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Preface

The most important inequality for convex functions is the Jensen’s inequality. Other in-
equalities such as inequalities for means, the Holder’s and Minkowski’s inequalities etc.
can be obtained as particular cases of it, and it has many applications in different branches
of mathematics. There are countless papers dealing with generalizations, refinements, and
converse results of Jensen’s inequality.

To give refinements of Jensen’s inequality is an extensively investigated theme with
numerous methods, results and applications. This book is mainly devoted to cyclic refine-
ments (cyclic permutations are used to define the refining terms), and their applications in
information theory. It contains the most recent research results of this promising topic.

The first chapter has a preparatory character. In the second chapter the basic cyclic
refinements for the discrete and integral Jensen’s inequalities are given. Among the many
topics where Jensen’s inequality finds application, mention should be made of informa-
tion theory. Jensen’s inequality plays a crucial role to obtain inequalities for divergences
between probability distributions, which have been introduced to measure the difference
between them. A lot of different type of divergences exist, for example the f-divergence
(especially, Kullback-Leibler divergence, Hellinger distance and total variation distance),
Rényi divergence, Jensen-Shannon divergence, etc. These important notions and the
Zipf-Mandelbrot law (a special discrete probability distribution) are introduced in chapter
three. The power of results in chapter two is also demonstrated in chapter three by obtain-
ing refinements of inequalities for divergences. In chapter four cyclic refinements of Beck’s
inequality are given. This leads to some new refinements of the classical Holder’s and
Minkowski’s inequalities. Chapter five deals with cyclic refinements of operator Jensen’s
inequalities for convex and operator convex functions. In the next six chapters (sixth to
eleventh) are devoted to extensions of cyclic refinements of Jensen’s inequality via Tay-
lor’s formula, Fink’s identity and Montgomery’s identity, and by Lidstone interpolating
polynomial, Abel-Gontscharoff interpolating polynomial and Hermite intepolating poly-
nomial, respectively. The applicability of all the obtained results is demonstrated by means
of information theory. In the last chapter, twelve, Levinson’s type generalization of cyclic
refinements of Jensen’s inequality is given with applications.
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Chapter

Introduction and Preliminaries

The notion of convexity plays an important role in different branches of mathematics.

Definition 1.1 Let V be a real vector space.

(a) A subset C of V is called convex, if for any two points vi,vy € C, the line segment
between them also lies in C, that is Avy + (1 — L) vy € C for all A € [0,1].

(b) A function f: C(C V) — Ris called convex, if its domain C is a convex set, and for
any two points vi,vy € C, and all A € [0, 1], we have that

FAvi+ (1 =2A)v) SAf(vi)+(1=A4)f(v2).

The most important inequality concerning convex functions is the Jensen’s inequality,
named after the Danish mathematician Johan Jensen. It was proven by Jensen in [49].
We emphasize the following two variants of Jensen’s inequality:

Theorem A. (discrete Jensen’s inequality, see [36]) Let C be a convex subset of a real
vector space V, and let f : C — R be a convex function. If pi,...,p, are nonnegative

n
numbers with Y, p; =1, and vy,...,v, € C, then
i=1

=

f <2p,~v,~> < pif(v) (1.1)
i=1 i=1

f(l Vi) <
iz

holds. Particularly, we have
n
> i) (1.2)

i=1

M=
S| =



2 1 INTRODUCTION AND PRELIMINARIES

Theorem B. (integral Jensen’s inequality, see [36]) Let g be an integrable function on a

probability space (X, | 1) taking values in an interval I C R. Then [ gdu lies in 1. If f
X
is a convex function on I such that f o g is integrable, then

7 [ean | < [ rosgdu.

X X

Various attempts have been made by many authors to refine either the discrete or the
integral Jensen’s inequality (see the book [36] and the references therein). A multitude of
applications underscores the importance of refinements of different Jensen’s inequalities.

The following result which provide the starting point for our discussion is from Brnetié
at al. [12].

Theorem 1.1 Suppose I is a real interval. If f : I — R is a convex function, then for all
t €10, 1] we have

i=1 1 E]f(xi)
fl— 1= _Zf((l —t)xi+txpp) < ——,\

n n= n

where x; € I (1 <i<n)andx,+1 = x1.

Recently, a lot of papers have been appeared dealing with generalizations of the pre-
vious theorem (see e.g. [13, 37]). The whole group of such results is now often known
by the collective title “cyclic refinements”. They find applications mainly in the theory of
means and in information theory.

The title of this book indicates clearly the content of it. A synthesis of recent progress
in the topic of cyclic refinements of different types of Jensen’s inequalities is presented
with the emphasis on their applications in information theory.

Let2<k<n,andleti€{l,...,n} and j €{0,...,k— 1}. In further parts of this book
i+ jalways means i+ j —nin case of i+ j > n.

While writing this book, S. I. Butt was supported by Higher Education Commission
Pakistan under NRPU project 5327 and 7906. L. Horvéth was supported by Hungarian
National Foundations for Scientific Research Grant No. K101217 and Széchenyi 2020
under the EFOP-3.6.1-16-2016-00015. J. Pecari€ is supported by the Ministry of Education
and Science of the Russian Federation (the Agreement number No. 02.a03.21.0008)



Chapter

Cyclic Improvement of
Jensen’s Inequality

In this chapter we give cyclic refinements of Jensen’s inequality and their applications.

2.1 A refinement of Jensen’s inequality

We start with the special following Jensen’s inequality

(B < Baft)

n n

Throughout this section we are going to use some of the following hypotheses:
(#4) Let I C R be an interval, x := (xy,...,x,) € I", and A := (41,...,A) be a positive

k-tuple such that Z;/M =1forsomek,2<k<n.
(%) Let f : I — R be a convex function.
(743) Let h, g : I — R be continuous and strictly monotone functions.

Theorem 2.1 Let (4), (543) be fulfilled. Then

f(Z, lxl) %2 (ij+lxl+j) < i(x‘) 2.1)

i—1 0 n
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Proof. First, since f is convex, by Jensen’s inequality we have

k—1 n k—1
2f<2)~j+lxi+j) > Z%Hf Xit )
=1 \j=0 i=1j=0

S

On the other hand, since f is convex, by Jensen’s inequality, we have

lM=

_ n k—1
1 i1 Xj_0 Aj1Xitj >

—zf(z ewnies) 24

n

B ?:1xi2];’:1/lj (2
() (=)

Theorem 2.1 is a generalization of Theorem 4 in [12].

2.1.1 Cyclic mixed symmetric means

Assume (77) for the positive n-tuple x. We define the power means of order » € R as
follows:

k=1 r
(2 A'j+1x{+j> 5 V?é 0,
My (Xi oo X ke 151 oy M) = j=0

k—1 2
J+L. _
I x5 r=20,
J=0

and cyclic mixed symmetric means corresponding to (2.1) are

n s
<%'21M;‘.'(xi,...,xi+k1;).1,...,)./()) 5 S%O,
1=

M (x,A) == (2.2)

n n
(HMr(xi,---»xtJrk1;11,---,%)) ; s=0.
I

i—1

The standard power means of order r € R for the positive n-tuple x, are

The bounds for cyclic mixed symmetric means are power means, as given in the fol-
lowing result.
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Corollary 2.1 Assume (2] ) for the positive n-tuple X. Let r,s € R such that r < s. Then
Mr(x) < MS‘J‘(X7A') < M; (X) (2.3)

Proof. Assume r, s # 0. To obtain (2.3), we apply Theorem 2.1, either for the function
f(x) = x7 (x> 0) and the n-tuples (x},...,x.) in (2.1) and then raising the power %, or

f(x) =x5 (x>0)and (x},...,x}) and raising the power L

'n

When r = 0 or s = 0, we get the required results by taking limit. O

Special cases of Corollary 2.1 can be found in [11] (see Theorem 4 with Corollaries
4.1-4.4). Namely, the result of this theorem is an inequality (2.3) forr =0, s=1,n=3
and k = 3.

Assume (7)) and (7743). Then we define the generalized means with respect to (2.1) as
follows:

n k—1
Mg p(x,A) =g (% Y (gOhfl)(z )~j+lh(xi+j))> .

i=1 j=0

Let g : I — R be a continuous and strictly monotone function then the cyclic quasi-
arithmetic means are given by

My(x) = ‘]71 (% iﬂ%’)) .

The relation among the generalized means and cyclic quasi-arithmetic means is given in
the next corollary.

Corollary 2.2 Assume (1) and (43). Then
Mi(x) < Mg (x,2) < My(x) @4

if either g o h™ ' is convex and g is strictly increasing or g o h™' is concave and g is strictly
decreasing.

Proof. First, we can apply Theorem 2.1 to the function goh™! and the n-tuples
(h(x1),...,h(x,)), then we can apply g~ to the inequality coming from (2.1). This gives
(2.4). O

For instance, if we put g(x) = x and /(x) = Inx in Corollary 2.2 we obtain

-

Mo(xl,...,x,,) S Mo(x,',...,xi+k,1;)t,1,...,)tk) S M1 (xl,...,x,,).

S|

i=1

which is a special case of Corollary 2.1 as well.
Remark 2.1 Under the conditions (77 ), we define

1 & & -
Y1(f) =Y1(x,4,f) :;fol __Zf thtlxﬁj

i=1
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1 n

k—1 n
DY Ajrixie) = f (% 2)@) ,
j=0 i=1

Yao(f) =Ya(x,A, f) ==

ntz]

where f: I — R is a function and 2 < k < n. The functionals f — Y;(f) are linear, i = 1,2,
and Theorem 2.1 implies that

if f:1 — R is a convex function.

2.1.2 m-Exponential convexity

For log-convexity, exponential convexity and m-exponential convexity of the functionals
obtained from the interpolations of the discrete Jensen’s inequality, we refer [36] and ref-
erences therein.

We apply the method given in [83], to prove the m-exponential convexity and exponen-
tial convexity of the functionals f — Y;(f) for i = 1,2, together with the Lagrange type
and Cauchy type mean value theorems.

Definition 2.1 (see [83]) A function g : I — R is called m-exponentially convex in the

Jensen sense if
+ Xj
E aia;g >0

i,j=1

holds for every a; € R and everyx; €I, i=1,2,....m
A function g : I — R is m-exponentially convex if it is m-exponentially convex in the
Jensen sense and continuous on I.

Note that 1-exponentially convex functions in the Jensen sense are in fact the nonnegative
functions. Also, m-exponentially convex functions in the Jensen sense are n-exponentially
convex in the Jensen sense for every n € N, n < m.

Proposition 2.1 Ifg: I — R is an m-exponentially convex function, then for every x; € I,
i=1,2,....mandforalln € N, n < mthe matrix [g (xi;xj

()] =
ij=1

Definition 2.2 A function g : I — R is exponentially convex in the Jensen sense, if it is
m-exponentially convex in the Jensen sense for all m € N.

A function g : I — R is exponentially convex if it is exponentially convex in the Jensen
sense and continuous.

n
) } is a positive semi-definite
i,j=1

matrix. Particularly,

forallneN, n=1,2,....m
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Remark 2.2 It is easy to see that a positive function g : I — R is log-convex in the Jensen
sense if and only if it is 2-exponentially convex in the Jensen sense, that is

X+
aig(x) +2aaxg <Ty) +azg(y) >0

holds for every a;,a; € R and x,y € I.
Similarly, if g is 2-exponentially convex, then g is log-convex. On the other hand, if g
is log-convex and continuous, then g is 2-exponentially convex.

In sequel, we need the well known notion of “Divided difference”.

Definition 2.3 The second order divided difference of a function g : I — R at mutually
different points yo,y1,y> € I is defined recursively by

bisgl =g(vi), i=0,1,2

i+1) —8Wi .
[yivyi+1;g] = g(yl+ ) g( 1)7 12071
Yit1 —Yi
1,Y25 — Vo, V1s
V0, y1,¥2:8] = i, yiel = Do,yiigl, (2.5)
Y2—Y0

Remark 2.3 The value [yo,y1,y2;¢] is independent of the order of the points yg,y;, and
y»>. By taking limits this definition may be extended to include the cases in which any two
or all three points coincide as follows: for all yg, y1, y» € I such that y, # yg

8(v2) —g(y0) — & (¥0) (2 — Yo)
(y2—»0)?

lim [yo,y1,y2:8] = [Yo,y0,¥2:8] =
Y1—Yo

provided that g’ exists, and furthermore, taking the limits y; — yo, i = 1,2 in (2.5), we get

"

g (o)

[Vo,¥0,Y0:8] = Vo, ¥1,¥2:8] = — fori=1,2

lim
Yi—Yo
provided that g” exist on /.

Now, we give the m-exponential convexity for the linear functionals Y;(f) (i = 1,2).

Theorem 2.2 Assume I C R is an interval, and assume A = {¢; |t € J} is a family of
functions defined on an interval I C R, such that the functiont — [yo,y1,y2;¢] (t €J) is
m-exponentially convex in the Jensen sense on I for every three mutually different points
yo,¥1,y2 € I. Let Yi(f) (i = 1,2) be the linear functionals constructed in Remark 2.1.
Then t — Yi(¢y) (t € J) is an m-exponentially convex function in the Jensen sense on I
for each i = 1,2. If the function t — Y;(¢) (¢t € J) is continuous for i = 1,2, then it is
m-exponentially convex on I fori=1,2.
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Proof. Fixi=1,2.
Letty,t; € J, 1ty = lkﬂl and by, b; € Rfork,l =1,2,...,n, and define the function @ on
I by .
w = 2 bkbl(plkl-
ki=1
Since the function r — [yo,y1,y2; @] (# € J) is m-exponentially convex in the Jensen sense,
we have "
oy, y2: 0] = Y bibi[yo,y1,y2: ¢y ] =0
k=1

Hence o is a convex function on /. Therefore we have Yi(w) > 0, which yields by the
linearity of Y}, that .

N bebiYi(9r,) >0
k=1
We conclude that the function r — Y;(¢y) (r € J) is an m-exponentially convex function in
the Jensen sense on 1.
If the function # — Y;i(¢r) (# € J) is continuous on /, then it is m-exponentially convex on
[ by definition. O

As a consequence of the above theorem we can give the following corollaries.

Corollary 2.3 Assume I C R is an interval, and assume A = {¢ | t € J} is a family of
functions defined on an interval 1 C R, such that the function t — [yo,y1,v2;¢] (t € J)
is exponentially convex in the Jensen sense on I for every three mutually different points
vo,y1,v2 € L. Let Y;(f) (i = 1,2) be the linear functionals constructed in Remark 2.1. Then
t = Yi(¢) (t €J) is an exponentially convex function in the Jensen sense on I for i = 1,2.
If the function t — Y;(¢,) (t € J) is continuous, then it is exponentially convex on I for
i=1,2.

Corollary 2.4 Assume I C R is an interval, and assume A = {¢ : t € J} is a family of
functions defined on an interval I C R, such that the functiont — [yo,y1,y2;¢] (t €J) is
2-exponentially convex in the Jensen sense on I for every three mutually different points
y0,¥1,¥2 € I. Let Yi(f) (i = 1,2) be the linear functionals constructed in Remark 2.1. Then
the following two statements hold fori =1,2:

(i) Ifthe functiont — Y;(¢y) (t € J) is positive and continuous, then it is 2-exponentially
convex on I, and thus log-convex.

(ii) Ifthe functiont — Y;(¢) (t € J) is positive and differentiable, then for every s,t,u,v €
J, such that s <u andt < v, we have

Ugr (YHA) < Uy (Y”A) (26)

where L

<z>§ LS FL

us (Y3, A) == ( dy ) (2.7)
= =t

for ¢S7¢t S A
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Proof. Fixi=1,2.
(i) The proof follows by Remark 2.2 and Theorem 2.2.

(i) From the definition of a convex function y on I, we have the following inequality
(see [82, page 2])
Vi) v v v o8
s—t u—v
Vs, t,u,v €Jsuchthats <u,t <v,s£t, u#v.
By (i), s — Yi(¢s), s € J is log-convex, and hence (2.8) shows with y(s) =1log Y;(9s),

s € J that
logYi(¢y) —logYi(¢r) _ logYi(¢u) —logYi(¢y)
s—t - u—v

2.9

fors <u,t <v, s #t,u=#v, which is equivalent to (2.6). For s =7 or u = v (2.6)
follows from (2.9) by taking limit.

O

Remark 2.4 Note that the results from Theorem 2.2, Corollary 2.3, Corollary 2.4 are
valid when two of the points yg,y1,y2 € I coincide, say y; = yo, for a family of differen-
tiable functions ¢ such that the function ¢ — [yo,y1,y2; @] is m-exponentially convex in the
Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen sense),
and moreover, they are are also valid when all three points coincide for a family of twice
differentiable functions with the same property. The proofs can be obtained by recalling
Remark 2.3 and suitable characterization of convexity.

The following result given in [35] is related to the first condition of Theorem 2.2.

Theorem 2.3 Assume I C R is an interval, and assume A = {¢; |t € J} is a family of
twice differentiable functions defined on an interval I C R such that the function t — ¢/ (x)
(t € J) is exponentially convex for every fixed x € 1. Then the function t — [y, y1,y2; ]
(r € J) is exponentially convex in the Jensen sense for any three points yo, y1, y2 € 1.

Remark 2.5 It comes from either the conditions of Theorem 2.3 or the proof of this
theorem that the functions ¢, t € J are convex.

2.1.3 Mean value theorems

Now we formulate mean value theorems of Lagrange and Cauchy type for the linear func-
tionals Y;(f) (i = 1,2) defined in Remark 2.1.

Theorem 2.4 Let Y(f) (i = 1,2) be the linear functionals constructed in Remark 2.1
and g € C*[a,b]. Then there exists & € [a,b] such that

@Y () i=1,2

Yi(g) = >
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Proof. Fixi=1,2.

Since g € C?[a, b, there exist the real numbers m = min g”(x) and M = max g”(x).
x€la,b] x€la,b]

It is easy to show that the functions ¢; and ¢, defined on [a,b] by

M
or(x) = 3%~ g ),
and "
hr(x) =g ()~ 52,
are convex.

By applying the functional Y; to the functions ¢; and ¢, we have the properties of Y; that
M
Y; (72 —g(x)) >0,

Y; (%), (2.10)

and

égngﬁgn@. @.11)

IfY; (xz) = 0, then nothing to prove. If Y; (xz) 20, then

2Y; (g)
< <M.
=Y S
Hence we have
1
Yi(g) 58// &); (xz)

Theorem 2.5 Ler Y;(f) (i = 1,2) be the linear functionals constructed in Remark 2.1
and g,h € C*[a,b]. Then there exists & € [a,b] such that

provided that Y; (h) #0 (i = 1,2).
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Proof. Fixi=1,2.
Define L € C?[a,b] by

L:=c1g—cah,
where
c1:=Y;(h)
and
e :=Yi(g).
Now using Theorem 2.4 for the function L, we have
(c1 g”z(é) - hﬁz(é)) Y; (xz) =0. (2.12)

Since Y; (h) # 0, Theorem 2.4 implies that Y; (x?) 5 0, and therefore (2.12) gives
Yi(g) g (&)

Yi(h)  h'(E) 0

2.1.4 Applications to Cauchy means

In this section we apply the results of previous sections to generate new Cauchy means.
We mention that the functionals Y;(f), i = 1,2 defined in Remark 2.1 under the assumption
(247), are linear on the vector space of real functions defined on the interval I C R, and
Y;(f) > 0 for every convex function on .

Example 2.1 Let I = R and consider the class of convex functions
Ay = {(Pt R— [07oo[| re R}v

where '
=e*; 1t #£0,
o= {75 7

Then 1 — ¢/ (x) (1 € R) is exponentially convex for every fixed x € R (see [47]), thus by
Theorem 2.3, the function # — [yo,y1,y2; ], ¢ € R is exponentially convex in the Jensen
sense for every three mutually different points yg, v,y € R.

Now fix i = 1,2. By applying Corollary 2.3 with A = A;, we get the exponential
convexity of 7 — Y;(¢;) (+ € R) in the Jensen sense. This mapping is also differentiable,
therefore exponentially convex, and the expression in (2.7) has the form

1
Yi(d’s) 5=t
(Y,‘(th))' ’ S#t’
s (X3 A1) = § exp (H8) - 2) 5= 20,

Yi(iddo) \ .
exp 31??(&0))) rs=t=0,

where “id”” means the identity function on R.
From (2.6) we have the monotonicity of the functions 1, (Y;,A1) in both parameters s
and 7.
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Suppose Y;(¢) >0 (r € R), a := min{xy,...,x, }, b := max{xy,...,x, }, and let
My, (Yi,Ar) :=logus, (Y5, A1); st €R.
Then from Theorem 2.5 we have
a <M, (Yi,A1) <b,

and thus M, (Y;, A1) (s,7 € R) are means. The monotonicity of these means is followed
by (2.6).
Example 2.2 Let I =]0,°] and consider the class of convex functions
A = {wt :]0700[*} R | re R}?
where p
! #0,1,
Vi(x) =4 —logx; =0,
xlogx;t = 1.
Then 1 — y(x) = x' 2 = elI=2)102¥ (r € R) is exponentially convex for every fixed x €
10,%0[.
Now fix 1 <i<4. By similar arguments as given in Example 2.1 we get the exponential

convexity of 7 — Y;(y;) (¢ € R) in the Jensen sense. This mapping is differentiable too,
therefore exponentially convex. It is easy to calculate that (2.7) can be written as

(?Ea;)% s #1,
exp (S%;Zi") - Y"(w“f"“)) ;s=1#0,1,

us,t(xvvaiyAZ) = ri(wg;’i( 5)
exp (1= oy ) 57150,
Y;
exp (1~ S ) s =1 =

Suppose Y;(y;) >0 (1 € R), and let a := min{xy,...,x, }, b := max{xy,...,x, }. By Theorem
2.5, we can check that

a<ug(x,p,Yi,A2) <b; s,t€R. (2.13)

The means u,,(x,p,Yi,A2) (s,# € R) are continuous, symmetric and monotone in both
parameters (by use of (2.6)).

Let s,¢,7 € R such that r # 0. By the substitutions s — 7, t — %, (X1, yXn) —
(x7,...,x}) in (2.13), we get

JS uS/r,l/r<Xr7p7YlaA2) S b7

where a:=min{x},...,x} and b := max{x{,...,x},}. Thus new means can be defined with
three parameters:

u rX»AqY',A = (uS/r,t/r(er)'thAz)) ; }’7&0,
woz (o, ha) {u‘s‘,f(logx,x,nm); r=0,

S =

where logx = (logxy,...,logx,).
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The monotonicity of these three parameter means is followed by the monotonicity and
continuity of the two parameter means.

Example 2.3 Let I =]0,o[, and consider the class of convex functions

= {nl ]0700[*40700“ 4 6]0700[}7

() :={'2gf 7

X —
= or=1.

where

t— ' (x) (¢ €]0,00[) is exponentially convex for every fixed x €]0, <[, being the restriction
of the Laplace transform of a nonnegative function (see [47] or [89] page 210).

Now fix 1 < i< 4. We can get the exponential convexity of 7 — Y;(y;) (r € R) as in
Example 2.1. For the class Az, (2.7) has the form

1

(8o
ug (Yi,A3) = ¢ exp _slggs_fwr%xy;);S:t# 1,
Y,(id o
exp *%),S—I—l.

The monotonicity of u,(Y;,A3) (s,7 €]0,00[) comes from (2.6).
Suppose Y;(1;) > 0 (¢ €]0,0[), and let a :== min{xy,...,x,}, b := max{xy,...,x, }, and
define
M, (Yi,Az) := —L(s,1)logus,(Yi,Az), s,t €]0,00[,

where L(s,7) is the well known logarithmic mean

L(s,t) := { 108* IOgt’ SFIL,

’ IR s=1.
From Theorem 2.5 we have
a <M, (Yi,A3) <b, s,t€]0,00],
and therefore we get means.
Example 2.4 Let I =]0,oo[ and consider the class of convex functions
Ag = {1 :]0,0[=]0, 0| 7 €]0, [},
where

e~ Vi
—

%(x) :=

1y (x) = eV, t €]0,o[ is exponentially convex for every fixed x €]0, o[, being the
restriction of the Laplace transform of a non-negative function (see [47] or [89] page 214).
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Now fix 1 <i < 4. Asbefore t — Y;(y;) (r € R) is exponentially convex and differen-
tiable. For the class A4, (2.7) becomes

i
Yilw) \ . o 4y
g (Yi, Ag) = (Ti(%) )1 , Ti(?dé%;

exp (~F = 2y ) o=t
where id means the identity function on ]0,eo[. The monotonicity of ug,(Y;,A4) (5,7 €

]0,29[) is followed by (2.6).
Suppose Yi(1;) > 0 (¢ €]0,%9[), let @ := min{xy, ..., X, }, b := max{xy,...,x, }, and define

My, (i, Ag) i= — (/s + V1) logus, (Yi,Ag), s, €]0,00].
Then Theorem 2.5 yields that
a S mS,Z(Yi7A4) S b7

thus we have new means.

2.2 Cyclic refinements of the discrete and integral
form of Jensen’s inequality with applications

In this section we introduce new refinements both the discrete and the classical Jensen’s
inequality. First, we extend Theorem 2.1: the weighted version is given in real vector
spaces. By using this result, we obtain new refinements of the classical Jensen’s inequality.
m-exponential convexity of some functionals coming from the new refinements are inves-
tigated. To apply our results we define some new mixed symmetric means, generalized
means, and Caucy-means, and study their properties.

2.2.1 Cyclic refinements of the discrete and classical
Jensen’s inequalities

We say that the numbers py, ..., p, represent a (positive) discrete probability distribution
n

if (pi>0)p;>0(1<i<n)and ¥ p;=1.
i—1

i=
To refine the discrete Jensen’s inequality, we need the following hypotheses:

(Hy) Let 2 < k < n be integers, and let py,...,p, and Aq,..., A represent positive
probability distributions.

(Hy) Let C be a convex subset of a real vector space V, and f : C — R be a convex
function.
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Theorem 2.6 Assume (H) and (H3). If vi,...,v, € C, then

n
S (2 PM) < Cais = Cais (f,V,p,A) (2.14)
i=1
k-1
n [kl .§OAj+1Pi+jVi+j \
= 2 ( )Lj+1pi+j> f j,H— < ZPif(Vi)
=1 \j=0 ZO)LjJrlPHj =1
iz

where i+ j means i+ j—n in case of i+ j > n.
Proof. By the discrete Jensen’s inequality
n k—1 n k n
Cais < O | X Ajapicif i) | = [ Dpif i) | | DA ) = Y pif ().
i=1 \j=0 i=1 j=1 i=1

The left hand side inequality can be proved similarly. Since

n (k=1
D\ X Apin | =1,
=1 \j=0

the discrete Jensen’s inequality implies that

n k—1 n
Cais > f (2 (2 )~j+lpi+jvi+j>> =f (2 Pivi> .
i=1 \j=0 i=1

The proof is complete. |

The previous result can be considered as the weighted form of Theorem 2.1.

To refine the classical Jensen’s inequality, we first introduce some hypotheses and no-
tations.

(H3) Let (X, %, u) be a probability space.
Let [ > 2 be a fixed integer. The o-algebra in X! generated by the projection mappings
pro: X' =X (m=1,...,])
Prm (X1, ,X1) = X
is denoted by %'. u' means the product measure on %': this measure is uniquely (u is
o-finite) specified by
u'(Byx...xB)):=u(By)...u(B;)), Bn€B, m=1,...,I

(Hy) Let g be a u-integrable function on X taking values in an interval I C R.
(Hs) Let f be a convex function on I such that f o g is u-integrable on X.



16 2 CycLIC IMPROVEMENT OF JENSEN’S INEQUALITY

Under the conditions (Hy) and (H3-Hs) we define

Cint :Cinl (faghu*apax)
k—

k—1 2 )'j+lpl+]g(xl+])
(2 )L]+1Pz+j> /f = = du" (x1,...,x,), (2.15)
Xn

= Y Ajr1Divj
j=0

™M=

i=1

and forz € [0, 1]

Cpar(t):Cpar(tvfygnuvp7 2 (2%+1pz+;>

=
/f =0

xn ZO)LjJrlPHj
j:

2 )L]+1pl+jg (xz+j)

(14)/ng AW (x1,. . x), (2.16)
X

where i + j means i + j —nin case of i + j > n.

Remark 2.6 It follows from Lemma 2.1 (b) in [40] that the integrals in (2.15) and (2.16)
exist and finite.

First, the essential properties of the function Cp,, are given.

Theorem 2.7 Assume (H;) and (H3-Hs). Then
(a) Cpyr is convex and increasing.

(b)

par /gd[.t 5 Cpar (1) = Cint-

(¢) Cpar is continuous on [0, 1].
(d) If f is continuous, then Cpqy is continuous on [0,1].

Proof. (a) Convexity is invariant under affine maps, the integral is monotonic, and the sum
of convex functions is also convex: these imply that Cp,, is convex on [0, 1].
By the classical Jensen’s inequality

n k—1
Cpar (t) > 2 (2 )Lj+1pi+j>
i=1 \j=0

g Aj+1pt+jg (xl+j)
7 s +(-0) [ gdu | du” (o)

xn _20%4 1Dit) X
]:
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k—1
= (2 %’Hpiﬂ') f t/gdu+(1 *t)/gdu
X X

i=1 \j=0

i=1 \j=0

k—1
2<le+1pi+j>f Jeau) = [edu )| =Cour @, rel0.1.
J X X

Suppose 0 <171 <1, < 1. The convexity of Cpyr, and Cpqr (1) > Cpar (0) (1 € [0,1])
imply that

Cpar (IZ) - Cpar (tl ) > Cpar (t2) - Cpar (O)
h—1 o 1)

>0

i )

and thus
Cpar (t2) 2 Cpar (tl ) .

(b) These are obvious.
(c) It follows from (a).

(d) We have only to show that Cp,, is continuous at 1. To this end, it is enough to check
that the functions

k-1
1 _goljﬁpiﬂg (xit)

t— <2A’j+1pi+j> /f = . Jr(lff)/gd.‘i du” (x1,...,%n),
J=0 X

1
Xn _Zolj+1pi+ j
]:

tel0,1], i=1,...,n

are all continuous at 1. To prove this, fix i from {1,...,n}, and let (z,) be a sequence from
[0, 1] which converges to 1.

Since f is continuous

k=1
_goljﬁpiﬂg (Xitj)
ty— f 1= — +(1 —tn)/gdu
Y Aji1Ditj X
j=0
k=1
;O/Ij+lpi+jg (Xitj)
"l = - o (. x) €XN (2.17)

1
Y Ajr1pivj
=t
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It comes from the discrete Jensen’s inequality that

k—1
20)«]'+1Pi+jg (xitj)
e (1) [ gdp
Y Aji1pivj X
=0
k—1
;0/11'+1pt+ 78 (Xitj) _
<if | —— +(1-0)f /gdu
Y Ajt1Pi+j X
=0
k—1
20 Aj+1Di+ j8 (Xitj)
<max | | 2 A [ ean (2.18)

Y Ajr1pivj X
Jj=0

forallz € [0,1] and (xy,...,x,) € X".
Choose a fixed interior point a of 1. Since f is convex
f@&)=fl@)+fi(a)(z—a), z€l,
where f! (a) means the right-hand derivative of f at a. It follows from this that

k—1
2,0 Aj1Pi+ ;8 (Xitj)
£l +(1-1) [ gdu

k—1
Y Ajr1Pitj X
j=0

k-1
Y Ajr1pitjg (Xitj)

> fla)+ fi(a) | +(1-1) [ gdu—a
Y Ajr1pi+j X
j=0
k—1
goljﬁpiﬂg (xi+ ) i
> f(a)—af.(a) +min | £} (a) | Zoms —a|. @ [ g
Zofljﬂpiﬂ X
=

(2.19)

forallz € [0,1] and (xy,...,x,) € X".
The functions in (2.18) and (2.19) do not depend on #, and u”-integrable, and therefore
Lebesgue’s dominated convergence theorem and (2.17) imply that

Crar (1) = Cpar (1).

The proof is complete. O
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We illustrate by a concrete example that Cy,- is not continuous at 1 in general.

