
Chapter1
Fundamental inequalities
and Mond-Pe�carić method

In this chapter, we have given a very brief and rapid review of some
basic topics in Jensen’s inequality for positive linear maps and the Kan-
torovich inequality for several types. We present some basic ideas and
the viewpoints of the Mond-Pe�carić method for convex functions.

1.1 Classical Jensen’s inequality

In this section, we introduce a classical Jensen’s inequality associated with a convex
function, and naturally extend it to an operator version. First we introduce some notations.

If a complex vector space H having the inner product is complete with respect to the
distance d(x� y) = kx � yk de�ned by the norm kxk := (x� x)1�2, then H is called a Hilbert
space. A linear operator A on a Hilbert space H is said to be bounded if

kAk := supfkAxk : kxk � 1� x � Hg ���

Then kAk is said to be the operator norm of A. The adjoint operator A� of A is de�ned by
(Ax� y) = (x� A�y) for x� y � H. Then it follows that kAk = kA�k = kA�Ak1�2. In an algebra
of all linear operators (H � H) on a Hilbert space H with the operator norm, we denote by
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2 1 FUNDAMENTAL INEQUALITIES AND MOND-PE�CARIĆ METHOD

B(H) a semi-algebra of all bounded (i.e., continuous) linear operators on H. The spectrum
of an operator A is the set

Sp(A) = f� � C : A� � 1H is not invertible in B(H)g�

The spectrum Sp(A) is nonempty and compact. A bounded linear operator A on a Hilbert
space H is said to be selfadjoint if A = A�. An operator A � B(H) is selfadjoint if and only
if (Ax� x) � R for every vector x � H. We denote by Bh(H) a semi-space of all selfadjoint
operators in B(H).
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Figure 1.1: Graphic chart of space B(H)

We introduce a partial order in Bh(H) as follows:

De�nition 1.1 An operator A � Bh(H) is positive semi-de�nite , (simply, positive) and
we write A � 0, if (Ax� x) � 0 for every vector x � H. An operator A � B(H) is positive if
and only if A = B�B for some operator B � B(H).

For operators A� B � Bh(H) we write A � B (or B � A) if B � A � 0, i.e., (Bx� x) �
(Ax� x) for every vector x � H. We call it the operator order. In particular, for some
scalars m and M, we write m1H � A � M1H if m � (Ax� x) � M for every unit vector
x � H. Notice that for a selfadjoint operator A, Sp(A) � [m� M] implies m1H � A � M1H.

A positive semi-de�nite operator A � Bh(H) is positive de�nite (strictly positive) and
we write A � 0, if there is a real number m � 0 such that A � m1H.

We denote by B+(H) the set of all positive operators and B++(H) the set of all strictly
positive operators (or positive invertible operators) in Bh(H). The set B+(H) is the convex
cone contained in Bh(H).

Now, we review the continuous functional calculus. A rudimentary functional calculus
for an operator A can be de�ned as follows: For a polynomial p(t) =

Pk
j=0 
jtj, de�ne

p(A) = 
01H + 
1A + 
2A
2 + � � � + 
kA

k
�
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The mapping p � p(A) is a homomorphism from the algebra of polynomials to the algebra
of operators. The extension of this map to larger algebras of functions is really signi�cant
in operator theory.

Let A be a selfadjoint operator on a Hilbert space H. Then the Gelfand map establishes
a �-isometrically isomorphism � between the set C(Sp(A)) of all continuous functions on
Sp(A) and C�-algebra C�(A) generated by A and the identity operator 1H on H as follows:
For f� g � C(Sp(A)) and 
� � � C

(i) �(
 f + �g) = 
�( f ) + ��(g).

(ii) �( f g) = �( f )�(g) and �( f ) = �( f )�.

(iii) k�( f )k = k f k(:= supt�Sp(A) j f (t)j).

(iv) �( f0) = 1H and �( f1) = A, where f0(t) = 1 and f1(t) = t.

