let —c< o <f <ecanda<aj; <ay---<a,<f, (r>2)bethe given
points, f € C"[ot,B] and x,y : [a,b] — [et, B], w : [a,b] — R be continuous functions. Also
let Hi;,Grn_2 and Go(c = 1,2,3,4) be as defined in (2.137), (2.212) and (2.47)2.50)
respectively. Then we have the following identities for c = 1,2,3,4,

[roseene - [weomar = ([ wen@ar- [ o) £ @

Ja

+ /a ' [ / bw(f) (Ge(x(t),1) — Gc(y(r),t))dr] ¥ 3% ) ) Hy 1)

[ (] [ 0600 - 660015 Gu-str sy .
(2.215)

Theorem 2.81 Let —~< o =a; <ay---<a,=f <oo, (r >2) be the given points, w =
WiyeeosWn), x = (x1,...,%m) and y = (y1,...,ym) be m-tuples such that
x;, yi € [o,Bl,w € R (I =1,...,m) and H;j, G.(c = 1,2,3,4) be as defined in (2.137)
and (2.47)-(2.50) respectively. Let f : [ot, B] — R be n-convex and

Zwl )Cl, _GC(ylvt)) 207 re [avﬁ] (2216)

Consider the inequalities for c = 1,2,3,4,

N owi f () Zwlf i) <2W1X1 ZWm)f(Of)
=1 =

o

(i) Ifkj is odd for each j =2, ..,r, then the inequalities for c = 1,2,3,4,in (2.217) hold.

ZWZ c(x1,1) = Ge(yi,t ]22]"“ aj)H;j(r)dr. (2.217)

j=1i=0

(ii) If kj is odd for each j =2,..,r — 1 and k; is even, then the reverse inequalities for
c=1,2,3,4,in(2.217) hold.
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Proof.

(i) Since the function f is n-convex, therefore without loss of generality we can assume
that f is n—times differentiable and f(") > 0 see [144, p. 16 and p. 293]. Also the
given condition is that k; is odd for each j = 1,2,..,r implies that

r

o) =[] —a) " >0.

Jj=1

By using the first part of Lemma 2.4 we have that the Peano’s kernel Gy ,—»(t,s) > 0.
Hence, we can apply Theorem 2.79 to obtain (2.217).

(ii) If k. is even then (t —a,)**1 <0 for any ¢ € [, B]. Also clearly (1 —a;)"1+! >
0 for any ¢ € [ot, B] and H;;lz(t —a;)litt >0 for t € [, B] if k; is odd for each
Jj=2,..,r— 1, therefore combining all these we have o(r) = [T, (r — a)litt <o
for any ¢ € [o, B] and by using the first part of Lemma 2.4 we have Gy ,—2(t,5) <O0.
Hence, we can apply Theorem 2.79 to obtain reverse inequality in (2.217).

O

Integral version of the above theorem can be stated as follows.

Theorem 2.82 Let —coc< ax=a; <ap--- < a, =P <o, (r>2) be given points and
x,y:[a,b] — [o, B], w: [a,b] — R be continuous functions and H;j and G.(c = 1,2,3,4)
be as defined in (2.137) and (2.47)-(2.50) respectively. Let f : [, B] — R be n-convex and

/ " w(2) (Gol(x(2),1) — Goly(),1))d > 0, 1€ [, B]. (2.218)

Consider the inequalities for c = 1,2,3,4,
b b b b ,
[rsoiar— [wsoar ([ wosmar— [ wear) @

"
£ (@) Hyj(1)dr.

E

-/ |/ bw<r><cc<x<r>,r>Gc<y<r>,r>>dr]

j=1i=0

(2.219)
(i) Ifkj is odd for each j =2, ..,r, then the inequalities for c = 1,2,3,4,in (2.219) hold.

(ii) If kj is odd for each j =2,..,r — 1 and k, is even, then the reverse inequalities for
c=1,2,3,4,in (2.219) hold.

By using type (m,n — m) conditions we can give the following result.

Corollary 2.17 Let [a, B] be an interval and w = (w1, ...,wp), X = (X1,...,xp) and y =
(V15---,yp) be p-tuples such that x;, y; € (o, B],w; € R (I =1,...,p). Let G-(c =1,2,3,4)
be the Green functions as defined in (2.47)-(2.50) respectively and also 7;,1; be as defined
in (2.141) and (2.142) respectively. Let f : [0, ] — R be n-convex and the inequality
(2.216) holds for p-tuples. Consider the inequalities for c =1,2,3,4,
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iwzf (x1) Zwlf i) <2Wlxl 2W1y1>f(o‘)
= 1

m—1 n—m—1
+/ va c(v,1) = Gyt ))K%n(r}f{‘”}(aH ;0 ni(t)f(i+2)(ﬁ)>dt~

(2.220)
(i) If n —m is even, then the inequalities for c = 1,2,3,4, in (2.220) hold.
(ii) If n—m is odd, then the reverse inequalities for c = 1,2,3,4, in (2.220) hold.
By using Two-point Taylor conditions we can give the following result.

Corollary 2.18 Ler [0, B] be an interval, w = (wy,...,wp), X = (X1,...,Xp) and y =
(¥15--.,¥p) be p-tuples such that x;, y; € [0, B],w; e R (I=1,...,p) and G.(c=1,2,3,4)
be the Green function as defined in (2.47)-(2.50) respectively. Let f : [a,f] — R be
n-convex and the inequality (2.178) holds for p-tuples. Consider the inequalities for
c=1,2,3,4,

liwtf x7) szf (1) <2Wlxl ZWWl)f,(O‘)
<

58 (S Y ()
N (t i!ﬁ)i(;_O;)m(;_ﬁB)kf(Hz)(B)Hd,_ (2.221)

(i) If m is even, then the inequalities for c = 1,2,3,4, in (2.221) hold.
(ii) If mis odd, then the reverse inequalities for c = 1,2,3,4, in (2.221) hold.

va c(x1,t) = Ge(yist ))]

Remark 2.21 Similarly, one can also easily obtain the integral variants of corollaries
2.17,2.18.

The following generalization of classical majorization theorem is valid.

Theorem 2.83 Let —o < ot =a; < ay - <a, =f < oo (r>2) be the given points,
x=(x1,...,x%n) and y = (y1,...,ym) be m-tuples such that 'y < x with x;, y; € [ct, ]
(I=1,...,m). Let H;j and G.(c = 1,2,3,4) be as defined in (2.137) and (2.47)-(2.50) re-
spectively and also f: [, B] — R be n-convex. Consider the inequalities for c = 1,2,3,4,
m m kj
) =Y f( /
I=1 I=1

m
2 Gc xlv )’17 22fl+2 aj ij )dt

=1 j=1i=0

(2.222)
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(1) Ifk;jis odd for each j =2,..,r, then the inequalities for c = 1,2,3,4,in (2.222) hold.

(ii) If k; is odd for each j =2,..,r — 1 and k; is even, then the reverse inequalities for
c=1,2,3,4,in(2.222) hold.

If the inequalities (reverse inequalities) for c = 1,2,3,4, in (2.222) hold and the func-
rokio
tionF(.)= Y Y fU*2)(a;)H;;(.) is non negative ( non positive), then the right hand side
j=1i=0

of (2.222) will be non negative (non positive) for each ¢ = 1,2,3.4, that is the inequality
(reverse inequality) in (1.18) will hold.

Proof. (1) Since the function G, is convex and y < x therefore by Theorem 1.12, the
inequalities for ¢ = 1,2,3,4, in (2.178) hold for w; = 1. Hence by Theorem 2.65(i) the
inequalities for c = 1,2,3,4, in (2.184) hold. Also if the function I is convex then by using
F in (1.18) instead of f we get that the right hand side of (2.184) is non negative for each
c=1,2,3,4.

Similarly we can prove part (ii). ]

2.2.4 RBResults Obtained for the Jensen and Jensen-Steffensen
Inequalities and their Converses via Hermite
Interpolation Polynomial

In this section, we present generalizations of the Jensen, the Jensen-Steffensen and con-
verse of the Jensen inequalities by using Hermite’s interpolating polynomials. We give
bounds for the identities related to the generalization of Jensen’s inequality by using
Cebysev functionals. We also give the Griiss and Ostrowski types inequalities related to
generalized Jensen type inequalities. The results presented in this section are given in [32].

Theorem 2.84 et —o < a<a; <ay - <a, <b<oo, r>2 be the given points, let
x=(x1,...,%n) andw = (wy,...,wy) be m-tuples such that x; € [a,b],w; ER,i=1,...,m,
W =X wi, X= WLm Y wixi and F € C"[a,b]. Also let Hjj, Gy, and G be as defined
in(2.137), (2.139) and (1.180) respectively. Then

1 m
W ; wiF (x;) — F(X) (2.223)
b 1 r kj
= / — » wiG(x;,5) — G(X,s) 2 2 FU+2) (aj)H;j(s)ds
Ja | Wi 5 j=11=0

Gin_2(s,0)F " (1) drds.

+ /ab/ab lWL iwiG(xi,S)*G(xvs)

mi=1
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m
Proof. Consider 3 ¥ w;F (x;) — F(¥). Using (1.181), we have
" i=1

Wim i wiF (xi) — F(X) (2.224)
/[ 316 501) - 65,9 | P (5.
By Theorem 2.46, F”(s) can be expressed as
F'( 2 ZjHlj(S)F 2 (aj) + / ’ Grno(s,)F (1)dt. (2.225)
=iz a
Using (2.224) and (2.225) we get (2.223). O

Using previous result and Theorem 2.67, here we give generalization of Jensen’s in-
equality for n-convex function.

Theorem 2.85 Let —o < a=a| <ay - < a,=b < oo, r>2 be the given points, let
x=(x1,...,Xn) be decreasing real m-tuple with x; € [a,b], i=1,...,m, letw = (wy,...,wy)
be positive m-tuple such that w; e R, i=1,....m, W,, =37, w;, ¥ = W}m Yt wix; and Hy
be as defined in (2.137). Let F : [a,b] — R be n-convex function. Consider the inequality

LS wiF(x) - F(® (2226)

b 1 r J
Z/ lW_ZWiG(xi’S)G()_C’S) 22 l+2 (aj)H;j(s)ds.
a mi—1 j=11=0

(1) If k;j is odd for every j = ,1, then the inequality (2.226) holds.

(ii) If k;j is odd for every j=2,...,r — 1 and k; is even, then the reverse inequality in
(2.226) holds.

If the inequality (reverse inequality) in (2.226) holds and the function

o) = Z Z FU*2)(a;)H,;(.) is non negative (non positive), then the right hand side of
j: :

(2.226) will be non negative (non positive), that is the inequality (reverse inequality)

1
— >0 2.227
W, lz: wil’ -xl ) = ( )

holds.

Proof. Forl=1,...,k, such that x; > X we get

! !
2 wix < 2 WiX;
i=1 i=1
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Ifi=k+1,...,m—1,such that x; ;| <X we have

[ m
2 WiX; = 2 WiX; — 2 Wix; > 2 WiX — 2 WiX = Zw,_.
i=1 i=1

i=l+1 i=l+1
So,
I
Y wix < Y wixiforalll=1,...,m—1
i=1 i=1

and obviously
m m
2 WiX = 2 WiX;.
i=1 i=1
Now, we put X = (x1,...,X,) andy = (x,...,x) in Theorem 2.67 to get inequalities (2.226)
and (2.227). ]
Using (p,n — p) type conditions, we get the following corollary:

Corollary 2.19 Ler [a,b] be the given interval, x = (x1,...,%y) be decreasing real m-
tuple with x; € [a,b], i=1,...,m, letw = (wy,...,wy,) be positive m-tuple such that w; € R,
i=1,....m Wy, =3"w; andx = “} Y7 wixi. Let F : [a,b] — R be n-convex function.
Consider the inequality

—ZWz xi)

ml

(2.228)

/a[ lew, (xi,8) — G(%,s)

[ZF”Z )i ( )+ni]F(’+2)(b)le(s)] ds,

=0

we=ge-o! (5) T2 (770G
=g o! (258 () (55

(i) If n— p is even, then the inequality (2.228) holds.

where

and

(ii) If n— pis odd, then the reverse inequality in (2.228) holds.
If the inequality (reverse inequality ) in (2.228) holds and the function
o(.) = Z FU2) (a)Hy (. )Jr Z F(Hz) (b)Hjy(.) is non negative (non positive), then the

right hand side of (2.228) will be non negative (non positive), that is the inequality (reverse
inequality) (2.227) holds.
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Using Two-point Taylor conditions, we get the following corollary:
Corollary 2.20 Let [a,b] be the given interval, x = (x1,...,xXn) be decreasing real m-

tuple with x; € [a,b], i=1,....m, letw = (wy,...,wy,) be positive m-tuple such that w; € R,

i=1,...,m W, =X" ,wiandx = WL " wixi. Let F : [a,b] — R be n-convex function.
m

Consider the inequality

i St ) - F () (2229)
/ [ mizlexl, G(x,s) g 21 ( 1)-

l(S;!a)l <Z:Z)p<2:z>kF(H2)(“)+ (s?!b)’ (Z:Z>’7<Z:Z)kpa+z>(b)] ds

(i) If p is even then the inequality (2.229) holds.

(ii) If p is odd then the reverse inequality in (2.229) holds.
If the inequality (reverse inequality) in (2.229) holds and the function ¢(s) =
p—lp—1-1 I 1
k—1 - —b —a\k —b)' (s—a\P (s—b\k .
Eo ,E‘O (ﬁk )[(Sl!a) (fﬁ) (b a) FUH)( )JF(SZ!) (ﬁ) (fﬁ) F(H2>(b)} waon

negati;e (non positive), then the right hand side of (2.229) will be non negative (non posi-
tive), that is the inequality (reverse inequality) (2.227) holds.

Using Simple Hermite or Osculatory conditions, we get the following corollary:

Corollary 2.21 Let —~ <a=a; < ay--- < a, = b < oo, r>2 be the given points, let

X = (x1,...,Xn) be decreasing real m-tuple with x; € [a,b], i=1,...,m, letw = (Wy,...,Wy)
be positive m-tuple such that w; € R, i=1,...,m, Wy, = X" | w; andx = Wim " wix;. Let

F :la,b] — R be (2r)-convex function. Then we have

Zwl X;) )

mll

1 m
> _ G(xi,
> /a le Z:lw, (xiy8) —

i[ (aj)Hoj;(s) + F" (a;)Hij(s)] ds,

j=1
where Pz() P”( )
i) = PP <1 ~ Blay) (”")>
PZ(s)
Hii(s) = ,
W)= ) P
and
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Proof. Weputk;=1for j=1,...,rin Theorem 2.85. O

In the following remark we give the integral version of Theorem 2.85.

Remark 2.22 For the given points — < o0 = a; < ap- =B <o, r>2,
x : [a,b] — R continuous decreasing function, such that x([a b]) [ Bl A [ ] —-R
increasing, bounded function with A (a) # A(b) and X = jafb(d)t, ) , for x(¢) > X, we have:

/Cx(t)d).(t) 2/ X(e)dA(t) > /C)_cdl(t), c€lab].
If x(¢) < X we have

c b b

/ X(1)dA(1) :/ x(t)d)t(t)—/ (1)dA (1)
b b c
> / xdA() — [ xdA(r) :/ XA (1), c € [a,b).
Equality
b b
/ K1) dA (1) = / XA (1)
obviously holds, so majorization conditions (1.27) and (1.28) are satisfied.
Consider the inequality:
b
Jd F (;(t)) dA(t) F(%) (2.230)
Ja @A (1)
B [°G(x(t),s)dA(t ro X
> / fa (b( ) ) ( ) o G(X,S) 2 2F<l+2)(aj)Hlj(S)dS,
Ja Jad dA(z) j=1i=0

where Hj is as defined in (2.137) and F : [a, B] — R is n-convex function.
(i) Ifkj is odd for every j =2,...,r, then the inequality (2.230) holds.

(ii) If k; is odd for every j =2,...,r — 1 and k;, is even, then the reverse inequality in
(2.230) holds.

If the inequality (reverse inequality) in (2.230) holds and the function
r kj
¢() =3 X FU2(a;)Hy;(.) is non negative (non positive), then the right hand side of
j=11=0
(2.230) will be non negative (non positive), that is the inequality (reverse inequality)

Ja F (x(1)) d2(0)

Paw F(x) >0 (2.231)

holds.
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Remark 2.23 Motivated by the inequalities (2.226) and (2.230), we define functionals
O (F) and ©,(F), by

O1(F) = WL S wiF () - F(®)

m i

m ro ki
_ /ab [WL 1wiG(xi,s)—G()‘c,s) _2” OF(HZ)(a;’)HU(S)dS»
. m— j=11=
_ JJFm)dA®)
OO =g Y
B °G(x(1).s g
_ /a Ja G(f”(z;t()t;ll(t) —G(x,s) ZI%F(”Z)(aj)HU(S)dS,
Ja J=H=

Similarly as in [29] we can construct new families of exponentially convex function and
Cauchy type means by looking at these linear functionals. The monotonicity property of
the generalized Cauchy means obtained via these functionals can be prove by using the
properties of the linear functionals associated with this error representation, such as n-
exponential and logarithmic convexity.

Theorem 2.86 Let —~> < a=a| <ay - < a,=b < oo, r>2 be the given points, let
x=(x1,...,Xn) be decreasing real m-tuple with x; € [a,b], i=1,...,m, letw = (wy,..., W)
be real m-tuple such that 0 < W, < W, k=1,...,m, Wy, > 0, where Wy = Zlew,',
X= Wimfj"zl wix; and H;j be as defined in (2.137). Let F : [a,b] — R be n-convex func-
tion.

(i) If k; is odd for every j =2,...,r, then the inequality (2.226) holds.

(ii) If kj is odd for every j =2,...,r — 1 and k;, is even, then the reverse inequality in
(2.226) holds.

If the inequality (reverse inequality) in (2.226) holds and the function
k.
;
o) =12 zj‘, FU*2)(a;)H);(.) is non negative (non positive), then the right hand side
=11=0

of (2.226) will be non negative (non positive), that is the inequality (reverse inequality)
(2.227) holds.

Proof. Forl=1,... k, such that x; > X we have
l -1
N wixi = Wixg = Y (xi — xi1)W; > 0
i=1 i=1

and so we get
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Forl =k+1,...,m— 1, such that xz | <X we have
m
X] 2 WiXi = 2 Xi— lfxi)(Wm*VVifl) >0
i=l+1 i=l+1
and now

m m

2 wWiX = (Wm_‘/VZ))_C> (Wm_‘/Vl)xl > 2 WiXi.
i=l+1 i=l+1
So, similarly as in Theorem 2.85, we get that conditions (1.19) and (1.20) for majorization
are satisfied, so inequalities (2.226) and (2.227) are valid. O

Remark 2.24 Forthe given points —o < o =a) <ap---<a,
R continuous, decreasing function, such that x([a,b]) C [Oc B an
continuous or of bounded variation satisfying A(a) < A(t) <

)=

:ﬁ<°° r>2,x:[a,b] —
and A : [a,b] — R is either
/l( )forallte[ab] X=

J" () X, we have:

P () and F : [o,, B] — R n-convex function, for x(c

[ xdr @ -xte) [ ani - - /acx/(t)< atd).(x)> di>0

and so % / “da (1) < x(c) / Cd)L(t) < / Cx(t)dfl (r)-

If x(¢) < X we have

0) .lbdl(t) - /cbx(t)d/l (1) = —/cbx/(t) (llbdl(x)) di >0

and now X/L:bd)'(t) > x(c) /de).(t) > /Cbx(t)dl(t)

Similarly as in the Remark 2.22 we get that conditions for majorization are satisfied, so
inequalities (2.230) and (2.231) are valid.

Theorem 2.87 Let —~> < a=a| <ay - < a,=Db <oo, r>2 be the given points, let
x = (x1,...,Xp) be real p-tuple with x; € [m,M) C [a,b], i=1,...,p, letw = (wy,...,wp)
be positive p-tuple such that w; €R,i=1,...,p, W, = Zl’.’:] wi, X = WL,, Zf:l wix; and Hy;
be as defined in (2.137). Let F : [a,b] — R be n-convex function. Consider the inequality

1 & X—m M—x
— YwiF(x;) < F(M F 2.232
iy 2 ) < e F O e () (2:232)
bl x—m M—X 1 &

- G(M G - G(x;

/a le ( ’S)+Mfm (m.5) W,,izzlw‘ (xi>5)

r kj

> > FE2 (a;)Hyj(s)ds

j=11=0

(i) Ifkj is odd for every j=2,...,r, then the inequality (2.232) holds.
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(ii) If kj is odd for every j=2,...,r — 1, and k, is even, then the reverse inequality in
(2.232) holds.

Moreover if the inequality (reverse inequality) in (2.232) holds and the function ¢(.) =

2 2 FU+2)(q aj)H;;(.) is non negative (non positive), then the right hand side of (2.232)
j=11=0

will be non positive (non negative), that is the inequality (reverse inequality)

X—m
—Zw, (xi) F(M)+

F 22
W, & SM-m M=’ ™ (2:239)

holds.
Proof. Using inequality (2.226) we have

1 & 1 & Xi—m M —x;
WZW,'F()C,'):WZW,'F M—mMJrM—mm

P i=1 Pi=1
X—m M—Xx
< F(M F
< o FM) + o F(m)
bl Xx—m M—x 1 2
/QlM—mG( ,S)JrM_mG(m,s) Wp;w,G(x,,s)

ZZFHZ Hlj )d

j=11=0

For the inequality (2.233) we use the fact that for every convex function ¢ we have

O

Corollary 2.22 Let —o<m < ap--- < dar_| <M < oo, 1> 2 be the given points, let x =

(X1,...,xp) be real p-tuple with x; € [m,M], i =1,...,p, let w = (wi,...,wp) be positive

p-tuple such thatw; €R,i=1,...,p, W, = Zle wi, X = WLp Zle wix; and H;; be as defined
in (2.137). Let F : [m,M] — R be n-convex function. Consider the inequality

o N X—m M—x

W, & M—m M—m

F(m)

r 1 )4 M
+y F(Hz)(aj)WZwi / G(xi,5)Hj(s)ds. (2.234)

(i) Ifkj is odd for every j =2,....,r, then the inequality (2.234) holds.

(ii) If k; is odd for every j =2,...,r — 1, and k; is even, then the reverse inequality in
(2.234) holds.

Proof. We use inequality (2.232) for m = a = a; and M = b = a,. Therefore we get
G(m,s) =0and G(M,s) = 0 and so obtain inequality (2.234). a
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Remark 2.25 For the given points — < ot = a1 < az-+- < dr = f < oo, ¥ > 2,
x : [a,b] — R continuous function, such that x([a,b]) C [m M] [o, B] and A : [a,b] — R
increasing, bounded function with A(a) # A(b), X = j (d)l( )( ) H;j as defined in (2.137)

and F : [a, B] — R n-convex function, consider the inequality

Ja Fx(@)dA() _ x—m M—x
Pdr ) <y = E M)+ —F(m) (2.235)
P x=m M—x Ja Gx(1),5)

. [MmGW’SHMmG(m’S) fd/l() ]ZUZOFM AN

(i) Ifkj is odd for every j=2,...,r, then the inequality (2.235) holds.

(ii) If kj is odd for every j=2,...,r — 1, and k, is even, then the reverse inequality in
(2.235) holds.

Moreover if the inequality (reverse inequality) in (2.235) holds and the function ¢(.) =

2 2 FU+2) ( aj)Hj(.) is non negative (non positive), then the right hand side of (2.235)
j=11=0
will be non positive (non negative), that is the inequality (reverse inequality)

[PF(x()dA ) _ X
[Pana) M-

_mF(M)wLM_X
m M—m

holds.

Remark 2.26 Motivated by the inequalities (2.232) and (2.235), we define functionals
O3(F) and ©4(F) by

C) =— > wiF(x;) — — m
S(F) = g S (s) g F ) S )
bl x—m M-x 1 & rok
+ 7mG(M,s)+M7mG(m,s)——ZWiG(x,,s) D F(l”)(aj)Hlj(s)ds
a Pi=1 j=11=0
and
[ F(x(t))dA(t)  E—m M-z
(1) = e S (00— S P
B|x—m —-X bG(x 4
+ [ M_mG(M,s)qL]]“/[/I_mG(m,s)f“G(f;;))"() ],ZUZFM J(s)ds.

Now, we can observe the same results which are mentioned in Remark 2.23.

In the sequel we use the above theorems to obtain generalizations of the previous re-
sults.
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Formtuplesw—(wl, W)y X = (X1,...,Xy) With x; € [@,D], w; €R, i=1,...,m,
W =20 wi, X = W > lw,x, and the Green function’s G and Gy > as deﬁned in
(1.180) and (2.139), respectlvely, we denote

Y(t /[ sz (xi,5) — G (X,s)

Similarly for x : [a,b] — [a, B] continuous function, A : [a,b] — R as defined in Remark
2.22 or in Remark 2.24, the Green function’s G and Gy ,—> as defined in (1.180) and
(2.139), respectively, and for all s € [c, B] we denote

5 12G (x(p),s)dA(p)
Y
(1) = /a I d/l( )

Theorem 2.88 Let —c<a<a;<ay - < a, <b<eo, r>2 be the given points, let
F :la,b] — R be such that F € C"*'[a,b] forn € Nandx = (x1,...,Xpn), w = (Wi, ..., W)
be m-tuples such that x; € [a,b], w; e R, i=1,....m, Wy, =", w;, X = WL,,,Z;'M:I wix; and
let the functions H;j, | =0,....k;, j=1,....,r, w, G, Y and functional T be defined in
(2.137), (2.138), (1.180), (2.236) and (1.6), respectively. Then we have

_sz -xl )

Gy a(s,t)ds, 1 € [a,b].  (2.236)

—G(%,5)| Gna(s,t)ds, t € [o, B].  (2.237)

b 1 m r
= / — Y wiG(xi,5) — G(x,s)| D, FU+2) (aj)H;j(s)ds
Ja | W5 j=11=0
FO=D(@p)y—F0=N(a) b | 1 & _ o(s)
* b—a / W_méw’G(x"’s)*G(x’s) n-2?
+H}(F;a,b) (2.238)
where the remainder H! (F;a,b) satisfies the estimation
1
/b — b 2 2
|H'(F;a,b) |< }\)@ Ak / (t—a)(b—1) [FW‘)(;)} dt (2.239)

Proof. 1f we apply Theorem 1.10 for f — Y and i — F") we obtain

1
Y(OF ™ (1)dr — - /Y 1)d /F 1d
b—a/ () ! b—a r b—a !

\/%Ta / (t—a)(b—1) {F("H)(t)} ar|

Therefore we have
b (n—1) _ r(n—1)
/ Y()F ) ()t = & (b; F )
Ja —a

where the remainder H!(F;a,b) satisfies the estimation (2.433). Now, from Lemma 2.4
we obtain (2.238). O

b
/ Y(t)dt + H!(F;a,b),
Ja
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Integral case of the above theorem can be given as follows.

Theorem 289 Let —o<a<a;<ay - <a, <P <eo, r>2 be the given points, let
F :[a,B] — R be such that F € C"*! [oc,ﬁ] forn €N, let x : [a,b] — R be continuous
functlons such that x([a b]) [a, B], A : [a,b] — R be as defined in Remark 2.22 or in
Remark 2.24, X f“fb e ) and let the functions Hyj, 1 =0,...,k;, j=1,....,r, 0, G, Y
and functional T be deﬁned in(2.137), (2.138), (1.180), (2. 237) and (1.6). Then we have

Ju F(x(1))dA (1)

waw
B EGa)aAl) S E s,
- [ BaneCw| B B @)y (s
FUD(B) —FD(a) (P | [ G(0),)dA) - o(s)
" B-o /oc JPdr@) G(x’s)] (an)!ds
YA (F;0,B) (2.240)
where the remainder H) (F; o, B) satisfies the estimation

) (FseB) < V’Sﬁ T(r 1)} 7

Using Theorem 1.11 we also get the following Griiss type inequality.

[ -9 [Fre) as

o

Theorem 2.90 Let —~ < a<a; <ap - <ar <b <o, r>2 be the given points,
let F : [a,b] — R be such that F € C"*'[a,b] for n € N, F"*1) >0 on [a,b] and let
X =(x1,...,Xm), W= (Wi,...,Wn) be m-tuples such that x; € [a,b], w; ER, i=1,...,m
Wy =X wi, X= WL," > wix; and let the function Y be defined in (2.236). Then we have
the representation (2.238) and the remainder H) (F;a,b) satisfies the bound

| H)(Fia,b) |< 1= “Y I- {(b—a) [FO D (0) + FOD(@)] - [F25) - FO ()|}

(2.241)
Proof. Applying Theorem 1.11 for f — Y and h — F") we obtain
Y(z t)dt — Y(r)dr - F™(r)dr
’ b—a / b—a / —a /
1 b
< mwum / (t —a)(b—t)F(”“)(t)dt. (2.242)
- Ja

Since

/ b(r —a)(b—t)F" V) (1)dr = / ’ [2t — (a+b)|F™ (t)dt

_ (bfa) |:F(1171>(b) +F(nfl)(a)} ) {F(1172>(b) 7F(1172>(a) ,
using the identity (2.223) and (2.242) we deduce (2.241). O
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Integral version of the above theorem can be given as follows.

Theorem 291 [et —o < a < a; <ap--- < a, <P < oo, r>2 be the given points,
let F : [a,B] — R be such that F € C"*'[at, B] for n € N and F"tY) >0 on [a, ], let
x : [a,b] — R be continuous functions such that x([a,b]) C [a, B], A : [a,b] — R be as de-

fined in Remark 2.22 or in Remark 2.24, X = 1,17 and let the function Y be defined in
I2d

(2.237). Then we have the representation (2.240) and the remainder H,, (F;a,pB) satisfies
the bound

A p) (< 0= { (= o) [F0(B) 4 0D ()] - [FU2(8) - FO 2 @] ).

We also give the Ostrowsky type inequality related to the generalization of majorization
inequality.
Theorem 2.92 [et —~ < a<a; <ay-- < a, < b <oor>2 be the given points, let
Xx=(x1,...,%n) andw = (wy,...,wy) be m-tuples such that x; € [a,b],w; eR,i=1,...,m
Wu =310 wi, X = WLmZ?;lwixi. Let (p,q) be a pair of conjugate exponents, that is
1< p,qg <o and %+ é =1 andlet F € C"[a,b]. Also, let H; and Y be as defined in

(2.137) and (2.236) respectively.
Then we have

Zwl ) /[ szx,,

ml

l+2 (aj)Hj(s)ds

M\

)33

j=11

0

< [[F™,]1Y]l,- (2.243)

The constant on the right hand side of (2.243) is sharp for 1 < p < oo and the best possible
forp=1.

Proof. Using the identity (2.223) and applying Holder’s inequality we obtain

Zwal /l Zwl (xi,8) — G(X, )

mil ml]
/Y t)dt

For the proof of the sharpness of the constant ||Y||, let us find a function F for which the
equality in (2.243) is obtained.
For 1 < p < oo take F to be such that

kj

i > FU2) (a;)Hy;(s)ds

j=11=0

< |F]p 1Yl

F (1) = sgn¥(t) [X(1)| 77

For p = oo take F") (1) = sgn Y (1).
For p = 1 we prove that

[ Y0F wa

b
(n)
< max [X(0)| ( /a F)(r) ‘ dt) (2.244)
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is the best possible inequality. Suppose that |Y(z)| attains its maximum at 7o € [a, b]. First
we assume that Y (7o) > 0. For € small enough we define F¢(r) by

(=}

’ GSISI(),
Fe(t)={ a(t—10)",  to<t<io+e,

"

rE (t—10)" ', to+e<t<h.

—

Then for € small enough

/bY(t)F(") (t)dt

10 +€ 1
/ Y(r)—dt
To

Now from the inequality (2.244) we have

1 to+€ fo+e |
- / Y(1)dt < Y(10) / Sdr =)
€ Jy, to )
Since
1 10+€
lim — Y(r)dt = Y(19)
e—0 € to

the statement follows. In the case Y(zp) < 0, we define F;(z) by

1 —
n,])!(t_to_g)n 17 aSISIO»

Fe(t)=q —L(t—to—¢€)", t<t<it+e,
) t0+£§t§b7

—

=)

and the rest of the proof is the same as above. O

Integral version of the above theorem can be stated as follows.

Theorem 2.93 et —o < o <a); <ay - < a, <fB < oo, r>2 be the given points,
let x : [a,b] — R be continuous functions such that x([a,b]) C [a,B], A : [a,b] — R be

b
as defined in Remark 2.22 or in Remark 2.24 and X = %. Let (p,q) be a pair of

conjugate exponents, that is 1 < p,q < oo and % + é = 1. Let F € C" o, B] and let the H;;

and Y be defined in (2.137) and (2.237).
Then we have

JOF(x(0)dA@) (Pl EGx(),s)dA) . e (1+2)
JPdan(r) F) /oc [P dA(r) G ng l:OF (s
< |IF™],][T]]4- (2.245)

The constant on the right hand side of (2.245) is sharp for 1 < p < co and the best possible
forp=1.
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2.3 Majorization and Taylor’s Formula

In this section, we give generalization of majorization theorems for the class of n-convex
functions by using interpolation by Taylor’s polynomials. We use inequalities for the
Cebysev functional to obtain bounds for the identities related to generalizations of ma-
jorization inequalities obtained by Taylor’s interpolation. We also give analogous results
as in the previous subsections in the form of the mean value theorems, exponential con-
vexity and Cauchy’s type of means.

2.3.1 Results Obtained by Taylor Formula

The following theorem is well known in the literature as Taylor’s formula or Taylor’s the-
orem with the integral remainder.

Theorem 2.94 Let n be a positive integer and ¢ : [a,b] — R be such that "=V is abso-
lutely continuous, then for all x € [a,b] Taylor’s formula at the point ¢ € [a,b] is

¢(x) = Tho1(93¢,x) + Ru—1(d3¢,%), (2.246)

where T, 1(¢;c,x) is a Taylor’s polynomial of degree n-1, i.e.

n—1 4 (k)
Tu1(¢sc,x) =Y, 0 k,(c) (x—o) (2.247)
k=0 :

and the remainder in the integral form is given by
Ri(@5e,0) = [ 000 (1) s
n—1\¢, ¢, - (I’l — 1)' . .

Remark 2.27 Due to absolute continuity of ¢~V on [01,0], its derivative 0" exists
as an Ly function.

There are two other important expressions for the remainder in Taylor’s formula in
terms of the magnitude of the n-th derivative of ¢ given by

(n)
Rocs(0503) = e (v-a) (2.248)
known as Cauchy’s form and
(n)
Ro1(9:a,0) = 2 . 2 (x—a)", (2.249)

known as Lagrange’s form of the remainder. The statement for the integral form of the
remainder is more advanced than these.
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In the rest of this subsection, we need the following real valued function of our interest
defined as:

_ (x_t)a tg-xa
(x—1)s = { oIy (2.250)

Next we give identities obtained by using Taylor’s formula.

Theorem 2.95 ([53]) Ler ¢ : [a, ] — R be such that ") is absolutely continuous
forsomen>1andletw = (wi,...,wp), X = (X1,...,Xm) andy = (y1,...,Ym) be m-tuples
such that x;,y; € [o,B], wi € R (i=1,...,m). Then

OC) mw~x._ K mw' o
3 (et Ztn )
+<n_1 /[Zw, Xi— )"‘;w,'((yir)g“}(p(")(t)dr, (2.251)

m m n—1 (p(k)
Y wid(xi) — 2 wid(yi) =
i=1 i

and

3

ﬁn:lw,»q)(x,-). IWHP(yz')
k)
ﬁ)<2 ﬁ x, szﬁ yz >( l)k

’121(7)(
ﬁ =
—7(,1,11)!/ )" ][Zwl t—Xi)+ Zw, r—yi)s)" l}d)(")(t)dt. (2.252)

Proof. Using Taylor’s formula at point o in X7, w;¢ (x;) — X7 wi (vi), we have

n—1 4 (k)
(p (a)(xi 71 / (p _tn ]dl)

@ A
71':21% kzzlo . kfa) 01 =)'+ (n—1)!. ay ¢(n)(’)(yit)"1dt>
7nfl (Z)(k)(a) m . W
7k:1 k! (121 ! 2 i\Yi— )

1 R n— Vi n (n
T, 2t o= g [ St

n—1 4 (k) m
z¢$”(zm - Swti-a )
= K i=1
1 .ﬁiw((x—l) )" o (1)d /ﬁiw )" o (1)dr
(I’l*l)! a - ! ! + I’l*l l Yi— )

(2.253)
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m x; 8
ZWi((Xi—l)+)n Lo / Zwl xi—t)" U(t)dt—i—/ 0,

JXi

and

Sl (1) )6 (1)ds = /yiwl yi— 1! ()()dt+/ﬁ0.

i
So by using above result we will get (2.251).

Similarly using Taylor’s formula at point B in 7" wi¢ (x;) — X7, wid (y;i), we have

(xi—B) - C 11), /be(")(t)(x —t)"'dt)
") (1) (y; — )"~ 1dt>

" 1(1’(’2!(&(% zwl - )
(n_ll)g[ x,ﬁ,il /V lsz i~ ](P(")(t)dt
0

U5 St )

k=1 i=1
p
A %W"(U ) )6 (e
B m
+(n—11)!/a (*1)"’1§Wi((tfyi)+)"*1¢<">(t)dr, (2.254)

where

B m
1 n—1 wi((t —x; (n) d 0 n 1 wi(t — x; n—1 4(n) dt,
./a<>l_:21<<r o= o+ [ (- 3=y o ey

B m Vi
/ZWI (= yi)+)" o™ (1)dr = /o+/ )" 12wm—y,>" Lo ().

So by using above result we will get (2.252). O

Integral version of the above theorem can be stated as follows.
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Theorem 2.96 ([53]) Let ¢ : [a, f] — R be such that $'"~V) is absolutely continuous for
some n > 1 and let x,y : [a,b] — [a,B], w: [a,b] — R be continuous functions. Then

1

— ot [ ([ o [ ey = sy e o

’ (2.256)

In the following theorem we obtain generalizations of majorization inequality for n-
convex functions.

Theorem 2.97 ([53]) Let ¢ : [a, ] — R be such that ") is absolutely continuous
forsomen>1andletw = (wi,...,wp), X = (X1,...,Xm) andy = (y1,...,Ym) be m-tuples
such that x;,y; € [o, B], wi e R (i=1,...,m). Then

(i) If ¢ is n-convex function and

iwz'((xl' —0))" - iwz'((yi —1)4)"1 >0, r€o,pl, (2.257)
i=1

i=1

then

Y wid(xi) = Y wid (yi)
i=1 i=1

n—1 (k) m m
2 ;le ? kfa) (lZlWi(xl' —a)~ izlei(yi - oc)"). (2.258)

(ii) If ¢ is n-convex function and

(—U’”(%((Fnh)“ _Zwi((’_yi)+)nl) <0, r€fapl, (2259)
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(k) m m
() <2Wi(ﬁ —x;)f - ;Wi(ﬁ _yi)k) (=D (2.260)

Proof.  Since the function ¢ is n-convex, therefore without loss of generality we can
assume that ¢ is n-times differentiable and (Z)(") > 0 see [[144], p. 16 ]. Hence we can
apply Theorem 2.95 to obtain (2.258) and (2.260) respectively. O

Integral version of above theorem can be stated as follows.

Theorem 2.98 ([53]) Let ¢ : (o, B] — R be such that ¢"~V) is absolutely continuous for
some n > 1 andlet x,y : [a,b] — [a,B], w: [a,b] — R be continuous functions. Then

(i) If ¢ is n-convex function and

[ o [<<x<r> S () —w”] dat>0, 1cfapl,  @261)

then

(ii) If ¢ is n-convex function and

0 ([ @ =) = @y far <o, re ol

(2.263)
then

[ werwistanar= [Cwisponas

zg ( [ x(r))k—(ﬁ—x(r))k]dr)(—l)k. (2.264)

In the following Corollary, we give generalization of Fuch’s majorization theorem.

Corollary 2.23 ([53]) Ler all the assumptions of Theorem 2.95 be satisfied, x = (xy,...,
y = (V1,--.,ym) be decreasing m-tuples and w = (w1, ..., wy,) be any m-tuple such that
xi,vi € [o,B], wi € R (i = 1,...,m) which satisfies (1.19) and (1.20). Also, consider
¢ : [, B] — R is n-convex function, then

xm),
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(i) For n > 1, (2.258) holds. Moreover, let the inequality (2.258) be satisfied. If the
function

k!
is convex, the right hand side of (2.258) is non negative, that is (1.21) holds.

n—1 4 (k)
A =32 fo‘) (x—a)k. (2.265)
k=1

(ii) If n is even, then (2.260) holds. Moreover, let the inequality (2.260) be satisfied. If

the function _1 ks (K)
e o
k=1 :

is convex, the right hand side of (2.260) is non negative, that is (1.21) holds.

Proof. (i) The given tuples satisfies (1.19) and (1.20) and the function ((x —7);)""!
is convex for given n. Hence by virtue of Theorem 1.14, (2.257) holds. Therefore by
following Theorem 2.97 we can obtain (2.258). Moreover, we can rewrite the right hand
side of (2.258) in the form of the left hand side with ¢ = Fj, where F] is defined in (2.265)
and will be obtained after reorganization of this side. Since F is assumed to be convex,
therefore using the given conditions on m-tuples and by following Theorem 1.14 the non
negativity of right hand side of (2.258) is immediate, that is (1.21) holds.

Similarly , we can prove the other part. O

The following generalization of integral majorization theorem holds.

Corollary 2.24 ([53]) Let all the assumptions of Theorem 2.96 be satified and let x,y :
[a,b] — [at, B] be decreasing and w : [a,b] — R be any continuous functions such that
(1.27) and (1.28) hold. Also, consider ¢ : [o, ] — R is n-convex function, then

(i) For n > 1, (2.262) holds. Moreover, let the inequality (2.262) be satisfied. If the
function F defined in (2.265) is convex, the right hand side of (2.262) is non nega-
tive, that is (1.29) holds.

(ii) If nis even, then (2.264) holds. Moreover, let the inequality (2.264) be satisfied. If
the function F, defined in (2.266) is convex, the right hand side of (2.264) is non
negative, that is (1.29) holds.

In the sequel (see [53]), we consider above theorems to derive generalizations of the
previous results. Let w = (wy,...,wy), X = (x1,...,x,) and y = (y1,...,y,) be n-tuples
such that x;,y; € [a, B], wi € R (i =1,...,n),denote

R(r) = iwl'((xl' —0))" - iwt'((yt —0))"", 1€ o), (2.267)
i=1 i=1

B(1) = (~1)"! (iww—x»ml - iw«r—yw'), relaBl.  (268)

Similarly for continuous functions x,y : [a,b] — [ct, B], w : [a,b] — R, denote

R(r) = /abw(r)[((x(f)t)ml((y(f)m)"l}drzo, tefa,Bl, (2269
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30) = (-1 ([ (e[ (=) = (@ =5(e)ar) <0, vefapl
(2.270)

Consider the Cebysev functionals 7'(9%,9R),T(25,98), T(R,R) and T (B, B) given as:
T(R,R) = : ! t)d BQ‘{ 2.271
& )_ﬁ*a-a t_<ﬁ & Ja ) =270
7(8,8) = —— [ B2(0d ﬂ% 2.272
)= (ﬂt—<ﬁ . ) 2m)
) = —— " 50 2.273
<,>—B,aa (1t - .27
o . 1 B
T(8,B) /a B2(t)dr — (ﬁ a/ Bt )dt) . (2.274)

Theorem 2.99 ([53]) Let ¢ : [a, B] — R be such that $\") is absolutely continuous for
somen> 1 with (.—a)(B—.)[0" V> € Lo, Bl and letw = (wy,...,wy), X = (x1,...,%,)
andy = (yi,...,yn) be n-tuples such that x;,y; € [o,B], wi € R (i =1,...,n) and let the
functions R, B be defined by (2.267), (2.268) respectively . Then

(i)

Zwiq)(xi)*zwiq) yl <2Wz Xi — kzwi(yia)k>
i=1 i=1 k=1 i=1 i=1

o0 )(B) AR C))
(B—a)(n-1)!

where the remainder &) (c, B; ) satisfies the estimation

+

B
[ e+ 8@ pio), 2275

1
(n—1)!

B—o
2

[ - B0l opar

o

18 (e, B3 9)| < [T (R, 7)]2

(i)

Y wig(xi) — Y wid (y)
i pay

<§W: (B—x) Zwi(ﬁ%’)k>(1)k

k=1 ! i=1

p0n- ><B) o (a) /ﬂ
(a—B)(n—1)!

where the remainder 82(w, B; ¢) satisfies the estimation

+

B(r)dt — Ko (o, B3 9), (2.277)

Jo

1 B—o
i)

[l

[R5 (c, B3 9)] <

ﬂfamwww@manf
(2.278)
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

Integral case of above theorem can be given as:

Theorem 2.100 ([53]) Let ¢ : [at, B] — R be such that ¢\") is absolutely continuous for
some n > 1 with (. —a)(B — )[o" V)P € Lia,B] and let x,y : [a,b] — [o,B],
w: [a,b] — R be continuous functions. Also let the functions R, B be defined by (2.269),
(2.270) respectively . Then

(i)

(n—1) _ p(n—1)
+4 (ﬁ(ﬁ;)(;bl /9“ (t)dt + Ry (0, B:9), (2.279)

where the remainder ﬁ}l(a ,B;0) satisfies the estimation

1R} (a, B3 9)] < (nj T (R, R)] 5 1/ / t—a)(B — )0V (1) 2de :

(2.280)

b b
| / w(T)9 (x(7))dT — ((1))dz
- 2 ( )[(B—x(6))— (8 ~x(o)} e ) (-1

o) — 9" V(a) [P 8200 4.
+ B! /a%(t)dt—ﬁn(oc,ﬁ,(p), (2.281)
where the remainder R2(a, B; ) satisfies the estimation
A 1 NS — B 3
oo < @81 B2 [T -t o

(2.282)
The following Griiss type inequalities can be obtained by using Theorem 1.11:

Theorem 2.101 ([53]) Let ¢ : [o, B] — R be such that $'") (n > 1) is absolutely con-

tinuous function and ¢ ") > 0 on [0, B] and let the functions R,B be defined by (2.267),
(2.268) respectively. Then, we have
(i) the representation (2.275) and the remainder &) (c, B; (1)) satisfies the bound

B-a) DB+ 9 V() ¢ D(B)— 9" (a)
(n—1)! 2 B—o ’

R (et, B3 9)] < 9]

(2.283)
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(ii) The representation (2.277) and the remainder f2(a., B;¢) satisfies the bound

p-—a) 9 V(B)+9" V() 9" I(B)— " V(a)
R, B¢ ( B/ e — :
[ ) n=1)! T3 5 B o

(2.284)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral case of above theorem can be given as:

Theorem 2.102 ([53]) Let ¢ : (o, B] — R be such that $\") (n > 1) is absolutely con-

tinuous function and ¢"*Y) > 0 on (o, B] and let the functions R, B be defined by (2.269),
(2.270) respectively. Then, we have

(i) the representation (2.279) and the remainder R\ (o, B;¢) satisfies the bound

(B=0) g [0"V(B)+9" V(@) 9“2 (B)— 4" (a)
i)l < =2y P S B @)

A (2.285)
(ii) The representation (2.281) and the remainder R2(a, B; ¢) satisfies the bound

(B-—) 9" V(B)+9" () 9" I(B) o I(e)]

o)l < | . —

(2.286)

Now we intend to give the Ostrowski type inequalities related to generalizations of
majorization’s inequality.

Theorem 2.103 ([53]) Suppose all the assumptions of Theorem 2.95 hold. Moreover,
assume (p,q) is a pair of conjugate exponents, thatis 1 < p,q<oo, 1/p+1/q=1. Let
|07 : [or, B] — R be a R-integrable function for some n > 1. Then, we have:

(i)

gﬁwm(/ i S0

The constant on the right hand side of (2.287) is sharp for 1 < p < o and the optimal for
p=1

(i)

m m n—1 (P(
N witr(xi) = Y, wiod (i) —
i=1 i=1

q 1/q
dt) . (2.287)

(S0t S )

i=1
1 B mn a N\
< ol (| \(1)“[2%((”, =S| [a)
: o i=1
(2.288)

i=1
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The constant on the right hand side of (2.288) is sharp for 1 < p < co and the best possible
forp=1.
Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

Integral case can be given as:

Theorem 2.104 ([53]) Suppose all the assumptions of Theorem 2.96 hold. Moreover,
assume (p,q) is a pair of conjugate exponents, that is 1 < p,q <, 1/p+1/q=1. Let
|07 : [a, B] — R be a R-integrable function for some n > 2. Then, we have:

(i)

b b
[ w@otmnar— [ wwon(m)ae

_ ’121 ¢<k]>d(a) (/abW<T) [<x(f) ) — (o) a)k] dT) ‘

k=1

q 1/q
dt>

(2.289)

< ﬁ”dﬂn)llp (/j ‘/abw(r) {((x(fc) — 1)) = (((7) t)+)"1]df

The constant on the right hand side of (2.289) is sharp for 1 < p < e and the best possible
forp=1.
(i)

LI P

q \ 1/q
dt>

(2.290)

([ s sty far)

The constant on the right hand side of (2.290) is sharp for 1 < p < e and the optimal for
p=1

Now, we construct several linear functionals as differences of the left hnd side and right
hand side of some of the inequalities derived earlier. The obtained linear functionals will
be used in the construction of new families of exponentially convex functions and some
related results will be derived.
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Remark 2.28 ([53]) By virtue of Theorem 2.97 and 2.98 , we define the positive linear
functionals with respect to n-convex function ¢ as follows

)= iwi(p(x,’) - imd’(ﬁ)

n—1 4 (k) m u
- 90 () (Zwi(xi—a)k_zwi(yi_a)k) 20, (2.291)
k=1

i=1 i=1

)= ilw,-q)(x,») — Emlwz'd)(yi)

n— 1 m
(2 (B —x) szﬁ Vi) >( DE>0, (2.292)

i=1

b
S [Tw(a) | (B =+t~ (B -xo) ar ) (-1 20, 2299
. a
The Lagrange and Cauchy type mean value theorems related to defined functionals are
in the following theorems.

Theorem 2.105 ([53]) Let ¢ : [ot, B] — R be such that ¢ € C"[a, B]. If the inequalities
in (2.258), (2.260), (2.262) and (2.264) are valid, then there exist &; € [a, B] such that

Qi(¢) = 9" (E)Qi(p); i=1,....4,
where @(x) = “% and Q;(+) are defined in Remark 2.28.
Proof. Similar to the proof of Theorem 2.13 (also see Theorem 4.1 in [86] and [54])). O

Theorem 2.106 ([53]) Let ¢,A : [cr, ] — R be such that ¢, A € C"[o,B]. If the in-
equalities in (2.258), (2.260), (2.262) and (2.264) are valid, then there exist & € [, P]

such that
Qi(o) _ o). ., .,
Qi(2) ~ A T

provided that the denominators are non-zero and Q;(-) are defined in Remark 2.28.

)

Proof. Similar to the proof of Theorem 2.14 (see also Corollary 4.2 in [86] and [54]). O
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Theorem 2.258 enables us to define Cauchy means, because of

o™ - Qi(¢)
”ti(M) (&)

which show that & (i = 1,...,4) are means of [c, §] for given functions ¢ and A.

Next we construct the non trivial examples of n-exponentially and exponentially convex
functions from positive linear functionals Q;(-) (i = 1,...,4). We use the idea given in
[142].

Theorem 2.107 ([53]) Let © = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R such that the function t «— [xo,...,xn; @] is
n-exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0y, Xn € I. Then for the linear functionals Q;(¢y) ( i=1,...,4) as defined in Remark
2. 28 the following statements are valid for each i =1,...,4:

(i) The function t — Q;(@,) is n-exponentially convex in the Jensen sense on J and the
matrix [Q;(d:;+4 )]Tl:l is a positive semi-definite for all m € Nym < n, t1,..,t, € J.
SN
Particularly,

det[Q;i(¢r;+y)|7 )=y = 0forallm e N,m=1,2,....n
7

(ii) If the function t — Q;(@,) is continuous on J, then it is n-exponentially convex on J.

Proof. The idea of the proof is the same as that of the proof of Theorem 1.39. O

The following corollary is an immediate consequence of the above theorem:

Corollary 2.25 ([53]) Let © = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R, such that the function t — [xg,...,Xn; @] is
exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0y -, Xn € I. Then for the linear functional Q;(¢) (i=1,...,4), the following statements
hold:

(i) The function t — Q;(¢y) is exponentially convex in the Jensen sense on J and the
matrix [Q;(¢:;+y A )=y is a positive semi-definite for all m € Nym <n, t1,...tm € J.

Particularly,

det[Qi(¢r+ )|} 1=y 2 0forallm e N,m=1,2,...;n
=

(ii) If the function t — Q;(@,) is continuous on J, then it is exponentially convex on J.
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Corollary 2.26 ([53]) Let © = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R, such that the function t — [xo,...,Xu; ] is
2—exponentially convex in the Jensen sense on J for every (n—+ 1) mutually different points
X0y, Xn €1 Let Qi(+) (i=1,...,4) be linear functionals, then the following statements
hold:

(i) If the function t — Q;(¢;) is continuous on J, then it is 2—exponentially convex

functionon J. Ift — Q;(@y) is additionally strictly positive, then it is also log-convex
on J. Furthermore, the following inequality holds true:

[Qi(0)) ™" < [Qi(9n)) " [Qu(9)],
for every choice r,s,t € J, such thatr < s < t.

(ii) If the function t — Q;(@,) is strictly positive and differentiable on J, then for every
p,q,u,v € J, such that p < u and q < v, we have

Up.g(Qi,0) < 1y,(Q;,0), (2.295)
where
Qi(9p) \ P4
(Qi(q);)) s P#q,
Up.q(Qi,0) = £ 01(60) (2.296)
eXp( le.(qu) ) y P=4¢,
for (va(l)q €0.
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10. O

Remark 1.19 is also valid for these functionals.

Remark 2.29 ([53]) Similar examples can be discussed as given in Section 1.4.

2.3.2 Results Obtained by Green’s Function and Taylor’s For-
mula

In this section we utilize Taylor’s theorem and Green’s function (1.180) and establish gen-
eralization of majorization theorem for the class of n-convex functions. We give analogous
results as in the previous subsection.

We begin with the next identities related to generalizations of majorization inequalities.