Example 2.5 Letk=n=2,and pj=pr=A = Ay = % We consider the measure space
(10,1],8, €12+ 3€1), where 2 is the o-algebra of Borel subsets of [0,1], and € /, and

€) are the Dirac measures at 1/2 and 1, respectively. Denote u = %81 2+ %81. Define the
functions f, g : [0,1] — R by

x, if0<x<1
g(x):x, f(x){ 2 ifx=1 :

In this case for every ¢ € [0, 1]

Pal 2 / XI+x2 1_t /Xd.u d[.t x17x2)
0,1]

1 " X1 +Xx2 3 2
=_ 112
5 f(f 3 +( f)4)dﬂ (x1,%2)

(3 (o-0d) 20 3) o))

It can be seen from this that

[

o (1) = . 1,231
MCpar () =51 5t7 7F7) =
o e 2\4' 2743474

while
Now our second main result is the next:
Theorem 2.8 Assume (H;) and (H3-Hs). Then

[dn | <Cpur(t) < Cun < [ Fogau, reo.1).
X X

Proof. Tt follows from Theorem 2.7 that

/gdli SCpar(t) <Ciu, 1€ [Oal]
X
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The discrete Jensen’s inequality yields

k=1
n (k=1 . goj'j+lpi+jg (i)

Cint = 2 (2 )L]+1Pz+j> f = 1 du" (xla---axn)
=1A=0 X Z Aj+1Di+j

=)

ZA'/Jrlpth 1 du" (xi,...,Xn)
i=1

(kl ) 2 Aj1pivif (8 (xivj))
'y
Xn Y Ajr1Ditj
=0

/i (Zlﬁlpzﬂf( (xi+j))> du" (x1,. . Xn)

xn = 1

pif(g(xi))du"(xl,...,xn):/fogdu.
1

xn = X

The proof is complete. O

2.2.2 Applications to mixed symmetric means

Consider the following hypotheses for this section.
(M) LetI C R be an interval, X := (x1,...,x,) € I" and let py,...,p, and Ay,..., Ay repre-
sent positive probability distributions for 2 < k < n.
(M) Let f : I — R be a convex function.
(M3) Let ¢, v : I — R be continuous and strictly monotone functions.
Assume (M;). Then we define the power means of order r € R as follows:

M (xS pERTL 2Y = My (X, ooy Xk 13 Pt ooy Pictk 1340 w0y M)
k—1 T
2 AjiPid X
21 r#o,
. jgo/l]#lpi#rj (2.20)

k=1
k=1 5. p o\ Z Ajipij
j+1Pi+j 297/ S
<H0x1+] >] ’ rio,

and weighted cyclic mixed symmetric means corresponding to Cy;, are

1
n k—1 s
(2 (2 Aj+1pt+j>1vp( l+k l,prk I )Lk)> ;S#O,
Mr,s(x,p,l): PAU=0 il
1’_1[ (Mr(fork l,pl+k 1 lk)) > ?L;+1Pi+j; 5=0,

i=1

where i + j means i + j —nin case of i + j > n.
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The standard power means of order » € R for the positive n-tuple x and probability
distributions py,..., py, are

r

n
_ZIPin) ; r#0,
=

M, (X,p) = My (X1, .0y X3 D1y ooy Pn) i= -
xPil, r=0.
=1

1

The bounds for weighted cyclic mixed symmetric means are power means, as given in the
following result.

Corollary 2.5 Assume (M;) and r,s € R such that r < s. Then

M, (x,p) < M, ,(x,p,A) < My(x,p). (2.21)

Proof. Apply Theorem 2.6. O

Assume (M;) and (M3). Then we define the cyclic generalized means with respect to Cy;s
as follows:

k—

1
s T Ajapisj ¥ i)
- “1| =
M‘Pa‘I/(vavz’) ::(p ! 2 ( A’j+1pi+j>¢ow : k—1 ’
=1 A=0 3 Ajs1Pit
j=0

Jj=

where i + j means i+ j —n in case of i+ j > n.
Let g : I — R be a continuous and strictly monotone function then the standard quasi-
arithmetic means of xy,...,x, for probability distribution p1,..., p, are given by

n
My(X,p) = My(x1,.... %05 P1,-.., Pn) = qil <2piq(xi)> .
i=1

The relation among the cyclic generalized means and quasi-arithmetic means is given in
the next corollary.

Corollary 2.6 Assume (M;) and (M3). Then

My (x,p) < My (x,p,A) < My(x,p) (2.22)

1

if either ¢ oy~ is convex and ¢ is strictly increasing or ¢ oy~ is concave and ¢ is

strictly decreasing.

Proof. We apply Theorem 2.6. O

The unweighted versions of Corollaries 2.5 and 2.6 are given in [13].
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Let (X, </, u) be a measure space with 0 < 1 (X) <eo, r € R, and u : X —R be a pos-
itive measurable function such that u" is p-integrable, if r £ 0, and logou is u-integrable,

if r = 0. Then the integral power means of order r are defined by (see [36]):

(e <>>fdu<>)', r£0, oy

e eXp( flog )du()) r=0.

() Let (X, <7, ) be a probability space, and u : X — R be a measurable function

Suppose probability distribution (py, ..., pu).
Under the conditions (H;) and (H3-Hy), we define the following cyclic mixed means
. s

corresponding to Cpq (¢) for the class of positive u-integrable functions g for which g* (if
s # 0) and logog (if s = 0) are also u-integrable.

~

s

2 /lj+l[71+/ (g<xt+j))x

Mr,s(tvag7“7p7)'):: .
]7—+(17t)fgvd:u’ d“n(xlw"vxn) ;r,s;éO,
i X

n
> (E )L]+1pl+j f t 1
i=1 Xn Y Aji1Pit
=0
1
k=1 1 kl:II( ( )))Lfﬂuj- k»i:ﬂfw’w ’ r
no (k- o 8 (xitj )=
.21 (ZO)L]#IPH/) 'Xf eXp ¢ j=0 " d:u'n (X],.. '7-xl1) ;r# 07
i= = n .
! (1) [log(g(x))du (x)

kol
ZOAHIPIH(g(XHj))A
o

-_ t k=1
) . flOg _ZO}Lj+1Pi+j d,u'n (X],...,Xn) ;5#07
Xn J=

n
exp| 5% (2 Aji1Pij
! +(1-1) [g'du
X

t

k—1 3
AjPisj | Z 1P
T (g (xip;)) 1P ) i
j:O( (xi+7)) du’ (x1,...,x,) | 35=0.
Xll
)

n (k=1
exp| £ (ZOA./‘HPH/)’ /
TNV —t }{log(g(x))dﬂ(x)

where i 4 j means i+ j —nin case of i + j > n.
The cyclic mixed symmetric means corresponding to G, are M, (0, f,g, 1, p,A)

Corollary 2.7 Assume (M), (H3) and (Hy). Let r,s € R such that r < s and suppose that
g’ & are u-integrable functions for r,s # 0 and logog is u-integrable function if either

r=0o0rs=0. Then

MV(va) S MV,S (tvag?“vpv)') S MV,S (07f7g7:u7p72') S MV(va) (224)

Proof. Apply Theorem 2.8. O
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Assume (Hj), (H3-H4) and (M3). Then we define the following quasi-arithmetic means
with respect to Cp, for u-integrable functions ¢ o g and yo g.
M(Z),ll/ (t7f7gnu7p7ﬂ') =

Z Aj +1Pz+]1//og(xz+])
1=

n k—1
! _21 (ZO)«J'HPH]') [ ooyt Zoljﬂmj du" (x1,...,xn) |
i= j= xn j=
+(1—t)){ll/ogdu

and standard quasi-arithmetic means are
My (g,10) / ¢ ogdu

The quasi- arithmetic mean related to Cj,,, are 1\7le¢ 0,f,8,Uu,p,A).

Corollary 2.8 Assume (Hy), (H3-Hy) and (M3). Suppose ¢ o g and v o g are U-integrable
functions. If either ¢ oy~ is convex and ¢ is increasing, or ¢ oy~ is concave and ¢ is
decreasing, then

Mll/ (g,,u) SM(Z),U/ (t7f7gnu7p7ﬂ') < Mq),u/ (07f7g7:u7p72') SM(Z) (gnu)v

while if either yo ¢~ !

increasing, then

My (g,1) < My (1, f.8,1.9,4) < My g (0, f, 8, 11,0, 2) < My (g, 1)
Proof. Apply Theorem 2.8. O

is convex and  is decreasing, or Wwo ¢~ is concave and  is

Remark 2.7 Under the conditions (M), we define

N(f)=n(x,p,A,f): sz f (vi) = Cais (f,X,p, )

J> (f) JZ(X PJ« f) 7Cdl§(fvx p7 <2P1Vz>

where f : I — R is a function. The functionals f — J;(f) are linear, i = 1,2, and Theorem
2.6 imply that

if f:1 — R is a convex function.
Assume (H;) and (H3-Hs). Then we have the following more linear functionals

I(f) =ds(f-guttp.2) 1= [ FogduCon(Fg.tpi2) 20,
X

J4(f) :J4(t7f7g7:u7p7ﬂ') = /fogd:u7C,Imr(t7f7gmu'7p7)') 207 re [071]7
X
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JS(f) :JS(tafaghuapax) = Cinl (fvgnuvpv)t’) _Cpar(f»f»gaH»P»)L) > O; (S [Oal]v

Jo(f) =Js(t,f g, 4,0, A) = Cpar (t, f,8, 14, P,A) — f /gdu >0; 1€[0,1],
X

h() =Js(f:8) = [ fosan—r | [edn
X X

The log-convexity, exponential convexity and m-exponential convexity and related results
for J7(f) can be found in [36].

2.2.3 m-exponential convexity, mean value theorems
and Cauchy means

We apply the method given in [83], to prove the m-exponential convexity and exponential
convexity of the functionals f — J;(f) fori=1,...,6, together with the Lagrange type and
Cauchy type mean value theorems. The same method is used for Theorem 2.1. Hence the
extension of Theorem 2.2 is as follows.

Theorem 2.9 Assume I C R is an interval, and assume A = {¢; |t € J} is a family of
functions defined on an interval I C R, such that the functiont — [yo,y1,y2; ] (¢t € J) is
m-exponentially convex in the Jensen sense on I for every three mutually different points
yo,y1,v2 € L Let Ji(f) (i = 1,...,6) be the linear functionals constructed in Remark 2.7.
Then t — Ji(¢;) (¢t € J) is an m-exponentially convex function in the Jensen sense on I for
eachi=1,...,6. If the functiont — J;(¢) (¢t € J) is continuous for i = 1,...,6, then it is
m-exponentially convex on I fori=1,...,6.

Proof. The proof is same as of 2.2. O

Similarly, the extensions for Corollary 2.3 and Corollary 2.4 are as follows.

Corollary 2.9 Assume I C R is an interval, and assume A = {¢ | t € J} is a family of
functions defined on an interval I C R, such that the function t — [yo,v1,y2;%] (t € J)
is exponentially convex in the Jensen sense on I for every three mutually different points
vo,y1,v2 € L Let Ji(f) (i = 1,...,6) be the linear functionals constructed in Remark 2.7.
Then t — Ji(¢) (¢t € J) is an exponentially convex function in the Jensen sense on I for
i=1,...,6. If the function t — J;i(¢;) (¢t € J) is continuous, then it is exponentially convex
onlfori=1,...,6.

Corollary 2.10 Assume I C R is an interval, and assume A = {¢, : t € J} is a family of
functions defined on an interval I C R, such that the functiont — [yo,y1,y2; ] (¢t € J) is
2-exponentially convex in the Jensen sense on I for every three mutually different points
yo,y1,v2 € L Let Ji(f) (i = 1,...,6) be the linear functionals constructed in Remark 2.7.
Then the following two statements hold fori=1,...,6:
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(i) Ifthe functiont — J;(¢;) (t € J) is positive and continuous, then it is 2-exponentially
convex on I, and thus log-convex.

(ii) Ifthe functiont — J;(¢) (t € J) is positive and differentiable, then for every s,t,u,v €
J, such that s <u andt < v, we have

us; (Ji, A) <y (i, A) (2.25)
where 1
Ji(9s) \ 57 sEt
‘Il 't ) )
Uy (i, A) = ( (@ Qﬁ(%) (2.26)
exp ( d‘l_(%)‘ ) ,s=1
.for ¢S7¢t S A

The extensions of mean value theorems for the linear functionals J;(f) (i = 1,...,6) are as
follows.

Theorem 2.10 Let Ji(f) (i=1,...,6) be the linear functionals constructed in Remark 2.7
and g € C*[a,b]. Then there exists & € [a,b] such that

1 .
Ji(g) = 58//(5)11' (x*); i=1,..6.
Proof. The proof is same as of Theorem 2.4. O

Theorem 2.11 Let Ji(f) (i=1,...,6) be the linear functionals constructed in Remark 2.7
and g,h € C*[a,b]. Then there exists & € [a,b] such that

= ; i=1,...,6,
Ji(h) 1" (&)
provided that J; (h) #0 (i=1,...,6).
Proof. The proof is same as of Theorem 2.5. O

By the application of Theorem 2.11, the Cauchy means constructed in Section 2.1.4
are generalized for two probability distributions p and A.

Example 2.6 Under the settings of Example 6.1 of [13], we apply Corollary 2.9 to get
the exponential convexity of # — J;(¢) (+ € R) and the monotone functions tv, in (2.26)
become

1
s—t

N

Ji(% .
(Ji((Pt ) ' ’ s 7& 4
s (Ji, A1) = q exp Jf](,'l((fl)?;) — %) ;s =1#0,

exp (48 )15 =1 =0,

Z
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fori=1,...,6.
Suppose Ji(¢;) >0 (t € R), a := min{xy,...,x }, b := max{xy,...,x, }, and let
M, (Ji,Ar) = logus, (Ji,A1);  s,t €R.
Then from Theorem 2.11 we have
a <M, (Ji,A1) <b,

and thus 9, (J;, A1) (s,r € R) are means. The monotonicity of these means is followed
by (2.25).

Similarly, the Examples 2.1-2.4 can also be extended for J;(y;) (r € R) (i = 1,...,6).

2.3 Further Applications To Holder’s Inequality

n
We say that the numbers p; > 0 (1 <i<n)and Y, p; =P,.
i=1

=

Theorem 2.12 [Let p > 1, iJr L — 1 and wi,xi,yi, i=,1,2,3,... be arbitrary sequences
of poistive real numbers . Then under the assumptions of Theorem 2.6 the following in-

equalities hold:
1 1
k-1 q (k=1 P
q p
2 AWyl Aj Wit jXiy
=0 0

1 1
n P n q
P q
D wixi > wiyy
-1 =1 j ;

j=
where i+ j means i+ j —n in case of i+ j > n.
If0 < p < 1 then inequalities sign are reversed in (2.27).

Y
M=

Il
—_

WiX;Yi. (2.27)

Y
M=

Il
—_

Proof. Consider the family of functions f(x) = g(gx—in s#0,1. Clearly f”(x) =x*2 >0
for all x > 0. Putting in weighted version of Theorem (2.14), we get

k=1 $
1 1 n s 1 1 n k—1 .zolj+lpi+jxi+j
— ol > — A1 Dis = @
S(l 75) (Pn prc,) = S(l *S) P, ; (20 ]+1pl+1> k—1
= = VT Zofljﬂptﬂ
j=

| R
> R Y pi(x}) (2.28)

n =1
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e P,
Consider the substitutions s = l, 1—s= o Pi= ,lw’—vl, X; = x—’q in (2.28), we get
P 2 wiy! Yi
OR
n q P
1 wiyi X;
prq q
Zwlvl i=1 Zwlyl yl
=
Z wiy! 1
— 4
kZl Ajti ey Xi” ’
n k—1
= Y
_ q Jj=0 A i+J
n |k 121 wit vl ZI E ]+1W1+]y1+]
] 2 '20 L k—1 wis s
: = 1
.21 w»i’ ! Y X Ajrwie vl A
= i=1j=0 J=0 DI )Lj+lwi+jY?+j
Z Wiy i=1j=0
1
n p 1
W,’ X\ 7
>pg—— (—q) (2.29)
2 le i=1 2 le yl
i=1
2 Wiyl'
i=1
n k—1 q
Since 2] > Aj+1Wl+jthj = 2 le, 2 A= 2] wiy;, we get
i=1j=0 i=
1 —1 p
n ? [ n P 1 n (k-1 jz A’JﬂLlW”erH»j
P Nl ) 4
rq Ellwtxi lezyi > pq—— . 231 E:O)L]Jrlwwrjyﬂrj k—
B B E‘ Wiy AT jZ Ajeiwir i ;
—1
n n 2
> pq Y, wixiyi | > wiy! (2.30)

i=1 i=1

After simplification, we will get (2.27). O

Theorem 2.13 Let p > 1, %Jr é =1 and w;,x;,yi, i =,1,2,3,... be arbitrary sequences

of positive real numbers . Then under the assumptions of Theorem 2.6 the following in-

equalities hold:
k—1

2 Aj1Wig jYit jXitj

1
i=1 i=1 i=1 k—1 q
2 A1+1W1+jyl+j

Q=

n n
2 wix{.’ 2 wiy? . (2.31)
i=1 i=1

1
r



28 2 CycLIC IMPROVEMENT OF JENSEN’S INEQUALITY

where i+ j means i+ j—nin case of i+ j > n.
The inequalities in (2.31) are reversed for O < p < 1.

Proof. Consider the substitutions f(x) = x?, p; = wiyl‘-’, Xi = xiyff" in (2.14) and simpli-
fying will give (2.31). m]



Chapter

Cyclic Improvements of
Inequalities for Entropy of
Zipf-Mandelbrot Law

The Jensen’s inequality plays a crucial role to obtain inequalities for divergences between
probability distributions. Divergences between probability distributions have been intro-
duced to measure the difference between them. A lot of different type of divergences exist,
for example the f-divergence (especially, Kullback—Leibler divergence, Hellinger distance
and total variation distance), Rényi divergence, Jensen—Shannon divergence, etc. (see [63]
and [91]). There are a lot of papers dealing with inequalities for divergences and entropies,
see e.g. [32] and [88] and the references therein. The Jensen’s inequality plays a crucial
role some of these inequalities.

We first introduce some important definitions and results used for rest of this Chapter.
The following notion was introduced by Csiszdr in [19] and [18].

Definition 3.1 Ler f:]0,00[ — |0,00[ be a convex function, and let p := (p1,...,pn) and
q:= (41, .-,4n) be positive probability distributions. The f-divergence functional is

I1(p.q) :== Y.qif (%) :
i=1 !

It is possible to use nonnegative probability distributions in the f-divergence func-
tional, by defining

£(0):= lim £(0): 0f<g) = 0; Of(g) - limtf(?), a>0.

—0+

29



30 3 CycLIiC IMPROVEMENTS OF INEQUALITIES FOR ENTROPY OF. ..

Based on the previous definition, the following new functional was introduced in [38].

Definition 3.2 Ler J C R be an interval, and let f :J — R be a function. Let p :=
(p1,---,pn) ER", and q := (q1, .. .,qn) €]0,0[" such that

Picy i=1.. . n 3.1
qi

Then let

Ir(p.q) = li‘lif (%) .

1

Shannon entropy and the measures related to it are frequently applied in fields like popu-
lation genetics, molecular ecology, information theory, dynamical systems and statistical
physics(see [17, 61].

Definition 3.3 The Shannon entropy of a positive probability distribution p := (p1,. .., pu)
is defined by
n
H(p) := =Y pilog(pi).
i=1

One of the most famous distance functions used in information theory [14, 90], mathe-
matical statistics [50, 92, 51] and signal processing [30, 60] is Kullback-Leibler distance.
The Kullback-Leibler distance [58, 59] between the positive probability distributions

p=(p1,...,pn) and q = (q1,...,qn) is defined by

Definition 3.4 The Kullback-Leibler divergence between the positive probability distri-
butions p := (p1,...,pn) and q = (q1,...,qn) is defined by

D (pllq) = ipt10g<%).

i=1

Definition 3.5 Zipf-Mandelbrot law is a discrete probability distribution depends on three
parameters N € {1,2,...}, g € [0,o0] and s > 0, and it is defined by

1

i;N,q,s) i = ————, i=1,...,N,
f(&N,q,s) T
where
N
H =) —.
N.,q.s kzzll(k+q)s

If ¢ =0, then Zipf-Mandelbrot law becomes Zipf's law.

Zipf’s law is one of the basic laws in information science and bibliometrics. Zipf’s law
is concerning the frequency of words in the text. We count the number of times each word
appears in the text. Words are ranked (r) according to the frequency of occurrence (f).
The product of these two numbers is a constant: r- f = c.
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Apart from the use of this law in bibliometrics and information science, Zipf’s law
is frequently used in linguistics (see [22], p. 167). In economics and econometrics, this
distribution is known as Pareto’s law which analyze the distribution of the wealthiest mem-
bers of the community (see [22], p. 125). These two laws are the same in the mathematical
sense, they are only applied in a different context (see [26], p. 294).

The same type of distribution that we have in Zipf’s and Pareto’s law can be also
found in other scientific disciplines, such as: physics, biology, earth and planetary sciences,
computer science, demography and the social sciences. For example, the same type of
distribution, which we also call the Power law, we can analyze the number of hits on web
sites, the magnitude of earthquakes, diameter of moon craters, intensity of solar flares,
intensity of wars, population of cities, and others (see [80]).

More general model introduced Benoit Mandelbrot (see [65]), by using arguments on
the fractal structure of lexical trees.

The are also quite different interpretation of Zipf-Mandelbrot law in ecology, as it is
pointed out in [79] (see also [29] and [93]).

3.1 Estimations of /- and Rényi divergences
by using a cyclic refinement of the
Jensen’s inequality

In this section, we obtain inequalities for Rényi and Shannon entropies from cyclic refine-
ments of Jensen’s inequality results. Finally, some concrete cases are considered, by using
Zipf-Mandelbrot law.

It is generally common to take log with base of 2 in the introduced notions, but in our
investigations this is not essential.

3.1.1 Inequalities for Csiszar divergence and Shannon entropy
In the first result we apply Theorem 2.6 to Iy(p, q).

Theorem 3.1 Let2 <k <nbeintegers, andlet A := (Ay,..., ) be a positive probability
distribution. Let J C R be an interval, let p:= (p1,...,pn) ER", andlet q:= (q1,-..,qn) €
10,00[" such that

Picy i=1,..n
qi
(a) If f - J — R is a convex function, then

Ir(p.q) = Y aif (Z—)
i—1 i

k—

n 1
>3 Y Ajrigis
i=1 \j=0

|~

= |2 S 32

k-1
) Y Ajr1Pitj i,
f

1
Zofljﬂthﬂ D
= .
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If f is a concave function, then inequality signs in (3.2) are reversed.
(b) If f : J — R is a function such that x — xf (x) (x € J) is convex, then

L, (p,q) = ZPz ( )

=

i=1

k-1 n
, Y Ajr1Pivj dril o,
Jj=0 i=1
<Zk,+lpl+,>f el = el DY RN CR)
= _201j+1qz'+j Yagi | =

j= i—1

Ifx — xf (x) (x €J) is a concave function, then inequality signs in (3.3) are reversed.
In all these inequalities i + j means i+ j — n in case of i+ j > n.

Proof. (a) By applying Theorem 2.6 with C :=J, f :=f,

. qi . Di
Pi—= 7 Vii— —

2‘]1’ qi
i=1

i=1

n

B PR

we have

Sar(2)=(80) 5 ()

bi+j Pitj
2 A’J+ 1 1

qi+j
n n | k=1 it 4 ]q,
=
> Yai |- N Ajiiy f
i

TS0 |
i=1 qi
i=1
k-1 n
) _Zoijﬁpiﬂ Yo,
= =
= 2 <ij+15b+j> — >f| = 2%’-
3 Ajr1Gi+ Yai | =
J=0 i=1

(b) We can prove similarly to (a), by using f :=1id;f.
The proof is complete. O

Remark 3.1 (a) Csiszdr and Korner classical inequality for the f-divergence functional
is generalized and refined in (3.2).

(b) Other type of refinements are applied to the f-divergence functional in [23], [24]
and [4].

(c) For example, the functions x — xlogy, (x) (x > 0, b > 1) and x — xarctan (x) (x € R)
are convex.
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‘We mention two special cases of the previous result.
The first case corresponds to the entropy of a discrete probability distribution.

Corollary 3.1 Let2 <k <nbeintegers, andlet A := (Ai,...,A) be a positive probability
distribution.
(@) Ifq:=(q1,...,qn) €]0,[", and the base of log is greater than 1, then

n n (k=1
72qilog(qi) < - 2 (2 )~j+l‘11+]> log (2 )~j+l‘11+]> <log| - qu (3.4)

i=1 i=1 \j=0 =
2,%
i=1

If the base of log is between 0 and 1, then inequality signs in (3.4) are reversed.
(b)Ifq:=(q1,-..,qn) is a positive probability distribution and the base oflog is greater
than 1, then we have estimates for the Shannon entropy of q

n (k=1 k-1
H(q)<-Y (2 A’j+1‘]i+j> log (2 }“j+1‘1i+1> < log(n).
i=1

j=0 Jj=0

If the base of log is between 0 and 1, then inequality signs in (3.4) are reversed.
In all these inequalities i+ j means i+ j —nin case of i+ j > n.

Proof. (a) It follows from Theorem 3.1 (a), by using f :=1log and p := (1,...,1).
(b) It is a special case of (a). O

The second case corresponds to the relative entropy or Kullback-Leibler divergence
between two probability distributions.

Corollary 3.2 Let2 <k <nbeintegers, andlet A := (Ay,...,A) be a positive probability
distribution.

(a) Let p:= (p1,--.,pn) €)0,00[" and q := (q1,-..,qn) €]0,0[". If the base of log is
greater than 1, then

k-1 n
n i n k—1 'EO}VJLHPH»JI ;pl n
Y pilog (—) >3\ Y Ajripirs | log o | 2log| 57— Y pi. (3.5)
=1 ' =1 \j=0 _Zoljﬁqz‘ﬂ Nagi | !

Jj= i—1

If the base of log is between 0 and 1, then inequality signs in (3.5) are reversed.
(b) If p and q are positive probability distributions, and the base of log is greater than
1, then we have

2 Aj+1pt+j

qu 2 (2 A'j+1pz+j> log 27 > 0. (3.6)

=l 2 l]+1‘]z+}

If the base of log is between 0 and 1, then inequality signs in (3.6) are reversed.
In all these inequalities i + j means i+ j — n in case of i + j > n.
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Proof. (a) We can apply Theorem 3.1 (b) to the function f := log.
(b) It is a special case of (a). O

Remark 3.2 We can apply Theorem 3.1 to have similar inequalities for other distances
between two probability distributions.

3.1.2 Inequalities for Rényi divergence and entropy

The Rényi divergence and entropy come from [85].

Definition 3.6 Ler p:= (p1,...,pn) and q := (qu1,--..,qn) be positive probability distri-
butions, and let o0 > 0, o # 1.

(a) The Rényi divergence of order o is defined by

1 AN
Do (p,q) := 5 — log (Z%(%) ) 3.7)
i=1 i

(b) The Rényi entropy of order o of p is defined by

1 LN
1_a10g (lzlpi ) (3.8)

The Rényi divergence and the Rényi entropy can also be extended to nonnegative prob-
ability distributions.

If o« — 11in (3.7), we have the Kullback-Leibler divergence, and if o — 1 in (3.8), then
we have the Shannon entropy.

He (p) =

In the next two results inequalities can be found for the Rényi divergence.

Theorem 3.2 Let 2 < k < n be integers, and let A := (Ay,...,Ax), p:= (p1,-..,pn) and
q:=(q1,---,qn) be positive probability distributions.
(a) If0< o < B, a, B # 1, and the base of log is greater than 1, then

B—1
k—1 a—1 a1

Pi+j

1 no (k=1 E‘O)Lj“p"*j(qi_x)
Do(p.q) < g—ylog | 3, ( X Ajsipisj = (3.9)

=EA=0 Y Ajt1Pitj

=0
< Dg(p,q)

The reverse inequalities hold if the base of log is between 0 and 1.
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(b) If 1 < B, and the base of log is greater than 1, then

Di(p.q) = D(plq) = 3 pilog (’q’—)
i=1 !

1 Yl (B-1) z A,Hp,ﬂlog(qﬂ)

< - log | ) (2 /1j+1pt+j> exp k

1
~\ &
=V Y Ajy1Divj
Jj=0

where the base of exp is the same as the base of log.
The reverse inequalities hold if the base of log is between 0 and 1.
(c)If0 < a < 1, and the base of log is greater than 1, then

N Ajripivs — <Di(p,q)

) <
«(p.q) = o— 1Z =
Y Ajr1pivj

=0

i=1

; o—1
( _ ) ]ZO)L]HPzﬂ (qﬂ)
log

The reverse inequalities hold if the base of log is between 0 and 1.
In all these inequalities i+ j means i+ j —nin case of i+ j > n.

Bt
Proof. (a) By applying Theorem 2.6 with C :=]0,00[, f :]0,00[ = R, f(¢) :=taT,

o—1
o (Pi) .
vii=|— , i=1,...,n,
qi

5E)) (@) :

o—1 o1
n _ ]2 A.j+1pz+j (qij) n i B-1
<y (2&,+1pz+,> = <Y p (_l)
i=1 0

i= Y Ajy1Di+j
=t

we have

(3.10)

if either 0 < x <1< P orl<a<p, and the reverse inequalities hold in (3.33) if
0 < a < B < 1. By raising the power ﬁll,
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1
B-1\ B—T

T kE/l 1Pi ( H)OH -
n 2i\“ o1 n (k- = Gl A
Z‘]z ( > 2 ZA']Jrlpth 1

=1
! Y Ajr1pivj
=t

(&) ()

Since log is increasing if the base of log is greater than 1, it now follows (3.9).

If the base of log is between 0 and 1, then log is decreasing, and therefore inequality
signs in (3.9) are reversed.

(b) and (¢) When o = 1 or B = 1, we have the result by taking limit.

The proof is complete. |

IN

IN

Theorem 3.3 Ler 2 < k <n be integers, and let A := (A1,...,A), p:= (p1,...,pu) and
q:=(q1,--.,qn) be positive probability distributions.

If either 0 < a0 < 1 and the base of log is greater than 1, or 1 < « and the base of log
is between 0 and 1, then

N o—1
n o [k=1 piri\ 27! 2 Ajt1Pitj (Wj)
+ Jj=0
<ij+1pl+j( d j) )10g 1 SDOC<p7q)
i qdi+j

; Aj+1Ditj

a—1

<Di(p,q) 3.11)

j
_ ]§OA]+1pl+j (qﬂ)
2 Aj+1pitj | log 1
= Y Ajr1pivj
=0

n
oclZ

i=1

If either 0 < a0 < 1 and the base of log is between 0 and 1, or 1 < o and the base of
log is greater than 1, then the reverse inequalities holds.
In all these inequalities i + j means i+ j — n in case of i+ j > n.

Proof. We prove only the case when 0 < or < 1 and the base of log is greater than 1, the
other cases can be proved similarly.

Since 1 < 0 and the function log is concave, we have from Theorem 2.6 by choosing
C:= ]O,oo[ f:=log,
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1 n pl o—1
Dqo(p.q) = log | pi| =
o—1 = qi e

; a—1
) EO/I J+1Pi+j (qﬂ)
log

37

that

< — a—1 2 <2 )L]+1pl+j

Py
Y Ajr1pitj
Jj=0

< Q%Zpllog <(Z’) 7 ) =iilpi10g (%) =Di(p.q)

and this gives the desired upper bound for D (p,q).

Since the base of log is greater than 1, the function x — xlog (x) (x > 0) is convex, and
therefore ﬁ < 0 and Theorem 2.6 imply that

wou-sie(fo ()
e B )l )

i=1

Y

1
(a— l)il’i (%)OH i

i=1

a—1
2 A.j+1pz+j ( lﬂ)

n k—1
Y Ajipit | %
—1 \j=0

1

k—

a—1
Z A.j+1pz+j ( lﬂ)

qi+j

log
Z Aj1Pisj Z Ajr1Pitj
=0 =0

YA oL P ol
1 n [k—1 it o—1 Fr j+1Pi+j it
n a1 2 Z)L]+1pl+j (q +j) log
_ . Pi 1 0 J
(OC l)gpz(q.) =1\J=
=

S

qi

i)

which gives the desired lower bound for Dy (p, q)-
The proof is complete.
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Now, by using the previous theorems, some inequalities of Rényi entropy are obtained.
Denote % = (%, U %) be the discrete uniform distribution.
Corollary 3.3 Ler 2 < k < n be integers, and let A := (Ay,...,A) and p := (p1,...,pn)
be positive probability distributions.

(a) If0< o < B, a, B # 1, and the base of log is greater than 1, then

k-1 " b
1 n k-1 jEO)LjJrlpiH
Hy (p) > =B log 2 2 Aif1Ditj o > Hg (p).
- i=1 \j=0 A L
jH1Pi+j
j=0

The reverse inequalities hold if the base of log is between 0 and 1.
(b) If 1 < B, and the base of log is greater than 1, then

H(p) = 3 pilog (1)
i—1

=

k-1
1 n (k=1 (B=1) X Ajs1pi+jlog(npit;)
( j) eXp

o
ZlOg(”)*‘mlOg 2 2 Aj+1Pit —

=1 =0 Zofljﬂptﬂ
iz

> Hg (p),
where the base of exp is the same as the base of log.

The reverse inequalities hold if the base of log is between 0 and 1.
(c) If0 < a < 1, and the base of log is greater than 1, then

k=1

1 o [kl .zoj'jﬂpﬁj

j:

Hy (p) > T—a (2 /1j+1Pi+j> log e — H(p)
=V ZO)'HIPiJrj

=

The reverse inequalities hold if the base of log is between 0 and 1.
In all these inequalities i+ j means i+ j —nin case of i+ j > n.