With this notation, we de�ne

f (A) = �( f )

for all f � C(Sp(A)) and we call it the continuous functional calculus for a selfadjoint
operator A. This map is an extension of p(A) for a polynomial p. The continuous functional
calculus is applicable. For example, if A is a positive operator and f1�2(t) =

p
t, then

A1�2 = f1�2(A). If A is a selfadjoint operator and f (t) is a real valued continuous function
on Sp(A) such that f (t) � 0 on Sp(A), then f (A) � 0, i.e., f (A) is a positive operator.
Moreover, if g(t) is a real valued continuous function on Sp(A) such that f (t) � g(t) on
Sp(A), then f (A) � g(A).

Next, we shall introduce a spectral decomposition theorem for selfadjoint, bounded
linear operators on a Hilbert space H. For the sake of convenience, we recall the following
well known diagonalization of Hermitian matrices in matrix theory.

If A is a Hermitian k � k matrix, then there exists a unitary matrix U (i.e., U�U =
UU� = 1k) such that

A = U��U� (1.1)

where � = diag(�1� � � � � �k) and the �i(� R) are the eigenvalues of A. If we put

E1 = U�diag(1� 0� � � � � 0)U� E2 = U�diag(1� 1� 0� � � � � 0)U

� � �
Ek = U�diag(1� 1� � � � � 1)U�

then (1.1) can be rewritten as follows:

A = �1E1 + �2(E2 � E1) + � � � + �k(Ek � Ek�1) =
kX

j=1

�j
Ej� (1.2)
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where 
Ej = Ej � Ej�1 and E0 = 0. If f (t) is a real valued continuous function on the
spectrum Sp(A), then f (A) may be de�ned by

f (A) =
kX

j=1

f (�j)
Ej� (1.3)

This result can be generalized to selfadjoint operators on a Hilbert space H.
Let A be a selfadjoint operator on a Hilbert space H and f (t) a real valued continuous

function de�ned on an interval [m� M], where m = infkxk=1(Ax� x) and M = maxkxk=1(Ax� x).
Then A can be expressed as follows:

A =
Z M

m�0
� dE� (1.4)

where fE� : � � Rg is a family of projections such that E� � E� if � � � , E�+0 = E� ,
E�� = 0 and E� = 1H . Since a selfadjoint operator A on a Hilbert space H is an extension
of a selfadjoint matrix, (1.4) can be naturally considered as an extension of (1.2). Therefore,
we have an extension of (1.3) under the above situation as follows:

f (A) =
Z M

m�0
f (� )dE� � (1.5)

Next, we shall introduce a classical Jensen’s inequality as an inequality associated with
a convex function:

Theorem 1.1 (CLASSICAL JENSEN’S INEQUALITY) If f (t) is a convex function on an in-
terval [m� M] for some scalars m � M, then for every x1� x2� � � � � xk � [m� M] and every
positive real numbers t1� t2� � � � � tk with

Pk
j=1 tj = 1,

f

�
� kX

j=1

tjxj

�
A�

kX
j=1

tj f (xj)� (1.6)

Proof. Since f (t) is convex, then for each point (s� f (s)) there exists a real number l
such that

l(x � s) + f (s) � f (x) for all x � [m� M]� (1.7)

Put s0 =
Pk

j=1 tjxj � [m� M], then it follows from (1.7) that

l(xj � s0) + f (s0) � f (xj) for j = 1� 2� � � � � k�

Multiplying this inequality with tj � R+ and summing of j we have

kX
j=1

tj(l(xj � s0) + f (s0)) �
kX

j=1

tj f (xj)�
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Since
kX

j=1

tj(l(xj � s0) + f (s0)) = l

�
�

kX
j=1

tjxj � s0

kX
j=1

tj

�
A+ f (s0) = f (s0)�

we have a desired inequality. �

We rephrase it under matrix situation. If we put

A =

�
�

x1 0
. . .