Theorem 2.108 ([6]) Ler ¢ : [a,f] — R be such that ¢""~V) is absolutely continuous
for somen >3 andletw = (wy,..., W), X = (x1,...,%n) andy = (y1,...,ym) be m-tuples
such that x;, y; € [o,B],w; €R (i=1,...,m) and G be the Green function as defined in
(1.180). Then
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iWW(xt')_zm:lwl"P(yl')—Mﬁ Zwl Xi = i)

n—=3 4 (k+2) B
+ Ll '(OC) / ( wiG(x;,s) — 2w,G(y,-,s)> (s — a)kds
k=0 k! o i—1 i=1
71 $ N n— n
Jr(n_?’) / (/ (2 X1,S) ;:]WiG(y,’,S)> (Sft) 3ds> (P( )(l‘)dt.
(2.297)
and
_9(B)—9¢(x)
Zwl Zwl l - ﬁ o ZW, Xi— l
n— 3 k+2 m
+ 2 ( wiG(x;,s) Zw, (vi,s ) —s)kds
i=1
1 B m
) (/ (§ ot Emetns) - ).
(2.298)
Proof. Using (1.181)in X7, wi ¢ (x;) — X7, wi ¢ (v;) we have
ZW‘P(%’)‘ Zwt(b(y)
B | m m
= (])(ﬁ sz Xi Yi)+/ ZwiG(xi,s)fZW,'G(yi,s) (])"(s)ds,
i=1 @ Li=1 i=1
(2.299)

Now applying Taylor’s formula (2.246) to the function ¢ at the point o and replacing n
by n—2 (n > 3) we have

n—3 0 (k+2) (Ol)

(n) n 3
T dt (2.300)

(s—

9"(s) =

k=0

and similarly Taylor’s formula for ¢” at the point 8 and replacing n by n—2 (n > 3) we
have

o)

n 3
o dt (2.301)

9" (s) = (s—

k=0
Using (2.300) in (2.299) we get

ﬁn:lwi(p(xi)—ilwl'd’(yt) = MZM(%—%)
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n3 ¢(k+2) ()

B[ m m
k! /a (121 wiG(x;,s) — i21WiG(yl',S)> (s—a)kds

1

B[ m s
w;G(x;,8) — Y w; s M) (£ (s — )3 g
ol (2] (Glais) = 3 Wil )) (/a¢ (1)(s—1) dt)d
(2.302)

By applying Fubini’s theorem in the last term of (2.302) we obtain (2.297).
Similarly using (2.301) in (2.299) and applying Fubini’s theorem we obtain (2.298). O

Integral version of the above theorem can be stated as follows.

Theorem 2.109 ([6]) Let ¢ : o, B] — R be such that ¢""~V) is absolutely continuous
for some n >3 and let and x,y : [a,b] — [, B], w: [a,b] — R be continuous functions and
G be the Green function as defined in (1.180). Then

[ wwoetende— [Mwmotinar = LE=ED [Pyoyun - y(war
n=3 4 (k+2) B
S5 S [ [ a6 - Go(e)9)a) 5 - s

k=0

*ﬁ/f (/ ﬁ (./abW“)((G(x@)»s) - G<y<r>,s>>dr) (s—r>"3ds) 90" (1)dr
(2.303)

o

and
[ w@otenar— [ wimotenar= 2 E=ED [ein) - ypar

n—=3 (_ 1\kn(k+2) B
3 CLE O P ([ wia(Gto) - Goiooar ) (st

k=0 a

il

In the following theorem we obtain generalizations of majorization inequality for n-
convex functions.

/O: (/abw(f)((G(x(T),S) - G(y(r),s))dr) (st)”3ds> o™ (1)ds.
(2.304)

Theorem 2.110 ([6]) Let ¢ : [a,B] — R be such that "~V is absolutely continuous
for some n >3 and let w = (wy,...,wy), X = (x1,...,%y) andy = (y1,...,Ym) be m-tuples
such that x;, y; € [a,B],w; € R (i=1,...,m) and G be the Green function as defined in
(1.180).

(i) If ¢ is n-convex and

B m m
/ (2 wiG(xi,8) — Y w,-G(y,-,s)) (s—1)"3ds>0, 1elo,pl, (2.305)
ro\i=l1 i=1
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then

iwtd)(xl')_ilwi(p(yi)_w.ilvwo(ﬁ_yi)

(04

n=3 4 (k+2) B[ m L
> 2 (Pki'(a)/a (lzl wiG(Xi,S)lZ]WiG(yiJ)) (s—a)ds.

k=0
(2.306)

(ii) If ¢ is n-convex and

/l (i wiG(x;,8) — iwiG(yi,s)> (s—1)"3ds <0, 1€]a,p], (2.307)
a \i=1 i=1

then

Zwi(l)(xi)—iwi¢(Yi)—Wiwi(Xi—Yi)

n=3(_1 k¢(k+2)ﬁ B
S ) (

o

1

3 wiG(x;,s) — iw,G(y,-,s)) (B —s)ds.
—1 i=1

(2.308)

Proof.  Since the function ¢ is n-convex, therefore without loss of generality we can
assume that ¢ is n—times differentiable and (])(") >0 see [144, p. 16 and p. 293]. Hence,
we can apply Theorem 2.108 to obtain (2.306) and (2.308) respectively. O

Integral version of the above theorem can be stated as follows.

Theorem 2.111 ([6]) Ler ¢ : [a,B] — R be such that ") is absolutely continuous
for some n >3 and let x,y : [a,b] — [, B], w: [a,b] — R be continuous functions and G
be the Green function as defined in (1.180). Then

(i) If ¢ is n-convex and

/lﬁ </abw(f)((G(x(T)7s) - G(y(T),S))dT) (Sft)n*3ds > 07 te [Ohﬁ], (2.309)

then

¢(B)—o(a)

a0

b b b
| w@o@pdr = [Cw@otm - | @@ -y

o4 (a) [f
>y =

k=0 a

([ #6021 - Glo(r).9)ae) 5 - s
(2.310)
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(ii) If ¢ is n-convex and

/t (/;W(T)((G(X(T),S)G(y(T),s))dr) (s—1)"3ds<0, 1¢€la,p], 2311)

then
[ w@o(enas— [Mwwoti@nar - LEELD [y a)a(e) s m)ar
n=3 (_1\kg(k+2) B
>3 SR ([ wto(Gte).0) = GOe).ae ) (8 s

(2.312)

The following generalization of majorization theorem holds.

Theorem 2.112 ([6]) Ler ¢ : [a, ] — R be such that "~V is absolutely continuous
for somen >3 andx = (x1,...,%n), ¥y = (V1,--.,Ym) be two m-tuples such that y < x with
xi, vi € [0, B] (i=1,...,m) and G be the Green function as defined in (1.180).

(i) If ¢ is n-convex, then

_"211¢<xl~>—ﬁ¢<yi>

n=3 4 (k+2) B[ om
>3 W/ ( G(xi,s) =Y, G(ynS)) (s — o)*ds.
k=0 : @ \i=l =

L

(2.313)
(ii) If the inequality (2.313) holds and the function
n=3 p(k+2) B
vi(.) = ‘PTW‘)/ G(.,s)(s — a)kds (2.314)
: o

k=0
is convex then the right hand side of (2.313) will be non negative, that is (2.153)
holds.
(iii) If n is even and ¢ is n-convex, then

m m

o)=Y ¢ )

i=1 i=1

n=3 (_ 1\k4(k+2) B[ Z
= <1>¢k—‘<ﬁ> / (; Glxi,s) — ;G@i,s)) (B —s)kds.

k=0
(2.315)
(iv) If the inequality (2.315) holds and the function
n—3 —1 k 4 (k+2) B
wni)=Y ()‘Pk—'(ﬁ)/a G(.,5)(B —s)kds (2.316)

k=0

is convex then the right hand side of (2.313) will be non negative, that is (2.153)
holds.
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(v) Ifnis odd and ¢ is n-convex, then
g ¢ (xi) — g¢ ()
— k 4 (k+2) B[ m m
2 M/ (2 Glxi,s) — 20@,@) (B — s)ds.
k=0 o \i=1 i=1

(2.317)

(vi) If the inequality (2.317) holds and the function v, defined in (2.314), is concave
then the right hand side of (2.317) will be non positive, that is reverse inequality in
(2.153) holds.

Proof. (1) Since G is convex and y < x therefore by Theorem 2.110 we have

m m
Y G(xi,s) = Y. G(yi,s) >0
i=1 =1

Also (s—1)"3 >0 for s € [t, 8]. Hence (2.305) holds for w; = 1(i = 1,...,m).
Using Theorem 2.110, the inequality (2.313) holds.

(i) We can write the right hand side of (2.313) as

ivl (1) 2 Vi ().

Now using majorization theorem we obtain that the right hand side of (2.313) is non nega-
tive.
Similarly we can prove the other parts. |

In the following theorem we give generalization of Fuch’s majorization theorem.

Theorem 2.113 ([6]) Let ¢ : [a,B] — R be such that ") is absolutely continuous
for some n >3 and let x = (x1,...,%,) andy = (y1,...,ym) be decreasing m-tuples and
w = (Wi,...,wn) be any m-tuple such that x;, y; € [a,B],w; € R (i = 1,...,m) which
satisfies (1.19), (1.20) and G be the Green function as defined in (1.180).

(i) If ¢ is n-convex, then
ZWHZ’ (x7) = ZWNZ’ (i)
— k+2 m
> 2 / <2w, (xi,8) 2w,~G(y,-,s)> (s — a)kds.
k=0 i=1

(2.318)

(ii) If the inequality (2.318) holds and the function v, defined in (2.314) is convex, then
the right hand side of (2.318) will be non negative, that is (2.157) holds.
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(iii) Ifnis even and ¢ is n-convex, then
m

iwi(i) ()= X wid (y)

i=1

n=3 (_ 1\ky(k+2) B[ m m
> 2 (1)¢k—l(ﬁ) / (2 WiG(xi’s) — ZwiG(yi,S)> (B — s)kds.

k=0
(2.319)

(iv) If the inequality (2.319) holds and the function v, defined in (2.316) is convex, then
the right hand side of (2.319) will be non negative, that is (2.157) holds.

(v) Ifnis odd and ¢ is n-convex, then
m m
Y wi¢ (xi) = D, wi ¢ (vi)
i=1 i=1

n=3 ( _1\kg(k+2) B[ <
< 2 (1)¢k—](ﬁ)/ (2 Wl-G(th) — ZWiG(yi,S)> (B *S)kds.
=0 ! o] i=1 i=1
(2.320)

(vi) If the inequality (2.320) holds and the function v, defined in (2.316) is concave,
then the right hand side of (2.317) will be non positive, that is reverse inequality in
(2.157) holds.

Proof. The proof is similar to the proof of Theorem 2.112 but using Theorem 1.12 instead
of Theorem 1.14. d

The following generalization of integral majorization theorem holds.

Theorem 2.114 ([6]) Let ¢ : (o, ] — R be such that ¢ ") is absolutely continuous for
some n >3 and let x,y : [a,b] — o, B] be decreasing and w : [a,b] — R be any continuous
functions such that (1.27), (1.28) hold and G be the Green function as defined in (1.180).

(i) If ¢ is n-convex, then
b b
[ wo@de— [“wmo(z)ar

= ZZZ W /aﬁ (/;W(T)((G(x(f),s) - G(y(r),s))dr) (s — a)kds.

(2.321)

(ii) If the inequality (2.321) holds and the function v; defined in (2.314) is convex, then
the right hand side of (2.321) will be non negative, that is (2.159) holds
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(iii) Ifnis even and ¢ is n-convex, then
b b
| w@otmar = [Cw@ot(e)ar
3 (L1ykgt2(B) 1B b
>y SR ([ w6t = GO e ) (6 s

[0

(2.322)

(iv) If the inequality (2.322) holds and the function v, defined in (2.322) is convex, then
the right hand side of (2.322) will be non negative, that is (2.159) holds.

(v) Ifnis odd and ¢ is n-convex, then

b b
| w@otmar= [Cw@or(z)dr

<5 LU0 [ wio)(6tote1) - GO0 ) (5.

[0

(2.323)

(vi) If the inequality (2.323) holds and the function v, defined in (2.316) is concave,
then the right hand side of (2.323) will be non positive, that is reverse inequality in
(2.159) holds.

In the sequel we use the above theorems to obtain generalizations of the previous re-
sults.

For m-tuples w = (Wi,...,wpm), X = (x1,...,%y) and y = (y1,...,ym) with x;, y; €
[a,B],wi €R (i=1,...,m) and the Green function G defined by (1.180), denote

R(r) = i Wi / ' (G(xi,5) — G(yi,s)) (s—1)"ds, t € [o,B], (2.324)
i=1 !

B(t) = i Wi / t (G(xi,5) — Gyi,s)) (s—1)"2ds, t € [o,B], (2.325)
i=1 o

similarly for continuous functions x,y : [a,b] — [ct, B], w : [a,b] — R, denote

ﬁ(t)/lﬁ (/abw(r)((G(x('L'),s)G(y(T),s))d'L’) (s—1)"3ds, telo,p], (2.326)

o

30) = [ ([ w0600 - G0NdT ) (-0 s, 1€ [l @2320)

Consider the Ceby3ev functionals T (R,R), T(B,B), T(R,R) and T (B,B) are given by:

2
TR = 5 ! y /j R2(1)di — <B ! - j R(1)di (2.328)
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Tma%yzﬁ1aﬂf%%mh—<ﬁiaﬂf%uwoz (2.329)
T@i%)ﬁialfﬁ(pﬁ <ﬁia1f%amo2 (2.330)
”%ﬁﬂ:ﬁ1aﬂf%%wh_<ﬁiaﬂf%awoz (2.331)

Theorem 2.115 ([6]) Let ¢ : [0, B] — R be such that ¢"~") is absolutely continuous for
some n>3with (-—a)(B—-)[0"V]? € Lo, B andletw = (wy,...,Wp), X = (X1,. .., Xpm)
andy = (y1,...,ym) be m-tuples such that x;, y; € [o,B],w; € R (i =1,...,m) and let the
functions G, R and B be defined by (1.180), (2.324) and (2.325) respectively. Then

(i)

zm:Wi(P(Xi)*iWi(P(Yi): Wiwi(%m

+2¢Hq /(i Gl s) Zmyh> ~o)ds

(n 1 (n— 1
+¢(B =3 L £t + k! (9:0, B).
(2.332)

where the remainder k! (¢; o, B) satisfies the estimation

VB-a 1
NGICEE [T (R, R)]

[~ (B -0l Vo) ar|
(2.333)

k) (930, B)| <

(ii)
gwi(P(xi);W"(P(yi)(p(B zw, i— i)
n=3 (__ 1k (k+2)
5 COO0) 1S ) St ) (8-
k=0 k!
(P(nfl)(ﬁ)i nl

T a-pn—3)

D [ o8 0y w30:0.).
(2.334)

where the remainder k2 (¢; o, B) satisfies the estimation

(g x BI_—iﬁigﬁﬂ%ﬂW%

(n—3)!

[ - B -niot o
' (2.335)

Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O
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Integral case of the above theorem can be given as follows.

Theorem 2.116 ([6]) Let ¢ : [o, B] — R be such that ¢ ") is absolutely continuous for
some n >3 with (-—a)(B —)[¢"+V)? € Lo, B] and let x,y : [a,b] — o, B], w: [a,b] — R
be continuous functions and let the functions G, R and B be defined by (1.180), (2.326)
and (2.327) respectively. Then

(i)
[ w@otone - [ wootiar = LEELD [y e)aie) s m)ar
+ 3 2 [ ([ wo(G6t019) - G ) 5~ s
+‘Z’("(;w;)_(fm;;f“) [ S0ar-+7l(0:a.6).
(2.336)
where the remainder K!(¢; o, B) satisfies the estimation Y
R (930.B)] < % T [o- r>[<z><"“><r>12dr(;37)
(ii)
[ w@otiar— [ woononar = LB @) a0 - y(o)ar
+ 5 ([ oo - Goe)sar ) - pas
+ (p(n(: <_B2;)_(,(f (_n;)),(a) /| B0~ 52(0:0.8). (2:338)

where the remainder K2(¢; o, B) satisfies the estimation
- VB—«a | 2
|Rr(0:0,B)| < 5 [T(B,B)]

p
V2(n—3)! ==l Vo)

(2.339)

Using Theorem 1.11 we obtain the following Griiss type inequalities.

Theorem 2.117 ([6]) Let ¢ : [, B] — R be such that ¢ (n > 3) is absolutely continu-
ous function and "V >0 on [, B] and let the functions R and B be defined by (2.324)
and (2.325) respectively. Then we have
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(i) the representation (2.332) and the remainder K,{ (¢;a, B) satisfies the bound

(n—1) (n—1) (n—2) n—2)
o < _13)'|%,||w{¢ (B)+0"(a) /(B)— 9" (a)

2 B—o
(2.340)

(ii) the representation (2.334) and the remainder k2(¢; o, B) satisfies the bound

! 9" V(B)+9" V(@) 9" (B) " ()
2(¢: < Il - -
Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral case of the above theorem can be given as follows.

Theorem 2.118 ([6]) Let ¢ : [a, B] — R be such that ¢\ (n > 3) is absolutely con-
tinuous function and ¢V >0 on [, B] and let x,y : [a,b] — [a,B], w: [a,b] — R be

continuous functions and the functions G, R and B be defined by (1.180), (2.326) and
(2.327) respectively. Then we have

(i) the representation (2.336) and the remainder K\ (¢; o, B) satisfies the bound

| {¢<"”(ﬁ)+¢<””(a) 0" 2(B) — 9" ()

|k (9:0,B)| <

1
(n—3)! 2 p—a

(2.341)

(ii) the representation (2.338) and the remainder &2(¢; o, B) satisfies the bound

! 0" (B +0" V(a) 9" (B) = 9" (e)
|n¢aﬁ|_ )|%|°°{ D) - ﬁ*Ol }

We present the Ostrowski type inequalities related to generalizations of majorization’s
inequality.

Theorem 2.119 ([6]) Suppose that all assumptions of Theorem 2.108 hold. Assume
(p,q) is a pair of conjugate exponents, thatis 1 < p,q<oo, 1/p+1/qg=1. Let ’(l)(")

[ar, B] — R be an R-integrable function for some n > 3. Then we have:

(i)

ﬁn:lwl'fb(xi)—zm:lwi(l’(yi)— (ﬁﬁ) Ha ZWI Xi = yi)

(04 =

SR C))

n—3 B m m
- 2 T/ (2 wiG(x;,s) — ZwiG(yi,s)> (s— oc)kds
k=0 : o i=1 =1

<G "

(2.342)

q°
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where f(t) / (2 wiG(xi,8) — iwiG(yi,s)> (s —1)"3ds.
i=1

The constant on the right-hand side of (2.342) is sharp for 1 < p < oo and the best
possible for p = 1.

(ii)

> —iwt‘l’(ﬁ)-%iwi(n—yﬂ
Y L) (

k! ile(xi»S) - iWiG()’i,S)> (B —s)kas| (2:343)
k=0 : i=1 i—1
1
— o™
= (n—3)! H¢ q’

where f /(214/, (xi,9) iwiG(yi,s)> (sft)"73ds.
i=1

The constant on the right-hand side of (2.343) is sharp for 1 < p < oo and the best
possible for p = 1.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

Integral case can be given as:

Theorem 2.120 ([6]) Suppose that all assumptions of Theorem 2.109 hold. Assume

p
(p.,q) is a pair of conjugate exponents, thatis 1 < p,q <o, 1/p+1/q=1. Let |¢")

[ar, B] — R be an R-integrable function for some n > 3. Then we have:

(i)

n—=3 4 (k+2) B
w / < /a”w(r)((c(x(f),s)G(y(f),s))dr> (s— alds

k=0

<Gl

q b
(2.344)

where g(t) = /t ’ ( / bw(’L’)((G(x(’L’),s)G(y(T),s))d’L'> (s—1)"3ds.

The constant on the right-hand side of (2.344) is sharp for 1 < p < oo and the best
possible for p = 1.
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(ii)

¢(B)

[ w@otenar— [“wieoo@nar- LE=LD [y - s

' (DR (B) P
y e

o

([ #6021~ Glotr).onae) (8 -5

k=0
5

(0
Soml?

Nl
(2.345)
_ t b
where §11) = [ ( / w<r><<c<x<r),s>G<y<r>,s>>dr) (s—1)"3ds.

The constant on the right-hand side of (2.345) is sharp for 1 < p < e and the best
possible for p = 1.

Motivated by inequalities (2.306), (2.308), (2.310) and (2.312), under the assumptions
of Theorems 2.110 and 2.111 we define the following linear functionals:

Fi(9)= iWi(p(Xi)* iWi(P()’i)* w iWi(Xi*yi)
i=1 i=1 i=1

n—=3 4 (k+2) B[ m m
-y 0 +k' () / (2 wiG(xi,8) — ZwiG(yi,s)> (s—o)kds
k=0 : S0 \i=1 i=1
} } ) (2.346)
F2(9) = ;Wz‘(]) (xi) — Z]WHP (i) — (P(ﬁg_ (@) Z]wi (xi — yi)
n=3 (_ 1k (k+2) B[ m m
- W/ (2 wiG(x;,8) — ZWiG(yi,s)> (B —s)kds
k=0 : o \i=1 i=1
(2.347)

F30)= [ woo@ar - [ woeb@)r

¢(B) — ()
B—o
13 o (+2) (g

-5 ([ w609 - G0t ar ) (5 s

k=0

[ w@etn) - v(par

(2.348)

Y Ce ) /f ( /abw(‘r)((G(x(T),s)—G(y(r),s))df) (B s)tds
(2.349)
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Remark 2.30 ([6]) Under the assumptions of Theorems 2.110 and 2.111, it holds
Fi(¢)>0,i=1,...,4 for all n-convex functions ¢.

The Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems.

Theorem 2.121 ([6]) Let ¢ : [, f] — R be such that ¢ € C"[c,B]. If the inequalities
(2.305), (2.307), (2.309) and (2.311) hold, then there exist &; € [a, B] such that

Fild) =0 (EVFilp), i=1,....4 (2.350)

n

where @(x) = 5y and I, i = 1,...,4 are defined by (2.346)-(2.349).
Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see also the
proof of Theorem 4.1 in [86]). O

Theorem 2.122 ([6]) Let ¢,y : [, B] — R be such that ¢,y € C"[ct, B]. If the inequal-
ities (2.305), (2.307), (2.309) and (2.311) hold, then there exist &; € [a, B] such that

Fo) _0M&) (2.351)

Fiw)  w™(&)

provided that the denominators are non-zero and F ;, i = 1,...,4 are defined by (2.346)-
(2.349).

Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see the
proof of Corollary 4.2 in [86]). O

Now we construct families of n-exponentially and exponentially convex functions by
using the idea given in [142].

Theorem 2.123 ([6]) Let Q = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R such that the function t — [xo, ... ,x,; @] is n-
exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0y -y Xn € I. Then for the linear functionals F ;(¢;) (i =1,2,..,4) as defined by (2.346) —
(2.349), the following statements hold:

(i) The functiont — F {(¢) is n-exponentially convex in the Jensen sense on J and the
matrix [F (@4 )];fll:] is a positive semi-definite for all m € Nym < n, t1,..,t,, € J.
LA,

Particularly,

det[F i(¢1j+4 )|} 1=y > O0forallme N, m=1,2,....n.
Sy

(ii) If the functiont — F j(¢) is continuous on J, then it is n-exponentially convex on J.

Proof. The idea of the proof is the same as that of the proof of Theorem 1.39. O

The following corollary is an immediate consequence of the above theorem
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Corollary 2.27 ([6]) Let Q={¢, :t € J}, where J is an interval in R, be a family of func-
tions defined on an interval I in R, such that the functiont «— [x, ..., X,; ¢ is exponentially
convex in the Jensen sense on J for every (n+ 1) mutually different points xg, ..., x, € I.
Then for the linear functionals Fi(¢;) (i = 1,..,4) as defined by (2.346) — (2.349), the
following statements hold:

(i) The function t — F {(¢;) is exponentially convex in the Jensen sense on J and the
matrix [F i(§s;+ )]Tl:l is a positive semi-definite for all m € Nym < n, t1,..,t,, € J.
=

Particularly,

det[F i(¢r;+)]7 1=y = O0forallm e N, m=1,2,....n.
2

(ii) If the functiont — F (@) is continuous on J, then it is exponentially convex on J.

Corollary 2.28 ([6]) Let Q = {¢, : t € J}, where J is an interval in R, be a family of
functions defined on an interval I in R, such that the function t — [xq,...,Xu; ] is 2-
exponentially convex in the Jensen sense on J for every (n+ 1) mutually different points
X0,..-,xn €1 Let Fi, i =1,...,4 be linear functionals defined by (2.346)-(2.349). Then
the following statements hold:

(i) If the functiont — F {(¢;) is continuous on J, then it is 2-exponentially convex func-
tion on J. Ift — F {(¢) is additionally strictly positive, then it is also log-convex on
J. Furthermore, the following inequality holds true:

[Fi(o)l ™" < [Falon)] T [Fa(@))™", i=1,....4
for every choice r,s,t € J, such thatr < s < t.

(ii) If the function t — F (@) is strictly positive and differentiable on J, then for every
p,q,u,v € J, such that p < u and q < v, we have

Upg(F s Q) < tuy(F i,Q), (2.352)
where
1
Fi(gp) \ r—a
(/’l((pf[)) 9 p 7é CIa
Hp.q(F i, Q) = A p o) (2.353)
dp” TP _
CXp ri((pp) ) y P =4,
for ¢p, 9g € Q.
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10. O

Remark 1.19 is also valid for these functionals.

Remark 2.31 ([6]) Similar examples can be discussed as given in Section 1.4.
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2.3.3 Results Obtained by New Green’s Functions
and Taylor’s Formula

In this subsection, see [110], we give results related to majorization theorems that include
newly defined four different Green’s functions (2.47), (2.48), (2.49) and (2.50), and also
associated functions (2.46), (2.51), (2.52) and (2.53), introduced in ([ 125]), in combination
with Taylor’s formula. One can see that this version of results present generalizations of
majorization type theorems discussed in [6].

We star with theorem that gives equivalent statements that include arbitrary convex
functions on one side and Green functions (2.47), (2.48), (2.49) and (2.50) on other side,
using nice properties of Green’s functions as continuity and convexity.

Theorem 2.124 Ler f: [91,92] — R be a continuous convex function on the interval
[01,%)] and x = (x1,...,x),y = (V1,...,y1) and p = (p1,...,p1) be l-tuples such that
Xiyyi € [O1,%] and p; € R fori=1,2,...,1, which satisfy the condition

i !
Zptyi = ZPiXi- (2.354)
i=1 i=1

If we define G4 (d =1,2,3,4) as in (2.47), (2.48), (2.49) and (2.50), then we have follow-

ing equivalent statements.

(i) For every continuous convex function f : [91,9,] — R, we have

1 1
N pif i) <Y pif (xi). (2.355)
i=1

i=1
(ii) Forallv € [81,], we have

I I
Y piGa (yi,v) < Y. piGalxi,v). (2.356)

i=1 i=1
Moreover, if we change the sign of inequality in both inequalities (2.355) and (2.356),
then the above result still holds.

Proof. The scheme of proof is similar for each d = 1,2,3,4, therefore we will only give
the proof for d = 4.

(i) = (ii): Let statement (i) holds. As the function Gy : [0, ][0, 2] — R is convex
and continuous, so it will satisfy the condition (2.355), i.e.,

! !
> piGa(yi,v) < Y, piGal(xi,v). (2.357)
i=1 i=1
(ii) = (i): Let f: [01,%2] — R be a convex function. Without loss of generality we
can assume that f € C%([®,8,]). Further, assume that the statement (ii) holds. Then by
Lemma 2.2, we have

f(x,') = f(ﬁ] ) + (192 — 191).)0/(191) — (192 7x,')f/(‘l92) + 19192 G4(x,-,v)f”(v)dv, (2.358)

FOi)=F(01)+ (O =) f (01) — (92— yi) f (%) + :2 Ga(yi,v)f"(v)dv.  (2.359)

1
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From (2.358) and (2.359), we get

I I
Y pif(xi) sz fvi) = sz B —xi) f (02) + 3. pi(02 — yi) f(B2)
i=1 i=1
0 [ ! i
-/ 2 PiGa(xi,v) = Y, piGa(yi,v) | f" (v)dv.  (2.360)
T =1

Using (2.354), we have

l l 9, [ 1 l i
D pif(xi) = X pif i) = /19 D piGa(xi,v) = X, piGa(yi,v) | ' (v)dv.  (2.361)
i=1 i=1 IO =1 i=1 ]
As f is convex function, therefore f”(v) > 0 for all v € [, ;). Hence using (2.356) in
(2.361), we get (2.355).

Note that the condition for the existence of second derivative of f is not necessary

([144, p.172]). As it is possible to approximate uniformly a continuous convex function by
convex polynomials, so we can directly eliminate this differentiablity condition. O

Remark 2.32 7o avoid many notation, we denote

l
M(X Yapaf Zpl Xi _zpif Vi
i=1

If l-tuples x,y, p satisfy the assumptions of Fuchs theorem (Theorem 1.14), then
M(x,y,p, f(.)) =0

for continuous and convex function f. Furthre, M[(X,y,p, f(.)) = 0 when f is a constant
or linear function.
In particular, if py = pa = --- = p; =1, then

~

M(X Y, 7f fol Zf(yl)>

Next we give new identities related to generalization of majorization theorems in the
sense of Taylor’s interpolation which will be very useful for us in deducing new results.

Theorem 2.125 Ler f: [81,0:] — R be such thar f"~Y) is absolutely continuous for
some n >3 and letx = (x1,...,x1),y = V1,...,y1) and p = (p1,...,p;) be l-tuples such
that x;,y; € [91, %] and p; € Rfori: 1,2,...,1. Ifwe define Gy (d =1,2,3,4) as in (2.47),
(2.48), (2.49) and (2.50), then

I
M (x,y,p.f(.) = f'(&a) Y, pi(xi — i)

i=1

n—=3 r(k+2) 9 o
23 L [ ni ey, Ga () (v 00
=0 k! Jo,

1 ) B M G n73d (n) d 2.362
+(n_3)!./ﬁl<u (x,3.2.Ga (1) (v =) v)f Gdu, - (2.362)
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and
M (x,y.p,f(.) = f'(&a) sz Xi — i)
n=3 (_1\k £(k+2) L)
+2M/ﬂ M (x,3,p, Ga (-,v)) (82 — v)¥dv
k=0 : 1
192 u
‘Flsw / (/ﬂ M(x,y,p,cd<.,v>><v—u>"3dv)f<"><u>du» (2.363)

where &1,E4 = O, &,E =0 and G;(d = 1,2,3,4).

Proof. The scheme of proof is similar for each d = 1,2,3,4, therefore we will only give
the proof for d = 4. From (2.360), we have

! ’
M (x,y,p, f(.)) = Y, pi(xi —yi) ' ($2) +/19 M (x,y,p,Ga (-,v)) f"(v)dv.  (2.364)
i=1 |

Now using Taylor’s formula (2.246) for the function f” at point 9 and replacing n by
n—2(n>3), we have

"23 SED ()

0 (v—t) +

') = ") (u)(v—u)"du. (2.365)

L
(n—=3)"Js

Similarly, Taylor’s formula on the function f” at point ¥, and replacing n by n—2 (n > 3),
we get

k=0

L))
£ () (v — u)"3du. (2.366)

Using (2.365) in (2.364), we have
M (x,y.p, f(.) Zpl Xi = i)

n—=3 r(k+2) 9 H
Y fi(‘)/ M (x,y,p,Ga (1)) (v — B1)dv
= K il
1 v
+— M( Y.0:Ga (V) ( £ () (v — u)"3du> dv. (2.367)
(n—3)! Cll
Now by using Fubini’s theorem in (2.367), we get (2.362). In similar way, we can find
(2.363), by using (2.366) in (2.364). a

The following is an application of the previous theorem which is in fact generalization
of majorization inequality for n-convex functions.

Corollary 2.29 Ler f : [0, 2] — R be such that F=1) is absolutely continuous for some
n>3andlet x = (x1,...,x),y = (V1,...,y) and p = (p1,...,p;) be l-tuples such that
Xi,vi € [01,%] and p; € Rfori: 1,2,...,1. Define Gy (d =1,2,3,4) as in (2.47), (2.48),
(2:49) and (2.50).
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(i) If f is n-convex and
9
/ ’ M(xvyapa Gd ('7‘))) (V - M)n73dv > O,M € [291 ’ 1-92]7 (2368)
JUu

then
!

M (x,y,p,f(.) = f'(&a) X, pilxi — i)

i=1

n=3 r(k+2) (9. 9
> Y L ey Ga () (- ot 2369)
k=0 : K

(ii) If f is n-convex and
/ M (xvyavad (.,V)) (V - Lt)n73dv S O,M S [ﬂla 292]7 (2370)
9

then
!
M (x,y.p, f(.)) = f'(&a) X, pi(xi — i)
=3 1\k p(k+2)
>y M/%M(x,y,p,Gd(.,V))(ﬁz—v)kdv, (2.371)

where &,&4 = 0 and &, &3 = Oy

Proof. By the n-convexity of the function f, we can assume without loss of generality that
f is n-times differentiable and f) > 0 (see [144, p.16 and p. 293]). So using (2.362) and
(2.363), we can have (2.369) and (2.371) respectively. O

The following corollary gives the generalization of classical majorization theorem.

Corollary 2.30 Ler f : [8;,0:] — R be such that f"~Y) is absolutely continuous for some
n >3 and let x = (x1,...,x1),y = V1,...,y1) be l-tuples such that x;,y; € [91,0] for
i=1,2,....landx > y. Define G4 (d =1,2,3,4) as in (2.47), (2.48), (2.49) and (2.50).

(i) If f is n-convex, then

n—3 f(k+2) (19] )

Mx,y, 1) > Y ﬂzM(x,y,l,Gd(.,v))(vf o) kdv.

k=0 k! L
(2.372)
(ii) If inequality (2.372) is satisfied and
n—=3 r(k+2) 9 %
Fi()= 2 fki'(l)/ﬂ Gy(.,v)(v— o) kdy (2.373)
. 1

k=0

is convex then the right hand side of (2.372) is non negative, i.e., (1.18) is satisfied.
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(iii) If f is n-convex, where n is even, then

n=3 (_1\k £(k+2) 5
G170 > 3 EEL O 1.6 ) (82 -

k=0 k! L
(2.374)
(iv) Ifinequality (2.374) is satisfied and
n—3 ~1 k £(k+2) 5 )
Fa2)=Y EV ) Ga(.,v)(02 —v)kav, (2.375)

k! 9

is convex then the right hand side of (2.374) is non negative, i.e., (1.18) is satisfied.

(v) If f is n-convex, where n is odd, then

n— 3 )kf (k+2) (192) th

M (x,y,1, f(.) 2 M (x,9,1,Gy (.,v)) (8 — v)*dv.

(2.376)

9

(vi) If the function F , which is defined in (2.375), is concave and the inequality (2.376)
is satisfied, then the right hand side of (2.376) is non positive, i.e., reverse inequality
in (1.18) is satisfied,

where 1 = (1,1,...,1) is l-tuple.

Proof. (i): Note that for v € [u, 9], we have (v —u)"~3 > 0. Given that x majorizes y, so
(1.20) holds. Moreover G is continuous as well as convex, for d = 1,2, 3,4, therefore by
using Theorem 1.12, we can write

M (x,y,1,Gq (.,v)) = 0.

Thus (2.368) holds for p; = 1 (i =1,2,...,l). Hence by using Taylor theorem (2.246), we
can deduce inequality (2.372).
(ii): Right hand side of the inequality (2.372) can be written as

[ !

D b)) =X ()

i=1 i=1

As [ 1 is convex, so by applying majorization theorem we note that the right hand side of
(2.372) is non negative.
Remaining parts can also be proved in similar way. O

The following corollary gives the generalization of Fuchs’s majorization theorem.

Corollary 2.31 Ler f: [0, 2] — R be such that F=1) is absolutely continuous for some
n>3. Letx = (x1,...,x1),¥ = (¥1,-..,y1) be non increasing I-tuples and p = (p1,...,p;)
be I-tuple such that xi,yi € [01,9] and p; € R fori=1,2,...,1, which satisfy conditions
(1.19) and (1.20). Define Gy (d = 1,2,3,4) as in (2.47), (2.48), (2.49) and (2.50).
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(i) If f is n-convex, then

n—=3 r(k+2) 9
My /()2 3 T [ Wiy, Ga(r) (- 90
k=0 : 1

(2.377)

(ii) If the inequality (2.377) is satisfied and the function | | which defined in (2.373), is
convex then the right hand side of (2.377) is non negative, i.e., (1.21) is satisfied.

(iii) If f is n-convex, where n is even, then

n=3 (_1\k p(k+2)
Mx,y.p.f()> Y w

&)
[ M0 G () (82 =)
k=0 T

(2.378)
(iv) If the inequality (2.378) is satisfied and the function [ , which defined in (2.375), is
convex then the right hand side of (2.378) is non negative, i.e., (1.21) is satisfied.

(v) If f is n-convex, where n is odd, then

n—3 (71)kf(k+2)(192) Dy

Myp.f()< Y - M (x,3,0,Ga (v)) (82— v)kdv.
k=0 :

Jo
(2.379)

(vi) If the function F o which is defined in (2.375), is concave and the inequality (2.379)
is satisfied, then the right hand side of (2.379) is non positive, i.e., reverse inequality
in (1.21) is satisfied.

Proof. Following the proof of Corollary 2.30, one can prove the result easily. O
We are ending this subsection with the following remark.

Remark 2.33 We can give the majorization theorems in the integral version of Theorem
2.125, Corollary 2.29, Corollary 2.30 and Corolary 2.31 like as given in [6].

Next, using the family of (n + 1)-convex functions at a point, we prove that the linear
functionals, deduced from the generalized identity (2.369), constructed on two different
intervals have monotonicity property (see [143]).

Definition 2.2 Let J C R be an interval, T € J and n € N. A function f : J — R is said to
be (n+ 1)-convex at point T if there exits a constant Wy such that the function

F(w)=fw)— —w (2.380)

is n-concave on I N (—eo, 7] and n-convex on IN[T,00). A function f is said to be
(n—+ 1)-concave at a point T if the function — f is (n+ 1)-convex at a point t.
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It is the usual sense that a function is (n + 1)-convex on an interval iff it is
(n+ 1)-convex at every point of the interval (see [143, 125]). Pecari¢ et al. in [143]
described necessary and sufficient conditions on two linear functionals ¥ : C([8,7]) — R
and Q : C([7,9,]) — R so that the inequality ¥ (f) < Q(f) holds for every function f that
is (n+ 1)-convex at point 7.

Now we define linear functionals W, (f) and Q4 (f) for fix d = 1,2,3,4 whose are deduced
from the difference of left and right sides of identity (2.369), constructed on the intervals

[81,7] and [t, 0] respectively, i.e., forx,y € [0,7]',p € R, r;s € [1,%] andp € R/ let

[

() =M x,y,p, f()) — f (&) Y pilxi— i)

i=1

n=3 r(k+2) (9 T
- 2 f k'( 1) / M(x7y7p7Gd ('7V)) (Vﬁﬁl)kdvv (2381)
k=0 : %

where &,&, = Tand &, & = ¥ and

l

Qu(f) :=M(rs,p. f() — f (&) X pilri —si)

i=1

n—=3 r(k+2) s
- 2 f k! <T) / M (r,s, ;7 Gd (.,V)) (V - T)kdvv (2382)
k=0 : T

where £;,&, = and &, &3 = 7.
When we apply identity (2.362) to the linear functionals W,(f) and Q,(f) for fix
d =1,2,3,4 on the intervals [0y, 7] and [, D;] respectively, we get
1 T T _
W) = o [ [0, G =0 ) £
(n - 3) 4 \Ju
(2.383)
and
1 ) ) _ 3
Qu(f) = 7/ < M (15,5, Gq (-.v)) (v —u)"™ dv) £ (u)du.
(I’L — 3)' T u
(2.384)

Now, we are in that position to state the monotonicity of linear functionals ¥, (f) and
Q,(f) involving (n + 1)-convex function at a point:

Theorem 2.126 Lerx,y € [81,7), p € R, r,s € [1, 192]l_and1; € R in such a way that
ford=1,2,3,4

T
/ M (x,y,p,Ga (,v)) (v — )2 dv >0, u e [,7], (2.385)

O
/ 2M(r,s,ﬁ,Gd () (v=u)"dv>0, uet,dl, (2.386)
u
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/ < [ MypGa ) - u)"3dv> du

b2 02 — n—3
:/ ( M (r,s,p,Ga (-,v)) (v— ) dv>du, (2.387)

where G, (d = 1,2,3,4) is defined as in (2.47), (2.48), (2.49) and (2.50) respectively and
let linear functionals W,(f) and Qu(f) be defined in (2.381) and (2.382). If
f i[9, %] — Ris (n+ 1)-convex at point T, then the monotonicity of these linear func-
tionals yields

Wa(f) <Qu(f), for d=1,2,3,4. (2.388)

Ifthe inequalities in (2.385) and (2.386) are reversed, then the reverse inequality in (2.388)
holds.

Proof.  From Definition 2.2, we can define a function F(w) in such manner that F(w) is
n-concave on [, 7] and n-convex on [T, 9;]. Now by using Theorem 2.29 to the function
F(w) on [0, 7] and [, §] respectively, we get

W
n!

‘“Pd(IF) = ‘“Pd(f) ‘Pd(w") S 0 and Qd(F) = Qd(f) - %Qd(w") Z 0, (2389)

by fixing d = 1,2,3,4. By putting f = w" in the identities (2.383) and (2.384) we have

Wa(w") = (n3 _3n2+2n) /1; (/MTM(x,y,p,Gd (,v)) (V—M)"3dv) du

(2.390)
and
L) ) _ 3
Q,(w") = (n* — 3n? +2n)/ < M(r, s, p,Ga(.,v)) (v—u)"" dv) du.
T u
(2.391)
So (2.387) implies that
‘I’d(w") = Qd(w").
Therefore the required result follows from (2.389). O

Remark 2.34 As in [125], in the proof of above theorem we have shown that for
d=1,2,3,4

Walf) S 22 ) = LW < ()

Moreover, if we replace condition (2.387) with the weaker condition that is
W (Qu(W") —Wy(w")) > 0, the inequality (2.388) still holds.
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Remark 2.35 We can also give the results of this subsection by defining the linear func-
tionals via using inequality (2.371) and the newly defined Green functions G, for d =
1,2,3,4.

In the sequel, we give the upper bounds of Griiss and Ostrowski type for given gener-
alized results.

Letx = (x1,...,x1),¥y = (v1,...,y1) and p = (p1,...,p;) be l-tuples such that x;,y; €
[01,%] and p; e Rfori=1,2,...,1. Let G4 (d = 1,2,3,4) be Green’s functions as defined
in (2.47), (2.48), (2.49) and (2.50). For d = 1,2,3,4, we define

O
Ou) = [ ME.y,p,Ga(V) (v—u)"3dv, ue oy, ), (2.392)
Y (u) = /19 M (x,y,p,Ga (., v)) (v — u)"3dv,  ue [0, ). (2.393)
J Ul

Now consider the following Ceby§ev functionals ford =1,2,3,4

T(04,0,) = ! /192(92( Ydu — : /1%@ (u)d 2 (2.394)

PR oy Jo, T sy e, ) ‘

T(ryYy) = — /%YZ( i — [ — /ﬁzY (u)d 2 (2.395)
d>1d —192719] o, qg\u)au 1927191 o Jd\u)au . .

Theorem 2.127 Let all the assumptions of Theorem 2.125 be satisfied. Let f : [0y, 0;]
— R be such that f") is absolutely continuous for some n >3 and (- — 1) (0 — -)[f"*T1)]?
€ L[91,%]. If ©4 and Yy are functions, defined in (2.392) and (2.393) respectively, then
the following identities hold for d = 1,2,3,4.
(i)
!

M (x,y.p,f(.) = f (&) Y, pili — i)

i=1

n=3 r(k+2) (9 L))
+ 2 fi(l) M (x,y,p.Gq (.,v)) (v —8)*dv
far k! 0

(n—1) _ f(n—1) )
- (192(?21)91)({1—3)(!61)/19 Oq(u)du+ REM(f™,0,,91,,),

(2.396)
where REM(f(”) ,04,01,0,) is the remainder which satisfies the following inequal-
ity

192 — 191 1
REM(f™, 04,0, 0)| < ~=———[T(04,0,)]
[REM(/.0481,82)| < 2= (T(04,04)
0 3
/ (=)0 —w)[f" V) (w)]*dul . (2.397)
Al
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(ii)
1
M (x,y.p, () = £ (&) Y, pilxi — i)
i=1
n— 3

k (k+2)
-5 () [ 0.6y () (92

1

f<" 1’(192)*.1”(”*1)(191) % .
(61— ) (n—3)! N Y(u)du — REM(f\", Yy, 01, ),

(2.398)
where REM( f ) Yy, %, D) is the remainder which satisfies the following inequal-
ity

Vih -9
REM(f™, Yy, 01,9)| < VO iy Y,
[REM( Yo, 01,00)| < SR T (0 Yl
9 5
[ =908~ )£ )P
il

(2.399)

Moreover, £,y = Oy and &,& =0

Proof. (i): From (2.362) and (2.396), we have for fixed d = 1,2,3,4,

B

_SUD@) — (B .
- (192_191)(11—3)! o ®d(u)du+REM(f ,@4,191,192).

This implies

REM(f(n) ) ®d7 1-91 5 1-92)

L ’ 1 o
o [ eut ) — s [T eutwa [ 1 wa

which can be written in terms of Cebyéev functional as

(9 — 291)

REM(f™,04,0,9,) = T 1@ £y, (2.400)
n— .
Using Theorem (1.10), we get (2.397).
(if): Similarly, we can prove the part (ii) by comparing (2.363) and (2.398). O

Following theorem gives Griiss type inequalities.

Theorem 2.128 Ler f: [0, 2] — R be such that £ is absolutely continuous for some
n>3and f) >0 on [01,%)]. If Oy and Y4 are functions, defined in (2.392) and
(2.393) respectively, then ford = 1,2,3,4,



2.3 MAJORIZATION AND TAYLOR’S FORMULA 187

(i) the remainder REM(f("),@d, 91, %) in (2.396) satisfies the following bound
REM(/"),0,,01,52)|
1 co JF@) 4@ () = ()

<
= (n 2 5, — Oy

(2.401)
(ii) the remainder REM(f("),Yd, 91, %) in (2.398) satisfies the following bound

REM(F"), Yy, 01, 85)

o 1 I fUN@) + 9V f () — ()
= (n—3)1" = 2 By — '
(2.402)
Proof. From (2.400), we have for fixed d = 1,2,3,4,
REM(f™),©,4,01,0,) = %T(%ﬂ")). (2.403)
n—3)!
Using Theorem 1.11 on right hand side, we deduce (2.401).
(if): Part (i) can be proved in a similar way. a

Next theorem gives the Ostrowski type inequalities related to generalized majorization
inequality.

Theorem 2.129 Let all the assumptions of Theorem 2.125 be satisfied. Let f : [01,0,] —
R be such that "~V is absolutely continuous for some n > 3. Let (q,q') be a pair of
conjugate exponents, thatis 1 < q,q' < oo and é + % =LIf|f"9:[%h,%] > R(n>3)is
R-integrable function, then we have the following identities ford = 1,2,3,4.
(i) / d
M (x,y,p, /() = f (&) Y, pi(xi —yi)

i=1
n—3 f(k+2) (191) )

“ X ), MypGal) (v = o) dv
k=0 : Cll
1
= (n73)!||f(n)”q||f”q’» (2.404)

where
£ = [ MGy 2. Gal ) 0wy

u

Right hand side of (2.404) is constant which is sharp for 1 < q < o and the best
possible for g = 1.
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(ii) o
M(%J’»P»f(-))_f(éd)zpi(xi_yi)
i=1
n—3 k p(k+2
SOVAMRIC N
_kg()T/I‘% M<x7y7p7Gd('7v))(ﬂZ_V)de
1 n -l
< =5 1 el (2.405)
where

flw) = [ M@.yp,Gal ) (v =) 2av
9
Right hand side of (2.405) is constant which is sharp for 1 < q < e and the best
possible for g = 1.
Moreover, £1,&E, = 9, and &,&5 = 0.

Proof. By the arrangement of identity (2.362) for fixed d = 1,2, 3,4, we have the following
identity:

[
‘M(x,y,p,f(-)) &)Y piti—y)

i=1
n—3 f(k+2) (191 ) %

SR [, M Gal) (- oy
1 2
= |, @uts W, (2.406)

classical Holder’s inequality apply to the right hand side of (2.406) implies (2.404). The
proof of the sharpness of the constant ||f||,/ is analogous to the proof of Theorem 19
in [6]. O

Remark 2.36 We can give the integral version of the upper bound theorems like Theorem
2.127, Theorem 2.128 and Theorem 2.129 as given in [6].

Since the general convex functions are defined by a functional inequality, it is not
surprising that this notion will lead to a number of interesting and fundamental inequalities.
Now we give some essential results for general convex functions.

Suppose all the assumptions of Corollary 2.29 are satisfied. Using inequalities (2.369) and
(2.371) we now define following linear functionals:

l

Ri(f) = M@x,y.p, f() — f (&) X pilxi — i)
i-1
n—3 c(k+2) )
o 2 w ’ M(x7y7p7Gd('7V)) (Vﬁ a)kdvv
k=0 : By

(2.407)
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and
1
Ra(f) =M (x,y.p,f(.) Z
'S (D E(8,) o
D /ﬂ ey, G¥) (B )

(2.408)

where §;,&4 = % and &, &3 =0

Remark 2.37 Let all the assumptions of Corollary 2.29 are satisfied. Then R;(f) >0,i=
1,2 for all n-convex functions f.

The following theorems give the Lagrange and Cauchy type mean value theorems for
the functionals defined in (2.407) and (2.408).

Theorem 2.130 Ler f : [01,92] — R be such that f € C"[91,O,]. Let the inequalities
(2.368) and (2.370) hold. Let R;(f), i = 1,2 be functionals defined in (2.407) and (2.408)

and also y(x) = ;‘J Then there exist A; € [191, 2] such that
Ri(f) =P A)Ri(w), i=1,2. (2.409)

Proof. Since f) is continuous on [01,D], som < F) (x) <M for x € [81,D,], where
m = minyc(g, 9, f(x) and M = MaXe(g, 9, " (x). Consider the functions f; and f»
defined on [ as

70 =" r) and o) = 1) -0

for x € [U1,%].
It is easily seen that

fl(n)(x):M_f(n)(x) and fz(n)(x)Zf(n)(X)—m for xel.

So, f1 and f> are n-convex functions.
Now by applying f; for f in Corollary 2.29, we have

l
M (x,y.p, f1(.) — f'(&) Y, pilxi — i)

i=1
n—3 f1k+2 ( ) 9

= k! Y

M(x7y7p7Gd ('7‘}))(‘)7"91)de7 (2410)

where £1,&, = 9, &,& = U and d = 1,2,3,4. Hence, we get after some simplification
Ri(f) < MR (v). (2.411)
Now by applying f> for f in Corollary 2.29 and some simplification we get
mR (y) < R (f). (2.412)
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If R, (w) = 0, then from (2.411) and (2.412) follow that for any A; € [y, 9], (2.409) is
satisfied.
If Ry (w) > 0, it follows from (2.411) and (2.412) that

Ri(f)
m< =Sy (2.413)

Ri(y)
Now using the fact that for m < p < M there exists A; € [0, 3] such that ik (A1) =p,
we get (2.409). O

Corollary 2.32 Ler f,g: [01,9:] — R be such that f,g € C"[0,]. Consider the in-
equalities (2.368) and (2.370) hold. Let R;(f), i = 1,2 be functionals defined in (2.407)
and (2.408). Then there exist A; € [0y, 2] such that

N _ SO
Rule) M) .

provided that the denominators are non-zero.

(2.414)

Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see the
proof of Corollary 4.2 in [86]). O

We can define Cauchy means for i = 1,2 by using generalized Cauchy second mean
value theorem i.e., Corollary 2.698 as

(Y )
o\ ) Ri(e)’

which shows that A is a mean of 9, ¥, for given functions f and g.

Remark 2.38 We can give the n-exponential convexity, exponential convexity as well as
log-convexity from the above defined positive linear functionals R;(f), i = 1,2 for both
discrete as well as continuous case by using the interesting method introduced by Pecarié¢
etal. (2013) [86, 84] (see also [6, 125]). We can also construct a large families of func-
tions which are exponentially convex as given in [6]. From the log-convexity, we can get
the Dresher’s inequality from which we find the Cauchy means and investigate their mono-
tonicity.

At the end of this subsection, we explore applications of obtained generalized identi-
ties. We give the Ostrowski type of upper bounds for generalized identities in discrete case
for some concrete convex functions. In fact, in first two applications we discuss about the
relationship between the components of both vectors x and y. We can also give nice exam-
ples of exponentially convex function using obtained generalized result as disccused in [6].

Application1. Let f : (0,00) — R be function defined by f(x) = —logx. Let us consider
that x = (x1,x2,...,x) and y = (y1,v2,...,y;) be positive [-tuples. Then the Ostrowskitype
inequality (2.404) for n = 3 as an upper bound of our generalized result becomes
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1

1 l
Y pi(—logx)) = Y pi(—logy;) + Zml yi) = 55Ga
i=1 i=1 1

2 =3 _ g1-3
<2 (01— 0l) 11,
(1-3g)

If the majorization condition Zle piXi = Zle piyiholdsand p; =1, (i=1,2,...,1) then

— — — 1 ~
log (x; ' xy ' 1)+10g(y1'y2"')’1)*?Gd
1
2 1-3 1 3
<2 (o =00 Il
(1-3q)¢
ie. )
IT_ y; 1 - 2
(52) 302 oo
ITi_ i O (1—-3q)«
and if ;
IT_,yi 1~
10 i=1 > _G ,
g(“f 1x1)‘_'ﬁ12 ¢
then
IT_,y; 1 ~ I y; 1
log (;—1)7!) — _ZGd S 1 ( zlyl)——zGd
I xi X Iy xi Y
2 1-3 1 3
< 2 (o) q) 111l
(1—=3q)q
I Vi 2 _
0< 1og(H;' >’§ G 3Q) 1llg + 5 Gd
i=1%i (1-3¢q)4

If the quotient in the left hand side is greater than equal to 1, then

1-3 1-3
2 (0,70, mew+ Gy

; T
0 <IL_y; <e(-307 i=1%i5

i.e. we get relation between the elements of y and the elements of x,
here

! !
Gy := /:2 <2piGd(x,~,v) - ZpiGd(yi,v)> dv,

i=1 i=1

l [
/ <2Gd Xi,V _ZGd()’iaV)> dv
i=1 i=1

[ l
/ <2szd Xi,V szGd y,, )) (V*M)n73dv,

i=1 i=1
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Application2. Let f : (0,0) — R be function defined by f(x) = xlogx. Letx = (x1,x2,...,%)
and y = (y1,y2,...,y1) be positive [-tuples. Then the Ostrowski type inequality (2.404) for
n = 3 as an upper bound of our generalized result becomes

1 I 1
1
Y, pixilogxi — 3, pivilogyi+ (log >+ 1) ¥ pi (xi = yi) + 55 CGa
i=1 i=1 i=1 1

1 1-2 1 2
<L (a0
(2g—1)4

If the majorization condition !, pix; = ¥!_, piy; holds and p; = 1, (i = 1,2,...,1) then
log (372 +a7") log (1, 37 ) mGd

<L (a0 sl

(2q - 1)7
i.e. l
I x;' 1 1 12 _ gl-2
g () + s < —L— (o1 1= 00 ) 11
i=1Yi 1 (2g—1)4
and if l
I X~ 1 ~
o (55| 2[5
Héz] i 1912
then
M x7 1 I x;
10g< i=1 >’ —Gy| < log< L l’> Gd
0 7 v
1 1-2 1 2
<L (o 0l) 11,
(2q—1)«
i.e. we get

lelxjfi 1 1-2 1-2, 1 1 -
1og<H; ’V,)‘g (070, ")"+192<Gd
1i (2q—1)a

If the quotient in the left hand side is greater than equal to 1, then

1
1-3 1-3q\ q e
[ (% o ‘i)"+#Gd [ i
0 <Tli_jx;" < el iy
We get another relation between the elements of x and the elements of y. Here, G4, G, and
f(¢) are defined as in Application 1.
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Application3. Let x = (x,x2,...,x7) and y = (y1,¥2,...,y) be [-tuples such that x;,y; €
[01,9,] and p = (p1,p2,--.,p;) be such that p; € R. Then the Ostrowski-type inequality
(2.404) for n = 3 as an upper bound of our generalized result is as follows:

e let f(x) =¢*, x € R, then

I I I
0 < | pie =Y pie —e™ Y pi(xi—yi) — " Gy
i=1 i=1 i=1
1 1
< = =) | f g,
q

e let f(x) =x",x€[0,00), r > 1, then

! !
Zpixf — Zpiyf — rﬁzrfl —r(r— 1)191”2Gd
i=1 i=1

rir—1)(r—2 . r—1 i
S ( )( l) (ﬂzq( 3)+1 o 19;]( 3)+1) q H f qu )
(rg—3q+1)4

0<

Remark 1.19 is also valid for these functionals.