Proof. 1If q = %, then

1 _ 1 c a—-1_o | _ 1 c [0
Da(p,ﬁ)a_llog<2n pi*| =log(n)+——log izzlpi :

i=1

and therefore
1
Hy (p) =log(n) — Dq (p, H) : (3.12)



3.1 ESTIMATIONS OF f- AND RENYI DIVERGENCES BY USING. .. 39

(a) It follows from Theorem 3.2 and (3.12) that

He (p) =log(n) — Dg (p, %)

k—1 " =
1 L8 k—1 ]Z‘O)Ljﬁpiﬂ'
> log(n) — B—llOg nP- 2 Z%'Hpiﬂ' P E—
=1A=0 Y Aj+1Ditj
j=0
1
= log(n) =Dg (P, | = Hg (p).
(b) and (c) can be proved similarly.
The proof is complete. |

Corollary 3.4 Let 2 < k < n be integers, and let A := (Ay,...,Ar) and p := (p1,-..,Pn)
be positive probability distributions.

If either O < o < 1 and the base of log is greater than 1, or 1 < o and the base of log
is between 0 and 1, then

1 n
——— Y p{log(p;)

Y k-1
P o
= 1 n (k-1 ]EO/IjHPHj
>log(n) —————x 2 | X, Ajipfh; |log | n%~ o | = Hu(p)
(a—1) Y pr =10 Y Ajr1pitj
i=1 J=0
k-1
1 k1 20’1#11’%
e — 2 ( A'j+1pi+j> log ,1647 > H(p)
=0 '20/1,'+1Pt+j
=

If either 0 < o0 < 1 and the base of log is between 0 and 1, or 1 < o and the base of
log is greater than 1, then the reverse inequalities holds.

In all these inequalities i+ j means i+ j — n in case of i+ j > n.

Proof. We can prove as Corollary 3.3, by using Theorem 3.3. O

We illustrate our results by using Zipf—-Mandelbrot law.
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3.1.3 Inequalities by using the Zipf-Mandelbrot law

Corollary 3.5 Ler p be the Zipf-Mandelbrot law as in Definition 3.5, let 2 < k < N be
integers, and let A == (Ay,...,A) be a probability distribution. By applying Corollary 3.3
(c), we have:

If0 < o < 1, and the base of log is greater than 1, then

s Ylog(i+q)
= HNaani:I (i+q)s

The reverse inequalities hold if the base of log is between 0 and 1.

In all these inequalities i+ j means i+ j —nin case of i+ j > n.

Corollary 3.6 Ler p; and py be the Zipf-Mandelbrot law with parameters N € {1,2,...},
q1, q2 € [0,00[ and sy, sy > 0, respectively, let 2 < k < N be integers, and let A :=
(A1, ..,Ak) be a probability distribution. By applying Corollary 3.2 (b), we have:

If the base of log is greater than 1, then

(l+Q2) HN!]sz)
1P2 lo
D(pi|2) le (i+q1)" HN,qlm g((l"'ch) 'HN,thu

'S g (Y
J l+/+q1> HN,ql.sl

N
1 j=0
> lo >0.
—2<2 " z+j+ql)“HN,q1,sl> 1S -

A ——— 1
]go J+1 (i+j+q2)° ZHy, 4,52

(3.13)

If the base of log is between O and 1, then inequality signs in (3.13) are reversed.

In all these inequalities i + j means i+ j — n in case of i+ j > n.
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3.2 Arefinement and an exact equality condition
for the basic inequality of f-divergences

Measures of dissimilarity between probability measures play important role in probability
theory, especially in information theory and in mathematical statistics. Many divergence
measures for this purpose have been introduced and studied (see for example Vajda [91]).
Among them f-divergences were introduced by Csiszar [19]-[18] and independently by
Ali and Silvey [2]. Remarkable divergences can be found among f-divergences, such
as the information divergence, the Pearson or y2-divergence, the Hellinger distance and
total variational distance. There are a lot of papers dealing with f-divergence inequalities
(see Dragomir [25], Dembo, Cover, and Thomas [21] and Sason and Verdu [88]). These
inequalities are very useful and applicable in information theory.
One of the basic inequalities is (see Liese and Vajda [64])

Dy (P,Q) > f(1).

In this section we give a refinement and a precise equality condition for this inequality.
Some applications for discrete distributions, for the Shannon entropy, and some examples
are given.

3.2.1 Construction of the equality conditions and related
results of classical integral Jensen’s inequality

The classical Jensen’s inequality is well known (see [34]).

Theorem 3.4 Let g be an integrable function on a probability space (Y,%,V) taking

values in an interval I C R. Then / gdv lies in 1. If f is a convex function on I such that

Y
fogis v-integrable, then

f ly/gdv g/fogdv. (3.14)

The following approach to give a necessary and sufficient condition for equality in this
inequality may be new. First, we introduce the next definition.

Definition 3.7 Ler (Y, %, V) be a probability space, and let g be a real measurable func-
tion defined almost everywhere on' Y. We denote by essint, (g) the smallest interval in R
for which

v (g € essinty (g)) = 1.

Remark 3.3 (a) Obviously, the endpoints of essint, (g) are the essential infimum
(essinfy (g)) and the essential supremum of g, and either of them belong to essint, (g)
exactly if g takes this value with positive probability.
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(b) It is easy to see that either essint, (g) = / gdv » (in this case g is constant v-a.e.)

or /gdv is an inner point of essint, (g).
Y
(c) The interval essinf, (g) is connected with the essential range of g, but not the same
set (for example, the essential range of g is always closed, and not an interval in general).

Lemma 3.1 Assume the conditions of Theorem 3.4 are satisfied. Equality holds in (3.14)
if and only if f is affine on essinty (g).

Proof. It is easy to see that the condition is sufficient for equality in (3.14).
Conversely, if essint, (g) contains only one point, then it is trivial, so we can assume
that m := /gdv is an inner point of essint, (g). Let
Y
LR—R, 1(t)=f (m)(t—m)+f(m).
If f is not affine on essint, (g), then by the convexity of f, there is a point #; Eessint,, (g)
such that f(r;) > [(7;). Suppose t; > m (the case #; < m can be handled similarly).

Since f is convex, f(r) >1(r) (t€I) and f(t) >1(¢) (t €1, t >1). It follows by us-
ing v(g>1t) >0, that

/fogdv: /fong—l— /fongZ /long—f—/fogdv>/logdv:f(m),
Y (s<11) (>11) (s<11) (s211) Y

which is a contradiction.
The proof is complete. |

The next refinement of the Jensen’s inequality can be found in Horvéth [39].

Theorem 3.5 Ler I C R be an interval, and let f : 1 — R be a convex function. Let
(Y,#B,Vv) be a probability space, and let g : Y — I be a v-integrable function such that
n

fogisalso v-integrable. Suppose that . . ., Q, are nonnegative numbers with 2061 =1.
i=1
Then
(a)

f /gdv /f(Zotlgxl>dv XlyeeoyX, /fogdv

Y Yn

< /f (%ig(x,)) dv" (x1,...,x,) < /f (ioqg(x,)) dv" (x1,...,%n).
n i=1

yn
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By analyzing the proof of the previous result, it can be seen that the hypothesis “f o g
is v-integrable” can be weaken.

Theorem 3.6 Ler I C R be an interval, and let f : 1 — R be a convex function. Let
(Y, 9B, V) be a probability space, and let g : Y — I be a v-integrable function such that the

integral /fo gdV exists in]|—oo,00|. Suppose that oy, . .., o, are nonnegative numbers with

Y
n

Zai = 1. Then the assertions of Theorem 3.5 remain true.
i=1

We assume throughout that the probability measures P and Q are defined on a fixed
measurable space (X,.o/). It is also assumed that P and Q are absolutely continuous with
respect to a o-finite measure p on 7. The densities (or Radon-Nikodym derivatives) of P
and Q with respect to u are denoted by p and ¢, respectively. These densities are p-almost
everywhere uniquely determined.

Let

F:={f:]0,0o] - R | f is convex},

and define for every f € F the function
- " 1
fole =R ) =if ()

If f € F, then either f is monotonic or there exists a point #y € ]0,eo[ such that f is
decreasing on ]0,7y[. This implies that the limit

lim f (1)

t—0+
exists in | —eo, eo|, and

£(0):= tim £(7)

t—0+

extends f into a convex function on [0,o[. The extended function is continuous and has
finite left and right derivatives at each point of |0, o[
It is well known that for every f € F the function f* also belongs to F, and therefore

f7(0):= lim f*(z) = lim flu)

1—0+ u—eo
We need the following simple property of functions belonging to F.
Lemma 3.2 If f € F, then f*(0) > f' (1). This inequality becomes an equality if and
only if
fO)=fAM0-1)+f(1), 1>1. (3.15)
Proof. Since f is convex,

fO=fMe-D+f1), =1,
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and therefore

£5(0) = tim £ > f1(1).

t—oo f

If (3.15) is satisfied, then obviously f*(0) = f (1).
If there exists #; > 1 such that £ (¢;) > f% (1), then by the convexity of f,

fO=Zfi)—n)+f(n), t=n,
and hence f* (0) > f% (1). It follows that f* (0) = f% (1) implies
fi(t):fjr(l)a tZtlv

and this gives (3.15) (see [28] 1.6.2 Corollary 2).
The proof is complete. O

The next result prepares the notion of f-divergence of probability measures.

Lemma 3.3 Forevery f € F the integral

[ ot (Ao} auto)

. qg(w
(g>0)

exists and it belongs to the interval | —oo, o).
Proof. Since f is convex,
fOZfMeE=-1)+f(1), 120

This implies that for all ® € (¢ > 0)

q<w>f(%)zh<w>:=f4<1><p<w>—q<w>>+f<1>q<w>. (3.16)

Elementary considerations show that the function 4 is u-integrable over (¢ > 0), and
this gives the result by (3.16).
The proof is complete. |

Now we introduce the notion of f-divergence.

Definition 3.8 For every f € F we define the f-divergence of P and Q by

D (P0):= [atw)r (212} ) an(w).

q(o)

where the following conventions are used

0
oﬂ@:W@#DQ0%a=W@:Q 3.17)
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Remark 3.4 (a) For every f € F the perspective f : ]0,o0[ x ]0,00[ — R of f is defined by

fxy)=yf (;—C) :

Then (see [86]) f is also a convex function. Vajda [91] proved that (3.17) is the unique rule
leading to convex and lower semicontinuous extension of f to the set

{(x,y) € R? |x,y20}.

(b) Since f* (0) € |—oo, 0], Lemma 3.3 shows that D (P, Q) exists in | —co, 0| and

_ [ (rl®) ] _
pr(ro)= [ 7(%e)aow) s ©0P=0). a1

(g>0

It follows that if P is absolutely continuous with respect to Q, then

p(r0)= | f(%) dQ (o).

(g>0)

Various divergences in information theory and statistics are special cases of the f-
divergence. We illustrate this by some examples.

(a) By choosing f :]0,eo[ — R, f(¢) = ¢In(¢) in (3.18), the information divergence is
obtained

1(P,Q) = / p(®)In <%) du () 4P (qg=0). (3.19)
(4>0)

(b) By choosing f :]0,e[ — R, f (t) = (¢ — 1)* in (3.18), the Pearson or x2-divergence
is obtained

2 _ (p(0) —q(w))’ Dl —
X(P’Q)(q£)>—q(w) du(m)+P(g=0). (3.20)

(c) By choosing f :]0,eo[ — R, f (1) = (Vi — 1)2 in (3.18), the Hellinger distance is

obtained
1w (P.0) = [ (Vi) - Va(@) du (o). G21)

X

(d) By choosing f :]0,0o[ = R, f () = |t — 1| in (3.18), the total variational distance is
obtained

V(L0 = [Ip(©)-g@)u). (3.22)

We need the following lemma.
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Lemma 3.4 Lety:=P(qg>0).
(a) For every € >0

Q<§<t0+£,q>0> > 0.

essinfy (B) <ty
q

Q<£<to+8,q>0) 1Q<£Zto+8,q>0).
q q

(b)

Proof. (a) Obviously,

The result follows from this, since

p 1 1o
>y ,g>0 :/1 ) du < / du = <1
X (g>0)

(b) It comes from (a).
The proof is complete. O

The following result contains a key property of f-divergences. We give a simple proof
which emphasizes the importance of the convexity of f, and give an exact equality condi-
tion.

Theorem 3.7 (a) Forevery f € F

Dy (P.Q) > f(1). (3.23)
(b) Assume P(q=0) = 0. Then equality holds in (3.23) if and only if f is affine on
essintg % .

(c) Assume P(q=0) > 0. Then equality holds in (3.23) if and only if f is affine on
essintg (%) U[1,e0].

Proof. (a)If D¢ (P,Q) = oo, then (3.23) is obvious.
If Dy (P,Q) € R, then the integral

/ f (m) dQO (o) (3.24)
(g>0)

q(w)

is finite, and therefore either Q(p =0) =0 or Q(p =0) > 0 and £ (0) is finite. It follows
that Jensen’s inequality can be applied to this integral, and we have

i) =7 | [ pau|+r ©PG=0) (3.25)
(4>0)
=f(P(@>0))+f (0)P(g=0). (3.26)
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Let 7y := P (g > 0). By using Lemma 3.2, 7y € [0, 1], and the convexity of f, it follows
from (3.26) that

Dy (P,Q) > f (to)+ f} (1) (1 —10) (3.27)
> )+ -1+, (1) (1—10) = f(1). (3.28)
(b)If Dy (P,Q) = f (1), then Dy (P, Q) is finite.

Assume P (g = 0) = 0. Then by (3.25) and (3.26), Df (P,Q) = f (1) is satisfied if and
only if equality holds in the Jensen’s inequality. Lemma 3.1 shows that this happens exactly

if f is affine on essinty (5)
(c) Assume P (g =0) > 0. Then (3.25), (3.26), (3.27) and (3.28) yield that there must
be equality in the Jensen’s inequality, f* (0) = f% (1), and

flo)=f()+f(1)(0—1). (3.29)
By Lemma 3.1 and Lemma 3.2, the first two equality conditions are satisfied exactly if f
. . P -
is affine on essinty (q) U[1,0e].

Now assume that f is affine on essinty (5) U[1,00[. In case of 7p > 0, Lemma 3.4 (b)
and the continuity of f at #y show that (3.29) also holds. In case of #y = 0, it is easy to see
that Q (s = O) =1, and hence 0 €essinty (g) which implies (3.29) too.

The proof is complete. O

Remark 3.5 (a) Consider the subclass F; C F such that f € F satisfies f (1) = 0. In this
case inequality (3.23) has the usual form

D¢ (P,Q) > 0.

(b) The usual equality condition is the next (see [64]): if f is strictly convex at 1, then
D¢ (P,Q) = f(1) holds if and only if P = Q. Theorem 3.7 (b) and (c) give more precise
conditions.

3.2.2 Refinements of basic inequality in f-divergences
and related results

Suppose that 1, ..., o, are nonnegative numbers with ZOQ = 1. Let
i=1

A" = ®...09, withn factors,
and define the probability measures Q" and R on </ by
0":=0®...®Q, withn factors,

and

n i
Ry:=Y 0i0®...200P20®...00.
i=1

=
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In case of o; = % (i=1,...,n) the probability measure R, will be denoted by R,,.
These measures are absolutely continuous with respect to " on .&/”. The densities of
R and Q" with respect to u" are

n n
®q:Xn*>R7 (w],---,wn)*)l_‘[q(wi),
i=1

i=1

and
l

(o1,...,0, Zoc,q o) ...p()...q(w,), (0r,...,w0,)€X",

respectively.
It is easy to calculate that

a<(§)q0> =1-Rqy (éq>0> =1-Ru((g>0)")
i=1 i=1
flea, (g>0)""P(g>0)=1-P(qg>0)=P(g=0).

It follows that for every f € F

iaiq(wl)...p(wi)...q(wn)
Dy (R, Q") = /f =l - do" (oy,...,o,)
(¢>0)" H‘I(wi)

_ / f(iaip(“’f)>dQ"(wl,...,w,,)Jrf*(O)P(q=0) (3.30)
2\B

-/ f[ﬂw»f(iaﬂ’(“’f)) A" (@1, 02) 4 (0)P g =0).

By applying Theorem 3.5, we obtain some refinements of the basic inequality 3.23.

n
Theorem 3.8 Suppose that «, ..., oy, are nonnegative numbers with 20{5 =1IffeF,
i=1
then
(a)
Dy (P,Q) > Dy (Ra,Q") = Dy (Ry, Q") = f(1). (3.31)

(b)
Dy (P,Q) =Dy (R1,0")
> ... > Dy (R, Q") > Dy (Rpy1,@™Y) > ... > f(1), m>1.
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Proof. (a) The third inequality in (3.31) comes from Theorem 3.7.
So it remains to prove the first two inequalities in (3.31). By (3.18) and (3.30), it is
enough to show that

<q'>/(;>f(qu’)§>dg( / (20‘1 o) >dQ"( ) (3.32)

(¢>0)"
L p(a)i) n
Z / f(;l]q(wl)>dQ (wlv"'awn)a

(g>0)"

which is an immediate consequence of Theorem 3.6.
(b) We can proceed similarly as in (a).
The proof is complete. |

By considering the special f-divergences (3.19-3.22), we have after each other
(a) the information divergence

I(Rg, Q") =P (q=0)

(b) the Pearson divergence

(g>0yr =

2
%% (R, 0") —/ Hq ;) (2(1%) du" (oy,...,0) +P(q=0),

(c) the Hellinger distance

2

1/2

n ; ;

# (k0= [ Tato) | (Sald) —1) diton...00.

= i—1 Q(wi)
(¢>0)
(d) the total variational distance
;) — w; n

V(Ry,Q") = / Hq ;) 2 ,M du" (oy,...,,).

—1 Q(wi)

( >0))l i=

Now, we consider the special case, important in many applications, in which P and Q
are discrete distributions.

Denote T either the set {1,...,k} with a fixed positive integer k, or the set {1,2,...}.
We say that P and Q are derived from the positive probability distributions p := (p;),. and
q = (qi);er» respectively, if p;, g; >0 (i € T), and Zpi = Z‘Ii = 1. Inthis case X =T,

i€T i€T
7 is the power set of T, and u is the counting measﬁre on JZ; .
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n
Corollary 3.7 Suppose that oy,...,q, are nonnegative numbers with Zai = 1. Sup-
i=1
pose also that P and Q are derived from the positive probability distributions (p;);cr and
(i) ;e respectively. If f € F, then

(a)
~3ar(%)> T Tar(Ea)
icT 4i (i1yesin) €T j= =1
pi;
> 2 HCIZ] ( 2 ) Zf(l)
(i1 yeensin) ET" j= Jj= 14i;
(b)

Di(PQ)>...> Y qu, ( 2@,)

(i1yeeesin) €T =1 =14

n+1 1 "+1Pi-
> D Hq,] ( 2—’)2...2.;0(1), n>1.

] “ i
(i1 yeempiny 1) ETMHLj=1 n+ 1:1%]

Proof. This comes from Theorem 3.8 immediately. O

Finally, we give an example to illustrate the previous result. We consider only Corollary
3.7 (a).

Example 3.1 (a) By choosing f :]0,o0[ = R, f(x) = —In(x) and p; = % (i=1,...,k)in
the previous corollary (in this case T = {1,...,k}), we have

k k
= —izzlthln (kiq,) =1In(k)+ Y giln ()

i=1

(i], l,l)ET”j =1 l,l)ET”]
1 L |
> 2 Hq,j — | =In(kn) — D qu] In 2 > 0.
(i1yeensin) €TMj=1 =19i (i1 yeensin)ETM j=1 j=14i;

It can be obtained from this some refinements of the classical upper estimation for the
Shannon entropy

k
_;Qiln(Qi)S D qu]1n<2 l)

(i], ln)eT’l] J 1

n
< —In(n)+ 2 Hsz,ln(Zqi) < In(k
i, =14
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(b) If f :]0,00[ — R, f (x) = xIn(x) in the previous corollary, then we have the follow-
ing estimations for the information or Kullback—Leibler divergence:

n

n pl n n pl
I(P,Q) =Y piln (—> > Y o;pi;] [gi | In o —+
i=1 qi 1 =1 -1 49

(i],....,l’,l)ETH Jj= J

I
1 n n 1 n pij

>= Y | YpiIlan (=Y ) >0 (3.33)
Wy iimern \ j=1 "i=1 n 214

I#j

(c) The Zipf-Mandelbrot law (see Mandelbrot [65] and Zipf [95]) is a discrete proba-
bility distribution depends on three parameters N € {1,2,...}, g € [0,ec[ and s > 0, and it
is defined by

1
i;N,q,s) = ————, i=1,...,N,
f( q ) (l+q)SHN7q7s
where
Nl
H = —_—.
Noas k; (k + ‘I)S

Let P and Q be the Zipf-Mandelbrot law with parameters N € {1,2,...}, 1, g2 € [0,0[
and s1, 5o > 0, respectively, and let 2 < k < N be an integer. It follows from the first part
of (3.33) with T = {1,...,N} that

1 (i+q2)” Hy g,
I(P7Q):2( SlH Y ( . SlH e
i—1 lJF‘]l) N,q1,51 (l+ql) N,q1,51
n 1 n 1
> o 3 - 3
(il,...%)eT" j; ! (lj + Q1)Yl HN g5, 1;1 (i1 + QZ)YZ Hy g, 5
j

(ljJr‘]l)s1 Hy g5,

n ;. SZH
« In (206j (l.J+qz) N7q2a52> >0.

This is another type of refinement for I (P, Q) than it is given in [38].






Chapter

Cyclic Refinement
of Beck’s Inequalities

In the present Chapter 4, we refine the discrete Jensen’s inequality for vectors by the idea
recently given in [13]. As a consequence, we are able to refine the inequality of E. Beck [9]
with the help of cyclic generalized mixed symmetric means. This leads to the refinements
of the classical Holder’s and Minkowski’s inequalities.

4.1 Introduction and preliminary results

In this subsection we first briefly summarise some results corresponding to Beck’s inequal-
ities (see [9]). We depend upon the papers [44]and [45].
Let I C R be an interval, let & : I — R be a continuous and strictly monotone function,

n
leta=(ai,...,a,) €I",andletp = (pi,...,p,) be a nonnegative n-tuple such that Y, p; =
i=1
1. The quasi-arithmetic #-mean of a with weights p is defined by

n
ha(a;p) = hy(ai;1 <i<n;p)=h(a;pn) :=h"" (2 pih(ai)) .
-1

If p; = ,ll (1 <i < n), then p will be ignored from the previous notations.
First, we extend Beck’s results (see [9]). The following hypothesis will be used:

53
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(A LetL : I, =R (r=1,...,m)and N : Iy — R be continuous and strictly monotone
functions whose domains are intervals in R, and let f : I} X ... X I,, — Iy be a continuous
function. Let x(1),....x(") € R" (n >2) such that x*) ¢ I:l for eacht = 1,...,m, and let
p = (p1, ..., pn) be a nonnegative n-tuple such that Y7, p; = 1. The next result is a simple
consequence of the discrete Jensen’s inequality (see Theorem A).

Theorem 4.1 Assume (A;). If N is an increasing function, then the inequality
£ (L0 D33 L (i) ) = N7 (ZpiN(f(X§l),---,x,"")))> . @D
i=1

holds for all possible x() (t=1,...,m) and p, if and only if the function H defined on
I1 X ... x Ly, by

H(t1,oostn) = N (f (L7 (01), s Ly () (4.2)

is concave. The inequality in (4.1) is reversed for all possible x) (t = 1,...,m) and p, if
and only if H is convex.

Proof. We replace the convex function f by —H or H, and x; by L; (xl@ ) in (1.1) and then
applying the increasing function N~! we get the required results. O

Beck’s original result was the special case of Theorem 4.1, where m = 2 and I} =
[k],kz], 12 = [ll,lz] and [N = [111,112] (see [16], p- 249).

For simplicity, in the case m = 2 we use the following form of (A):

(Ap) Let K:Ix — R, L: Iy — R and N : Iy — R be continuous and strictly mono-
tone functions whose domains are intervals in R, and let f : Ix x I — Iy be a continuous
function. Let a, b € R" (n >2) such thata € [} and b € I}, and let p = (py,...,pn) be a
nonnegative n-tuple such that 3! | p; = 1.

Then (4.1) has the form

[ (Ku(a;p),La(b;p)) > Nu(f(a,b);p), (4.3)

where f(a,b) means (f(a1,b1),..., f(an,bn)).

The following results are important special cases of Theorem 4.1, and generalize the
corresponding results of Beck. The next hypothesis will be used:

(Aj)LetK:Ix — R, L:I; — R and N : Iy — R be continuous and strictly monotone
functions whose domains are intervals in R such that either Ix + I, C Iy and f(x,y) = x+y
((x,y) € Ig X I) or Ig, I, C|0,e0[, Ix - I, C Iy and f(x,y) = xy ((x,y) € Ig X I). Assume
further that the functions K, L and N are twice continuously differentiable on the interior
of their domains, respectively. Let a, b € R" (n > 2) be such that a € I} and b € I}, and
let p = (p1, ..., px) be a nonnegative n-tuple such that 3,7, p; = 1.

The interior of a subset A of R is denoted by A°.

Corollary 4.1 Assume (A3) with f(x,y) =x+y ((x,y) € Ix X I.), and assume that K', L',

N', K", L' and N" are all positive. Introducing E := Ilg—,l,, F:= f—,,, G:= 11\\//—,/,, (4.3) holds for
all possible a, b and p if and only if

E(x)+F(y) <G(x+y), (x,y)€lgxI;. 4.4)
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Corollary 4.2 Assume (A3) with f(x,y) = xy ((x,y) € Ig X IL). Suppose the functions

K’ L N’ o o
A()C) = W&fl)(”(x)’ B(X) = W;:L”(x) and C(X) = Wg\)ﬂ,()‘) are deﬁned on IK’ IL and
I3, respectively. Assume further that K', L', N', A, B and C are all positive. Then (4.3)
holds for all possible a, b and p if and only if

A(x)+B(y) <C(xy), (x,y) €lgxIf.

To prove these corollaries, similar arguments can be applied as in the analogous results
of Beck. We just sketch the proof of Corollary 4.1.
Proof. By Theorem 4.1, it is enough to prove that the function

H:K(Ix) x L(IL) = R, H(t,s) :==NK ' (t) +L(s))
is concave. Since H is continuous, and twice continuously differentiable on the interior
K(IY) x L(I}) of its domain, we have to show that
J*H(t,s) J’H(t,s)  ,0*H(t,s)
or? dtds 2952
for all (z,s) € K(I¢) x L(I}) and (hy,hy) € R?. By computing the partial derivatives of H
of order 2 at the points of K(Ig) x L(I}), we have that this condition follows from (4.4). O

hi +2hihy <0

Interpolations of the discrete Jensen’s inequality (1.2) given in [84] are used in [75] (see
also [74], p. 195) to refine the inequality of Beck for a function of two variables. More
general refinements of Beck’ inequality can be found in [44, 45] (see also [36] Chapter 7)
by applying refinements of the discrete Jensen’s inequality (1.1) appeared in [41, 42, 43].
In this section we give some new refinements of Beck’s inequality (4.1) by using the results
in [13]. This leads to some new refinements of the classical Holder’s and Minkowski’s in-
equalities.

4.2 Refinements when p is the discrete
uniform distribution

For the sake of completeness we give the following refinement of the discrete Jensen’s
inequality which is a generalization of Theorem 2.1, and a special case of Theorem 2.6.

Theorem 4.2 Assume U is a convex set in R", x1,...,x, €U, and A = (Ay,...,A¢) is a

k
positive k-tuple such that ¥, A; = 1 for 2 < k < n. Then
i=1

1 & 1 & k—1 1 &

f(—Zx,-) gs:—2f<2/1j+lxi+j> <=M f(x). (4.5)
iz iz \j=o iz

1.

Assume (A;) with p = ( 1), and let A = (A4,...,A) be a positive k-tuple such that

k
> A; = 1 for 2 < k < n. The cyclic mixed symmetric means relative to S are defined by:
i=1
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Now, we get an interpolation of (4.1) by the direct application of Theorem 4.2 as fol-
lows.

1 1

n’""'n

Theorem 4.3 Assume (A1) with p = ( ) and let A = (Ay,...,A) be a positive

k

k-tuple such that ¥, A; =1 for 2 <k <n. If N is an increasing (decreasing) function, then
i=1

the inequalities

f(Ll(x(l);n),...,Lm(x(m);n)) gM(Ll,...,Lm;xm,...,x(m))
1 & m
<N-! (—ZN(f(x§1>,...,x§ )))> , 4.7)
niz

hold for all possible x\") (t=1,...,m), if and only if the function H is defined in (4.2) is
convex (concave). If N is an increasing (decreasing) function, then the inequalities in (4.7)
are reversed for all possible x(®) (t=1,...,m), if and only if H is concave (convex).

Proof. Suppose N is increasing and the function H : Ly () X ... X Ly(I,) — R,

H(ty,ooostw) =N (f (L7 N(t1)s s Ly ()

is convex. We can apply Theorem 4.2 to the function H and to the vectors
(L (xm), o ,Lm(x(m))), i =1,...,n. Then the first term in (4.5) gives

i i

i=1 i=1

=N (f (LH (% _'leLl(xE‘U) . (% '"1 m<x§’”)>>>>

=N (f (L1 (x(l);n),...,Lm(x(m);n)>) .

(3B 00 tati) ) < (R0 B

The last term in (4.5) is

n n

%ZH(LI(X,(I)),...,Lm(xl(m))) - EZN(f (x§1)7"'7x§n1))) 7

i=1 i=1
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and the middle term in (4.5) has the form

l'jﬂ(zm (L) Lm<xﬁfi->)>

I
S| =
M=

Il
—_

H(E:Olj+1l,1 l+j ij+le ,(Jr;))

_ k—1
N (f (Lll <2 ALy (xl@j)) s L <2 AHILm(xﬁfj.))))
Jj=0 Jj=0

N (f (L1 (x(l);k),...,Lm(x(’");k)>).

S|
T

M=

S|

-

Il
—_

The inequalities (4.7) follow from these observations and Theorem 4.2 since N~! is
increasing.
The converse is obtained by Theorem 4.1. O

Assume (Ay) withp = (1,... 1) and let A = (Ay,...,A) be a positive k-tuple such

n’’

that Z A; = 1 for 2 < k < n. Then, for m = 2, the reverse of (4.7) can be written as
i=1

f(K,(a),L,(b)) > M(K,L;a,b) < ZN flai, b)) ) 4.8)

Example 4.1 Let f(x) =xy and N(x) = x. Then H(s,t) = K~'(s)L~!(¢). If H is concave
then (4.8) gives the following refinement of Holder’s inequality.

LS aibi < 2 3 K@ LK) < Ko (a) (). .9)

In particular, if H(s,7) = s'/4:Y/7 so H is concave for g,r>1land g '+r 1 =1; we get
the following refinement of the classical Holder’s inequality for positive n-tuples a and b.

n n (k-1 é k—1 T i %
San <3 (Famet) (Sris) <(Ea) (£4)
i=1 i=1 \Jj=0 j=0 i=1

Example 4.2 1f H(s,t) = (s'/? +¢'/P)? then H is concave for p > 1, and (4.8) reduces
to the following refinement of the classical Minkowski’s inequality for positive n-tuples a

and b.
(l

~ =

p

1 1 1 b
P 14 k—1 r
(al+b) > = (2 )L]+1al+j> + (2 )Lj+1bf+j>
1 i=1 \ \j=0 =0
1

™M=
A
M=

IA
—
I=
Q
~3
N———
+
TR
I
S
~3
N———
|
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On the analogy of Corollary 4.1 and Corollary 4.2, we have the following consequences of
Theorem 4.3.

Corollary 4.3 Assume (A3) with p = (l 1

n"“’;l

), and let A = (Ay,...,A) be a positive
k

k-tuple such that Y A; = 1 for 2 <k <n. Suppose f(x,y) =x+y ((x,y) € Ix x I.), and
i=1

assume that K', L', N', K", L' and N" are all positive. Introducing E := Ilg—,,, F := f—,,,
G:= 11\\//—,/,, (4.8) holds for all possible a and b if and only if
E(x)+F(y) <Glx+y), (xy)€lgxI.
In this case
1 n
M(K,L;a,b) =N"! (— Y N (K(ask) +L(b;k))> . (4.10)
iz
Corollary 4.4 Assume (A3) with p = (%,...,%), and let A = (Ay,...,A4) be a positive

k
k-tuple such that 'Y, A; = 1 for 2 < k <n, and f(x,y) = xy ((x,y) € Ix X I.). Suppose the
i=1
: _ _ K@ N #{€)) N
Sfunctions A(x) := TIOETUEL B(x):= TG @nd C(x) := NG @re defined on
Iy, I} and Iy respectively. Assume further that K', L', M', A, B and C are all positive. Then
(4.8) holds for all possible a and b if and only if

A(x)+B(y) <C(xy), (x,y) € Ig xI.