0 xn

�
A and x =

�
�
p

t1
...p
tn

�
A

�

then a classical Jensen’s inequality (1.6) in Theorem 1.1 is expressed as

f ((Ax� x)) � ( f (A)x� x) for every unit vector x.

The following theorem is an operator version of Theorem 1.1 (classical Jensen’s in-
equality).

Theorem 1.2 Let A � Bh(H) be a selfadjoint operator with Sp(A) � [m� M] for some
scalars m � M. If f (t) is a convex function on [m� M], then

f ((Ax� x)) � ( f (A)x� x) (1.8)

for every unit vector x � H.

Proof. If we put s = (Ax� x), then m � s � M. For a given � � 0, there exist a straight
line l(t) such that (i) l(t) � f (t) for all t � [m� M] and (ii) l(s) � f (s)� �. Then (i) implies
l(A) � f (A). Hence we have

( f (A)x� x) � (l(A)x� x) = l(s) � f (s)� �

for every unit vector x � H. Since � is an arbitrary, we have ( f (A)x� x) � f ((Ax� x)). �

The following theorem is a multiple operator version of Theorem 1.2:

Theorem 1.3 Let Aj � Bh(H) be selfadjoint operators with Sp(Aj) � [m� M] (j =
1� 2� � � � � k) for some scalars m � M. Let x1� x2� � � � � xk � H be any �nite number of
vectors such that

Pk
j=1 kxjk2 = 1. If f (t) is a convex function on [m� M], then

f

�
�

kX
j=1

(Ajxj� xj)

�
A�

kX
j=1

( f (Aj)xj� xj)� (1.9)
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Proof. If we put

Ã =

�
�

A1 0
. . .

0 Ak

�
A and x̃ =

�
�

x1
...
xk

�
A

�

then we have Sp(Ã) � [m� M], kx̃k = 1 and
Pk

j=1(Ajxj� xj) = (Ãx̃� x̃). It follows from
Theorem 1.2 that f ((Ãx̃� x̃)) � ( f (Ã)x̃� x̃) and hence we have (1.9). �

As a special case of Theorem 1.2, we have the following Hölder-McCarthy inequality.

Theorem 1.4 (HÖLDER-MCCARTHY INEQUALITY) Let A � Bh(H) be a positive operator
on a Hilbert space H. Then

(i) (Arx� x) � (Ax� x)r for all r � 1 and every unit vector x � H.

(ii) (Arx� x) � (Ax� x)r for all 0 � r � 1 and every unit vector x � H.

(iii) If A is invertible, then (Arx� x) � (Ax� x)r for all r � 0 and every unit vector x � H.

Proof. Since the power function f (t) = tr is convex for r � 1 or r � 0, and concave for
0 � r � 1, this theorem follows from Theorem 1.2. �

1.2 Operator convexity

In this section, we consider another operator version of a classical Jensen’s inequality (1.6)
in Theorem 1.1. We rephrase it under another matrix situation. If we put

A =

�
�

x1 0
. . .

0 xn

�
A and V =

�
�
p

t1 0 � � � 0
...p
tn 0 � � � 0

�
A �

then a classic Jensen’s inequality is expressed as

f (V�AV) � V� f (A)V�

The formulation offers a fresh insight into the noncommutative case. Its noncommutative
version is considered in various way. We shall start with the following de�nition.

De�nition 1.2 A real valued continuous function f (t) on an interval I is said to be
operator convex (resp. operator concave) if

f ((1� � )A + �B) � (1� � ) f (A) + � f (B) (1.10)
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(resp.
f ((1� � )A + �B) � (1� � ) f (A) + � f (B)) (1.11)

for all � � [0� 1] and for every selfadjoint operator A and B on a Hilbert space H whose
spectra are contained in I. Also, the condition (1.10) can be replaced by the more special
condition

f

�
A + B

2

�
�

f (A) + f (B)
2

� (1.12)

Notice that a function f is operator concave if � f is operator convex.
A real valued continuous function f (t) on an interval I is said to be operator monotone

if it is monotone with respect to the operator order, i.e.,

A � B with Sp(A)� Sp(B) � I implies f (A) � f (B)�

Before we present basic examples of such functions, we prove some lemmas needed
later.