Remark 2.39 ([6]) Similar examples can be discussed as given in Section 1.4.

2.4 Majorization and Generalized Montgomery
Identity

The aim of this section is to present new generalizations of majorization theorems for n-
convex functions by using Montgomery identity in combination with Green’s functions.
In the first subsection we obtain new generalizations using only Montgomery identity. In
the second subsection we combinate Montgomery identity with nice properties of Green’s
function. In the next subsection, these results will be complemented with new results that
include other type of Green’s functions. In the last two subsection we consider general-
izations of Jensen’s and the Jensen-Steffensen inequality using Montgomery identity in
combination with Green’s functions. For obtained results in every subsection we also give
new bounds for the reminders in new majorization identities by using the Cebygev type in-
equalities. We give corresponding mean value theorems with connection to n-exponential
convexity for functionals related to these new majorization identities.

The following theorem is a consequence of Theorem 1 in [140] (see also [144, p. 328])
and represents one more form of an integral majorization result.
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Theorem 2.131 ([18]) Letx,y: [, B] — I be two decreasing continuous functions and
w: [a, B] — R continuous. If

./auw(t)y(t)dtS/auw(t)x(t)dt, foreach u e (a,p), (2.415)
and /jw(t)y(t)dt /aﬂw(t)x(t)dt, (2.416)

holds, then for every continuous convex function ¢ : I — R the inequality

B B
[ wetma = [“wn) o)

Jao Jo

holds.

In [17], the following extension of Montgomery identity via Taylor’s formula is ob-
tained.

Proposition 2.1 LetneN, ¢ : I — R be such that "~V is absolutely continuous, I C R
an open interval, a,b € I, a < b. Then the following identity holds

04 (@) (=)t 1 gD (b) (x— 1)

1) dt -
W =5 a/ o +2 K(k+2) b—a  ~Ak(k+2) b-a
1 b
— | T, () 2.41

where . .

e e (s a<s <x,

T (x,5) = (2.418)
—,(,)((;j)a)—i—%(x—s)" L x<s<b

We will refer to (2.417) as generalized Montgomery identity.

In case n =1 the sum ZZ;(Z) .-+ 1s empty, so identity (2.417) reduces to well-known
Montgomery identity (see for instance [129])

0 (x) = ﬁ/ab(p(t)dtJr/abP(x,s)q)/(s)ds

where P (x,s) is Peano’s kernel, defined by
ey a<s <X,
P(x,s) =

Z—a,x<s<b
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2.4.1 Results Obtained by Montgomery ldentity

In this subsection we will state our results for decreasing x and y satisfying the assumption
of Theorem 2.131, but they are still valid for increasing x and y (see Theorem 1.18 and
[123, p. 584]).

Theorem 2.132 ([18]) Suppose all assumptions from the Proposition 2.1 hold. Addi-
tionally suppose that m € N, x;,y; € [a,b] and w; € R fori € {1,2,...,m}. Then
m m

N owiop (xi) = Y wio (i) (2.419)
i=1 i=1

~ 1 a [’1242 k! (k1+2 Zwl [ (e+1) (a) {(xi _a)k+2 — (i _a)k“}

o) (p) [<x,~ — B (i b>"”} J

A (2% x0.5) =T, <yi,s>>> 0" (5)ds
Proof We take extensmn of Montgomery identity via Taylor’s formula (2. 417) to obtain

Zw, ¢ (x;) Zw, y,— ! / dtZwl——/ dtZw,

m (k+1) o Nk2 n— 2 (k+1) b k+2
Jrzwl 2(15 (@) (xi —a) ) (b) (xi—b)
kl'(k+2) b-a k'(k+2) b—a
S (o Gima)? %S 2¢ 1) (b) (=)
izlw’ Sk (k+2) b-a k'(k+2) b—a
n—l ZWL/ -xl7 d)(n) (S }’l*l zwl/ yla (Z)(n) (s)ds.
By simplifying this expressions we obtain (2.419). O

We may state its integral version as follows:

Theorem 2.133 ([18]) Letx,y: [a,B] — |a,b] be two functions and w : [a, ] — R con-

tinuous function. Let ¢ : I — R be such that "~V is absolutely continuous for some n € N,
I C R an open interval, a,b € I, a < b. Then for all s € [a,b] we have the following identity

8 B

/a W(t)<i>(X(t))dt*/OC w (1)@ (v(r))dt. (2.420)
1 n—2 1 B

T b-a Lzo k! (k+2)! ./a W) [‘Z’(kﬂ)(“) [(x(t)_“)m_(y(’)_“)m

—0® () [(x(1) = ) = (v (1) ~ )2 | ]

rots [ ([0 G0 - 000 ) o 1

o

where T,(-,s) is as defined in Proposition 2.1.
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Proof.  Our required result is obtained by using extension of Montgomery identity via
Taylor’s formula (2.417) in the following expression

B B
[ w@owna— [wwonu)a
and then using Fubini’s theorem. O

Now we state the main generalization of the majorization inequality using just obtained
identities.

Theorem 2.134 ([18]) Let all the assumptions of Theorem 2.132 hold with additional
condition

=

n
N wiT(yi,s) < Y wiTu(xi,s), Vs € [a,b]. (2.421)
i=1 i=1

Then for every n-convex function ¢ : I — R the following inequality holds

m

Y owid (xi) = Y, wio () (2.422)
i=1

i=1

- 1 [1122 1 iw'[q)(kﬂ)(a)[(x'ia)kni(y,ia)ku
“b—a k! (k+2)! ' ' '

k=0 =l
—0® ) (b) [ (5= ) = (i = 0}

Proof. Since the function ¢ is n-convex so without loss of generality we can assume that
¢ is n-times differentiable and therefore we have ¢ > 0. Using this fact and (2.421) in
(2.419) we easily arrive at our required result. O

Remark 2.40 ([18]) If the reverse inequality holds in (2.421), then the reverse inequal-
ity holds in (2.422).

Now we state important consequence as follows:

Theorem 2.135 ([18]) Suppose that all assumptions from the Theorem 2.132 hold. Ad-
ditionally suppose that x, y € [a,b]™ are two decreasing m-tuples and w € R™ which satisfy
conditions (1.19),(1.20).

(i) If ¢ is 2n-convex then the following inequality holds

N with (xi) — Y, wio (i) (2.423)
i=1 i=1

1

2 rnZZ 1 i wi {‘P(H]) (a) [(xi —a)? = (yi— a)kﬂ}
“boa|A Kkt~

7f(k+1) (b) [(xz' _ b)k+2 —(yi— b)kHH '
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(i) If the inequality (2.423) holds and the function F defined by

2n—2 ¢(k+1) (a) ( _a)k+2 2n—2 ¢(k+1) (b) ( _b)k+2
Fl)= & Kk+2) b-a S k(k+2) b-a

(2.424)

is convex, then the right hand side of (2.423) is non-negative, that is (2.157) holds.

Proof. (i) Since

and

2 nl [(x—s)"*z—i—(n—Z) (x—a)(x—s)'Fﬂ ,a<s<x<b,

WT" (x,8) =

3
|

L [(xfs)"72+(n72) (xfb)(xfs)"%} ,a<x<s<bh.

—a

S

T, (-,s) is continuous for every n > 2 and convex function for even n. Thus it satisfies
inequality (2.421) by weighted majorization theorem (Theorem 1.14) and hence (2.421)
by Theorem 2.134 provides us (2.422) with 2n instead of n.

(i1) The proof is similar to the proof of Theorem 2.112 (ii). O

Remark 2.41 ([18]) Since in the case a < s < x < b the function %Tn (x,s) is always

positive, T,(x,s) can not be concave and reverse inequalities can not be observed.
Also, ifw; =1, i=1,...,m the result of the previous theorem holds for any x,y € R™
such thaty < X.

Its integral analogues are given as follows:

Theorem 2.136 ([18]) Let all the assumptions of Theorem 2.133 hold with additional
condition

B B
/ W (t) Ty(y(1), ) di < / w(t) To(x(t),)de, Vs € [a,b] (2.425)

o a

where T,(-,s) is defined in Proposition 2.1. Then for every n-convex function ¢ : I — R the
following inequality holds

B B
/ w0l di = [T w0t ds (2.426)

- B
[2 2l / w(@) 040 (@) [x(r) ~ )2~ (v(0) — )2

0k
k+1 [ k+2 — () —b)kH” dt} .
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Proof. Since the function ¢ is n-convex so without loss of generality we can assume that
¢ is n-times differentiable and therefore we have we have (])(”) > 0. Using this fact and
(2.425) in (2.420) we easily arrive at our required result. O

Remark 2.42 ([18]) Ifthe reverse inequality holds in (2.425) then the reverse inequality
holds in (2.426).

The integral version of Theorem 2.135 can be stated as follows.

Theorem 2.137 ([18]) Suppose that all assumptions from the Theorem 2.133 hold. Ad-
ditionally suppose that x and y are decreasing which satisfy conditions (2.415), (2.416).

(i) If ¢ is 2n-convex then the following inequality holds

B B
[ w@etod— [wiyonw)ar (2.427)

o

> bia rnzz k! (k1+ 2)! /ﬁ w(t) |:(Z)(k+]) (@) {(x(t) — a)k+2 — () - a)k”}

k= o

0
—9D (8) [(x(0) = )2 — (v (1) — b2 | |

(ii) If the inequality (2.427) holds and the function F defined by (2.424) is convex, then
the right hand side of (2.427) is non-negative, that is (2.159) holds.

Now by using aforementioned results Theorem 1.10 and Theorem 1.11, we are going
to obtain generalizations of the results proved in the previous.

Form—tuples w= (wi,...,wn), X=(x1,...,%n) andy = (y1,...,ym) With x;,y; € [a,b],
w; € R (i=1,...,m) and the function T,, defined as in (2.418), denote

8(s) = Y wiTu(xi,s) — Y, wiTu(yi,s), s € [a,b]. (2.428)
=1 i=1

Similarly for continuous functions x,y : [, B] — [a,b] and w: [a, B] — R, denote

A(s) = / (O Ta(x(t). )i — / O T o@).)dt s € [ab] (2.429)

o a

Hence by using these notations we define éeby§ev functionals as follows:

2

7(5,8) = bla/abSQ(s)ds— (bla./abS(s)ds) ,
T(A,A):bla/abA2(s)ds—(bla./abA(s)ds)z.
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Theorem 2.138 ([18]) Let ¢ : [a,b] — R be such that ¢ € C"[a,b] for n € N with
(.—a)(b—)[¢p"*+V]? € La,b] and x;,y; € [a,b] and w; € R (i = 1,2,...,m) and let the
functions T, and & be defined in (2.418) and (2.428) respectively. Then it holds

Zwi(l) (xi) — 2 Wi(l) (yi) (2.430)

i=1 i=1

_ 1 iw- 115:2 1 {(P(k“)(a) [(x»—a)k“—( ,7a)k+2
b—a="" | &k (k+2)! ’ %

—9% D (b) [ (5= )72 = (3= )] ]
(60D (b) ~ ¢ V()]

b
+ / 5(s)ds+R,]1(¢;d,b)’

(n—1)1(b—a)?
where the remainder R} (f;a,b) satisfies the estimation
05001 < o (5 [16.9) [ 50— 9o Pas])
T (=11 \2(b—a) " a
(2.431)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

Here we state the integral version of the previous theorem.

Theorem 2.139 ([18]) Let ¢ : [a,b] — R be such that ¢ € C"[a,b] for n € N with
(.—a)(b—)[o"+V)? € La,b] and x,y : [, B] — [a,b] and w : [a, ] — R and let the
functions T,, and A be defined in (2.418) and (2.429) respectively. Then it holds

B B
L w@owa— [wionu)d 2432

a o

n—2 B
- Lzo i (k1+ 2)! [ @[ @ [0 -t - 00 ~af

—% (b) [(xr(1) = b2 = (v (1) — b2 | ]
60D (B) =0 ()]

b
+ / A(s)ds+R,21(¢;a,b),

(n—1)1(b—a)?
where the remainder R2(;a,b) satisfies the estimation
204, 1 1 b N (1) 2 172
R0 < s (5 [108) [ -0 - 9lo o) as
(2.433)

Proof. This results easily follows by proceeding as in the proof of previous theorem and
by replacing (2.419) by (2.420). a

By using Theorem 1.11 we obtain the following Griiss type inequality.
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Theorem 2.140 ([18]) Let ¢ : [a,b] — R be such that ¢ € C"[a,b] for n € N with
¢"+Y) >0 on [a,b] and let the functions T and 8 be defined in (1.6) and (2.428) re-

spectively. Then we have the representation (2.430) and the remainder R} (¢;a,b) satisfies
the following condition

I 0 (b)+9 V(@) 9D (b) ~ ¢ (a)
R o a.b)| < ———||8"]| -
Ra(9:0.0)] < gy 9] : -
(2.434)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral version of the above theorem can be given as follows.

Theorem 2.141 ([18]) Let ¢ : [a,b] — R be such that ¢ € C"[a,b] for n € N with
0"V >0 on [a,b] and let the functions T and A be defined in (1.6) and (2.429) re-
spectively. Then we have the representation (2.432) and the remainder R2(¢;a,b) satisfies
the following condition

LACHRDIES

1
(n—1)! 2 b—a

we state some Ostrowski type inequalities related to the generalized majorization in-
equalities.

2] {¢<"1><b>+¢<"”<a> ¢<"1><b>¢<"1><a>}

Theorem 2.142 ([18]) Let all the assumptions of Theorem 2.132 hold. Furthermore, let
(p,q) be a pair of conjugate exponents, that is 1 < p,q < oo, %Jr% =1 Let

’(p(m

P
: [a,b] — R be an R-integrable function for some n € N, n > 1. Then we have

A SR Kk2)
=@t = =] 0% (0) (-0 - i) 7]

m m 1 m n—2 1
D wid (xi) = Y wid (i) — b—a Wi [2 I {‘P(HI) (a)- (2.435)
i=1 i=1 ' :

S %Hd)(n)llp iwi(Tn(xi,')—Tn(yh-))
(n—1)! “

q

The constant on the right hand side of (2.435) is sharp for 1 < p < oo and the best possible
forp=1.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

Integral case of the above theorem can be given as follows.

Theorem 2.143 ([18]) Let all the assumptions of Theorem 2.133 be hold. Furthermore,
P
let (p,q) be a pair of conjugate exponents, that is 1 < p,q < oo, %—i— cl/ = 1. Let 'f(")

[a,b] — R be an R-integrable function for some n € N. Then we have
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B B
[ wietoar— [wionw)ar (2.436)

Jo

_ bia t}:z 0 (k1-|- 2)! /j w(t) [¢(k+1) (a) [(x(t) 7a)k+2 — o) - a)k“}
_¢(k+1) (b) [(x (1) — b)k+2 - b)k+2H dt] ’

[ w0 (@ 50,9~ 100 5

1011,

<
~(n—1)!

The constant on the right hand side of (2.436) is sharp for 1 < p < e and the best possible
forp=1.

q

For our next goal, we give here some constructions as follows. Under the assumptions
of Theorem 2.134 using (2.422) and Theorem 2.136 using (2.425) we define the following
functionals:

mn mn m n—2
o) = ;Wid’ (x;) — ;Wid’ (vi) — Zwl [2 m {(p(kﬂ) (a)

—a4,0

o=@ = gi— )] —¢<k+‘> ) |w-0 == ]]] @

B B
Aa(0) = [ winelxe)dr— [ wir) ot

a o

IS B
S LE:O ThT2) /a w(r) [¢(k+1) (a) [(x(t) 7a)k+2 — () — a)k“}
_¢(k+1) (b) [(x (1) — b)k+2 - b)k+2H dt} )

¥t

Now we give mean value theorems for Ay, k € {1,2}. Here ¢p(x) = 7.

Theorem 2.144 ([18]) Ler ¢ € C"[a,b] and let Ay : C™]a,b] — R for k € {1,2} be
linear functionals as defined in (A1) and (A2) respectively. Then there exist & € [a,b] for
k € {1,2} such that

AL(9) = 0" (&) Ak(g0), ke {1,2}. (2.437)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see also the
proof of Theorem 4.1 in [86]). O

Theorem 2.145 ([18]) Ler f,g € C"[a,b] and let Ay : C"[a,b] — R for k € {1,2} be
linear functionals as defined in (A1) and (A2) respectively. Then there exist & € [a,b] for
k € {1,2} such that

M) _ (&)

Ai(e)  g™(&)’

assuming that both denominators are non-zero.
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see also the
proof of Corollary 4.2 in [86]). O

Remark 2.43 ([18]) If the inverse of % exists, then from the above mean value theo-

rems we can give generalized means

Y
5’<<(Jg%> (Ak(f)), ke{1,2}. (2.438)

A number of important inequalities arise from the logarithmic convexity of some func-
tions as one can see in [123].

Here, we get our results concerning the n-exponential convexity and exponential con-
vexity for our functionals Ay, k € {1,2} as defined in (A1) and (A2). In the remaining part
of this subsection / denotes an interval in R.

Theorem 2.146 ([18]) Let Dy ={f; :t € I} be a class of functions such that the function
t v [20,21,-.-,2n3 ft] is n-exponentially convex in the J—sense on I for any n mutually
distinct points 20,21, . . . ,Zn € [a,b]. Let Ay be the linear functionals for k € {1,2} as defined
in (Al) and (A2). Then the following statements are valid:

(a) The functiont — Ag(f;) is n-exponentially convex function in the J—sense on I.

(b) If the function t — Ai(f;) is continuous on I, then the function t — Ai(f;) is n-
exponentially convex on 1.

Proof. The idea of the proof is the same as that of the proof of Theorem 1.39 but using
linear functionals Ax(k = 1,2) instead of F x(k=1,2,..,5). a

As a consequence of the above theorem we give the following corollaries.

Corollary 2.33 ([18]) Let D, ={f; :t € I} be a class of functions such that the function
t v [20,215---,2n3 1] is an exponentially convex in the J—sense on I for any n mutually
distinct points 20,21, . . . ,Zn € [a,b]. Let Ay be the linear functionals for k € {1,2} as defined
in (Al) and (A2). Then the following statements are valid:

(@) The functiont — Ar(f;) is exponentially convex in the J—sense on I.

(b) If the function t — N (f;) is continuous on I, then the function t — Ai(f;) is expo-
nentially convex on I.

m
(¢) The matrix [Ak ( [t )} is positive-semidefinite. Particularly,
T/ Jij=

m
wan ()] o
2 ij=1

foreachm € Nandt; € I wherei € {1,...,m}.
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Proof.  Proof follows directly from Theorem 2.146 by using definition of exponential
convexity and Corollary 1.1. O

Corollary 2.34 ([18]) Let D3 ={f; :t €I} be a class of functions such that the function
t— 20,21, ,2ns f7] is 2—exponentially convex in the J—sense on I for any n mutually
distinct points 20,21, - - . ,Zn € |a, D). Let Ay be the linear functionals for k € {1,2} as defined
in (A1) and (A2). Then the following statements are valid:

(@) If the function t — Ar(f;) is continuous on I, then it is 2—exponentially convex on
L. If the function t — Ap(f;) is additionally positive, then it is also log-convex on I.
Moreover, forr < s <t,r,s,t €1

A" < I ()] (A ()P (2.439)

(b) Ifthe functiont — Ay(f;) is positive and differentiable on I, then for every st u,v € I
such that s <u andt < v, we have

Ws.t (A, D3) < My (Ax, D3) (2.440)

where U, is defined as

Ak(f;) st ¢
st (A, D3) = ("k(f’> o e (2.441)

for fs, f; € Ds.

Proof. The idea of the proof is the same as that of the proof of Corollary 1.10 but using
linear functionals A (k = 1,2) instead of F x(k=1,2,..,5). a

Remark 1.19 is also valid for these functionals.

Remark 2.44 ([18]) Similar examples can be discussed as given in Section 1.4.

2.4.2 Results Obtained by Green’s Function and Montgomery
Identity

First we state some results related to weighted majorization identities and inequalities. For
that we define some notations in terms of positive linear functional as follows (see [21]):

A plaxlaylv zpl l -xl)) (2.442)

and by the notation A(p;,x;,y:, G(+,s)) we would mean

A(pi,xi,yi,G(-,s Zpl (virs) — G(xi,5)) (2.443)
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where p;, x;, y; and f are as defined in Theorem 1.14 and G is as defined in (1.180). Also

B
A3 f) = [ p () (F0(0) = £(x()))d 2444

and by the notation A(p,x,y,G(-,s)) we would mean

B
Ap,x,y,G(-,5)) = / p () (G(y(u),s) — G(x(u),s)) du (2.445)

[0

where p,x,y and f (but w, ¢ instead p, f) are as defined in Theorem 2.131 and G is as
defined in (1.180). Also “id” would represent identity function i.e. id(x) = x for all x.

Theorem 2.147 ([21]) Let all the assumptions of Theorem 1.14 be valid. Also let
f :1— R be a function such that =) (n > 3) is absolutely continuous, I C R an open
interval, a,b € I, a < b, then for all s € |a,b], we have the following identity

f(6) ~ fla) o
b—a
+ W/;A(pnxwyhc(”))ds

S b k(@) (s — a1 = F5(b) (s — b)k!
+Zﬁ/ A(Pi,xi,yi,G(.J))f( )( ) bii:(b)( b) "

k=2

A(pi,xi,yir f) = (pirxi,yi,id)

_3 /f (/ Ap,,x,,y;,G(',S))TnQ(Svt)ds) dt (2.446)

where

blTa [“&?gz —|—(s—a)(s—t)"73} ,a<t<s<b,

ol [ + =05 —1 ] a<s<i<b

and G(-,s) is as defined in (1.180). Moreover, we also obtain the following identity
b)— fla .
%A(phxh)’iﬂd)

1) —f'(a)
b—a

A(pi,xi,yir f) =

b
+ / A(Pi»xi»yiaG<'»S))dS
Ja

fHa) (s —a) T = fH(b)(s —b) !
b—a

2 / A(pi,xi,yi, G(+,5)) ds

+ m / ) ( / A(pi,xi,yi,G(~,s))T,,z(s,t)ds) dt  (2.447)

where T, is as defined in Proposition 2.1.
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Proof. Using (1.181) in (2.442) and using linearity of A(p;,x;,i, f), we get

(b) - f(a)

b
A(pivxhyi?f) = f b—ua A(pi7xi7yi7id) +/ A(pi7xi7yi7G('as))f”(s)ds' (2.448)
a

Differentiating (2.417) twice with respect to s, we get

"o f'(a) = f'(b) =1 r fk(a)(sfa)kil—fk(b)(sfb)k—l
()= b4 Jr;::z(k ol s
+ﬁ / b Toa(s,0)f™ (1)dr.  (2.449)

Now using (2.449) in (2.448) we get

A(pi7xi7yi7f) = WA(pi,Xi,yhid)
/a _ g b
—|—fw/a A(Pi»xi»Yi»G('as))ds
n—1 k b fk(a)(S*a)k71 *fk(b)(sfb)kil
+k§:2—(k—1)'/a A(pi7-xi7yi7G('7s)) b—a ds

+ ﬁ /abA(pi,xi,yi,G(ws)) (/ab oo (s,0) f (l‘)dt> ds

and then using Fubini’s theorem in the last term to get (2.446).
Also, by using formula (2.417) on the function f”, replacing n by n—2 (n > 3) and
rearranging the indices we get

niy SO =) & k=2 fa)(s—a)" — fAb)(s —b)*!
=== +,§3(kf1)! b—

a
1
TS / Tooa(s,0) f™(1)dr (2.450)

Similarly, using (2.450) in (2.448) and applying Fubini’s theorem, we get (2.447). O

Theorem 2.148 ([21]) Let all the assumptions of Theorem 2.147 hold with additional
condition

b N
/ A(pi,Xi,yi,G(+,8))Th—2(s,t)ds >0, 1€ [a,b], (2.451)
Ja

where G is as defined in (1.180) and T, is defined in Theorem 2.147 . Then for every
n-convex function f : I — R the following inequality holds
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b) —
A(pi,xi,yi, f) = wA(Pi,xn)’i,id)
/ _ (b b
+ TGO [ A1, G9))ds
S fMa)(s—a) " — fH(b) (s — )"
+k22m/a A(pisxi,yi, G(+,5)) — ds. (2.452)

Proof. Since the function f is n-convex, so without loss of generality we can assume that
f () exists so we have f () > 0. Using this fact and (2.451) in (2.446) we easily arrive at
our required result. O

Theorem 2.149 ([21]) Let all the assumptions of Theorem 2.147 hold with additional
condition

b
/A(p,-,x,-,y,»,G(-,s))Tn,z(s,t)dszo, Vi€ la,b] (2.453)

where G is as defined in (1.180) and T, is defined in Proposition 2.1. Then for every
n-convex function f : I — R the following inequality holds

A(pi,xi,yi, f) = WMM,%%J@
"(b) — f' b
PO [ 5 G5))as

fHa)(s—a) ' = fA(b)(s—b)*!
b—a

o k=2 b
+ 3 2 [ i GC.9) ds (2.454)
PATETIVA

Proof. Since the function f is n-convex, so without loss of generality we assume that f ()
exists and hence, we have f(") > 0. Using this fact and (2.453) in (2.447) we easily arrive
at our required result. O

Now we state an important consequence.

Theorem 2.150 ([21]) Let all the assumptions from Theorem 2.147 hold. If f is n-
convex and n is even, then inequalities (2.452) and (2.454) hold.

Proof.  Since Green’s function G(s,7) is convex with respect to ¢ for all s € [a,b] and
x = (x1,...,Xn) and p = (py,..., pm) satisfy condition (1.19) and (1.20). Therefore, from
Theorem 1.14 (inequality (1.21)) we have

A(pi,xi,vi,G(-,5)) >0 for s € [a,b]. (2.455)

Also note that 7,,_»(s,z) > 0 (T,,_2(s,¢) > 0) if n—2 is even. Therefore combining this
fact with (2.455) we get inequality (2.451) (inequality (2.453)). As f is n-convex, results
follow from Theorem 2.148 (Theorem 2.149 respectively). O

We omit proofs of the following theorems because of similar nature as some previous.
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Theorem 2.151 ([21]) Let all the assumptions of Theorem 1.18 be valid. Let f : 1 — R
be a function such that f("’n is absolutely continuous, I C R an open interval, a,b € I,
a < b, then for all s € [a,b] we have the following identity

Alp,x,y,f) = WA(p,x,y, id)
+W/ab/\(p,x,y,0(ns))ds
" ﬁ /b ) (./f’\(p X35 G(-58) Tua (s )dS) di (2.456)

where T, is as defined in Theorem 2.147 and G is as defined in (1.180). Moreover; we also
obtain the following identity

Alp,x,y,f) = WNP%% id)
+ W./a‘b/\(paxvva("s))ds
n—1 7 b K(a)(s — a)k—1 — £k s p)k-1
+k3ﬁfa A(pJ’y’G(,’S))f( )(s —a) b_.;‘(b)( b) ds
+#/bf(")(t) (/b/\( G(+,8))Th—a( t)d)dt (2.457)
(}173)' ; , Pyxs Y, »8) ) dn—2\8,1)ds .

where T, is as defined in Proposition 2.1.

Theorem 2.152 ([21]) Let all the assumptions of Theorem 2.151 hold with additional
condition

b
[ Ay Gl Talsds 0, 1€ fab) (2.458)

where G is as defined in (1.180) and T, is defined in Theorem 2.147. Then for every
n-convex function f : I — R the following inequality holds

Ap,x.y.f) = WA@,X,% id)
"(q) — ' b
+W/a A(p,x,y,G(-,5))ds
n—1 k b fk(a)(s—a)kfl—fk(b)(s_b)kfl
+k§2m/a Alp,x.y,G(,5)) b a ds. (2.459)

Theorem 2.153 ([21]) Let all the assumptions of Theorem 2.151 hold with additional
condition

b
/ Ap,x,,G(+,8))T—2(s,t)ds >0, 1€ [a,b] (2.460)
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where G is as defined in (1.180) and T, is defined in Proposition 2.1. Then for every
n-convex function f : 1 — R the following inequality holds

A(px,y.f) > WMF%% id)
"(b) — f(a) b
+%/a A(p,x,y,G(-,5))ds
o k-2 g 7 @)=l = fH(b)(s — B!
+k§:3(k_1)!/a A(p,x,y,G(-,5)) p—p ds (2.461)

Here we have another result.

Theorem 2.154 ([21]) Let all the assumptions from Theorem 2.151 hold. If f is n-
convex and n is even, then inequalities (2.459) and (2.461) hold.

Now by using aforementioned results, we are going to obtain generalizations of the
result proved in previous.

Under the assumptions of Theorems 2.148, 2.149, 2.152 and 2.153 respectively, we
define the following linear functionals:

b
Q1) = [ AlpixioyisGls)Thalst)ds 20, 1€ [ab] (2.462)
a
b
(1) = [ Alpixisyis Gl Tra(sit)ds > 0, 1€ [ab] (2.463)
a
b
Q1) = / Apox,3, G (o)) Toa(s,0)ds, 1 € [a,b] (2.464)
Ja
b
Q1) = / Apox,3, G (o)) Tya(s,0)ds, 1 € [a,b] (2.465)
Ja
Hence by using these notations we may define éeby§ev functional as follows (e.g.
using Q):
1 b, 1P :
T(Qi, Q) = b_a./a Q(s)ds — (b_a/a Q(s)ds> L i=1,2,3,4.

Theorem 2.155 ([21]) Let f : [a,b] — R be such that " is an absolutely continuous
function for n € N with (. —a)(b—.)[f"*V]?> € L[a,b] and let p; and x;, i € {1,...,m}
satisfy the assumptions of Theorem 1.14 and let the functions G and Q1 be defined in
(1.180) and (2.462) respectively. Then it holds

A(piaxiayivf) = WA(M»M»%»M)
/ _ lb b
+%/a A(pi,xi, i, G(+,5))ds

n—1 b
+Y ﬁfa A(pisxi,yi, G(-,5))

k=2

FH(@) (s~ a) ! — A (B)(s — bt

d
b—a s
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[FD(b) = £

T a—a)

a p 1
/a Q1 (s)ds+ R (fra,b), (2.466)

where the remainder R} (f;a,b) satisfies the estimation

1/2

R0 < ot (057

r@.e) [ b(s—a)(b—s>[f<"+‘><s>]2ds]
(2.467)

Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

Theorem 2.156 ([21]) Let f : [a,b] — R be such that ) is an absolutely continuous
function for n € N with (. —a)(b—.)[f""V]?> € L[a,b] and let p; and x;, i € {1,...,m}
satisfy the assumptions of Theorem 1.14 and let the functions G and y be defined in
(1.180) and (2.463), respectively. Then it holds

b) —
A(pixi,yi, f) = %A(pi,xz',yi,id)
/b _ b
O T i 65))s

n—1

k=2 (* Ha)(s—a)" — fH(b) (s — b)*!
+k§:3m/“ A(pi,xi,yi, G(,5)) b a ds

D) = £V @)
(n=3)1(b—a)

b
+ / Qy(s)ds+R%(f;a,b), (2.468)

where the remainder R2(f;a,b) satisfies the estimation

1/2

R2(fa,b)| < — ((b“)

o (552 @ [ a6 -9t

(2.469)

Now we state some Ostrowski type inequalities related to the generalized majorization
inequalities.

Theorem 2.157 ([21]) Let all the assumptions of Theorem 2.147 hold. Furthermore, let
(q,7) be a pair of conjugate exponents. Let f") € L[a,b] for some n € N. Then we have

b) —
|A(pixi,yis f) — %A(Pi,xn)’i,id)
/ _ () b
_%/a A(Pi»xi»Yi»G('as))ds

il HMa)(s—a) =" — H(B) (s —b)*!
_kgzm/a A(pinxisyi, G(-,5)) — s
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b ~
17| [ A1, 6.0 a5,

1
< m (2.470)

The constant on the right hand side of (2.470) is sharp for 1 < q < o and the best possible
forg=1.

r

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

Theorem 2.158 ([21]) Let all the assumptions of Theorem 2.147 hold. Furthermore, let
(q,7) be a pair of conjugate exponents. Let f") € Ly|a,b] for some n € N. Then we have

|A(pi,xisyis ) — WM%%%J@
"(b) — f'(a) (b
7%/‘1 A(pi,xi,yi,G(+,s))ds
n-1 k() (s — a1 — (b (s — pYe—!
s e U )

171l (2.471)

b
| 801,30, G ) T (s,r)ds
a

<
~ (n—=3)!

The constant on the right hand side of (2.471) is sharp for 1 < q < o and the best possible
forg=1.

r

The integral analogues of stated results are as follows. Since proofs are of similar
nature, we omit the details.

Theorem 2.159 ([21]) Let f : [a,b] — R be such that ) is an absolutely continuous

function for n € N with (. —a)(b—)[f"*V]? € L[a,b] and let p,x and y be as defined in
Theorem 1.14 and let the functions G, T and Q3 be defined in (1.180), (1.6) and (2.464)
respectively. Then it holds

1)~ 1@
b— Al

a

A(p,x,y,f) = P.X,y,id)

/Ap,xy, (,5))ds

ka s_akfl_ k §— k—1
+2 / Al G5 N )bii:(b)( P s

{f(”*l)(b)—f("*l)(a)} " -
I, @O R (fab) @.472)

where the remainder R3(f;a,b) satisfies the estimation

R0 < o (5

1/2

r@.0 [ b(sa)(bS)[f(”“)(S)]zdSD
(2.473)
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Theorem 2.160 ([21]) Let all the assumptions of Theorem 2.159 valid. Then it holds

Ap.x,y.f) =

FO) @)y i

b—
f'(b) — f'(a)

b
*W | M. Gs))ds

i /b (p,x’y,G(-,S))fk(a)(s_a)kil R b) (s — b .
k=

b—a
n U(a)

b
( 3) (b a) /ag‘*(s)d”Rﬁ(f?avb)v (2.474)

where Qy is as defined in (2.465) and the remainder R}(f;a,b) satisfies the estimation

IR*(f1a,b)| < (an)! ((b;a)

1/2

(@90 [ (=690
(2.475)

Now we state some Ostrowski type inequalities related to the generalized majorization
inequalities in integral case.

Theorem 2.161 ([21]) Let all the assumptions of Theorem 2.151 hold. Furthermore, let
(q,7) be a pair of conjugate exponents. Let f") € L,[a,b] for some n € N. Then we have

A(p7x7y7f) - WA(paxvyv ld)
- W/abl\(pvxayaG('vs))ds
"ok @5 =) = b))t
_];Q(k_l)'/a A(paxvva("s)) b—ua ds

b
| APy Gl Ta(sds| . @476

b m

r

The constant on the right hand side of (2.476) is sharp for 1 < g < e and the best possible
forqg=1.
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Theorem 2.162 ([21]) Let all the assumptions of Theorem 2.151 hold. Furthermore, let
(q,7) be a pair of conjugate exponents. Let f") € L,|a,b] for some n € N. Then we have

f(b) — fla)

A(p7x7y7f)7 b—a

A(p,x,y,id)
"(q) — £ b
_w/a /\(p,x,y,G(-,s))ds
n—1 _ b kd s_akfl_ k §— k—1
N AN EY UL

k=3

b
/ Ap,x,9,G(+,8))T—2(s,1)ds (2.477)

1
< - (n)
The constant on the right hand side of (2.477) is sharp for 1 < g < e and the best possible
forq=1.

Under the assumptions of Theorem 2.148 using (2.452), Theorem 2.149 using (2.454),
Theorem 2.152 using (2.459) and Theorem 2.153 using (2.461) we define the following
functionals:

04 () = Alpii i) — LD 6 via)
a)—f' b
%./a A(pi,xi,yi, G(-,5))ds
ok FHa)ls—af = )5 — b
}CZZW/ Alpixi 31, G(.5)) —t ds, (Al)
2() = Alpiriin ) - %Mm,w,m
ali i: /Aphxl?ylv 7))d
o k=2 P fHMa)(s—a) ™" — H(B) (s —b)*
—ém/a A(pi,xi,yi,G(+,5)) P ds, (A2)
FS(f) :A(pvxay7f) - WAQ’axvy?ld)
f'(a)

o b
*Tf(b)/a A(p,x,y,G(-,5))ds

-y T— J e LR AL LA
k=2 ‘a a
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L) = Alpry ) - LO =L
fa) -y )
B b—a /A(

a

p7x7y7 id)

PsX, ), G(-,s))ds

”21(:—12)' /”A(p,x,y,c(.,s))f%a)(s—a>k*;—fk<b><s—b)k*lds_ A
k=3 \" T 1) Ja —da

Now we give mean value theorems for I'y, k € {1,2,3,4}. Here fo(x) = 75.

Theorem 2.163 ([21]) Let f € C"[a,b] and let Ty : C"[a,b] — R for k € {1,2,3,4} be
linear functionals as defined in (A1), (A2), (A3) and (A4) respectively. Then there exist
& € la,b] fork € {1,2,3,4} such that

Te(f) = F(ETe(fo), ke {1,2,3,4}. (2.478)

Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see also the
proof of Theorem 4.1 in [86]). O

Applying Theorem 2.163 to function @ =Tk (h) f — Tk (f)h, we get the following result.

Theorem 2.164 ([21]) Let f,h € C"[a,b] and let Ty : C"a,b] — R fork € {1,2,3,4} be
linear functionals as defined in (A1), (A2), (A3) and (A4) respectively. Then there exist
& € la,b] fork € {1,2,3,4} such that

assuming that both denominators are non-zero.

o

Remark 2.45 ([21]) If the inverse of D)

rems we can give generalized means

N\ )
ék(h(")> (ri(m)' (2.479)

Remark 2.46 ([21]) Using the same method as in one of the previous section (see the
same method [98]), we can construct new families of exponentially convex functions and
Cauchy type means (see also [18]). Also, using the idea described in [98] we can obtain
results for n-convex functions at point.

exists, then from the above mean value theo-

Remark 2.47 ([21]) Similar examples can be discussed as given in Section 1.4.



214 2 MAJORIZATION AND n-CONVEX FUNCTIONS

2.4.3 Results Obtained by New Green’s Functions and
Montgomery Identity

In this subsection, we give necessary and sufficient conditions for majorization inequality.
By utilizing Montgomery identity and n-convex functions we give generalization of ma-
jorization inequalities. We also discuss the results for majorized tuples. Upper bounds for
identities related to generalized majorization type results are obtained. For some more
recent results, related to generalizations and refinements of majorization theorem, see
[79, 123] and some of the references in them.

In the following theorem we present the general identities for majorization difference.

Theorem 2.165 Lernc N, y: I — R be a function such that w\"~Y) is absolutely contin-
uous, I is open interval, a,b € I, a < b. Suppose thatx = (x1,...,Xm), Y = V1,---,Ym) be
decreasing m—tuples from [a,b]" and w = (wy,...,wpn) be real m—tuple such that (1.20)
holds. Let Gy, p = 1,2,3,4, and T, be as defined in (2.47), (2.48), (2.49), (2.50) and
(2.418) respectively. Then the following identities hold.

(i)

m m Db [ m
;wiq/(xi)—;wiq/(yi)zn/a ;WiGp(xu zwl (vist ‘|
D= (W (@~ ¥ 5 ) ) @

(2.480)

T2 (t,s) = (2.481)
(ii)
m m lI// / .
Zwilll(xi) - ZWiII/()’i) =T . _ . /
i=1 i=1 b—a Ja
b m
+/ ZwiGp(-xla zwl yh :
a L=l

+ﬁ/ﬂb/ab

where n > 4.

ZWG Xi,1) Zwl (vi,t 1

2 WiGp(xi,1) Zw, (vis? 1 T2 (1,5) ') (5)dsdt,
i=1
(2.482)
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Proof. Using (2.46), (2.51), (2.52) and (2.53) in 3 wiw(x;) — 3, wiw(yi) and applying
i—=1 i—=1
(1.20), we have l l

v (t)dt.  (2.483)

m m b
N wiw(x) = Y wiw(yi) = /
i=1 i=1 a

m m

2 W,'Gp(x,',l) — ZwiGp(yi,t)
i=1 i=1
(i) Taking double derivative of (2.417) with respect to ¢, we get

n—1 ® (@) (f —a) ! — y® vkl
‘V”“):;l(kkl)!(W (@) (t—a)*"' —y P (b) (1~ b) )

b—a

1 b
()
T [ T2t v (9)ds
(2.484)
Putting (2.484) in (2.483), we obtain (2.480).
(ii) Replacing y by y” and then n by n— 2 in (2.417), we have
0= P yas § Y@ 6
b—al, AK(k+2) b-a A~ K(k+2) b-a

1 b
—+ m/ Tn,2 (t,S) l[/(n) (S) ds.

This implies that

—a & (k—1)! b—a
L/ (n)
+( _3)! p TH*Z (I,S)llf (S)ds
(2.485)
Using (2.485) in (2.483), we get (2.482). o

The integral version of the above theorem is given below.

Theorem 2.166 Lern € N, I be an open interval of R, v : I — R be a real valued function
such that w1 is absolutely continuous, a,b € I, a < b. Suppose that x, y are decreasing
continuous functions from [a,b] to R and w be real valued continuous function on |[a,b|
such that (1.175) holds. Let G,, p =1,2,3,4, T, and T, be as defined in (2.47), (2.48),
(2.49), (2.50), (2.418) and (2.481) respectively. Then the following identities hold:
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+ 1 . /ab/ab [/abw(t)Gp(x(t),s)dt/bw(t)Gp(y(t),s)dt] T, 2 (s,u) W(n) (u) dsdu,
(2.486)

where n > 3.
DL wton— [ wow)a

YOV T 1 )Gy x90 [ w0Gytr)51] as

of {/abW“)Gﬁ(x@»s)dt -/ bw<t>cp<y<r>,s>d,] .

k2 (@G- oy e -ntt
S k=) b—a ’

b /b[ /abw(r)Gp(x(t),s)dt, /Q”W(t) 6,0 (l‘),s)dt] T (5.) ™) () duds,

1
T3 e
(2.487)

where n > 4.

From the above obtained identities we present the generalization of the majorization
theorem.

Theorem 2.167 Suppose all the assumptions of Theorem 2.165 hold and for any even n
the function y : I — R is n-convex. Let
m m
N wiGp(xi,t) = Y, wiGp(yi,t) >0, for p=1,2,3,4. (2.488)
i=1 i=1
Then the following inequalities hold:
(i)

m m bl m m
Dowiw(xi) = Y, wiy(vi) > / D wiGp(xit) =), WiGﬂ(Yiv’)]

n—1 ® (@) (f — ) — y® k-1
',§<k_kl)z<w (@)t~ )"~y W (b) (- b) )d,_

b—a
(2.489)
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(ii) m m
2 wiy(x;) — 2 wiy(vi)
i=1 i=1

/ / .

>zﬁi____/

- b—a Ja
bh| m m

—|—/ ZwiGp(xi,t)—ZWiGp()’iat) )
a li=1 i=1

n—1 _ (k) a _akfl_ (k) k1
2<:S!(w (a)(r—a) bir><wo b) )dL

m
Zw iGp(xi,t) — ZwiGp(yi,t)] dt
i=1

k=3
(2.490)

Proof.

(i) Since v is n-convex so without loss of generality we can assume that y is n-times
differentiable and therefore we have u/(") > 0. Also it is obvious that 7, » > 0 if n
is even, because

Case I: If a < s <1, then r — s > 0 and hence ‘=21~ > 0. Also (1 —a) > 0 and
(r— 5)"=3 > 0. So in this case from (2.481) we have 7, _» > 0.

Case II: If t < s < b, then (¢t — )"~ and (s — b) are non-positive. As n is even
so we have (s —b)(t —s)"> > 0, also & > 0. So in this case from (2.481) we
have 7,,_, > 0.

Now using (2.488) and the positivity of 7,,_, and u/ ) in (2.480) we get (2.489).

(i1) Similar to part (i).

The integral version of the above theorem is given here.

Theorem 2.168 Suppose all the assumptions of Theorem 2.166 hold and for any even n
the function y : I — R is n-convex. Let

b b
/ w(t)Gp(x(1),s)dt —/ w(t)G,(y(),s)dt >0 for p=1,2,3,4. (2.491)
a a
Then the following inequalities hold:
(i)

b

[ wowtena= [ wowoena= [ [ w0660 - [ 06,0050
bk ®) (@) (s—a) = y® (&) (s — b)!
'?%@_1y<w (@) (s—a)*"' =y (b) (s~ ) )d&

b—a
(2.492)



218 2 MAJORIZATION AND n-CONVEX FUNCTIONS
(ii)
b b
[ wowted— [ wiow(sie)a
a

a

W/ab [/abw(t)Gp(x(t),s)dt_./a‘bw(t)G,,(y(t),s)dt] ds.

+ /ab [ /abw(l)Gp(x(f),s)dt - /;bw(r)cp(y(,),s)dt} .

n—1 _ (k) a S,akflf (k) G k—1
;%£_3!<w QIR WELICTE) >d&

>

(2.493)

In the following theorem we give generalizations of majorization inequality for ma-
jorized tuples:

Theorem 2.169 Ler n € N, y be a function from an open interval I to R such that its
w1 is absolutely continuous, a,b € I, a < b. Let x = (x1,...,Xn) , ¥ = (V1,-..,Vm) be
m—tuples from [a,b]™ such thaty < x. If n is even and V is n-convex function, then the
following inequalities hold:

(i)
m m b m m
;W(xi)*glﬂ)’i) Z/a ng(xi,t)sz(yi,l‘)]
ok vy (@) (t—a) ' = y® (b) (1 —b)! p
'k:l (k—1)! b—a L
(2.494)
(ii)
m m / o /a b m m
Zwmf2wm23%5§ﬁ/ ZQWMZ%MﬁPf
i=1 i=1 @ L=t i=1
b | m m
+/ 3 Gplxint) = 3 Gplyist) | -
a |i=1 i=1
& k=2 (yW(a)t—a) T =y b)—b)!
k23(k—1)!< b—a )dt'
(2.495)

Proof.  Since the function G,(.,7), p € {1,2,3,4},1 € [a,b], are convex and y < X so by
majorization theorem we have

m

m
ZGp(xi,t) - ZG,,(y,-,t) >0, t€]lab].
i=1 i=1

Applying Theorem 2.167 forw; = 1 (i = 1,2,...,m), we obtain (2.494) and (2.495). O
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In the following theorem we give generalizations of weighted majorization theorem.

Theorem 2.170 Let n € N, y be a function from an open interval I to R such that its
w1 is absolutely continuous, a,b € I, a < b. Let x = (x1,...,Xm) ¥ = (V1+---,ym) be
decreasing m—tuples from [a,b]" andw = (wy, ..., wp) be nonnegative m—tuple such that
(1.19) and (1.20) hold. If n is even and  is n-convex function, then (2.489) and (2.490)
hold. Moreover; if (2.489) and (2.490) hold and the functions defined by

b n—1 (k) a 7ak7]7 ) ke
Li(.) = G,)(.,t).z(k_kl)' (W (a)(r—a) b—Z/ (b) (1 —b) i

¢ k=1

(2.496)

/ _w'(a b b
LZ():W(b;—Z/( )/a Gp(.1) + ’ Gy(..1)

n—1 k—2 W(k>(a)(t7a)k lfll/(k>(b)(l‘fb)k 1 B

fa (k—l)'( b—a )dt, p=12.34,

(2.497)
are convex on |a, b, then (1.21) holds in both cases.

Proof.  Since the function G,(.,7), p € {1,2,3,4}, 1 € [a,b], are convex and (1.19) and
(1.20) hold so by Theorem 1.14, we have

m m
ZwiGp(xi,t) — ZwiGp(yi,t) >0, t€lab].
i=1 i=1

Applying Theorem 2.167 we obtain (2.489) and (2.490).

Since (2.489) holds, the right hand side of (2.489) can be expressed as
m m
> wili (xi) = Y, wila (yi).
i=1 i=1
Since (2.489), (2.490) hold and L, is convex, therefore by majorization theorem we have

m m

Y wily (x;) = Y, wili(yi) >0,

i=1 i=1

i.e. the right hand side of (2.489) is nonnegative, so the inequality (1.21) immediately
follows.
Similarly we obtain (1.21) by using the convexity of L,. O

The integral version of the above theorem is given below.

Theorem 2.171 Letn € N, y be a function from an open interval I to R such that y"*~1)
is absolutely continuous, a,b € I, a < b. Let x, y be decreasing functions from |a,b] to I
and w be nonnegative continuous function on [a,b) such that (1.27) and (1.28) hold. If n is
even and  is n-convex function, then (2.492) and (2.493) hold. Moreover, if (2.492) and
(2.493) hold and the functions Ly, Ly defined by (2.496), (2.497) respectively are convex
then (1.29) holds.
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To avoid many notations under the conditions of Theorem 2.165 and the functions Q ,
0>, (p=1,2,3,4) from [a,b] to R are defined by

b [ m m 1 .
Ql"p(s) = / ZwiGp(xi,t) — ZwiGp(yi,t) Tnfz(l,s)dl, (2.498)
a |i=l i=1 ]
b [ m m 1
thp(s) = / ZwiGp(xi,t) — ZwiGp(yi,t) Tnfz(l,s)dl. (2.499)
a |i=1 i=1 |

Theorem 2.172 Letn € N,n >4, y : [a,b] — R be such that w") is absolutely contin-
uous with (- —a)(b—-)(w"*)2 € Lia,b] and Q1 , Q2 (p = 1,2,3,4) be defined as in
(2.498), (2.499) respectively. Then

(i) the remainder H'(y;a,b) defined by

m b | m m
Yyia,b) = sz v(x;) ;wz'llf(yi)*/a Z]WiGp(xiJ)leiGp()’iJ)]'
5 . <w<k> (@) (1 — )" =y (B) (t — )" ) s

b—a

(=) (p
v - E / 01,(s) (2.500)

satisfies the estimation

1

—a 1 b 2
i) < = 1010001 ([ o= o9y Vo P )
(2.501)
(ii) the remainder H>(y;a,b) defined by
(W’a b) il W Zwl
/a b

YO-vE /a it izlw,.c,,@,.,,)] y

b | m m
*/a ZIWiGp(xiJ)leiGp(yi,f)]'
o k=2 (V@ —af "y () (=)
2 ( b—a a

(n—1) —wm=D(g4 b
v (nfb;w‘i’_a)( ) | 021 (2.502)
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satisfies the estimation

2

1 b
< 10202 ([ - 09 o)
(2.503)

Proof.

(i) Comparing (2.480) and (2.500) we obtain

(n—1) _ qy(n=1) a b
. <n(b3)>!<}fa>< )_/a 01 p(s)ds.
(2.504)

(l,l/,d b / 01 p ds—

Applying Theorem 1.10 for f — Q1 ,, h — v and using Cebysev functional, we
have

'b a/ Q1p(s) dsj—/ Q1p(s)ds- b— a/w

< |7 Ql,p,Ql,p>|2—r1_a( [ a9t >12ds) . (2509

Multiplying (2.505) with b —a, dividing by (n —3)! and using (2.576) we get (2.501).

(ii)) Comparing (2.482) and (2.502) we obtain

YOy a) o
H*(y;a,b) / 0>,(5) R Py /a 0> p(s)ds.
(2.506)

Applying Theorem 1.10 for f — Q> ,, h — w(" and using (v?ebyéev functional, we

have
Lo w
' 7a/ O1,(s) ds— /sz )ds - 7a/alll

"= a)(b—s) [q/<"+1>(s)]2ds) L 2.507)

I p_1
< ﬁ !T(Qz,paQ2,17)|2 \/ﬁ (/a

Multiplying (2.507) with b — a and dividing by (n — 3)! and using (2.506) we get
(2.503).
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Theorem 2.173 Letrn € N;n > 4, v : [a,b] — R be such that 1,1/(") is monotonic nonde-
creasing on |a,b] and Q\ p, Q2 (for p =1,2,3,4) be defined as in (2.498) and (2.499)
respectively. Then

(i) the remainder H' (y;a,b) defined by (2.500) satisfies the estimation

b—a
(n—3)!

V) +y V@) y 2 (b) -y (a)

2 b—a
(2.508)

|H' (y:a,b)| < 101l

(ii) the remainder H*(y;a,b) defined by (2.502) satisfies the estimation

v V) +y" @)y 0) -y ()

2 b—a
(2.509)

b— /
[H2(vab)] < 510l

Proof.

(i) Since (2.576) holds, then applying Theorem 1.11 for f — QO p, h — w(™ and using
Cebyéev functional, we have
1 b
/ )
—al,

’ ia/le ds——/ 01,,(s)ds-

< mHQi,pr/a (S*a)(b*s)w““)(s)ds. 2.510)

Since

[ 6= ae-9u s = [ s— @+ nlvs)as
= (b=a) [y )+ v V@] =2 [y D) -y )],

therefore, from (2.576) and (2.579), we deduce (2.578).

(i) Proceeding similarly as in part (i), one can obtain (2.509).
O

In the following theorems we present Ostrowski type inequalities for the generalization
of majorization inequality:

Theorem 2.174 Letn € N,n >4, (q,r) be a pair of conjugate exponents, i.e. 1 < q,r <
q
o and 1/q+1/r=1, y:[a,b] — R be such that ‘u/(") € Lla,b]. Let Q1) and Q>

( p=1,2,3,4) be defined as in (2.498) and (2.499) respectively. Then the following in-
equalities hold:
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(l) m m b | m

Dowiy(xi) = D wiy(vi) — / D wiGp(xi1) Zwl ist) |-

i=1 i=1 Ja li=1
"21 k(v @e-a —yO@)e-nTT
= (k—=1)! b—a
= ] Hw 101,]),

The constant ||Q17PHr is sharp for 1 < q < oo and the best possible for g = 1.
(ii)
m m / / b m m
V' (b)—vy'(a
S wiwx) — Swplon) ~ LD 7§06, ) - zw,c,,@,.,,)] a
i=1 i=1 Ja =1 i=1
b | m m
—/ ZwiGp(xi,t) —ZwiGp(yi,t) .
a |i=1 i=1
"il k=2 (yW@@e-a ' —yW @) e-n"1Y
= (kf ! b—a
< milv”l, el
The constant ||Q27PHr is sharp for 1 < q < oo and the best possible for g = 1.
Proof. The proof is similar to the proof of Theorem 12 in [2]. O

Remark 2.48 One could analogously obtain the integral variants of Theorems 2.172,
2.173 and 2.174.