In this case

-

M(K,L;a,b) =N"! (% N(K(a;k)L(b;k))) . (4.11)

i=1

4.3 Refinement of Minkowski’s inequality

(A4) Let I be an interval in R, and let M : I — R be a continuous and strictly monotone
function, and let x; € I'" (i = 1,...,n). Let (A4,...,A4) be a positive k-tuple such that

m
Zf‘:]li =1for2 <k <n.Letw=(wi,...,w,) be a nonnegative m-tuple such that Y w; =
i=1

=
1.
We give a refinement of the Minkowski’s inequality by using Theorem 4.2.

Theorem 4.4 Assume (A4), and assume that the quasi-arithmetic mean function

m
X — My(x;w) :=M"! (2 w,-M(x,-)) , xelI”
i=1



4.4 WEIGHTED VERSION OF CYCLIC REFINEMENT OF BECK’S INEQUALITIES 59
is convex. Then

1 1 & k—1
M, (Z in;w> <- ZMm <2 7Lj+1Xi+j;W> <
i=1 i=1 =0

n:

M=

1
=Y My(Xp5W). (4.12)
n r=1

Proof.  This is obtained by applying Theorem 4.2 to the function M,,(-;w) and to the
vectorsx; (i =1,...,n). a

The following necessary and sufficient condition for the quasi-arithmetic mean func-
tion to be convex is given in ([74], p. 197):

Theorem C. If M : [m;,m;] — R has continuous derivatives of second order and it is
strictly increasing and strictly convex, then the quasi-arithmetic mean function My, (-;w) is
convex if and only if M' /M" is a concave function.

(As) Let M :]0,00[—]0,eo[ be a continuous and strictly monotone function such that
1in(1)M(x) =00 or}}im M(x) =oo. Letx; € I" (i=1,...,n), and let (A1,...,A¢) be a positive
sy e

k-tuple such that Zé‘zlli =1for2 <k <n.Letw= (wi,...,wy) be positive m-tuple such
thatw; > 1 (i=1,...,m).
Then we define

M, (x;w) =M~ (iwiM(xi)> : (4.13)
i=1

The following result is also given in ([74], page 197):

Theorem D. If M :]0,o0[—]0,0[ has continuous derivatives of second order and it is
strictly increasing and strictly convex, then My (-;w) is a convex function if M/M' is a
convex function.

By using (4.13) we have

Theorem 4.5 Assume (As). If the function
X — ]\71,,1(x;w), X €]0, 00"

is convex, then Theorem 4.4 remains valid for ]l7lm(x;w) instead of My, (x; w).

4.4 Weighted version of cyclic refinement
of Beck’s inequalities

In the pervious sections, a cyclic refinement (unweighted version) of the inequality of E.
Beck [9] is presented. Now we generalize those results for positive weights. In the rest of
the Chapter 4 we work out the weighted analogue of new refinement of Beck’s inequality
(4.1) by weighted cyclic mixed symmetric means as a consequence of the refinement devel-
oped in Section 2.1.1. This obviously, leads to refinements of weighted forms of discrete
Holder’s and Minkowski’s inequalities.
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4.5 Weighted Refinement of Beck’s Inequality

The following refinement of the discrete Jensen’s inequality is a special case of Theorem
2.6. For the sake of completeness we give it.

Theorem 4.6 Assume U is a convex set in R™, x1,...,x, € U. Let 2 < k < n be integers,
and let py,...,p, and Ay, ..., A represent positive probability distributions. Then

f <2 Pixi> <
i=1

k—1

n k—1 .gOA'JJr]phLJXH»] n
Cais =Y, (2 /1j+1pt+j> f FIH— <Y pif(x). (4.14)
i=1 i—1

o
/ '20 Aj+1Di+j

Proof. Assume (Aj), and let A = (A1,...,A) be a positive k-tuple such that Z A; = 1 for
2 < k < n. The weighted cyclic mixed symmetric means relative to Cy;s are deﬁned by:

M(Ll,...,Lm;x( ),...,X m ;p;l)

n (k-1 4.15
= Nil (21 <Zoxj+lpl+j>N(f (LI(X(U,p,)L,k),,Lm(X(m),p,A.,k)>)> ( )
i=1 \ j=
k-1 .
X Ajipisili(xii))
l,T(X(t)7p7A,,k):L;1 ! k—1 5 t:17"'7m'
_Zoijﬁpiﬂ'
j=
O

Now, we get an interpolation of (4.1) by the direct application of Theorem 4.6 as fol-
lows.

k
Theorem 4.7 Assume (A1), andlet A = (A, ..., A) be a positive k-tuple such that Y, A; =
i=1
1 for2 <k <n. IfN is an increasing (decreasing) function, then the inequalities

f(Ll(x“),p;n),...,L,,l(x("”,p;n)) < M(Ll,...,Lm;x(]),...,x(m);p;/l)
N (4.16)
< ;PL (f(xi y ey X )) ,

hold for all possible x*) (t = 1,...,m), p and A if and only if the function H is defined in
(4.2) is convex (concave). If N is an increasing (decreasing) function, then the inequalities
in (4.16) are reversed for all possible x*) (1 =1,...,m), pand A if and only if H is concave
(convex).

Proof. We can apply Theorem 4.6 (the proof is almost the same as of Theorem 4.2. O
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k
Assume (Aj), and let A = (Ay,...,A) be a positive k-tuple such that ¥ A; = 1 for
i=1

2 <k < n. Then, for m = 2, the reverse of (4.16) can be written as

f(Kn(a,p),Ln(b,p)) >M(K L;a,b;p; A (2171 al; i ) . 4.17)

Example 4.3 Let f(x) =xy and N(x) = x. Then H(s,t) = K~!(s)L™!(¢). If H is concave
then (4.17) gives the following refinement of Holder’s inequality.

zpza ibi < 2 (2/11+1Pz+]> a p,ﬂ. k) (b;P;l;k) < Kn(aap)Ln(bvp)~ (4.13)

In particular, if H (s,7) = s'/9'/" so H is concave for ¢,r > 1 and g~ ' +7r~' = 1; we get the
following refinement of the classical Holder’s inequality for positive n-tuples a, b and p.

1
k—1 g 7 (k=1 ¥
.
. Y _20/11'+1Pi+ja,-+j Zoljﬁpiﬂbiﬂ
j= j=
; Z 20A+1Pl+j 1 1
= =N Z}M/szﬂ ZO/IJ'HP"H
j=0 Jj=

n ('li n %
<| Y pia! N pib] | .
i1 i1

Example 4.4 1f H(s,t) = (s'/P +¢'/P)? then H is concave for p > 1, and (4.17) reduces
to the following refinement of the classical Minkowski’s inequality for positive n-tuples a,
b and p.

(im(ai +b,~)P> '

p

1 1 P
k—1 » P P
R Z,O)Ljﬂpiﬂaiﬂ E Aj+1DPitjbYy
<[ X X Apig | |/
=A=0 Y Ajy1Divj Z Aj+1Dit
j=0 J=0

n 5[ ,
<\ Xpal | +{ 2 bl
=1 i—1

On the analogy of Corollary 4.1 and Corollary 4.2, we have the following consequences of
Theorem 4.7.

Corollary 4.5 Assume (A3), and let (Ay,...,At) be a positive k-tuple such that Zle/li =1
for2 <k <n. Suppose f(x,y) =x+y ((x, y) 6 IK x 1p), and assume that K', L', N, K",
L" and N" are all positive. Introducing E := K,,, F .= f,,, G:= N,,, (4.17) holds for all
possible a, b and p if and only if

E(x)+F(y) <Gx+y), (xy)elgxIy.
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In this case
n (k=1
M(K,L;ab;p;A) =N~ [ | Y Ajipiyj | N(K(ask) + L(bsk)) | . (4.19)
i=1 \j=0
..,Ax) be a positive k-tuple such that Y*_ 1/1 =1

) € Ix x I) and functions A(x) := K'(x)

Corollary 4.6 Assume (A3), and let (A
( R k)"

for 2 <k <n. Suppose f(x,y) =xy ((x,
B(x) := m and C(x) := % are defined on Iy, I} and Iy respectively.

Assume further that K', L', M', A, B and C are all positive. Then (4.17) holds for all
possible a and b if and only if

A(x)+B(y) <Clxy), (x,y)€lgxI;.
In this case

M(K,L;a,b;p;A) <i

i=1

<2 )L’]+1pl+j>N(K(a;k)L(b;k))> . (4.20)

4.6 Weighted Refinement of Minkowski’s inequality

We give a refinement of weighted discrete Minkowski’s inequality by using Theorem 4.6.

Theorem 4.8 Assume (A4) and let (py,...,pn) be a positive probability distribution. As-
sume that the quasi-arithmetic mean function

X — My (X; W) = <2wal>, xelm

is convex. Then
n

My | Y, pixisw | <

i=1 i

Proof.  This is obtained by applying Theorem 4.6 to the function M,,(-;w) and to the
vectors x; (i =1,...,n). O

k-1
3 Aj1DitjXij

=0
<zxj+1pl+j>M jkil—;W (4.21)

Y Ajr1Divj
=0

=~

1

1

prMy, (Xr; W) .
1

IN
M=

By using (4.13) we have

Theorem 4.9 Assume (As) with (py,...,pn) and (A1, ..., Ay) be positive probability distri-
butions for 2 < k < n. If the function

X — 1\7I,n(x;w), x €]0, 0™

is convex, then Theorem 4.8 remains valid for M,, (x; W) instead of My, (x;W).



Chapter

Cyclic Refinements of the
Different Versions of Operator
Jensen’s Inequality

Refinements of the operator Jensen’s inequality for convex and operator convex functions
are given by using cyclic refinements of the discrete Jensen’s inequality. Similar refine-
ments are fairly rare in the literature. Some applications of the results to norm inequalities,
to the Holder-McCarthy inequality and to generalized weighted power means for operators
are presented. Refinements of operator versions of Jensen’s inequality has been less exten-
sively studied than refinements of the discrete or the integral form of Jensen’s inequality.
For some results, we refer to the papers Khosravi, Aujla, Dragomir and Moslehian [56],
Niezgoda [81], Khan and Hanif [55], Kian and Moslehian [57], and the book Horvath,
Khuram Ali Khan and Pecari¢ [36]. This chapter is based on the paper Horvédth, Khuram
Ali Khan and Pecari¢ [46].

5.1 Introduction

In the present Chapter 5 (H,(-,-)) will always mean a complex Hilbert space. The Ba-
nach algebra of all bounded linear operators on H will be denoted by % (H). We always
understand the norm of an operator A € Z (H) as

|A]]:= sup [|Ax].

[lxll<t

63
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The operator Iy means the identity operator on H. The spectrum of an operator A € % (H)
is denoted by Sp(A). An operator A € # (H) is called positive, if (Ax,x) > 0 for every
X € H, or equivalently A is self-adjoint and Sp(A) C [0,e[. An operator A € A (H) is
called strictly positive, if it is positive and invertible. For an interval J C R, S(J/) means the
class of all self-adjoint operators from % (H) whose spectra are contained in J.

LetJ C R be an interval, and f : J/ — R be a function. If f is continuous on J, and A €
S(J), then f(A) is defined by the symbolic calculus for self-adjoint operators (see Rudin
[87]). The function f is said to be operator monotone (increasing on J) if f is continuous
onJ and A, B€ S(J), A <B (i.e. A— B is a positive operator) imply f(A) < f(B). The
function f is called operator convex (on J) if f is continuous on J and

JAA+(1=A)B) <Af(A)+(1-A)f(B)

forall A, B € S(J) and for all A € [0,1].
We say that the numbers py,..., p, represent a (positive) discrete probability distribu-
n
tionif (p; >0) p; >0(1<i<n)and ¥ p;i=1.
i=1

The following well known results are operator versions of Jensen’s inequality:

Theorem 5.1 Operator Jensen’s inequality for convex functions (see Mond and Pecari¢
[76] and Furuta, Mic¢i¢, Pecari¢ and Seo [31]): Let J C R be an interval. Let A; € S(J)

n
andx; € H (i=1,....n) with ¥ ||x;||* = 1. If f : ] — R is continuous and convex, then
=

|

Theorem 5.2 Operator Jensen’s inequality for operator convex functions (see Mond and
Pecarié¢ [77]): Let J C R be an interval, and K be a complex Hilbert space. Let A; € S(J)
(i=1,...,n), ®;: BH) — B(K) (i=1,...,n) be unital positive linear maps, and let
D1,-..,Pn tepresent a discrete probability distribution. If f :J — R is operator convex,
then

M=
.MS

(f(Ai)xi,xi) . (5.1

<Aixi7xi>> <

1 i=1

f <il’i¢i (Ai)> < il’iq)i (f(A)). (5.2)

A linear map @ : ZB(H) — A (K) is positive if @ (A) is positive for all positive A €
% (H), and unital if @ (1) = ® (Ix). @ is called strictly positive if @ (A) is strictly positive
for all strictly positive A € B (H).
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5.2 Cyclic refinements of the operator
Jensen’s inequality for convex functions

In the present Chapter 5 we shall use the following convention: let 2 < k < n be integers,
ie{l,...,n}and j€{0,...,k—1};if i+ j > n, theni+ j means i+ j —n.

Our first result a new refinement of the operator Jensen’s inequality for convex func-
tions:
Theorem 5.3 Let 2 <k < n be integers, let x := (xy,...,x,) € H" such that x; # 0
(i=1,...,n)and Z |xill* = 1, andlet A := (Ai, ..., A) represent a positive discrete prob-

ability dlstrlbutlon LetJ C Rbeaninterval, A; € S(J) (i=1,...,n) and A:= (Ay, ..., A,).
If f : J — R is continuous and convex, then

|

M=

1

<Aixi7xi>> S DC = DC (f,A,X,A.)

I
M=

1

Jj=0

(2%“”’%]” ) —2%+1< Xk s Xik )
2 A’j+1 ’szer

IA
M=

(f (Ai)xi,xi) -

1

Proof. Since 2
kil \/mxi+ j
J

1/2
k—1 2
<Z )Lj+1 HMHH )
j=0

the operator Jensen’s inequality for convex functions yields

)

b
M:,

1

k=1 i X i A 1 Xis i
<zx]+1ux,+,u> f126<Ai+j “V i+ ﬂz - kl\/ - +,2 1/2>
(b))

k n
<f xl7xl > <2 A’j) 2 A )xi,xi> .

Jj=1 i=1

IN
I M:
.M:

2 j+1< l+j xl+jaxl+j> (

i=1
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Conversely, it is easy to check that

3 (S palnl’) -

and therefore the convexity of f implies

D, >f<l§":lf2',1ﬁl< ,+jx,-+,»,x,-+,»>> f<<21 (Avxi,x; ) (}2@))

The proof is complete. |
The following particular case is interesting.

Corollary 5.1 Let 2 < k < n be integers, let x € H with ||x|| = 1, and let Ay,..., Ay and
P1,--.,DPn tepresent positive discrete probability distributions. Let J C R be an interval,
and A; € S(J) (i=1,...,n). If f : J — R is continuous and convex, then

(a)

n n (k=1 k-1
1
f <<2piAiX,X>> < 2 (2 Aj+1pi+j> f - < 2 )Lj+1pi+in+jx,x>
= =A=0 Y Ajspivj V70
j=0

(b) In case of A . =A; =...=A,
7 — 1 k—1
((Ax,x)) < Y 2 Ajrpivj | | o Y Aj1pivjAx,x
=1 A=0 _Zoijﬁpiﬂ J=0
Jj=
< (f(A)x,x).
Proof. (a) Theorem 5.3 can be applied to the vectors x; := \/pix (i = 1,...,n).
(b) It is a special case of (a). O

Some norm inequalities can be obtained from Corollary 5.1 (a).

Corollary 5.2 Let 2 < k < n be integers, and let Ay, ..., A and py,...,py, represent pos-
itive discrete probability distributions. Let J C [0,eo be an interval, and A; € S(J) (i =
L,...,n). If f : J — R is nonnegative, continuous, increasing and convex, then

n n k—1 k—1
1
f( A; ) <y (2 /1j+1pt+j> Noag— N Ajr1pisjAisj
i=1 i=1 \j=0 j=0

Y Ajr1pitj
=0
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Proof. If A € B (H) is a positive operator, then ||A|| = sup (Ax,x). By using this, the
[lxf|=1
continuity and the increase of f, and Corollary 5.1 (a), we have

(Bl ) = (m(Erane)) = ({ Eres))

n 1 k—1
< sup 2 (2 ).]+1Pz+]> “7<le+1p,ﬂA,ﬂx x>

x||=1i=1 0
Ili=ti= Y )L]+1pl+j
j=0

< (S|
xl|=1 \i=1 i=1

Remark 5.1 We consider now some special cases of Corollary 5.2. Let 2 < k < n be inte-

O

gers, and let Aq,..., A and py,...,p, represent positive discrete probability distributions.
Let J C [0,o0 be an interval, and A; € S(J) (i=1,...,n).
(a)Fora >1
n I=a )y o
< 2 2 Aj1Di+j Y AjripivjAivj (5.3)
j=0

o
'Al' ,

and for 0 < o < 1 the reverse inequalities hold. If the operators are strictly positive, (5.3)
is also true for a0 < 0.
(b) By choosing f = exp, we have

n n — 1 k—1
exp A Z Zlmpw exp | ———
i=1 j=0

D Ajr1PisjAiv
Y Ajr1pitj
j=0

=0

exp (A;)

From Corollary 5.1 (b) a refinement of the Holder-McCarthy inequality (see [66]) is
derived.

Corollary 5.3 Ler 2 < k < n be integers, let x € H with ||x|| = 1, and let Ay, ..., Ay and
D1, -, Pn Fepresent positive discrete probability distributions. Let A € % (H) be a positive
operator. Then
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(a) For every o0 > 1

™M=

(Ax,x)* <

i

k-1 =0 «
2 A'j+1pi+j 2 A,jJr]pH,ij,x S (Aax,x> . (54)
1 \j=0 Jj=0

(b) Forevery0 < a2 < 1

n = o
<Ax7x> > 2 <2A'j+1pl+j> <22’j+1pi+ij7x> > <A X X>.
i=1 Jj=0

(c) If A is strictly positive and o < 0, then (5.4) also holds.

5.3 Cyclic refinements of the operator Jensen’s
inequality for operator convex functions

In the next result we obtain a new refinement for operator Jensen’s inequality for operator
convex functions.

Theorem 5.4 Let 2 < k < n be integers, and let A := (Ay,..., ) and p := (p1,...,Pn)
represent positive discrete probability distributions. Let J C R be an interval, A; € S(J)
(i=1,...,n)and A:= (Ay,...,A,). Letheacomplelelbertspace ®;: B(H)— %A (K)
(i=1,... ,n) be unital positive linear maps, and ® := (®y,...,®,). If f : J — Ris operator
convex, then

(2191 ; ) < Dye = Doe (f,A, ®,p, 1)

k-1
0 e Eofljﬂpl'ﬂq)tﬂ (Aitj) ;
2 <le+lpl+]> f . k—1 S Zpiq)l (f(Al))
= =

= Y Aji1pivj
=0

Proof. The operator Jensen’s inequality for operator convex functions shows that

D()c < 2 2 A,j+1p1+]q)i+j (f(AH’]))

n k n
= <'1pi<1>i (f(/%))) (2}%’) = gpifbl (f (A7)

by (3} /1,+1pl+,> =1,

Since
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we can apply the operator Jensen’s inequality for operator convex functions again, and
have

n k—1 n
Dye > f (21 (ZOMHPM‘DM (Ai+j)>> =f <_21Piq>i (Ai)> .
1= J= 1=

The proof is complete. |

In the following variant of the previous result the maps ®@y,...,®, are defined directly
in terms of unitary operators.

Corollary 5.4 Ler 2 < k < n be integers, and let A := (Ay,..., &) and p :== (p1,...,pn)
represent positive discrete probability distributions. Let J C R be an interval, A; € S(J)
(i=1,...,n)and A== (Ay,...,A,). Let C; € B (H) (i =1,...,n) be unitary operators. If
f:J — Ris operator convex, then

1
n n (k-1 Zolj+lpi+jci*+in+jCi+}'
* J=
f (2171'6} AiCi> <y (2 )Lj+lpi+j> f .
i=1 i=1 \j=0

1
A’j+1pi+j
Jj=0

< 2 piCif (A)Ci.

i=1
Proof. Foreveryi=1,...,nthe map ®;: B(H) — % (H) defined by
D; (A) = C/AG;
is a unital positive linear map, and hence Theorem 5.4 can be applied. O

As an application, we present some monotonicity results for operator means.

Let A; € Z(H) (i=1,...,n) be strictly positive operators, A:= (Ay,...,A,), and let
p:= (p1,-..,pn) represent a positive discrete probability distribution. Let K be a complex
Hilbert space, ®;: B (H) — #(K) (i=1,...,n) be unital strictly positive linear maps, and
®:= (Py,...,P,).The generalized weighted power mean of the operators A; (i = 1,...,n)
is defined by (see [73])

MY (A, ®,p) =M (Ar,... Ay ®y,... . ©pip1,....n)
» 1/a
= (2171"131' (Az('x)> , acR\{0}.
i=1

Theorem 5.5 Ler 2 < k < n be integers, and let A := (Ay,...,Ar) and p :== (p1,...,Pn)
represent positive discrete probability distributions. Let A € #(H) (i = 1,...,n) be
strictly positive operators, A:= (Ay,...,A,). Let K be a complex Hilbert space, ®; :
PB(H)— B(K) (i=1,...,n) be unital strictly positive linear maps, and ® := (®y, ..., D).
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Then

" 1/a
(Zp,@,» (A?‘)) <M P = m* Pl (A, @,p.2)
i=1

k-1 Bla /B
n o [k-1 jzoflﬂlpiﬂq’iﬂ (A?fu)
= 2( /1;'+1Pi+j> =
=1 AU=0 Y Ajr1Pivj
=0
(5.5)

\ 1/8
< (2171"191' (A,ﬁ)> ;

ifeithera<fB<—lorl<B<—-aorl<fando<pf <20.
The reverse inequalities hold in (5.5) if either 1 < B < aor—a<f<—-lorp <-—1
and20 < f < a.

Proof. The following properties of the function g : ]0,o0[ — R, g (x) = x" are well known
(see [31]): it is operator convex if either 1 <r <2 or —1 <r <0, and —g is operator
convex if 0 < r < 1; g is operator monotone increasing if 0 < r < 1 and operator monotone
decreasing if —1 <r <0.

By using these properties, Theorem 5.4 can be applied to the function f :]0,00[ — R,
f(x) = xP/* and the operators A* (i = 1,...,n).

The proof is complete. O

Remark 5.2 M,[la’ﬁ I can be considered as the mixed symmetric mean corresponding to
D, in Theorem 5.4.



Chapter

Cyclic Refinements of
Jensen’s Inequality Via
Taylor’s Formula

In this Chapter, we give new extensions and improvements of cyclic refinements of Jensen’s
Inequality by Taylor’s Formula with and without the effect of Green functions. As an ap-
plication of our work we construct new entropic bounds for Shannon, Relative and Man-
delbrot entropies. This chapter is based on the papers [67] and [68].

Ford = 1,...,5, consider the Green functions G : [¢, B] x [, B] — R defined as

Gi(x,r) = { (ﬁfg)i(afd S (6.1)
’ By <r<B. '
Galx:1) { oy e B 6.2)
Gs(x,r) = {Jrf - g - Sérr Ség 6.3)
Galx,r) = { —, )‘j‘;’g 5 (6.4)
e ={[ L VS =

All these functions are convex and continuous w.r.t both x and r, and the following Lemma
holds.

71



72 6 CYCLIC REFINEMENTS OF JENSEN’S INEQUALITY VIA TAYLOR’S FORMULA

Lemma 6.1 Suppose f € C?[a,B], then the following identities are valid:

p
10 = B2 p(@)+ 372 56)+ [ 61 ©6)
B
100 = f@)+ (= ) (B)+ [ Gatr)f (1) ©7)
B
1) = F(B)+(B=2f (@) + [ Galx.r)s () (©8)
p
10 = £ (B) = (B}’ (B)+ (v ) () + [ Galor)f (1) (©9)
p
10 = f(@)+ (B=a)f (@)= (B—21 (B)+ [ Gsxnf () (6.10)
Proof. Consider the integral
B x B
[Gater)p"()ar = [ Gatxr)r"(dr+ [ Gater)f" (rar
Fixd =1,...,5 and perform the integration for the specific value of the Green’s function,
we shall obtained identities (6.6)—(6.10) ford =1,...,5. O

Remark 6.1 The Green’s function G (-, -) is called Lagrange Green’s function (see [94]).
The new Green functions G4(+,-), (d =2,3,4,5), introduced by Pecari¢ et al. in [67]. The
result (6.7) given in the previous Lemma represents a special case of the representation
of the function using the so-called "two-point right focal’ interpolating polynomial in case
when n =2 and p = 0 (see [1]). Lemma 6.1 gives another proof of special case of Abel-
Gontscharoff identity (6.7). G4 and G5 are new Green functions but results are not so
simple as in other two cases.
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6.1 Extensions of cyclic refinements of Jensen’s
inequality by Taylor’s formula

For f : [ot, ] — R where =1 is absolutely continuous, the renowned Taylor’s formula
V x € [o, B] at the point & € [a, B] is

n—1 r(w)
X) = 2 f
w=0

To start for real weights, we need the following assumptions for the cyclic Jensen’s func-
tionals defined in Chapter 2, Remark 2.7:
(Al) For the linear functionals J,(-) (u = 1,2), suppose (H;-H,) are satisfied and

/f Yx— &) laE. (6.11)

ZO)LJ+1P1+]X1+]
¢, Blfori=1,...m
Z )Lj+1.771+]

(A3) For the linear functionals J,(+) (u = 3,...,6), suppose (H3-Hs) are satisfied and

k-1
goljﬂpiﬂg(xz'ﬂ)
B cla,flfori=1,...m

2 A]+l[’z+1
=0

Initially, we take cyclic refinements of Jensen’s inequality in discrete as well as contin-
uous version and form the following identities with real weights by using Taylor’s formula.

Theorem 6.1 Suppose m,k € N, py,...,pm and Ay, ..., A; are real tuples for 2 < k <
k—1 m k

m, such that ¥, Aj1pirj #0 foru=1,...mwith ¥ pij=1and ¥ A; = 1. Also let
j=0 i=1 =1

x € [o,B] C R and x € [o, B]™. Consider the function f : [a, B] — R such thar f"=Y is
absolutely-continuous and Gy, (v=1,...,5) are same as given in (6.1)~(6.5), respectively.
Then for (u=1,...,6) along with the assumptions (A1) and (A;), we have the following

generalized identities:

(a)
o (@) L
R = 3 @) + gy [P @81 aE, 612)
(b)
n—=1¢_1\yw¢£(w) _1\n—1 B
tr) = 3 CEL B g - s [ 70 @t

(6.13)
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(c)

_ b n—1 r(w) F— o)W 2
Ju(f):(M)Ju(x)—i—/lu(Gl(x,r))(Zf () 'f‘) )dr

po w=2

s
+ ot [0 [aGae—grar)as. 615
a ¢

B B
- ../f(n)@(./fu(GS(x ) (r—E&)"- 3dr)dé (6.16)
o ¢

B
+ ot [r0@( [aGime—grar)as, 6

p p
g [ 1@ [aGstno - g ar)ag. 619
& :
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(d)

Proof. Fixu=1,..., 6.

75

. (6.20)

. (6.21)

. (6.22)

. (6.23)
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(a) Applying Taylor’s formula (6.11) at point o, we get

n—1 £(w) B
10=3 o L [0 e-gras, 629
w=o W (I’l 1) 2

where (x — &) is a real valued function defined as:

g ={f iy

Using (6.24) in cyclic Jensen type linear functionals J,(-) and practicing constant
property of the functional, we get (6.12).

(b) Applying Taylor’s formula (6.11) at point 3, we get

n—=1 (_ 1\w£(w) n 1
f(X)=ZM(x— /f (& —x)1dE (6.25)

!
w=0 w:

and follow similar steps as above we get (6.13).

(c) For fix v = 1, testing (6.6) in Jensen’s type functional J,(-) and employing the lin-
earity of J,(-) , we have

Ju(f) = fla)Ju <g a>+f(ﬁ ( +/ﬁJuG1xr £ (r)dr

B
= (f(ﬁ)Ju(x) —f(a)Ju(X)) + [AGiwnf (nar 626

Differentiating (6.11) twice and put ¢ = ¢ or replacing n by (n —2) or utilizing (6.11)
on the function f” at the point ¢ , we get

() V' TdE. (6.27)

I~ A (%))
g :w§::2 <W_;X)'(r
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Now, using (6.27) in (6.26), we get

_ B n—1 r(w) F— o)W 2
h(F) = (f(B) f<oe>)Ju(x)+ /JM(GI(W))@JC (o) (r— ) )dr

B—o “ T (w-2)

</f )~ 3d§>dr

Now applying Fubini’s Theorem on second term gives (6.14) respectively for v = 1
andu =1,---,6. The cases for v =2,3,4,5, are treated analogously.

(d) Differentiating (6.11) twice and now taking ¢ = f3, we get

n—1 r(w)
=3 LB gyt /f yUdE (628)

Analogously, putting (6.28) in (6.26) and using Fubini’s Theorem gives (6.19) re-
spectively forv=1and u = 1,---,6. The cases for v =2,3,4,5, are treated analo-
gously.

O

We now give generalizations of cyclic Jensen type linear functionals in discrete and
integral cases for real weights.

Theorem 6.2 Consider f be n-convex function along with the suppositions of Theorem
6.1. Then the following results hold:

(a) Ifforallu=1,...,6,

J((x=8)1 >0, &elap] (6.29)
holds, then we have
n—1 r(w)
1 =Y LY g ay) (6.30)
= ow!
foru=1,...,6.
(b) If forallu=1,...,6,
(=1)" (€ =011 <0, & € o, B] (6.31)

holds, then we have

Ju((B—x)") (6.32)

foru=1,...,6.
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(c) Ifforallu=1,..., 6andv=1,..., 5

/ TG, ) (r— &) 3dr >0, € € [, B] (6.33)
:

holds, then we have

_ B n—1 ¢(w) r— o)W 2
Ju(f) > (W)Ju(x)ﬁ-/h((;l(x»r)) (2 ! %3(2)?) )dr’

(6.34)

B n—1 £(w) r— w—2
B) 2 £ B0 + /Ju<cz<x,r>>(2f o)t =) )dr, 635

7 o @) )2
Iz ~f @0+ [ Ju<cs<x,r>><2 (w—2)! )dr’ o

w—2
Ju(f)Zf/(OC)Ju(x)-i-/ (Ga(x,r)) <2f .) )dr, (6.37)

n—1 w—2
Ju(f)zf/(B)Ju(x)Jr/ (Gs(x,r)) <2f 2)!) )dr. (6.38)

£
/Ju(Gv(x, ") (r—§&)"3dr<0, & € [a,B] (6.39)

o

holds, then we have

_ B n—1 r(w) e w—2
> (ML) 10+ ey (5 LD

B—a
(6.40)

B n—1 £(w) r— w—2
Ju(w)zf’(B)Ju(x)Jr/Ju(Gz(x,r))(2f (B é) )dr, (6.41)

) dr, (6.42)
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ﬁ. n—1 £(w) r— w—2
1) 2 f @) + | Ju<c4(x,r>><22f e )dr, 643

[0

B n—1 r(w) F— B)w-2
1) = 1 BW0 + [ Ju<cs<x,r>><22f T )dr. (6.44

[0

Proof. We begin with the proof of (a) and its assumed conditions. Fix u =1,...,6.

By our assumption £~ 1) is absolutely-continuous on [or, B] as a result ) exists almost
everywhere. Moreover, f is suppose to be n-convex, so by definition of n-convex function
(see [82], p. 16), f™(x) > 0 for almost everywhere on [cr, 8] . Therefore by applying
Theorem 6.1, we get (6.30).

Similarly, rest of the inequalities can be proved. O

We now give the final results of this section:

Theorem 6.3 If the suppositions of Theorem 6.1 be fulfilled with the conditions that

m
DPls--oyPmand Ay, ... Ay be non negative tuples for2 < k <m, in such a way that Y, p; =1
i=1
k
and Y, Aj = 1. Then for n-convex function f : [a, ] — R, we have:
=1

(a) (6.30) is valid when n > 3. Besides, for function

_ 21 I"(a)

F]()C)I !

(x— o). (6.45)

w=1

to be convex, the right side of (6.30) is non negative, means

L(f)>0, u=1,...6. (6.46)

n=1(_ 1\yw£(w)
F(x) =Y M(ﬁ —x)". (6.47)

to be convex, the right hand side of (6.32) is non negative, particularly (6.46) holds.