Lemma 1.5 If A � B+(H) is positive, then X�AX � 0 for every X � B(H).

Proof. For every vector x � H, (X�AXx� x) = (AXx� Xx) � 0. �

Lemma 1.6 If A � Bh(H) is selfadjoint and U is unitary, i.e. U�U = UU� = 1H, then
f (U�AU) = U� f (A)U for every f � C(Sp(A)).

Proof. Put B = U�AU, then B is selfadjoint and Sp(B) = Sp(A). Since Bm = U�AmU
for every integer m � 0, we have p(B) = U�p(A)U for every polynomial p(t). Since there
exist polynomials fpjg such that k f � pjk �� 0 as j � � for a given f � C(Sp(A)), we
have

k f (U�AU) � U� f (A)Uk � k f (U�AU)� pj(U�AU)k

+ kpj(U�AU)�U�pj(A)Uk + kU�pj(A)U �U� f (A)Uk �� 0

as j �� and so f (U�AU) = U� f (A)U. �

Lemma 1.7 If A � B(H) and f � C([0� kAk2]), then Af (A�A) = f (AA�)A.

Proof. Since A(A�A)n = (AA�)nA for every integer n � 0, we have Ap(A�A) = p(AA�)A
for every polynomial p(t). Since there exist polynomials fpjg such that k f � pjk �� 0 as
j �� for a given f � C([0� kAk2]), we obtain Af (A�A) = f (AA�)A. �

Now, we study basic examples of such functions.

Example 1.1 The function f (t) = 
 + � t is operator monotone on every interval for all

 � R and � � 0. It is operator convex for all 
� � � R.



8 1 FUNDAMENTAL INEQUALITIES AND MOND-PE�CARIĆ METHOD

Example 1.2 If f� g are operator monotone, and if 
� � are positive real numbers, then

 f + �g is also operator monotone. If fn are operator monotone and fn(t) � f (t) as
n��, then f is also operator monotone.

Example 1.3 The function f (t) = t2 on [0��) is not operator monotone though it is
monotone increasing. As a matter of fact, if we put

A =
�

2 1
1 1

�
and B =

�
1 0
0 0

�
�

then A � B and A2 �� B2 since

A2 � B2 =
�

4 3
3 2

�
�� 0

Example 1.4 The function f (t) = t2 is operator convex on every interval. To see it, for
any selfadjoint operators A and B,

A2 + B2

2
�

�
A + B

2

�2

=
1
4
(A2 + B2 � AB� BA) =

1
4
(A� B)2 � 0�

This shows that the function f (t) = 
 t2 + � t + � is operator convex for all �� � � R, 
 � 0.

Example 1.5 The function f (t) = t3 on [0��) is not operator convex though it is convex
on [0��). In fact, if we put

A =
�

2 1
1 1

�
and B =

�
1 0
0 0

�
�

then we have
A3 + B3

2
�

�
A + B

2

�3

=
1
4

�
11 9
9 7

�
�� 0�

Example 1.6 The function f (t) = 1
t is operator convex on (0��) and g(t) = � 1

t is
operator monotone on (0��). In fact, for any positive invertible operators A and B

A�1 + B�1

2
�

�
A + B

2

�
�1

=
A�1 + B�1 � 4(A(A�1 + B�1)B)�1

2

=
A�1 + B�1 � 4B�1(A�1 + B�1)�1A�1

2

=
(A�1 + B�1 � 2B�1)(A�1 + B�1)�1(2A�1 � (A�1 + B�1))

2

=
(A�1 � B�1)(A�1 + B�1)�1(A�1 � B�1)

2
� 0�

The last inequality holds by Lemma 1.5.
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This fact shows that f (t) = 1
t is operator convex.