2.4.4 Results Obtained for the Jensen
and the Jensen-Steffensen Inequalities
and their converses via Montgomery ldentity

In the following theorem we give generalization of Jensen’s inequality associated with
Montgomery identity (see [3]).

Theorem 2.175 Ler n € N, f : I — R be such that f?"=V) is absolutely continuous,
I C R an open interval, a,b € I, a < b. Let x = (x1,.. xm) [a b]™ be m—tuple and

w = (Wi,...,wp) be positive m—tuple, Wy, = 2 wi and X = W Z WiXi.
i=1
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(i) Ifx is decreasing m—tuple and f : [a,b] — R is 2n-convex function, then we have

m
2 wi(xi—a)k+2

1 & 2n—2 1 &

LS ) > L (1) gy 21 k2
i S ) —£(5) 2 5 3 gt | ) (H— -0 ?)
g Wi(xi _ b)k+2

_f(k+1)(b) (l] Wm a (2_ b)k+2):| .

(2.511)

(ii) If the inequality (2.511) holds and the function F defined by

B 22 p(kH) (g) ((—q)kt2 2032 plED) () (. —b)k”
= kgo K(k+2) b—a kgo K(k+2) b—a (2.512)

is convex, then the right hand side of (2.511) is non-negative and

. 1 m
fE) < — > wif(x). (2.513)
Wi 33
Proof.
(i) Let & be the largest number from {1,...,m} such that x; > X, then as x is decreasing

m-tuple so we have x; > xforl =1,2,....,kandx; <xforl =k+ 1,k+2,...,m.

Now asx; > X forl=1,2,...,k, so we have
l l
N owix < Y wixg for [=1,2,... k. (2.514)
i=1 i=1

Similarly as x; <Xxforl =k+ 1,k+2,...,m, so we have

j j
Y owi <Y wix forj=k+1,k+2,...,m.

i=k+1 i=k+1
Hence
i m m m m i
2 Wix; = 2 WiXi — 2 WiXi > 2 WiX — 2 WixX = 2 WiX, (2.515)
i=1 =1 i=j+1 i=1 i=jt+1 i=1

for j=kk+1,....,m.

Using (2.514) and (2.515) we get that

! !
Y wix < Y wix;, foralll =1,2,...,m—1

i=1 i=1
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and obviously

m m

2 WiX = 2 WiX;.

i=1 i=1
Since the conditions (1.19) and (1.20) are satisfied forx = (xy,...,x»),y = (%,...,%),
therefore using Theorem 2.135 fory = (,...,X), we get (2.511).

(i1)) We may write the right hand side of (2.511) as
— 2 wiF (x;) — F(X).
m i=

Since F is convex so by Jensen’s inequality, we have

—Zw, (xi) —F(x) > 0.

ml

Hence (2.513) holds.

In the following theorem we give integral version of Theorem 2.191.

Theorem 2.176 Lern e N, f: [a,b] — R be such that f*"~V) is absolutely continuous,
x:[a,B] — R be continuous function such that x([o.,B]) C [a,b], A : [o,f] — R be in-

B
creasing, bounded function with A (o) # A(B) and x = Lo xar (@)

13 d (o)
(i) If x is decreasing function and f : [a,b] — R is 2n-convex function, then we have
B
= bia 2112:2 k!(kl—i— 2) 7 (a){ fa - }(E dl];r)zd/l( )_ (J_Ca)k+2}
A C ){f“( (ffd)?:zdx(’) _(x—b)"HH.

(2.516)

(ii) If the inequality (2.516) holds and the function F defined as in (2.512) is convex, then
the right hand side of (2.516) is non-negative and

t
f= )_—foC (ﬁ( () (2.517)
Jo A2 (1)
Proof.
(i) Letyp be the largest number in [cr, B] such that x(Yp) > X. Butx is decreasing function
so we have

x(y) >xfor all y € [a, 0] and x(y) <X for all y € [y, B].
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(ii)
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Case.1 If x(y) > X forall y € [, Y], then we may write
x(t) >xforallr € [a, 7],y € [a, 10).

As A is increasing so by integrating both sides with respect to A over [a, Y], we get

Y Y
/ XA (t) > / TdA (1), ¥ € [0, 10)- (2.518)
o o
Case.2 If x(y) <X forall y € [y, 8], then we may write

x(t) <xforallt € [y,B],y € [v0,B]-

But A is increasing so by integrating both sides with respect to A over [y, 8], we get
B B
/ X(1)dA (1) < / XdA(1).
Y Y

Therefore we have
p B B
/a " e(0)dA(t) = /a X(1)dA (1) — / X(1)dA (1) > /

— ﬁ_
y [“xar) - /y XA (1)
- / "dA (),

i.e. y v
[“xoar@) = [ 52, ve B, 2:519)
From (2.518) and (2.519) we have

Y Y
[ xari) = [“zarw), velopl.
Also the equality
B B
/ X(0)dA (1) = / XA (1) holds.

Since the conditions (1.27) and (1.28) are satisfied, therefore using Theorem 2.137
for y(z) =X, we get the inequality (2.516).
We may write the right hand side of (2.516) as
BE(x(t))dA(t
JEFWORD
Jo/ dA(t)

Since F is convex so by Jensen’s inequality, we have

JEF(x(r)dA ()

T —F(%) >0.

Hence (2.517) holds.
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Remark 2.49 If we take x(t) =1, A(t) =1, in the inequality (2.516), then we obtain
generalization of Hermite-Hadamard inequality.

Theorem 2.177 Lern €N, f: [a,b] — R be such that f*"=Y is absolutely continuous,
X = (x1,...,%n) € [a,b]" be decreasing m—tuple. Let w = (wl, . W) be real mftuple

such that O < W, <W,, (k=1,2,...,m), Wy, > 0 where Wy, = Zw, and X = - Zw,x,

i=1 l*
(i) Then for any 2n-convex function f : [a,b] — R, the inequality (2.511 ) holds.

(ii) If the inequality (2.511) holds and the function F defined as in (2.512) is convex,
then the right hand side of (2.511) is non-negative and (2.513) holds.

Proof. (i) Let k be the largest number {1,2,...,m} such that x; > X then x; > X for
l=1,...,k, and we have
-1
wal Wix = Y, (xi —xip1)W; > 0
= i=1

and so we obtain

MN

XiW;. (2.520)

M~

wix = Wix < Wx; S

1 1

Also forl =k—+1,...,m we have x4 <X, therefore
m
W VVI 2 WiXi = 2 Xi— l_xi)(Wm_‘/Vifl) >0.
i=l+1 i=l+1
Hence, we conclude that
2 wix = (W, — W)X > (W, — Wy)x > 2 Wix;. (2.521)
i=l+1 i=l+1

From (2.520) and (2.521), we get

[ [
2wix < Y xiw for all [=1,2,...,m—1.

holds. Since the conditions (1.19) and (1.20) are satisfied for x = (x1,...,x,) and y =
(%,...,X),, therefore using Theorem 2.135 fory = (%,...,%), we get (2.511).

(ii) The proof is similar to the proof of Theorem 2.191(ii). O
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Theorem 2.178 Letn €N, f : [a,b] — R be such that f*"~Y) is absolulely continuous,

x:[et, B] — R be continuous decreasmgfunctlon such thatx([ ,B]) Cla,b],A:[a,B]—R
is either continuous or of bounded variation with A(a) < A(t) < A(P )for allt € [a, ]
and % — ffz(t)dl (1

Jor dat)

(i) Then for any 2n-convex function f, the inequality (2.516) holds.

(ii) If the inequality (2.516) holds and the function F defined as in (2.512) is convex,
then the right hand side of (2.516) is non-negative and (2.517) holds.

Proof. (i) Let Yy be the largest number in [cr, ] such that x(yp) > X. But x is decreasing
function so we have

x(y) >xforall y € [, y0] and x(y) <X for all y € [y, B].
(a) Ifx(y) > xforall y € [@, 0], then we may write
x(t) >xforallr € [a, 7],y € [, 10).
Therefore we have
% /a "aa() < x(v) /a "aa(), v € [a ). (2.522)

But

/a " XA () - x(7) /a aA() = — /a y;/(r)( /at d/x(x))dt >0, (2.523)

From (2.522) and (2.523), we get
/ A1 / (VA (), v € [t 30). (2.524)

(b) If x(y) <Xxforally € [yy,B], then we may write

x(t) <xforallz € [y, B],v € [v,B],

therefore we have

B 5
x / A (1) > x(y) / (). (2.525)
Y Y

x(y) /y P At - /y ? A = — /y ﬂi(r)( /, ’ dx(x))dtzo. (2.526)

From (2.525) and (2.526), we get

But

_ 5
k / A (r) > / X(0)dA (1) for all y € [y0, B (2.527)
Y Y
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From (2.524) and (2.527), we get
B B
X / OE / x()dA (7).

The equality
B B
x / A (1) = / X(1)dA (D),

o o

obviously holds for all y € [a, B]. Since the conditions (1.27) and (1.28) are satisfied
therefore using Theorem 2.137 for y(¢) = X, we get (2.516).
O

(i1) The proof is similar to the proof of Theorem 2.192 (ii)
Theorem 2.179 Letn € N, f : [a,b] — R be such that f*"~1) is absolutely continuous
Letx = (x1,...,x;) be real r—tuple with x; € [m,M] C [a,b],i=1,2,....,r,w= (wi,...,w;)
be positive r—tuple, W, = Y, w; and X = WL Y wix;.
i=1 Ti=1
(i) Then for any 2n-convex function f : [a,b] — R, the following inequality holds

2n—2 1

1 < X—m M—x 1
Wrizzlwif(xi) < Mfmf(M)—’—M*mf(m)_ h—a kg() K (k+2)
[f(km(a){;]—_";(Ma)k+2+]1“/[4:2(m a2 — ,;W’ k+2}
- M—% ,
f(k“)(b){;;_’:;(Mb)k“+ M_;i(m p)k+2 _rlzlwi(xib)kn}
(2.328)

(ii) If the inequality (2.528 ) holds and the function F defined as in (2.512) is convex,

><|
<
|
=

=

g

then
—E ) < M)+
wif (xi) _Mfmf( ) M—m

rl 1

=M, x, = = M= =M= ih (2,511 h

=M, xa=m,wy = 3= = 3= in (2.511), we have
1 2n—2 1

X;i—m M —x;
fa) < 3 f(M) + 5 f(m) — - — kgo k!'(k+2)

Proof. (1) Putting m = 2, x;

— X (m o a)k+2 o (xi o a)k+2}

P
N b2 (- b)"“}] . (2.529)

f(kH)(b){;lC/l]—m(M b)k+2 o
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Multiplying (2.566) with w;, dividing by W, and taking the summation from i =1 to r, we
get (2.528).

(i1) Using similar arguments as in the proof of Theorem 2.191(ii), we get the required
result. o

Remark 2.50 In Theorem 2.179, assume that x, Z wix; € [m, M| with xo # Y, wix; and
i= i=1

-

(x; —xo)( Y wix; —xi) >0,i=1,2,,...r. Ifxo <Xi_,wix;, then by taking m = xo and
i=1

M= Z wix;, in inequality (2.528) we obtain the generalization of Giaccardi inequality.

i=1

Similarly If xo > Yi_ wix;, then by taking M = xo and m = Z wix;, in inequality (2.528)
i=1
we obtain the generalization of Giaccardi inequality.
Moreover, if we take m = xo = 0 in the generalized Giaccardi inequality we obtain

generalization of Jensen-Petrovié’s inequality.
The integral version of the above theorem can be stated as follows.

Theorem 2.180 Letn €N, f: [a,b] — R be such that f*"~Y) is absolutely continuous,
x:[o,B] — R be contmuousﬁmctlon such that x([oe, B]) C [m M| Cla,b], A :[o,f] = R

increasing, bounded function with A (o) # A(B) and X = W.
b dA(t

(i) Then for any 2n-convex function f : [a,b] — R, the following inequality holds

1B r(x(e))dr(t) _ x—m M-x 1 2?2
ffd)t(t) SMfmf(M)jLMfmf(m)ibfa 2  k!'(k+2)
(k+1) X—m o gy M—X k2 JB (x(r) — a)*+2dA (1)
[f L EFe
— - B k+2
(k+1) X—m gy, M—X o (x(t) —b) dl(f)}
PO T M0 S ) Tl
(2.530)
(ii) If the inequality (2.530 ) holds and the function F defined as in (2.512) is convex,
then
S8 Fx(e)dA(e) _ x—m M-%
S A O )
Corollary 2.35 LetneN, x =(x1,...,%x) be real r—tuple with x; € [m,M], w = (wy,...,w,)

be positive r—tuple, W, = Z w; and X = W 2 wix;. Then for 2n-convex function f :
i=1

[m,M] — R, the following inequality holds
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M-—% 1 2

=" Zfo ki(k+2)

1 < x—
o Sowif () € S F (M) +
=1

[‘f(kH)(m){]i[——’Z(M k+2 ZWz Xi— k+2}

.f(k+1>(M){£]/I_:1(m MY sz i k+2}‘|.

Proof. Using the inequality (2.528) fora =m and b = M. O

Remark 2.51 Similarly, one can also easily obtain the integral variants of Corollary
2.35.

= —Zw, w(xi,8) — Ty(%,5), s € [a,b]. (2.531)

Letx: [a ﬁ] [a,b] be continuous function and A : [cr, f] — R be as in Theorem 2.178

and letx = M , we denote

Par
JB(T.(x(1),5)dA (1)
TP A(t)ar

A(s) = —Tu(%,s), s € [a,b]. (2.532)

From Ceby§ev functional we may write

7(8,8) = bia/abfsz(s)dsf <bia/ab5(s)ds)2,
T(AA) = blfa/a"ﬁz(s)dﬁ (bia/abA(s)ds)z.

Theorem 2.181 Letn €N, f: [a,b] — R be such that f") is absolutely continuous with
(.—a)(b—)[f" V> € Lla,b]. Letx; € [a,b], w; €ER, i =1,2,...,m, Wy, = Z wi # 0 and

i=1

X= 2 wix; € |a,b). Let the function § be defined as in (2.531). Then we have

i=1

:blanzzk!<kl+2>[fk+] @{w, ZW o2 -0

mi

b
/ 8(s)ds+H\(f:a,b), (2.533)
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where the remainder H)(f;a,b) satisfies the estimation

|H) (f:a,b)| < %1)!<b2“ T(5,68) /ab(sfa)(bfs)[f("“)(s)]zds

Proof Usmg Theorem 2.132 for y; — X, we get

2 wif (xi)

)

1 n—2 1 | m
= (k+1) . o NKH2 = NkH2
_ba;f)k!(kJrZ)[f ) (a){wmilw’(x’ a)""* — (x a)+}

m

o) g St o)t o-cb)k“}]

(nj o / b6(s) £ (s)ds. (2.534)

Now if we apply Theorem 1.10 for f — § and h — f(”>, we obtain

5(s L% L[
5o a/ ds<b—a/a (s)ds) <b—a/a f (s)ds)
1 1 b 2
< \ﬁms,sn%ﬁ ([ 6-ae-9repa) .
Therefore we have
1 b f(nfl)<b) _f(nfl)<a)
(n) =
(nfl)!./a S s = o 5=
From (2.534) and (2.535), we obtain (2.572). O
The integral version of the above theorem can be stated as follows.
Theorem 2.182 Lern € N, f: [a,b] — R be such that f") is absolutely continuous with
(.—a)(b—)[f"*V]? € Lla,b]. Let x: [ct,B] — [a,b] be continuous funcnon such that

+

/b5(s)ds+H,}(f;a,b). (2.535)

x([e, B]) C [a,b], A : [or, B] — R be as defined in Theorem 2.178 and X = %T Let
the function A be defined as in (2.532). Then we have
by
Iy f(ﬁ Ez i)( (t) 3 (2.536)
IS 1 g _
- b—af 2 (k!l(k+2) 0@ (ff dA(t) /a (x(e) — )T 1) - (x—a)k+2>
(k+1) fa( (1) —b)**2dA(r) (5 p)kF2
N U( fé?dm Y )]

fr D) — firY

R T /[IA(s)dSwLH,%(f;a,b),

(2.537)
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where the remainder H2(f;a,b) satisfies the estimation

b—a
2

)’

Theorem 2.183 Lern €N, f: [a,b] — R be such that f") is absolutely continuous with
FtD >0 on [a,b] and let the function & be defined as in (2.531). Then we have the
representation (2.533) and the remainder H!(f;a,b) satisfies

|H,f(f;a,b)| < ﬁ ( T(5,6)/ab(s—a)(b—S)[f("“)(s)]zds

In the next theorem we obtain the Griiss type inequality.

1 b—a - n— n— n—
i F5ab)] < gy 19 e [ F5 D 0) 4D )] = [ ) <a>]] .
(2.538)
Proof. The proof is similar to the proof of Theorem 7 in [18]. O

The integral version of the above theorem can be given as follows.

Theorem 2.184 Lern €N, f: [a,b] — R be such that f") is absolutely continuous with
f("“) > 0 on |a,b] and let the functions T and /\ be defined as in (2.533) and (2.532) re-
spectively. Then we have the representation (2.536) and the remainder H?(f;a,b) satisfies

ﬁ I N o b;a [f(nfl)(b)+f(n71)(a)} _ [f(an) (b)if(an)(a)] ]

We present the Ostrowsky type inequalities related to the generalized of Jensen’s in-
equality.

|H2(f:a,b)| <

Theorem 2.185 Ler n € N, f : [a,b] — R be such that f""=Y) is absolutely continu-

ous and f") € Lyla,b], x = (x1,...,%) € [a,b]", w = (w1,...,wn) be real m—tuple,
m m

Wpn=Ywi #0andx = Wi Y wix; € [a,b). Let (p,q) be a pair of conjugate exponents,
i=1 " i=1

i=
that is, | < p,q < oo, %+ ‘ll = 1. Then we have

m
2 Wi(xi _ a)k+2

1 m 1 n—2 1 =
_ . N F(x) — (k+1) i=1 = Nk2
W, l; wif(xi) — f(X) b_akgo K(k+2) f (a){ W, — —(X—a) }
§ Wi — bY<P2
f<k+”<b>{—” 7 (xwk”}H
1 Sy wiTa(xi, ) _
- (n) i=1 o
S (ni 1)| || f HP Wm Tn(-xa') .

(2.539)
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The constant on the right of (2.539) is sharp for 1 < p < e and the best possible for
p=1

Proof. The arguments of the proof is similar to the proof of Theorem 9 in [18]. O

The integral version of the above theorem given as follows

Theorem 2.186 Lern € N, f: [a,b] — R be such that f"~Y) is absolutely continuous
and f™ Lyla,b]. Let x: [, f] — R be continuousfunction such that x([ct, B]) C la,b],

A o, B] — R be defined as Theorem 2.178 and X = f“f Furc . Let (p,q) be a pair of

conjugate exponents, that is, 1 < p,q < oo, ;74— é = 1. Then we have

JEFG@) A 1]
_,fdl(t) &) bfakzok!(kJrZ)
ey f GO — @A)
[f @f pre w-ar )
k+2
_ ke ){M (}m)( )dw) (”)M}H
< £n) f(x( (( )dx<)*7;1)_57- )
<151y, Y |

(2.540)
The constant on the right of (2.540) is sharp for 1 < p < oo and the best possible for p = 1.

Motivated by the inequalities (2.511), (2.516), (2.528) and (2.530) we define the func-
tionals Y (f), Y2(f), Y3(f) and Y4(f) respectively by

)
= 2 wif (i) —
Wmi:] i i
12"22 1
b—a & k!(k+2)

fk+1 { ZWz X —a)kt? (xa)k+2}

ml

f k+1 { Zwl X — k+2 — G- b)kHH ) (2.541)

mi

P re(e))ar)
YZ(f)_ gd).(t)

1 2n—2 1

b—ua 2 ‘ kl(k+2)

—f(x)

winy g [ JEG0) —a) A s
d (){ JBax) b }

f (k+1) ( ){ foc ( ( ) )k+2d)' (t) _ (f—b)k+2}‘| . (2542)

JB anr)
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1 2n—2 1

1 X—m M—x
T3(f) :erzlw’ )= mf(M)*M—mf(me—a,gok!(lwrz)
lf(k“)(a){;[_n;(Ma)k+2+]]“/[/l_:1(m ak+2 ZW k+2}
f<k“>(b>{;; M=) T )2 Zwl xi MH. (2.543)
I8 Fe(e)dA(r)  —m M-% S
Ya(f) = B *M—mf(M)*M—mf(m”b—agok!(k+2)
Uity )] =M 0 b2 M—X miak+27fo€(( a)f2dA (1)
[f @f M- aF 4 = Fr e

k) X—m o vz, MAX e JB(x(e) = b)**2dA (1)
PO S =D S ) rr il

(2.544)

Theorem 2.187 Let f : [a,b] — R be such that f € C**[a,b). If the inequalities (2.511),
(2.516) and the reverse inequalities in (2.528) and (2.530) hold, then there exist & € [a, D]
fork e {1,2,3,4} such that

Yi(f) = fPV(EOYe(fo). k€ {1,2,3,4), (2:545)
2n
where fo(x) = ﬁ
Proof. The proof is similar to the proof of Theorem 11 in [18]. O

Theorem 2.188 Let f,g : [a,b] — R be such that f,g € C*"[a,b]. If the inequality (2.511)
and (2.516) and the reverse inequality (2.528) and (2.530) hold, then there exist & € |a, D]
fork e {1,2,3,4} such that

() _ (&)
Tilg)  gC(&)’

provided that the denominators are non-zero.

Proof. The proof is similar to the proof of Theorem 12 in [18]. O

. (2n) .
Remark 2.52 [f the inverse of i,(T:) exists, then from the above mean value theorem we

can give the generalized means,

o (52) () senase
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Theorem 2.189 Ler Hy = {f, : t € I}, where I an interval in R, be a family of functions
defined on |a,b] such that the functiont — f;[z0,z1, - - - ,221] is n-exponentially convex in the
Jensen sense on I for any 21+ 1 mutually distinct points 2o,21,. .. ,221 € [a,b]. Let Yi(f) be
the linear functionals for k € {1,2,3,4} as defined in (2.541), (2.542), (2.543) and (2.544).
Then the following statements are valid:

(i) The functiont — Yi(f;) is n-exponentially convex in the Jensen sense on I.

(ii) If the functiont — Y(f;) is continuous on I, then it is n-exponentially convex on I.

Proof. The proof is similar to the proof of Theorem 13 in [18]. O

As a consequence of the above theorem we give the following corollaries.

Corollary 2.36 Let Hy = {f, :t € I}, where I an interval in R, be a family of functions
defined on the interval [a,b)] such that the function t — f;[20,21,...,22] is exponentially
convex in the Jensen sense on I for any (21 + 1) mutually distinct points 29,21, ..,20 €
[a,b]. Let Yi(fi) be linear functionals for k € {1,2,3,4} as defined in (2.541), (2.542),
(2.543) and (2.544). Then the following statements are valid:

(i) The functiont — Yi(f;) is exponentially convex in the Jensen sense on I.

(ii) If the functiont — Yi(f;) is continuous on I, then it is exponentially convex on I.

Proof. The proof follows directly from Theorem 2.189 by using the definition of expo-
nential convexity. O

Corollary 2.37 Let Hy = {f, :t € I}, where I an interval in R, be a family of functions
defined on [a,b) such that the function t — f;[20,21,-.-,221] is 2—exponentially convex in
the Jensen sense on I for any 21 + | mutually distinct points 29,21, .- ,22 € [a,b]. Let Y}
be linear functionals for k € {1,2,3,4} as defined in (2.541), (2.542), (2.543) and (2.544).
Then the following statements are valid:

(i) If the functiont — Y (f;) is continuous on I, then it is 2—exponentially convex on I.
Ift — Yi(f:) is additionally positive, then it is also log-convex on 1. Furthermore,
for every choice r,s,t € I, such that r < s < t, it holds

()l ™" < D) ™ ()]

(ii) If the functiont — Y (f;) is positive and differentiable on I, then for all r,s,u,v € I
such that r <u, s < v, we have

s (Y, H3) < iy (Y, H3) (2.546)
where |
() ) 7
Y/ ) r#s,
s (Yp, H3) = 4 21_) . (2.547)
e""( T ) =

Proof. The arguments of the proof is similar to the proof of Corollary 6 in [18]. O
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Remark 2.53 Note that the results from Theorem 2.189, Corollary 2.36 and Corollary
2.37 still hold when any two(all) points zo, ...,z € [a,b] coincide for a family of differ-
entiable (21 times differentiable) functions f; such that the functiont — f; [z0,. ..,z is an
n-exponentially convex, exponentially convex and 2—exponentially convex in the Jensen
sense, respectively.

‘We denote
R TV ST U TR < TP S
Ay = W Zwl(xl a) (x—a)"",Br= Zwl(xl D) (x—b)"",
m =] m =]
_X—m 2, M—X k+2 k+2
Ck—M_m(Mfa) +M—_m(m Zw ,
X—m M—Xx
D, = M*b k+2 b k+2 k+2.
k M—m( ) +M——m(m rlqu

where x;,w;, X are as defined in Theorem 2.191.
Example 2.3 Let us consider a family of functions

Q ={firR—>R:teR}

G, 1#0,
f,(x){f;n io

@n)t

defined by

Si dant i . . dant
ince (x) = €™ > 0, the function f; is 2n-convex on R for every t € R and t — (x)

dx2n dx2n
is exponentially convex by definition. Using analogous arguing as in the proof of Theo-
rem 2.189 we also have that t — fi[z0,...,20,] is exponentially convex (and so exponen-

tially convex in the Jensen sense). Now, using Corollary 2.36 we conclude that t — Yy (f;),
k € {1,2,3,4} are exponentially convex in the Jensen sense. It is easy to verify that these
mappings are continuous so they are exponentially convex. For this family of functions,
Ws.g (Y, 1), from (2.547), k =1, becomes

<

Yl(m)s_,q#s,

.us,q(YlaQI) = (Y] (fq)

1
1< SX; SX s=a
T > wiet — e — K

g\ "5
,us,q(Yval) = (;) m B ) S#(],S,(]%O
WL,,, > wiethi — ed* — Ky

i=1

m
WL X wixie i —Xe™ — K3

=1
Ms,s(YlaQI) = exp m
WL 2 wiesi — st — K|
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e § Wil el _
W & i 4

1
Ho.o(Y1,Q1) = exp o ;
2n—+1 WLm'leixiZn_Xn_KS
iz
where
| 222 kel ,
K, = [e‘”A feSB},
‘ b—akgok!(k—i—Z) ¢ ¢
| 22 k4l ,
K = |e“tac— "By,
b—a go kl(k+2)
| 22 & .
K; = [ k+1)eAg — (b kl“'B},
3 b—akzzok!(kJrZ) (as+k+1)e*Ay — (bs+k+1)e By
K = 1 2522n(2n—1)...(2n—k) {az”’kAk—bz"’kBk}
b—a & Kl(k+2) ’

1 225220(2n—1)..2n —k)

K: =
> b—a,go k! (k+2)

[aznfkqu _ bZ”*klek] .

Similarly we can give s o(Yx, ) for k=2,3,4.
Now, using (2.546) W q(Yx, Qi) is monotonic function in parameters s and g. Using Corol-
lary 2.37 and Theorem 2.188 it follows that :

MS,Q(Y/ﬂQl) = lnAu“S,q(Y]ﬂQl)? k = 1727374

satisfy
a<M,(Y, ) <b, k=1,234
This shows that M 4(Yy, Q1) is a mean fork =1,2,3,4.
Example 2.4 Let
Q) ={81:(0,%0) = (0,%0) : 1 € (0,00)}
be a family of functions defined by

1
(7111[)2"’ t# ]’
gi(x) = )
oo (=1
2n
Since ddng,’,’ (x) =t is the Laplace transform of a non-negative function (see [172]) it is

exponentially convex. Obviously g, is 2n-convex function for every t > 0.
For this family of functions, 4 (Y1,8), from (2.547), becomes
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€1
s—q

i=1 .
w - , SFG:
— X g X

W El wig i —q " — Ly

. § wis N — s — L
>2n W . i 1

Ing
Ms,g (Y1,Q0) = (m

_ m
Xl — WL > wixis i — Ly
m .
i=1
Pss(Y1,€22) = exp T - ——— |, s#1
o X WisTH —sT =1y
i=1

1
2n+1

e %’: 2kl _ @+l _p
W, & WiXi 4
=l s=1

M]7](Y],Q2) = exXp : P
2n _ 2n
W El wix;! —Xx Ls

where

1 2n—2 (_]ns)kJrl 1 2n—2 (_]nq)k+1

L= [s*“A —s’bB},L -
! bfa,;:lo K (k+2) ¢ ko2 bfa,;::o K (k+2)

[tfaAk - tbek} ;

1 %57 (—Ins)t
L= [ Ins—&—1)s~ 1A, — (blns—k — 1 "”IB}
3 b—a & Kkt (alns )s «— (blns )s el
1 2222020 —1)...(2n—k)
L — [ 2n—k 4 7b2nkai|7
R K (k+2) @k k

1 222020 —1)..2n—k
L= L by
—a 5 kl(k+2)

{a2n7k71Ak _ b2n7kleki| .

Similarly we can give s q(Yi,Q2) for k=2,3,4.
Now, using (2.546) it is monotonic function in parameters s and q. Using Corollary 2.37
and Theorem 2.188 it follows that :

M"e‘l(Y/ﬂQQ) = ln»u’S,q(Yk?QQ)v k= 1727374

satisfy
a<M,(Y, ) <b, k=1,2,34.

This shows that My 4(Yy,Q2) is a mean for k =1,2,3,4. Because of the inequality (2.546),
this mean is also monotonic.
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2.4.5 Results Obtained for the Jensen and the
Jensen-Steffensen Inequalities and their Converses
via Green’s Function and Montgomery Identity

To make the calculations simple we use the following notations:

A(wisxi, i f) Zw, vi) = Dowif (xi), (2.548)

V) iwiﬂx,») £,

where w;, x;, and f are as defined in Theorem 1.14, and also
b b
A ) = [ W)~ [ ) fatu))du (2.549)
a a

b
IfW = [Pw(t)dt and X = M , we denote

= o [ Wt @),

where w, x and f (¢ instead f) are as given in Theorem 2.131.
The following generalizations of majorization theorem by Montgomery identity and
Green'’s function are given in [21].

Theorem 2.190 ([21]) Suppose all the assumptions of Theorem 2.147 are valid. Also
letn €N, f:1— R be function such that f"~1) (n > 3) is absolutely continuous, I C R an
open interval, a,b € I, a < b, nis even, f is n-convex and G(.,s) be as defined in (1.180).
Then for all s € |a,b], the following inequalities hold:

(i) —fla (@-f
AN(wi,xi,yis f) > %A( ]Li:(b).

Wiaxiayivid)+ b_

b
/ A(Wlaxl;yl; dS+ 2 / A WlaxlvylvG(7 ))

b—a s,
(2.550)
(i) _ b) £
A(wi,xi,yi, f) 2 '7f(b; _'Z:(a) A(wi,xi, yisid) + Sb) —J1a) (b; _'c): (@),
n—1 k—2

b b
/ A("thhyla ds+ 2 / (WiaxiayiaG('vs))'
Ja

f9(a@)(s—a)* " — fO(B) (s~ b)" :

ds.
b—a s

(2.551)
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Theorem 2.191 LetrneN, f:1— R be such that f?"=V) is absolutely continuous, I C R
an open interval, a,b € I, a < b. Let x = (xy,.. xm) be m— tuple with x; € |a,b] and

w = (Wi,...,wn) be positive real m—tuple, Wy, = 2 wi, X = W 2 wix; and G be the
i=1 i=1
Green function as defined in (1.180).

(i) Ifxis decreasing m—tuple and f : [a,b] — R is 2n-convex function then the following
inequalities hold:

"(a) — ' 2n—2 g
V(x.f) = M/ab (x,G(.,s))ds + 2 /b (% G(.,s))-

b—a
@) —af = f9 by s—b)
b—a ’
(2.552)
/ _ 2n—2
V(x,f)EW/abv(x,c )ds + 2 k-2 / V(% G(.
O (a)(s—a)! — fO(b) (s —b)*! d
b—a S.
(2.553)

(ii) If the inequalities (2.552) and (2.553) hold and the functions L, and L, defined by
f'(a)— f'(b)

b
L()=19=1 / G(.,5)ds+
2n—2 b ®) (g)(s — g1 — £&) s )1
kzzﬁ/a G(.,s)f (a)(s—a) b_z (b)(s—b) ds, (2.554)
/ — flla b
Lz(.):fi@; it )/ G(.s)ds+
2n 2 k 2 (Sia)kflif(k)(b)(sib)kfl
/G — ds, (2.555)

are convex, then the right hand sides of (2.552) and (2.553) are non-negative and
1 m
@ =5 > wif(xi), (2.556)
mi=1

holds in both cases.

Proof.

(i) Letk be the largest number from {1,...,m} such that x; > X, then as x is decreasing
m-tuple so we have x; > xforl=1,2,....k
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(ii)
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andx; <Xxforl=k+1,k+2,...,m.

Now asx; > X forl=1,2,...,k, so we have

! !
N owix < Y wixg for [=1,2,... k. (2.557)
| =1

Similarly as x; <Xxforl =k+ 1,k+2,...,m, so we have
J J
2 wix; < 2 wix forj=k+1,k+2,...,m.
i=k+1 i=k+1
Hence
J m m m m J
Y owixi =D wixi— > wixi = Y wiEX— Y wx= Y Wi, (2.558)
i=1 i=1 i=j+1 i=1 i=j+1 i=1
for j=k+1,k+2,....m.

Using (2.557) and (2.558) we get that
l l
Y wix < Y wix;, foralll =1,2,...,m—1
i=1 i=1
and obviously

m m
2 WiX = 2 WiX;.
=1 i

The conditions (1.19) and (1.20) are satisfied for ¥ = (¥,...,X) andy = (x1,...,%y).
Also
V(x,id) =0,

therefore substitutingy = (xy,...,x,) andx = (%,...,X) in Theorem 2.190 (i) we get
(2.552).
Proceeding similarly and using Theorem 2.190(ii), we obtain (2.553).

We may write the right hand side of (2.552) as
| m
W Z:l wiLy(x;) — L1(%).
Since L is convex so by Jensen’s inequality, we have
| m
W Z:l wiLi(x;) —Li(X) > 0.

Hence (2.556) holds. Analogously, we obtain (2.556) for L.

In the following theorem we give integral version of Theorem 2.191.
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Theorem 2.192 Let n € N, f: I — R be such that f(z”’l) is absolutely continuous,
I C R an open interval, a,b € I, a < b. Let x : [a,b] — R be continuous function such that
x([a,b]) C I, w: [a,b] — R be positive continuous function with w(a) # w(b),

b
W= f;w(t)dt, = W and G be the Green function as defined in (1.180).

(i) If x is decreasing and f : [a,b] — R is 2n-convex functions, then the following inequali-
ties hold:

Y2 LSO bY@G(.,s))ds{"zjﬁ [ 609
£ =@ - ) bp
boa (2.559)
Y(x, f) > Jw./abY()‘c,G(.,s))ds—i—z:Ej%./abY(x,G(.,s)).
M@ —af = fOm) -0t
boa (2.560)

(ii) If the inequalities (2.559) and (2.560) hold and the functions Ly and L, defined as
in (2.554) and (2.555) respectively are convex, then the right hand sides of (2.559) and
(2.560) are non-negative and

(2.561)

holds in both cases.

Remark 2.54 Ifwe take x(t) =1, w(t) = 1, in the inequality (2.559) and (2.560) then we
obtain the generalizations of Hermite-Hadamard inequality.

Theorem 2.193 Letn €N, f: [a,b] — R be such that f*"~Y) is absolutely continuous,
X = (x1,...,%n) € [a,b]™ be decreasing m—tuple. Let w = (wy,...,wy) be real m—tuple

k m
suchthat 0 < W < W, (k=1,2,...,m), W, >0 where Wy = Y w;, X = WL > wix; and G
i=1 " i=1
be the Green function as defined in (1.180).
(i) Then for 2n-convex function f, the inequalities (2.552 ) and (2.553 ) hold.

(ii) If the inequalities (2.552 ) and (2.553 ) hold and the functions Ly and L, defined as
in (2.554) and (2.555) are convex, then the right hand sides of (2.552 ) and (2.553)
are non-negative and (2.556) holds.

Proof. (i) Let k be the largest number {1,2,...,m} such that x; > ¥ then x; > X for
l=1,...,k, and we have

-1

I
Zwixi —Wx; = Z(Xi —Xir1)W; >0
i=1 i=1
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and so we obtain

l l
2 wix=Wx < W < inwi. (2.562)
i=1 i=1
Also forl =k—+1,...,m we have x;;| <X, therefore
m m
X (W= W) — Y wixi= Y (xim1 — xi) (W — Wiy) > 0.
i=l+1 i=l+1
Hence, we conclude that
m m
2 WiX = (Wm — VV[))_C > (Wm — VV[))C[ > 2 WiXi. (2.563)
i=l+1 i=l+1

From (2.562) and (2.563), we get

[ [
Zwi)_cg inwi for all 1=1,2,....m—1.
i=1 i=1

Obviously the equality

holds. The conditions (1.19) and (1.20) are satisfied.
Also
V(%,id) = 0,

therefore using Theorem 2.190 (i) fory = (x1,...,x,) and x = (%,...,X), we get (2.552).
Proceeding similarly using Theorem 2.190(ii), we obtain (2.553).
(i1) The proof is similar to the proof of Theorem 2.191(ii). O

The integral version of the above theorem is given here.
Theorem 2.194 LetneN, f:1— R be such that f*"~Y) is absolutely continuous, I C R

an open interval, a,b € I, a < b. Let x : [a,b] — R be continuous decreasing function
such that x([a,b]) C I, w: [a,b] — R is either continuous or of bounded variation with

b
w(a) < w(t) <w(b) for all t € [a,b], X = % and G be the Green function as
defined in (1.180). !
(i) Then for any 2n-convex function f, the inequalities (2.559) and (2.560) hold.

(ii) If the inequalities (2.559) and (2.560) hold and the functions Ly and L, defined as
in (2.554) and (2.555) respectively, are convex, then the right hand sides of (2.559)
and (2.560) are non-negative and (2.561) holds.

Theorem 2.195 Lern e N, f : [a,b] — R be such that f*"=Y is absolutely continuous.
Letx = (x1,...,x,) be real r—tuple with x; € [m,M] C [a,b],i=1,2,....r,w=(wi,...,w,)
r r

be positive r—tuple, W, = Y, w;, X = WL Y wix; and G be the Green function as defined in
i=1 "i=1
(1.180).
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(i) Then for any 2n-convex function f : [a,b] — R, the following inequalities hold

- o
o Y wif () < S (M) + 3 (m)
ri=1

61.9)+ =2 Gms) — LS wiGxins) | d
8) 0 Glm,s) = o D wiGlxi,s) | ds

ri=1

k m M—x 1 Z
-2 (k71)!./a MimG(M,S)-l——mG(m,s)—_r;W.G i, )]
FH(a)(s—a)s" = fO(b) (s — b)k!

(2.564)
Liwf(x')< X—m M—Xx

(2.565)
(ii) If the inequalities (2.564) and (2.565) hold and the functions Ly and L; defined as in

(2.554) and (2.555) respectively, are convex then the inequality

Gy 2] < S o) +

“M—m
holds in both cases.

Proof.
(1) Puttingm =2,x1 =M, xy; =m, w; = M M L L in (2.552), we have
Xi—m M — x; / m
N < M GM
£ < 2 gy 4 ) 4 L [ G0, 5)+

M_.xl' 2n 2

MimG(m,s) G(xi,s )]ds P 71 ' s)+

M — x;

' f(k>(a)( ) f( )(b)( b)*~
= mG(m,s) - G(xi,s)] .

ds.

(2.566)
Multiplying (2.566) with w;, dividing by W, and taking the summation fromi = 1 to
r, we get (2.564). Proceeding similarly we obtain (2.565).
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(i1) Using similar arguments as in the proof of Theorem 2.191(ii), we get the required
result. O

r r

Remark 2.55 In Theorem 2.195, assume that x, Y, wix; € [m,M| with xo # Y, wix; and
i=1 i=1

(xi fxo)( Z WiX; fx,-) >0,i=1,2,,..,r. If xo <X/_,wixj, then by taking m = xy and

i=1

p
M = Y wix;, in inequalities (2.564) and (2.565), we obtain the generalizations of Giac-

i=1
-
cardi inequality. Similarly if xo > Y/_, wix;, then by taking M = xo and m = Y, wix;, in
i=1
inequalities (2.564) and (2.565), we obtain the generalizations of Giaccardi inequality.

Moreover, if we take m = xo = 0 in the generalized Giaccardi inequalities we obtain gen-
eralizations of Jensen-Petrovié’s inequalities.

The integral version of the above theorem can be stated as follows.

Theorem 2.196 Lernc N, f: [a, ] — R be such that f?"=V) is absolutely continuous,
x: [a,b] — R be continuous function such that x([a,b]) C [m, ] [a B] [a b - R

be positive bounded function with w(a) # w(b), W = fabw(t) — Lo L and G be
the Green function as defined in (1.180).

(i) Then for any 2n-convex function f : [a,b] — R, the following inequalities hold:

2 fxO)w(t)dt _ x—m M—% 7'(b) — f'(a)
W SM—mf(M)+M—mf(m)+ b—a
b ¥—m _3 b
/a [MmGW s)+;447mG(m»s)—% ’ W(l)G(x(t),s)dt}ds
STk b x—m M—% 1 rb
N k§2 (k*l)!/‘a |:MmG(M7S)+MmG<m’S)_W/a W(I)G(x(t),s)dt]-
9 (a)(s — a)* = f®) (b) (s — b)<! s
b—a ’
(2.567)
b _— . )
OO Ty MOT P01
b ¥x—m 5 b
[ 300+ =2 Gl [ w016l 51e| s
2n—2 k—2 b ¥—m M—5% | b
; (k—l)/a {M— G(M,S)+M_ G(m,s)fW | w(t)G(x(t),s)dt]
@ —a) — fOe)s -y
b—a '

(2.568)
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(ii) Ifthe inequalities (2.567) and (2.568) hold and the functions Ly and L, defined as in
(2.554) and (2.555) are convex, then the inequality

[P fx(0))w(t)dr _ x—m M-—x
< M
PP < 2 f(ay 3T fm),
holds in both cases.
Let w = (w1 wm) and x = (xq,...,x,) be m—tuples with x; € [a,b], w; € R
i=1,....mXx= Z wix; € |a,b], Wy, # 0 and the function T, be defined as in (2.418).

li

We denote

ﬁ;ﬁﬁﬂ4+@—w0—w“ﬂ»aéséﬁ
T (13) = (22609

/VxG N Tz (s,2)ds. (2.570)

/ V(%,G(.,s))T,_a(s,1)ds. (2.571)

Theorem 2.197 Letrn €N, f: [a,b] — R be such that f") is absolutely continuous with
m

(.—a)(b—)[f" V] € Lla,b]. Let x; € [a,b], w; €R, i=1,2,....m, Wy, = X w; #0
i=1

andx = Z wix; € [a,b]. Let the functions T,, T, T, h and R be as defined in (2.418),
(2.569), (I 6) (2 570) and (2.571) respectively. Then

(i) the remainder R\ (X, f) defined by

R f) =¥ )~ LT 79 6 ))as

b—a
W2 ke @) s~ O B)(s— )
-3 (kil)!/a V(FG(.,s)) — ds
) = f D (a) P
T -3)l(b-a) / Als)ds,
(2.572)
satisfies the estimation
—al b 3
Riwn] < o (52 rm [ ae-oiewral ) s
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(ii) The remainder R2(X, f) defined by

RE) =) - TOLD [ )as

k=2 o fY(@)(s—a) " = fOB) (s — )
=3 iy, Ve o ds
f0) — V(@) b

T (hi-3)(b—a) / R(s)ds,

(2.574)

satisfies the estimation

b—a
|Ra(%..f)] < (n13)!< 5

T(8,%) [ (=)0 ) Par

Proof.

(i) Using (1.181) and (2.417) in the expression V(x, f), we obtain
/ _ b 2n—2
F@-10) o :
a

P )C,G(.,s))ds—i—];::2 =1

b ®) (@) (s — a1 — R () (s — p)k—1
[¥ix.6t? Gl s LG
1

b
R S LR
T / R (1. (2.575)

Comparing (2.572) and (2.575), we obtain

F )~ 1)
(n=3)1(b—a)

Vix,f)=

1

RIS = oy | O 0 -

b
/ R(t)di.  (2.576)

Now applying Theorem 1.10 for f — hand h — f () and using Cebysev functional
we obtain

bia./abﬁ(s)f(")(t)dt— (bla/abﬁ(t)dt) (bla/abf(n)(t)dt>

| 1

gﬁ[T(E,E)] ﬁ(./ab(t—a)(b—t)[f("“)(t)]zdt)2. (2.577)

D=

Multiplying (2.577) with (b — a) and dividing by (n— 3)! and using (2.576), we
obtain (2.573).

(i) Similar to the proof of (i).
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Theorem 2.198 Letn e N, f: [a,b] — R be such that f) is absolutely continuous with
fOY >0 on [a,b] and let Ty, T,, T, k and R be as defined in (2.418), (2.569), (1.6),
(2.570) and (2.571) respectively. Then

(i) the remainder R\ (X, f) defined by (2.572) satisfies the estimation

i) < P b-a) (1 0)+ 1 Va)

— {2 - 1)}

(n— 2
(2.578)
(ii) the remainder R,zl (x, f) defined by (2.574) satisfies the estimation
_ (n—1) b)+f(”*1)(a)
2 ” X' Hw (b a) (f ( ’ (n—2) (n—2)
R0 < ¢ 5 ~ {2 ) - @)}
Proof.

(1) Since (2.576) holds and applying Theorem 1.11 for f — iand g — ) and using
Cebysev functional, we get

it R o gt o

<WHHH /[l(t*a)(b O (1) dr. (2.579)

Since

b
[ t=a-nr" 00t = (b-a) [ 0) + 10V @] =2 [0 )12 @)
Therefore, from (2.576) and (2.579), we deduce (2.578).
(i) Similar to the proof of (i).
O

Now we present the Ostrowski type inequalities related to the generalized Jensen’s
inequalities.

Theorem 2.199 Ler (p,q) be a pair of conjugate exponents, that is, 1 < p,q < oo,
% + é = 1. Letn €N, f :[a,b] — R be such that "~V is absolutely continuous and

f" € Lya,bl, x (xl, yXm) € |a,b]™ be m—tuple, w = (wy,...,wy) be real m—tuple,
W = Z w; #£0,X= W Z wix; € [a,b] and G be the Green function as defined in (1.180).
Then the following lnequalltles hold:
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! v -9 /VxG dsfg( _kl),'
/”w,—C,G(.,s))f( >(a)(sfa>k*;:£<k><b><sfb>“ds
< o 1 Iy 9 @G Tia(s) (2.580)
(ii)
v - L0200 ['viotsa- § o f)!-
/a”vo—c,(;(.,s))f""(“)“—“V‘;—g () -
< ooy 117y IVEGCa)Ta(en) @581)

The constants on the right of (2.580) and (2.581) are sharp for 1 < p < oo and the best
possible for p = 1.
Proof. The arguments of the proof is similar to the proof of Theorem 9 in [18]. O

Remark 2.56 One can also easily obtain the integral variants of Theorems 2.197, 2.198
and 2.199.

2.5 Majorization and Fink’s Identity

In this section, applying the following identity, known as Fink’s identity, to the majoriza-
tion differences from majorization theorems, discrete and integral form, we give new iden-
tities which we use to obtain many significant results.

The following theorem is proved by A. M. Fink in [73] and it is known as Fink’s
identity.

Theorem 2.200 Let a,b € R, f: [a,b] — R, n > 1 and f"~V) is absolutely continuous
on [a,b). Then
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! b n=1yla n
MCEnTCE) =0 e ) £ 1, (2.582)
where
[a,b] _Jt—a,a<r<x<b,
¢ (t’x){f—b,aﬁx«gb. (2.583)

The organization of the section is in the following way. In the first subsection, us-
ing new identities obtained by Fink’s identity in combination with the n-convexity of the
function f, we present new refinements and generalizations of the weighted majoriazation
inequality for the two decreasing m-tuples x and y as well as a refinement of the integral
majoriazation inequality for the two decreasing functions ¢ and y. We also present a
refinement of the majoriazation-type inequality for the two majorized m-tuples x and y.
We study the functionals defined as the difference between the right-hand and the left-
hand side of the generalized inequalities. We present some interesting results by using
Cebysev functional and the Griiss type inequalities along with some results relating to the
Ostrowski-type inequality. Our objective is to study the properties of functionals, such as
n-exponential and logarithmic convexity. Furthermore, we prove monotonicity property
of the generalized Cauchy means obtained via these functionals. Finally, we give several
examples of the families of functions for which the obtained results can be applied. In the
second subsection we present analogous results that include Green’s functions.

2.5.1 Results Obtained by Fink’s Identity
We start with the following identities obtained by applying Fink’s Identity.

Theorem 2.201 ([93]) Let f : [a,b] — R be such that for n > 1, f~1) is absolutely
continuous. Let x;,y; € [a,b), pi €R (i =1,...,m) and let k%) (t,x) be the same as defined
in (2.583). Then we have

ipif (xi) — ipif ()

Z’El(nik) () ip'(y'—a)k—ip'(x—a)k
S\ kl(b—a) i:ll l i:ll l

—1) & . k_m x — k ;
(b) <i21pl())l b) izzlpt( i—b) >>+(nl)!(ba)

/bf("> (t) <§Pi(xi— ) et (1 x;) — ZPl yi— )"kl ](faYi)> dr.
a =

(2.584)
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Proof. By using (1.181) for x = x; and y = y; in the majorization difference, we have
Y pif (xi) = Y, pif (vi) =
i=1 i=1
m n—1 n—=k
22, < k! > '
(f“1>w>0w—af—«m—a%)—f“1>w>0ﬁ—bf—«m—bf))
b—a

w2 () (= 0" R y0) = (i )" R (1 x0) )
2“( (= 1i(b—a) |

Now applying Fubini’s theorem, we have (2.584). a

The following theorem is the integral version of Theorem 2.201.

Theorem 2.202 ([93]) Ler f : [a,b] — R be such that for n > 1, f"=V is absolutely
continuous on [a,b] and let ki“"! (¢, x) be the same as defined in (2.583). Let p : [c,d) — R
and @, : [c,d] — |a,b] be continuous functions. Then we have

d d n_l n—k
/c P f(@@)dz— | p2)f(y(2))dz=}, <m

b) (/Cdp(z)(ll’(z)b)kdz dp(z) (¢ () — b)dz

o | O ([ PO @@ K e p@)a:

- / ‘ p (@) (W) =) ket 1y (z))dz) dr. (2.585)

Proof By using (1. 181) forx = @ (z) and y = y (z) in the integral majorization difference
19p ) f(0(2)dz— [* p(2) f (w () dz, and after simplification we have (2.585). O

Theorem 2.203 ([93]) Let all the assumptions of Theorem 2.201 be satisfied and let for
n>1

Zpi(xi*t)n 1 ab] Zpl l*l‘n lkab](t y;) (2.586)
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holds. If f is n-convex, then we have

m

ipif (xi) = D pif (vi) =
i=1

i=1

n—1 n—k mn
TN 1 (a i(i—a) = i(xi—a)*
k21<k!(ba)) (f ( )(ilp(y ) ;p( ))

b) (2 pi (yi —b)f — i pi(xi— b)k> ) . (2.587)
i=1

If opposite inequality holds in (2.586), then (2.587) holds in the reverse direction.

M=

Proof. Since £~V is absolutely continuous on [a,b], £ exists almost everywhere. As
f is n-convex, applying Definition 1.19, we have, £ (x) > 0 for all x € [a,b]. Now by
using f) > 0 and (2.586) in (2.584), we have (2.587). i

An integral version of the previous theorem states as follows.

Theorem 2.204 ([93]) Let all the assumptions of Theorem 2.202 be satisfied and let for
n>1

d
[ p@@@ -0k o @) a:

/ P (@) (w () — 1) K (1, (2)) dz, (2.588)

holds. If f is n-convex, then we have

d

.[lp(Z)f(w( ))dz—/ p(2)f( g (k, ))

'<f </ plz / p(z a)k)dz

0w ([rewe-ota- [ P(Z)(<P(Z)—b)k) iz) @559

If opposite inequality holds in (2.588), then (2.589) holds in the reverse direction.

Proof. The idea of the proof is the same as that of Theorem 2.203. O

The following corollary presents a refinement of the weighted majorization-type in-
equality for the two decreasing m-tuples x and y.

Corollary 2.38 ([93]) Let all the assumptions of Theorem 2.201 be satisfied and let x =
(X1, ., %m) andy = (¥1,...,Ym) be two decreasing real m-tuples such that (1.19) and
(1.20) hold.

(i) Letnbe even andn > 3. Ifthe function f : [a,b] — R is n-convex, then (2.587) holds.
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(ii) Let the inequality (2.587) be satisfied and let F : [a,b] — R be a function defined by

X _5 n—k v YD (B (r— o)k D) (4
F<>k21<k,<b_a)>(< b £ (b) = (v =) £ (@) . 2.590)

If F as a convex function, then the right hand side of (2.587) is non-negative and we

have ., .,
2 pif (%) = X, pif (3i)- (2.591)
i=1 i
Proof.
(1) For
n—1
_ n—1,[a,b) _ =) (t—a),a<t<x<D,
N ()= =)k () {(x—t)"l(t—b),a_x<t<b,
we have

"o (n—l)(n—Z)(x—t)"%(t—a),a§t§x§b,
() ‘{(n—l)(n—z)(x—t)“(t—b), a<x<1<b,

showing that 7 is convex for even n, where n > 3. As x and y are decreasing real
m-tuples such that (1.19) and (1.20) hold, by using the convex function 1 (x) :=
(x—1)""'k@®l (¢, x) in (1.21), we obtain (2.586) for even n, where n > 3. Now as f
is n-convex for even n, by applying Theorem 2.203, we have (2.587).

(ii) Ttis easy to see that (2.587) is equivalent to

m m

Zplf xl ZPz yz 22 —ZPiF()’z)
i=1 i=1

i=1

As (1.19) and (1.20) hold, by replacing the convex function F' by the convex func-
tion ¥ in Theorem 1.14 (1.21), the non-negativity of the right hand side of (2.587)
is immediate and we have (2.618).

O

An integral version of Corollary 2.38, provides a refinement of the integral majorization-
type inequality for the two decreasing functions ¢ and y as follows:

Corollary 2.39 ([93]) Let all the assumptions of Theorem 2.202 be satisfied and let
O,y : [c,d] — [a,b] be two decreasing functions such that (1.27) and (1.28) hold.