(c) Inequalities (6.34)-(6.38) hold for all n > 3. Moreover, let (6.34)-(6.38) are valid

and
n=1 (w) w2
W% ! (?‘vz(r 2)(;‘) >0 (6.48)

then, we get (6.46) for everyu=1,...,6 andv=1,...,5.
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(d) If n = even, then (6.40)-(6.44) hold. Moreover, let (6.40)-(6.44) are valid and

n—1 r(w) _ w—2
S IBe 649)
= (w=2)!
then, we get (6.46) forallu=1,...,6 andv=1,...,5.
Proof.

(a) Fixu=1,...,6.
For (n>3), x+ ((x—1)+)" ! is convex function, so (6.29) holds by virtue of Re-
mark 2.7 on account of given weights to be positive. Hence (6.30) is establish by
taking into account Theorem 6.2. Moreover, the R.H.S. of (6.30) can be written in
the functional form J,(Fy) for all (u =1,...,6), after reorganizing this side. Em-
ploying Remark 2.7 the nonnegativity of R.H.S. of (6.30) is secure, especially (6.46)
is establish.

(b) Similar to the proof of (a).

(¢) Fixu=1,...,6.
We have assumed positive weights and for all v=1,...,5, G,(x,r) is convex. Thus
by practicing Remark 2.7, J,(G,(x,7)) > 0. As f is n-convex, so by using Theorem
6.2 (c), we get (6.34)-(6.38). Moreover the linear function z is convex(concave),
therefore considering the positive weights, Remark 2.7 gives 0 < J,(z) > 0 implies
Ju(z) = 0. Finally using positivity of J,(G,(z,r)) and (6.48), (6.46) is obtained.

(d) Similar to the proof of (c).

6.2 Applications to information theory

Now as a consequences of Theorem 6.2 we consider the discrete extensions of cyclic re-
finements of Jensen’s inequalities for # = 1, from (6.30) and (6.32)with respect to n-convex
function f in the explicit form:

k—1
" o hel X Ajr1Dit jXitj
> pif ()=, ( /1j+1pt+j> f F,il— >
= =EA=0 Y Ajs1pitj
j=0
k—1 w

n—1 f(w)(a) m , m [k—1 E A'j+lpi+jxi+j

> ol zpt(xt—a) —Z zfljﬂpiﬂ' V. —«

w=1 i=1 i=1 \Jj=0 'Zo)tj+1pi+j

j=

(6.50)
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k-1

m k-1 Y Ajp1pitjXi

Zpif(xi 2 <2A'j+1pz+j> f 7/(71— >

= =LA _ZOA]-HPHJ'

j=
kg/l w

n=l(_1ywrw) m P JH1Dit jXitj
2 M sz (B—xi)" 2 ZA'/Jrlpth B e
w=1 i=1 \j=0

k—1
Y Ajr1Ditj
j=0

(6.51)
Theorem 6.4 Let mk € N (2 <k <m), Ay,...,A be positive probability distributions.
Letp:= (p1,..-,pm) ER™, and q:= (q1,...,qm) € (0,00)™ such that

Picta,Bl, i=1,....m.
i
Also let f: [or, ] — R be a function such that F0=V s absolutely-continuous and f is

n-convex function. Then the following inequalities hold:

(a)
_ m (k-1 2 A’JJr]phL]
o (S ) [ 227
A 5 hodiey
2 Ajr1Pitj
n—1 £(w) o m ; w m [k—1 ] J
+2 / WE ) Z%’(%—a) —Z(Z)Lj+1qi+j> 72 —a
et = l == 2 Aj+1Gitj
(6.52)
(b) k-1
~ m (k=1 ]Z‘OA’/HPHJ n—1 (—1) Wf (B)
[f(P,(I)ZZ <Z%’+1%‘+j>f 1 2 7><
i=1 \j=0 D Afj+l‘]i+j w=1
j=0
k— w
m w m — ZOA'jﬂL]pth
X Zqi ( ) 2 (2 A’j+lql+]> B*i . (6.53)
=1 =1A=0 ZOA'jJrl‘IiH
j=

Proof. Replacing p; with ¢; and x; with % for (i=1,...,m) in (6.50) and (6.51), we get
(6.52) and (6.53) respectively. O

We explore two exceptional cases of the previous results.
First one is corresponding to the entropy of a discrete probability distribution.
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Corollary 6.1 Let m,k € N (2 <k <m), Ay,..., A be positive probability distributions.
(a) Ifq:=(q1,---,qm) € (0,00)™ and n is even, then

Z%IH% > 2 (2 )L]+1%+j> In (2 Aj+1‘lt+/>

i=1
w

n—1 (_1)w m 1 wo m (k=1 1
+ W (o) Z%’(;_a) 2\ X Andin)| o«
w=1 i=1 i=1 \j=0 'EO)LH»IQPrj
j=
(6.54)

(b) If q:= (q1,---,qm) is a positive probability distribution and n is even, then we get
the bounds for Shannon entropy of q.

(2 )L]+1%+j> In (2 Aj+1qt+j>
1 J

n—1 B AN 1 w o m (k-1 1
sz ()

M§

H(q) <—

i

v =1 AU=0 Y Aji1Gisj
j=0
: . I (6.55)
If nis odd, then (6.54) and (6.55) hold in reverse directions.
Proof.
(a) Using f(x) := —Inx, and p := (1,1,...,1) in Theorem 6.4 (a), we get the required
results.
(b) It is a specific case of (a). U

The second case is corresponding to the relative entropy also known as Kullback-
Leibler divergence between the two probability distributions.

Corollary 6.2 Let m,k € N (2 <k <m), Ay,..., A be positive probability distributions.

(@) Ifq:=(q1,--,qm),P := (P1,---,Pm) € (0,00)™ and n is even, then
k—1
m m (k=1 2 A'j+]qi+j
Y. giln <2> >y (2 /1j+1tlt+j>1 ]77
=1 b =1 =0 2 )~j+1pt+]
=0

m w _ 2 }‘1+1PZ+J
(35 (g [

i=1
! 2 Aj+1qi+
J=0

(6.56)
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(b) If If q:=(q1,---,qm),P := (P1,-..,Pm) are positive probability distributions and n
is even, then we have

k—1
m [k—1 _golj‘f’]qi"‘j
q”p 2<ZA{]+1(]1+]>1 2717 +

=A=0 Y Ajr1Piyj
j=0
k—1 W
n—1 (71)W m w m k—1 jEO)Lj+1pi+j
> i Z‘Ii(q_a) 2 DA | | o — @
— j— l — -
vl =t =tV Y Aji1Gi+
j=0
(6.57)
If nis odd, then (6.56) and (6.57) hold in reverse directions.
Proof.
(a) Using f(x) := —Inx in Theorem 6.4 (a), we get the desired results.

(b) Ttis particular case of (a).

]
Suppose m € {1,2,...},¢t >0, s > 0, then Zipf-Mandelbrot entropy is given as :
s & n(i+1)
Z(H,t,s)= . n .
( ) Hyys 15 (i+1)° (Hmps)- (
Consider 1
gi = f(ixm,t,s) = (6.59)

((i+1)*Hpps)
Now we state our results involving entropy introduced by Mandelbrot Law:

Theorem 6.5 Let mk € N (2 <k <m), Ay,..., A be positive probability distributions

and q be as defined in (6.59) by Zipf-Mandelbrot law with parametersm € {1,2,...},1 >0,
s > 0. For n is even, the following holds

- C Aj 1 1 k=l A 1
H Z(H,t, Jt 1 Jj+
(q) S ;:1(2 l+]+f)s MZS)> n<Hm7[7sj20((i+j+t)s)

(2 Ty (G- a))

n—1 ( w m [k—1 A'jJrl 1
+ —a
WE::I ; 12::0 l+]+t) mts) k-1 Aj1

’ 2 T )

w

0
(6.60)

If nis odd, then (6.60) holds in reverse direction.
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Proof.  Substituting this g; = » in Corollary 6.1(b), we get the desired result.

1
((z+t)‘H
Since it is interesting to see that Z gi = 1. Moreover using above g; in Shannon entropy

(3.3), we get Mandelbrot entropy(6 58)

m 1 1
H = — ']n | — — ]n
(q) qilng; lzzl ((l'th)S m,t,s) ((i+l‘)s m,t,s)
~1 1 1
_ In
(Hpyzs) 231 (i+1)5  (i+1)Hpyg
S 1

- (Hm,t,s) — (l + I)S (ln(l) - Sln(i + t) - ln(Hm,t,s))

1
N (Hm,t,s) P (l'+t)‘ <Sh]<l+t)+1n( mls))

=+ In(Hpss)- (6.61)

O

Corollary 6.3 Ler m,k € N (2 <k <m), Ay,...,A be positive probability distributions

and for ty,ty € [0,00), 51,52 > 0, let Hyy, 5, = (k+} P and Hy, 4y 5, = (k+: 72 . Now using
1 1
| = —————— and pj = —————— in Corollary 6.2(b), with n is even, then
= (l+t1) miy,s| b (l+t2) mity,so
the following holds

m 1 (l+l2) m,ty,s: >
b _ . In 2,52
(qlp) lzzl (l—i—tl)sle,n 5 <(l—|—t1) Hyyg, o

1
i ki:l A-j+1 1 12 AHI (i 401)" Hingy 5y
n
=0 l+]+t1) mty,s| kS

i=1 1
2 A T G ) 2 Hinty 5

i—‘O

j=0
] W & 1 (l+t1 ml],S| "
+ 2 w.( 2 (i+1) (i+16)° —¢
w—1 i=1 1) Hp J1551 2) “Hp 12,52
w
1
n—1 (_ Ll K< k=1 o 12 )LJ“ (i+j+12) 2 Hy s,
]
—
WEZ: ; 12:;) lJFJJFtl) Hyppy ) kZ)L 1
]+1 l+}+tl)31Hmtl K
(6.62)

If nis odd, then (6.62) holds in reverse direction.

Remark 6.2 It is interesting to note in the similar passion we are able to construct differ-
ent estimations of f-divergences along with their applications to Shannon and Mandelbrot
entropies using the other inequalities for n-convex functions constructed in Theorem 6.2
for discrete case of cyclic refinements of Jensen’s inequality.



Chapter

Cyclic Refinements of Jensen’s
Inequality Via Fink’s Identity

In this Chapter, we give new extensions and improvements of cyclic refinements of Jensen’s
Inequality by A. M. Fink’s identity with and without the effect of Green functions. As an
application of our work we construct new entropic bounds for Shannon, Relative and Man-
delbrot entropies. This chapter is based on the paper Mehmood, Butt, Horvath and Pecari¢

[78].

The following theorem is proved by A. M. Fink in [27].

Theorem 7.1 Ler o, B € R, f: [0, ] — R, n> 1 and "~V is absolutely continuous on

[, B]. Then

1) =

where

B
Bﬁa/f(r)dt
Dl ] (ARG
w=1 w! ﬁ—O(
| B
YammE ] 60 L e 0 a, .0

){t_a7a§l§xgﬁa (72)

t—B, a<x<t<p.

85
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7.1 Generalization of cyclic refinements
of Jensen’s inequality for n—convex functions
Via A. M. Fink’s identity

First, we consider the discrete as well as integral version of cyclic refinements of Jensen’s
inequality and construct the following identities having real weights with the help of Fink’s
identity.

Theorem 7.2 Suppose m,k € N, pi,....pm and Ay,...,Ay are real tuples for
k=1 m k

2 <k<m, such that ¥, Aj1pivj# 0 fori=1,....mwith ¥ pi=1and ¥ A;=1.
j=0 i=1

j=1
Also let x € [a,B] C R and x € [a, B]™. Consider the function f : [o,] — R such that
£ is absolutely-continuous, u!®P (t,x) and Gy, (v=1,...,5) are same as given in

(7.2) and (6.1)—~(6.5), respectively. Then for (u=1,...,6) along with the assumptions (A;)
and (A3), we have the following generalized identities:

" =% (st ) (7B %) = 1 @) - "))
- w=1 W!(ﬁ_a) u . u
| B
e J e R0y g 7.3)

o

(ii)

w=1 w!
1 p p
P 7a)/f(”) (t)(/JM(GV(x,r))(r—t)" 3l (t,r)dr)dt
(7.4)
where

i) = (HE=L2)

Ci(a,B,f) = f(B) =Cs(a, B, f)

C3(a7ﬁ7f) = f/(OC) = *C4(Ol,ﬁ,f)
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Proof.

(i) Fixu=1,...,6.
Using (7.1) in Jensen’s type functional J, () and using the linearity of J,(+), we have

_ n—w (w—1) T — o)V
2 (s £ et
p
T 1)!1( ~a) /J“(( 0" P e ) £ (1)

After simplification, we get (7.3).

(ii) Fix u =1,...,6. For fix v = 1, testing (6.6) in Jensen’s type functional J,(-) and
using the linearity of J,(-), we have

B
J(f) = Cr(at, By f)u(x) + / J(Gr(x, 7)) £ (r)dr (7.5)

[0

Differentiating (7.1), twice with respect variable r, we get

3 a0y (w+1) r— B — Fvt1) r—o)”
P — 2( 2 )(f (B) (r=B)" = fo+V) (a) oe))

w0 w! B—a
B
+m/{x (I’*l‘)n73 “[Ot,ﬁ] (t,r) f(n) (t)dt
' (n=1=w\ (£ B)(r=B)" — ) (@) (r— )"
5 () |
w=1 (W - 1)' ﬁ —
B
+m ./a (r_t)nf3 M[aﬁ] (t,r)f(”> (l)dt
_ OB - V()
= (n-2) ( b o )
(1w (£ B) =B ) (o) (=)
+w22((W1)!)< —o
+m /aﬁ (rfl‘)n73 “[Ot,ﬁ] (t,r) f(n) (t)dt. (1.6)
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Using (7.6) in (7.5) and applying Fubini’s Theorem in the last term we get (7.4) for

v=1.
Alternatively, we use formula (7.1) for the function f” and replace n by n—2 (n > 3),
to get
()= <n_2>( @)1 <>>
"3 /n—2- w W+] B)W_f(erl)(a)(r_a)w
() (£ )
1 B n—3  lo,B] , (n)
+( =3)(B- oc)/( — )" R () S (2) di (1.7)
(1) _ (1)
- (n2)<f (ﬁg_,g (oc))
n—1-— f(w) (B) (r,B)Wfl *f(w) (o) (r— OC)w—l
+3 (0 )( s
S — ! r— )3 ylesBl ) £
+(n*3)!(ﬁ—a)./a< )W () £ (2) . (7.8)

Now using (7.7) in (7.5) and applying Fubini’s Theorem in the last term we get (7.4)
for v = 1. The cases for v = 2,3,4,5, are treated analogously.

O

In the following theorems we obtain generalizations of discrete and integral Jensen
type linear functionals, with real weights for n—convex functions.

Theorem 7.3 Let all the assumptions of Theorem 7.2 be satisfied. Also let f be n—convex
function such that f (n=1) jg absolutely continuous. Then we have the following two results:

(i) If
(=" ul*Bl(z,x)) >0, tela,p] (7.9)

holds, then we have

S (w—1) Wy pw—1) W
102 S () (7 @) 7 (@)
(7.10)
foru=1,...,6.
(ii) Ifforallu=1,...,.6 andv=1,...,5

B
[9Gu ) (=)' B 1,1 > 0, 1 € [, ), (7.11)
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holds, then we have

n—3 _2_ » . y
(T (=) (B e—pr = @) ) Jar
(7.12)
foru=1,...,6.
Proof.
O

(i) Similar to that of Theorem 6.2.
Now, we will state the final results of this section with the following theorem:

Theorem 7.4 Let all the assumptions of Theorem 7.2 be satisfied in addition with the
condition that py,...,pm and Ay,..., Ay be non negative tuples for 3 < k < n, such that

Tipi=1, 2’;:] Aj=1and consider f : [a, 8] — R is n—convex function.
(i) If n be even and n > 3, then (7.10) holds.

(ii) Let the inequality (7.10) be satisfied. If the function

nl n—w
P = 3 (e ) (7 B ) = @) =)

is convex, the R.H.S. of (7.10) is non negative and we have inequality
Ju(f) >0, u=1,...,6. (7.14)

(iii) If n be even and n > 3, then (7.12) holds.
(iv) Let the inequality (7.12) be satisfied and
'S (M=2=W\ [ (1) W pwt) w
() (B =B = A (@) (- @) ) 20, (7.159)
w!
w=0
Then we have (7.14) forallu=1,...,6 andv=1,...,5.
Proof.
(i) Fixi=1,...6.

F _
o x—1)"1—a), a<i<x<P,

(x—1)"'(1—P), a<x<i<p,
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we have,
") = { n—1)(n=2)(x—0)"3(r—a), a<t<x<B,
Tl - -2)x—0)"(t—B), a<x<t<B,
showing that 9 is convex for even n, where n > 3. Since the weights are non negative,
so by virtue of Remark 2.7, (7.9) holds for even n, where n > 3. Therefore following
Theorem 7.3 (i), we can obtain (7.10).

(ii) Similar to the proof of Theorem 6.3 (a).

(iii) Fixi=1,...6and j=1,...5.
Since Green’s function G, (x, r) is convex and the weights are positive. So J,(G, (x,r)) >
0 by virtue of Remark 2.7. Also, since
n—3
_ — — <r<r<p
8(r) = (r—rydpuleBl gy = L =) e —a), ast<r<p,
(r) (V ) u ( r) (rft)"73(tfﬁ),a§r<t§ﬁ,

¥ is positive for even n, where n > 3. So, (7.11) holds for even n. Now following
Theorem 7.3 (ii), we can obtain (7.12).

(iv) Using (7.15)in (7.12), we get (7.14). O

7.2 Applications to information theory

Now as a consequence of Theorem 7.3 we consider the discrete extensions of cyclic refine-
ments of Jensen’s inequalities for u = 1, from (7.10) with respect to n-convex function f
in the explicit form:

k-1
Y Ajr1Pit jXivj
m m (k-1 ~ JHr n—l _ (w—1)
-y (n—w)f (B)
2 pif (%)= (2 /1j+1Pi+j> M2 2 ( o) )~
=l =1 \j=0 Y Ajt1pitj =l
=0
k=1 W
” - .7OAj+1Pi+ it
x ZPi(xi*ﬁ)W* 2 ( /lj+lPi+j> FIH— -B
=1 =1 A= Y Aj+1Ditj
j=0
B "21 (n=w)f* ()
w=1 W!(ﬁ - Ot)
k=1 W

m m 1
X .zllpi(Xia)wzll<zl

Jj=0

— —a . (7.16)

ZO)LjJrlPH it j
jH1Pi+j _
Y Aj+1Ditj
J=0
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Theorem 7.5 Let mk € N (2 < k <m), Ay,..., A be positive probability distribution.
Letp:= (p1,.--,pm) ER™ and q:= (q1,...,qm) € (0,00)™ such that

pi €lo,B], u=1,...,m.
qi

Also let f : [or, ] — R be a function such that F0=V s absolutely-continuous and f is
n-convex function. Then the following inequalities hold:

k-1
. m k—1 go/ljﬂp’*f
I¢(p,q) > <2 )Lj+161i+j> fl
=1 A=0 Y Ajr1Gitj
=0 k—1 W
Y Aj1pitj
n—1l _ (w—1) m ; woom (k=1 = J Y
T A o O (o ol T | EE R
w=1 wl(f—a) =1 \di i=1 \j=0 S Aigics
20 J
kil}L W
n—l _ (w—1) m . wo om (k-1 ~ JH1Pij
-y (nw')f—wc) x| Y ai (—l— )—2 Aj+19i+ ;::7—06
w—1 wl(f—a) -1 \di i=1 \j=0 S Aiiqin
RN j
(7.17)

Proof. Replacing p; with ¢; and x; with % for (i=1,...,m) in (7.16), we get (7.17). O

We explore two exceptional cases of the previous result.
First one is corresponding to the entropy of a discrete probability distribution.

Corollary 7.1 Let m,k € N (2 <k <m), Ay,..., A be positive probability distribution.
(a) Ifq:=(q1,---,qm) € (0,00)" and n is even, then

m m k—1 k—1
Y qilngi >, < )Lj+1%'+j> In ( /1j+16h+j>
i=1 i=1 \j=0 =0
S GOl Vi )
+§%wanww)%ﬁm s

=
m 1 w m [ k—1 1
X ZQi(;ﬁ) 2(_21#1%4;') Prm——

=1 == T Ajr14isj
j=0
U (mwentY )X
wgl (W(W ()" (B-a)

m 1 w m [ k—1 1
X Zqi(—a> 2(2%‘+1%‘+;’> -« - (7.18)
i=1 \Jj

)
Y Ajr1Gitj
Jj=0
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(b) If q:=(q1,---,qm) is a positive probability distribution and n is even, then we get
the bounds for Shannon entropy of q.

(2 )L]+1%+j> In (2 Aj+1qt+j>

1 \J=0

SRR IC )
W21<w<w—1><ﬁ>wl<ﬁ—a> g

iZ]Qi(%_ﬁ) 2<ZAJ+ICI1+1> kfl;_ﬁ

=1 A=0 2 Ajgivj
j=0
n—I _ )(_1)(w71) )
+W21< D) -

m 1 w m k—1 1
2%(;06) 2<le+1qi+j> — . (7.19)
i=1 i ' '

—1 \ =0
AN _Zolj+1qz'+ j
]:

M:

H(q) <—

i

Ifnis odd, then (7.18) and (7.19) hold in reverse directions.
Proof.

(a) Using f(x):=—Inx,andp:=(1,1,...,1) in Theorem 7.5, we get the required result.

(b) It is a special case of (a). O

The second case is corresponding to the relative entropy also known as Kullback-
Leibler divergence between two probability distributions.

Corollary 7.2 Let m,k € N (2 <k <m), Ai,..., A be positive probability distribution.

(@) Ifq:=(q1,--,qm),P := (P1,---,Pm) € (0,00)™ and n is even, then

k-1

m qi m (k-1 _goj'ijqu‘j

Y giln (p—l> >y (2 lj+1qz'+j> In 7,1:1

= l =1 /=0 _Zolj+1pi+j
]:

§ ([ (n=w)(=)tY )
+w21<w<w1><ﬁ>“<ﬁa> g

k—1 w

m _ woom _goljﬁpiﬂ
[gvtenrslgem ) (B

J Y Aji1Givj
Jj=0
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N (et )X
22<ww—1ﬂmwlw—a>

k—1
X 2(1,(;06) Zxﬁlq,ﬂ P . (7.20)
i=1 t i=1

Y Ajr1Givj
=0

(b) IfIf q:=(q1,---,qm),P := (P1,---,Pm) are positive probability distributions and n
is even, then we have

2 Aj+1qt+j

\.

m [ k—1
D(qllp) >, Z/Ijﬂf]iﬂ' In | =
i=1 \j=0 2 A’jJr]pth

o mewenE) Y
ﬁ;fww—nwwlw—a)

k—1 w
m wooom — 2‘0 A’J'Jr 1Pi+j
O N P
= l =t =0 2 Ajr14it;
Jj=0
_"l< (n—w)(=)Y )X
s\ ww—1) ()" (B - )

»

m . woom [k—1 Z)LJHP!ﬂ
x Z%(%Oﬂ) 2(2/1,~+1qi+j> = —af| | a2p

=\ =0
N Z%Hcﬁﬂ

If nis odd, then (7.20) and (7.21) hold in reverse directions.

Proof.

(a) Using f(x) := —Inx in Theorem 7.5 (a), we get the desired result.

(b) Ttis particular case of (a).

Now we state our results involving entropy introduced by Mandelbrot Law:
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Theorem 7.6 Letm, k€N (2<k<m), Ay,..., A be positive probability distribution and
q be as defined in (6.59) by Zipf-Mandelbrot law with parameters m € {1,2,...}, t >0,
s > 0. For n is even, the following holds

H(q)=Z(H,t s)<7§ kil Al . kil Aj1
v T i=1 \j=0 ((i+j+1) Hpps) Hm,t,sj 0((i+j+t)s)
(nfw)(*l)w}il) 2 - ; P B w
( (v=1)(B)"" (B~ a) ) (E g (0 ) )
S GG S W S ! )
i 2211 (W -1)(B)" : (B - O‘) igl (,2_:0 ((i+j+1)Hpuys) kil}‘fiﬂ p
2o (i) Hys)

o I S S (P S
+u21<w<w—1><a>’”1<ﬁ—a>> <,Zl T (4t =) )

(-w(D0 Y \a (G A L
( _1)( )Wl(ﬁ_a)> iZI(jo ((l+]+t) Hm,lp‘)) k-1 Ajri ¢

n—l

w

(7.22)
If nis odd, then (7.22) holds in reverse direction.

Proof. Similar to that of Theorem 6.5. O

Corollary 7.3 Let mk € N (2 <k <m), Ay,..., A be positive probability distributions
m

m
and for t1,t € [0,00), 51,50 >0, let Hpy, 5, = Z (k+tl 7T and Hy py 5, = Y, m Now
k= k=1
1

using ¢ = ————— and pj = ———— in Corollary 7.2(b), with n is even,
8= (l +t1) nm,ly,s] b= (l +t2) mi,52 .
then the following holds
D(q|lp) = i : In ((i+t2)sszJ2,Sz)
i=1 (i+tl)S1Hm,tl,sl (i+t1)S1HmJl »S1
k—1 h
k-1 Aint EO}“J'“ /1) Hty s,
> 2 2 J In
=0 l+]+t1) mpty,sy k1 1

j§01j+] (i+j+t2)52 Hm,tz,sz
nl (n—w)(=1)0=1 n 1 ((ithl)“Hm,1 51 )W
+ : : . s
Z (w(wl)(ﬁ)W‘wm 2T oy \ (412 g, P

7n71 (n—w)(—1)0"=1)
P <w<w DB (B a)) g
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k—1 : w
m (k-1 A ; A’jJrl (i+j+12) 2 H ot s
~ 2 2 J+1 J=0 22 B
i=1 \j=0 (iJerrtl)sleJl 51

S A
jZO JF (i+j+tl>Sle.tl.sl

o (n—w)(—1)»1 - 1 (i+0)" Hupy 5y "
2 (W(wl)(ot)wl (ﬁ‘ﬂ) (zzl (i+1)" Hngy s, ((i+’2)S2Hszvs2 OC) )

w=1
W[ (n=w(=)tY )
+W21<w<w1><a>wl<ﬁa> :

k—1 . W
m (k-1 A ,Z'o A1 T 2
x — % —a| |. 723
i:Ell jzzlo(l"']"'tl)nHthSl i A 1
h J+1 (i+j+ll )‘yl Hm,tl K

j=0
If nis odd, then (7.23) holds in reverse direction.

Remark 7.1 Itis interesting to note in the similar passion we are able to construct differ-
ent estimations of f-divergences along with their applications to Shannon and Mandelbrot
entropies using the other inequalities for n-convex functions constructed in Theorem 7.3
for discrete case of cyclic refinements of Jensen’s inequality.






Chapter

Cyclic Refinements
of Jensen’s Inequality
VIA Montgomery’s Identity

In this Chapter, we give new extensions and improvements of cyclic refinements of Jensen’s
Inequality by Montgomery’s identity with and without the effect of Green functions. As
an application of our work we construct new entropic bounds for Shannon, Relative and
Mandelbrot entropies. This chapter is based on the paper [69].

In order to obtain our main results in this chapter, we use the generalized Montgomery
identity via Taylor’s formula given in paper [3].

Theorem 8.1 Lern e N, f: 1 — R be such that £~V is absolutely continuous, I C R
an open interval, o, B € I, oo < . Then the following identity holds

B
o /) (@) (- o)
f(x)_ﬁa.a/f(")d”,zo (i+2) B-a

-y i
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where
L\ - 1
7"%3)06) T (=) asv<y,
o) = 8.2)
—A e =) x<v<p
n—2
Incasen=1thesum Y --- is empty, so identity (8.1) reduces to well-known Montgomery
1=0

identity (see for instance [74])

B B
10 =5 [0+ [Ples) £ v

where P (x,v) is the Peano kernel, defined by

V—0O
B-a

a<v<x

P(x,v) =

g:ﬁa,x<v§B.

Remark 8.1 It is important to note that for n even, R, > 0 defined in (8.2).

8.1 Generalization of cyclic refinements of Jensen’s
inequality by Montgomery identity

First, we consider the discrete as well as continuous version of cyclic refinements of
Jensen’s inequality and construct the following identities having real weights utilizing
Montgomery’s identity.

Theorem 8.2 Suppose m,;k € N, py,...,pm and Ay,...,A; are real tuples for 2 < k <
k—1 m k

m, such that Y, Ajiipivj #0fori=1,...omwith ¥ pi=1and ¥ A; =1. Also let
j=0 i=1 j=1

=
x € [a,Bf] CR and x € (o, B]". Consider the function f : [, ] — R such that =)
is absolutely-continuous, Ry(-,&), G,, (v =1,...,5) are the same as given in (8.2) and
(6.1)~(6.5), respectively. Then for (u=1,...,6) along with the assumptions (A;) and (A3),
we have the following generalized identities:

(a)

n—2
=575 & (g ) (F @ 0 = 0 ) ) )
=0 :

B
1 " ;
Yo / TRy (5.8)) ) (8)dE, (83)
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(b)
/ ol B
() =lar b ) + (PG [ 6utxmar
: ﬂJ(G( S (10 @) -0 s (B ) a
+fad ulGy(x, 7 &0 [V (a)(r r r
1 f g _
o ] 1O HGx )R () drag. (84)

o
where C,, (v=1,...,5) is defined in (7.5),

_g\n—2 3
e [+ - -8 e <<

I§1172 (V,é) = s
pa |Gt =B =& ] r<g<p.
and
! _ gl b
() = Glat B ) + (PEELE) 3,6, xmpar
B
Lo @)= O B) - B)
+ﬁoc.a/J“(G”(x’r)) (,3 (—3)ii—1) ar
P g
BCES] / &) ( / Ju(Gv(x,r))an(né)dr) dg. (8.5)
Proof.

(a) Fixu=1,....6.

Using Montgomery identity (8.1) in cyclic Jensen type linear functional J,(-) and
practicing its properties, we have

B
1 1 "F 1
Lif) = (m / f(é)dé) 52 2 (g ) £ @ A=)

l

n—2
) (Z!(,Lz)).fﬂ“wﬁwu((xﬁ)’“)

=0
B
* ﬁ / TR (,£)) 1) (£)dE.

Using the constant property of the functionals, we get (8.3).
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(b) Fixu=1,...,6. For fix v= 1, testing (6.6) in cyclic Jensen type functional J,(-) and

employing the linearity of J,(-), we have

B

I) = Ciler o 1))+ [ 1,61 () () (8.6)
Differentiating Montgomery identity (8.1) twice with respect to the first variable, we
have
poy L@ fB) ¢ fO () (r—a) = (B) (=)
e = (= )( pa

e [ Rt e 7

Using (8.7) in (8.6), we get

/ o b
10 = e + (HG=LE) [a6inyar

B—o

/ (@) (r—a) = 70 (B) (r—B) !

/Ju Gi(x,7)) dr
—1)! B—a

o
B

/Rn 2 é)dé)
OC
By executing Fubini’s Theorem in the last term, we have (8.4) for u =1,---,6,

respectively.

Next, using formula (8.1) on the function f”, replacing n by n—2 (n > 3) and
rearranging the indices, we have

= (LB=S)

0

4 gy [ R an B @,

Similarly, using (8.8) in (8.6) and employing Fubini’s Theorem, we get (8.5) for
u=1,---,6, respectively.

The cases for v =2,3,4,5 are treated analogously. O
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Now we obtain generalizations of discrete and integral cyclic Jensen type linear func-
tionals, with real weights.

Theorem 8.3 Under the suppositions of Theorem 8.2, let f be n—convex function. Then
we conclude the following results:

(a) If
Ju(Ru (x,8)) >0, & €[a,B] (8.9)

holds, then we have

S 1
1) = 55 % () (P (=)

—f“*”(ﬁ)Ju((x—B)’”)) (8.10)
foru=1,...,6.
(b) Ifforallu=1,...,6 andv=1,...,5

B
/Ju(Gv(x, MR (RE)dr >0, E € [a, B, 8.11)

holds, then we have

-9 /"JL,(cV(x,r»dr

Ju(f)ZCv(OC,ﬁ,f)Ju(x)+( ﬁ:a

B n—1 1
O[ GV X }" ([22 (l_l)] (f(l) (OC) (rfa)l ]*f(l) (ﬁ)(rfﬁ)l l))d}"

foru=1,...,6, and if

B
[ 2GRy (nE)dr = 0, & € (a1 ), (8.13)
holds, then we have

/ o B
1) = Glar By + (FEZEE) [aGnar

b n=1 (1) PRV A BT NS
£ (@) (r— )~ = 0 (B) (r— B)
) (2 (—3)1—1) )d’

Q

(8.14)
foru=1,...,6.