Next, let A � B � 0. Then 1H � A�
1
2 BA�

1
2 . Taking inverse both sides, we have

IH � A
1
2 B�1A

1
2 and hence A�1 � B�1. Therefore it follows that�A�1 � �B�1 and hence

g(t) = � 1
t is operator monotone on (0��).

To relate this, we introduce the following famous Löwner-Heinz inequality established
in 1934.

Theorem 1.8 (LÖWNER-HEINZ INEQUALITY) Let A and B be positive operators on a
Hilbert space H. If A � B � 0, then Ar � Br for all r � [0� 1].

We need some elementary results in operator theory in order to prove it. The spectral
radius of an operator A is de�ned as

r(A) = maxfj� j : � � Sp(A)g�

Notice that r(A) � kAk and r(A) = kAk if A is a selfadjoint operator. Moreover, it follows
that r(AB) = r(BA) for all A� B � B(H), since Sp(AB)nf0g = Sp(BA)nf0g. Also, if A is
positive, then A � 1H if and only if r(A) � 1. An operator A is a contraction (kAk � 1) if
and only if A�A � 1H.

Proof of Theorem 1.8. Let A � B � 0. Suppose that A is invertible. Put


 = fr � R : Ar � Brg�

Then the set 
 is closed since r � Ar
� Br are norm continuous and 0 � 
 obviously. The

hypothesis A � B � 0 ensures 1 � 
. Therefore, to prove [0� 1] � 
 is suf�cient to show
that r� s � 
 implies r+s

2 � 
.

If r � 
, then 1H � A�
r
2 BrA�

r
2 =

�
B

r
2 A�

r
2
�
�
�
B

r
2 A�

r
2
�

and hence

��B
r
2 A�

r
2
�� � 1�

By the same argument, if s � 
, then
��B

s
2 A�

s
2

�� � 1.
So, we have

���A
�(r+s)

4 B
r+s
2 A

�(r+s)
4

���
= r

�
A
�(r+s)

4 B
r+s
2 A

�(r+s)
4

�
by A

�(r+s)
4 B

r+s
2 A

�(r+s)
4 is positive

= r
�
A

r�s
4 A

�(r+s)
4 B

r+s
2 A

�(r+s)
4 A

s�r
4

�
by r(ST) = r(TS)

= r
�
A
�s
2 B

r+s
2 A

�r
2

�

�
���A

�s
2 B

r+s
2 A

�r
2

��� by r(X) � kXk

�
��B

r
2 A�

r
2
�� ��B

s
2 A�

s
2
�� � 1�
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Therefore we have
A
�(r+s)

4 B
r+s
2 A

�(r+s)
4 � 1H

and hence
A

r+s
2 � B

r+s
2

� i�e��
r + s

2
� 
�

This fact shows the theorem under the assumption that A is invertible.
Suppose that A is not invertible. For each � � 0, A+ �1H is invertible and A+ �1H � B.

Therefore it follows from above argument that

(A + �1H)r � Br for all 0 � r � 1�

By letting � � 0, we have the desired inequality Ar � Br. �

Now, we go back to Jensen’s inequality. We show some characterizations of operator
convexity and operator monotonicity based on the ideas due to Hansen-Pedersen. This
leads to some conditions equivalent to Jensen’s inequality.

Theorem 1.9 (JENSEN’S OPERATOR INEQUALITY) Let H and K be Hilbert space. Let f be
a real valued continuous function on an interval I. Let A and Aj be selfadjoint operators on
H with spectra contained in I (j = 1� 2� � � � � k). Then the following conditions are mutually
equivalent:

(i) f is operator convex on I.

(ii) f (C�AC) � C� f (A)C for every A � Bh(H) and isometry C � B(K� H), i.e., C�C =
1K.

(iii) f (C�AC) � C� f (A)C for every A � Bh(H) and isometry C � B(H).

(iv) f
�Pk

j=1 C�

j AjCj

�
�
Pk

j=1 C�

j f (Aj)Cj for every Aj � Bh(H) and Cj � B(K� H) with
Pk

j=1 C�

j Cj = 1K (j = 1� � � � � k).