(i) Letn be even andn > 3. Ifthe function f : [a,b] — R is n-convex, then (2.589) holds.
(ii) Let the inequality (2.589) be satisfied and let F be a function defined by

2; <k' = a)) (0@ =6 r* D B)~ (0 (@)~ ) 1 V(@)
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If F is a convex function, then the right hand side of (2.589) is non-negative and we
have

d rd
[ rse@a> [ pes W)

Proof. Tt is easy to see that (2.589) is equivalent to

d d
INERTE >>dz—/ P@)f (W (@)dz
d _
> ["p@F 0@ [ pEFw)a:
c
The proof is analogous to the proof of Corollary 2.38 but we apply Theorem 1.18 and
Theorem 2.204 instead of Theorem 1.14 and Theorem 2.203. O

For the two m-tuples x and y such that x >y, the following corollary presents a refine-
ment of the majorization-type inequality.

Corollary 2.40 ([93]) Let all the assumptions of Theorem 2.201 be satisfied and let x =
(X1, %m) andy = (y1,...,¥m) be two real m-tuples such that x > y.

(i) Let n be even and n > 3. If the function f : [a,b] — R is n-convex, then we have

if(xi) - if()h’)
- 2;: ( k! (b — a)> (f(kl)(a) (i (i —a) — i(xia)k>

i=1 i=1

—f () (Z (i —b) — f} (xi — b)k> ) : (2.592)

(ii) Let the inequality (2.592) be satisfied and let F (x) be the same as defined in (2.590).
If F is a convex function, then the right hand side of (2.592) is non-negative and we
have the following inequality

2 (i) = if (vi).- (2.593)

Proof.

(i) Asx = (xq,...,x,) andy = (y1,...,ym) be two real m-tuples such that x > y and as
7N (x) is convex for even n, where n > 3, by applying Theorem 1.12 (1.18) for the
convex function 1 (x), we have

m

3 (i —0)" K (7, 1) >

i=1 i

i =0)" " K ),

M=

1

which is equivalent to (2.586) for each p; =1 (i=1,...,m). Now as f is n-convex
for even n, where n > 3, we apply Theorem 2.203 for each p; =1 (i =1,...,m) and
(2.592) is immediate.
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(ii) Ttis easy to see that (2.592) is equivalent to

fllf(xi)—ilf(yi) > ﬁnllF(xi)—_

m

F(yi).
1

Asx >y, by replacing the convex function F by the convex function ¥ in (1.18), the
non-negativity of the right hand side of (2.592) is immediate and we have (2.593).

O
Consider the inequalities (2.587) and (2.589) and define linear functionals

o1 () = 3 pif () - 3 it ( )2(—")
1 *i:lpz. i i:]Pz Vi “~ k'(b—a)

A0 <zp 01— = 3 - b>k>> @9

and

U R T UCIy WEUEIT e Gy
(rv@ ([ rowe-a'a- [roee-a)
00 ([ rowe-vra- [ peea-b") ),

c

(2.595)

where f : [a,b] — R is such that for n > 1, f(”’l) is absolutely continuous, x;,y; € [a,b],
pi€R(i=1,...,m);and @,y : [c,d] — [a,b] and p : [c,d] — R are continuous functions.
If the function f is n-convex defined on [a, b], then by the assumptions of Theorems 2.203
and 2.204, we have ®; (f) > 0,i=1,2.

Now, we give mean value theorems for the functionals ®;, i = 1,2. These theorems
enable us to define various classes of means that can be expressed in terms of linear func-
tionals.

First, we state the Lagrange-type mean value theorem related to the functionals ®;, i = 1,2.

Theorem 2.205 ([93]) Let f : [a,b] — R be such that for n > 1, f=V) is absolutely
continuous. Let x;,y; € [a,b], pi € R (i=1,...,m) and let ¢,y : [c,d] — |a,b] and p :
[c,d] — R be continuous functions. Suppose that for n > 1, (2.586) and (2.588) hold,
where kl?) (1,x) be the same as defined in (2.583). If f € C" (|a,b]) and if ® and ®, are
linear functionals as defined in (2.594) and (2.595) respectively, then there exist &,&, €
[a,b] such that

@;(f) = f"(E)D; (fo), =12,

n

holds, where f (x) = X

n!*
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (analogous
to the proof of Theorem 2.2 in [142]). O

The following theorem is a new analogue of the classical Cauchy mean value theorem,
related to the functionals ®; (i = 1,2) and it can be proven by following the proof of
Theorem 2.4 in [142].

Theorem 2.206 ([93]) Let all the assumptions of Theorem 2.205 be satisfied and let
f,k € C"([a,b]). Then there exist & € [a,b] such that

i(f) (&) -
5B ") T 1,2, (2.596)

holds, provided that the denominators are non-zero.

Remark 2.57 ([93]) (i) By taking f (x) =x* and k(x) = x7 in (2.596), where s,q €
R\A{0,1,...,n— 1} are such that s # q, we have

sfqiQ(q_l)"'(q_(n_l))q)i(xs) i—
& Cos(s—1)..(s—(n—1))D; (x4)’ 1,2

(ii) If the inverse of the function f) /k\") exists, then (2.596) gives

-1
(n) o
&= f () . Q=12
k() D; (k)
Now, we present some interesting results by using Cebysev functional and Griiss-type
inequalities.

Let us denote

CO) =Y pitxi—1)" 'k (t,x;) Zp, yi—t)" ! glab] (t,yi), (2.597)
=1
and
d n—1 [a b]
p(2)(@(z) —1)" k4% (1, 0(2))dz
d
— | @WK 1y (2))dz, (2.598)
where x;,yi,t € [a,b], p (z , @, : [c,d] — [a,b] and p : [c,d] — R are

continuous functions and k @bl (z,. ) is the same as defined in (2.583).

Theorem 2.207 ([93 ) Let f : [a,b] — R be such that for n > 1, f) is absolutely con-

tinuous with (- — ( Fo+D) ) € L(a,b]. Let xi,y; € [a,b] and p; e R (i=1,...,m).
If§ and T are deﬁned as in (2.597) and (1.6), then
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m m
Y pif (i)=Y, pif (yi) =
i=1 i=1

5 ( n—k > £ (@) (S i i = @) = B2 pi i — @)
S\ k(b =a)) \ — & (p) (Z?":l pi(vi— ) = X pi(xi — b)k)
1

b
1 [p-ny, » _
e T e] [ Cwdrtaitrian), (2.599)

where
[f@fl).a b} _ ) - Y (a)

b—a

, (2.600)

is the divided difference and the remainder G, (f;a,b) satisfies the estimation

ity < TEOLOE 1 (./ab(t_a)(b_t)<f<n+1>(t)>2d,>%_

(n—1)! Vb—a
(2.601)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

The following theorem is the integral version of Theorem 2.207.

Theorem 2.208 ([93]) Let f : [a,b] — R be such that for n > 1, f") is absolutely con-
2

tinuous with (- —a) (b—-) (f("H)) € Lla,b). Let p: [c,d] — R and @,y : [c,d] — |a,D]

be continuous functions. If& and T are defined as in (2.598) and (1.6), then

/Cdp(Z)f( zf/ r(z ))dz =
Zl(k, )) (f“‘ V@ ([ 6w -ata:
)de)

—f("’” (b) </cdp(z) (w(z)—b)'dz —./cdp(Z) (¢(2) —b)kd2>)

1

ot [ 0] [ Gurian), (2:602)

(n—1)(b—a)

where [f("’l);a, b} is the same as defined in (2.600) and the remainder G, (f;a,b) satis-

fies the estimation

|G (fia,b

N—
| —
hﬂ
/N
S >
| ~
N—
—_| 2
= o
% —
-~
[\®) ~—
N—
—_
D=
S
‘ —_
Q
P
S
>
—
-~
|
N—
—
o
|
~
N
N
-
=
+
—
-~
N~—
N———
QA
-~
~~_
=
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Proof.  The proof is analogous to the proof of Theorem 2.207. We apply Theorem 1.10 for
f—Candh—f (") and get the desired results. O

Theorem 2.209 ([931) Let f : [a,b] — R be such that forn > 1, ) is absolutely contin-
uous and let f"+Y) >0 on [a,b). Let { be the same as defined in (2.597) respectively. Then
we have the representation (2.599) and the remainder G, (f;a,b) satisfies the estimation

fln= D (g (n—1)
G <fab>l<'ff)1'),< (@+s <b>_[f<nz>;a7b}>_ 0603

Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

An integral version of Theorem 2.209 states that:

Theorem 2.210 ([93]) Let f : [a,b] — R be such that for n > 1, f) is absolutely con-
tinuous and let f"V) >0 on [a,b]. Let { be the same as defined in (2.598).

Then we have the representation (2.602) and the remainder G, (f;a,b) satisfies the
estimation

N w [ fi (g (n=1) (p B
6o (i) < |(¢£>1|)|! ( @+ o 2>;a7b}>_

Proof. The idea of the proof is the same as that of the proof of Theorem 2.209. We apply
Theorem 1.11 for g — ¢ and A — £ and get the desired results. o

An Ostrowski-type inequality related to the generalization of the majorization inequal-
ity states that:

Theorem 2.211 ([93]) Let all the assumptions of Theorem 2. 201 be sansﬁed Let ( ,q)
be a pair of conjugate exponents, that is, p,q € [1,50| such that 1 >+ 5 =1. Let |[fW|P:

[@,b] — R be an R-integrable function for some n > 2. Then we have

m m n—1 n—k
;pif (x:) — ;ptf(yi) - g,l (m)

- (f("” (@) (im Gi—af— 3 p <xl~—a>">
=1 i—1
b) (imyiw" ipmx,»b)")) ‘

< (/b 0 (;)‘pdt)% (/b |C_(t)|th) é, (2.604)

S pi (i — 1) K9P (1 x) — S pi (i — 1) K (2, ;)
(n—1)!(b—a) ’

where,

L(r) =

1
The constant (f |C | dt) " is sharp for 1 < p < oo and best possible for p = 1.
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

The following theorem is the integral version of Theorem 2.211.

Theorem 2.212 ([93]) Let all the assumptions of Theorem 2. 202 be satlsﬁed Let ( ,q)
be a pair of conjugate exponents, that is, p,q € 1,0 such that 1 >+ 5 = 1. Let [fW|P:
[a,b] — R be an R-integrable function for some n > 2. Then we have

./cdp(Z)f(w(Z))dz—/cdp(Z)f(w(z))dz—n 1( ).

k=1

(10t [rts-o14)

_f<k1>(b)(/ P(2)(w(z)—b) dZ_/ P (o kdz))’

JC c
t)th)q,

<(lmofa) (.L

where,

£ ()=
Jp () (@) =) K (1,0 (2)dz— [ p(2) (w(2) — )" "KWY (1, y (2)) dz
(n—1)!(b—a) '

1

.. q
The constant ( : (t)’ dt) " is sharp for 1 < p < e and best possible for p = 1.

Proof. The proof is analogous to the proof of Theorem 2.211 but we use identity (2.585)
instead of using (2.584). a

Next, we study the n-exponential convexity and log-convexity of the functions asso-
ciated with the linear functionals ®; (i = 1,2) as defined in (2.594) and (2.595). In the
remaining results of this section / denotes an interval in R.

Theorem 2.213 ([93]) Let Q= {f;:s € I C R} be afamily of functions defined on |a, D]
such that the function s «— [20,...,zn; fs] is n-exponentially convex in the Jensen sense on
I for every (n+ 1) mutually distinct points zo,...,zn € [a,b]. Let ®; (i =1,2) be linear
functionals as defined in (2.594) and (2.595). Then the following statements hold:

(i) The function s — ®;(f;) is n-exponentially convex in the Jensen sense on I and
m

the matrix [qn,» <.fsj'+sk):| is positive semi-definite for all m € N, m < n and
p k=1

S1,...,Sm € L. Particularly,

m
det [(Di (fs‘z-+s'k):| >0, VmeN, m<n.
2

Jk=1
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(ii) If the function s — ®; (f5) is continuous on I, then it is n-exponentially convex on I.

Proof. The idea of the proof is the same as that of the proof of Theorem 1.39 but using
linear functionals ®; (k = 1,2) instead of F (k= 1,2,..,5). a

The following corollary is an immediate consequence of the above theorem.

Corollary 2.41 ([93]) Let Q ={f;:s €1 C R} be a family of functions defined on [a, D]
such that the function s v« [z20,...,2u; 5] is exponentially convex in the Jensen sense on
I for every (n+ 1) mutually distinct points zo,...,zn € [a,b]. Let ®; (i =1,2) be linear
functionals as defined in (2.594) and (2.595). Then the following statements hold.:

(i) The function s— ®; (f;) is exponentially convex in the Jensen sense on I and the ma-

m

trix [qn,» <.fsj+sk >} is positive semi-definite forallm e N, m <nandsy,...,s, €
2 k=1

1. Particularly,

m
det {q)i <.fs]'+sk >} >0, forallme N, m<n.
2 k=1

(i) If the function s — ®; (fy) is continuous on I, then it is exponentially convex on I.

Corollary 2.42 ([93]) Let Q ={f;:s €1 C R} be a family of functions defined on [a, D]
such that the function s v« [20,...,zn; fs] is 2-exponentially convex in the Jensen sense on
I for every (n+ 1) mutually distinct points zy,...,zn € [a,b]. Let ®; (i =1,2) be linear
functionals as defined in (2.594) and (2.595). Further, assume that @; (fy) (i=1,2) is
strictly positive for f; € Q. Then the following statements hold:

(i) If the function s — ®; (fy) is continuous on I, then it is 2-exponentially convex on I
and so it is log-convex on I and for r,s,t € I such that r <t < s, we have

t—r

[@: (L) <@ (S (@i ()], i=12 (2.605)
Ifr <s<tort<r<s, then opposite inequalities hold in (2.633).

(ii) If the function s — ®; (f;) is differentiable on I, then for every s,q,u,v € I such that
s <wuandq <v, we have

Us.g (D3, Q) < plyy (D, Q) i=1,2, (2.606)

where 1

(2.607)

Jor fs, fq € Q.

Proof. The idea of the proof is the same as that of the proof of Corollary 1.10 but using
linear functionals ®; (k = 1,2) instead of F (k= 1,2,..,5). a
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Remark 1.19 [93] is also valid for these functionals.

Now, we present several families of functions which fulfil the conditions of Theorem
2.226, Corollaries 2.45 and 2.46, and so the results of these theorem and corollaries can be
applied to them.

Example 2.5 ([93]) Consider the family of functions
Q ={fs:(0,00) > R:s€R}

defined by

A

s'(s'fl)...)(ivf(nfl))’ S% 0,1,....,n—1,
i) = e o i—01,...,n—1
( ])n 1— jj(n 1— j) s=J=U,1L,... .

Here, %fs (x) =x"= eI > 0 which shows that f; is n-convex for x > 0 and
5 % fs (x) is exponentially convex by definition.

In order to prove that the function s — (29, ..,2n; f5] is exponentially convex, it is enough
to show that
z;k:] g]gk |:Z07~~~7Zn;f5j;rfk:| = [ZO,...,Zn;Z?J{] gjgkfsjv;rsk Z 07 (2608)

foralln €N, gj,s; €R, j=1,...,n. By Definition 1.39, (2.608) will hold if A(x) :=
X k=1SjSk fﬁ (x) is n-convex. Since s — j—;,l fs (x) is exponentially convex, that is

n
2 €j§kf& >0, forallneN,gj,s; eR,j=1,...,n,
jk=1 2

showing the n-convexity of A and so (2.608) holds. Now as the function s — [zo, ... ,Zn; f]
is exponentially convex, s — [20,...,2n; 5] is exponentially convex in the Jensen sense
and by using Corollary 2.45, we have s — ®;(f;) (i =1,2) is exponentially convex in
the Jensen sense. Since these mappings are continuous, so s — ®; (f;) (i =1,2) is expo-
nentially convex.

In this case, Uy (P;, Q) (i = 1,2) defined in (2.607) becomes

1
@i(f) |\
<¢i 7 : S 74,
1yl
.us,q(q>i7g22) = CXp<( l) (q)(f)) f()fr Zn 1&)7 5:‘]7é0717---»”*17

\Js

n—1
exp<( ) z(g)(lf)';b (o) 4 g 1ﬁ>’s:q:o,1,...,n—1.

~—|
N—

In particular for i = 1, we have
m

@, (fs) = Zplfs X;) Zpifs (i)

i= i=1
_’”( n—k ) A0 @) (B pi i —a) =32 i — )t

S\ k(b—a) —f§k7])(b)( ?1:1Pi(yz'—b)k—2?1:1pi(xi—b)k>
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m m
and @ (fofs)A =" pix!Inx;— Y, piy;Iny;
i=1 i=1

ol on—k By s (a) (22":1 pi(yi—a) =3 pi(xi— a)k)
_kgl ( kt(b— a)) —By(b) (2?1:1 pi(yi— b)Y — > pi(xi— b)k> ’

where A = (—=1)" ' (n—1)! [T 1(sfi) such that s # 0,1,....n — 1 and By (x)

= (k1) (H{f(} (s—i)Inx+ X0 1520 (s — J)

i
If ®; (i=1,2) is positive, then Theorem 2.206 applied for f = f; € Q and k= f, € Q
yields that there exists &; € [a,b] such that

s— 7q)i(fv) .7
ey M

Since the function & — &' is invertible for s # q, we have

cbl-(.m)s‘q 1,

which together with the fact that s 4 (®;, ) is continuous, symmetric and monotonous
(by (2.634)), shows that U 4 (D;i,Q7) is a mean.

Remark 2.58 ([93]) Similar examples can be discussed as given in Section 1.4. We can
also give particular cases for ®; (i = 1,2) as given in example 2.5.

2.5.2 Results Obtained by Green’s Function and Fink’s Identity

We start with identities that include Green’s function.

Theorem 2.214 ([94]) Let f : [a,b] — R be such that for n >3, f=) is absolutely
continuous. Let x;,y; € [a,b), pi €R (i =1,...,m) and let k%) (t,x) be the same as defined
in (2.583). If G is the Green function as defined in (1.180), then we have

ipif(xz') - ipif(yi) = f( 2191 Xi — Vi)
i=1 i-1

+Z<Z, - 2)/ <2pl (x1,5) Zpl (viss )

1
(O =0 - @ =) ) ds s

'/bf(n) (1) </b <iPiG(xl, zpz (Vi,s ) (s —1)" 3 kle] (t,s)ds) dr.
a a =1

(2.609)
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Proof. Using (1.181) in the majorization difference, we have

ipif(xi) - ipif()h') = W : ipi (xi —yi) +

i=1 i=1 i=1

b m ,
/ <2PiG(xu sz (Vi s )f (s)ds. (2.610)
a i=1

By taking Fink’s identity, it is easy to see that

=2 "% b—a

S (nkz) (,f<k+1><b> (x—b) = D) (@) (xa>k>

+m/b (x—0)" K (1) £ (1) 2.611)

and by using (2.611) in (2.610), we have

ipif(xi) iplf(yl)—f(b i: Zpl X — i)+

i=1 i=1 i=1

)

"3/ _k_2 fk+1 b)k f(kJrU(a)(sfa)k
2 ( 0 > ( P )der

F(Sronn-$o00s)
a \i=1
m (/ab (s—1)" 3 Klebl (1, 5) p) (t)dt) ds.

Now by interchanging the integral and summation in the second term and by applying
Fubini’s theorem in the last term, we have (2.609). O

The following theorem is the integral version of Theorem 2.214.

Theorem 2.215 ([94]) Let f : [a,b] — R be such that for n >3, f~V) is absolutely
continuous on [a,b] and let ki“"! (1, x) be the same as defined in (2.583). Let p : [c,d) — R
and @,y : [c,d] — [a,b] be continuous functions. If G is the Green function as defined in
(1.180), then we have
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d d
| p@s@@d= [ pr )

IO I@ e -we dz—l—Z(Z'(bk 2.

/ab (lldP(Z)G(w(z),s)dz—.[d (2)G (v (2), )dz)

(4 ) =) = £ (@) (=) s+

n—3)(b—a)

b b d
(n) fc p() ( (z),s)dz n—3 7 a,b]
e </ (—f;’p< )Gl (2) 0z ) T
(2.612)
Proof. By using (1.181) forx = ¢ (z) and y = y(z) in the integral majorization difference

J4p(2) f((2))dz— [ p(2) f (w(2))dz and by applying (2.611), the inequality (2.612)
is immediate. |

Next we give generalized majorization theorems, in discrete and integral form, obtain
by using the previous identities.

Theorem 2.216 ([94]) Let all the assumptions of Theorem 2.214 be satisfied and let for
n > 3, the inequality

b [ m
/<2piG(x,, Zp, y,,> — )" 3K (1, 5)ds >0 (2.613)
Ja \i=1

holds. If f is n-convex, then we have

ﬁpifxl sz (i) ZM-iPi(Xﬁm

n k 2 m m
+ 2 (k' (2 xla g YH )
.(f<k+l>( ) (s — b)f — f+ ~a)')ds. (2.614)

If the opposite inequality holds in (2.613), then (2.614) holds in the reverse direction.

Proof. Since f (n=1) jg absolutely continuous on [a,b], f (n) exists almost everywhere. As
f is n-convex, applying Definition 1.19, we have, £ (x) > 0 for all x € [a,b]. Now by
using £ > 0 and (2.613) in (2.609), we have (2.614). i

An integral version of the previous theorem states as follows.
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Theorem 2.217 ([94]) Let all the assumptions of Theorem 2.215 be satisfied and let for
n > 3, the inequality

./ab (_/ch(Z)G(w(Z),S)dz—/cdp(z)G(q/() )dz)( 3K (1 5) ds > 0

(2.615)
holds. If f is n-convex, then we have

d d
[ r@s@@d- [ pe s

f( o [(n—k—2
= ; i: /P l[/(Z))dZJrZ(k,(b a))

d d

/( PG E) - [ PG i)
(f<’<+‘ (b) (s — b)f — f&+D) (4 )(s—a)k> ds. (2.616)

If the opposite inequality holds in (2.615), then (2.616) holds in the reverse direction.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.203. By using
£ >0and (2.615) in (2.612), we have (2.616). i

The following corollary presents a refinement of the weighted majorization-type in-
equality for the two decreasing m-tuples x and y.

Corollary 2.43 ([94]) Let all the assumptions of Theorem 2.214 be satisfied and let x =

(x1,..s%m) and 'y = (y1,...,ym) be two decreasing real m-tuples such that (1.19) and
(1.20) hold.

(i) Let n be even and n > 3. If the function f : [a,b] — R is n-convex, then we have

ipif (xi) — i pif (vi) >
i=1 i=1

5 (ko) [ (Erewa-Enotin)

(A B) 5= b~ 4 (@) (5 ) ) ds. (2.617)

(ii) Let the inequality (2.617) be satisfied and and let F : [a,b] — R be a function defined

by
r= (H ) [oes (i)

(A0 @) (5= 0) = 15 (@) (s—a)f ) ds.
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If F is a convex function, then the right hand side of (2.617) is non-negative.
m m
Y pif (i) = ¥ pif (i) (2.618)
=1 i=1

Proof.

(i) Asx andy are decreasing real m-tuples such that (1.19) and (1.20) hold, by using
the convex function G (x,s) in (1.21), we obtain

m
ZpiG(xla ZPz (vi,s)
i=1

Fora < s <t,itis easy to see that

t m
/<2piG(Xla Zpl (Vi,s )s—t)"3k[“’b](t,s)ds20 (2.619)
@ \i=1

holds for even n, where n > 3 and

ot m
/ (2 piG(xi,5) Zp, (viys ) t)”’3 lab] (t,8)ds <0
Ja \i=1

holds for odd n, where n > 3. Now, for ¢t <s < b and for n > 3, the inequality

b [ m
/<2piG(x,, Zp, (Vi s )st)”3k[“*b](t,s)d520 (2.620)
! i=1

holds. From (2.619) and (2.620), we obtain (2.613) for even n, where n > 3. Now as
f is n-convex for even n, where n > 3, by applying Theorem 2.203 combine together
with (1.20), we have (2.617).

(ii) By using (1.20), it is easy to see that (2.617) is equivalent to
m m m m
N pif (i) =Y pif (i) = Y piF (xi) = Y, piF
i=1 i=1 i=1 i=1

As (1.19) and (1.20) hold, by replacing the convex function F by the convex func-
tion ¥ in Theorem 1.14 (1.21), the non-negativity of the right hand side of (2.617)
is immediate and we have (2.618).

O

An integral version of Corollary 2.43, provides a refinement of the integral majorization-
type inequality for the two decreasing functions ¢ and y as follows:
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Corollary 2.44 ([94]) Let all the assumptions of Theorem 2.215 be satisfied and let
O,y : [c,d] — [a,b] be two decreasing functions such that (1.27) and (1.28) hold.

(i) Let n be even and n > 3. If the function f : [a,b] — R is n-convex, then we have
d d " n—k—2
[ rese@i- [ rorwees 3 (55)
b/ pd d
L ([ rosw@se- [ pe6we.se)
: (f“‘“) (b) (s — b)k — F&+D) (a) (s — a)k> ds. (2.621)
(ii) Let the inequality (2.621) be satisfied and let F be a function defined by
Flp)= (L2 nok=2
Flo@)= ( b—a > +/G (k'(b a)>
(4D ) (5= 8) = £ (a) (s~ a) ) ds.

If Fisa convex function, then the right hand side of (2.621) is non-negative and we

have
d d
[ r@sr@@ez [ perwe)d

Proof. By using (1.28), it is easy to see that (2.621) is equivalent to

d d
| r@r@@dz= [ p@) s
d — d
> [ @F (@)~ [ p)F (w()dz,

The proof is analogous to the proof of Corollary 2.43 but we apply Theorem 1.18 and
Theorem 2.204 instead of Theorem 1.14 and Theorem 2.203. a

Consider the inequalities (2.614) and (2.616) and define linear functionals

ZPl f(x) sz YI) b f ZPl Xi —Yi)

= i=1 —a

n—k— 2
2<k'b a) <ZP’G Xis5) sz (viss )

i=1

(A @) (s=8) = Y (@) (s-a) ) ds, (2.622)
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and

d d
© ()= [ @ F 0@~ [ ) (w()ds
— fla n—3 n—k—
O oo -vend- 3 (o0

- k=0
'./ab (l/ch(Z)G(‘P(Z),S)dZ/cdp(Z)G(w(z) ,s)dz>
.(f(k+1) (b) (s—b)kif(kﬂ) (a) (Sia)k) ds, 2.623)

where f : [a,b] — R is such that for n > 1, £*~1) is absolutely continuous, x;,y; € [a,b],
pieR(i=1,....m); ¢,y :[c,d] — |a,b] and p : [c,d] — R are continuous functions and
G is the Green function as defined in (1.180). If the function f is n-convex defined on
[a, D], then by the assumptions of Theorems 2.203 and 2.204, we have ®; (f) > 0, where
i=1,2.

Now, we give mean value theorems for the functionals ®;, where i = 1,2. These theo-
rems enable us to define various classes of means that can be expressed in terms of linear
functionals.

First, we state the Lagrange-type mean value theorem related to the functionals ®;, where
i=1,2.

Theorem 2.218 ([94]) Let f : [a,b] — R be such that for n > 1, f"=V is absolutely
continuous. Let x;,y; € [a,b], p; e R (i=1,...,m); @,y : [c,d] — [a,b] and p : [¢,d] — R
be continuous functions and let G be the Green function as defined in (1.180). Suppose
that forn > 1, (2.613) and (2.615) hold, where k'“!! (¢, x) is the same as defined in (2.583).
If f € C"(|a,b]) and if @ and @, are linear functionals as defined in (2.622) and (2.623)
respectively, then there exist £,&, € |a,b] such that

@ (f) =f" (&) Pi(fo), i=1.2,
holds, where fo (x) = %

n!

Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (analogous
to the proof of Theorem 2.2 in [142]). O

The following theorem is a new analogue of the classical Cauchy mean value theorem,
related to the functionals ®; (i =1,2) and it can be proven by following the proof of
Theorem 2.4 in [142].

Theorem 2.219 ([94]) Let all the assumptions of Theorem 2.218 be satisfied and let
f,k € C"([a,b]). Then there exist & € [a,b] such that

® () _ [ (&)
Bi(k) ~ k(&)

holds, provided that the denominators are non-zero.

i=1,2, (2.624)
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Remark 2.59 ([94]) (i) By taking f (x) = x* and k(x) = x? in (2.624), where s,q €
R\{0,1,...,n— 1} are such that s # q, we have

pro_ 9= (g= = 1)® )
! s(s—1)...(s—(n—1))D; (x9)’

i=1,2.

(ii) If the inverse of the function f™) k") exists, then (2.624) gives

—1
(n) D
gl = f— ﬁ 5 i - 1,2.
k() D; (k)
In this subsection (see [94]) we present some interesting results by using Cebysev func-
tional and the Griiss type inequalities.

Let us denote

b [ m
= / <2piG(x,, Zp, (i s ) — )" Kb (1, 5) ds, (2.625)
a i=1

and

:/ab (/Cdp(z)G( dz—/ plz )dz)( 1" 3k[“7b](t,s)ds,

(2.626)

where x;, yi, 5,1 € [a,b], pi € R (i=1,...,m); @,y : [c,d] — |a,b] and p : [c d] — R are

continuous functions, G is the Green function as defined in (1.180) and k4%l (z,.) is the

same as defined in (2.583).

Theorem 2.220 ([94]) Let f : [a,b] — R be such that for n > 1, f") is absolutely con-
2

tinuous with (- —a) (b —-) (f(’lH)) € L[a,b]. Let xi,y; € [a,b] and p; € R (i=1,...,m).

If G, T and § are the same as defined in (1.180), (1.6) and (2.625) respectively, then we
have

X;) — ipif(yi) = w' 3

(i (Zn - Sns)

(f("“)(b)(s o) = 4 (@) s - a))ds+
1 b
(1=3)!b—a)

N\ EME
\
T

| L (@)dr+Gu(frab), (2.627)

where (n-1) (n—1)
[ sa,b] = ! (bz);i @ (2.628)
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is the divided difference and the remainder G, (f;a,b) satisfies the estimation

Gu (franty] < LEWLONE 1 (/ "~ a)(b-1) (f<"“><r>)2””)é

n=3)W2 Vb—a
(2.629)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

The following theorem is the integral version of Theorem 2.220.
Theorem 2.221 ([94]) Let f : [a,b] — R be such that forn > 1, ) is absolutely contin-
2
uous with (- —a) (b —-) (f(’lH)) € L[a,b). Let p: [c,d) — R and @,y : [c,d] — |a,D] be

continuous functions. If G, T and { are the same as defined in (1.180), (1.6) and (2.626)
respectively, then we have

d d
/CP(Z)f(‘P(Z))dZ_/C p(2) f(y(2)dz
=W-/fp<z><<p< dz+2<n k= 2).

/ab </cdp(Z)G(‘P(Z),s)dz/c p(z)G(w(z),s)dZ).

(A4 @®) (=) = 14D (@) (s =) ) ds+
1

b'\ A
G [ sa,b] / C(t)dt +Gu(fra,b), (2.630)

where [f("’l);a,b} is the same as defined in (2.628) and the remainder G, (f;a,b)

satisfies the estimation

G‘n<f;a,b)|s[T((i@;)i(gﬂ -\/l%(/ab(t—a)(b—t)(f("“)(t))zdt)Z.

Proof. The proof is analogous to the proof of Theorem 2.220. We apply Theorem 1.10 for
f—Candh— f (") and get the desired results. O

Theorem 2.222 ([94]) Let f : [a,b] — R be such that for n > 1, f") is absolutely con-
tinuous and let f"*Y) >0 on [a,b). Let G and { be the same as defined in (1.180) and
(2.625) respectively.

Then we have the representation (2.627) and the remainder Gy (f;a,b) satisfies the
estimation

n 1) a (n—1)
Ga(fia vb>l<'ff)3'),< @) %bD 0631)
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Proof. The idea of the proof is same as in Theorem 2.9. O

An integral version of Theorem 2.222 states that:

Theorem 2.223 ([94]) Let f : [a,b] — R be such that forn > 1, ) is absolutely contin-
uous and let f"1) >0 on [a,b]. Let G and  be the same as defined in (1.180) and (2.626)
respectively. Then we have the representation (2.630) and the remainder G, (f;a,b) sat-
isfies the estimation

R - n 1) a (n—1)
6o (Fias8)] < |<ci>3|)!< (@+s <b>[f<nz>;a,b}>_

Proof. The idea of the proof is the same as that of the proof of Theorem 2.222. We apply
Theorem 1.11 for g — ¢ and & — f(") and get the desired results. o

An Ostrowski-type inequality related to the generalization of the majorization inequal-
ity states that:

Theorem 2.224 ([94]) Let all the assumptions of Theorem 2. 214 be sansﬁed Let ( ,q)
be a pair of conjugate exponents, that is, p,q € [1,°0| such that L 5+ 5 = 1. Let |f n |P
[@,b] — R be an R-integrable function for some n > 2. Then we have

f(xi) = ilpif (vi) = W : ilﬂi (i = yi)

,§<%>/ (sz (x:,5) sz )’17>

(A0 @) (5= ) = 15D (@) (- a)f ) ds

< </ab £ (t)’pdt); </ab|§_(r)|"dt):’, (2.632)

where,

_ 1 b [ m
()= m/a <§PiG(xz» sz (vi,s )
(s —1)" K (1)) ds.

1

L
The constant ( : (t)’ dt) " is sharp for 1 < p < e and best possible for p = 1.

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

The following theorem is the integral version of Theorem 2.224.
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Theorem 2.225 ([94]) Let all the assumptions of Theorem 2. 215 be sansﬁed Let ( ,q)
be a pair of conjugate exponents, that is, p,q € [1,0| such that 1 >+ 5 =1. Let [P :

[a,b] — R be an R-integrable function for some n > 2. Then we have

1P @) f(9(@)dz— [ p(2) £ (w(2)dz— L=
S (@) (0~ (@) de -3 (A2

2 (Jp @G (0(2),9)dz= [ p()G (v (2)5)dz)

(D (B) (5= B)* = £ (@) (5 - @) ) s

(o) ([

B ! PP ()G9 (2),8)dz
L0 = omma (—ffp<z>6<w<z>,s>dz>
(s —1)" 2k (1,5) ds.

é(t)‘th);,

where,

1

.. q
The constant ( ab (t)' dt) " is sharp for 1 < p < e and best possible for p = 1.

Proof. The proof is analogous to the proof of Theorem 2.224 but we use identity (2.612)
instead of using (2.609). O

Next, we study the n-exponential convexity and log-convexity of the functions asso-
ciated with the linear functionals ®; (i = 1,2) as defined in (2.622) and (2.623). In the
remaining results of this subsection / denotes an interval in R.

Theorem 2.226 ([94]) Let Q= {f;:s € I C R} be a family of functions defined on |a,b]
such that the function s v« [20,...,zn; fs] is n-exponentially convex in the Jensen sense on
I for every (n+ 1) mutually distinct points zg,...,zn € [a,b]. Let ®; (i =1,2) be linear
functionals as defined in (2.622) and (2.623). Then the following statements hold:

(i) The function s — ®;(f;) is n-exponentially convex in the Jensen sense on I and
m

the matrix [(I)i ( fs'z-+s'k):| is positive semi-definite for all m € N, m < n and

2 j k=1
Js

S1y--.,Sm € 1. Particularly,

m
det[ (fx+s )} >0, forallmeN, m<n.

Jik=1
(i) If the function s — ®; (fy) is continuous on I, then it is n-exponentially convex on I.

Proof. 'The idea of the proof is the same as that of the proof of Theorem 1.39 but using
linear functionals @, (k = 1,2) instead of F (k= 1,2,..,5). a

The following corollary is an immediate consequence of Theorem 2.226.
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Corollary 2.45 ([94]) Ler Q ={f;:s €1 C R} be a family of functions defined on [a,b]
such that the function s «— [z20,...,2u; f5] is exponentially convex in the Jensen sense on
I for every (n+ 1) mutually distinct points zo,...,zn € [a,b]. Let ®; (i =1,2) be linear
functionals as defined in (2.622) and (2.623). Then the following statements hold:

(i) The function s — ®; (f;) is exponentially convex in the Jensen sense on I and the ma-

i
m
trix |@; { fs;ts ] is positive semi-definite forallm e N, m <nand sy, ... ,sn €
2 P l—
Jk=1
1. Particularly,

m

det[(bi (fiﬂ)} >0, forallmeN, m<n.
T/ ja=

(ii) If the function s — ®; (f5) is continuous on I, then it is exponentially convex on I.

Corollary 2.46 ([94]) Let Q ={f;:s €1 C R} be a family of functions defined on [a, D]
such that the function s — (29, ...,2n; fs| is 2-exponentially convex in the Jensen sense on
I for every (n+ 1) mutually distinct points z,...,z, € [a,b]. Let ®; (i =1,2) be linear
functionals as defined in (2.622) and (2.623). Further, assume that ®; (fy) (i=1,2) is
strictly positive for f; € Q. Then the following statements hold:

(i) If the function s — ®; (f;) is continuous on I, then it is 2-exponentially convex on I
and so it is log-convex on I and for r,s,t € I such that r <t < s, we have

[ ()" <@ (P @A), =12 (2.633)
Ifr <s<tort<r<s, then opposite inequalities hold in (2.633).

(i) If the function s — ®; (fy) is differentiable on I, then for every s,q,u,v € I such that
s <wuandq <v, we have

Hsg (P, Q) <y (9,Q),  i=1,2, (2.634)
where ,
D; (fy)\ 4
(3577) " s7e
Ws,q (P, Q) = Y ® (2.635)
exp & Ve i{fs) s=gq
¢l (fs) ) )
Jor fo, fq € Q.
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10 but using
linear functionals @ (k= 1,2) instead of F ;(k=1,2,...,5). a

Remark 1.19 is also valid for these functionals.

There are several families of functions which fulfil the conditions of Theorem 2.226,
Corollaries 2.45 and 2.46, and so the results of these theorem and corollaries can be applied
for them. Here we present an example for such a family of functions but for more examples
see [93].
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Example 2.6 Consider the family of functions
Q={f;:(0,0) > R:s€R}

defined by
W,Héo 1,
PR O DM
(*1)"7|7jj!(n—17j)!’ =] ,1,....n .

Here, %fs (x)=x"""= el=mIX 0, which shows that f; is n-convex for x > 0 and

S dd—;,ﬁ (x) is exponentially convex by definition. It is easy to prove that the function
s+ (20, .-+ ,20; f5] is exponentially convex and by the same arguing as given in [93, Exam-
ple 5.1], we have s — ®; (f;) (i = 1,2) is exponentially convex.

In this case, U g (D;, Q) (i = 1,2) defined in (2.635) becomes

=
(d%(fy ) s£q.

(/o)
nl
»"’,’SCI((DHQZ exp(( L (;jl’yup Jofs) +2H 1%)7 s:q#O,l,...,n—l,

nl
exp( 23) ]f:(b (ofs) +X ]ﬁ>,s:q:0,l,...,n—l.

In particular for i = 1, we have

f(

'M§

5) = Zpifs X;) szfv vi)

i=1

;?)(/,:'(b#)/ (21” (xi,5) sz (vi,s )

(A @) =0 = £ (@ (s-a) )ds,

and
z , 2 , b*Inb—a*lna &
2 (fofs)A = ZPiX‘E Inx; — Y piyiIny; — ——a > pi(xi—yi)

i=1 i=1

n—k—2
Z () (Brow-Eroon)
. (Bk,s (b) (s—b)* — Bys(a)(s—a) )ds,
where A = (71)"71(}171)!]_[?;01 (s—i) such that s # 0,1,...,n — 1 and By, (x) =
k1) (H" o (s—D)Inx+ XTI g (s — )>-
J#i

If®; (i = 1,2) is positive, then Theorem 2.206 applied for f = fy € Q and k= f, € Q)
yields that there exist &; € [a, D] such that
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s—q __ D (fﬁ) c
ey TR

Since the function & — &'~ is invertible for s # q, we have

¢mm)3q P
“§(¢4@> = Eh

which together with the fact that U 4 (D;,L22) is continuous, symmetric and monotonous
(by (2.634)), shows that L 4 (P;,Q7) is a mean.

Remark 2.60 ([94]) Similar examples can be discussed as given in Section 1.4. We can
also give particular cases for ®; (i = 1,2) as given in example 2.6.

2.6 Majorization and the Abel-Gontscharoff
Interpolating Polynomial

The Abel-Gontscharoff interpolation problem in the real case was introduced in 1935
by Whittaker [170] and subsequently by Gontscharoff [77] and Davis [67]. The Abel-
Gontscharoff interpolating polynomial for two points with integral remainder is given in
[16] in the form of the following theorem.

Theorem 2.227 Letn,keN,n>2,0<k<n-—1and ¢ € C"[a,b]. Then we have

(Z)(t) = anl (a,b,(l),t)—i—R((I),t),

where Q,—1 is the Abel-Gontscharoff interpolating polynomial for two-points of degree
n—1,i.e.,

k i
On—1 a b,¢.t) :2
i=0
&L (f*a)kﬁﬂ (a—b) (k+14)
> [53 Grivng—n |? @

and the remainder is given by

Ro1)= [ Galr. )0

where G, (t,s) be Green’s function [24, p.177]
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1

Gl = G f§1<nf1>0@%aw"f% r<s<h

Further, for a < s,z < b the following inequalities hold
( l)n k— 1a Gil(t S)

:0'Gy(t, .
(*l)nﬂgit(i >0, k+1<i<n-—1.

>0, 0<i<k,
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(2.636)

(2.637)
(2.638)

In this section using interpolation by Abel-Gontscharoff polynomials we give some
new identities for the difference of majorization inequalities and present new generaliza-
tions of majorization theorems for the class of n-convex functions. We give bounds for
identities related to obtained generalized majorization inequalities by using Cebysev func-
tionals. We also give the Griiss and Ostrowski type inequalities for these functionals. We
present the Lagrange and Cauchy type mean value theorems related to the functionals
which are the differences of the generalizations of majorization inequality and also give
n-exponential convexity which leads to exponential convexity and then log-convexity for
these defined functionals. At the end of each subsections, we discuss some families of
functions which enable us to construct a large families of functions that are exponentially

convex and also give Stolarsky type means with their monotonicity.

2.6.1 Results Obtained by the Abel-Gontscharoff Interpolating

Polynomial

We start this subsection with the identities of generalizations of majorization inequality

using the Abel-Gontscharoff interpolating polynomial.

Theorem 2.228 ([11]) Letn,keN,n>2,0<k<n—Lx=(x1,...,%n),y=
andw = (wy,...,wy) be m-tuples such that x,, y, € [a,b] and w, ER (r=1,...,

also ¢ € C"[a,b] and G, be the Green function defined as in (2.636), then

iwm@»iwm@»
k (P m . m .
e lzlwr@ray]

~

i=0 r=1

n—

2. Jl(b a)]i

+

b [ m
—|—/ ( (X7 8) Zw, (Vr,s )d)(")(s)ds.
a r=1

k— m
z:o 2*6 T )' k+1+; [Zwr X —a k+1+z Zwr(yr*a
J=0 1=

()’1;- . 7)’m)
m). Let

(2.639)
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Proof. Consider the majorization difference
m m
D wrd(xr) = X wid(vr). (2.640)
r=1 r=1

By using Theorem 2.227 we have

e R A G VA Ut ) Ul B ToRR
+ 4 |JZO (k+1+i)!(j*i)! ¢k+1+j (b)

Jj=0
b
+ [ Gul(t,5) 9" (s)ds. (2.641)
a
Substituting this value of ¢ in (2.640) and some arrangements, we get (2.639). O

Integral version of the above theorem can be stated as follows.

Theorem 2.229 ([11]) Let n,k e N, n >2, 0<k <n—1, and x,y : [, ] — [a,D],
w: [a, B] — R be continuous functions. Let also ¢ € C"[a,b] and Gy, be the Green function
defined as in (2.636), then

e

06 (st e~ [ wie) 6 (o)

[0

-y [/ﬁ 06 -a)ar— [ w60~ ar]

a o

/-\

—k=2 ] l(bfa)jfi

+ 2 2 k+1+l = ),¢<k+1+j)(b)

j=0 1:0

{/j w(e) (x(¢) a)kHHdt/j w(t) (1) a)kﬂﬂdt]

+ /ab(])(") (s) </j w(t)G, (x(t),s)dt — /j w(t)G, (¥(t),s) dt) ds.

We give generalizations of majorization inequality for n-convex functions.

(2.642)

Theorem 2.230 ([11]) Letn,keN,n>2,0<k<n—1,x=(x1,....%m),Yy = V1,---Ym)
andw = (wy,...,wy) be m-tuples such that x,, y. € [a,b] and w, € R (r =1,...,m) and
also G, be the Green function defined as in (2.636).

Ifforall s € [a,b]

2 Wr yr» 2 Wr xh ) (2643)
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then for every n-convex function ¢ : [a,b] — R, it holds

iww(xr)—iwrd)(y)
i«p

i m

m .
Z Zwr Xr — _ZWrO)r_a)l
i=0 ! r=1 r=1
+ni2i ] l(b a) J=i k+l+/ ZW k+]+l ZW v, _a)k+1+l )
g k+1+l G- e =

(2.644)
If the reverse inequality in (2.643) holds, then also the reverse inequality in (2.644) holds.

Proof.  Since the function ¢ is n-convex, therefore without loss of generality we can
assume that ¢ is n-times differentiable and ¢ (x) > 0, for all x € [a,b]. Hence we can
apply Theorem 2.228 to get (2.644). O

Integral version of the above theorem can be stated as follows.
Theorem 2.231 ([11]) Letnke N, n>2, 0<k<n-—1, and x,y : [o,B] — [a,b],
w: [or, B] — R be continuous functions and also G, be the Green function defined as in

(2.636).
Ifforall s € [a,b)

B 8
/ Ww(t) G (¥(1),5) di < / w(t) G (x(1),5) d, (2.645)

o a

then for every n-convex function ¢ : [a,b] — R, it holds

B B
| w0oo)d— [ wino 6o))r
koo (a B ) B )
> izo‘p l.!( ) [/a (o) (e(0) ~a)'de — [ () (y(t)—a)’dt]
n—k—2

j = — gy '
T 2Ek+)1+(zl)?( ))'(p(kﬂﬂ)(b)

[ / () () — @) — / g a)k“”dt] .
) (2.646)
If the reverse inequality in (2.645) holds, then also the reverse inequality in (2.646) holds.
The following theorem is the generalization of classical majorization theorem:

Theorem 2.232 ([11]) Letn,keN,n>2,0<k<n—1,x=(x1,...,%m), Yy =V1,---,Ym)
be m-tuples such that x,, y, € [a,b] and x =y and also G, be the Green function defined as
in(2.636).
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(i) If k is odd and n is even or k is even and n is odd, then for every n-convex function
¢ : la,b] — R, it holds

"L ()T =a) T )
b
+ e TG v

j=0 i=

m 1 m 1
Z(Xr_a) +1+i Z(Yr_a) +1+i
r=1 r=1

(2.647)
(ii) If the inequality (2.647) holds and the function H defined by
k(i) m
¢ (a) i
HO)=Y Y (~a)
i=2 : r=1
n—k—2 (71)j7i (b - a) —i m )
(k+147) k+1+i
+ b .—a
fr Z%)(kJrlel)'(]fl)' ( )r;( )
(2.648)

is convex, then the right hand side of (2.647) will be non negative, that is the follow-
ing majorization inequality holds:

m

Y o)< 2 o (x) (2.649)
r=1

r=1
(iii) If k and n both are even or odd, then for every n-convex function ¢ : [a,b] — R, the

reverse inequality in (2.647) holds.

(iv) If the reverse inequality in (2.647) holds and the function H defined in (2.648) is
concave, then the right hand side of the reverse inequality in (2.647) will be non-
positive, that is the reverse inequality in (2.649) holds.

Proof. By using (2.637), for a < s,¢t < b the following inequalities hold

2
(71)nfk71a %lt(ztvs) 207

we conclude easily that if k is odd and n is even or k is even and n is odd then 9>G,,(t,s) /9> >
0 and also if k and n both are even or odd then 9%G,(t,s)/dt> < 0.
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So k is odd and n is even or k is even and n is odd, G, is convex with respect to first
variable therefore by using Theorem 1.12 we have

m
2 yr» 2 G xr»
r=1

Hence by Theorem 2.230 for w, = 1, (r = 1,...,m) we get (2.647).
(ii) The proof is similar to the proof of Theorem 2.112 (ii).
Similarly we can prove other parts. O

The following theorem is the generalization of weighted majorization theorem:

Theorem 2.233 ([11]) Letn,keN,n>2,0<k<n—1,x=(x1,...,%m), Yy =V1,---,Ym)

be decreasing and w = (wy,...,wy) be any m-tuples with x,, y, € [a,b] and w, € R
(r=1,...,m) such that (1.19) and (1.20) hold. Also let G,, be the Green function defined
as in (2.636).

(i) If k is odd and n is even or k is even and n is odd, then for every n-convex function

¢ : la,b] = R, it holds
Zwr¢(xr)— Zerb(y )
k m . m .
2 ZWr Xr— l—ZWr(yr—a)ll
r=1

r=1

i=2
—k=2 ] i —a Jj—i .

i

| V

m
Ny we (= Yl ZWr v, — +]+’].

(2.650)

(ii) If the inequality (2.650) holds and the function H defined in (2.648) is convex, then
the right hand side of (2.650) will be non-negative, that is the following inequality
holds:

2 W@ (yr) < 2 wr (xr) (2.651)
r=1 r=1

(iii) If k and n both are even or odd, then for every n-convex function ¢ : [a,b] — R, the
reverse inequality in (2.650) holds.

(iv) If the reverse inequality in (2.650) holds and the function H defined in (2.648) is
concave, then the right hand side of the reverse inequality in (2.650) will be non-
positive, that is the reverse inequality in (2.651) holds.

Proof. The proof is similar to the proof of Theorem 2.232 but using Theorem 1.14 instead
of Theorem 1.12. O
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The following theorem is weighted majorization theorem for n-convex function in in-
tegral case:

Theorem 2.234 ([11]) Letn,keN,n>2,0<k<n—1,x,y:[c,B] — [a,b] be increas-
ing andw : [, B] — R be continuous functions satisfying (1.27) and (1.28) and also G,, be
the Green function defined as in (2.636).

(i) If k is odd and n is even or k is even and n is odd, then for every n-convex function

¢ : la,b] = R, it holds
B B
w0 o)de = [ )6 (0
> 3 90 [

/ ?o0) (e(e) — ) di / f 0 00) a)idt]

=2 o a
nek=2 J o yvi—i(p i _
Ly g CDTO )

< (k+1+0)!(j—1)!

j=
[/ﬁ w() (x(t) a)kHHdt/aﬁ w(t) (1) a)kﬂﬂdt]

S
T‘..

(2.652)

(ii) If the inequality (2.652) holds and the function H defined in (2.648) is convex, then
the right hand side of (2.652) will be non-negative, that is (1.29) holds.

(iii) If k and n both are even or odd, then for every n-convex function ¢ : [a,b] — R, then
the reverse inequality holds in (2.652).

(iv) If the reverse inequality in (2.652) holds and the function H defined in (2.648) is
concave, then the right hand side of the reverse inequality in (2.652) will be non-
positive that is the reverse inequality in (1.29) holds.

In the sequel we use the above theorems to obtain generalizations of the results proved
in the previous.

For m-tuples w = (Wi,...,wp), X = (X1,..., %) and y = (y1,...,ym) With x,, y, €
[a,b],w, € R (r=1,...,m) and the function G, as defined above, denote
m m
Y(t) =Y weGn (x,5) = Y Gy (yr,5), € [a,b], (2.653)

r=1 r=1

similarly for x,y : [, 8] — [a,b] and w : [, B] — R be continuous functions and for all
s € [a,b], denote

~ B B
Y(s) = / ()G (x(1), 5) i — / W(t)Ga (v(1), 5) dr. (2.654)
J o o
Consider the Ceby3ev functionals defined as:
1P 1 b 2
T(Y,Y) = 12 — / Y 2.
(Y,Y) b—a/ (s)ds (ba (s)ds) , (2.655)
1 1

T(Y,Y) =

b, b 2
— / Y2(s)ds — (b_a / Y’(s)ds) . (2.656)
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Theorem 2.235 ([11]) Letn,k €N, n>2,0<k<n-—1, ¢ :[a,b] — R be such that

2
0 € C'[a,b] with (.—a)(b—.) [¢<"+1>} € La,b], andx = (x1,.... %)y = (V1,1 Ym)
andw = (wy,...,wy) be m-tuples such that x,, y, € [a,b] and w, ER (r=1,...,m). Let
the functions G, Y and T be defined in (2.636), (2.653) and (2.655) respectively. Then

iwm@»—iwm@>
-y

~

i=0 r=1 r=1
L -
+ +1+] Wr X, _a k+l+l W, k+1+l
L S0 & -z
(n—1) b) — (n—1)
DO O [ )14 1) 00.0),
b—a a
(2.657)
where the remainder H! (¢;a,b) satisfies the estimation
1
1 b—a Ll i) ]2 |
[H)(0:a.0) <\ [ZZ= )| [ G =a)bo—n) [0 V()] a@r . 2658)
Ja
Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

Integral case of the above theorem can be given as follows.

Theorem 2.236 ([11]) Letn,k e N, n>2, 0<k<n-—1, ¢:[a,b] — R be such that
2
¢ € C"[a,b] with (.—a)(b—.) [(p("ﬂ)} € Lja,b], and x,y - [, B] — [a,b], w: [, B] — R

be continuous functions and also let the functions Gy, Y and T be definedin (2.636), (2.654)
and (2.656) respectively. Then

"L ()T =) )

F X Xt

/ P o(0) (x(e) — a1 / ) 5e) - a)"“”dt]
(n—1) _ #(n—1 a _ _

0 (b;_f ()/;Y(s)dHH;((p;a,b),

(2.659)
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where the remainder ﬁ,} (¢;a,b) satisfies the estimation

I-Inl(¢;a,b)‘ < ,/b;“ [T(Y,Y)] : /ab(tfa)(bft) {¢<n+1>(,)]2dt : .

Using Theorem 1.11 we obtain the following Griiss type inequalities.

Theorem 2.237 ([11]) Letnk €N, n>2,0<k<n—1, ¢ : [a,b] — R be such that
¢ € C"[a,b] and ¢V > 0 on [a,b] and let the function Y and T be defined by (2.653) and
(2.655) respectively.

Then we have the representation (2.657) and the remainder H\ (¢;a,b) satisfies the bound

9"V (b)+ 0" V(a) "2 (b)— 9" P (a)
HY(¢; - Q.
|H, (9:0,0)| m{ 5 o (2.660)
Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral version of the above theorem can be given as follows.

Theorem 2.238 ([11]) Letnk €N, n>2,0<k<n—1, ¢ : [a,b] — R be such that
¢ € C"a,b] and ¢\"*Y) > 0 on [a,b] and also let the functions Y and T be defined by
(2.654) and (2.656) respectively. B

Then we have the representation (2.659) and the remainder H,} (¢;a,b) satisfies the bound

(00t {¢<"1><b>+¢<"1><a> ¢<"2><b>¢<"2><a>}.

2 b—a

We give the Ostrowski type inequalities related to the generalizations of majorization
inequality.
Theorem 2.239 ([11]) Suppose that all the assumptions of Theorem 2.228 hold. Assume

P
(p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, %+ % =1. Let || :[a,b] —

R be an R-integrable function for some n € N. Then we have

> owr o (x) — ilwr(b (vr)

B 2]: Eki): —:_(ll))( a)’ )’ (k+145) lzwr X, — q)<HIH ZW —a k+1+i]

1
b
p a —

q q
dt) .
(2.661)

The constant on the right-hand side of (2.661) is sharp for 1 < p < oo and the best
possible for p = 1.