Proof. Similar to that of Theorem 6.2. O
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We will finish the present section by stating the following theorem:

Theorem 8.4 If the assumptions of Theorem 8.2 be fulfilled with additional conditions
m
that py,...,pm and Ay, ..., Ay be non negative tuples for 3 < k < n, such that ¥, p; = 1,

i=1
k
Y Aj = 1. Then for f : [o, B] — R being n—convex function, we conclude the following
j=1
results:

(a) Forevenn >4, (8.10) holds.
(b) If inequality (8.10) is valid and the function

1 Si(faHMaﬂx—aY”—f““WBHx—ByH> (8.15)

Fx) = 11(1+2)

- B-af

is convex. Then the inequality

L(f)>0, u=1,...6. (8.16)

(c¢) Forevenn >4, (8.12) and (8.14) holds.
(d) If the inequality (8.12) is true and

n—1
P (,,ll)! (F (@) (=) =B (=) ) 20 Vre e Bl B17)

OR
(8.14) be satisfied and

n=1 £() PRV R -l
) ' SU(e) (r—a) " = fY(B)(r—B) .
f(ﬁ)f.f(a)ﬂ:}% ) >0; Vrelapl.
(8.18)
Then we have (8.16) forallu=1,...,.6 andv=1,...,5.
Proof.
(a) Fixu=1,...,6.
Since
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(b)
(c)

(d)

and

2 fob |- O P -2 - (- 8" <x <,

WRH (x,&) =

L=+ -2 B =8y 7] x< E <.

Applying second derivative test on R,, (-, &), it can be seen easily that it is convex for
even n > 4. Since the weights are nonnegative, so by advantage of Remark 2.7, (8.9)
holds. Pursuing Theorem 8.3 (a), (8.10) is evident.

Similar to the proof of Theorem 6.3 (a).

Fixu=1,...6andv=1,...5.

Since, we have assumed nonnegative tuples and the Green’s function G, (x, r) is con-
vex for all v =1,...5. Thus by practicing Remark 2.7, J,(G,(x,r)) > 0. Moreover
R, »(r,E) >0and R, »(r,E) >0 for n =4,6,..., so (8.11) and (8.13) hold. As
f is n—convex, hence by following Theorem 8.3 (ii), we obtain (8.12) and (8.14)
respectively.

Utilizing (8.17)in (8.12) and (8.18) in (8.14), (8.16) is established forallu =1,...,6.

8.2 Applications to information theory

Now as a consequence of Theorem 8.3 we consider the discrete extensions of cyclic refine-
ments of Jensen’s inequalities for u = 1, from (8.10) with respect to n-convex function f
in the explicit form:

Y pif (xi)—
=1

2 )L]+1pl+jxl+j

(2 A’j+lpl+]> f
PA=0 2 A'j+1pz+j

— l+1
s (S )

m

i

k—1 1+2

m (k-1 ZOA]+1pl+jxl+j
42 J=
71Pi(xi*0€) *21 (ZO}VHPM) o @
= == ZO/IJ'HPH]'
j=

X
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__LS (B
B—o faur nN(I+2)
k

—1
m m [k—1 ; OAjJrlpH“ij“j
j:
x| Y pixi—B)y ==Y (2 /1j+1pt+j> ———— b
i=1

i—1 \ i—0
=iV .Zol j+1Pi+j
f

1+2

(8.19)

Theorem 8.5 Let mk € N (2 <k <m), Ay,...,A be positive probability distribution.
Letp:= (p1,...,pm) ER™, and q:= (q1,...,qm) € (0,00)™ such that

Also let f: o, f] — R be a function such that F0=1 s absolutely-continuous and f is
n-convex function. Then the following inequalities hold:

k

1
m (k-1 2 )Lj+1Pi+j

~ =0

Ir(p.q) > Y, ( Atj+l‘]i+j> flo———
i =0

1

i

! Y Aji1Givj
=t

[ S A )
+B—a§(ﬂﬂ+@>x

=~ |~

j=

il 142
m pi 142 k=1 jZOAjHPiH
; =
X Zqz'(;a) 2\ XA | |«
=1 l =1 AU=0 Y Aji1Gisj
=0
| n=2 [ pl+D)
3 D IARICIRIS
B—a &\ 1i+2)
i 142
m i 42 m [kl ]Z,O/ljﬂptﬂ
x 24i(fﬁ> 2\ XAidi | | o B
=1\ =1 AJ=0 Ajt1qisj
=0
(8.20)

Proof. Replacing p; with ¢; and x; with % for (i=1,...,m) in (8.19), we get (8.20). O

We explore two exceptional cases of the previous results.
First one is corresponding to the entropy of a discrete probability distribution.
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Corollary 8.1 Letm,k € N (2 <k <m), Ay,..., A be positive probability distribution.
(a) Ifq:=(q1,---,qm) € (0,00)" and n is even, then

m m [k k
2‘]1‘111% 2 <ij+l%+]> In <ij+l%+]>
i=1

1 =2 (_1)(l+1)
- B - 1=0 (l + 2) (OC)I+1 8

1+2
m 1 +2 m (k-1 1
X Z%(g—a) 2 Z%H%ﬂ -«
= l =1 \j=0 Y Aj1Giyj
=0
1 115:2 (71)(l+1)
B-a S\ +2)(B)"!
[+2
m 1 +2 m (k-1 1
A Ba(z-8) -3 (Sroas)| -1
= == 3 Aji1git)
=0
(8.21)
(b) If q:= (q1,.--,q9m) is a positive probability distribution and n is even, then we get
the bounds for Shannon entropy of q.
m [k
2 2 Aj+1gi+j | In 2 Aj1Gi+j
1 n72 — 1)U+
- 2 md) w1 | %
Bfalzo (l+2)(0€)
+2
m 1 +2 m (k-1 1
X 2%’(—_—05) 2 Z%H%ﬂ -«
=1 \4 == Y Ajr14it
=0
1 n—2 -1 (I+1)
+ ) — i1 )~
B—o S\ (1+2)(B)
1+2
m 1 I+2 m (k-1 1
X ZQt(q——B) Z)L]Jrl%ﬂ Hi_ﬁ
= l == Y Ajt14it
=0
(8.22)

If nis odd, then (8.21) and (8.22) hold in reverse directions.
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Proof.
(a) Using f(x):=—Inx,andp:= (1,1,...,1) in Theorem 8.5, we get the required result.

(b) Ttis a special case of (a). O

The second case is corresponding to the relative entropy also known as Kullback-
Leibler divergence between two probability distributions.

Corollary 8.2 Let m,k € N (2 <k <m), Ay,..., A be positive probability distribution.
(@) Ifq:=(q1,--,qm),P := (P1,---,Pm) € (0,00)™ and n is even, then
—1
m

m gi k—1 7OA'j+lql+j
Y.giln (p—l> >y (2 /1j+1tlt+j> In ,117
i=1

i =1 \/=0
=N Y Ajr1pivj
Jj=0

n—2 l+1
X
ﬁ 06,:20 l+2 o)t
P

I+2
m 1+2 m (k=1 12 Aj+1pt+j
Sa(L-a) - (zx,ﬂq,ﬂ) N
=1 l =1 2 )L]+1%+j
IRy GG I
B—a S\ (1+2) ()"
1 142
m pi 42  m (k=1 ]Z,O/ljﬂpiﬂ
X Z%(q—lﬁ) <2A'j+lq1+j> k,]ifﬁ
= l = Y Ajt14it
j=0
(8.23)

(b) If If q:=(q1,---,qm),P := (P1,-..,Pm) are positive probability distributions and n
is even, then we have

k—1
m _ ZOAJHCIHU
= § (£ o[ 2
=1 \j=0 Aj+1pt+j
Jj=0
1 n—2 —1 (1+1)
D fre e
B—a S\ (1+2)(a)

k1 [+2

m i 1+2 m [ k—1 gokjjtlpﬂrj
i =
X Zqi(q_a) 2 2)']+l‘11+] -

—1
> Ajr1Gitj
Jj=0
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B ] n=2 (_1)(l+1) y
p-a tgo ((l+2)(5)l+1>

k +2
m i +2 m (k-1 jZOAjJrlpH’j
ZQi<j_ ) —Z<Z7Lj+1qz'+j> r—— ¢
=1 l =1 =0 Y Aji1Givj
j=0
(8.24)
Ifnis odd, then (8.23) and (8.24) hold in reverse directions.
Proof.
(a) Using f(x) := —Inx in Theorem 8.5 (@), we get the desired result.
(b) It is particular case of (a). O

Now we state our results involving entropy introduced by Mandelbrot Law:

Theorem 8.6 Letm,k € N (2 <k <m), Ay,...,A be positive probability distribution and
q be as defined in (6.59) by Zipf-Mandelbrot law with parameters m € {1,2,...}, t >0,
s > 0. For n is even, the following holds

H@) = 2(H.0) <~ 33— (5 A
a U A\A () ) Hunes 24 (G 1))

12 (=) [ 12
‘ﬁa%((m)( ”‘)(,Zl o (00 —e) )
N 1 "2(( 1)0+0) )X

B—a G\ (1+2) ()

1+2

m k—1 A'jJrl 1
X 0
j 2 ((l+]+t) Hm,t,s) k-1 /lj+|

j=0 ((i+j+t)SHm,t,s)

1 =2 (_1)(l+1) m 1 142
+ﬁa,o<<z+z><ﬁ>’“><,»21<<i+t>wm,,,s> (G0t -p) )
{

( 1)(l+1)
(2B )”

B-aS
[+2
m [k—1 A |
* o -B : (8.25)
121<2 ((l‘i’]‘i’t)S mtv) kil Ajr1
j:() ((i+j+t)SHm.t.s)

If nis odd, then (8.25) holds in reverse direction.

Proof. Similar to that of Theorem 6.5. O
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Corollary 8.3 Let mk € N (2 <k <m), Ay,...,A be positive probability distributions

m m
1 1
and for t1,t € [0,00), 51,50 >0, let Hpy, 5, = Z T and Hy 1y 5, = Y, CEE Now
k= k=1

s and pi =
(l +t1) n,ly .8 b= (l +t2) m,,52
then the following holds

m 1 (i+12)?Hypy, s )
D In 2=
(qu) 2 (l+f1) g8 ((l+f1) ml],S|

using q; = in Corollary 8.2(b), with n is even,

1

m kel 2 M G

> D Al In | 22 o
T4 =0 (i+7j +l‘l) Hygy o5, - I

2 /LHW

1 n=2 (_1)(1+1) m 1 (i+t1) Hm-’l-sl o
+— I+1 27 51 j Hyprsy
a5\ (142) () S ((+0)" Hngy sy \((+02)Hppy s

k—1 : 1+2
Aipj——
X 5 ki] )L’]+1 j§ J+l (i+j+12)"2 Hpy .59 _a
i=1 \j=0 (l+~]+tl) Hpng s Zlﬁ, %
j=0 J+l (i+j+11)"1 Hpy A8
1 ﬂiz (_1)(l+1) i 1 ((ithl)Sle,tl,sl ﬁ)l+2
—o S\ (+2) (B ) \ & (1) Hugy 5 \ (i +12) Hyngy s,
1 =2 _1)+D)
=P e
p-a 5\ 1+2)B)
k—1 1+2

z A+l+
m k—1 A’ J (H’j‘HZ) 2Hm 1 .5)
j+1 Jj=0
ap? <2< | ) = P

l+J+tl) Hpgy s,

2 /1+1+
j* J (l+j+ll> le 1.

(8.26)
If nis odd, then (8.26) holds in reverse direction.

Remark 8.2 It is interesting to note in the similar passion we are able to construct differ-
ent estimations of f-divergences along with their applications to Shannon and Mandelbrot
entropies using the other inequalities for n-convex functions constructed in Theorem 8.3
for discrete case of cyclic refinements of Jensen’s inequality.



Chapter

Cyclic Refinements of Jensen’s
Inequality by Lidstone
Interpolating Polynomial

In the present Chapter , we generalize Cyclic Refinements of Jensen’s inequality for higher
order convex functions using Lidstone interpolating polynomial with applications in infor-
mation theory. This chapter is based on the paper [70].

To move on, we consider Lidstone series, a generalization of the Taylor series, approxi-
mating a given function in the neighborhood of two points instead of one by using the even
derivatives. Such series have been studied by G. J. Lidstone (1929), H. Poritsky (1932),
J. M. Wittaker (1934) and others (see [1, 6]). Widder proved the fundamental lemma:

Lemma 9.1 [94] If f € C*"[0,1], then

1
1) = 3 [FPUOR1 =0+ WA + [ Gyl 2 1)
0

=0

where P, is a Lidstone’s polynomial of degree (2n+ 1) defined by the relations

Py(x) =x
B (x) = B (x)
Pn(o) :Pn(l) =0, n>1

109
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and

(x=Dr, r<x

— )

G()(x,r) =G(x,r) = 9.1)

(r—1)x, x<r

. . . . 2 .
is homogeneous Green function of the differential operator 57 on [0, 1], and with the suc-

cessive iterates of G(x,r)

I
Gy (x,r) = / G(1)(x,8)G(u—1y(s,r)ds, n>2. (9.2)
0

The Lidstone’s polynomial can be expressed in terms of Gy (x,r) as

1
Pu(x) = / Gy (x, ) 9.3)
5

9.1 Extensions of cyclic refinements of Jensen’s
inequality by Lidstone interpolating polynomial

We propose the following Lemma in which we construct the generalized identities having
real weights utilizing Lidstone’s interpolating polynomial and Green functions.

Lemma 9.2 Suppose m,k €N, py,...,pm and Ay,..., A are real tuples for 2 < k < m,
k=1 m k

such that ¥, Ajipivj #0 fori=1,....mwith ¥ pi=1and ¥ Aj=1. Also let x €
j=0 i=1 j=1

[, 8] CRandx € [, B]™. Consider the function f € C*'[a, B], Gy and Gy, (v=1,...,5)
be the same as defined in (9.2) and (6.1)—(6.5), respectively. Then for (u=1,...,6) along
with the assumptions (A1) and (Ay), we have the following generalized identities:

(a) Forn>1

=g [ieon (m (§=2) )+ (0 (5=5) )]

+(ﬁoc)2"1./ﬁju( (n>(B_z,g_z)>f(2”>(r)dr. 9.4)

=

Q
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(b) Forn>?2

J(f) = (. B. 1) +/J (6

x szw ~apt [ @ (=5 ) s en (=% )] ) ar

(B /ﬁ 72 (s) ( /ﬁ T el dr) s

9.5)

where C,, (v=1,...,5) is defined in (7.5).
Proof. Fixu=1,...,6.
(a) As f € C*([a,B]). By Widder’s lemma we have

f<x>=”21<ﬁ—a>2’[f< w0 (5= 2)”” o (5%

=0

F(B—a) ‘/G (; Z[Z z)f(z”)(r)dr. 9.6)

Now employing our respective cyclic Jensen’s functional J,,(-) on (9.6) and practic-
ing its linearity, we get (9.4) foru=1,...,6.

(b) For fix v = 2, testing identity (6.7) in cyclic Jensen’s functional J,(-) and employing
its properties, we have

B
Ju(f) = G0, B, ) () + /Ju(Gz(x’ S (r)dr. 9.7)
Using representation (9.6) for f”, we get
n—2 - _
7= S0 [/ wn (=g )+ en (= )

B—o

=
IS

B
+ (ﬁ - a)2n73/G(nfl) ( — ) S:a ) f(2n> (S)dS. 9.8)

Now, using (9.8) in (9.7) and applying Fubini’s theorm, we get (9.5) for v =2 and

u=1,...,6. The cases for (v = 1,3,4,5) can be treated analogously. 0
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Now we obtain generalizations of discrete and integral cyclic Jensen’s type linear func-
tionals, with real weights for 2n—convex functions.

Theorem 9.1 Consider f € C*"[a, B] be such that f is 2n—convex function along with

the suppositions of Lemma 9.2. Then we conclude the following results:

(a) If forallu=1,...,6,

T (G(n) (g_zg_z)) >0, relap] 9.9)

holds, then we have

n—1

=07l o (2)) o (0 i25))]

(b) Ifforallu=1,...,6and (v=1,...,5)

B
Ja(6:60 )60y (5= 5= Jar=0. refan] @11

B—o' B—a

holds, then we have

T(F) > Gl B, f)ul) + /ﬂ J, <Gv<x, r>)

) (g(ﬁ o |:f(21+2)(a)pl (5—;) L 2 (g)p, (;_Z)D dr. (9.12)

=0

Proof. We start with the proof of (a) and its assumed conditions. Fix u = 1,...,6.

By our assumption f € C*"[a, 8] and is 2n—convex function, we have f")(-) >0 (
see [82], p. 16). Therefore, by applying Lemma 9.2(a) and taking into account assumption
(9.9) and £(2 >0, we get (9.10).

In the similar passion, we can give the proof of (9.12). O

We will finish the present section by the following results:

Theorem 9.2 [f the assumptions of Lemma 9.2 be fulfilled with additional conditions
m

that p1,...,pmand Ay, ..., A be nonnegative tuples for 2 < k < m, suchthat ¥, p; =1 and
=1

=
k

Y Aj=1. Then for f : [a, ] — R being 2n—convex function, we conclude the following

j=1

results:
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(a)

(b)

Proof.

(a)

(b)

(9.10) is valid for odd n > 1. Besides, for function

H) = ';zgw —ap | (2 ) e (5=2)| o)

to be convex, the right side of (9.10) is nonnegative, means

L(f)>0, u=1,...,6. (9.14)

For odd n > 3, (9.12) holds. Moreover, let (9.12) is valid and

("22(5 ~ o) [f(mz)(a)pl (5_;) + A Byp (Z;Z{)D >0, (9.15)

=0

then, we get (9.14) forallu=1,...,6 and (v =1,...,5).

Fixu=1,...,6.

From (9.2), we get G(,,y(x,r) < 0 for odd n and G, (x,r) > 0 for even n. Moreover
Gy in (9.1) is convex and G,_; is positive for odd n. Thus taking into account
(9.2), G(n) is convex in first variable if n is odd. Therefore (9.9) holds by virtue of
Remark 2.7 on account of given weights to be positive. Hence (9.10) is established
by taking into account Theorem 9.1 (a). Moreover, the R.H.S. of (9.10) can be
written in the functional form J,,(H) for all (i =1,...,6) after reorganizing this side.
Employing Remark 2.7 the nonnegativity of R.H.S. of (9.10) is secure, especially
(9.14) is established.

Fixu=1,...,6.
For odd n > 3, G,,_ is positive. Also we have assumed positive weights and for all
(j=1,...,5), Gy(x,r) is convex. Thus by practicing Remark 2.7, J,, (GV (x, r)) >0

which together with positivity of G,_; yields (9.11). As f is 2n—convex, hence
by following Theorem 9.1 (), we obtain (9.12). Finally, taking into account the

positivity of J, (Gv (x, r)) and (9.15), we get (9.14).
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9.2 Applications to information theory

Under the assumptions of Theorem 9.1 (a) to be valid, we consider the discrete exten-
sions of cyclic refinements of Jensen’s inequalities for u = 1, from (9.10) with respect to
2n—convex function f in the explicit form:

k—1

m m (k-1 _go/lj+lpi+jxi+j
2 pif ()= (2)Lj+lpi+j>f ]7]{71—
i=1

i—1 \ i—0
=N .Zol j+1DPi+j
P

n—1
> ¥ (B—a)” fP ()%
=0
k-1
3 Aj+1Pit it
j=0

ﬁf k—1
m B —x; m (k-1 j;o/ljﬂl’iﬂ
JSn(85) 3 (Shn )|
2:1 ! B_a 2 12:%) ] =+J ﬁ—OC

i=1

k-1
_20%41 Pit jXi+j
j=

k-1
B A1 e s
m Yi— o k—1 'E(J j+1Pi+j
X E,Pi'Pz(ﬁl_a>§ ( /1j+1pi+j>Pz - B«

i=1 i=1 \j=0

— o

(9.16)

where P, is a Lidstone’s polynomial defined in Lemma 9.1.

Theorem 9.3 Let mk € N (2 <k <m), Ay,...,A be positive probability distribution.
Letp:=(p1,.--,pm) ER" and q:= (q1,-..,qm) € (0,00)™ be such that

Pi e [a,B], i=1,...,m.
qi

Also let f € C¥'|a, B] such that f is 2n—convex function. Then the following inequalities
hold:
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m 7oxj+1pl+j
If(pq 2<ij+l%+]>f 117

=1A=0 T Aj+1gisj
=
gkﬁlpiﬂ
p—E—
n—1 ol ol ﬁ ZL m Z j+14i+j
+ Y (B—a)* 2 () x E%PI - Zflﬁl%ﬂ P BT
=0 i=1 \j=0
kflA
Jj+1Pi+j
= —o
n—1 o m -”_1_'705 m  fk—1 g’lﬁl‘hﬂ
+ ) (B—a) (B x Y qi-P Z;_a X Aj1giri) P JBT
1=0 i=1 i=1 \j=0

(9.17)
Proof. Replacing p; with g; and x; with % for (i=1,...,m)in (9.16) , we get (9.17). O

Remark 9.1 Under the assumptions of Theorem 9.2 (@) for u = 1 to be fulfilled, (9.17)
becomes

m k—1 ZOA']JrlphLJ
If(p,q)z_2<_ /1,~+1qi+j>f — |- (9.18)
== _ZO)LjJrIQHj
]:

We now explore two exceptional cases of the previous result.
One corresponds to the entropy of a discrete probability distribution.

Corollary 9.1 Letm,k € N (2 <k <m), Ay,..., A be positive probability distribution.
(a) lfq :: (ql""?qm) e (O’M)m’ then

m [ k—1
2‘11 Ing; > 2 <2 )L]JrIQHrj) In (2 A’]+1Ql+]>

i= i=1 \Jj

2A(ny
+2 B- a()a)(22ll D!

B— H%

i B 75 i kz—:l goljﬂfliﬂ

X qi- P, = - Aigiv | P | ———
-1 B—o i=1 \j=0 B—o
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Bt

i (B)*
1
k—1
1_ m (k-1 _goflﬂlqz'ﬂ
X 2% P, q —2 D Aiigiv | P |
i=1 \j=0 p—o
(9.19)
(b) If q:=(q1,...,qm) is a positive probability distribution, then we get the bounds for
the Shannon entropy of q.
m
H(q) < - 2/1 +14i+j | In 21 +19i+j
i=1 \j=0 J=
- 2
2 ) (21 ! o
R B— %
k—
m ﬁ _ ql i 2 ]Z Ajr19qiv)
X qi- P ; Ajnagivy | P | ———
il p—a i=1 ,o] o B-a
(B2 1)!
i (B)*
S S
k—1
m 1_ o m (k=1 X Ajr14itj
| Yai-b| & Z S Ajpai | P | S
& p-a = p-o

(9.20)

Proof.
(a) Using f(x):=—1Inx,andp:= (1,1,...,1) in Theorem 9.3, we get the required result.

(b) It is a special case of (a). O

Remark 9.2 Using Remark 9.1, (9.20) becomes
m [k—1 k—1
H(q) < =Y [ X Agiej | In{ Y Ajirigivj | - 9.21)
i=1 \j=0 j=0

The second case corresponds to the Relative entropy or Kullback-Leibler divergence
between two probability distributions. Some recent bounds for Relative entropy can be
seen in [52, 38]. We propose the following results:
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Corollary 9.2 Letm,ke N (2 <k <m), A,...,

117

Ak be positive probability distribution.

(Cl) Ifq = (q]a'-'7QH1)7p = (Pl»---apm) € (Ovoo)m’ then
k—1
m q m [ k—1 ZOA' +19i+j
j J
Sam(2)=% <z x,»ﬂqiﬂ)l S
= Vo Eh=0 Y Ajs1Pit
=0
n— 1 21
—a)?(2l-1)!
SLELACETS
()
ZO)L j+1Pi+j
B— :7
i B_% i Iil § j+19i+j
x qi- P ol Aingivj | B | ———
i=1 B-o) S\5" p—o
LS B0
Faur) (B)*
§7LJ+1P1'+J‘
g

-3

j=1

X
S
:U
A
Q|’E
I
\_/

k—1 Z JH1Gitj
ZAJHCIHU 14| B—a

(9.22)

(b) If If q :=(q1---,qm),P := (P1,-..,Pm) are positive probability distributions, then
we have
k—1
m e _goljﬁql'ﬂ
D(qllp) = > (2 /1,+1qz+;> L B—
=LA Y Ajr1Piyj
j=0

ﬁ_

ﬁ pi m [k—1
X 2% Pl< & >—2<Z7Lj+161i+j>f’l
0

g Ajr1Pitj

Z 19+

ﬁfoc
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S B

20/1 i+1Pi+j

k=1
2 & — o i kil 2 /1]+l‘11+1

X qi- P | 5 - Ai1qivj | B | —F——
B - i=1 \j=0 B-o

Proof.
(a) Using f(x) := —Inx in Theorem 9.3, we get the desired result.

(b) It is special case of (a).

Remark 9.3 Using Remark 9.1, (9.23) becomes

k—1
m [k—1 onj+l‘1i+j
D(qllp) > | X Ajditj | In | i
i=1

.:0 _
/ _Zol j+1Pi+j
]:

-

(9.23)

(9.24)

Some of the recent study regarding Zipf-Mandelbrot law can be seen in the listed refer-
ences (see [48, 52, 53, 38]). Now we state our results involving entropy introduced by
Mandelbrot Law by establishing the relationship with Shannon and Relative entropies:

Theorem 9.4 Letm,keN (2<k<m), Ay,..., A be positive probability distribution and

q be as defined in (6.59) by Zipf~-Mandelbrot law with parameters m € {1,2,..

d > 0. Then, the following holds

H(q) = Z(H.c.d) < 3 ki—lf“ In | — kzlilf“
V=AOD=" 2\ &G+ jroimr) ) "\ H &+ i+ o))

i=1 c,d j=0

_’S (B—a)?(2l—1)! | & 1 (B_((iJrc)dH:j“))

=0 () lzzl ((i+c)Hyy) i B-a

3 e>0,

)

k2L ((i+j+c)H™M)

B - :
,i ki Aji p =
: l—l—]—l—cdH'”) ! B—o

i=1 \j=0
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B | 1 o (i) HE) — o
> 2(@HMH$)3< B-a >

k=l ((i+j+c)?H™,))

: —a
i kil Ajti p | =0 A
A+ o) ) [

(9.25)

Proof. Similar to that of Theorem 6.5. Finally, substituting this ¢; = W in Corol-
c,d

lary 9.1(b), we get the desired result. O

The next result establish the relationship of Relative entropy with Mandelbrot entropy:

Corollary 9.3 Let mk € N (2 <k <m), Ay,..., A be positive probability distributions

m

P m _ 1 m —
and for cy,c3 € [0,0), dy,dr > 0, let H! ; = cél Ty and H!, ; = CE G+C . Now
1 1
by using gi = —————-— and pi = ——————— in Corollary 9.2(b), we obtain
(i+c )leén d (i+c2) ZH:Z i
=3 (G o) He g,
D(q||p)= n
i=1 l+c leéﬂll d (i+c1)d1Hcr"11 dy
dy & ]n(i+C2)
—Z(H,cy,d - +In(H"
gl S i
kil A
k-1 Dy —
e B LI
i=1 \j=0 (l+]+cl) IH;T d v Ajri
=0 (i+j+cz)d2Hf; dy
P (o) B
n— l(ﬁ 06)2[(2[7 1) m 1 (i+c )dzyé'; d
2 (o) Z(iﬂ yamm M B—a
1=0 i=1 1 c1,d)
k—1 /11+1
J20 e 2HY
B Kkl Ajtl

m (k=1 Ao . .
_1211 2(1+J+C1)lem [} ﬁ—OC

c1dy
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(e Hn
a9l ) g
+n§ (B—a)*(21—1)! i : p | \Fe®HE,
. =y
=0 (B)* S i+ e Y, p-a
S A
i iy
_ i ki Ajsi p | L
S\ +ite)t s, poa

(9.26)

Remark 9.4 By using Remark 9.1, (9.25) and (9.28) becomes

H(q) = Z(H d)<*§l ki# ! LEA
V = ZHed) < S i+ oz, )\ By & G+ )

i=1 \j=0 c,d j=0
(9.27)
m : dy rym
D(q H p) - 2 (l+C )a’le ln ; dl "
i=1 1 c1dy (l + Cl) HCl i
dy & ln(i + Cz)
=—Z(H,ci,dy) + : +1In (H
( ) HE 4, 1:21 (i+er)h (1)
kil At
m k—1 A i— (i+j+cl)d1H:l
> — In | = L4 9.28)
i=1 \j=o (i+j+c)"H 4 v o M
=0 (it j+cz)d2HC”; 0

Remark 9.5 It is interesting to note that, in the similar passion we are able to construct
different estimations of f-divergences along with their applications to Shannon, Relative
and Mandelbrot entropies using the other inequalities for 2n—convex functions constructed

in Theorem 9.1 for discrete case of cyclic refinements of Jensen’s inequality.



Chapter 10

Cyclic Refinements of
Jensen’s Inequality and
Abel-Gontscharoff
Interpolating Polynomial

In the present Chapter, we use Abel-Gontscharoff interpolating polynomial and prove
many interesting results. This chapter is based on the paper[71].

Let —o <0 < fB <ooandlet o <& <& <---&, < B be the given points. For
f€C"a,B], Abel-Gontscharoff interpolating polynomial AP of degree (n — 1) satisfying
Abel-Gontscharoff conditions

AP (Epi)) =[O (Ery1), 0<o<n—1

exists uniquely [20, 33]. This condition in particular includes two point right focal condi-
tions.

APS) () = fO&), 0<o<i
ARG (&) =)&), 1H1<o<n-1 a<&<&<p

First we give representation of Abel-Gontscharoff interpolating polynomial:

121
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Theorem 10.1 [1] Abel-Gontscharoff interpolating polynomial AP of function f can be

expressed as
2 Ao (X)) (Eo11) (10.1)
where Ag(x) =l and Ag, 1 <0 <n— 1 is the unique polynomial of degree o satisfying
A& ) =0, 0<I<o-1
A (o) =1

and it can be written as

1¢ 512 1‘771 éf’
L0126 (o1 o2 gEg!
Ao-(x):m ........................
00 0 ... (o—=1) o0&
1 x 22 xo! x°
x|
:// / / dxgdxg_1---dxy, (xp=x). (10.2)
& /& G -
In particular, we have
Ao(x)ZI
Ar(x) =x-¢§

Corollary 10.1 The two point right focal interpolating polynomial APy)(x) of the func-

tion f can be written as

o

- (x*é) o
DAY

+"§t~:2 i (x=&) g &) °

(t+1+0)(w—0)! FEI(E)(10.3)

w=0 Lo=0

The associate error Error(x) = f(x) — AP(x) can be represented in terms of the Green
function AG(x, r;n) of the boundary value problem

Y =0,3(E511)=0,0< 0 <n—1

and appears as (see [1]):

—1
2 (ni\oo._(i)l),(éGJrlr)(nGl)? élgrng
o=0 :

AG(x,r;n) = "l A, —o- oy
o ‘Zﬁmm@w—rw Vox<r<da,

= O, 1,...,11(60 = Ot,gn+1 = B)
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Corresponding to the two point right focal conditions, Green function AG ) (x,r;n) of
the boundary value problem
Y =0,y(&)=0,0<0<r,y9(&)=0,1+1<0<n—1
is given by (see [1]):

14

> (n61>(x51)6(51r)"61, a<r<nx,

1 —
AG(Z)(-x7r;n) = (n71)| 0701171 I’L—l (10.5)
|- = (7 e-ar@-nretasrss,
o=+1\ O
Further, for & <r, x <&, the following inequalities hold
d°AG 5 (x,r;n)
-1 2)\W 7
(=) TZO’ 0<o<t, (10.6)
d°AG ) (x,r;n
(4)”*6#20, t+1<o<n—1. (10.7)

0x°

Theorem 10.2 Ler f € C"[a,B], and let AP(-) be its Abel-Gontscharoff interpolating
polynomial . Then

B
f(x) =AP(x) + Error(x) 2 Ao (x §g+1)+/AG(x, rn)fU(r)dr  (10.8)

o

where A(-) is defined by (10.2) and AG(x, r;n) is defined by (10.4).

Theorem 10.3 Let f € C"[a,B], and let APy)(-) be its two points right focal Abel-
Gontscharoff interpolating polynomial . Then

f(z) = APy (x) + Error(x)

t (xf )o‘ —t— w (xf‘g’)HHG(é 7é)wfo' . "
:;::0 0'!l 2 LZO (t+1+0)! (]w—cz)')! Fe )(62)
ﬁ
/ y(xrsn) f U (r)dr (10.9)

where AG ) (x,r;n) is defined by (10.5).
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10.1 Extensions of cyclic refinements of Jensen’s
inequality by Abel-Gontscharoff interpolation

We consider discrete as well as continuous version of cyclic refinements of Jensen’s in-
equality and construct the generalized new identities having real weights utilizing Abel-
Gontscharoff interpolating polynomial.