(v) f
�Pk

j=1 C�

j AjCj

�
�
Pk

j=1 C�

j f (Aj)Cj for every Aj � Bh(H) and Cj � B(H) with
Pk

j=1 C�

j Cj = 1H (j = 1� � � � � k).

(vi) f
�Pk

j=1 PjAjPj

�
�
Pk

j=1 Pj f (Aj)Pj for every Aj � Bh(H) and projection Pj � Bh(H)

with
Pk

j=1 Pj = 1H (j = 1� � � � � k).

Proof. (i) � (ii): Let X =
�

A 0
0 B

�
� Bh(H � K) for some selfadjoint operator

B � Bh(K) with �(B) � I and

U =
�

C D
0 	C�

�
� V =

�
C 	D
0 C�

�
� B(K �H� H � K)�
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where D =
p

1H � CC�. Since C�D =
p

1K � C�CC� = 0 � Bh(H� K) and DC =
C
p

1K � C�C = 0 � Bh(K� H), it follows that both U and V are unitary operators of K�H
onto H � K. Then

U�XU =
�

C�AC C�AD
DAC DAD + CBC�

�

and
V�XV =

�
C�AC �C�AD
�DAC DAD + CBC�

�
�

So, we have �
C�AC 0

0 D�AD + CBC�

�
=

U�XU + V�XV
2

�

Hence, it follows from the operator convexity of f and Lemma 1.6 that�
f (C�AC) 0

0 f (D�AD + CBC�)

�
= f

�
C�AC 0

0 D�AD + CBC�

�

= f

�
U�XU + V�XV

2

�

� f (U�XU) + f (V�XV)
2

=
U� f (X)U + V� f (X)V

2

=
�

C� f (A)C 0
0 D� f (A)D + Cf (B)C�

�
�

Thus we have f (C�AC) � C� f (A)C by seeing the (1,1)-components.

(ii) � (iv): Let

X =

�
BB�

A1 0
A2

. . .
0 Ak

�
CCA � Bh(H � � � � �H)� C̃ =

�
BB�

C1
C2
...

Ck

�
CCA � B(K� H � � � � �H)�

Then C̃�C̃ = 1K and hence it follow from (ii) that

f (
kX

j=1

C�

j AjCj) = f (C̃�XC̃) � C̃� f (X)C̃ =
kX

j=1

C�

j f (Aj)Cj�

(iv) � (vi): Obviously.

(vi) � (i): Let A and B be selfadjoint operators with spectrum in I and let 0 � t � 1.

Let X =
�

A 0
0 B

�
, P =

�
1H 0
0 0

�
and U =

�p
1� t �ptp

t
p

1� t

�
. Then U is a unitary operator

on H �H. Thus we have�
f ((1� t)A + tB) 0

0 f (tA + (1� t)B)

�
= f (PU�XUP + (1H�H � P)U�XU(1H�H � P))

� Pf (U�XU)P + (1H�H � P) f (U�XU)(1H�H � P)

= PU� f (X)UP + (1H�H � P)U� f (X)U(1H�H � P)

=
�

(1� t) f (A) + t f (B) 0
0 t f (A) + (1� t) f (B)

�
�
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Hence f is operator convex on I by seeing the (1,1)-components.
Therefore, we proved the implications (i) � (ii) � (iv) � (vi) � (i).

To complete the proof, we need the implication (iii) � (v) because it is non-trivial in
(i) � (ii) � (iii) � (v) � (vi) � (i).

(iii) � (v): We only show the case of k = 2, which is essential. Let

X =

�
BB�

A1 0
A2

A2

0
. . .

�
CCA and C =

�
BB�

C1 0 � � � 0
C2 0 � � �
0 1H 0
...

. . .
. . .

. . .

�
CCA �

Then C is isometry in B(H � H � � � �), i.e., C�C = 1H�H����. Hence it follows from (iii)
that

�
�

f (C�
1A1C1 + C�

2 A2C2)
f (A2)

. . .