<[

m
G, (xr,s) - 2 w,Gy (yr,S)
r=1

Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O
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Integral version of the above theorem can be stated as follows.

Theorem 2.240 ([11]) Suppose that all the assumptions of Theorem 2.229 hold. Assume

(p,q) is a pair of conjugate exponents, thatis | < p,q < oo, %+‘ll =1. Let |¢p™ . [a,b] —
R be an R-integrable function for some n € N. Then we have
B B
| w0 ca)de= [Two 9 b))
ko) (g § . B ,
SO w60 - a'ar [Twio0) o
i=0 b @ a
"G ()T o—a) T )
-2 2 9D (b) (2.662)

& S ke LI - 0!

(f d)

The constant on the right-hand side of (2.662) is sharp for 1 < p < oo and the best
possible for p = 1.

< H¢<"> / )Gy (x(t). ) it — / )Gy (5(0).s)

a a

Motivated by the inequalities (2.644) and (2.646), we define functional ©(¢) and

01(9) by
SN XY

_id’

B "2211 ’(bfa)f*f
= 5( k—l—l—i—z NG =i

m
[2 Wr( X, — k+l+l 2 W, k+l+l] (2663)
r=1

¢(k+1+j) (b)

0:(0)= "w00 a1 w0 ()
k ) B .
S0 a 6 -ata- [ w60 -a'al

n—.

2 j l(bfa)jii

k-
gizzok—i—l—i-l NG =i

{ /  (e) () — ) — / Y0 ) —a)k“”dt] . (2.664)

a o

¢(k+l+j)(b)

~—
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Remark 2.61 ([11]) Under the assumptions of Theorem 2.230 and Theorem 2.231, it
holds ©;(¢) > 0, i = 1,2 for all n-convex functions ¢.

The Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems:

Theorem 2.241 ([11]) Let ¢ : [a,b] — R be such that ¢ € C"[a,b). If the inequalities in
(2.643), (2.645) hold, then there exist &; € [a,b] such that

©i(9) = o™ (&)®i(n), i=1,2, (2.665)
where 1(x) = “}% and ©1,0; are defined in (2.663) and (2.664,).

Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see the
proof of Theorem 7 in [30]). O

Theorem 2.242 ([11]) Let ¢,y : [a,b] — R be such that ¢,y € C"[a,b]. If the inequal-
ities in (2.643), (2.645) hold, then there exist &; € [a,b] such that

0i(9) _ o"(&) ., (2.666)

©i(9) Yy (&)

provided that the denominators are non-zero and © 1,0, are defined in (2.663) and (2.664).

Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see the
proof of Corollary 12 in [30]). O

We use an idea from [84] to give an elegant method of producing n-exponentially con-
vex functions and exponentially convex functions applying the above functionals on a given
family with the same property (see [142]):

Theorem 2.243 ([11]) Let ® = {¢;: s € J}, where J is an interval in R, be a family of
functions defined on an interval |a,b] in R such that the function s — @ [xo,...,x;] is an
n-exponentially convex in the Jensen sense on J for every (I + 1) mutually different points
X0,---,X € [a,b]. Let ©;(¢s), i = 1,2 be the linear functionals defined as in (2.663) and
(2.664). Then the following statements hold:

(i) The function s — ©;(@s) is an n-exponentially convex function in the Jensen sense on
m

J and the matrix {@i <¢sl—+sj >} is a positive semi-definite for allm € N, m <n,
ij=1

Sty--.ySm € J. Particularly

m
det [@i ((])s,-ﬂj)] >0 forallmeN,m=1,...,n.

i,j=1

ii) If the function s — ©;(¢y) is continuous on J, then it is n-exponentially convex func-
P
tion on J.
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Proof. The idea of the proof is the same as that of the proof of Theorem 1.39 but using
linear functionals ©(k = 1,2) instead of F (k= 1,2,..,5). a

The following corollaries are immediate consequences of the above theorem.

Corollary 2.47 ([11]) Let ® = {¢; : s € J}, where J is an interval in R, be a family
of functions defined on an interval a,b] in R such that the function s — @ [xg,...,x;] is
an exponentially convex in the Jensen sense on J for every (1 + 1) mutually different points
X0,---,X € [a,b]. Let ©;(9), i = 1,2 be linear functionals defined as in (2.663) and (2.664).
Then the following statements hold:

(i) The function s — ©;(¢s) is an exponentially convex function in the Jensen sense on

m

J and the matrix {@i ((p%)] is a positive semi-definite for allm € N, m <n,
i,j=1

Sly...,8m € J. Particularly

m
det [@i ((})s,-ﬂjﬂ >0 forallmeN,m=1,...,n.
2 =1

(ii) Ifthe function s — ©;(¢s) is continuous on J, then it is exponentially convex function
onlJ.

Corollary 2.48 ([11]) Let ® = {¢5 : s € J}, where J is an interval in R, be a family of
functions defined on an interval |a,b] in R, such that the function s — ¢ [xo,...,x;] is an
2-exponentially convex in the Jensen sense on J for every (I + 1) mutually different points
X0y, X1 € [a,D]. Let ©;(9), i = 1,2 be linear functionals defined as in (2.663) and (2.664).
Then the following statements hold:

(i) If the function s — ©;(@s) is continuous on J, then it is 2-exponentially convex func-
tion on J. If s — ©;(¢y) is additionally strictly positive, then it is log-convex on J.
Furthermore, the Lypunov’s inequality holds true:

[®i<¢s)]t7r < [G)i((pr)]tis [Gi((pt)]sir’ i=1,2, (2.667)
for every choice r,s,t € J, such that r < s <t.

(ii) If the function s — O;(@y) is strictly positive and differentiable on J, then for every
s,q,u,v € J, such that s < u and q < v, we have

lsq (0, @) < i, (0;, D), (2.668)
where 1
0:(0y) \ 7 54
5 , q,
Heg (67,®) = (9’(¢q{1)®i . (2.669)
exp (W) , s=4q,
.for ¢X7¢C[ E q)

Proof. The idea of the proof is the same as that of the proof of Corollary 2.11 but using
linear functionals ©(k = 1,2) instead of F (k= 1,2,..,5). a
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Remark 1.19 is also valid for these functionals.

Remark 2.62 ([11]) Similar examples can be discussed as given in Section 1.4.

2.6.2 Results Obtained by Green’s Function
and the Abel-Gontscharoff Interpolating Polynomial

In this subsection, we use interpolation by the Abel-Gontscharoff polynomials in combi-
nation with Green’s function to establish new generalizations of majorization theorems for
the class of n-convex functions.

Theorem 2.244 ([9]) Let n,k € N, n >4, 0<k<n-1, ¢ € C"e,pB] and
w=Wi,...,.Wn), X = (x1,...,%n) and y = (y1,...,Ym) be m-tuples such that x;, y; €
[a,B],w € R (I =1,...,m). Also let G and G, be defined by (1.180) and (2.636) respec-
tively. Then

iWI(Z)(xZ)—in(P(yz) (ﬁﬁ) i)‘ ZWZ X = Y1)
i=1 i=1 izl

sz (xz,5) G(yl,s))] (s— ) ds

i=0
n—k—4 j (_1)1—1 (B—oc)]ﬂ(l)(kﬁﬂ)(ﬁ)
" EO ;0 (e 1+4)! (j = 1)! (2.670)
B |m .
/ [ w1 (Gl,5) — Glonss >>] (s s
S lzw, (3:5) = G(r1,5)) | Gu-a5:1)0 ") (1)drds.
Proof. Using (1.181)in X", w; ¢ (x7) — X", wi ¢ (1) we have
ZWI(Z’(XZ)—ZWJ(P(W)
I=1 I=1
m B m m
= G Y w xl*)’l)+/ > wiG(x1,5) = Y, wiG(y;,s) | ¢” (s)ds.
B—o 5 o |z =
(2.671)

By Theorem 2.227, ¢” () can be expressed as

" k (57 )i ; n—k—4 | Jj (S* )k+1+i( 7ﬁ)j*i .
o (S):Zf)'i.a (+2) () 4 ,S?) L}% (kilqti)!((xj—i)! 1¢(k+3+])(ﬁ)

B
+ / Gn_a(s,0)0") (1)dt. (2.672)

Using (2.672) in (2.671) we get (2.670). ]
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Integral version of the above theorem can be stated as follows.

Theorem 2.245 ([9]) Let n,ke N, n >4, 0<k<n-—1, ¢ € C"[a,B), and let x,y :
[a,b] — [, B], w: [a,b] — R be continuous functions and G, G, be defined by (1.180) and
(2.636) respectively. Then

[ w@ottenas— [ w@oninar = LE=UD [Py - yienar
£ 542 (o) (B |
+i20w / ( / bW(T)(G(x(T),s)G(y(’c),s))d’[) (s— a)ds
R (1) (B~ 0 o34 )
- ) (SN W Ty
B

./a (/abw(f)(G(x(T),s) G(y(f),s))d»;) (s— )1+ s
+ ﬂ/ﬁ (/abw(f)(G(x(T)vs) G(y(’L’),s))dr) anz(s,t)(])(") (t)dtds.

a o

(2.673)

In the following theorem we obtain generalizations of majorization inequality for n-
convex functions.

Theorem 2.246 ([9]) Letn,keN,n>4,0<k<n—Lw=(wi,...,Wn), X = (X1,...,Xn)
andy = (y1,...,ym) be m-tuples such that x;, y; € [a,B]l,w; R (I =1,...,m). Also let G
and G, be defined by (1.180) and (2.636) respectively. If ¢ : [a, B] — R is n-convex, and

/ (2 wi (G(xz,s) G(yl,s))> Gy_2(s,t)ds >0, t€a,p]. (2.674)
Then

iwlfb (x1) ZWJ(Z) i) Miw;(x;—y;)
=1

ZWI (x1,5) G(Ylas))l (s—a)ds

742' (1) (B -y~ o))
PP (ESESTTEnT

/ﬁ li wy (G(xg,s) — G(yl,s))] (s — o)1+ gs.

(2.675)

If the reverse inequality in (2.674) holds, then also the reverse inequality in (2.675) holds.
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Proof.  Since the function ¢ is n-convex, therefore without loss of generality we can
assume that ¢ is n-times differentiable and ¢ (x) > 0 for all x € [cr, B] (see [144, p. 16
and p. 293]). Hence, we can apply Theorem 2.244 to obtain (2.675). O

Remark 2.63 ([9]) As from (2.637) we have (—1)"*3G, _,(s,t) > 0, therefore for the
case when n is even and k is odd or n is odd and k is even, it is enough to assume that
YawiG(xy,s) — XL wiG(yr,s) > 0,s € o, B], instead of the assumption (2.674) in The-
orem 2.246. Similarly we can discuss for the reverse inequality in (2.675).

Integral version of the above theorem can be stated as follows.
Theorem 2.247 ([9]) Letn,keN,n>4,0<k<n—1,x,y:[a,b] — [a,B], w: [a,b] —

R be continuous functions and G, G, be defined by (1.180) and (2.636) respectively. If
¢ : [a, B] — R is n-convex, and

/ ! ( / " w(2)(Glx(7),5) — G(y(r),s))dr) G (s,1)ds > 0. (2.676)

[0

B—o
ko (i+2) B b
+'0¢ - (a)/a (/a W(T)(G<x(7),s)—G(y(T),S))d‘L') (s— a)ids
n—k—4 j (_1)j7i (B _a)j7i¢(k+3+j)(ﬁ)
i =0 ;) (k+1+0)!(j—i)!
B

(2.677)

If the reverse inequality in (2.676) holds, then also the reverse inequality in (2.677) holds.

Remark 2.64 ([9]) As from (2.637) we have (—1)""¥=3G,_,(s,t) > 0, therefore for the
case when n is even and k is odd or n is odd and k is even, it is enough to assume that
ffw(f)(G(x(T),s) —G(y(7),s))dt > 0,s € o, B], instead of the assumption (2.676) in
Theorem 2.245. Similarly we can discuss for the reverse inequality in (2.677).

We give a generalization of majorization theorem for majorized m-tuples:
Theorem 2.248 ([9]) Let n,k e N, n >4, 0<k<n—1and x = (x1,...,%p), ¥y =

(V1,---,Ym) be two m-tuples such thaty < x with x;, y; € [a,B], (I =1,...,m). Also let G
be defined by (1.180). Consider ¢ : [, B] — R is n-convex.
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(i) If nis even and k is odd or n is odd and k is even. Then

m m

2 00— o)

=1 =1

> 3¢ /

i=

2 G(x1,5) G(yl,S))] (s—a)ds
n— - (2.678)

+

J / l ﬁ ot)] l¢(k+3+j)(B)
IZO (k+ 1+ (j—10)!

0
k—4
>
Jj=0
/a lzw, (x,5) G(yl,s))] (s— )1 ds.

(i) If the inequality (2.678) holds and the function F defined by

ko 4 (i+2) B )
F()=Y w/ G(.,s)(s—a)'ds

i—0 l! o

—k—4 (—1) J=i J=1 g (k+34)) B l_
§ ; k(flfl)).((pi)! B[ atas—a)as e

is convex, then the right hand side of (2.678) will be non negative, that is (2.153)
holds.

(iii) If n and k both are even or both are odd, then reverse inequality holds in (2.678).

(iv) If the reverse inequality in (2.678) holds and the function F defined in (2.679) is
concave, then the right hand side of the reverse inequality in (2.678) will be non
positive, that is the reverse inequality in (2.153) holds.

Proof. (i) By using (2.637) we have (—1)"*73G,_,(s,t) > 0, o < 5, < B, therefore if
n is even and k is odd or n is odd and & is even then G,_»(s,#) > 0. Also as G is convex
so by Theorem 1.12 and non negativity of G,_», the inequality (2.674) holds for w; = 1,
[ =1,2,..,m. Hence by Theorem 2.246 for w; = 1, [ = 1,2,..,m, the inequality (2.678)
holds.
By using the other conditions the non negativity of the right hand side of (2.678) is obvious.
(i1) The proof is similar to the proof of Theorem 2.112(ii).
Similarly we can prove other parts. O

In the following theorem we present generalization of Fuch’s majorization theorem.

Theorem 2.249 ([9]) Letn,keN,n>4,0<k<n—1,x=(X1,...,Xm), ¥y = V1,---,Vm)
be decreasing and w = (wy,...,wy) be any m-tuples such that x;, y; € [0, B],w; € R (I =
1,...,m) which satisfy (1.19) and (1.20). Also let G be defined by (1.180). Consider
¢ : [o, B] — R is n-convex.
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(i) If nis even and k is odd or n is odd and k is even. Then
m m
> wio(x)— ZWI ¢ (vi)
=1 =

> i ¢(’+2)(O€) /

i=0 i!

Zwl (xz,5) G(ylvs))] (s— ) ds

n—k—4 j j l(ﬁ a)j z¢(k+3+j)<B)

+

j=0 i=0 k+1+l) ( )'

(2.680)

l G(x;,s) G(yl,s))] (s— Oc)kHHds.

(ii) If the inequality (2.680) holds and the function F defined in (2.679) is convex, then
the right hand side of (2.680) will be non negative, that is (2.157) holds.

(iii) If n and k both are even or both are odd, then reverse inequality holds in (2.680).

(iv) If the reverse inequality in (2.680) holds and the function F defined in (2.679) is
concave, then the right hand side of the reverse inequality in (2.680) will be non
positive, that is reverse inequality (2.157) holds.

Proof. The proof is similar to the proof of Theorem 2.248 but using Theorem 1.14 instead
of Theorem 1.12. O

The integral version of Theorem 2.249 can be stated as follows.

Theorem 2.250 ([9]) Let nk e N, n >4, 0<k<n-—1, x,y: [a,b] — [a,B] be de-
creasing and w : [a,b] — R be any continuous function. Also let G be defined by (1.180).
Consider ¢ : [a,B] — R is n-convex and

/a " w()y(r)dr < / " w(D)x(2)dr for v € [ab], (2.681)

b b
/a w(t)x(t)dr = / w(T)y(7)dr (2.682)

(i) If nis even and k is odd or n is odd and k is even. Then

b b
[ w@omnde— [ wmon(z)ar
k i+2) B |
> 2 Pt . (a) / (l/abw(r)(G(x(T),s) —G(y(f)’s))dr) (s— a)ids

Jo

I (1) (B — ) T3+ (B) (2.683)
'y

Jj=

B

+

i:zo (k+ 1+ (j—1i)!
b ki
/a / W(T)(G(x(r),s)—G(y(r),s))dr) (s— o)1 s,



2.6 MAJORIZATION AND ABEL-GONTSCHAROFF INTERPOLATING... 293
(ii) If the inequality (2.683) holds and the function F defined in (2.679) is convex, then
the right hand side of (2.683) will be non negative, that is (2.159) holds.
(iii) If n and k both are even or both are odd, then reverse inequality holds in (2.683).

(iv) If the reverse inequality in (2.683) holds and the function F defined in (2.679) is
concave, then the right hand side of the reverse inequality in (2.683) will be non
positive, that is reverse inequality (2.159) holds.

In the sequel we use the above theorems to obtain generalizations of the previous re-
sults in the form of the Griiss and Ostrowski type inequalities.

For m-tuples w = (Wi,...,Wp), X = (X1,...,Xn) and y = (y1,...,ym) With x;, y; €
[a,B],w; €R (I =1,...,m) and the functions G, G, as defined above, denote

Zw,/ (x1,8) — G(y1,5)) Gu_a(s,t)ds, t € [a,B], (2.684)

and for continuous functions x,y : [a,b] — [, B], w: [a,b] — R, denote

Jo

R(1) = /ﬁ (/fw(r)(G(x(T),s)—G(y(‘r),s))dr) Gus(sit)ds, t€a.B], (2.685)

Consider the Cebygev functionals T'(9%,9%) and T (R, R) are given by:
1

ﬁ 2
/ m(z)dt) , (2.686)

— o Jy

T(R,R) = — /B R2(1)dt
) - ﬁ*O{ o
Theorem 2.251 ([9]) Let nyk € N, n >4, 0<k<n-—1 ¢ € C"e,pB] with

(-—a)(B—)[9"V2 € Lia, B, w= (Wi, s W), X = (X1, Xm) and y = (V1,-..,Ym)
be m-tuples such that x;, y; € [o,B],w; € R (I =1,...,m) and let the functions G, R and
T be defined by (1.180), (2.684) and (2.686) respectively. Then

iwzfl’(xz)— in(P(yz) = W iwz (x;
=1 =1

=1
k¢l+2(a)
3

nk AT (o= B) k+3+1)(ﬁ

* Z«O D) T sy /
(i=1)(B) — (n1

L0 1(@_(2 (a)/oc R(r)de + Kka(9: 0, B). (2.687)

where the remainder K,(¢; o, ) satisfies the estimation

N .
5 (TR

ZWI (x1,5) G(Ylas))l (s—a)ds

ZWI (x1,5) G()’l»s))] (s—a)'*ds

1

[ B 0o @ra] . 688

|Kn<¢;a7ﬁ)| S
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.7. O

Integral case of the above theorem can be given as follows.

Theorem 2.252 ([9]) Letn,keN,n>4,0<k<n-1, ¢ € C"[a,B] with (-—a)(B —
VoV e Lo, B] and x,y : [a,b] — [a, B], w: [a,b] — R be continuous functions and

let the functions G, *R, T be defined by (1.180), (2.685) and (2.686) respectively. Then

¢(B) —¢(a)
B—o

/B (/abW(T)(G(x(T)J) —G(y(r),s))dr) (s— a)ids

Jo

b b b
| w@ot@dr— [Cwmon(m)de - | ) a(e) —y(e)ar

ko a(i42)
9" (a)
20

4 (@ BTl )
+ ;0 ;0 ESEn T

B (l/abw(f)(GbC(T)aS) - G(y(T),s))dT) (s— a)k+l+ids
)

(n=1)(g) — ¢(n=1) B .
A () bk M C) / Rt )dt + Kn(03 0L, B). (2.689)
B—o «
where the remainder K,(9; o, B) satisfies the estimation

[ a- B —slonopal

o

(2.690)

&a(0:0B) < YP % (s 50))

Using Theorem 1.11 we obtain the following the Griiss type inequalities.

Theorem 2.253 ([9]) Letn,ke N, n >4, 0<k<n—1, ¢ € C"[c,B] such ¢ is in-
creasing on o, B] and let the functions G, R and T be defined by (1.180), (2.684) and
(2.686) respectively. Then the representation (2.687) holds and the remainder K,(9; o, B)
satisfies the bound

(n—1) (n—1) (n—2) _ #(=2)
|r<n(¢;oc,[3)|§9%’|w{¢ (B)+o™ o) 9™ 7(B)—o (O‘)}. (2.691)

2 B—o

Proof. The idea of the proof is the same as that of the proof of Theorem 2.9. O

Integral case of the above theorem can be given as follows.

Theorem 2.254 ([9]) Letn,k €N, n>4,0<k<n—1, ¢ € C"[a,B] such that ¢ is
increasing on o, B] and let the functions G, R T be defined by (1.180), (2.685) and (2.686)
respectively. Then we have the representation (2.689) and the remainder K,(¢;c,B) sat-
isfies the bound

B (n—1) (n—1) (n—2) _ 4(n=2)
|,~<n(¢;a7m|§%,|w{¢ ) o e o 26— <a>}, 2.69)
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We present the Ostrowski-type inequalities related to generalizations of majorization
inequality.
Theorem 2.255 ([9]) Suppose that all assumptions of Theorem 2.244 hold. Assume
(p,q) is a pair of conjugate exponents, that is 1 < p,q <oo, 1/p+1/g=1. Let ‘q)(")
[a, B] — R be an R-integrable function. Then we have:

iWW(xl)—in(P(YI) (ﬁg Z ZWI X1 = y1)
I=1 I=1 I=1
ko 4 (i+2) B[ m )
I Y <G<xl,s>—c<yz,s>>> (s— x)'ds
i=0 : a \j=1
EAE ()T (B o) TTk(B) (2.693)
Z@ % k+1+i)(j—i)!
ﬁ m
[sz (G(x1,5) = Gy, ))] (s— o) ds
o li=1
<o 1%,

ﬁ m
where R(1) = / 3 w1 (G(x1,5) — G(31,5)) Gua(s.0)ds, 1 € [cr, B].

The constant on the right-hand side of (2.693) is sharp for 1 < p < oo and the best possible
forp=1.
Proof. The idea of the proof is the same as that of the proof of Theorem 2.11. O

Integral case can be given as:

Theorem 2.256 ([9]) Suppose that all assumptions of Theorem 2.245 hold. Assume
(p,q) is a pair of conjugate exponents, thatis 1 < p,q<oo, 1/p+1/qg=1. Let ‘(Z)(")
[a, B] — R be an R-integrable function. Then we have:

[ w@otenar [“weo@ar 2B =4O [z - ywpar

ﬁ —o a
ko 4 (i+2) B b .
> ‘Pii!(“) /a ( / w(T)(G(x(’L'),S)G(y(T),S))dT> (s a)ids
n—k—4 j (71)j—i(ﬁ _ a)j7i¢(k+3+j)(ﬁ)
B Z?) i=0 (k+140)!(j—i)!
BT rb '
/a /a w(7)(G(x(1),s) G(y(T),s))dT] (SOt)kHHds’
<[lo|| 112l

(2.694)
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where R(t) = /ﬁ

b
( IRGICELRE G(y(r),s))dr) G a(s,0)ds, 1€ [o,B].
a a
The constant on the right-hand side of (2.694) is sharp for 1 < p < oo and the best possible
forp=1.

We use an idea from [84] to give an elegant method of producing an n-exponentially
convex functions and exponentially convex functions applying the above functionals to a
given family with the same property (see [142]).

Motivated by inequalities (2.675) and (2.677), under the assumptions of Theorems 2.246
and 2.247 we define the following linear functionals:

:iwd)(xl)*iwld)(yl) ([g i i (it — 1)
- - Pt

k (i+2)

72(7) () /

=

0
_n7k74 J (_1)171 (B— a)/*l¢(k+3+j) (B)
2 ,.:20 CEESITE

2 Wl X[, G(yl7s))‘| (S - Ol)idS
(2.695)

<. / " w(2)(Glx(7),5) — G(y(r)»S))dT) (s—a)'ds  (2.696)

_n7k74 L (=171 (B — o) k34 (B)
2 2T GG

. / b ( / bw(T)(G(x(T),s) —G(y(r),s))dr) (s— o) gy,

o

Remark 2.65 Under the assumptions of Theorems 2.246 and 2.245, it holds F ;(¢) > 0,
i = 1,2 for all n-convex functions ¢.

The Lagrange and Cauchy type mean value theorems related to defined functionals are
given in the following theorems.

Theorem 2.257 ([9]) Let ¢ : [0, B] — R be such that ¢ € C"[ct,B]. If the inequalities in
(2.675), (2.677) hold, then there exist &; € o, B] such that

Fi(¢)=0" (E)Fi(p), i=1.2, (2.697)
where @(x) = “}% and F 1, F 5 are defined by (2.695) and (2.696) respectively.
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Proof. The idea of the proof is the same as that of the proof of Theorem 2.13 (see the
proof of Theorem 4.1 in [86]). O

Theorem 2.258 ([9]) Let ¢,y : [ct, B] — R be such that ¢,y € C"[ct, B]. If the inequal-
ities in (2.675) and (2.677) hold, then there exist &; € o, B] such that

Fi(e) _ 9™ (&)
Fily)  w(&)

provided that the denominators are non-zero and F |, F » are defined by (2.695) and (2.696)
respectively.

—1,2. (2.698)

Proof. The idea of the proof is the same as that of the proof of Theorem 2.14 (see the
proof of Corollary 4.2 in [86]). O

We use the idea from [84] to give an elegant method of producing n-exponentially
convex functions and exponentially convex functions associated with the above functional
(see [142]):

Theorem 2.259 ([9]) Ler Q = {¢, : t € J}, where J is an interval in R, be a family
of functions defined on an interval I in R such that the function t — [xg,...,x;; @] is n-
exponentially convex in the Jensen sense on J for every (k+ 1) mutually different points
X0y, Xg € I. Then for the linear functionals F ;(¢;) (i = 1,2) as defined by (2.695) and
(2.696), the following statements hold:

(i) The functiont — F /(¢;) is n-exponentially convex in the Jensen sense on J and the
matrix [ i(§sj+, )];"l:] is a positive semi-definite for allm € Nym < n, t1,..,t, € J.
o

Particularly,

det[F i(¢1+4 )|} 1=y > O0forallme N, m=1,2,....n.
R

(ii) If the functiont — F ;(¢,) is continuous on J, then it is n-exponentially convex on J.
Proof. The idea of the proof is the same as that of the proof of Theorem 1.39. O

The following corollaries is an immediate consequence of the above theorem

Corollary 2.49 ([9]) Let Q={¢, :t €J}, where J is an interval in R, be a family of func-
tions defined on an interval I in R, such that the functiont v [xo, ..., x; &] is exponentially
convex in the Jensen sense on J for every (k+ 1) mutually different points xo, ..., x; € L.
Then for the linear functionals F i(¢y) (i = 1,2) as defined by (2.695) and (2.696), the
following statements hold:

(i) The function t — F i(¢y) is exponentially convex in the Jensen sense on J and the
matrix [F i(§rj+, )];fll:] is a positive semi-definite for all m € Nym < n, t1,..,t,, € J.
=

Particularly,

det[F i(¢1j+4)|}1=y 2 O0forallme N, m=1,2,....n.
S

(ii) If the functiont — F ;(¢) is continuous on J, then it is exponentially convex on J.
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Corollary 2.50 ([9]) Let Q = {¢, : t € J}, where J is an interval in R, be a family of
functions defined on an interval I in R, such that the function t — [xo,...,Xg; ] is 2-
exponentially convex in the Jensen sense on J for every (k+ 1) mutually different points
X0y X € I Let Fj, i = 1,2 be linear functionals defined by (2.695) and (2.696). Then
the following statements hold:

(i) If the functiont — F {(¢;) is continuous on J, then it is 2-exponentially convex func-
tion on J. Ift — F {(¢) is additionally strictly positive, then it is also log-convex on
J. Furthermore, the following inequality holds true:

[File) ™ < [Filon))] " [Fi(o)]", i=12.
for every choice r,s,t € J, such thatr < s < t.

(ii) If the function t — F ;(¢,) is strictly positive and differentiable on J, then for every
p,q,u,v € J, such that p < u and q < v, we have

Hpg(F i, Q) < Muy(Fi,Q), (2.699)
where 1
Fi(¢p)> P=q
(r,. » PG
Hpg(F 1, Q) = s F () (2.700)
dp! \VP .
exp ri((pp) ) y P =4,
for (va(l)q cQ
Proof. The idea of the proof is the same as that of the proof of Corollary 1.10. O

Remark 2.66 Remark 1.19 is also valid for these functionals. Similar examples can be
discussed as given in Section 1.4.



Chapter

Majorization in Information
Theory

One of the most important issues in many applications of Probability Theory is finding an
appropriate measure of distance (or difference or discrimination) between two probability
distributions. Distance or divergence measures are of key importance in different fields
like theoretical and applied statistical inference and data processing problems, such as
estimation, detection, classification, compression, recognition, indexation, diagnosis and
model selection etc. A number of divergence measures for this purpose have been proposed
and extensively studied by Csiszdr [64], Kullback and Leibler [101], Rényi [151], Rao
[149] and Lin [113] and others. These measures have been applied in a variety of fields
such as: anthropology [149], genetics [126], finance, economics, and political science
[158, 165, 166], biology [147], the analysis of contingency tables [75], approximations
of probability distributions [59, 92], signal processing [88, 89] and pattern recognition
[37, 58]. A number of these measures of distance are specific cases of Csiszar f-divergence
and so further exploration of this concept will have a flow on effect to other measures of
distance and to areas in which they are applied. The literature on such types of issues is
wide and has considerably expanded in the recent years. In particular, following the set
of some books published during the second half of the eighties [22, 46, 62, 78] and the
number of some books have been published during the last decade or so [23, 34, 40, 150].
In a report on divergence measures and their tight connections with the notion of entropy,
information and mean values, an attempt has been made to describe various procedures for
building divergences measures from entropy functions or from generalized mean values
and conversely for defining entropies from divergence measures [38], [39].

Well over a century ago measures were derived for assessing the distance between two
models of probability distributions. Most relevant is Boltzmann’s [48] concept of general-
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ized entropy in physics and thermodynamics (see Akaike [19] for a brief review). Shan-
non [159] employed entropy in his famous treatise on communication theory. Kullback-
Leibler [101] derived an information measure that happened to be the negative of Boltz-
mann’s entropy, now referred as the Kullback-Leibler (K-L) distance. The motivation of
the Kullback-Leibler work was to provide a rigorous definition of information in relation
to Fisher’s sufficient statistics. The K-L distance has also been called the K-L discrepancy,
divergence, information and number — these terms are synonyms, we tend to use distance
or information in the material to follow.

A fundamental result related to the notion of the Shannon entropy is the following
Shannon’s inequality (see [120])

< 1 2 1
Y pilog— <3 pilog —, 3.1
i=1 pi i qi
for all positive real numbers p; and g; with

n n
ZPi = Zth- 3.2)
i=1 i=1

Here, ’log’ denotes the logarithmic function taken to a fixed base b > 1. Equality holds in
(3.1) iff g; = p; for all i. For details see [128, p.635-650]. This result, sometimes called
the fundamental lemma of information theory, has extensive applications (see for example
[124]).

Matié et al. [118, 119, 120, 122] continuously worked on Shannon’s inequality and re-
lated inequalities in the probability distribution and information science. They studied and
discussed in [120, 122] several aspects of Shannon’s inequality in discrete as well as in
integral forms, by presenting upper estimates of the difference between its two sides. In
[120, 122], they considered a discrete-valued random variable X with finite range {x;}/_,.
Assume p; = P{X = x;}. The b-entropy of X is defined by

r

Hy(X) := Zpilog(l/pi). (3.3)
i=1
In [120], they proved that

Hy(X) <logr, (3.4)

which shows that the entropy function H,(X) achieves its maximum value on the discrete
uniform probability distribution.

They introduced the idea by giving the general setting of the above inequality by using
Majorization theorem for the function f(x) = xlogx which is convex and continuous on
R4. Suppose X and Y are discrete random variables with finite ranges and probability
distributions p = {p;}/_, and q = {g;}/_, (Xi_, pi = Xi_, ¢i = 1) such that p > q. Then
by the majorization theorem

Hy,(X) < Hp(Y). (3.5

By substituting p = (1/r,...,1/r) we get (3.4).

It is generally common to take log with base of 2 in the introduced notions, but in our
investigations this is not essential.
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3.1 Majorization, Csiszar Divergence and
Zipf-Mandelbrot Law in Discrete Case

In this section, we give some generalized results for majorization inequality by using the
following Csiszdr f-divergence functional. Upplying f-divergence to some special con-
vex functions it reduces to the results for majorization inequality in the form of Shannon
entropy and the Kullback-Leibler divergence. We give several applications by using the
Zipf-Mandelbrot law which we introduce in the sequel.

Csiszar introduced in [64] and then discussed in [63] the following notion.

Definition 3.1 (Csiszdr f-divergence functional) Let f : R, — R be a convex function,
and let p = (P1y-- s Pn) and
q:= (41, .-,4n) be positive probability distributions. The f-divergence functional is

It (p,q) :== Y, qif (%) :
i—1 i

It is possible to use non-negative probability distributions in the f-divergence func-
tional, by defining

- . O Pp— . a Pp— - a
£0) 2= lim £(1): 0f(6> = 0; Of(ﬁ) .7t1351+tf(;), a>0.
Horvéth et al. [83, p.3] considered functional based on the previous definition.

Definition 3.2 Let J C R be an interval, and let f :J — R be a function. Let
p:=(p1,-.-,pn) ER", and q:= (qu,...,qu) €0,°0[" be such that

Picy i=1,...n (3.6)
qi
Then we denote
2 - Pi
Iy (p,q) := Y qif (—) :
i=1 qi

Motivated by the ideas in [120] and [122], in the following part we study and discuss
the majorization results in the form of divergences and entropies. The following theorem
is a generalization of the result given in [120] i.e., (3.5).

Assume p and q be n-tuples, then we define

P._ (ﬂ p2 &)
q a1’ a2’ qn

The following theorem is the connection between Csiszdr f-divergence and weighted ma-
jorization inequality when one of sequence is monotonic.
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Theorem 3.1 Assume J C R be an interval, f :J — R be a continuous convex function,

pi, ri (i=1,...,n) be real numbers and q; (i = 1,...,n) be positive real numbers such that
k k
Nori< Y pi fork=1,....n—1, (3.7)
i=1 i=1
and

n n
Nori=Ypi, (3.8)
i=1 i=1

with &t L e J (i=1,....n).

(a) Ifﬁ is decreasing, then

Iy(r.q) <l (p.q). (3.9)
(b) If % is increasing, then
Iy (r,q) > Ir (p,q). (3.10)
If f is a continuous concave function, then the reverse inequalities hold in (3.9) and
(3.10).
Proof.  (a): We use Theorem 1.15 (a) with substitutions x; : %, yi = %, w;i i= g; as
qi >0, (i=1,...,n) then we get (3.9).
We can prove part (b) with the similar substitutions in Theorem 1.15 (b). O

Theorem 3.2 Assume J C R be an interval, g : J — R be a function such that x — xg(x)
(x € J) be a continuous convex function, p;, r; (i=1,...,n) be real numbers and q; (i =
1,...,n) be positive real numbers satisfying (3.7) and (3.8) with

Pilicyi=1,..n).
qi 9qi
(a) Ifﬁ is decreasing, then
A 1 i N
&@A%}hﬂ(;)é&@ﬂl (3.11)
i=1 i
(b) If R is increasing, then
J q 4
Iy (r,q) = I; (p,q)- (3.12)
If xg(x) is a continuous concave function, then the reverse inequalities hold in (3.11)

and (3.12).

pi _ _
q_;’ Vi = q_li’ wi = q; as

Proof.  (a): We use Theorem 1.15 (a) with substitutions x;

qi>0,(i=1,...,n) and f(x) := xg(x) then we get (3.11).

We can prove part (b) with the similar substitutions in Theorem 1.15 (b) for f(x) := xg(x).
O
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The theory of majorization and the notion of entropic measure of disorder are closely
related. Based on this fact, the aim of the following results is to look for majorization
relations with the connection to entropic inequalities. This was interesting to do for two
main reasons. The first one is the fact that the majorization relations are usually stronger
than the entropic inequalities, in the sense that they imply these entropic inequalities, but
that the converse is not true. The second reason is the fact that when we dispose of ma-
jorization relations between two different quantum states, we know that we can transform
one of the states into the other using some unitary transformation. The concept of entropy
alone would not allow us to prove such a property.

The Shannon entropy was introduced by Shannon himself in the field of classical infor-
mation. There are two ways of viewing the Shannon entropy. Suppose we have a random
variable X, and we learn its value. In one point of view, the Shannon entropy quantifies the
amount of information about the value of X (after measurement). In another point of view,
the Shannon entropy tells us the amount of uncertainty about the variable of X before we
learn its value (before measurement).

We mention two special cases of the previous result.

The first case corresponds to the entropy of a discrete probability distribution.

Definition 3.3 (Shannon’s entropy) of a positive probability distribution p := (p1,...,pu)
is defined by

n

H(p):=—Y pilogp;. (3.13)

i=1
Note that there is no problem with the definition in the case of a zero probability, since

limxlogx = 0. (3.14)

x—0

Corollary 3.1 Assume p;, ri and g; (i=1,...,n) be positive real numbers satisfying (3.7)
and (3.8) with

(a) Ifﬁ is a decreasing n-tuple and the base of log is greater than 1, then the following
estimates for the Shannon entropy of q hold

Zqz'log(g) > H(q). (3.15)
i=1 1

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.15).

(b) If g is an increasing n-tuple and the base of log is greater than 1, then the following
estimates for the Shannon entropy of q hold

H(q) < Y gilog(2). (3.16)

i=1 qi

If the base of log is in between 0 and 1 then the reverse inequality holds in (3.16).
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Proof. (a): Substitute f(x) :=logx and p; =1, (i =1,...,n) in Theorem 3.1 (a) then we
get (3.15).
We can prove the part (b) with the similar substitutions for ; = 1, (i=1,...,n). O

Corollary 3.2 Assume p; and r; (i = 1,...,n) be positive real numbers satisfying (3.7)
and (3.8).

(a) Ifris a decreasing n-tuple and the base of log is greater than 1, then the connection
between Shannon entropies of p and r

H(r) > H(p). (3.17)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.17).

(b) Ifp is an increasing n-tuple and the base of log is greater than 1, then the connection
between Shannon entropies of p and r

H(r) < H(p). (3.18)
If the base of log is in between 0 and I then the reverse inequality holds in (3.18).

Proof. (a): Substitute g(x) :=logx and g; =1, (i = 1,...,n) in Theorem 3.2 (a) then we
get (3.17).
We can prove part (b) with the similar substitutions. O

The second case corresponds to the relative entropy or the Kullback-Leibler divergence
between two probability distributions:

Definition 3.4 (Kullback-Leibler divergence) (K-L divergence) divergence between the
positive probability distributions p := (p1,...,pn) and q:= (qi,...,qn) is defined by

L(p,q) := Y, pilog (p—> :
i—1 i

Corollary 3.3 Assume J C R be an interval, p;, ri and q; (i = 1,...,n) be positive real
numbers satisfying (3.7) and (3.8) with

Pi Ti

,—€&J (i=1,...,n).
qi qi ( )

(a) Ifﬁ is a decreasing n-tuple and the base of log is greater than 1, then

4 ri < Di
Y gilog [ — | > Y gilog = ). (3.19)
i=1 qi i=1 qi

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.19).
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(b) If g is an increasing n-tuple and the base of log is greater than 1, then

n Vi n Pi
Y gilog( =) < Y gilog | = ). (3.20)
i=1 i=1 qi

qi
If the base of log is in between 0 and 1 then the reverse inequality holds in (3.20).

Proof. (a): Substitute f(x) := logx in Theorem 3.1 (a) then we get (3.19).
We can prove part (b) with substitution f(x) := logx in Theorem 3.1 (b). O

Corollary 3.4 LerJ C R be an interval and assume p;, ri and q; (i =1,...,n) be positive
real numbers satisfying (3.7) and (3.8) with
Pilicy(i=1,...n).
qi qi
(a) Ifﬁ is a decreasing n-tuple and the base of log is greater than 1, then the following
comparison inequality between K-L divergence of (r,q) and (p,q) holds

n ri n l
L(r,q):= Y rilog (;) < L(p,q) := Y, pilog (%) . (3.21)
i=1 l i=1 !

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.21).

(b) If g is an increasing n-tuple and the base of log is greater than 1, then the following
comparison inequality between K-L divergence of (r,q) and (p,q) holds

S r1oe () > 3 pto [P
Y rilog > Y pilog : (3.22)
i=1 qi i=1 qi

1

If the base of log is in between 0 and 1 then the reverse inequality holds in (3.22).

Proof. (a): Substitute g(x) := logx in Theorem 3.2 (a) then we get (3.21).
We can prove part (b) with substitution g(x) := logx in Theorem 3.2 (b). O

Remark 3.1 We give the above results when one sequence is monotone by using Theorem
1.15, but we can give all the above results when both sequences are monotone via using
the Weighted Majorization Theorem 1.14 for w; >0 (i=1,...,n).

Next we introduce the concept of the Zipf-Mandelbrot law and give several applications
by using it.
The term Zipfian distribution refers to a distribution of probabilities of occurrence that
follows the Zipf’s Law. Zipf’s law is an experimential law, not a theoretical one; i.e. it
describes an occurrence rather than predicting it from some kind of theory. The observation
that, in many natural and man-made phenomena, the probability of occurrence of many
random items starts high and tapers off. Thus, a few occur very often while many others
occur rarely. The formal definition of this law is: P, = 1/n?, where Py, is the frequency of
occurrence of the nth ranked item and a is closed to 1.
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Applied to language, this means that the rank of a word (in terms of its frequency) is
approximately inversely proportional to its actual frequency, and so produces a hyperbolic
distribution. To put the George Zipf’s Law in another way (see [1, 160]): fr = C, where
r = the rank of a word, f = the frequency of occurrence of that word, and C = a constant
(the value of which depends on the subject under consideration). Essentially this shows
an inverse proportional relationship between a word’s frequency and its frequency rank.
Zipf calls this curve the ’standard curve’. Texts from natural languages do not, of course,
behave with such absolute mathematical precision. They can not, because, for one thing,
any curve representing empirical data from large texts will be a stepped graph, since many
non-high-frequency words will share the same frequency. But the overall consensus is that
texts match the standard curve significantly well. Li [112] writes “this distribution, also
called the Zipf’s law, has been checked for accuracy for the standard corpus of the present-
day English [Kucera and Francis] with very good results.” See Miller [127] for a concise
summary of the match between actual data and the standard curve.

Zipf also studied the relationship between the frequency of occurrence of a word and its
length. In The Psycho-Biology of Language, he stated that “it seems reasonably clear that
shorter words are distinctly more favoured in language other than words.”

Apart from the use of this law in information science and linguistics, Zipf’s law is used
in economics. This distribution in economics is known as Pareto’s law which analyze the
distribution of the wealthiest members of the community [74, p.125] . These two laws are
the same in the mathematical sense, but they are applied in a different context [71, p.294].
The same type of distribution that we have in the Zipf’s and Pareto’s law, also known as
the Power law, can be also found in other scientific disciplines, such as: physics, biology,
earth and planetary sciences, computer science, demography and the social sciences [132].
Benoit Mandelbrot in [116] gave generalization of Zipf’s law, now known as the Zipf-
Mandelbrot law which gave improvement in account for the low-rank words in corpus
where k < 100 [130]:

when g = 0, we get Zipf’s law.
ForneN,¢q>0,5s>0, ke {l,2,...,n}, in a more clear form, the Zipf-Mandelbrot law
(probability mass function) is defined with

1/(k §
f(homog,s) = LETD" (3.23)
Hy q.5
where,
n 1
H =) 3.24
n.q,s 1:2] (l+q)§ ( )

neN,g>0,s>0ke{l1,2,...,n}.

Application of the Zipf-Mandelbrot law can also be found in linguistics [130], information
sciences [71, 160] and ecological field studies [131].

In probability theory and statistics, the cumulative distribution function of a real-valued
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random variable X, or just distribution function of X, evaluated at x, is the probability that
X will take a value less than or equal to x and we often denote CDF as the following ratio:

CDF := ——. (3.25)
nt,s

The cumulative distribution function is an important application of majorization.
In the case of a continuous distribution, it gives the area under the probability distribution
functions are also used to specify the distribution of multivariable random variables.
There are various applications of CDF, for example, in learning to rank, the cumulative
distribution function (CDF) arises naturally as a probability measure over inequality events
of the type {X < x}. The joint CDF lends itself to problems that are easily described in
terms of inequality events in which statistical dependence relationships also among events.
Examples of this type of problem include web search and document retrieval [51, 56, 87,
173], predicting rating of movies [150] or predicting multiplayer game outcomes with a
team structure [81]. In contrast to the canonical problems of classification or regression,
in learning to rank we are required to learn some mapping from inputs to inter-dependent
output variables so that we may wish to model both stochastic orderings of variable states
that statistical dependence relationships between variables.
In the following application, we use two the Zipf-Mandelbrot laws for different parameters.

Corollary 3.5 Assume p andr be the Zipf-Mandelbrot laws with parametersn € {1,2,...},
t,tp > 0 and s1,s2 > 0 respectively satisfying

H, H,
e S 5 TS (3.26)
Hn ,12,82 n,it,s,
and alsolet q; >0 (i=1,2,...,n).
(a) If lflrzzz 5 < q’qtl (i=1,...,n) and the base of log is greater than 1, then
n
lo -
1:21 z+t2) an 12,52 J (qi(l+t2)~‘2Hn,tz,s2)
n
1o - . (3.27)
Z:I l+t]) lHntl s1 g(%(l‘i’t])slHiz,tl,‘vl)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.27).
(b) If ) die (i=1,...,n) and the base of log is greater than 1, then

(i+1+11) Yl - 4
n
i—1 l+t2 Hn 12,82 Qi(l+t2)san,t2,sz

n
2 log< - . ) .
i—1 l+t1 1I'In 11,81 ‘Ii(l‘i’t])slHn,tl,sl

If the base of log is in between 0 and 1 then the reverse inequality holds in (3.28).

(3.28)
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1
(l"HI )Sl Hn.tl S1

1

(H*ZZ)SZ Hn,tz,.vz ’ then

Proof. (a) Assume p; := and r; .=

k k k
1 1 1 Hyy,
2pi= Y = Y= k=1,
i—1 i—1 (l+t1) Hy s Hy s i=1 (l+t1) Hyy s,
Hkt 8
similarly ¥ | r;:= 722 k=1,...,n— L.
niy, 32
This implies that
k k
Hp, s H,
Sr<¥p e SR g
i=1 i=1 H"Jsz n,ty ,51
We can easily check that W is decreasing over i = 1,...,n and similarly 7; too.
n, l.Sl
Now, we investigate the behaviour of a forg;>0(i=1,2,...,n),
take
ri 1 Fit1 1
—=— and —— = , ,
qi ‘]i(l+t2)sanJz,S2 qi+1 qiv1(i+1 +t2)s2Hng,Sz
Firl Ti 1 1 _ 1 <0

— )

Giv1  qi Hupns |Gir1(i+1+0)2  qi(i+n)%2

(i+1)" < dit1
(+1+0)2 = g

)

which shows that £ is decreasing. So, all the assumptions of Corollary 3.4 (a) are true,
then by using (3.21) we get (3.27).

(b) If we switch the role of r; into p;, then by using (3.22) in Corollary 3.4 (b) we get
(3.28). ]

The following application is a special case of the above result.

Corollary 3.6 Assume p andr be the Zipf-Mandelbrot laws with parametersn € {1,2,...},
t1,tp > 0 and 51,57 > 0 respectively satisfying (3.26).
If the base of log is greater than 1, then

n

1
lo - ,
1:21 (i+0) an 12:52 ¢ ((l+t2)52Hn-,t2,Sz)

n 1
lo : . 3.29)
; l+l‘1) 1Hnt1 51 g((l+l‘1)31Hn,tl,s1) (

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.29).

Proof. Substitute ¢; :=1 (i =1,2,...,n) in (3.27) we get (3.29). |
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Corollary 3.7 Assume p andr be the Zipf-Mandelbrot laws with parametersn € {1,2,...},
t1,t > 0 and s1,s, > 0 respectively satisfying (3.26) and also let g; >0 (i =1,2,...,n).

(a) If hiJertz 5 < 6/;_+11 (i=1,...,n) and the base of log is greater than 1, then

1 1
1 _— 1 _ . 3.30)
qu g( l+t2)Y2H"tzﬁz) 2% g(ql lthl)lHln Sl) (

i=1

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.30).

(b) If l:lrilll o > qi;l (i=1,...,n) and the base of log is greater than 1, then

1 1
log| — log| ————— ). (3.31)
qu g<ql l+t2)sanlz,Sz) qu g<QI l+t1)S|H1tl ‘l)

i=1
If the base of log is in between 0 and 1 then the reverse inequality holds in (3.31).

Proof. 'We can prove by the similar method as given in Corollary 3.5 with substitutions

pi = m and r; ;= m in Corollary 3.3 instead of Corollary 3.4 we get

the required results. O

The following result is a special case of the previous corollary.
Corollary 3.8 Assume p andr be the Zipf-Mandelbrot laws with parametersn € {1,2,...},

t1,tr > 0 and s1,s2 > 0 respectively satisfying (3.26).
If the base of log is greater than 1, then

1 1 1
log| ——mM8M8M8 log| ——— |. 3.32)
izzl . ((l+t2)52HnJ2-,S2) 121 £ ( l+t1)”H1,l|7S| ) (

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.32).

Proof. Substitute ¢; ;=1 (i =1,2,...,n) in (3.30) we get (3.32). |

Corollary 3.9 Assume p andr be the Zipf-Mandelbrot laws with parametersn € {1,2,...},
t1,t > 0 and s1,s, > 0 respectively satisfying (3.26) and also let g; >0 (i =1,2,...,n).

(a) If H’Tﬁftz 5 < q’q“ (i=1,...,n) and the base of log is greater than 1, then

1
dog——— ) > H(q). 3.33
Zq g(qllﬂz)mmm) (q) (3.33)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.33).
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(b) If z+lT~trlzl > ‘%' (i=1,...,n) and the base of log is greater than 1, then

1
log{ —/———7+—|. (3.34)
qu g<qll+t1)1Hnll S|)

If the base of log is in between 0 and I then the reverse inequality holds in (3.34).

Proof. (a) We can prove by the similar method as given in Corollary 3.5 with substitutions

pi:=1landr:= m in Corollary 3.1 (a) instead of Corollary 3.4 (a) we get (3.33).

(b) For this part switch the role of p and r in part (a) like p; := and r; ;=1

1
(i+tl)sl Hn,t| 1
(i=1,2,...,n) and applying Corollary 3.1 (b) instead of Corollary 3.4 (b) we get (3.34).
0O

At the end, in the following application, we use three the Zipf-Mandelbrot laws for
different parameters:

Corollary 3.10 Assume p, q and r be the Zipf-Mandelbrot laws with parameters
ne{l,2,...}, t1,t2,t3 > 0 and sy, 53,53 > 0 respectively satisfying (3.26).

(a) If (i+14+1)2 = < (’:HZ)ii (i=1,...,n) and the base of log is greater than 1, then

(i+1413)3 = (i+13)
i Og<(l+t2) "12,52>
i=1 l+t3 Hy 1354 (l+t3) n,13,83

B2 H,
< 2 log ((’,+ ) "*’2"‘2). (3.35)
l+tl lHntl S1 (l+tl)“Hn,t1,s1

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.35).

(b) If ii:ig > Eiig;iz (i=1,...,n) and the base of log is greater than 1, then

n

2 ( (i+t2)s2Hn,lz‘32 )
og - —
i=1 (i+13)° 3Hn 13,53 (l+t3)s3Hn-,t3J3

n ! i+ 1)) 2 H
S yp—— log ((’,+ 2) "*’2"‘2). (3.36)
=1 (l+tl)“Hn,t1,sl (l+t1)51HnJlaS1

If the base of log is in between 0 and 1 then the reverse inequality holds in (3.36).

Pr . L ::% '::%nr'::% hr i [
OOf (a) et pi (i+1)"1 Hn,t1 S > qi (”rlZ)SZHn,tz,sz and ! (l+t3)S3Hn.t3.s3 » NEI€ pi,qi
and r; are decreasing over i = 1,...,n. Now, we investigate the behaviour of %.

Take

n_ (i40) Huysy 0 T (L 0) 2 Hug
qi (i+t3)S3HnJ3,S3 qi+1 (iJF 1 +t3)s3Hn-,t3J3 7
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Tit1 ri (i+ 1 +t2)S2HnJ2-,S2 (iJFtZ)SanJz-,Sz

qdi+1 i B (i+ 1 Jrt3)S3I'InJ3-,S3 (i+t3)S3Hn=t3,S3 ’

Titl ri Hil,tz,-Yz (i+ 1 +l‘2)s2 (l'+t2)sz

qi+1 qi Hn,t3,s3 (i+ 1 +t3)s3 (i‘i’t3)s3

the right hand side is non-positive by using the assumption, which shows that g is decreas-
ing, therefore using Corollary 3.4 (a) we get (3.35).
(b) If we replace ﬁ with g in the part (a) and using Corollary 3.4 (b), we get (3.36). O

3.2 Majorization and Csiszar Divergence
in Integral Case

In this section, we give the generalized results for majorization inequality in integral form
by using integral Csiszdr f-divergence which we introduce in the sequel. We also give
Shannon entropy and the Kullback-Leibler divergence for obtained results. As applica-
tions, we present the majorization inequality for various distances like variational distance,
Hellinger distance, x2-divergence, Bhattacharyya distance, Harmonic distance, Jeffreys
distance and triangular discrimination which obtain by applying some special type of con-
vex functions. For more information about different types of divergences see monograph
[69].

The following counterpart of the integral Shannon inequality (see also Definition 3.7)
was proved in [120, p.505-509]).

Theorem 3.3 Let I be a measurable subset of the real line and p(x) and q(x) positive
integrable functions on I such that [, p(x)dx =1 and o := [, q(x)dx < . Suppose that for
b > 1 at least one of the integrals

1
/p log dx and J, = /p x)log ()d

is finite. If [; (p*(x)/q(x)) dx < oo, then both J,, and J, are finite and

2 .2

p~(x) 1 p(x)
0<J,—J,+1 <1 dx| < — dx—1
=Ja= ot Ogba_og[a 1 q(x) x]_lnba[l g T

with equality throughout if and only if q(x) = ap(x) a.e. on L.

The notion of entropy Hy(X) := Y7 | pilog(1/pi) can be extended to the case of a
general random variable X, by approximating X by discrete random variables. In the case
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when X is non-discrete, H,(X) is usually infinite. For example, this always happens when
X is continuous (see [124, p.38]).