Theorem 10.4 Suppose m,k €N, py,...,pn and M, ., A are real tuples Jor2 <k <
k—1

m, such that ¥, Aji1piyj # 0 for i=1,...,m with 2 pi = 1 and Z Aj=1. Also let
=0

o
x € |a,B] CRand x € [or, B]™. Assume f € C"[ct, ] and constder mterval with points
—o<a<E <& <8 < B < oo A(Y) is defined by (10.2) , AG(-,r;n) in (10.4) and

G,, (v=1,...,5) be the Green functions defined in (6.1)—(6.5), respectively. Then for

u=1,...,6 along with assumptions (A,) and (A;), we have the following generalized
identities:
(a) Forn>1
Ju(f 2 O (Esir)d, (AG ) /Ju (AG X, r; n)>f< ) (r)dr.  (10.10)
(b) Forn>3

BF ) = Culet ) / (60) S £ oot

=0

+ a/ a/ Ju(Gv(x,r))AG(r,s;n2)f(”>(s)dsdr (10.11)

where C,, (v=1,...,5) is defined in (7.5).
Proof. Fixu=1,...,6.

(a) Applying cyclic Jensen’s type linear functionals J,(-) on (10.8) and practicing prop-
erties of the functional, we get (10.10).

(b) For fix v =5, testing (6.10) in cyclic Jensen’s type functional J,(-) and employing
the properties of J,(-) along with the assumed conditions, we have

Ju(f) = Cs(o, B, f)Ju +/Ju Gs(x,r)f (r)dr. (10.12)
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By Theorem 10.2, " (r) can be expressed as:

2 Ao (r)fO2) (Egy +/AG rsin—2)f"(s)ds. (10.13)

Putting (10.13) in (10.12), we get (10.11) respectively forv=35and u = 1,...,6.
The cases for v =1,2,3,4 are treated analogously and are left for the reader interest.

O

Now we obtain extensions and improvements of discrete and integral cyclic Jensen’s
inequalities, with real weights.

Theorem 10.5 Consider f be n—convex function along with the suppositions of Theorem
10.4. Then we conclude the following results:

(a) Ifforallu=1,....6,
Ju<AG(x,r;n)) >0, réelo,f] (10.14)

holds, then we have
Z FO (Egin) <Aa(x)> (10.15)

foru=1,...,6.

(b) Ifforallu=1,...,6 andv=1,...,5

B
/Ju (Gv(x,r))AG(r,s;nZ)erO, rela,p] (10.16)
o
holds then
B n—3
Ju(f(x)) > Cv(oc,ﬁ,f)lu(x)—i—/Ju (Gv(x,r)) 2 f(c+2)(§a+1)AG(r)dr (10.17)
o =0
foru=1,...,6.
Proof. Similar to that of Theorem 6.2. O

In the next corollary, we give Theorem 10.5 by considering two points right focal Abel-
Gontscharoff interpolating polynomial:

Corollary 10.2 Assume f € C"[c, 3] on the interval with points o0 < & < & < f along
with the suppositions of Theorem 10.4. Let AG ) (x,r;n) be the Green function defined in

(10.5). If f be n—convex function, then we conclude the following results:
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(a) Ifforallu=1,...,6,
Ju (AG(Z)(x,r;n)) >0, rela,p (10.18)

holds, then we have

Zfa (x 51)>

o=1

2’: [i SETI(E) (& - éz)WG}Ju <<x_§1)z+1+a> (10.19)

= (t+1+40)(w—o0)!

foru=1,...,6.

(b) Ifforallu=1,...,.6andv=1,...,5
Ju <Gv(x, r)) >0, rela,p (10.20)
holds, provided that n is even and t is odd or n is odd and t is even, then

t (o+2) 4
I @) = Coler B ) + 20%(5” / I (Gv<x,r>) (&)

oSl (t+1+o

(10.21)
foru=1,...,6.
Proof. Fixu=1,...,6.

(a) Applying cyclic Jensen’s type linear functionals J,(-) on (10.9) and practicing prop-
erties of the functional, we get

2 Li (&) (& — éz)wc]Ju((x_ él)t+1+0)

~ (+1+0)(w—0)!

n—t—
)

=0

B
+/J <AG 2)(x, 73 n)) " (r)dr. (10.22)

Now by using (10.18) and n—convexity of the function f, we get (10.19).
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(b) Fixu=1,...,6 andv=1,...,5.
By Theorem 10.4(b), we already proved

B
T) = Colet B ) + [ IGotwr) () (10.23)
By Theorem 10.3, /" (r) can be expressed as:
)= 3 LS o)

o=0

n—t—=4r1 w (rf&)”ua(é] 7&2)w70' (t134w)
+ = LZO (t+1+0)(w—0)! ! (&)
B
+/AG rsin—2)f" (s)ds. (10.24)

Putting (10.24) in (10.23), we get the following identity

0 = Bt + 3 L) 7 (Gt ) ()7
Jrnwﬁl: [;V:Of(t:iwl fzo)- (&1 — 52 " G} /Ju<Gv X r ) (r— &)+ oar
BB
+//Ju (Gv(x, r))AG(z)(r,s;n—2)f(")(s)dsdr. (10.25)

Now from (10.6), we have (71)"”’3AG(2)(r,s;n —2) > 0. Therefore utilizing our
assumptions z is even and ¢ is odd or n is odd and ¢ is even, we get AG(Z) (r,s;n—2) >
0. Now employing (10.20) alongside with n—convexity of f yields (10.21).

O

We will finish the present section by the following generalizations of cyclic refine-
ments of Jensen’s inequalities by two points right focal Abel-Gontscharoff interpolating
polynomial:

Theorem 10.6 If the assumptions of Corollary 10.2 be fulfilled with additional con-
ditions that pi,...,pm and Ay, ..., A be non negative tuples for 2 < k < m, such that
k

m
Y pi=1land ¥ Aj=1. Then for f : [a, ] — R being n—convex function, we conclude
i=1 j=1

the following results:
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(a) (10.19) holds for the cases when 7 is even and 7 is odd or n is odd and 7 is even. If
(10.19) is valid along with the function

o= 3 B8 o) g

n—t—2 i (x_ gl)z+l+c(él _ gz)wfc

(t+14w)
+w:0 &, (+1+0)(w—o)! f (&) (10.26)

to be convex, the right side of (10.19) is non negative, means

J(f)=>0,  u=1,..6. (10.27)

(b) For (n=even,t = odd) or (n = odd,t = even), (10.21) holds. Further

Ell Mf(ﬁz)(él)

" (=8O (G —&) e
+ (+30w)(&) >0 (10.28
the right side of (10.21) is non negative, particularly (10.27) is established for all
u=1,....,.6andv=1,...,5.

Proof.

(a) Fixu=1,....6.
Using (10.6), for & <r, x< &,

0°AG ;
) (x,r5n) -

_1\n—t—1
(=1) ox? -

(10.29)
ensures the convexity of AG(y) (x, ;1) w.r.t. first variable for the cases when n is even
and ¢ is odd or n is odd and 7 is even. So (10.18) holds by virtue of Remark 2.7 on
account of given weights to be positive. Hence (10.19) is established by taking into
account Corollary 10.2(a). Moreover, the R.H.S. of (10.19) can be written in the
functional form J,,(T") for all (u =1,...,6), after reorganizing this side. Employing
Remark 2.7 the non negativity of R.H.S. of (10.19) is secured, especially (10.27) is
established.

(b) Similar to the proof of Theorem 6.3 (c).
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10.2 Applications to information theory

Now as a consequence of Theorem 10.5 we consider the discrete extensions of cyclic
refinements of Jensen’s inequalities for (u = 1), from (10.15) with respect to n—convex
function f in the explicit form:

m m [k—1 Zfoz’ +1Pi+jLi+j
Nopif (xi) =, (2 )Lj+lpi+j> f 17,(71—
i=1

v Y Ajr1Dit
Jj=0

k—1
— m (k-1 ZO)L]Jrllerijrj

j=
2 7o) ZPIAG EDY (2/1,+1p,+,>/\ | |
o=1 i= i=1 \Jj Y A{j+1pi+j

=0

(10.30)
where A() is defined by (10.2).

Theorem 10.7 Let m,k € N (2 < k <m), Ay,..., A be positive probability distribution.
Letp:= (p1,....pm) € R"and q:= (q1,...,qm) € (0,00)" such that

Also let f € C"|a, B] and consider interval with points —eo < 0 < & <& < -+ &, < B < oo
such that f is n—convex function. Then the following inequality holds:

k=1

_;0/11'+1Pi+ j

i=1

Ir(p.q) > Y, (Z/l +1ql+,>f

—1
Y Ajr1Gi+j
Jj=0

i j=0

k—1
m i m k-1 240 Aj+1pi+j
+) FO (1) x Y qilo (q—l> - (2 /1j+1tlt+j> Ao | ——
i=1 i=

k—1
Y Ajr14ivj
=0

(10.31)

Proof. Replacing p; with ¢; and x; with % for (i=1,...,m) in (10.30) , we get (10.31). O

We now explore two exceptional cases of the previous result.
One corresponds to the entropy of a discrete probability distribution.
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Corollary 10.3 Let m,k € N (2 <k <m), Ay,...,A be positive probability distribution.

(a) Ifq:=(q1,---,qm) € (0,00)" and n is even , then

m nel B o B
qulnq, =) (2}“1“‘1#1) In (2)'J+l‘11+]> + (2 %) X

i=1 o=1

UL 1
X Z%AG( ) 2(2)L]+1%+1>A0 -
=1 AJ=0 ZO)LjJrIQHj
j=

(10.32)

(b) If q:=(qi1,.-.,qm) is a positive probability distribution and n is even , then we get
the bounds for the Shannon entropy of q.

k-1 et e
H@)s - (2 }“J+1‘11+1> In (2 )'J+l‘11+]> (2 %) %
=1AU=0 j=0 o=1 0'+1)

m m [k—1 1
X qum;( ) 2<ij+1qi+,->Ac | |- 1033
i=1 Jj=0

= Y Ajr14ivj
=0

Ms

If nis odd, then (10.32) and (10.33) hold in reverse directions.

Proof.
(a) Using f(x) := —Inx, and p := (1,1,...,1) in Theorem 10.7, we get the required
result.
(b) It is a special case of (a). O

The second case corresponds to the relative entropy or Kullback-Leibler divergence
between two probability distributions.

Corollary 10.4 Let m,k € N (2 <k <m), Ay,...,A be positive probability distribution.

(@) Ifq:=(q1,--,qm),P := (P1,---,Pm) € (0,00)™ and n is even , then

k—1

Y Ajt14iyj |
& qi S Jj=0 v D%(c-1)!
Z%’]n <_) 2 Z)L]+IQI+1 In - + 2 W X
i=1 Di i=1 \j=0 o=1 o+1

Y Ajr1pivj
j=0

k=1

m i m [k—1 jzoxj+1pi+j

X Z‘IiAG <_> - 2 Z%’chﬂ' Ao | 97—

= =EA=0 Y Ajs1givj
j=0

(10.34)
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(b) If If q:=(q1,---,qm),P := (P1,--.,Pm) are positive probability distributions and n
is even , then we have

k—1
m (k-1 _Z,/lﬁlthﬂ n=1 (_ (o — 1)1
pain> (S| 2 | (g S

=t = Y Aj+1Ditj a1 (Gos
j=0
k=1
m i m (k=1 ngAjJrlpH»j
; =
x| Y aire <q_> =2 | X Adij | Ao |
=l Y iELA=0 Zoljﬁqz'ﬂ'
=
(10.35)
Ifnis odd, then (10.34) and (10.35) hold in reverse directions.
Proof.
(a) Using f(x) := —Inx in Theorem 10.7, we get the desired result.
(b) Ttis special case of (a).
O

Now we state our results involving entropy introduced by Mandelbrot Law:

Theorem 10.8 Let m,k € N (2 < k <m), Ay,...,A be positive probability distribution
and q be as defined in (6.59) by Zipf-Mandelbrot law with parameters m € {1,2,...}, ¢ >0,
d > 0. If nis even, the following holds

H(q) =Z(H,c,d)
m (k= At N 'S A+
2(2 lJr]JFC)dHincd))l (Hm,c,djz:o((i+j+c)d)>
I

nl(—1)% (o —1)! m 1 .
) <Gl W) (2 o™ (<<z+c)"Hm,c,d))>

n—1 (_1)6(0- m  fk—1 A’j+l 1
" (Gzl (éo’+1 ) Z Cz l+]+C) mCd)) Aa ki] Aitrt

j=0 ((i+j+c)dHr»l,c,d>
(10.36)

If nis odd, then (10.36) holds in reverse direction.

Proof. Similar to that of Theorem 6.5. O
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Corollary 10.5 Ler m,k € N (2 <k <m), Aj,...,A be positive probability distribution
m

- _ 1

andforcy,cy €[0,%0), dy,dr >0, let Hy, ¢ q, = sgl T
1 1

using qi = ——————— and p; = ————— in Corollary 10.4(b), with even n,

(l+cl)d1Hm,cl dy (l+c2)d2Hm,cz,a’2
we obtain

m
1
and H,,, ¢, 4, = ——. Now
m,cy,dy sgl (5+c)®@

m

D(q|p)= 2

1 In (l—l—Cz) mcz7d2
(l"'cl)l m,cy,di (l"'cl)l m,cy,dy

k—1
AL
m k=1 2 J (i+j+cl)d1Hmc d
]+1 Jj=0 A

Z 2 Ly In k—1
i=1 \j=0 l+]+C]) mC|,d| ZA.+1+
j=0 7 (i+j+C2) sz,CZ,dz

D ESACEDINES 1 (i) Hine,a)
2 (éc+l)a > (lzll ((iJrCl)lem,cl,dl)AG (((iJrCQ)dszsCz,dz)))

A — L
+17
/ (l+]+c2)d2 Hm,CZ dy

m k—1 A
il —0
X 2 ]+d Ao | g
. et i 'H k-1
i=1 \j=0 (i+j+c1)" Hpe, q, S A —
It (i+j+cl)d1Hm‘cl‘d1

(10.37)

If nis odd, then (10.37) holds in reverse direction.

Remark 10.1 It is interesting to note that, in the similar passion we are able to construct
different estimations of f-divergences along with their applications to Shannon, Relative
and Mandelbrot entropies using the other inequalities for n—convex functions constructed
in Theorem 10.5 for discrete case of cyclic refinements of Jensen inequality.

Remark 10.2 We left for reader interest to construct upper bounds for Shannon, Rel-
ative and Mandelbrot entropies by considering two points right focal Abel-Gontscharoff
interpolating polynomial in the above results.



Chapter 1 1

Cyclic Refinements of Jensen’s
Inequality by Hermite
Intepolating Polynomial

In the present Chapter, we use Hermite interpolating polynomial to obtain generalizations
of cyclic refinements of Jensen’s inequality for n-convex functions. This chapter is based
on the paper [72].

In what follows, we shall use the following conventions for the sake of simplicity Con-
ditions(C), Hermite(H), Lagrange(L) and Taylor(T). Let f € C"[a, B] and consider interval
with points —ee < 0t = by < by--- <b; = < oo, (t > 2). Then there exists a unique poly-
nomial Ag(-) of degree (n — 1) satisfying any of the following axioms:

1

HC:(1<w<t, Y sy+t=n)
w=1

A (bo) = £19)(bo); 0< 0 < 5. (11.1)

Further particular cases are :
LC:(t =n, s, =0 for all w)

AL<bw) :f(ba))-,l <w<n,
Type(n,n—n)C: (¢t =2,1<n<n—1,si=n—-1,s=n—m—1)
A=), 0<o<n-1,

)
)n)(ﬁ) :f(0><B),OS O'Sn_n_l’

(o
(n
AL
(n

133
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Two-point TC: (n=2n,1=2,5; =5, =1 — 1)

A9 (a) = £ (), A (B) = FO)(B),0< o <n—1.

The associated error |Ep(z)| can be approximated by Green’s function (Peano’s Kernal)
concerning boundary value problem for multiple points

{x) =0, 29 (by) =0, 0< 6 <50, | <0 <1,
that is stated in the coming theorem:
Theorem 11.1 []] Let —o < 0t < B < oo with o0 < by <by--- <b; <, (t > 2) be the
given points, and f € C"([a, B]). Then we have
J(x) = Au(x) + R (f,x) (11.2)
where Ay (x) represents Hermite polynomial, i.e.
t Sw
An(x) = 2 2 ch(x)f(c) (bo)s
w=10=0

where Hs(y are Hermite basis given as

Sp—0 s x— by so+1
ot 552 (o)

S
Ol (x—by) 170 A sldx (x—bo)’, (11.3)

x=bgy

with
t
00 =[] @—bo)*"",
w=1
and remainder
B
Rer(fx) = / G, r) ) (r)dr
o
Where GH,n (xa r) iS deﬁned by l Sw n—o—1
5§ G o s r <
GH,n(xv V) =q 0=1g=0

B é ‘f (bwfr)"7671

mng(x); r Z X,

(11.4)
w=I+10=0

forallb; <r<b; 1;1=0,...,t withby = o and b;| = .

Considering the particular cases for the Hermite conditions (HC), we have the following
corollary:

Corollary 11.1 For Lagrange conditions (LC), we have
f(x) = Ap(x) +Re(f,x) (11.5)

where Ap(x) indicates Lagrange interpolating polynomial i.e,

nw = 3T ()50

w=1s=1
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with remainder Ry (f,x)

with

Gr(x,r) = —— S0
T = 8 G (i), e
10} 1+1( ) s=1 (b“’ b‘)

SE®
by <r<by,l=1,2,....,n—1withb, = o and b, = .

Considering type (n,n —n) conditions (Type(n,n—n)C), we get
F(x) = Ay (X) + Ry (%)
where Ay ) (x) is (n,n — 1) interpolating polynomial, that is

n-1 n—n—1
A = 3 5@ @+ 3 G B),
with
1 x=P\T LT =1\ /x—«
O o) B T O [ =
and

along with the remainder Ry (f,x), given as

nn f» /1(;nn x,r)f )()d

with
n—1rn-1- n R
[ )]
Gy (x,r) = %(5 é) q a<r<x<
GZO{ qZO (’7+;1 1)<gié>}x
e (%) a<x<r<p.

135

(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

For Type Two-point Taylor conditions (Two-point TC), from Theorem 11.1 we have

F(x) = Ao (x) + Ror (£, x)

(11.11)
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where Ao (x)is the two-point Taylor interpolating polynomial i.e,

Aor(x) = Elnfc (n +;7 1) [(x;?)a (;%)n (;:Z)Sf@(oc)

o=0 s=0
G () v o

and the remainder Ryr (f,x) is given by

Ror(f,x) /Gzrxr ™) (r)dr

with
(=" n !t n—-1+w n—l-w o <y
en-niP (X,r)wéo( o )x=r) q°(x,r), r<x
Gor(x,r) = o T . (11.13)
(2n71)!qn(xar) 20( o )("*x)n CpP(x,r), r>x;
w=

where p(x,r) = Hg%,

(Beesack [10] and Levin [62]) characterize the non-negativity of Green’s function Gy »(x,r):

Lemmai11.1 (i) G”ﬁ”((“;’) >0, by <x<by,b; <r<b,.

(ii) Gupa(x,r) < WW( x)].

B
(iii) [ Gpn(x,r)dr =2
o

n!

11.1 Extensions of cyclic refinements of Jensen’s
inequality by Hermite interpolation

We start this section by considering the discrete as well as continuous version of cyclic
refinements of Jensen’s inequality and construct the generalized new identities having real
weights utilizing Hermite interpolating polynomial.

Theorem 11 .2 Suppose m,k €N, p1,...,pm and )Ll, ., Ay are real tuples for2 <k <
m, such that Z /Iﬁlplﬂ #0 fori=1,...,m with Z pi=1 and Z Aj=1. Also let

x€la,p] C R and x € [a, B]™. Assume f € C"|a, B] and constder mterval with points
—o < =b; <by---<by =P <o (t >2), Hoe in (11.3) are Hermite basis, Gy n(x,r)
in (11.4) be the Hermite Green function and G,, (v =1,...,5) be the Green functions
defined in (6.1)~(6.5), respectively. Then foru=1,...,6 along with assumptions (A}) and
(A2), we have the following generalized identities:
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(a) S0 ﬁ
wZI Gzof (ch( )) +d/Ju (Gy,n(x,r))f<")(r)dr. (11.14)
(b)

Sw

IL(F ) = Gt By +/J (6:x)) 3, 10 b0

+//Ju var ))Grrna(r €)W (E)dEdr (11.15)

where C,, (v=1,...,5) is defined in (7.5).
Proof. Fixu=1,...,6.

(a) Applying cyclic Jensen’s type linear functionals J, (-) on (11.2) and practicing prop-
erties of the functional, we get (11.14).

(b) For fix v =2, testing (6.7) in cyclic Jensen’s type functional J, () and employing the
properties of J,(-) along with the assumed conditions, we have

Ju(f) = Ca(0t, B, ) +/J Ga(x r))f (r)dr. (11.16)

By Theorem 11.1, f" (r) can be expressed as:

w=10=

B
ZZHG )£ (by) + / G2 (R EfM(E)dE.  (11.17)

Putting (11.17)in (11.16), we get (11.15) respectively forv=2andu=1,...,6. The
cases for v =1,3,4,5, are treated analogously and are left for the reader interest.

O

Now we obtain extensions and improvements of discrete and integral cyclic Jensen
type linear functionals, with real weights.

Theorem 11.3 Consider f be n-convex function along with the suppositions of Theorem
11.2. Then we conclude the following results:

(a) If forallu=1,...,6,

7, (GHJ,(x,r)) >0, relo,f] (11.18)
holds, then we have
o Sw
L) = Y Y fO o) (Hoo() (11.19)
w=10=0

foru=1,...,6.
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(b) Ifforallu=1,...,.6andv=1,...,5
T (Gv(x, r)) >0, rée[a,f] (11.20)
holds, provided that s, is odd for each ® = 2,3,4,--- t, then

Ju(f(x)) = Co(et, B, £)Ju(x)

B t s
+ / Ju (Gv(x,r)) Y N 9 (by)How(r)dr.  (11.21)
po w=106=0
foru=1,...,6.

(c) If (11.20) holds for all u =1,...,6 and v =1,...,5, provided that s is odd for
each w =2,3,4,--- .t — 1 and s; is even then (11.21) holds in reverse direction for
u=1,...,6.

Proof.

(a) Fixu=1,...,6.
As the function f € C"[a, B] and assumed to be n—convex, therefore using the char-
acterization of n—convex function £ (x) > 0 for all x € [o, 8] ( see [82], p. 16).
Hence we can apply Theorem 11.2(a) to obtain (11.19).

(b) Fixu=1,...,6 andv=1,...,5.
As we have discussed in part(a) ) (x) > 0 for all x € [cr, B]. Also as it is given that

1

S is odd for each @ = 2,3,4,--- 1, we have 9 (r) = [] (r—by)**"" > 0 for any

w=
r € o, B] therefore taking into account Lemma 11.1 (i) we have Gy ,—2(r,§)) > 0.
Thus by applying Theorem 11.2(b) yields (11.21).

(c) If s, is even then (r — b, )%*! < 0 for any r € [a, B]. Also clearly (r—by)" ! >0

t—1
for any r € [ot, B] and [] (r—bg)*® ™" > 0 for r € [0, B] if s, is odd for each @ =
w=2

13
2,3,4,--- 1t — 1. Therefore summing this information 9(r) = [] (r— bw)s“’Jrl <0
w=1
for any r € [, B] and taking into account Lemma 11.1 (i) we have Gy ,—»(r,&)) <O0.

Thus by applying Theorem 11.2(b) gives (11.21) in reverse direction. O

By using Type(n,n—n)C: ¢ =2,1<n<n—1,s1=n—-1, s, =n—n—1) we give
the following result:

Corollary 11.2 Consider f be n-convex function along with the suppositions of Theorem
11.2. Let Gy ) be the Green’s function defined in (11.10) and 15, Lo be as defined (11.8),
(11.9) respectively. Then we conclude the following results:

(a) If forallu=1,...,6,

1(Ginn(@r) 20, réfe.p] (11.22)
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holds, then we have
n—n-—1

Zf (@d(w@)+ Y fOBI(LE) 123

o=0

foru=1,...,6.
(b) If (11.20) holds forallu=1,...,6 andv =1,...,5, provided that n — 1 is even, then
Ju(f(2)) = Co(o, B, f)Ju(x)

n—n—1

B B
+ / Ju(Gv(z,r)) nzl f<6+2)(oc)rg(r))+ }n: PO BV (r) dr (11.24)
o o=0

o=0
foru=1,...,6.

(c) If (11.20) holds forallu=1,...,6 andv =1,...,5, provided that n — 1 is odd then
(11.24) holds in reverse direction foru=1,...,6.

By using Two-point TC: (n =2n,t =2,s51 =5, =n—1)
we give the following result:

Corollary 11.3 Consider f be n-convex function along with the suppositions of Theorem
11.2. Let Gy be the Green’s function defined in (11.13), then we conclude the following
results:

(a) Ifforallu=1,...,6,
Ju(GZT(z,r)) >0, relo,f] (11.25)

holds, then we have
—In-l-o n+s—1
255 (")
x [f<6><a>fu<<z;”"(;_%)"(;_i;)‘)

+f(c)(B)Ju((Z;?)G(g—?;)"(;—%)j] (11.26)

foru=1,...,6.
(b) If (11.20) holds forallu=1,...,6 andv =1,...,5, provided that 1 is even, then

B —-1n—l-o
T(f@) > Coa, B, f)u(x) +/Ju szr)) nzlni (ﬂ+s1)x

6=0 s=0 §

X[(’;.( 5) (=)@

+( ! ( )( ) °)(B)]dr. (11.27)

foru=1,...,6.
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(c) If (11.20) holds for allu=1,...,6 andv =1,...,5, provided that 1 is odd then
(11.27) holds in reverse direction foru=1,...,6.

We will finish the present section by the following generalizations of cyclic refinements of

Jensen inequalities:

Theorem 11.4 [fthe assumptions of Theorem 11.2 be fulfilled with additional conditions
m

that p1,...,pmand Ay, ..., Ay be non negative tuples for 2 < k < m, such that ¥, p; = 1 and

i=1
k
Y Aj=1. Then for f: [a,B] — R being n-convex function, we conclude the following
j=1
results:

(a) If (11.19) is valid along with the function

Sw

-y 3, Hau(2)7)(bo). (11.28)

w=1o0c=

to be convex, the right side of (11.19) is non negative, means

J(f)=>0,  u=1,..6. (11.29)

(b) If 54 to be odd for each w =2,3,4,--- ¢, (11.21) holds. Further

Z 2 Hoo(r) £ (by) > 0. (11.30)
w=106=0
the right side of (11.21) is non negative, particularly (11.29) is establish for all u =
,6andv=1,...,5.

(c) Inequality (11.21) holds reversely if s, is odd for each w =2,3,4,--- ,t — 1 and s; is
even. Moreover, let (11.30) holds in reverse direction then reverse of (11.29) holds
forallu=1,...,6 andv=1,...,5.

Proof.

(a) Fixu=1,...,6.
As (11.19) is valid, the R.H.S. of (11.19) can be written in the functional form J,,(T")
for all (u=1,...,6), after reorganizing this side. Employing Remark 2.7 the non-
negativity of R.H.S. of (11.19) is secure, especially (11.29) is establish.

(b) Fixu=1,...,6.
We have assumed positive weights and for all v=1,...,5, G,(z,r) is convex. Thus
by practicing Remark 2.7, J,(G,(z,r)) > 0. As f is n-convex and s, odd for each
® =2,3,4,--- 1, hence by following Theorem 11.3 (b), we obtain (11.21). Now
taking into account the positivity of J,(G,(z,7)) and (11.28), we get (11.29).

(c) Similar to the proof of (b) a
Remark 11.1 We left for reader interest to give generalizations of cyclic refinements of

Jensen inequalities by considering Type(n,n — 1)C and Two-point TC instead of HC in
Theorem 11.4.
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11.2 Applications to information theory

Now as a consequence of Theorem 11.3 we consider the discrete extensions of cyclic
refinements of Jensen’s inequalities for (1 = 1), from (11.19) with respect to n-convex
function f in the explicit form:

m m k-1 jgol +1Pi+ jXi+j
2 pif xl 2 2 Aj+1pt+j f —1
i=1

=1
' X Aj41Dit
Jj=0
k-1

S
> Y Y b)) x
w=10c=0
X Aj1Dit jXitj

m m — =0
X ZPLHO'(D X;) 2 ZAJHPHU Hoo BT )

— i=1
! Y Ajs1Ditj
J=0

(11.31)
where Hy(, are Hermite basis defined in (11.3).
Theorem 11.5 Let m,k € N (2 < k <m), Ay,..., A be positive probability distribution.
Letp:= (p1,.--,pm) ER™, and q:=(q1,...,qm) € (0,00)™ such that

Picta,Bl, u=1,....m.
qi

Alsolet f € C"[a, B] and consider interval with points —eo < 0t = by < by - <by = [ff <o,
(t > 2) such that f is n-convex function. Then the following inequalities hold.:

k—1

m [k—1 'goxj+lpl+]
Ii(p.a) > Y, (2/1 +1ql+,>f ——

i=1
=hA=0 _Zoljﬁqz'ﬂ

(2§f )

w=10=0

»

m i m (k-1 jz A'JJVIPH’]
i
X ZCIich (q_)_z zxj+151i+j Hoop | /7
i=1

i=l ' =0 2 Aj+1qi+j
(11.32)
Proof. Replacing p; with g; and x; with % for(i=1,...,m)in (11.31), we get (11.32). O

We now explore two exceptional cases of the previous result.
One corresponds to the entropy of a discrete probability distribution.
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Corollary 11.4 Let m,k € N (2 <k <m), Ay,...,A be positive probability distribution.
(a) Ifq:=(q1,---,qm) € (0,00)™ and n is even, then

qulnq, > 2 <2A'j+l%+j> In <2A'j+l%+j>

j=0 j=0
1
A3 z 7) x
w=10=
m 1 m [ k=1 1
X Z%'ch (q_) - 2 2 Aj+19i+j | Hoo -
=1 Yo EL=0 Y Ajs1givj
=0
(11.33)
(b) If q:= (q1,--.,qm) is a positive probability distribution and n is even, then we get

the bounds for the Shannon entropy of q.

m [k—1 k-1
H(q)<-Y, (2 lj+161i+j> In (ZAHI‘I!'H)

i=1

{2,

w=10=0

m 1 k—1 1
X ZCIich (;) - 2 (2 )Lj+161i+j> Hoo -
i

= == Y Ajt14it
j=0
(11.34)
Ifnis odd, then (11.33) and (11.34) hold in reverse directions.
Proof.
(a) Using f(x) := —Inx, and p := (1,1,...,1) in Theorem 11.5, we get the required
result.
(b) Ttis a special case of (a). 0

The second case corresponds to the relative entropy or Kullback-Leibler divergence
between two probability distributions.

Corollary 11.5 Let m,k € N (2 <k <m), Ay,..., A be positive probability distribution.
(@) Ifq:=(q1,--,qm),P := (P1,---,Pm) € (0,00)™ and n is even, then

k—1

m qi m [ k—1 g A'ijlqurj
Y giln <;’) >3 Y Ajt1givj | In
i=1 !

| &
Y _Zolj+1pi+ j
]:
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(EET)

k—1
m pi m [ k=1 .EO)LH’IPPFJ.
x Zquaw (CI_) - 2 ZAjJrlq#j He 1
i=1 Y R0 Zoflj+1qz'+j

j=

(11.35)

(b) IfIf q:=(q1,---,qm),P := (P1,---,Pm) are positive probability distributions and n
is even, then we have

m k—1 2 A’]+1gl+j
q”p 2 <ij+lql+1> In 27
j=0

=l 2 Aj+1pt+j
v (=D%(c—-1!
(2550
w=10=0 @
m i m (k-1 2 )L]+1pl+j
X ZquO'w (q_l) *Z (Zlﬂrlq#j) Hso 2
i=1 i i=1 \j=0 2 Aj+l‘]z+]
(11.36)
If nis odd, then (11.35) and (11.36) hold in reverse directions.
Proof.
(a) Using f(x) := —Inx in Theorem 11.5, we get the desired result.
(b) Ttis special case of (a).
0O

Theorem 11.6 Let m,k € N (2 < k <m), Ay,...,A be positive probability distribution
and q be as defined in (6.59) by Zipf-Mandelbrot law with parameters m € {1,2,...}, ¢ >0,
d > 0. If n is even, we obtain

S(q) =Z(H,c,d)

- i kzl At m [t /‘21 At
T A\& (it jte)Huca) Hm,c,djzo((i+j+t)f)

(%% e o
(wzl =0 (bw) ) (lz] l+c) nzcd)HGw ((( * ) Hm,c,d)))




144 11 CYCLIC REFINEMENTS OF JENSEN’S INEQUALITY BY HERMITE. ..