�
A

= f (C�XC) � C� f (X)C

=

�
�

C�
1 f (A1)C1 + C�

2 f (A2)C2
f (A2)

. . .

�
A

�

Thus we have f (C�
1A1C1 + C�

2A2C2) � C�
1 f (A1)C1 + C�

2 f (A2)C2 by seeing the (1,1)-
components. �

By Theorem 1.9, we show the following Hansen-Pedersen type Jensen’s inequality.

Theorem 1.10 (HANSEN-PEDERSEN-JENSEN’S INEQUALITY) Let I be an interval contain-
ing 0 and let f be a real valued continuous function de�ned on I. Let A and Aj be selfadjoint
operators on H with spectra contained in I (j = 1� 2� � � � � k). Then the following conditions
are mutually equivalent:

(i) f is operator convex on I and f (0) � 0.

(ii) f (C�AC) � C� f (A)C for every A � Bh(H) and contraction C � B(H), i.e., C�C �
1H.

(iii) f (
Pk

j=1 C�
j AjCj) �

Pk
j=1 C�

j f (Aj)Cj for every A � Bh(H) and Cj � B(H) withPk
j=1 C�

j Cj � 1H

(iv) f (PAP) � Pf (A)P for every A � Bh(H) and projection P.

Proof. (i) � (ii): Suppose that f is operator convex and f (0) � 0. For every
contraction C, put D =

p
1H � C�C. Since C�C + D�D = 1H , it follows from (v) of

Theorem 1.9 that

f (C�AC) = f (C�AC + D�0D)

� C� f (A)C + D� f (0)D = C� f (A)C by f (0) � 0
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and hence we have (ii).
(ii) � (iii): Put X and C̃ as in the proof (ii) � (iv) of Theorem 1.9, then C̃�C̃ � 1H

and hence we have (iii).
(iii)� (iv): obviously.
(iv) � (i): Under the same situation in the proof (iv) � (i) of Theorem 1.9, we have

�
f ((1� t)A + tB) 0

0 f (0)

�
= f (PU�XUP)

� PU� f (X)UP =
�

(1� t) f (A) + t f (B) 0
0 0

�
�

Hence f is operator convex and f (0) � 0. �

Theorem 1.11 Let f � C([0��). If f (t) � 0 for all t � [0��), then conditions (i)–(vi)
in Theorems 1.9 are again equivalent to the following condition

(vii) –f is an operator monotone function.

Proof. Suppose that f is operator convex. Let A� B � B(H), 0 � A � B. Then for any
0 � � � 1 we can write

�B = �A + (1� � )
�

1� �
(B� A)�

Since f is operator convex, we have

f (�B) � � f (A) + (1� � ) f

�
�

1� �
(B� A)

�
�

Since � f (X) is positive for every positive operator X, it follows that f (�B) � � f (A).
Letting � tend to 1, we have f (B) � f (A). Hence � f is operator monotone.

Conversely, suppose that � f is operator monotone. Let C � B(H) be an isometry.
Consider the unitary operator U on H �H given by

U =
�

C �D
0 C�

�

where D =
p

1H � CC�. We put

X =
�

A 0
0 0

�
� Bh(H �H)

and note that

U�XU =
�

C�AC �C�AD
�DAC DAD

�
�

Choose now a constant � � 0 and set

Y =
�

C�AC + �1H 0
0 2� 1H

�
�
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where � is a positive constant to be �xed later. We observe that

Y �U�XU =
� �1H C�AD

DAC 2� 1H �DAD

�

�
� �1H F

F� � 1H

�
for � 1H � DAD�

where F = C�AD. Furthermore let � , � � H, then

�� �1H F
F� � 1H

�� �
�

�
�

�
�
�

��

= �k�k2 + (F� � �) + (F�� � �) + �k�k2

� �k�k2 � 2kFkk�kk�k+ �k�k2

� 0 for � �
kFk2

�
�

For a suf�ciently large � we thus obtain

U�XU � Y

and consequently the operator monotonicity of � f implies

U� f (X)U = f (U�XU) � f (Y)

or written as matrices
�

C� f (A)C �C� f (A)D
�Df (A)C� Df (A)D

�
�
�

f (C�AC + �1H) 0
0 f (2� 1H)

�
�

In particularwe haveC� f (A)C � f (C�AC+�1H). Letting � tend to 0, we get the conclusion
of the theorem. �

Corollary 1.12 Let f be a real valued continuous function mapping the positive half line
[0��) into itself. Then f is operator monotone if and only if f is operator concave.