In the case when X is continuous random variable with density p(x) (a nonnegative mea-
surable function on R such that [p p(x)dx = 1), we may define the so-called differential
entropy of X by

o—d b>1),
)i= [op)log——dx (6> 1)

whenever the integral exists.

They showed that 4, (X) ~ log (S\/ZE) when the distribution of X is ‘close’ to the Gaus-
sian distribution with variance s>. Also, /;(x) = log (ue) if the distribution of X is ‘close’
to the exponential distribution with mean u. Finally,

Iy (x) ~ log (1) (3.37)

whenever the distribution of X is ‘close’ to the uniform distribution over an interval of
length [.

Csiszdr [64, 63] introduced the notion of integral f-divergence as follows.

Definition 3.5 (Integral f-divergence) Let f : (0,00) — (0,00) be a convex function. Let
p.q : la,b] — (0,°0) be positive probability densities. The f-divergence functional is

D¢(p.q) = /abq(t)f (%) dr.

Based on the previous definition, we introduce a new integral functional.

Definition 3.6 Ler J :=[0,0) C R be an interval, and let f : J — R be a function. Let
P.q: [a,b] — (0,0) such that

M €J, Vx¢€la,b].

q(x)

We define

Dy(p.q) == /abq(t)f (%) dt.

The special case of the above functional, we define

Digy 1(r,q) = /b rH0)f (%) dr.

Motivated by the ideas in [120] (2000) and [122] (2002), we discuss the behaviour of
the results in the form of divergences and entropies. We present the following theorem is
the connection between Csiszar f-divergence and weighted majorization inequality in in-
tegral form as one function is monotonic. It is generalization of the result (3.37) in integral
case given in [120].
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Theorem 3.4 LetJ :=[0,00) C R be an interval and f : J — R be a convex function. Let
also p,q,r: [a,b] — (0,00) such that

/ * )t < / ’p()dr, v e [ab) (3.38)
and
b b
/ F(1)di = / p(t)dr, (3.39)
with
p(t) r()
—,—=€J, Vv b 3.40
a0 gt Vel 40
(i) If % is a decreasing function on [a,b], then
Dy(r.q) < Dys(p.q)- (3.41)

(ii) If % is an increasing function on [a,b), then the inequality is reversed, i.e.

Dy(r,q) > Ds(p,q). (3.42)

If f is strictly convex function and p(t) # r(t) (a.e.), then strict inequality holds in (3.41)
and (3.42).
If f is concave function then the reverse inequalities hold in (3.41) and (3.42). If f is
strictly concave and p(t) # r(t) (a.e.), then the strict reverse inequalities hold in (3.41)
and (3.42).

Proof. (i): We use Theorem 1.20 (i) with substitutions x(z) := ual y(t) = iy

q()° q(t)”
w(t) :=¢q(t) > 0Vt € [a,b] and f := f and also using the fact that ('t is a decreasing
function then we get (3.41).
(i) We can prove with the similar substitutions as in the first part by using Theorem 1.20
(ii) that is the fact that £ E ; is an increasing function. O

Q

,\
\_/\/

Theorem 3.5 Ler J :=[0,00) C R be an interval and f : J — R be a function such that
x — xf(x), x € J is a convex function. Let also p,q,r : [a,b] — (0,°0) such that satisfying
(3.38) and (3.39) with

0 1) ) el (3.43)

q(t) " q(1)

(i) If % is a decreasing function on [a,b], then

Didjf(r7q) S Didjf(p7q)' (344)

S

/—\

(ii) If % is an increasing function on |a,b), then the inequality is reversed, i.e.

Diy, 1(r.q) > Dia, 7(p.q). (3.45)
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If xf(x) is strictly convex function and p(t) # r(t) (a.e.), then (3.44) and (3.45) are

strict.
If xf(x) is concave function then the reverse inequalities hold in (3.44) and (3.45). If xf(x)
is strictly concave and p(t) # r(t) (a.e.) then the strict reverse inequalities hold in (3.44)
and (3.45).
Proof. (i): We use Theorem 1.20 (i) with substitutions x(¢) := (t) , ¥(t) = %,
w(t) =q(t) >0,V € [a,b] and f(x) :=xf(x) and also using the fact that q(l; is decreasing
function then we get (3.44).
(ii) We can prove with the similar substitutions as Part (i) in Theorem 1.20 (ii) for f(x) :=

xf(x) and ”()) is an increasing function. ]

‘We mention several special cases of the previous results.
The first case corresponds to the entropy of a continuous probability density (see [120,
p.506]):

Definition 3.7 (Integral Shannon’s entropy) Let p : [a,b] — (0,0) be a positive proba-
bility density. The Shannon entropy of p(x) is defined by

— ./abp(x) logp(x)dx (b> 1), (3.46)

whenever the integral exists.
Note that there is no problem with the definition in the case of a zero probability, since
limxlogx =0. (3.47)
x—0

Corollary 3.11 Ler p,q,r: [a,b] — (0,°0) be functions such that satisfying (3.38) with

% %EJ (0,00), V7€ |a,b].

(i) If % is a decreasing function and the base of log is greater than 1, then we have

estimates for the Shannon entropy of q(t)

/b ()10 (ﬂ) > H(q(1)) (3.48)
o T gl ) =T ‘
If the base of log is in between 0 and 1, then the reverse inequality holds in (3.48).

(i) If % is an increasing function and the base of log is greater than 1, then we have

estimates for the Shannon entropy of ¢(t)

< /abq(t)log (%) : (3.49)

If the base of log is in between 0 and I then the reverse inequality holds in (3.49).
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Proof. (i): Substitute f(x) := —logx and p(t) := 1, V¢ € [a,b] in Theorem 3.4 (i) then we
get (3.48).

(ii) We can prove by switching the role of p(¢) with r(¢) i.e., r(t) := 1Vt € [a,b] and
f(x) := —logx in Theorem 3.4 (ii) then we get (3.49). O
Corollary 3.12 Let p,r: [a,b] — (0,00) be functions such that satisfying (3.38).

(i) If r(t) is a decreasing function and the base of log is greater than 1, then the follow-
ing comparison inequality between Shannon entropies of p(t) and r(t)

H(r(1)) = H(p(1)). (3.50)
If the base of log is in between 0 and 1, then the reverse inequality holds in (3.50).

(ii) If p(t) is an increasing function and the base of log is greater than 1, then the
following comparison inequality between Shannon entropies of p(t) and r(t)

H(r(1)) < H(p(t)). (3.51)
If the base of log is in between 0 and 1 then the reverse inequality holds in (3.51).

Proof.  (i): Consider the function f(x) := logx. Then the function xf(x) := x logx is a
convex function. Substitute f(x) :=logx and ¢(¢) := 1, V¢ € [a,b] in Theorem 3.5 (i) then
we get (3.50).

(i1) We can prove with the similar substitutions as Part (i) in Theorem 3.5 (ii) then we get
(3.51). 0

The second case corresponds to the relative entropy or Kullback-Leibler divergence
between two probability densities:

Definition 3.8 (Integral Kullback-Leibler divergence) Let p,q : [a,b] — (0,0) be a pos-
itive probability densities. The Kullback-Leibler (K-L) divergence between p(t) and ¢(t)

is defined by
p(t)
L(p 1)1 dt.
= | ot ee (563

Corollary 3.13 Let p,q,r: [a,b] — (0,0) be functions such that satisfying (3.38) with

=
<

(;) Lt) = (0,%), V1€ [a,b)].

/\

rQ

(i) If is a decreasing function and the base of log is greater than 1, then

Diogx(r.q) = Diogx(p,4). (3.52)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.52).
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(ii) If % is an increasing function and the base of log is greater than 1, then
Diogx(r,q) < Diogx(p,4)- (3.53)
If the base of log is in between 0 and I then the reverse inequality holds in (3.53).

Proof. (i): Substitute f(x) := —logx in Theorem 3.4 (i) then we get (3.52).
(ii) We can prove with substitution f(x) := —logx in Theorem 3.4 (ii). ]

Corollary 3.14 Let p,q,r: [a,b] — (0,0) be functions such that satisfying (3.38) with

=
~

(o) r0) _, _
0’ 0 € J:=(0,%), Vt € [a,b].

(i) If % is a decreasing function and the base of log is greater than 1, then the con-
nection between K-L divergence of (r(t),q(t)) and (p(t),q(t))

L(r(t),q(1)) < L(p(1),q(1)). (3.54)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.54).

/—\
Q
~—

(ii) If % is an increasing function and the base of log is greater than I, then the con-
nection between K-L divergence of (r(t),q(t)) and (p(t),q(t))

L(r(t),q(1)) = L(p(1),q(1)). (3.55)
If the base of log is in between 0 and I then the reverse inequality holds in (3.55).
Proof. (i): Substitute f(x) :=logx in Theorem 3.5 (i) then we get (3.54).
(ii) We can prove with substitution f(x) := logx in Theorem 3.5 (ii) we get (3.55). O
In Information Theory and Statistics, various divergences are applied in addition to the

Kullback-Leibler divergence.

Definition 3.9 (Variational distance) Let p,q : [a,b] — (0,°0) be a positive probability
densities. The variation distance between p(t) and q(t) is defined by

D, (p / Ip(t) —q(r)|dr.

Corollary 3.15 Let p,q,r: [a,b] — (0,00) be functions such that satisfying (3.38) with

=
~

(t) r() _
20’ —t J:=(0,0), Vt € [a,b].

(i) If is a decreasing function, then

Dy (r(1),q(1)) < Dy (p(t),q(1)). (3.56)

/—\
Q
~—
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(ii) If % is an increasing function, then the inequality is reversed, i.e.

Dy (r(t),q(1)) = Dy (p(1),q(1)).- (3.57)
Proof.  (i): Since f(x) := |x— 1| be a convex function for x € R, therefore substitute
f(x) :=|x—1| in Theorem 3.4 (i) then
NG N0
0|2y dt</ N 2Y |,
[ a1 < [ a0 55

/‘bq(’)Mdf < /bq(t)Mdz,

l9(7)] l9(1)]
since g(¢) > 0 then we get (3.56).
(ii) We can prove with substitution f(x) := |x — 1| in Theorem 3.4 (ii). a

Definition 3.10 (Hellinger distance) Let p,q : [a,b] — (0,%0) be a positive probability
densities. The Hellinger distance between p(t) and ¢(t) is defined by

. b 2
Du (p(e).a(0):= [ [Vp) = /a)] ar
Corollary 3.16 Ler p,q,r: [a,b] — (0,°0) be functions such that satisfying (3.38) with
)

p(t) rr) €J:=(0,), Vi € [a,b].

q(t)’ q(1)

(i) If % is a decreasing function, then

N

Dy (r(1),q(1)) < Dy (r(1).q(1)). (3.58)
(ii) If % is an increasing function, then the inequality is reversed, i.e.
Dy (r(1),q(t)) > Dy (r(1),4(1)). (3.59)

Proof. (i): Since f(x) := (v/x— 1)2 be a convex function for x € R, therefore substitute
f(x) := (v/x—1)* in Theorem 3.4 (i) then
2

2
b r(t) b pt)
/a q(t)[ q(l)i ‘| dtS/a q(t)[ q(l‘)i ‘| dtv
since g(¢) > 0 then we get (3.58).

(ii) We can prove with substitution f(x) := (y/x— 1)2 in Theorem 3.4 (ii). a

Definition 3.11 (y2-Divergence) Let p,q : [a,b] — (0,0) be a positive probability den-
sities. The x*-divergence between p(t) and q(t) is defined by

2
Dig, 2 (p(t),q(t)) == /abp(t) l(%) —1] dt.
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Corollary 3.17 Let p,q,r: [a,b] — (0,o0) be functions such that satisfying (3.38) with

t) r(t

D 20 € 1= (0.0), i € o]

l
(i) If % is a decreasing function, then

=
~

A

rQ

Digy 2 (r(2),a(1)) < Dig 52 (p(1),4(2)). (3.60)
(ii) If % is an increasing function, then the inequality is reversed, i.e.

Dy, 2 (r(1),q(1)) > Dy, 2 (p(2),q(1)). (3.61)

Proof. (i): Since f(x) :=x ( é - 1) be a convex function for x € R™, therefore substitute

F(x) =x (— - 1) in Theorem 3.4 (i) then

b 2 b 2
/ AUl (@) “a< | o 2 (M) lar,
a7 q) [\r@) a () | \p()
we get (3.60). We can also prove by using Theorem 5 (i) for function f(x) := )% — 1 such
that x f(x) :=x (xlz - 1) be convex function for x € R, we get (3.60).

(ii) We can prove with substitution f(x) :=x (— — 1) in Theorem 3.4 (ii). |

Definition 3.12 (Bhattacharyya distance) Let p,q : [a,b] — (0,0) be a positive proba-
bility densities. The Bhattacharyya distance between p(t) and q(t) is defined by

b
Du(p(t).qt) = [ V/p(D)aar
Corollary 3.18 Let p,q,r: [a,b] — (0,0) be functions such that satisfying (3.38) with

& ﬂ J:=(0,00), V¢t € [a,b].

(i) If % is a decreasing function, then
Dg(p(1),q(1)) < Dp(r(t),q(1)). (3.62)
(ii) If % is an increasing function, then the inequality is reversed, i.e.

Dg(p(t),q(t)) > Dg(r(t),q(t)). (3.63)
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Proof.  (i): Since f(x) := —/x be a convex function for x € R, therefore substitute
f(x) := —y/x in Theorem 3.4 (i) then

b r(t) b p(t)
[ a0 (— —q(t)>dt§ [ a0 <— —q(t)>dt,
we get (3.62).

(ii) We can prove with substitution f(x) := —/x in Theorem 3.4 (ii). O

Definition 3.13 (Harmonic distance) Let p,q : [a,b] — (0,%0) be a positive probability
densities. The Harmonic distance between p(t) and q(t) is deﬁned by

3 _ (" 2p(t)q(r)
Dldea (p([),q(t)) . / ( ) ( ) t
Corollary 3.19 Let p,q,r: [a,b] — (0,00) be functions such that satisfying (3.38) with
p(t) )
w q_I)EJ ( ,00), Vte[a,b].

(i) If % is a decreasing function, then
Digy 11 (p(1),4(t)) < Digna (r(t),q(1)) .- (3.64)

(ii) If % is an increasing function, then the inequality is reversed, i.e.

Dia;na (p(1),4(t)) > Digy na (r(2),q(1)) - (3.65)
Proof. (i): Since f(x) := - +l ,then xf(x) := xi‘l be a concave function for x > 0, therefore

substitute f(x) := Xil in Theorem 3.4 (i) then

b 2
—f ar< / r(t) ——ar,
[0 sz = L0
we get (3.64).
(ii) We can prove with substitution f(x) := % in Theorem 3.4 (ii). ]

Definition 3.14 (Jeffreys distance) Let p,q : [a,b] — (0,0) be a positive probability den-
sities. The Jeffreys distance between p(t) and q(t) is defined by

D1 (p(10al0)i= [ 1) a0 | 2] .

q(1)
Corollary 3.20 Ler p,q,r: [a,b] — (0,00) be functions such that satisfying (3.38) with
t t
PR D €m0, Ve ol

t)

=2 ‘
~
s}
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(i) If % is a decreasing function, then

Dy (r(1),q(t)) < Dy (p(t),q(r)). (3.66)
(ii) If % is an increasing function, then the inequality is reversed, i.e.
Dy (r(1),q(1)) = Dy (p(1),q(1)). (3.67)

Proof. (i): Since f(x) := (x— 1)Inx be a convex function for x € R™, therefore substitute
f(x) := (x—1)Inx in Theorem 3.4 (i) then

o0 (555 o [0 (551 (5

we get (3.66).
(il) We can prove with substitution f(x) := (x — 1) Inx in Theorem 3.4 (ii). a

Definition 3.15 (Triangular discrimination) Let p,q : [a,b] — (0,°°) be a positive prob-
ability densities. The triangular discrimination between p(t) and q(t) is defined by

b _ [P0 =g
DA(p(t)vq(t)) ‘*/‘a p(t)+q(t) dt
Corollary 3.21 Ler p,q,r: [a,b] — (0,00) be functions such that satisfying (3.38) with
p(t) r()

ﬁ —l €J:=(0,%0), V¢ € [a,b].

(i) If % is a decreasing function, then
Da(r(1),q(1)) < Da(p(t),4(1)). (3.68)

(ii) If % is an increasing function, then the inequality is reversed, i.e.

Da(r(t),q(t)) = Da(p(1).q(1)). (3.69)
Proof.  (i): Since f(x) := (,;;11)2 be a convex function for x > 0, therefore substitute
fx):= (xxjr—ll)z in Theorem 3.4 (i) then
2
[[a0 L1y [y QIO
r(0)/q@0)+ 1 ) /q(6) + 1

b () —a() /(1)) b () —q()/a(0)
;0 Ca a@yan = L 1O e ayiaw
we get (3.68).
(ii) We can prove with substitution f(x) :

17 in Theorem 3.4 (ii). 0
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3.3 Further Results on Majorization and
Zipf-Mandelbrot Law

In this section, motivated by an idea in [120] and [122], we discuss the behavior of the
results in the form of divergences, majorization and Zipf-Mandelbrot law. We consider
the Csiszdr f-divergence for Zipf-Mandelbrot law and to develop several important ma-
jorization inequalities via CDF as the condition of majorization. We discuss some special
cases of our generalized results. We also present several applications of our results by
constructing distances in the Zipf-Mandelbrot law i.e., the Rényi o-order entropy for Z-M
law, variational distance for Z-M law, the Hellinger discrimination for Z-M law, triangular
discrimination for Z-M law and y2-distance for Z-M law. At the end, we give important
applications of the Zipf’s law in linguistics and obtain the bounds for the Kullback-Leibler
divergence of the distributions associated to the English and Russian languages.

We introduce the following two definitions of Csiszar divergence [64, 63] for Zipf-
Mandelbrot law.

Definition 3.16 (Csiszdr Divergence for Z-Mlaw) Let J C R be an interval, and let
f:J — R be a function. Let n € {1,2,3,...}, 1; >0, 51 > 0 and also let g, > 0 for
(i=1,...,n) such that

——wy ¢/ =L (3.70)
qi(lthl)SlHn,tl 51

then let

1
Ir(i,n,ty,s1, (—)
f( q qu q l+t1)1Hnt1S1

Definition 3.17 Ler J C R be an interval, and let f :J — R be a function. Let
ne{l,2,3,...}, 1, 1o > 0and sy,sy > 0 such that

(i+ tZ)XZHngsSz

- eJ, i=1,...,n, (3.71)
(l+tl)slHnJl S1

then let

n

(l+t2) n,itp,sn
1 lnl‘l,tz,S],Sz ( .
f( 1:21 l+t2 an 12,52 (l+t1) lanllasl

Remark 3.2 [t is obvious that the second Csiszdr divergence for Zipf-Mandelbrot law is
a special case of the first one.

We present the following theorem is the connection between Csiszdr f-divergence,
Zipf-Mandelbrot law and weighted majorization inequality.



322 3 MAIJORIZATION IN INFORMATION THEORY

Theorem 3.6 LerJ C Risan interval and f : J — R is a continuous convex function. Let
ne{l1,2,3,...}, t1,t2,t3 > 0 and s1,s2,s3 > 0 such that satisfying

Hk,tz,SZ Hk tl N

< L k=1,....n—1, (3.72)
H"Jz,SZ nl ,Sl
with
(i+[3)S3Hﬂ!t3’S3 (i+[3)S3Hn!t3’S3 cJ (l -1 n)
(ithl)SlHnJl-,Sl’ (iJth)San,tz,sz ’ R
1 .
(@) if TS < IS (i=1,...,n), then
c 1 (l+t3) nt3,s
Ir(i I’le,t3,S2,S3 ( 3,93
f< 1:21 (i+13)%H, 1, gsf (i+1)2H,, 12,52
7 4 1 (l+t3) n,it3,s
SI i,n,tl,[3,S],S3 = N < 373 .
f( ) 1:211 (l+t3)S3H"J3,S3f (l+t1) lHnJl 51
(3.73)
b (i+1+413)"3 > (i+13)%3 ;. 1 h
(b) f (i+14+6)"T = (i) (i=1,...,n), then
,21 1 f<<l+t3) nt;,s;)
i=1 (i+t3)S3HnJ3-,S3 (l+t2)‘2Hn,tz-,S2
n 1 1) H !
> 2 f < (ZJF S)S n,t3,s3) 7 (3.74)
i=1 (l+t3) 3H) 13,83 (l+t1) lHn,lhsl

If f is continuous concave function, then the reverse inequalities hold in (3.73) and
(3.74).
UG+t Hgy ) 1/ (i4+02) 2 Hugy ) 1

1/(i+t3)s3Hn>t3>S3 Yi= 1/(i+13)%3 Hn‘t3‘S3 o Wi= (i+13)%3 Hn‘t3‘S3 for

Proof. Let us consider x; :=
(i=1,...,n), then

k k , ‘
ZWiXi 1= 2 ! U/ G+10)" Hu 1

a i=1 (i+t3)S3HnJ3,S3 1/(i+t3)s3HnJ3-,S3
1 & 1

B H"Jhsl le (i'i_tl)s1
By,
H"Jl 1
similarly
H
Zwly,.— ks Jk=1,. —1.

n,ty,52
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This implies that
k k
Hisy s H
2 2 wix; & Thirs) o S , k=1,...,n—1.

i=1 Hn-,tz,sz I, S1

We can easily check that ———— is decreasing over i = 1,...,n and similarly the
(i+11) UHp ) s, ) ’

others too. Now, we investigate the behaviour of y; for (i = 1,2,...,n), take

(i+t3)S3Hn,t3,S3 (i+ 1 +t3)S3H’1J3-,S3
= T e and  yip1 = 7 B )
(l +t2) 2Hn,l2782 (l+ 1 +t2) 2Hn,l2782
Hy s, i+1+1)% i+13)%
Vigl —yi = (. )g —(. )Y <0,
Hn,tz,sz (l+ 1 +t2)‘2 (l+t2)A2
: 1 t 853 ; t 53
(Hlan)n () Gy,
(i+1+4+n)2 = (i+6)%2
which shows that y; is decreasing.
1/ (i4+11)°V Hy g 54 . 1 (i+0)2Hy s s, R 1 for

Therefore, substitute x; := VG Vi = 1) e w; 1= (GOEL
(i=1,...,n)and f := f in Theorem 1.15 (a), then we get (3.73).

(b) We can prove part (b) with the similar substitutions as in Part (a) but switch the role of
y; with x; that is increasing sequence, in Theorem 1.15 (b). O

Theorem 3.7 Let J C R is an interval and f : J — R is a continuous convex function.
Letne {1,2,3,...}, 11,1 > 0 and sy,s, > 0 such that satisfying (3.72) and also let g; > 0,
(i=1,...,n) with

1 1

. ) . S J l: 1, ,nj,
i(l"'tl)slH"Jl,Sl Qi(l"'tz)szHMsz ( )

i+t .
(a) if l+]+2t2 - < q,q+11 (i=1,...,n), then

1
Iy (i,n lz,Sz,q qif (—)
f< lzl ' qi l+t2) 2H, 1,52

. 1
<I¢(i,n,ty,s1, _ . (3.75)
7 (i,n,11,51,q) Zlqz ((]ll“l)lem)

(0) if Gty BN i1 (=1 p), then

H’]‘HI Yl - i
2 1
;qlf (Qt(l+t2) nlz,Sz>

L 1
S\ ] 3.76
Z,'E%qf<%(l+t1) nt|,s|) ( )

If f is continuous concave function, then the reverse inequalities hold in (3.75) and

(3.76).
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1/(i+tl)‘y1Hn,t| 51 R 1/(i+t2)52Hn,t2,s2
) qi 2 Vi = qi
(i=1,...,n) then we can get as in the previous proof

Proof  Let us consider x; 1= , and w; = ¢q; > 0,

k . H H

k k
Y wiyi < Yowixg & 22 < L = n— 1.
i=1 i=1

Hn,tz,sz nyty,sy
Now, we investigate the behaviour of y; for (i = 1,2,...,n), take
1 J 1
Vi= 7T ~oo  ana Yiy1 = ; ¥ )
' ‘Ii(l + tZ)SZHn,tz,sz o qi+1 (l +1+ IZ)SZHn,tz,sz
1 1 1
Vitl —Yi= - <0,

Hupsy |qin1(i+1+0)2  qi(i+n)?

(+n)2  _ g
(i+ 1 +l‘2)s2 T qi

, i=1,...,n),

1 .
qi(H’ll)sl Hn,tl,sl ’ yl :

W, wi=¢q;>0,(i=1,...,n) and also f := f in Theorem 1.15, we get (3.75).
1 )l.[2.52

(b) If we switch the role of y; into x; as increasing sequence in the similar fashion as the
proof of Part (a), then by using Theorem 1.15 (b) we get (3.76). O

which shows that y; is decreasing. Therefore, substitute x; :=

Corollary 3.22 Let J C R is an interval and f : J — R is a continuous convex function.
Letne {1,2,3,...}, 1,1 > 0 and sy,sy > 0 such that satisfying (3.72) with

1 1
(i + tl)s1 H"Jl )51 7 (i + IZ)SZHHJZ,SZ

eJ (i=1,...,n),
then the following inequality holds

~ . 1
If(l,n,t27S271) :Z‘f m)

1
i:lf (m) : (3.77)

If f is continuous concave function, then the reverse inequality hold in (3.77).

; - 1 - 1 :
Proof. Let us consider x; := Yo and y; : L L, e can easily check that

R 1 . . . . A 1
Vi = )2l 1 decreasing over i = 1,...,n. Therefore, substitute x; := (ET

yi = m, gi=1,(i=1,...,n) and also f := f in (3.75), we get (3.77). O
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Theorem 3.8 Ler J C R is an interval and f : J — R be a function such that x — xf(x)
(x € J) is a continuous convex function.
Letne {1,2,3,...}, 11, 1r,t3 > 0 and s1,s2,53 > 0 such that satisfying (3.72) with

(i + t3)S3HnJ3-,S3 (i + t3)s3 Hn,ts-,ss
(i+t1)S'Hn,l|7S| 7 (i+t2)S2Hn,l2782

elJ, (i=1,...,n),

(i+1+413)" (i+t3)"3 (- _
(a) if Gy S N (i=1,...,n), then

N n 1 (l+t3) 13,8
Ligy r (i,n,12,13,582,83) 1= i < o
i Jf( ) 1:211 (l+l2)S2Hn N Szf (l+t2) ZH"JZaSZ

< TLig, £ (i,n,11,13,51,53) i (i+13) Hy s 55
idy f 503591, = l+f1 'Hnt| Sl (i+f1)S|Hn,t|,sl .

(3.78)
(b) if Sl > IS (1= 1,..,n), then
zn: f((l+t3) nlw%)
1:1 ZH" 12,52 (l + t2) 2Hn,t2,sz
n ; t S3H
2 f < (l+ 3) 13,53 ) . (379)
i=1 l+t1 IH" 1551 (l+t1)S1H"Jl,Sl
If xf(x) is continuous concave function, then the reverse inequalities hold in (3.78)
and (3.79).
. V) Hasy o Y 40)2Hns 1
Proof. Let us substitute Xi = W, Vi ‘= W, Wi ‘= W

for (i = 1,...,n) in Theorem 3.6 (a) and follow the proof of Theorem 3.7 for function
f(x) :=xf(x), then we get (3.78).

(b) We can prove part (b) with the similar substitutions as in Part (a) but switch the role of
y; with x; that is an increasing sequence, in Theorem 1.15 (b) for function f(x):=xf(x). O

Theorem 3.9 Let J C R is an interval and f : J — R be a function such that x — xf(x)
(x € J) is a continuous convex function. Let n € {1,2,3,...}, t;,t, > 0 and s1,s2 > 0 such
that satisfying (3.72) and also let q; > 0 with

1 1
qi(i+11)1Hyy, s, " qii+ 1)2Hyp, s,

eJ (i=1,...,n),
(a) if ,JHLEQ w5 < 6/;_+11 (i=1,...,n), then

n 1 f( 1 )
i=1 (i+t2)szH’1Jz,52 Qi(i+t2)S2Hn,t2782

n
. . 1
< idjf(l7n7tl7517q) = 2

iid]f (i7n7t27s27q) =

1
i=1 <i+t1)slHn,l|,S| f (Qi(i‘f'tl)slHn,z],sl > .
(3.80)
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(b) if GriteyT BN S il (=1 p), then

(i+1+11) Yl = q
S v (s
1:1 t2 2I'In 1,82 Qi(i+t2)san,t2,s2
n 1
! ( . ) : (3.81)
1:21 l+t1 lHntl s1 Qi(l+tl)s1HnJlaSl
If xf(x) is continuous concave function, then the reverse inequalities hold in (3.80)
and (3.81).
Proof  Let us consider x; := M, Vi = %, and w; = ¢; > 0,

(i=1,...,n) and also f(x) :=xf(x) in Theorem 1.15 (a) by follow the proof of Theo-
rem 3.6 (a), we get (3.80).

(b) If we switch the role of y; into x; as an increasing sequence with the similar substitutions
as in Part (a), then by using Theorem 1.15 (b) we get (3.81). O

Corollary 3.23 Let J C R is an interval and f : J — R be a function such that x — xf(x)
(x € J) is a continuous convex function. Let n € {1,2,3,...}, t1,t, > 0 and s1,s2 > 0 such
that satisfying (3.72) with

1 1
(i + tl)s1 H"Jl )51 7 (i + IZ)SZHHJZ,SZ

then the following inequality holds

N L 1
I; [, 1,1
“rf (17}17 27S2, 2 +t2 2I"In Ryl Szf <(i+t2)S2Hn,lz,Sz>

1:1

A 2 1
<ULy, r(i,nt . 3.82
= lidy f <l7n7 17S17 lzzl l+t]) 1Hntl glf<(i+t])slHn,tl,Sl) ( )

If xf(x) is continuous concave function, then the reverse inequality hold in (3.82).

Proof.  Since y; 1= is decreasing over i = 1,...,n. Therefore, substitute

1
(i+2)2 Hn‘tz‘sz

Xi = m and Vi = m, and qi = 1, (l = 1, Ce ,n) and also f(x) = xf(x)
in (3.80), we get (3.82).
O

Previous results can be easily applied on the functions —logx and logx to get various
results for the Kullback-Leibler divergence for the Zipf-Mandelbrot law as given in [106].
Next we give applications to some other known divergences divergences for the Zipf-
Mandelbrot law. In the purpose of that, we introduce the following definitions are the
Rényi o-order entropy for the Zipf-Madelbrot law.
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Definition 3.18 (Rényi a-order entropy for Z-Mlaw) Ifn € {1,2,3,...},1; > 0,5, >0
and also g, >0, (i =1,...,n), then the Rényi a-order entropy (0. > 1) for Zipf-Madelbrot
law is defined by

n

R (lntl,sl,q 2 i+t) nl|,51] txq:x L

i=1
Definition 3.19 Ifne {1,2,3,...}, 1,6 >0, 51,50 > 0, then for (ot > 1)

n

/R:/X(i7n7t17t27s17s2) = 2[(l+t1) nytp S|] [(l+t2) nlz,sz]ail-
i=1

Corollary 3.24 Lern € {1,2,3,...}, 11, 12,3 > 0 and s1,s2,53 > 0 such that satisfying

(3.72),
(a) if iﬂig < 812;; (i=1,...,n), then the following inequality holds for (ot > 1)
< a—1
ROC (l n t27t37s27s3 2 l+t2 nlz,sz] ¢ I:(l+t3) nl;,s;]
i=1
n
-1
<ROC (l n tl t37s17s3 2 l+t1 nl|,S|] “ [(l+t3) nt;,s;}a
i=1
(3.83)

(b) if iﬂii? > Eiﬂ:;ii (i=1,...,n), then the following inequality holds for (o« > 1)

n

2 l+t2 H, 12, sz] [(i+t3)S3H’1J3353
i=1

n

. — . —1

2 2 [(lthl)slHnJl-,Sl] “ [(l+t3)s3Hn,t3,S3}a :
=1

]0571

(3.84)
Proof. 1If we choose f(t) :=t%,t € R" (o > 1), then by using (3.73) we get
i ((l+t3) nl%asz)a
l+t3) 3H, 13,83 (l+t2) an,tz,sz

i=1
1 ( (i + t3)s3 Hn,t3,s3 ) “

1 (i+13)° 3Hp 13 55 (i+t1)S1Hn,l|7S|

<

M:

i

we get (3.83).
(b) Similarly as Part (a), we can prove (3.84) by using (3.74) and f(¢) :=t%,t e RT (o > 1).
O

Corollary 3.25 Ifnc{1,2,3,...},11,to > 0and sy,s > 0 such that satisfying (3.72) and
also g; >0, (i=1,...,n),
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i+t i .
(a) if l+l<ilz 5 < 42;1 (i=1,...,n), then

n
ROC (i7n7t27527q) = 2 [(i+[2)52Hn,t2-,52] Olqll “
i=1
< 1—
< Ro (i,n,t1,81,9) == Y [(i+11)" Hugy ) % q; % (3.85)

i=1

\/

i+t i .
(b) if l+1+1,1 5T > q’qtl (i=1,...,n), then

n

o l1—o
2s ) i
[(l+t2) nt sz 2 l+t1 nt| S|] q; - (3.86)

-

Il
_

1

Proof. 1f we choose f(t) :=t%,t € R" (& > 1), then by using (3.75) we get
1 [0

Sul g
i=1 l Qi<i+t2)san,l2,52 i=1 qi l+t1) IHnthl 7

we get (3.85).

(b) Similarly as Part (a), we can prove (3.86) by using (3.76) and f(t) :=t%,t € R" (ot > 1).
O

Corollary 3.26 Ifn € {1,2,3,...}, t1,to > 0 and s1,s, > 0 such that satisfying (3.72),
then the following inequality holds

n

RAa(i,n,tQ,Sz, 2 l+t2 nt2 sz]

i=1

—a

n
SR(X <i7n7t17S17 2 l+t1 nll,Sl]ia- (387)

i=1
Proof. 1f we choose f(t) :=t%*,t € R* (¢ >1),and ¢;:= 1, (i =1,...,n) in (3.85), then
we get (3.87). O

The following definitions are the variational distance for Zipf-Madelbrot law.

Definition 3.20 (Variational Distance for Z-Mlaw) If n € {1,2,3,...}, t; >0, s5; >0
and also g, > 0, (i = 1,...,n), then the variational distance for Zipf-Mandelbrot law is
defined by

N L 1
Viint,sig) =3 — gl
nton)i= 3|l
Definition 3.21 Ifn<c {1,2,3,...}, 11,6 >0, 51,52 > 0, then
1 1 1

V(ll’lll lz,sl,SZ 22
i=1

l+tl) lHntl 51 (l+t2) 2Hnt2 52
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Corollary 3.27 Ler n € {1,2,3,...}, 11, 12,3 > 0 and s1,2,53 > 0 such that satisfying

(3.72),
(i+1+ + .
(a) if i+]+2 < Ei#i; (i=1,...,n), then
V (i,n,12,13,52,53) : 2": ! !
3 My124513,52,93 ) = N - 7.
i=1 (l+t2)sanlzsz (l+t3)S3HnJ3aS3

n

<V (iyn,11,13,51,53) : 2
=1

1
l+t1) lHn 11,81 (i+t3)S3Hn,t3,S3 '

(3.88)
(i+1+13) i+13)%3 /.
(b) if SN > HHIS (1= 1,..,n), then
’21 1 1 n 1 1
i=1 (ithz)SzH"’tZ*SZ (i+t3)S3Hnﬁt3v‘3 i=1 (ithl)slHn,tl-,Sl (i+t3)s3Hn,t3-,s3 -
(3.89)

Proof. 1f we choose f(t) := |t — 1], € R, then by using (3.73) we get

(l+t3) 13,53 1 1 (l+t3) 113,53 _1’

n 1 n
(l+t2) an-,tz,Sz ’ B i=1 (i+t3)S3HnJ3,S3 (l+tl) 1H”-,’1-,Sl

—1 (i +1 )S3 Hn,t3,s3

(l+t3) nt3,s3 (l+t2) n,tp,so
(i+1n) 2Hy .5,

(l+t3) n,3,s3 (l+t1) n,l,81
(l+t1) lHn,lhsl

n
,;1 l+t3) 3Hn 13,53
n 1

- i=1 (l + t3)S3H"J3aS3

)

since (i+13)3 Hy 455, > 0, we get (3.88).
(b) Similarly as Part (a), we can prove (3.89) by using (3.74) and f(¢) := |t — 1|,t e R*. O

Corollary 3.28 Letn < {1,2,3,...}, 11,1, > 0 and s1,s, > 0 such that satisfying (3.72)
and also let q; >0, (i=1,...,n),

(@) if Griys )2 il (=1 p), then

(i+1+41) ‘82 — qi
V(i,n,t2,5,q) i : q
2,52, T —4i
i=1 l+t2) antz 52 l
N 1 1
<V (i,n,ty,s1,q) = 2 (l‘i‘l‘l)—nzyiqi . (3.90)
1551
b) if AL > i (= th
()fz+1+t131 > (i yoeoy1), then
n 1 n
_ L — (3.91)
i=1 (i+12)2Hnyy s, ‘ g l+t1)1Hnt181 %‘
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Proof. 1f we choose f(t) := |t — 1], € R, then by using (3.75) we get

Zq

gi| ———— —
— lQi(l"’tZ)szHMsz ’ i=1

n

i
qi l+t1) 1[']nll 51

1—g; l+t1) lHntl 51
qi l+tl) 1I'Intl 51

<3

i=1

)

i ‘l%l‘i’b) 2I'Intz 52
qi l+t2) 2H), 12,52

i=1

since g; >0 (i =1,...,n), we get (3.90).
(b) Similarly as Part (a), we can prove (3.91) by using (3.76) and f(¢) := |t — 1|,t e RT. O

Corollary 3.29 Ifn € {1,2,3,...}, t1,to > 0 and s1,s, > 0 such that satisfying (3.72),
then the following inequality hold

n

A 1
14 i7n7t23s271 = VT
( ) 1:211 OJFIQ)AZHHJNZ

< 1

<V(int,s;,1) =) | —F7
( ) le (l+t1)S1H"Jl7S|

_1‘

— 1'. (3.92)

Proof. If we choose f(t) :=|t— 1], € Rt and ¢; := 1, (i = 1,...,n) in (3.90), then we
get (3.92). O

The following definitions are the Hellinger discrimination for Zipf-Madelbrot law.

Definition 3.22 (Hellinger Discrimination for Z-Mlaw) If n € {1,2,3,...}, t; >0,
s1 > 0 and also g, > 0 for (i = 1,...,n), then the Hellinger discrimination for
Zipf-Mandelbrot law is defined by

2
. n 1
h(i,n,t1,51,9) :Z<(i+t—\@> -
1

i=1 )51[—]"711 »S1
Definition 3.23 Ifn<c {1,2,3,...}, 11,6 >0, 51,520 > 0, then

h(l n,tp, lz,sl,SZ

2
1 1
\/ l+t1)S1Hn,l|7S| \/(i+t2)S2Hn7lz,52 -

Corollary 3.30 Let n € {1,2,3,...}, t1,t,t3 > 0 and s1,s2,s3 > 0 such that satisfying
(3.72),

(i+1+13) i+13)%3 ;.
(a) if l+l+tz < Ei+zz§“2 (i=1,....n), then

HM:

h(l n l‘z,l";,SQ,Sz

M:

2
1 1
i=1 \/ l+t2)S2HnJ2-,S2 \/(i+t3)s3Hn-,t3J3

2
< h(in,t,t i : !
>~ nLni, 3,S1,S3 - - .
i=1 \/l+tl)slH”Jl-,Sl \/(l+t3)s3Hn,l37S3
(3.93)
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i+1 i 30,
(b) if {2kt > (8 (i=1,...,n), then

2
2": 1 1
i=1 \/(ithQ)SZHng-,Sz \/(i+t3)s3HnJ3=S3

2
- i 1 B 1
3 \/(i+t1)51Hn,,l 21 \/(i+t3)S3Hnst3,S3 .

(3.94)
Proof. 1If we choose f(t) := % (Vi— 1)2, t € R™, then by using (3.73) we get
2
i (l+t3) SH)y, 13,83 .
i=1 l+t3 }H’U% 53 (l+t2 antzsz
2
<y i) sy )
i=1 (i-+13)" Hy s 54 (i+11)" Hyy, 5,
2
i \/(l +t3 an 13,83 \/(i—’—tz)SZHn 12,52
i=1 \/ i+13)° gH’llsm\/ l+t2 2Hp 1y 5,
2
2 l+t'§ 3Hnt3 S3*\/(i+t1)S1Hntl S1
- l+t3) }Hnl;,m\/ l+t1 IHHZ] .81 ,
we get (3.93).
(b) Similarly as Part (a), we can prove (3.94) by using (3.74) and f(¢) := % (\/;, 1)2,
teR". i

Corollary 3.31 Lern € {1,2,3,...}, t;, 1o > 0 and s1,s2 > 0 such that satisfying (3.72)
and alsolet q; >0, (i=1,...,n),

(@) if Go2lss <UL (i=1,...,n), then
a L n 1 2
h(i,n,t,52,q) := lz <mﬁ>
. : 1 ?
<h(i,n,t1,51,9) ZI<W\/E> : (3.95)

i+t il (s
(b) if Hl>1+1ll = qqt-l (i=1,...,n), then

B 2
n 1 1

) sy Z) . G
; ( l+t2) an 12,82 q> le ( (i+tl)S1an’l=sl \/q_> ( )
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Proof. If we choose f() := 1 (v/1— 1)2,t € R™, then by using (3.75) we get

| 2 n 1 2
Qi(l+t2)szH"Jz,52 i=1 2 qi(l'i_tl)S'Hn,thl

4 ,(1_ Qi<i+’2)S2Hn,t2782) zn: ( qt(l"’tl)'anlSl)z

q -
,’:211 l qi(l+t2)san,t2,sz l+t1) 'TH), 11,81

54

i=1

R

)

we get (3.95).
(b) Similarly as Part (a), we can prove (3.96) by using (3.76) and f(¢) := % (\/ff 1)2,
teR". i

Corollary 3.32 Ifn € {1,2,3,...}, t1,to > 0 and s1,s, > 0 such that satisfying (3.72),
then the following inequality holds

2
A 1 1
Wi 1) =3 |
zzll (l +t2)san,l2782

2
A & 1
<hGnt,s1,1) = —— —— 1] . (3.97)
i:Ell (l +t1)S1Hn,l|7S|
Proof. Substitute g; =1, (i =1,...,n) in (3.95), we get (3.97). O

The following definitions are the Triangular discrimination for Zipf-Madelbrot law.

Definition 3.24 (Triangular Descrimination in Z-M Law) If n € {1,2,3,...}, t; >0,
s1 > 0 and also q, > 0 for (i = 1,...,n), then the Triangular discrimination for Zipf-
Mandelbrot law is defined by

n 1
i=1 (i+t1)S'Hn,l| 251

A 1_ t 2
Alint,s1,q) = (1= qii+11)" Hugy ) ]

1 +qt(l+t1) 'Hn,lhsl

Definition 3.25 Ifn € {1,2,3,...}, t;,10 >0, 5152 > O, then the Triangular discrimina-
tion for Zipf-Mandelbrot law is defined by

A(i,n,ty,t2,51,s i :
1512,51,52) , .
i=1 l+tl)SlHnJl,Sl][(l+t2)s2Hng,Sz]

[(l+t2) n,ty,82 (l+t1) nlhsl]z
(l+t2) ZH"Jz,SZ + (l +t1) lHnJl »S1 '
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Corollary 3.33 Lern € {1,2,3,...}, 11, 12,3 > 0 and s1,s2,53 > 0 such that satisfying

(3.72),
(iH143)"S - (i483)8 (o 1 h
(Cl) f (i+145)2 = (i+1)2 (l* ,...,I/l),t en
Z(i7n7t27t3vs2as3)

(l+t3) 3H"J37S3 + (l +t2) 2Hy .5

n 1
=2
1

S (i+1)2Hyy, ) [(i+13)3Hy gy s
< Z(i,n,tl,t3,s1,S3)
1

[(i411)" Hugy 0] [ (1 13)%3 Hi gy 53]

2
[(l+t3) nt3,s3 (l+t2) nlz,sz} ‘|

(i + l‘3)S3HnJ3’s3 + (i +1 )SlHn,tl 51
(3.98)

. . 2
[(i4+-3) Hogy e — 4 10)" H ] ]

1 j 30,
(b) if s > (IS (i=1,...,n), then

2": 1

i=1 l+t2 2H’llzsz] [(i+t3)S3Hn,,3,s3]

2
[(l+t3) n3,83 (l +t2) "12782}
(l+t3) 3H"J3,S3 + (l+t2) ZHHJZ,SZ

2
N 1 [(l+t3) n,i3,53 (l+t1) nthJ
B [(ithl)SlHn,tl-,u] [(i+t3)s3Hn,t3,s3] (l+t3) 3H"J37S3 + (l+t1) lHnJl »S1 '
(3.99)
Proof. 1If we choose f(t) := (z+l) ,t € R", then by using (3.73) we get
. . 2
i [(l+t3)s3HilJ3-,S3/(l+t2)san,t2732* 1}
i=1 (i+1) 3H’1 1353 (iJrt3)s3Hn,t3,S3/(iJFIZ)SZHn,tZ,sZ +1
2
En: [(l+t3) nlz,ﬁ/(l'i_tl) nty, Vlfl}
i=1 l+t3 Hy 1354 (l+t3) "lz,Sz/(l"’tl) VHy 5 + 1’
. ] . . 2
i [(H“ﬁ)BHn 13,83 (i+0)"H n, Yz/(l+t2)s2Hn tz,Sz]
i=1 l+t3 ntmz (l+t3) i3s3 T (l+t2) 2H), 12,52/(l+t2 nl2,52
2
zn: [(l+t3) n,3,83 _(l+t1) "11,51/(l+t1 nll Sl]

i—1 l+t'§) 3Hn 13,53 (l+t3)‘3Hn,t3,S3 + (l‘i’t])‘lHiz,tl,s'l/(l+t1) lHn,tl,sl

we get (3.98).

(b) Similarly as Part (a), we can prove (3.99) by using (3.74) and f(¢) := (t+1> ,teRT. O
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Corollary 3.34 Lern € {1,2,3,...}, t;,1o > 0 and s1,s3 > 0 such that satisfying (3.72)
and also let ¢; >0, (i=1,...,n),

i+t qi ] —
(Cl) f l+lq§lz 55} < qtl (l 1 ), then

n 1

Alin,tr,50,q) := j '
( 9 1:21(l+t2)“2Hn,t2,52

(1—aqii+ Z‘Z)SZI'In,tz,sz)2
L+qi(i+ IZ)SZHn,tz-,sz

R u 1 1= qii+1)" Huy, s, )
<A(i,n,11,51,q) 2 (L= aili+0)" Huns )" | (3109
i—1 l+t1) lHntl 51 1+Qi(l+tl)S1Hn,t1,sl
(b) if Gl > %L (i =1, ), then

i (1 7qi(i+t2)s2Hn,t2,s2)2

i=1 l+t2) an 12,82 1+‘Ii(i+t2)S2HnJ2,Sz
> i ! (17‘]i(i+t1)S1HﬂJ1,S1)2 . (3.101)
- i=1 (ithl )SlHn,tl S1 1+ qi(ithl)slHnJl-,Sl

Proof. If we choose f(t) := (t+1) ,t € RT, then by using (3.75) we get

qi (1/qi(i+11)* Hygy 5 — 1)2
1 .
1 1/Qi(l+t1)S1H"Jl7S| +1

M=

)

2": (1/4i(i + 1) Hugys, = 1)° _
=1 1/ql l+t2)S2Hn 02,52 + 1 - i

En: 1 _ql l+t2) nlz,Sz/ql(l+t2) nlz,sz]z

1 + ql l+ IZ)SZH}'I 12782/q1<l + t2) an 02,52
< 0 g [0 0) o
T AT 14 qili+ 1) Hygy s, /qi(i+10) H g s,

)

we get (3.100).
(b) Similar way as Part (a), we can prove (3.101) by using (3.76) and f(¢) := i
teRY. i

Corollary 3.35 Ifnc {1,2,3,...}, t1,1o > 0 and s1,s2 > 0 such that satisfying (3.72),
then the following inequality holds

1
l+t2) 2Hppy .5

Ai,n,1,5,1) :2

i=1

(1 - (l+t2) "12,52)2
I+ (l +t2) ZHHJZ,SZ

(1-(i+n)"H, nllm)z
1+ (l+t1) 'Hn,lhsl

n
o 1
SA i7n7tl75171 = N
( ) Z:l (l+t1)S1H"Jl7S|

] . (3.102)

Proof. Substitute g; =1, (i =1,...,n) in (3.100), we get (3.102). O
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The following definitions are the y?-distance (chi-square distance) for Zipf-Madelbrot
law.

Definition 3.26 (y>-distance for Z-Mlaw) If n € {1,2,3,...}, t; >0, 51 > 0 and also
q,>O0for (i=1,...,n), then the x%-distance for Zipf-Mandelbrot law is defined by

n

~ 1— t
x2(i,n,t1,51,q) : 2 aili 1) s
i=1 l+t1) lHnlel]

Definition 3.27 Ifne {1,2,3,...}, 11, >0, s1, 550 > 0, then

]2

]2
X% (i,n,t1,12,51,82)

l+t2 nlz,sz_(l+t1) n,y,s1
iz1 [(i+1)% nlsz] [(i+0)"H, nlhsl]z

Corollary 3.36 Let nc {1,2,3,...}, t1,2,t3 > 0 and s1,s2,s3 > 0 such that satisfying
(3.72),

(i+1+413) i+13)%3 /.
(a) if l+1+t2 < Em;;yz (i=1,...,n), then

M:

] 2
~ i+ 1) —(i+1n)"H,
xz (l n l‘2,l‘3’S27S3 [ 3) nt3 53 ( . 2) n,tz,sz:l
i=1 l+t2) 2H, 1, vz] [(l+t3)s3Hn,t3,s3}

[ i+13)3Hygy 55 — ("thl)slHnJl,Sl]

[+ 10)51 Hygy )2 [+ 53)3 Hny 53]
(3.103)

M

2

S Xz <i7n7t17t37s17s3) =

(i+1413)3 i+13)%3 /.
(b) i f H‘1+ti ST > EH»[?;‘” (l = 1,. .. ,n), then

2 . : . : 2
< [ i+13)"H, 13,53 (l+t2)s2Hn-,t2J2] > [(l+t3)S3HnJ3,S3 - (lthl)SlHnJl,Sl]
i=1 l+t2) 2H, 125 Sz] [(i+t3)S3Hn,t3,S3} a [(i+t1)slHn,,1 -,5'1]2 [(i+t3)s3HnJ3-,S3}

M

(3.104)
Proof. If we choose f(1) := (1 —1)%, 1 € [0,0), then by using (3.73) we get
En: (l+t3) n,t3,53 1 2 < 1 1 (l+t3) n,t3,s3 1 2
i=1 l+t'§) 3Hn 13,53 (l+t2) ZHHJZ-,SZ B i=1 (i+t3)S3an’3’s3 (l+t]) lH"’tl’Sl ’
. 2
2 [(l+f3) nt3,53 (i+1)” nt2732}
i=1 l+t3 }H" 13,53 [(l+t2) ZH"Jz,SZ]
. . 2
i [(i+6)"Hygy5y = (i+1)" Hygy ]
i=1 l+t3) 3H’l 13,53 [(i‘i’t])SlHn,tl,sl]z 7

we get (3.103).
(b) Similarly as Part (a), we can prove (3.104) by using (3.74) and f(¢) := (r — 1)2,
t €1]0,00). O
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Corollary 3.37 Lern € {1,2,3,...}, t;, 1o > 0 and s1,s2 > 0 such that satisfying (3.72)
and also let q; >0, (i=1,...,n),
i+t il e
(a) if hilﬁtz 5 < qqtl (i=1,...,n), then
~ n t 2
X2 (in,ty,80,q) ==Y, e
S ailli+0)2H )

1*‘]1 l+tl) Hntl vl]z

/\

n
< x?%(i,n,t1,51,q) := (3.105)
1:2] qi l+tl)1Hnt1 vl]
(b) if Gl > UL (i =1, ), then
51— qi(i+10)2H, 21— qi(i 1) Hugy s, )
2 ‘It 1T nty, vz 2 CIl l 1 1,81 ) (3.106)

i=1 i l+t2) 2I'Intz vz] i=1 4i (l+t1) lHntl sl]

Proof. 1f we choose f() := (1 —1)%, 1 € [0,0), then by using (3.75) we get

1 L 1 :
—1 ,
2]ql<ql l+t2) anlzsz ) 2:] (% l+t1) 'Hnt|,s1 >

zn: (1_QIl+t2) ntz,sz)z gi (1_%(l+t1) nll,S|)2
i ,

i=1 qi l+t2) n,t),52 CIl(l+t1) n,ty,81

IN
,M=

i=1

we get (3.105).
(b) Similar way as Part (a), we can prove (3.106) by using (3.76) and f(r) := (r — 1)2,
t € [0,00). O

Corollary 3.38 Ifn € {1,2,3,...}, t1,to > 0 and s1,s, > 0 such that satisfying (3.72),
then the following inequality holds

N no]_ i+1 SZH‘ § 2
?Cz (l’n7t27s271) = 2 [ ( Y) ’1,t2,V22]
1 [(i+10)%2Hy,.,]

. 1—(i+1 ’
< x2(inity,s1,1) = 2[ SRRIV (3.107)
i=1 [(l+t1) lHnJl,Sl]
Proof. Substitute ¢g; = 1, (i =1,...,n) in (3.105), we get (3.107). a

For finite n and ¢t = 0 the Zipf-Mandelbrot law becomes Zipf’s law. Therefore (3.23)
and (3.24) becomes

1/k |
fk,n,s):= / . where Hyz:= ) —. (3.108)
Hn,s i—1 IR
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Gelbukh and Sidorov in [76] observed the difference between the coefficients s; and s
in Zipf’s law for the English and Russian languages. They processed 39 literature texts
for each language, chosen randomly from different genres, with the requirement that the
size be greater than 10,000 running words each. They calculated coefficients for each of
the mentioned texts and as the result they obtained the average of s; = 0,973863 for the
English language and s, = 0,892869 for the Russian language.

The following definitions are the Kullback-Leibler divergence for Zipf’s law.
Definition 3.28 (Kullback-Leibler divergence for Zipf Law) If n € {1,2,3,...}, s1 >0

and also q, > 0 for (i =1,...,n), then the Kullback-Leibler divergence for Zipf’s law is
defined by

KL 1
(i,n,s1,q) : 2‘]1 0g<q,151Hn51)

Definition 3.29 If n € {1,2,3,...}, s1 > 0 and also q, > 0 for (i = 1,...,n), then the
Kullback-Leibler divergence for Zipf’s law is defined by

n 1
Kle i,n Sl,q 2 lslH"s. log (qiislHn,ﬂ ) .

i=1

Remark 3.3 The majorization conditions (3.72) for t; = t, = 0 becomes

Hk,Sz < Hk,S|

< , for k=2,....n—1, 3.109)
Hn,sz Hn,sl f (

and for k = 1, the above inequality becomes

Hysy < Hns, & 52 <1, (3.110)

which means that the generalized harmonic number of order n of sy is less or equal to the
generalized harmonic number of order n of s».