(388

X i (I(Zl A )ch L a
S\ (4 )+c) Hpea) kil A
=0 ((i+j+¢) Hp,c.a)
If nis odd, then (11.37) holds in reverse direction.
Proof. Similar to that of Theorem 6.5. o

Corollary 11.6 Ler m,k € N (2 <k <m), Ay,..., A be positive probability distribution

_ — 1 i
and for cl,czle [0,00), dy,dp >0, let Hm’clidl = e and Hy, ¢, 4, = e Now using
gi = ———5———— and pj = —————— in Corollary 11.5(D), with even n, we

(l+Cl) IHm,Cl,dl (l+62) ZHmaCZadZ
obtain
mn (i+c2)d2Hmc d-
D(qlp) =Y In | ———— ===
i=1 l+cl) Hm,c|,d| (1+C1) le,Cl,dl
kil)L |
+1 7 do
> ’En: (kzl )LjJrl )111 Jj=0 " <l+j+cl)d1H”’-fl*”1
S\50 i+ j+e) " Hye a, =

_ N
‘20 j+1

Jj=

e “ 1 ((i+2)5Him,e a5)
bw) )(lzl l+cl le,cl,dl)HGw<((i+cl)de,c|,d|)>>

é
(i+j+¢2) 2 Hypep ar

w=10=0
k*lk |
| Y M
mo (k] /ljuﬁl ,20 it (l+J+CI)I'HmAqAI
X 2 2 i1 digy Hoo | i
i=1 \j=0 (H—]—O—q) m.ctdy 2/1+l L
20T i) Hucy ay

(11.38)
If nis odd, then (11.38) holds in reverse direction.

Remark 11.2 It is interesting to note that, in the similar passion we are able to con-
struct different estimations of f-divergences along with their applications to Shannon and
Mandelbrot entropies using the other inequalities for n-convex functions constructed in
Theorem 11.3 for discrete case of cyclic refinements of Jensen inequality.

Remark 11.3 We left for reader interest to construct upper bounds for Shannon, Relative
and Mandelbrot entropies by considering Type(n,n — 1)C and Two-point TC instead of
HC in the above results.



Chapter 12

Levinson’s Type Generalization
of Cyclic Refinements of
Jensen’s Inequality and
Related Applications

We present Levinsons type generalizations of cyclic refinements of Jensen’s inequality
by employing recent class of functions that further characterize and extend the class of
3—convex functions. We get monotonic cyclic Jensen’s inequalities and particularly the
renowned Jensen’s inequality for 3—convex function at a point (f € k{(I))) . As an appli-
cations in information theory, we first introduce new Csiszar type cyclic divergence func-
tional for 3—convex functions and establish cyclic-Kullback-Leibler and Hellinger dist-
naces. We also obtained monotonic Shannon, Relative and Zipf-Mandelbrot entropies.
We start by recent class of functions that further characterize and extend the class of
3—convex functions:

Definition 12.1 /7] Let f : 1 — R and c € I°, where I is an arbitrary interval(open, closed
or semi-open in either direction) in R and I°, is its interior. We say that f € k{(I) (resp. f €
K5(1)) thatis f is 3-convex function at point ¢ (respectively 3-concave function at point c) if
there exists a constant A such that the function F (x) = f(x) — 4x? is concave(resp. convex)
on I((—oe, c] and convex(resp. concave) on I([c,o°).

145
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Remark 12.1 It is interesting to note that if f : 7 — R is 3-convex (3-concave), then
fexi(I) (resp. f € k5(I)) that is f is 3-convex function at point ¢ for every ¢ € I .
Moreover Pecari¢ et al. in [7] proved that f € x{(I) is the largest class of functions for
which Levinson’s inequality holds.

12.1 Cyclic refinements of Jensen’s inequalities for
3-convex function at a point

We need the following assumptions to move on:
(H{) Let 2 <k <m, 2 <[ <nbe integers such that qy,...,q and Ay,..., A4 ; p1,...,py and
wy, ..., ; represent positive probability distributions.

Theorem 12.1 Assume (Hf). If x1,...,xm € I";y1,...,yn € I" with

2

k—1
i _Zolj+1qz'+sz'+ j ” 2
]:
Z (ZMHC]H]’) | ~ (Z%’%’)
=1 =0 Y Ajr14itj =1
j=0
-1 2 )
-1 20 W5 1Pr+5Yr+s n
=Y (S oiprs ) | T | [ Xp] 21
r=1\s=0 Y Wsi1Drts r=1
s=0
and also there exists ¢ € 1° such that
max x; < ¢ < min y,. (12.2)
1 r
If f € K¢, then following inequality
k—1
m Sl X Ajr1qitjXisj m
j=0
_2 leﬂfﬁﬂ N |/ Z%‘xi
=1 \j=0 2 Aj14ivj =1
j=0
-1
-1 20 W4 1Pr+sYr+s n
< (2 wmprﬂ) A== <2 pry,.) (12.3)
r=1 \s=0 D1 Pris r=1
s=0

holds.
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Proof. Since f € K{(I), then we have a constant A such that F (x) = f(x) — 4x? is concave

on I((—eo,¢], so by the reverse of left inequality of (2.14) for xy,...,x, € I[)(—eo,c], we
have

k=1
Y Ajr1qitjXit

m [k—1 =0 m
D D L e A P
i=1 i=1

Y Ajr1qi+j
=0

k-1
Y Aji1GitjXit

m (k=1 ~
= Zl (2 /1j+1tlt+j> f F,il— —f <21 Wﬁ')

~
/ 20%+161i+ j

k—
Z A’j+lql+]xl+j 2

k—1 =0 m
(Z /ljﬂqm-) | - (2 qm) (12.4)
Jj=0 i=1

Y Ajr1Gitj
=0

A
2

I

1

L

Also, using the fact that F(y) = f(y) — %yz is convex on I([c,0), so by left inequality of

(1) for yi,...,yn € IN[c,°°), we have

-1

n — Zows+1pl+sy1+s n
0< 2 Za}s+1pv+r F FZ,I— —F Ellpryr
=1 =

Y O 1Pr+s

s=0

-1

— ;0 Ws+1Pr+5Yr+s n
-3 (2 a)s+1Pv+r> P R (2 pryr>

n
= r=1

r=lAs=0 Y Os1Pr+s
s=0
-1 2 )
Al (=] sgo W+ 1Pr+sYr+s n
-3 D (2 Cl)s+lpr+s> V| — (2 Pr)’r> (12.5)
r=1 \s=0 2 W1 Pr+s r=1
=0

Rearranging above inequalities, we have

k—1

m kel X Aj+1qis jXiv m
j=0
D <le+l%'+j> N |/ (26]%‘)
=0 i-1

&
! Y Ajr1qivj
=t
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k=1 2
A lm [k jEO )'J'JF 19+ jXi+j m ’
) 2 z}vj+l‘1i+j V| - Z‘Iixi
=1 \j=0 Y Aj1qiv) =1
j=0
<0<

-1
n [1-1 = W51 Pr+sYr+s n
2 2 Os1Pr+s | f Sill— -f 2 Pryr
r=1 \s=0 2 Og1Prvs r=1
5—0

-1
2

Ala - 7Ows'+1pr+syr+s n
Als zwsﬂpm S (S,
r=1 \s=0 2 Ws+1Pr+s r=1
s=0

So,
k—1
i1 Zolj+1qz'+sz'+j "
j:
> (2 )Lj+161i+j> L e (2 qi-xi>
=AT=0 Y Aj+1Gisj =
=0
k=1 2
NEys Zofljﬂthﬂxiﬂ m 2
j=
E 2 <le+1q‘+l> k—1 - (2 CIixi>
=1 \j=0 )y A’]+1Ql+] =1
-1
n - = Ws 41 Pr+sYr+s n
<% z PRITO I RN, Y
r=l \s=0 2 Ws1Pr+s r=1
=0
-1 2 )
Ala - 7Ows'+1pr+syr+s n
) 2 Zwv+1pr+s Silil— - Zpryr
r=1 \s=0 2 Ws1Pr+s r=1
s=0
Using (12.1), we get (12.3). O

The next result can be obtained by using an appropriate inequality from (2.14) with
same idea of proof as in above Theorem 12.1.
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Theorem 12.2 Assume (Hf). If x1,...,xm € I'";y1,...,yn € I" with

k-1 2
m L om [k EO)LjJrIQHijj
Dailx) =), (2 lj+l¢1i+j> B STEE—
=l =1 \j=0 Y Aj1qiv)
=0
-1 2
n ) n [l-1 2 W5 1Pr+5Yr+s
= 2 Pr (Yr) - 2 (2 ws+1pr+s> Si?l— (12.6)
r=1 r=1\s=0 2 Wy 1Pr+s
=

and also (12.2) holds.
If f € KY, then following inequality

k—1
m m [k—1 jEOA’JJquH‘JXHL]
Noaif i)=Y | X Ajaivi | f —
= == 3 Aj+14it
=0

-1

n n — = W5+ 1Pr+sYr+s
<N pef () — Z Zwmpm | s5——- a2

—1 =1
g Y Wsy1Pris
s=0

holds.

In the next theorem, we state well known discrete Jensen inequality for this new class of
functions, however the idea of the proof is similar to that adopted in Theorem 12.1:

Theorem 12.3 Assume (Hf). Ifxi,...,xm € I";y1,...,yn € I" with

2 2

i (i qm) = i prly) — (i pm) (12.8)
i=1 r=1 r=1

and also (12.2) holds. Now, if f € x{(I), then following inequality

N qif (xi)— f (2 qm) Zprf Vr) (2 p;y;) (12.9)
= i-1

r=

holds.

The next result weakens the assumption (12.1) of Theorem 12.1 for f € k{(I).
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Theorem 12.4 Assume (H{). If x1,....;%m € I";y1,...,yn € I" with (12.2) holds and f €
K{(I) for some ¢ € [max x;,min y,]. Now, if

(a) fﬁ (maxx;) >0
and
k=1 2
m (k-1 j§01j+1qi+jxi+j - ’
DA X Aai | | | | Xaw
=A=0 Y Ajr1Gi+j =1
j=0
-1 2 ,
— 2 Osi1PrisYr+s n
<> (z lepm) | - (2};»») (12.10)
= N Y Wyi1Prts =
s=0
or
() fl (miny,) <0
and
k=1 2
i j§01j+1qz'+jxi+j m ’
DA X Anai | | | | Xaw
=A=0 Y Ajr1Gi+j =1
=0
-1 2 ,
n [l— 2 O 1Pr+sVrts n
Zl (2 (l)s+1pr+v> —Sfl 1 _ <leryr> (1211)
= N Y Wyt 1Prts =
s=0
or
(c) ! max x;) <0 < " (min ») and f is 3 — convex,
+ y
then (12.3) holds.

Proof. As f € k{(I), then we have a constant A such that F(x) = f(x) — 4x? is concave on

IN(—o0,c] and F(y) = f(y) — 4)? is convex on Iﬂ[c o). For x; € IN(—eo,c](i = 1,...,m),
we have (12.4) and for y, € Iﬂ[c o)(r=1,...,n), we have (12.5).
Now, using (12.4) and (12.5), we get

2
-1
Al an [l sEO Ws+1Pr+5Yr+s n :
) Zl ZowSHer H— - leryr
=S 2 Osi1Pris =
s=0
k=1 2

Al g EO)LJH%HMH . ?
3 2 E%)A'j+IQi+j | ~ Zlf]ixi
j= =

&
! Y Ajr1Givj
=t
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-1

n -1 = Ws+1Pr+sYr+s n
< Zf 2 Ost1Pr+s | f Silil— -f Zpr)’r
r=1 s=0 r=1

Y Wsy1Drts
s=0

k—1

m kel 2 Ajr1GitjXisj m
J=0
- Apsidivy | [ =g | —f| Dami
j=0 i=1

i=l Y Ajr1qiv)
j=0
Now, due to the concavity of F(x) and convexity of F(y), for every distinct point £, €
IN(—o0,max x;] and ¥, € IN[min y,,o), u=1,2,3, we have
[F1,6, 6] f <A < [Vi,02, 3] f
Letting x;, /" max x; and ¥, \, min y,, we get (if exists)

£ (max x;) <A< £ (min'y,)

Therefore, if the assumptions (a) or (b) holds, then

2
-1
AT [1=] Zows+1pr+s'yr+s n :
=
§|:21 ZO(DHIPH»S H— - leryr
=S 2 Osy1Pris =
s=0
k-1 2
i1 3 Ajr1qiv iy " 2
_ PR I e .
2 j+19i+j 1 + 2‘]1x1
=1 =0 Y Aji1Givj =1
=0

is positive and we conclude the result. If the assumption (¢) holds, the fz is left continuous,
fl is right continuous, they are both nondecreasing and fz < fl.

Therefore, there exists ¢ € [max x;,min y,], such that f € Kf (I) with associated constant
A = 0 and we can again deduce the result. O

Now next results that weakens the assumption (12.6) of Theorem 12.2 and (12.8) of
Theorem 12.3 respectively for € k{([).

Theorem 12.5 Assume (H{). If x1,....;%m € I";y1,...,yn € I" with (12.2) holds and f €
K{(I) for some ¢ € [max x;,min y,]. Now, if

(a)

"

f_(max x;) >0

and
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k—1 2
m 5 m [k—1 _goﬂ'jJrlqiijxH»j
. i (xi) 2( lj+l¢1i+j> .
= == Y Ajs1qiv;
=0
-1 2
n ) n -1 2 W+ 1Pr+sYr+s
<D pry) =Y (Z ws+1pr+s> = | (212
= r=1 \s=0 > Wy 1Pr+s
s=0
or
(b) )
Sy (miny,) <0
and
k—1 2
m . om [kl X Aj14itjXisj
Dailxi) =), (2}%1%4;') SR
=1 == Y Aj+1qiv;
=0

>

2 n -1 20 WOs+-1Pr+sYr+s
Pr (yr) - 2 (2 ws+1pr+s> il— , (12.13)

=1 \s=0
d g Y Wsi1Dris
s=0

~
i ™M=
L

or
(C) " "

f_(max x;) <0< f,_(miny,) and f is 3 — convex,
then (12.7) holds.

Theorem 12.6 Assume (H{). If x1,....,%m € I";y1,...,yn € I" with (12.2) holds and f €
Kk (I) for some ¢ € [max x;,min y,]. Now, if

(a) ]
f_(maxx;) >0
and
m m 2 n n 2
2 2
Y qi(xi) — (2%%’) <Y prly) — (2 pryr> - (12.14)
i=1 i=1 r=1 r=1
or
(b) )
yn (min y,) <0
and

2

2
2‘]1’ (xi)z - (2 ‘Iixi> 2 Zpr (yr)2 - (2 p’y’> : (12.15)
i=1 =1 r=1 r=l
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or

()

r (max x;) <0 < fl (min y,;) and f is 3 — convex,
then (12.9) holds.

For the simplification of our next results, we need the following hypothesis:
(H;) Let h and g be u — integrable and v — integrable functions respectively on X taking
values in an interval / C R.
(Hs) Let f be a convex function on / such that foh is y —integrable and fog v —integrable
onX.

Theorem 12.7 Assume (H\),(Hs),(Hy) and (HZ). Ifx; € I(\(—o°,c] and y, € I(\[c,)for
i=1,...mandr=1,...,n such that

2

2
Coarhsid? ot g, 1) — (/thu) — Cpur(n,id®,g,v. p, ) — (/ngv> (12.16)

and also there exist ¢ € I° such that (12.2) holds. If f € K{(I), then following inequality

Cpar(lvahmuaq’a)_f<./);hd‘u) SCpar(nafag»V»P»ﬁ)_f(/xgdv) (1217)

holds.

Theorem 12.8 Assume (Hy),(H3),(Hy) and (HZ). Ifx; € I[\(—o°,c] and y, € I(\[c,°)for
i=1,...mandr=1,...,n with

2

. 2 .
Cinl(idzvhmu*a‘ba)_(/xhd“) :C[n;(idz,g,v,p,ﬁ)—(/ng\/) (1218)

such that (12.2)holds. Now if f € x{(I), then following inequality
Cinl<f7h7H7Q7 (/ hd;u*) mt fagvvpﬁ) (/ng\/) (1219)

Theorem 12.9 Assume (H3),(Hy) and (H?). If x € I[\(—oo,c| and y € I(\[c,o0) with

/Xhzd,uf (/thu) /gzdvf (/ gdv) (12.20)

such that (12.2)holds. Now if f € k{(I), then following inequality

/Xfohduff </th“) S/Xfogdvff </ngv> (12.21)
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Theorem 12.10 Assume (H}),(H3),(H}) and (HZ). Ifx; € I(\(—oe,c] andy, € I[c,)for
i=1,...mandr=1,...,nwith

/hzdu—Cpar()L,idz,h,u,q,oc):/gzdv—Cpar(n,idz,g,v,p,B) (12.22)
X X

such that (12.2)holds. Now if f € x{(I), then following inequality

/X Fohdt — Cpar(A, foh 1, 00) < /X fogdv—Cpur(n. o v.p ) (12.23)

Theorem 12.11 Assume (H}),(H3),(H}) and (HZ). Ifx; € I(\(—o°,c] andy, € I([c,)for
i=1,...mandr=1,...,n with

Ci’ll(id27hmu'7q7a)icpar()'vidzvhnu?qva) :Cim(nvid27g7vavﬁ)7Cpar(n7id27gvvvpvﬁ)
(12.24)
such that (12.2)holds. Now if f € k{(I), then following inequality

Cint(f7h7,u'7q7a) 7Cpar()'7f7h7:u7q7a) S Cint(fngvvvpvﬁ) *Cpar(Tlezvg,V,p,ﬁ)
(12.25)

Theorem 12.12 Assume (H}),(H3),(H}) and (HZ). If x; € I(\(—o°,c] andy, € I[c,*)for
i=1,...mandr=1,...,nwith

/ R dp — Cing (id® 1 g, 00) = / g2dv — Ciy(id*, g, v, p,B) (12.26)
X JX

such that (12.2)holds. Now if f € x{(I), then following inequality

/X Fohdpt — Cin (£, 1, g, 00) < /X FogdV —Ciu(f.2.V, p.B) (12.27)

12.2 Applications In Information Theory

In fields like probability theory, mathematical statistics and information theory, measures
of dissimilarity between probability distributions play a pivotal role. Various divergence
measures have been introduced for this purpose. For instance, the f-divergence, some
particular cases of which are Kullback-Leibler divergence, Jensen-Shannon divergence,
etc. Entropies are used to quantify the uncertainty, diversity and randomness of a system.
The idea is frequently used in several scientific disciplines.

In the current section we will work in discrete space, i.e, with discrete probability
distributions. We first introduce some important definitions and results used for rest of this
section.

On the basis of divergence functionals 3.1 and 3.2, we propose a new cyclic divergence
functional for 3—convex functions as:
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Definition 12.2 Ler 2 < k < m be integers such that Ay, ..., Ay represent positive proba-
bility distributions and f : I — R be a 3-convex function with I being an interval in R. Also
Letp:= (p1,....pm) € R"and q:= (q1,...,qm) €]0,00[" such that

Picy i=1,....m,

qi
k=1
;O)LjJrlPHj
- €l, i+j( modm)

k—1
Y Aj1Giyj
Jj=0

Then let

k—1
m [k—1 _;()A’J'Jr]pl*j
Ir(p,as i) = ), <2 /l,miﬂ) flig—— (12.28)

=1 \j=0 Y Ajr1Givj
j=0
It is interesting to see that, if we choose j =0, then

Iy(p.@:4ivj) = Ir(p,q)
for f to be 3-convex function.

In the examples below we obtain, for suitable choices of the 3-convex function f, some of
the best known distance functions used in mathematical statistics, information theory and
signal processing between the positive probability distributions for our cyclic divergence
functional.

Example 12.1 Cyclic-Kullback-Leibler Divergence
Choosing f(¢) = —tInt, then f is 3-convex. So

k—1
m (k-1 - A’j+1pi+j

3 Pt
Lo (P ig) = = 3 < )Lj+1Pi+j> el e e—
=t =0 Y Aji1Giyj

=0

= —D(p [l g:4ij)-

Moreover for j = 0, we get

I ni(p,q) = —D(p | q).

Example 12.2 Cyclic-Hellinger-Distance
Choosing f(¢) = —%(1 — /1), then f is 3-convex. So

2

B 1 k—1 k—1

Loy (P @A) = —52 N Aji1pivi— | X, Aj1dis
=1\ \ j=0 =0
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= —H’(p || : 4is)-
Moreover for j = 0, we get Hellinger-Distance [8]

~

I?%(]i\/;)z(l%q) 7H2 pq 7_2 \/_ \/_)
Now we give application of our main results given in Theorem 12.5 and Theorem 12.6 by
constructing monotonic divergence functionals for 3-convex functions.

Theorem 12.13 Under the assumptions of Theorem 12.5 and Theorem 12.6 with 5—:, R S

A qm
I, pll ,% cI" and
n

max 2 < ¢ < min 2 (12.29)

i qi rogr

for some ¢ € [max £t min 5’]

(a) If f (max p’) <0< f+(mln 5 ) and f is 3-convex, then

f(iﬁJ <2m><1 —I(p,q). (12.30)
r=1

Moreover, if p and P are probability distributions then we get

Ir(p,q) <I;(p,q). (12.31)
(b) If f” (max b)y<o< 1 (min 5—:) and f is 3-convex, then

-1

n -1 20 ws+lPAr+s
A §=
2 2 Os1Gr+s | f -
r=1 \s=0

YZ Oyt 1Gr+s
k—1
m X Aj41Dit
—2(2%H%J 2 | <@ - Tf(pa). (1232)
)y )'j+l‘]i+j
j=0
OR
Ir(p,@: 0) — Ir(p,q: A) < I;(p,q) — I1(p,q). (12.33)
Moreover, if
0 <I¢(p,§;0) — I(p,q; A) (12.34)

then we get (12.31).
Proof. (a) Employing Theorem 12.6 by substituting x; = l’ , Pr— qrand y, = p' in (12.9),

we get
Yaif (%) ~f (ZPi) 2 arf (pr) ~f (2 ﬁr) (12.35)
i=1 i i=1 r=1 r=1
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m n
thus (12.30) holds. Using the fact that Y, pi=1= Y p,, we get (12.31) immediately.
i=1 r=1
(b) Using Theorem 12.5 by substituting x; = %, Dr — Gr, Pris — Qris and y, = % in
(12.7), we get (12.33). Immediately using (12.34) gives (12.31).
O

Since we have obtained monotonic divergence functionals for 3-convex functions. It en-
abled us to investigate monotonicity of renowned distance functions used in mathematical
statistics, information theory and signal processing.

We now present two significant applications of the results given in Theorem 12.13 as fol-
lows:

Corollary 12.1 Consider the assumptions of Theorem 12.13.
(@) IfG:= (41, ---,Gn) €]0,°°[" and q := (q1,....qm) €]0,°[", then we get

n m
In (£> <= 4-Ing,+ Y gilng;. (12.36)
m

r=1 i=1

(b) If §,q are positive probability distributions with ;- > 1, then we get monotonic Shannon
entropies

H(q) <H(Q). (12.37)
(c) Let 2 <k <m, 2 <l <nbeintegers such that Ay,..., A, and @y, ..., w; represent positive
probability distributions. If q := (§1,...,4n) €]0,0°[" and q := (q1,...,qm) €]0,°0[", then
we get

n [1-1 -1 m (k=1 k=1
- 2 (2 (Us+16?r+s> In (2 (Us+16?r+s> + 2 (2 )Lj+1%'+j> In (2 )Lj+1%'+j>
s=0 j=0

r=1 s=0 i=1

n m
< =Y g,ng+Y gilngi. (12.38)

r=1 i=1

(d) If 4,q are positive probability distributions, then we get difference inequality for Shan-
non entropies

where

n — -1
q7 a)r+v = 2 (2 ws+l‘]r+s> In (2 ws+l‘]r+s>

s=0
H(q,/liﬂ') 2 (2 /1;+16b+/> In (2 A’]+1Ql+]>
i=1 \j=0

are cyclic Shannon entropies.

Proof. (a) 1t follows from Theorem 12.13 (a) by choosing f(x) =logx and p =P =
(1,1,....1).
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(b) Ttis a special case of (a).

(¢) Ttfollows from Theorem 12.13 (b) by choosing f(x) =logxandp=p = (1,1,...,1).

(d) Ttis a special case of (¢). a
The second application is about famous Kullback-Leibler divergence:

Corollary 12.2 Consider the assumptions of Theorem 12.13.

(@) If = (P1s-Pn) s @:=(§1,--,qn) €]0,°[" and p:= (p1,--:Pm) , 4:= (q15-,qm) €
10,00[™, then we get

S pr
In| = quln< ) quln<q’) (12.40)
;1 pi pi

(b) If P, p,d,q are positive probability distributions, then we get monotonic relative en-
tropies or Kullback-Leibler divergences.

D(q | p) <D(q| p) (12.41)
(c) Let 2 < k <m, 2 <[ < n be integers such that A, ..., Ay and w1, ...,y represent pos-
itive probability distributions. If P := (P1,..-,Pn), 4 := (G1,---,Gn) €]0,°0[" and p :=
(P15 Pm) s Q= (41, qm) €]0,°°[", then we get

-1

k—1

ZOA j+19i+j n [1-1 20 Os+1Gr+s

J N —
(mﬂq,ﬂ)l U z(zwmqrﬂ)m =

=1 \s=0
J )y Aj+1Pi+j " ’ 2 Oy 1Pr+s
Jj=0

s=0

<2q,1n(p) qu (?). (12.42)

(d) If p,p, q,q are positive probability distributions, then we get difference inequality for
Kullback-Leibler divergences

D(q | p:Ai+j) = D(@ || B:wrss) < D(q || p) —D(@ || B) (12.43)

where D(q || p;Aitj),D(q || P; 0rys) are cyclic Kullback-Leibler divergences defined in
Example 12.1.

Proof. (a) It follows from Theorem 12.13 (a) by choosing f(x) = logax.

(b) Ttis a special case of (a).

(¢) Tt follows from Theorem 12.13 (b) by choosing f(x) = logx.

(d) TItis a special case of (c). O

M=

i=1

Remark 12.2 It is interesting to note that if we choose the 3-convex function f(x) =
—xlog(x) in Corollary 12.2 (b), then we get monotonicity as

D [ld) <D(p| @) (12.44)
By similar substitution in Corollary 12.2 (d), we get

D(p || q;Aiyj) —D(P || G:0r1s) <D(p || q) —D(P || 4)- (12.45)
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12.2.1 Monotonic inequalities Via Zipf-Mandelbrot law

Zipf’s law is one of the basic laws in information science and is extensively applied in lin-
guistics. For the rest of the section, letm € {1,2,...}, ¢ >0, d > 0, then Zipf-Mandelbrot
entropy can be given as:

d & n(i+c)

Z"(H,¢,d) = mite)
Hc”jd le (i+c)

+In(H",) (12.46)

where m |
m __
cd ™ 2 (u+c)d’

u=1

In the similar passion forn € {1,2,...}, ¢ >0, d > 0 one can define

. d In(r+¢)
Z'(H,é,d) = o 2 m +1n(HZJ) (12.47)
éd r=1
where
n 1
H! .= -
&d =1 (V+€‘)d
Consider
1
qi = f(i;m,c,d) = (12.48)
(i+c)H],
1
Gr=f(rn,é,d) = ————— (12.49)
~\d
(r+2¢) H’tj

where §,,q, are discrete probability distributions known as Zipf-Mandelbrot law. Appli-
cation of Zipf-Mandelbrot law can be found in linguistics, information sciences and also
is often applicable in ecological field studies. Some of the recent study regarding Zipf-
Mandelbrot law can be seen in the listed references (see [48, 52, 53, 38]). Now we state
our results involving entropy introduced by Mandelbrot Law by establishing the relation-
ship with Shannon and Relative entropies:

Corollary 12.3 Let §, q be as defined in (12.48), (12.49) by Zipf-Mandelbrot law with
parameters m,n € {1,2,...}, ¢,¢ >0, d,d > 0. Then, the following holds.
(a) If 7- > 1, then we get monotonic Zipf-Mandelbrot entropies

H(q) =Z"(H,c,d) <Z"(H,é,d) = H(§). (12.50)

(b) Let 2 < k <m, 2 <1 <nbe integers such that Ay,..., Ay and W, ..., w; represent positive
probability distributions, then

Z"(H,é,d,45) — 2" (H,c,d, Aivj) < Z"(H,é,d) — Z"(H c,d) (12.51)

where
n -1 -1
A w 1
7" (H,é,d, wrﬂ) =— 2 st - In m -_—
=1 \5=0 ((r—i—s—i—é)dHc’jj) H; 4520 ((r—l-s—i—é)d)

Ws1




160 12 LEVINSON’S TYPE GENERALIZATION OF CYCLIC REFINEMENTS. ..

m k—1

Ain 1 K At
Zm(H7cvd7)'i+'):7 — In m 17 .
! ZT ,go ((i+j+c)dH;'fd> Hcdjz()((l+]+c)d)

Proof. (a) One can see that for ¢;,§, be as defined in (12.48) and (12.49), Z g=1=

i=

2 Gr. Therefore, using above g;, §, in Shannon entropy (3.3), we get Mandelbrot entropies

(12 46) and (12.47) respectively. Consequently, by applying Corollary 12.1 (b), we get

(12.50).

(b) By employing Corollary 12.1 (d) we get (12.51). |
Finally we will establish the nice connection of Relative entropy with Mandelbrot en-

tropy:

Corollary 12.4 Let 1, q1,D2, p2 be Zipf-Mandelbrot law with parameters m,n € {1,2,...},

¢1,¢1,C2,¢2 > 0and dy,dy,dy,d> > 0. Then, the following holds.

(@) Employing Corollary 12.2 (b), we get

. d &1 ¢
— Z(H e dy) 4 Y n(rfc%)ﬂn(Hg d) (12.52)
epdy =1 (r+ep)h 2
R — (r+ &) H
r=1 (r+él)d1Hc’”’11-,dAl (r+€1) ' cnl 1)

: d
= i : In (itec2) ZHZ‘rzl‘dz
reiig, "\ Gre)a,

dy & ln(l+6‘2)

- +In(H" ;).
Hela 231 (i+c)h ()

(b) Let 2 < k <m, 2 <1 < n be integers such that Ay,..., A and o, ...,w; represent
positive probability distributions, then by Corollary 12.2 (d), we get
k=1

= —Z"(H,c1,di)+

)Lﬂrl

Y i
i Iil Aji1 In jzo(lﬂJrcl)lefldl
4 ( ; k—1
J

S\S0 i+ j+a) e, Ay
=0 (i+j+e2) ZHE" ds
-1 Ayt
_ A \d| gn
i ! Ajs1 " s=0 (rbste)HL
r=1 (r+s+61)d‘H"d = Oy
1 520 (rhs+en)2HY
. €242
<Z'(H,l\,d)—Z"(H,c1,d1)
d> iln(iJrcz) Cln(H ) - d> i In(r+é) in (H" ) (12.53)
. d N N .
ch:,dl i=1 (lJrC])dl oo Hgl-ﬁil r=1 ( +C1) ! Erdy
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Generalized Montgomery identity, 97

Hellinger distance, 45
Hermite polynomial, 134
Hermite conditions, 133

Information divergence, 45

Integral cyclic refinement of Jensen’s
inequality, 16

Integral Jensen’s inequality, 2

Jensen’s inequality, 1

Kullback-Leibler distance, 30

Lagrange conditions , 134

Lagrange Green’s function, 71
Lagrange interpolating polynomial, 134
Lidstone’s polynomial, 110

Mean value theorems, 9
Monotonic divergence functionals, 156
Montgomery identity, 98

New divergence functional, 30
New Green functions, 71
Norm inequalities, 66

Operator Jensen’s inequality, 64
Operator Convex function, 64

Peano kernel, 98
Pearson divergence, 49
Power means, 4

Quasi-arithmetic means, 21

Rényi divergence, 34

Rényi entropy, 34

Refinement of Minkowski’s inequality, 58

Refinement of the Holder-McCarthy
inequality, 67

Refinement of the operator Jensen’s
inequality, 65

Shannon entropy, 30

Taylor’s formula, 73

Total variational distance, 45

Two point right focal conditions, 123

Two point right focal interpolating
polynomial, 122

Two-point Taylor conditions, 134
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Two-point Taylor interpolating
polynomial, 135

Weighted cyclic refinement of Jensen’s
inequality, 14

Weighted Refinement of Beck’s
inequality, 60
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Widder lemma, 109

Zipf’s law, 30
Zipf-Mandelbrot entropy, 83
Zipf-Mandelbrot law, 30
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