Theorem 1.13 Let f � C([0� r)) and r � �. Then the following conditions are mutually
equivalent.

(i) f is operator convex and f (0) � 0.
(ii) The function t �� f (t)

t is operator monotone on (0� r).

Proof. Suppose that f is operator convex. LetA� B � Bh(H) be selfadjoint operatorswith
Sp(A)� Sp(B) � (0� r) and A � B. Then A and B are invertible. If we put C = B�1�2A1�2,
then CC� = B�1�2AB�1�2 � 1H and kCk � 1. Since A = C�BC, it follows from (ii) in
Theorem 1.10 that

f (A) = f (C�BC) � C� f (B)C = A1�2B�1�2 f (B)B�1�2A1�2
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and hence A�1�2 f (A)A�1�2 � B�1�2 f (B)B�1�2. Therefore we have A�1 f (A) � B�1 f (B)
and f (t)�t is operator monotone.

Conversely, suppose that f (t)�t is operator monotone on (0� r). Since f (t)�t � f (� )��
for 0 � t � � � r, we have f (t) � ( f (� )�� )t. Letting t �� 0, we have f (0) � 0. We
will show that f satis�es the condition (iv) of Theorem 1.10. Let P be any projection
and let A be any positive operator with spectrum in (0� r) and Sp((1 + �)A) � (0� r) for a

suf�ciently small � � 0. Put P� = P + �1H and X� = P
1
2
� A

1
2 . Since P� � (1 + �)1H , we have

A
1
2 P�A

1
2 � (1 + �)A. Since

�
f
t

��
A

1
2 P�A

1
2

�
= f

�
A

1
2 P�A

1
2

��
A

1
2 P�A

1
2

�
�1

= f (X�� X� )(X�� X� )�1

= X�1
� f (X�X

�

� )X�X
�1
� X��1

�

= X�1
� f (X�X

�

� )X��1
� �

it follows from the operator monotonicity of f (t)�t that

X�1
� f (X�X

�

� )X��1
� =

�
f
t

��
A

1
2 P�A

1
2

�

�

�
f
t

�
((1 + �)A)

= (1 + �)�1A
1
2 f ((1 + �)A)A

1
2 �

Therefore we obtain

f (X�X
�

� ) � (1 + �)�1X�A
1
2 f ((1 + �)A)A

1
2 X��

= (1 + �)�1P� f ((1 + �)A)P� �

Let � � 0. This gives X�X�� � A
1
2 PA

1
2 and hence we have f (APA) � Pf (A)P as desired.

�

From the previous theorem we obtain the following corollary.

Corollary 1.14 Let f � C([0��)) and f � 0. The function f is operator monotone if
and only if the function t� f (t) is operator monotone.

Proof. Suppose that f is operator monotone. Since � f is operator convex, it fol-
lows from Theorem 1.13 that � f (t)�t is operator monotone on (0��). Hence t� f (t) =
�(� f (t)�t)�1 is operator monotone on (0��). By the continuity of f , we have the desired
result.

Conversely, suppose that t� f (t) is operator monotone. If we put g(t) = �t� f (t), then
g(t) � 0 and by Theorem 1.11 the operator monotonicity of �g(t) implies the operator
convexity of g(t) and g(0) � 0. It follows from Theorem 1.13 that g(t)�t = �1� f (t) is
operator monotone on (0��) and this fact is equivalent to the operator monotonicity of
f (t). �
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