Corollary 3.39 Ler n € {1,2,3,...} and s1,s2 > 0 such that s, < s| satisfying (3.109)
and also let g; >0, (i=1,...,n),

(a) if —— 1+1 5 < q’qtl (i=1,...,n) and the base of log is greater than 1, then

KLlnsz, Io ( )
q) qu g qllemz

> KL(i,n,s1,q) 2q,10g< (3.111)

qit*' H, 51 >

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.111).
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(b) if ~= l+l > q;tl (i=1,...,n) and the base of log is greater than 1, then

1
1 lo 3.112
Zq, 0g<qmansz> Zq’ g(q,zfl Hns.) ( %

i=1

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.112).

Proof. If we choose the function f(x) :=logx and #; =, = 0 in Theorem 3.8, we get the
required results. O

Corollary 3.40 Ifn e {1,2,3,...} and s1,s, > 0 such that sy < sy satisfying (3.109) and
also the base of log is greater than 1, then

KL(i,n,s5:,1) Zlog(vzH )
n,sp

> KL(i,n,s1,1 Zlog( T ) (3.113)
n,s|

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.113).

Proof. If we choose ¢; :=1, (i=1,...,n) in (3.111), then we get (3.113). |

Corollary 3.41 Let n € {1,2,3,...}, s1 = 0,973863 for the English language and
52 = 0,8928609 for the Russian language such that satisfying (3.109) and also let g; > 0,
(i=1,...,n),

0892869 .
(a) if W < % (i=1,...,n) and the base of log is greater than I, then the

following bound for the Kullback-Leibler divergence of the distributions associated
to the English and Russian languages depending only on the parameter n hold

n 1 n 1
0< E 1o - /10
= 44708 (‘b’ 10892869 H,, o 892869 > 2 ailog <Cli 109738634,

i=1 i=1 n,0,973863 )

H, 0973863 \ «
< log <n0,080994 1,0,973863 g

H;, 0892869
(3.114)
If the base of log is in between 0 and 1, then
02 Soe (s ) 29 (G )
< i1o - - 1o y
_,-:1% s qi 10973863 H, 0 973863 iZqu s qi 1892899 H,, 892869
Hn0892869> -
< log [ 0892869 : (3.115)
g<Hn,0,973863 qu

0,973863

(b) if 5oz l+l o qq (i=1,...,n) and the base of log is greater than 1, then (3.115)
holds If the base of log is in between 0 and 1, then (3.114) holds.
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Proof. (a) Take the difference of Left Hand and the Right Hand sides of (3.111) and then
putting the experimental values of s; and s, we have

L 1 ! 1
0< q»log( p > q-log( . )
,-;1 l qi 19392899 H,, 892860 ,:ZI l qi1%73863H,, 973863

H,1,0973863 Hy.0973863 )\ &
= 2 gilog ( ;0080994 07715905 ) < 1o og 1,0:080994 [71,0,973863 a
i=1 Hy,0,892869 H,0,89860 ) =

In the similar fashion, we can prove the other bounds. O

Corollary 3.42 [fn € {1,2,3,...}, s; = 0,973863 for the English language and s, =
0,892869 for the Russian language such that satisfying (3.109) and the base of log is
greater than I, then we give the following bound associated to the English and Russian
languages:

3 1 S 1 Hy 0973863\ "
0< log(. > 10g<. > <log <n0,080994 1,0, 3)
,Z:l 08928691, 5 892869 ,:Zl 10973863 H, 0 973863 H,, 0892869

(3.116)

If the base of log is in between 0 and 1, then

1 c 1 Hy 089869 \ "
0<Elog(, >Elog<, )§10g<% .
= 199738631, 1 973863 = 08928691, 5 892869 H, 0973863

(3.117)

Corollary 3.43 Let n € {1,2,3,...} and s1,s2 > 0 such that sy < sy satisfying (3.109)
and also letqi >0, (i=1,...,n),

(a) if =5 l+] 5 < q:; (i=1,...,n) and the base of log is greater than 1, then

n
KLy (i,n,s,q) == 2 =
i=1

o (ams)
log | —
Hn,sz qii®? Hn,sz
<KLy (lnsq)‘*i L 1o< L ) (3.118)
b ) i=1 islHn,sl £ QiislHn,sl ' -

83

Ifthe base of log is in between 0 and 1, then the reverse inequality holds in (3.118).

(b) if w7 l+] > q’“ L (i=1,...,n) and the base of log is greater than I, then

En: ! 1 < ! > > En: ! 1 < ! ) (3.119)
N (0] N = N (0] N . .
i—1 %2 Hn,sz g qii*? Hn,sz i—1 51 Hn,sl g qit*! Hn,sl

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.119).

Proof. If we choose the function xf(x) := xlogx and #; =, = 0 in Theorem 3.9, we get
the required results. O
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Corollary 3.44 Ifnc{1,2,3,...} and s|,s2 > O such that sy < sy satisfying (3.109) and
the base of log is greater than 1, then

N . < 1 1
KLiq (i,n,52,1) := 3 wH,,, 8 (ﬂ Hys )
»2

i—1 U sy

N 1 1
<KL (i,n,s1,1) := ; T log (i“‘lHn,sl) . (3.120)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.120).

Proof. If we choose g;:= 1, (i=1,...,n) in (3.118), then we get (3.120). O

Corollary 3.45 Ler n € {1,2,3,...}, s; = 0,973863 for the English language and
s» = 0,892869 for the Russian language such that satisfying (3.109) and also let g; > 0,

(i=1,...,n),

10,892869

(a) if —~5zomeo A < q’q“ (i=1,...,n) and the base of log is greater than 1, then
1
1 1 1
0< log ( )
1,0,973863 ,21 10:973863 19973863 H,, 0973863

1 2 1 | ( 1 )
_ og
H,,,0,892869 /= 10892869 10892869, 1 892869

n 1
e St
H,0,973863 =1 qi Hy,0,973863

1 /2 1
T 0,892869 . log 0,892869 :
n® H, 0892869 = qin® H, 0.892869

(3.121)

If the base of log is in between 0 and 1, then

1 ! 1 1
0< . log | —
H, 0.892869 ,:21 10892869 qi 10892869 H,, 892869

1 i 1 | ( 1 )
- p 0g ;
H,,.0,973863 /= 10973863 qi1%973863H,, 973863

n 1
Hy, 0892869 lzzl qiHy 0,.892869

_ og :
n973863 H, 973863 = qin® 83 H, 973863
(3.122)

0,973863

(b) if ——5o55:3 l+l T qq (i=1,...,n) and the base of log is greater than 1, then (3.122)
holds If the base of log is in between 0 and 1, then (3.121) holds.
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Corollary 3.46 If n € {1,2,3,...}, s = 0,973863 for the English language and
52 = 0,892869 for the Russian language such that satisfying (3.109) and the base of log is
greater than 1, then

S S T
= p 0g | 7
H,,,0,973863 1=} 10973863 09738031, ) 973863

LS s o8 e )
_ : og | -
a, /0,892869 10892869 H, 592869

10,892869 i—|

no 0107131 1
< —log ( > — log ( )
~ Hy, 0973863 H,, 0973863 H,, 0,892869 n0892869H, ) 297869

(3.123)

If the base of log is in between 0 and 1, then

1 < 1

1
0< Y - log ( -
Hiyo 92500 2= 0892569 PRy

10,892869 )

1 1 1 1
- > 5973563 192 | 5973863
Hy 0973863 21 1 i H;, 0973863

1 no 0026137 1
< —log ( ) — log ( ) .
H),.0,.892869 H),.0,.892869 Hy,.0,973863 nO973803H, ) 973863
(3.124)

3.4 Majorization via Hybrid Zipf-Mandelbrot Law in
Information Theory

Latif et al. (2018) [107] considered the following two definitions of Csiszar divergence
[64, 63] for Zipf-Mandelbrot law.

Definition 3.30 (Csiszdr Divergence for Z-Mlaw) Let J C R be an interval, and let

f:J — R be afunction.
Letne{1,2,3,...},t; >0, 51 >0andalso let g, > 0 for (i =1,...,n) such that

————¢cJ, i=1,...,n,
qi(l+t1)S|Hn,l| .81

then we denote

n
i i,n,t1,81,q) ;== : (_)
f( q) l; %f qi(l+t1)s1Hn,t1,Sl
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Definition 3.31 Ler J C R be an interval, and let f :J — R be a function. Let
ne{l,2,3,...}, 1, 1o > 0and sy,s2 > 0 such that

(i+t2)S2Hn712752 cJ i=1 n
(i+t1)51Hn,Il,s| ) IERER AT

then we denote

3 1 <(i+t2)S2HH7lz782)

fintltzs]sz = - .
f(7 Y ) le(l"'tZ)szH"Jz,Sz (l+t1)S1H"Jl7S|

Remark 3.4 [t is obvious that the second Csiszdr divergence for Zipf-Mandelbrot law is
a special case of the first one.

Jaksetic et al. [85] gave the following theorem which includes the hybrid Zipf-Mandelbrot
law.

Theorem 3.10 IfI ={1,...,N} or I = N, then probability distribution that maximizes
Shannon entropy under constraints

Xpi=1Ypin(i+n) =y Yipi=p (3.125)
icl iel icl
is textbfthe hybrid Zipf-Mandelbrot law:

Wl

i = L€,
P v per (s
where
Wi
Dy (s,1,w) = -
! ZGZI (i+1)
They denoted
Wi
N,it,s) = —————,i=1,...,N 3.126
fh(w7 7l) 7S) (i+t)5¢;<(s7t’w)7 l ) ) ( )
and

i

.fh(w7i7t7s): ( 2

-_ 3.127
T O () (3.127)

hybrid Zipf-Mandelbrot law on finite and infinite state space, respectively.
They also observed, further, that for hybrid Zipf-Mandelbrot law (3.126) Shannon entropy
can be bounded from above:

S=- i fu(ist,s)In f (i,2,5) < — ifh (i,1,s) Ing;, (3.128)
k=1 i=1

where {#; : i € N} is any sequence of positive numbers such that ¥, #; = 1.
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Motivated the idea in [85] (2018), we discuss the behaviour of the results in the form
of divergences, majorization and hybrid Zipf-Mandelbrot law.

We can consider the following two definitions of Csiszdr divergence [64, 63] for hybrid
Zipf-Mandelbrot law:

Definition 3.32 (Csiszdr Divergence for Hybrid Z-M law) Let J C R be an interval, and
let fy, : J — R be a function. Letn € N, t; >0, sy >0, w >0 and also let g, > 0 for (i € N)
such that

Wl

qi(i+1)519*(s1,t1,w)

e, (3.129)

then we define
Wi
]Ifh (i,n,t1,51,w,q) Z%fh< () o w))

Definition 3.33 Ler J C R be an interval, and let f;, : J — R be a function. Let n € N,

t1,tr >0, 51,5 >0andw > 0 such that
(i+1)20"(s2,12,w)
(i+11)19* (51,11, W)

€J, ieN, (3.130)

then we define

i

Iy, (i,n,t1,t2,51,82,w)

<(i+t2)s2¢*(sz,tsz))
(s2,00,w)" \ (i+11)"10*(s1,11,w) )

Remark 3.5 7 is obvious that the second Csiszdr divergence for Hybrid Zipf-Mandelbrot
law is a special case of the first one.

n
; (i+1)2¢*

We present the following theorem is the connection between Csiszar f-divergence,
hybrid Zipf-Mandelbrot law and weighted majorization inequality:

Theorem 3.11 Ler J C R is an interval and fj, : J — R is a continuous convex function.
Letn€{1,2,3,...}, t1,t,t3 >0, 51,852,583 > 0 and w > 0 such that satisfying
O (12,52, w) _ O (11,51, W)
(P,;k(IQ,Sz,W) N (Pt;k(t] »S1 7W) 7

k=1,...,n—1, (3.131)

with

(i+13)830;(13,53,w) (i+13)%3¢;(13,53,w) c
(i+0)1x(t1,51,w) " (i+12)%2; (t2,52,w)

() if ¢ (1) 3 < U3 (G | ), then

(i+1410)%2 (i+1)%2
L wi 3 ((i+t3)s3¢,f(t3,S3,w))
S i+13)5; (t,53,w)" " \ (i +12)20; (f2,52,w)

Hfh (i,n,fz,f3,S2,S3,W) =

= S w! (i+13)3 9, (13,53, W)
S]I i,n,f1,f3,s1,S3, ( . - 1 .
fh( 1:21 l+t3 Y3(1);1(t"37537 )fh (l+tl)sl¢;(tl7slvw)

(3.132)
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1 j 530,
(b) if zilj:? > Eij:?;‘l (i=1,...,n), then

i L ((i+t3)s3¢;(fsas3,W))
= l+l‘3 (l‘z,S3, ) h (i+t2)s2 (p;{ (tz,Sz,W)
i wi ((i+z3)s3¢;(;3,s3,w))_ (3.133)

(i+13)%3¢7(13,53,w) " (i+0)51¢7(t1,51,w)

i=1
If fi is continuous concave function, then the reverse inequalities hold in (3.132)
and (3.133).

1) U (s w) W (40)2 ¢ (1 5w) wi
Proof Let us consider x;:="-L0 1 = L) T —
) DWW (i43) 3 97 (13,83,w) T T W/ (i483) 3 957 (13,83,w) T (i43)"3 05 (3,53.w)

for (i=1,...,n), then

i i W w'/(i+11)"1 ¢y (11,51, W)
riX; . -
2 A4 3)3 (13,53, w) W/ (i +13)3 9 (13,53, W)

1 w!
(p,f(l‘l,S],W) i—1 (i""tl)s1
S(t
_ Oltsw)
O (t1,51,w)

I
M=

oo, —1,

similarly

n—1.

Zr _ O (12,52, w) —1
Wi (pll(tZ?SZ? )

PR

This implies that

k k * *
D Y & (p]i(tz,SLW) < ¢i(tl’S]7 )v k=1,....,n—1.
i=1 i=1 (pn (t2732’w) (pz(tl S1,w )
. i (i s (i 51 . .
We can easily check that (i+11 )SI(;::(ZI S g:f/(gllitlliv) - :':I {v(il/Jr(ti:L)n)“l is decreasing over
i=1,...,n and similarly the other too. Now, we investigate the behaviour of y; for
(i= 1 ,n), take
_ (45)5¢, (s, s3,w) (i L4 13)06, (13,53, W)
(i+12)20; (12,52, ) Y T i 14 0)2 0, (1, 52,w)

O (t3,53,w) [(i+148)3  (i+6)9
Vitl —Yi= —, ' : <0
0 (ta,50.w) [ (i+1+0)2  (i+n)%

)

- (i4+1+13)% - (i+13)%
(i+1+6)%2 = (i+)2’

which shows that y; is decreasing.
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W) 10" tsiw) L W (i41)29 (5o w) L w!
Therefore, substitute x;:= W 12) 50 rm)” VT W (3507 (s msw)” | )50 G )

for (i=1,...,n) and f := f}, in Theorem 1.15 (a), then we get (3.132).
(b) We can prove part (b) with the similar substitutions as in Part (a) but switch the role of
y; with x; that is increasing sequence, in Theorem 1.15 (b). O

Theorem 3.12 Let J C R is an interval and fy, : J — R is a continuous convex function.
Letne {1,2,3,...}, t1,1 >0, 51,50 > 0 and w > 0 such that satisfying (3.131) and also
letq; >0, (i=1,...,n) with

1 1
qi(i+11)510; (t1,51,w) " qi(i+12)2 0,5 (12,52, W)

i+t i .
(a) if l+]+2,2 5 < 42;1 (i=1,...,n), then

1
Iy (i,n,12,52,w,q) Zquh ( )

qi l+t2)sz¢n (Q’SZ’ )

. 1
< I[ i,n,t 7S 9 7 '
< Iy, (i,n,t1,51 lzlq’f" (q, z+t1)‘1¢*(t1,51,W))

eJ (i=1,...,n),

(3.134)

(b) if A > Gl (G 1), then

(i+1+411) Yl qi
1
(o )
qu " qi l+t2)sz¢n (t27s27 )

1
> ZCIth ( ) . (3.135)

qi(i+11)1 ¢ (11,51, w)

If fi is continuous concave function, then the reverse inequalities hold in (3.134)
and (3.135).

Proof Let us consider x; := wl/(i+tl)5i1(lp*(tl SLLW) L yii= wl/(i+t2)Si[(.p*(12,sz,w)

(i=1,...,n) then we can get as in the previous proof

(Z)]:(tZ»sZaW) < (Z)]:(tl?slaw) k=1

k k
rivi < rixi & < =1,...
,':2] o ,:2] o (Z),T(lz,SQ,W) (Z),T(l],Sl,W)’ Y

,andwi:qi>0,

n—1.

Now, we investigate the behaviour of y; for (i = 1,2,...,n), take

1 1

Vi = - - and yii1 = - , ,
" gi(i+n)29 (1,52, w) T G i+ T+ 1)20; (12,52, )

1 1 1
ox (tz,SQ,W) qi+1 (i+ 1 thz)sz qi(l'thz)SZ

<0,

Yit1 = Vi =

; 52 .
(i+1) <q;+1, (i=1,.

(i+1+n)2 = g )
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Wi L.
) qi(i‘HI )SI Hn,tl 1 ’ yl :
m, ri=¢q;>0,(i=1,...,n) and also f := f}, in Theorem 1.15, we get (3.134).
(b) If we switch the role of y; into x; as increasing sequence in the similar fashion as the
proof of Part (a), then by using Theorem 1.15 (b) we get (3.135). O

which shows that y; is decreasing. Therefore, substitute x; :=

Corollary 3.47 LetJ C R is an interval and f, : J — R is a continuous convex function.
Letne {1,2,3,...}, 11,1 >0, 51,50 > 0 and w > 0 such that satisfying (3.131) with

w w

. ,— el (i=1,....n),
oy (rn om0 )

then the following inequality holds

Hf (l nl‘z,SQ,WI th< id >

(i+0)2¢;:(t2,52,w)

A Wl
o1, t " . .1
<y (i,n,t1,s1,w, th< (i+t1)51y (t,51,w )) R

If fu is continuous concave function, then the reverse inequality hold in (3.136).
Wi Wi
(1411195 (11,51,w) (i4+12)"2 95 (12,52,w)”

is decreasing over i = 1,...,n. Therefore, substitute x; :=
w w

W’ Vi = W’ qi = 1, (l = 1,...,”) and also f = fh in (3134),
we get (3.136). O

Proof.  Let us consider x; := and y; 1= we can easily

check that Vi = WVW

Theorem 3.13 Let J C Ris an interval and fj, - J — R be a function such that x — xfj,(x)
(x € J) is a continuous convex function.

Letn € {1,2,3,...}, t1,t2,3 > 0, 51,852,583 > 0 and w > 0 such that satisfying (3.131)
with

(i+83)%3¢, (13,53, w) (i+13)3¢;(t3,53,w)
(i+0)519) (11,51,w) " (i+5)%2;(t2,52,w)

eJ, (i=1,...,n),

(i+1413)°3 - (i413)3 (-
(a) if Gy S < Y (i=1,...,n), then

Tig, 7 (i,,12,13, 52,53, W)
i 1 F <<z‘+r3)~‘3¢:<rz,s3,w))
A (i+0)20; (r2,52,w) " \ (i+12)26; (12,52,)
S]Il'djf(l,n,f1,f3,s1,S3,W)

S e ()

. : h .
i=1 (l+t1)sl¢;(tlvsl7w) (l+t1)sl¢;(tl7slvw)

(3.137)
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(b) f (i+1463)3  (i403)73 (i=1,...,n), then

(i+1+41)°1 = (i+n)°1
1 1 (i+t3)“'3(]),f(t3,53,w)
27 I\
A (i +0)20; (t,s2,w)" \ (i+1)20; (t2,52,w)
n 1 (i+l3)s3¢;(l3,S3,W))
> . 3.138
_121(i+f1)“¢r7(f17S17W)f((i+t1)‘”¢$(f1751,W) ( )

If xf,(x) is continuous concave function, then the reverse inequalities hold in (3.137)

and (3.138).
: e W) O (tsiw) . W (i40) 20 (s w) L
Proof. | Let us substitute x; := YN e e R iy ey e e F B
m for (i=1,...,n) in Theorem 3.11 (a) and follow the proof of Theorem

3.12 for function f(x) := xf;(x), then we get (3.137).
(b) We can prove part (b) with the similar substitutions as in Part (a) but switch the role of
y; with x; that is an increasing sequence, in Theorem 1.15 (b) for function f(x):=xfj,(x). O

Theorem 3.14 LetJ C Ris an interval and fj, : J — R be a function such that x — xfj,(x)
(x €J) is a continuous convex function. Letn € {1,2,3,...}, 11,13 >0, 51,50 >0andw >0
such that satisfying (3.131) and also let q; > 0 with

w w'

. , —— €
qi(i+10)50 7 (t1,51,w) " qi(i+12)2 05 (12,52,w)

i+t q, .
(a) f H,ljth K7 S ;Lll (l* 1,...,}’[), then

n Wi w
I[ t 9 9 b .
o (o 12,52,-9) ZT (i+t) ‘2¢*(t2,S2,W)fh (f]i(lﬂz)”ﬁ(tz,ssz))
R n Wi Wi
<L, 5, (i,n,11,51,w,q) fh( . . )
s 1:21 (i +0)519; (t,s1,w)" " \qi(i+1) 19 (11,51, w)

(3.139)

i+1 el (3
(b) if Hil+lt. > qqtl (i=1,...,n), then

i

n wi
h .
1:21 l+t2 V2¢n([27527 )f (qi(l+t2)sz¢;(t27527w))

n i i

w w
> . 3.140
_1:21(i+f1)‘”¢;7(f17S17W)fh (%(Hfl)‘”@f(fl,Suw)) ( )

Ifxfy(x) is continuous concave function, then the reverse inequalities hold in (3.139)
and (3.140).
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Proof. Let us consider x; := w, V= w ,and r; = g; > 0,

(i=1,...,n) and also f(x) := xfj(x) in Theorem 1.15 (a) by follow the proof of Theorem
3.13(a), we get (3.139).

(b) If we switch the role of y; into x; as an increasing sequence with the similar substitutions
as in Part (a), then by using Theorem 1.15 (b) we get (3.140). O

Corollary 3.48 LerJ C Ris aninterval and f;, : J — R be a function such that x — xf; (x)
(x €J) is a continuous convex function. Letn € {1,2,3,...}, 11,15 >0, 51,50 >0andw >0
such that satisfying (3.131) with
W W
(i+n)1¢;(t1,s1,w) " (i+12)29; (12,52, w)

then the following inequality holds

elJ (i=1,...,n),

n i

w wi
]Ldlfh (i,n,t3,52,w,1) 2

1
S (i+n) ‘“P*(tz,sz,w)fh ((ithz)“'Z(P,T(tz,Sz,W))

wh

Wl
S (i) (t,s1, )fh((i+t1)‘”¢i{(tl,shw))'
(3.141)

M=

<Iig, 5, (i,n,t1,51,w,1) 1=

If xf1,(x) is continuous concave function, then the reverse inequality hold in (3.141).

Proof. Since y; := ) is decreasing over i = 1,...,n. Therefore, substitute

Wl
(i+82)2 ;5 (t2,52.w
X = 7(#[1).“&(”7“”) and y; := 7{#12)“2%}(!2@2%)’ andg;=1,(i=1,...,n) and also f(x) :=

xfn(x) in (3.139), we get (3.141). O

3.5 Majoriztion,“useful” Csiszar Divergence and
“useful” Zipf-Mandelbrot Law

In this section, we consider the definition of “useful” Csiszar divergence and “useful”
Zipf-Mandelbrot law associated with the real utility distribution to give the results for ma-
jorization inequalities by using monotonic sequences. We obtain the equivalent statements
between continuous convex functions and Green functions via majorization inequalities,
“useful” Csiszdr functional and “useful” Zipf-Mandelbrot law. By considering “useful”
Csiszar divergence in integral case, we give the results for integral majorization inequality.
At the end, some applications are given.

Zipf’s law ([155], [175], [176]) and power laws in general ([41], [61], [132]) have and con-
tinue to attract considerable attention in a wide variety of disciplines from astronomy to de-
mographics to software structure to economics to zoology, and even to warfare [152]. Typ-
ically one is dealing with integer-valued observables (numbers of objects, people, cities,
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words, animals, corpses), with n € {1,2,3,...}. As given in [169], sometimes the range
of values is allowed to be infinite (at least in principle), sometimes a hard upper bound
N is fixed (e.g., total population if one is interested in subdividing a fixed population into
sub-classes). Particularly interesting probability distributions are probability laws of the
form:

o Zipf’slaw: p, o 1/n;
e power laws: p, oc 1/n%;
e hybrid geometric/power laws: p, o w" /n*.

Distance or divergence measures are of key importance in different fields like theo-
retical and applied statistical inference and data processing problems, such as estimation,
detection, classification, compression, recognition, indexation, diagnosis and model se-
lection etc. Traditionally, the information conveyed by observing X is measured by the
entropy (see [121, p.111])

n
H(p):= Y pilog,1/pi,
i1

associated with the distribution p, p; > 0 (1 <i <n), where X}, p; = 1. A generalization
of this is to attach a utility g; > O to the outcome x; (1 <i < n) and speak of the useful”
information measure

n
H(p:q) := Y qipilog, 1/p;,
i=1
associated with the utility distribution q = (q1,...,qn)-
Bhaker and Hooda [44] (see also [121, p.112]) introduced the measures

~ Yi_1akprlogy 1/ pi

E(p:;q) := (3.142)
(p:q) i1 qkPk
and
Yi—19kPF
Ey(p:q) := 1 . 0 1, 3.143
a(piq) = 7 log, ST <a# (3.143)

which have a number of useful properties. It is readily verified that these alternations leave
intact the property that (3.143) reduces to (3.142) when o« — 1. Also, if u = 1 so that there
are effectively no utilities, (3.142) and (3.143) reduce to Renyi’s entropies of order 1 and
a, respectively.

Csiszar introduced functional in [64] and then discussed in [63], we consider “useful”
Csiszar divergence (see [83, p.3], [121, 106, 105]):
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Definition 3.34 (“Useful” Csiszdr divergence) Assume J C R be an interval, and let
f:J — R be a function with distribution p := (p1,...,pn), associated with the utility
distribution w:= (uy,...,u,), where pi,u; € R for 1 <i<n, andq:=(q1,...,qn) € ]0,o0["
be such that

Picy i=1,..n (3.144)
qi

then we denote the “useful” Csiszdr divergence

r(p,q.u Zulql (q,). (3.145)

Remark 3.6 One can easily seen that if we substitute w = 1, then (3.145) becomes

I (0,q.1) == Iy (p,q) = qu ( >

One can see the various results in information theory in [176, 118, 119].
We consider the following definition of “useful” Zipf-Mandelbrot law (see [121, 64,
63, 106, 105]):

Definition 3.35 (“Useful” Zipf-Mandelbrot law) Assume J C R be an interval, and

f:J — R be a function with n € {1,2,3,...}, t; > 0. Let also distribution q, > 0 and
associated with the utility distribution u; € R for (i =1,...,n) such that

——€J, i=1,...,n, (3.1406)
‘]i(l+tl)”HnJl,Sl

then we denote “useful” Zipf-Mandelbrot law as

1
I ianatlaslqu M‘I (—) .
f( 2 iqi q l+t])1Hnt1Y1

Remark 3.7 One can easily seen that foru =1, then

1
I (i,n,t1,81,9,1) =17 (i,n,t1,s1, (—)
f( q ) f( q qu l"l‘tl) II_Inthsl

1

———, then
(i+13)"3 Hn‘t3‘x3 ’

- 1 <(i+t3)s3HnJ3-,S3)

Ir(i,n,t1,13,51,53) i
f( 13551, le (i+13)8 3Hy ity 54 (l+l1)51Hn7zl,S|

If we substitute q; =

This section is oragnised in this manner, firstly we give the results as the connection
between useful Csisdr divergence, useful Zipf-Mandelbrot law and majorization inequality
for one monotonic sequence or both of them. We obtain some corollaries for our obtained
results. After that, we present the equivalent statements between continuous convex func-
tions and defined Green functions. We give the results for integral majorization inequality
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for considering the integral form of useful Csisar divergence. At the end, we give some
applications for obtained results.
Assume p and q be n-tuples such that g; >0 (i = 1,...,n), then define

P._ (ﬂ P2 &)
q a1’ ¢ qn

We start the following theorem is the connection between “useful” Csiszar divergence and
weighted majorization as one sequence is monotonic:

Theorem 3.15 Assume J C R be an interval, f : J — R be a continuous convex function,

pi, 1i (i=1,...,n) be real numbers and q;,u; (i = 1,...,n) be positive real numbers such
that
k k
Nouiri < Y uipi fork=1,....n—1, (3.147)
i=1 i=1
and
n n
N uiry =Y uipi, (3.148)
i=1 i=1

with %,%e] (i=1,...,n).

(a) Ifﬁ is decreasing, then

If (I‘,q,ll) < If (pquu) . (3149)
(b) If g is increasing, then
Ir(r,q,u) > 17 (p,q,u). (3.150)
If f is a continuous concave function, then the reverse inequalities hold in (3.149)
and (3.150).
Proof. (a): We use Theorem 1.15 (a) with substitutions x; := %, yii= %, Wi = u;q; as
qi >0, (i=1,...,n) then we get (3.149).
We can prove part (b) with the similar substitutions in Theorem 1.15 (b). O

We present the following theorem as the connection between “useful” Csiszdr diver-
gence and weighted majorization theorem as both sequences are decreasing:

Theorem 3.16 Assume J C R be an interval, f : J — R be a continuous convex function,
pi, i, ui (i=1,...,n) be real numbers and q; (i = 1,...,n) be positive real numbers such
that g and ﬁ be decreasing satisfying (3.147) and (3.148) with Zif, :7’ eJ (i=1,...,n),
then

I (r,q,u) <Ir(p.q,u). (3.151)
Proof.  We use Theorem 1.15 with substitutions x; := %, yi = :7’1 and w; = u;q; as q; >
0(i=1,...,n) then we get (3.151). O

The following two theorem gives the connection between “useful” Zipf-Mandelbrot
law and weighted majorization inequality:
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Theorem 3.17 Assume J C R be an interval, f : J — R be a continuous convex function
withu; >0,n € {1,2,3,...}, 11,1o > 0 and s1,s, > 0 such that satisfying

k k
H .
< Hntys . Ui , k=1,...,n—1, (3.152)
i=1 "HZ Hn,tm S (i)
and
'21 ui My i Ui (3.153)
((i+n)2  Huys A (+0) .

and also let g; > 0, (i=1,...,n) with

1 1
‘]i(i +1 )sl Hn-,tl S1 ’ qi (i + t2)s2 Hn,tz-,sz

eJ (i=1,...,n).

i+t qi .
(a) If l+1+2[2 5 < lq+,-1 (i=1,...,n), then

1
Iy i7n7t27S27q7 uiqi <—>
f( 2 o qi l+t2) 2H, 12,52

<Ip(iyn,ty,s 2” (;) o
s Iy (Ln,ty, s, q,a qu qi l+f1)1Hnt|,S| . .

(b) If ljﬁll >4 (j=1,...,n), then

1 1
u e u _ . 3.155)
2 iqif (q; l+l‘2) antz v2> ; iqif (q; l+l‘l)§1Hnt1 v1> (

If f is continuous concave function, then the reverse inequalities hold in (3.154) and

(3.155).

1

H I 1 —
PVOOf: (a) Let us consider that pi= m and ri .= m, then

k & | . "
wip = ; — k=1,....n—1
izzl iP ; l+tl II'I,”1 51 Hyy, o5 1:2] (l+l‘1)“1 ) IRERE} s
similarly
k 1 k i
1
u;r; .= - — n—1
i=1 Y H, 12,52 231 (i41)%’ B ’
then we get
k k %
Hnt2 s u;
Wri S 2 uipi < — - — k=1,...,n—1.
izzl i > ;1 iPi 2 l+t2 - Hn,tl,sl = (l+tl)“l7 ) 3
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: 1
One can see easily that T

Now, we find the behaviour of g forg; >0 (i=1,2,...,n), take

is decreasing over i = 1,...,n and similarly r; too.

ri 1 Fit1 1

— = and — = - ,

gi  qi(i+12)2Hyy, s, giv1  Giv1(i+1+0)2Hyp
Fit1 ri 1 1 1

-——= - - — <0
givi  qi  Hups [qiri(i+14+0)2  qi(i+n)%2

)

(i+1)" < 91
(i+14+0n)2 = g

)

which shows that £ is decreasing. So, all the assumptions of Theorem 3.15 (a) are true,
then by using (3.149) we get (3.154).

(b) If we switch the role of r; to p; in the first part (a), then by using (3.150) in Theorem
3.15 (b) we get (3.155). O

Theorem 3.18 Assume J C R be an interval, f : J — R be a continuous convex function
withu; € R,n € {1,2,3,...}, t1, 1o > 0 and s1,s2 > 0, such that satisfying (3.152), (3.153)
and

(i+1)"t Givt (;_

(i+141)°t = g; (l - 17"'7”)7
(i+1)%2 Givt (;_

(i+]+t2)S2 S qi (li 17"'7”)7

hold and also let g; > 0, (i=1,...,n) with

1 1
qi(i +1 )sII'InJ1 51 ’ qi(i + tz)san,tz,sz

then the following inequality holds

qi(i+12)*Hup 5, )

L 1
<lI¢(i,n,ty,s1,q,0) = Y uiqif | ————— | - (3.156)
f( 1,51,9 ) Z:l lqlf(qi(l“rfl)slHn,thﬂ)

n
Iy (i,n,tp,52,q,u) = Zuiqif(
=

Proof. Let us consider that p; := 0 , SO as given in the

1 T
l"HI)Sl Hn,tl 51 and fii= (

1
l"HZ)sz Hn,t2 8

proof of Theorem 3.17, we get y =r/q is decreasing < % < qi{%‘, for(i=1,...,n),

similarly we can prove that x = p/q is also decreasing < % < q;%l for(i=1,...,n).
So, all the assumptions of Theorem 3.16 are true, then by using (3.151) we get (3.156). O
The following two corollaries obtain form Theorem 3.17 and Theorem 3.18 respec-

tively but we use three the Zipf-Mandelbrot laws for different parameters:
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Corollary 3.49 Assume J C R be an interval, f : J — R be a continuous convex function
with u; >0, n € {1,2,3,...}, 11,10 > 0 and s1,s5 > 0 such that satisfying (3.152) and
(3.153) and

(i+ t3)S3HnJ3,S3 (i+ t3)S3HnJ3,S3
(i‘f’tl)slHn,ll 251 7 (i+t2)S2H"Jz,52

eJ (i=1,....n).

1 [ 2.
(@) If (Fis < (223 (i=1,...,n), then

If (l n,ty,s2,13,53,1 2": <(i+t3)~v3Hn t3,s3>
9 10y 829925834993, = l+t3 Hnl;,s; (l+l2) n.t5.53

<Iy(i,n,t1,81,03,8 3 7 ((i+t3)‘ Hn,t3,s3>
= Iy (L, n,1,81,03,53,0 - )
! i=1 l+t3 Hy 1354 (l +t1)S'Hn,t|7S|
(3.157)

(b) If (Fe > (H2 (i =1,...,n), then

zn: f ((i+t3)S3Hn,t3,s3 >
i=1 (i+6) Hn 13,53 (i+0)2Hyy, s,

1l (i+t3)s3Hn 13 S3)
, f253 ) (3.158)
2 l+t3 }Hnlx Szf<<l+t1)slHnJl7S|

i=1

If f is continuous concave function, then the reverse inequalities hold in (3.157) and

(3.158).

e 1 e 1 L e— 1 C .
Proof. (@) Let pi:= g — 41 = g, a4 1= mrhmg,,, - here pidi

and r; are decreasing overi = 1,...,n. Now, we investigate the behaviour of a, take

ﬁ _ <l+t2) n,ty,so and Tiy1 _ ( +1+t2) n,t,sn
gi  (i+13)%3Hy s giv1  ((+1486)3H

Tit1 ri (i+ 1 JFIZ)SZHng,Sz (iJFtZ)SZHng,Sz

givi qi (i+140)%Hyg  ((46)3Huy

ri+1 ri _ Hn,tz,sz <l+ 1 +t2)52 _ (i"i'tz)s2

qiv1 G Hugsy [([+1+85)%  (i+13)%

the right hand side is non-positive by using the assumption, which shows that g is decreas-
ing, therefore using Theorem 3.17 (a) we get (3.157).

(b) If we switch the role of g with % in the part (a) and using Theorem 3.17(b), we get
(3.158). O
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Corollary 3.50 Assume J C R be an interval, f : J — R be a continuous convex function
with u; € R, n € {1,2,3,...}, t1,to > 0 and s1,s, > 0, such that satisfying (3.152) and
(3.153) and

(i+1)"1 (i+13)" (i=1
(i+1+17)"1 — (i+1+423)°3 \° 7 00

(i+12)" (i+3)3 o
(i+1+1)2 < (i+1+13)"3 (i=1...

hold with

(i + t3)S3Hn-,t3J3 (i + t3)S3Hn-,t3J3
(i"'tl)slH"Jl,Sl 7 (i+t2)S2Hn7lz,52

eJ(i=1,....n),

then the following inequality holds

L < (l + t3)S3Hn,t3,S3 >

i=1 l+t3 3H’U3 53 (i+t2)S2Hnlz,sz

n . ¢
Slf(ivnvtlvslvtfhsiiau) = 2 . l/,tl f <(l+ 3) ’”3753) .

=1 (l+t3)S3Hn,t3,S3 (l+t1) lPIHJI-,SI

If(i,}’l,[z,sz,t:;,j‘},

(3.159)

Proof. (a) Let us consider that p; := — 1 and ri = — L $0as given in
(I‘HI) IHn.t|.s| (I‘HZ) 2Hn,t2,s2 g
. i | = It R A = i i
the proof of Corollary 3.49 for g; > 0 where (i =1,2 n), we gety =r/q is decreasing
(iﬁfgj;jyz < (l.(flrjft)3;3 , for (i =1,...,n), similarly we can prove that x = p/q is also
decreasing < (iSiT:le):)lsl < (l.(jfﬁl):;3 for (i = 1,...,n). Therefore, all the assumptions of
Theorem 3.18 are true, then by uéing (3.156) we get (3.159). O

Remark 3.8 We can give Theorem 3.15, Theorem 3.16, Theorem 3.17, Theorem 3.18,
Corollary 3.49 and Corollary 3.50 for w := 1 as special case, some of them has been given
in [106].

In the following results the functions G, Gz, G4 and G5 represent the functions G1, G2, G3
and G4 as defined in (2.47), (2.48), (2.49) and (2.50) respectively and the function G| rep-
resent the function G as defined in (1.180).

The following theorem gives the equivalent statements between continuous convex
functions and Green functions via majorization inequality and “useful” Csiszdr divergence.

Theorem 3.19 Assume J C R be an interval, p;, r; (i =1,...,n) be real numbers and

gi,ui (i =1,...,n) be positive real numbers such that satisfying
n n
Zuiri = Zuipi, (3.160)
i=1 i=1

with B, 2 e J (i=1,....n). If ¢ is decreasing and Gy (d = 1,2,3,4,5) be defined as in
(2.47)- (2 50) and (1. 180) then we have following equivalent statements.
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(i) For every continuous convex function f : [91,%;] — R, we have
I (p,q,u) —If(r,q,u) >0. (3.161)
(ii) Forallv € [81,], we have

IGd (pquu) _[Gd (r,q,u) > Oa d= 1a2a3a435- (3162)

Moreover; if we change the sign of inequality in both inequalities (3.161) and (3.162), then
the above result still holds.

Proof. The scheme of proof is similar for each d = 1,2,3,4,5, therefore we will only give
the proof for d = 5.

(i) = (ii): Let statement (i) holds. As the function Gs : [0, D] X [0, D] — R is
convex and continuous, so it will satisfy the condition (3.161), i.e

IG5 (p7q7u) 7IG5 (1'7(17“) > 0

(ii) = (i): Let f : [01,02] — R be a convex function, then without loss of generality
we can assume that such that f € C?([9, 9]), and further, assume that the statement (i7)
holds. Then by Lemma 2.2, we have

fxi)=f()+ (-t )f/(ﬁl) — (% — x,')f/(‘l%) + 1:2 Gs(x;, v)f"(v)dv, (3.163)

B
Fi) = f(B1) + (02— ) f (D) — (92— yi) f'(%2) + A Gs(yi,v)f" (v)dv.  (3.164)

From (3.163) and (3.164), we get
Ir(p,q,u) —I¢(r,q,u 2“1‘]1 < ) 2“1‘]1 < )
qi qi
= — Zuiqi <192 — %) f/(ﬁz) + 2“1"]1‘ (192 - 3) fl(l%)

i=1 t

zuquGs ( ) - ’Zl”iql'GS (E,V)] f'(v)dv.
l] i—1 qi

i=1

JY
(3.165)
Using (3.160), we have
o2 S Ti 1
If (p,q,ll) 71f (I‘,q,ll) :/ ZulquS < > - ZuiinS <_,V> f (V)dV.
9 |i=1 qi’ i=1 qi
(3.166)

As f is convex function so f”(v) > 0 for all v € [¥1,9,]. Hence using (3.162) in (3.166),
we get (3.161).
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Note that the condition for the existence of second derivative of f is not necessary
([144, p.172]). As it is possible to approximate uniformly a continuous convex function by
convex polynomials, so we can directly eliminate this differentiability condition. O

The following theorem gives equivalent statements between continuous convex func-
tions and Green functions via majorization inequality and “useful” Zipf-Mandelbrot law.

Theorem 3.20 Assumen € {1,2,3,...},11,to > 0and sy,s, > 0 such that satisfying

i ui Hunsy o Wi (3.167)
“ (l'+t2)s2 Hn,tl,Sl = (i+[l)sl ) .

with
1 1
Qi(i +1 )Sl Hp s, 7 Qi(i + IZ)SZH"Jsz

eJ (i=1,...,n).

If% <L (i=1,...,n) and G (d =1,2,3,4,5) be defined as in (2.47)(2.50) and

(1.180), then we have following equivalent statements.

(i) For every continuous convex function f : [91,%;] — R, we have
If (i,n,t] , 81 ,q,ll) - If (i,n,tz,SQ,q,u) >0. (3.168)
(ii) Forallv € [81,8], we have

IGd (i,n,l‘l,S],q,ll) 71(;(1 (i,n,l‘z,SQ,q,ll) >0, d=1,2,3,4,5. (3.169)

Moreover; if we change the sign of inequality in both inequalities (3.168) and (3.169), then
the above result still holds.

Proof. (i) = (ii): The proof is similar to the proof of Theorem 3.19.

(ii) = (i): Let f : [01,92] — R be a convex function so without loss of generality we
can assume that f € C?([9%,9]), and further, assume that the statement (ii) holds. Then
by Lemma 2.2, we have (3.163) and (3.164).

From (3.163) and (3.164), we get

n n
Iy (i,n,ty,s1,q,0) = Ir (i,n,00,50,q,0) = Y wigif (Ai) — Y, wiqi f (1:)
-1 i1

= — i uiqi (192 — ).i)f/(ﬁz) + i uiqi (192 - ,ui)f/(l%)
i—1

i=1
.192
+,
Jo,

n n
Y uiqiGs (Ai,v) — Y, uiqiGs (Wi, v) | f" (v)dv,
i=1 izl

where,

1 1

A= — and = .
l Qi(l'i_tl)slHn,thl Hi Qi(l"'tz)szHMz,Sz



358 3 MAJORIZATION IN INFORMATION THEORY

Using (3.167), we have
If(i,n,tl,sl,q,u) —If(i,n,tg,sz,q,u)

o) n n
2/19 [Zuitth (Ai,v) = Y uiqiGs (i, v) | " (v)dv.
J UL i=1 i=1
(3.170)

As f is convex function, therefore f”(v) > 0 for all v € [0, 0;]. Hence using (3.169) in
(3.170), we get (3.168). a

We consider “useful” Csiszar functional [64, 63] in integral form:
Definition 3.36 (“Useful” Csiszdr divergence as integral form) Assume J := [a, f] C R

be an interval, and let f : J — R be a function with densities p : [a,b] — J, q: [a,b] — (0,0)
and associated with the utility density u : [a,b] — J such that

@ €lJ, Vx€la,bl,

q(x)

then we denote “useful” Csiszdr divergence in integral form as

Ir(p,qu) = /abu(t)q(t)f (%) dt. (3.171)

Remark 3.9 One can easily seen that if we substitute u(t) =1 for all t € [a,b), then

(3.171) becomes
b
Iy (p.g,1) =1y (p.q) = /a q(t)f (‘Z—Eg) dt

Theorem 3.21 Assume J :=[0,00) C R be an interval, f :J — R be a convex function
and p,q,nu: [a7b] — (O,‘X’) such that

/ " u(e)r()dr < / " u(Op)dr, v e lab] (3.172)
and
b b
/a u(t)r(t)dt:/a u(t)p(t)dr, (3.173)
with
OND eJ, Vitelab].

(i) If is a decreasing function on [a,b), then

Iy(r,q,u) < Ir(p.q,u). (3.174)
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(ii) If % is an increasing function on [a,b), then the inequality is reversed, i.e.

Ir(r,q,u) > Ir(p,q,u). (3.175)

If f is strictly convex function and p(t) # r(t) (a.e.), then strict inequality holds in (3.174)
and (3.175).
If f is concave function then the reverse inequalities hold in (3.174) and (3.175). If f is
strictly concave and p(t) # r(t) (a.e.), then the strict reverse inequalities hold in (3.174)
and (3.175).

Proof. (i): We use Theorem 1.20 (i) with substitutions x(z) := %, y(t) = %, w(t) :=

u(t)q(t) >0Vt € a,b] and also using the fact that % is a decreasing function then we get
(3.174).

(i1) We can prove with the similar substitutions as in the first part by using Theorem 1.20
(i1) that is the fact that % is an increasing function. O

Remark 3.10 We can give Theorem 3.21 for u(t) := 1 for all t € [a,b] as special case
which has been given in [103].

Here, we present several special cases of the previous results as applications.
The first case corresponds to the entropy of a continuous probability density (see [120,
p-506]):

Definition 3.37 (Integral Shannon’s entropy) Let p : [a,b] — (0,0) be a positive prob-
ability density, then the Shannon entropy of p(x) is defined by

b
H(p(x),u(x)) :=— / u(x) p(x)log p(x)dx, (3.176)
Ja
associated with the utility density u : [a,b] — R, whenever the integral exists.

Note that there is no problem with the definition in the case of a zero probability, since

limxlogx = 0. (3.177)
x—0

Corollary 3.51 Assume p,q,r,u: [a,b] — (0,e0) be functions such that satisfying (3.172)
and (3.173) with

—=, —%~ €J:=(0,%), Vre€]a,b].

(i) If % is a decreasing function and the base of log is greater than 1, then we have

estimates for the Shannon entropy of q(t) associated with utility density u(t)

[ uoratyioe (55) = m(at ) (3.178)

If the base of log is in between 0 and 1, then the reverse inequality holds in (3.178).
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(ii) If % is an increasing function and the base of log is greater than 1, then we have
estimates for the Shannon entropy of q(t) associated with utility density u(t)

b p(t)
H (q(1),u(t)) < / u(t)q(t)log [ XL (3.179)
Ja q(t)
If the base of log is in between 0 and 1, then the reverse inequality holds in (3.179).
Proof.  (i): Substitute f(x) := —logx and p(¢) := 1, V¢ € [a,b] in Theorem 3.21 (i) then
we get (3.178).

(ii) We can prove by switching the role of p(¢) with r(z) i.e., r(t) := 1Vt € [a,b] and
f(x) := —logx in Theorem 3.21 (ii) then we get (3.179). ]

The second case corresponds to the relative entropy or the Kullback-Leibler divergence
between two probability densities associated with the utility density u(z):

Definition 3.38 (Integral Kullback-Leibler divergence) Let p,q : [a,b] — (0,°0) be a
positive probability densities, then the Kullback-Leibler (K-L) divergence between p(t)
and q(t) is defined by

Lp0).ao))i= [ uplotog (2 ) ar,

associated with the utility density u : [a,b] — R.

Corollary 3.52 Assume p,q,r,u: [a,b] — (0,°0) be functions such that satisfying (3.172)
and (3.173) with

(1
)

(i) If % is a decreasing function and the base of log is greater than 1, then

<

) ﬂ € J:=(0,0), Vt € [a,b].

(¢

=

—~
L)
~—

N

I(*logx) (’3%”) > i(flogx) (PaCIaM) (3180)
If the base of log is in between 0 and 1, then the reverse inequality holds in (3.180).

(i) If % is an increasing function and the base of log is greater than 1, then

N

[ 10 (rg,u) < I 10g2)(Pog.10). (3.181)
If the base of log is in between 0 and 1 then the reverse inequality holds in (3.181).

Proof. (i): Substitute f(x) := —logx in Theorem 3.21 (i) then we get (3.180).
(if) We can prove with substitution f(x) := —logx in Theorem 3.21 (ii). ]

In Information Theory and Statistics, various divergences are applied in addition to the
Kullback-Leibler divergence.
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Definition 3.39 (Variational distance) Let p,q : [a,b] — (0,0) be a positive probability
densities, then variation distance between p(t) and q(t) is defined by

8 (p(0):q(0).(t)) = [ u(t) p(e) — q(0)ar

associated with the utility density u : [a,b] — R.

Corollary 3.53 Assume p,q,r,u: [a,b] — (0,0) be functions such that satisfying (3.172)
and (3.173) with

—=, —=€J:=(0,), Vi€ |a,b].

(i) If % is a decreasing function, then
Iy (r(1),q(0),u(t)) < 1 (p(t),q(1),u(t)). (3.182)

(ii) If % is an increasing function, then the inequality is reversed, i.e.

Iy (r(1),q(0),u()) > 1, (p(t),q(r),u(r)). (3.183)
Proof.  (i): Since f(x) := |x— 1| be a convex function for x € R*, therefore substitute
f(x) :=|x— 1| in Theorem 3.21 (i) then
b r(t) b p(t)
/a wle)qle)| e 1| dr < / ule)qlo)| 25 =1 ar

b Ir(t) — q(0) b
/ ule)glo) oS < </ ule)qte) P,

since g(¢) > 0 then we get (3.182).
(ii) We can prove with substitution f(x) := |x — 1| in Theorem 3.21 (ii). O

Definition 3.40 (Hellinger distance) Let p,q : [a,b] — (0,%0) be a positive probability
densities, then the Hellinger distance between p(t) and q(t) is defined by

b
B (), 400 = [ ute) [/~ v/a0)] e,
associated with the utility density u : [a,b] — R.

Corollary 3.54 Assume p,q,r,u: [a,b] — (0,0) be functions such that satisfying (3.172)
and (3.173) with

—=, —= €J:=(0,), Vi€ |a,b].
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(i) If is a decreasing function, then
Iy (r(t)aCI(f)»M(t)) < Iy (p<t)7q(t)7u(t)) . (3184)
(ii) If % is an increasing function, then the inequality is reversed, i.e.

In (r(t),q(t),u(t)) = In (p(1).q(1),u(1)). (3.185)

Proof. (i): Since f(x) := (v/x— 1)2 be a convex function for x € R, therefore substitute
f(x) := (v/x— 1) in Theorem 3.21 (i) then
2 2

b r(r) b p(r)
/ u(r)g(t)[ o ] ar< [ u<r>q<r>[ o ] dr,

since ¢(¢) > 0 then we get (3.184).
(ii) We can prove with substitution f(x) := (y/x— 1)* in Theorem 3.21 (ii). O

Definition 3.41 (Bhattacharyya distance) Let p,q : [a,b] — (0,0) be a positive proba-
bility densities, then the Bhattacharyya distance between p(t) and q(t) is defined by

R b
Iy (p(0),q(0),u(0) = [ u))/p(O) a0,
associated with the utility density u : [a,b] — R.

Corollary 3.55 Assume p,q,r,u: [a,b] — (0,e0) be functions such that satisfying (3.172)
and (3.173) with

—=, —= €J:=(0,00), Vt € [a,b].

(i) If % is a decreasing function, then
Ip (p(t),q(1),u(t)) < Ig(r(t),q(1),u(t)). (3.186)
(ii) If % is an increasing function, then the inequality is reversed, i.e.

Ig(p(t),q(t),u(t)) > Iz (r(t),q(t),ut)). (3.187)

Proof.  (i): Since f(x) := —/x be a convex function for x € R, therefore substitute
f(x) := —+/x in Theorem 3.21 (i) then

b r(t) b p(1)
| utrat) (— @) ar < [ (g (— @> dr,

we get (3.186).
(ii) We can prove with substitution f(x) := —y/x in Theorem 3.21 (ii). ]



3.5 MAJORIZTION,“USEFUL” CSISZAR DIVERGENCE AND “USEFUL”... 363

Definition 3.42 (Jeffreys distance) Let p,q : [a,b] — (0,0) be a positive probability den-
sities, then the Jeffreys distance between p(t) and q(t) is defined by

~

B @), a0).u0)) 2= [ o) [p(0) —a(0] [%] d,

associated with the utility density u : [a,b] — R.

Corollary 3.56 Assume p,q,r,u: [a,b] — (0,0) be functions such that satisfying (3.172)
and (3.173) with

M M) ¢y (0,00), V1 € [a,B)]

(i) If % is a decreasing function, then
£ (r0),q(0),u0)) < Iy (plr), q(6).u(0)) (3.188)
(ii) If % is an increasing function, then the inequality is reversed, i.e.

Iy (r(1),q(t),u(t)) = I (p(1),q(t),u(t)). (3.189)

Proof. (i): Since f(x) := (x— 1)Inx be a convex function for x € R™, therefore substitute
f(x) := (x—1)Inx in Theorem 3.21 (i) then

[ a0 (G5 =1 (G5 )
we get (3.188).

(i) We can prove with substitution f(x) := (x — 1) Inx in Theorem 3.21 (ii). O

Definition 3.43 (Triangular discrimination) Let p,q : [a,b] — (0,0) be a positive prob-
ability densities, then the triangular discrimination between p(t) and q(t) is defined by

B (p0),a(0), ) 1= [ LD 4L

associated with the utility density u : [a,b] — R.

Corollary 3.57 Assume p,q,r,u: [a,b] — (0,0) be functions such that satisfying (3.172)
and (3.173) with

—=, —=€J:=(0,), Vi€ |a,b].
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(i) If is a decreasing function, then

I (r(1).q(0),u()) < Ia(p(1),q(0),u(t)). (3.190)

(i) If % is an increasing function, then the inequality is reversed, i.e.

In(r(0),q(0),u(t)) > In(p(1),q(1),u(t)) . (3.191)

Proof.  (i): Since f(x) := & be a convex function for x > 0, therefore substitute

fx):= (xxjr—]])z in Theorem 3.21 (1) then

/abu(f)CI( )Mdt < /abu(;)q(t)wdn

’ ((r(t) = q(1)) /a(0))* ’ ((p(6) = q(1))/a(t))’
[ a0 e e <, o .

we get (3.190).

2
(ii) We can prove with substitution f(x) := ();111) in Theorem 3.21 (ii). O

Remark 3.11 We can give all the results of section 5 for u(t) =1 for all t € [a,b] as a
special case, which has been given in [103].
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