Chapter

Fundamental inequalities
and Mond-Pecari¢ method

In this chapter, we have given a very brief and rapid review of some
basic topics in Jensen’s inequality for positive linear maps and the Kan-
torovich inequality for several types. We present some basic ideas and
the viewpoints of the Mond-Pecari¢ method for convex functions.

1.1 Classical Jensen’s inequality

In this section, we introduce a classical Jensen’s inequality associated with a convex
function, and naturally extend it to an operator version. First we introduce some notations.

If a complex vector space H having the inner product is complete with respect to the
distance d(x, y) = ||x — y|| defined by the norm ||x|| := (x, x)'/2, then H is called a Hilbert
space. A linear operator A on a Hilbert space H is said to be bounded if

[JA]] := sup{[|Ax]| - [|x]| < 1,x € H} < 0.
Then ||A|| is said to be the operator norm of A. The adjoint operator A* of A is defined by

(Ax,y) = (x,A*y) for x, y € H. Then it follows that ||A|| = ||A*| = [|A*A||'/2. In an algebra
of all linear operators (H — H) on a Hilbert space H with the operator norm, we denote by
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2 1 FUNDAMENTAL INEQUALITIES AND MOND-PECARIC METHOD

B(H) a semi-algebra of all bounded (i.e., continuous) linear operators on H. The spectrum
of an operator A is the set

Sp(A)={4 € C: A — Aly isnotinvertible in B(H)}.

The spectrum Sp(A) is nonempty and compact. A bounded linear operator A on a Hilbert
space H is said to be selfadjoint if A = A*. An operator A € B(H) is selfadjoint if and only
if (Ax, x) € R for every vector x € H. We denote by B,(H) a semi-space of all selfadjoint
operators in B(H).

B(H)

H " H
©

Figure 1.1: Graphic chart of space B(H)

We introduce a partial order in 5,(H) as follows:

Definition 1.1 An operator A € B;,(H) is positive semi-definite , (simply, positive) and
we write A > 0, if (Ax, x) > 0 for every vector x € H. An operator A € B(H) is positive if
and only if A = B*B for some operator B € B(H).

For operators A, B € By(H) we write A < B(orB>A)ifB—A >0, ie., (Bx,x) >
(Ax, x) for every vector x € H. We call it the operator order. In particular, for some
scalars m and M, we write mly < A < Mly if m < (Ax,x) < M for every unit vector
x € H. Notice that for a selfadjoint operator A, Sp(A) C [m, M] impliesmly < A < M1y.

A positive semi-definite operator A € B,(H) is positive definite (strictly positive) and
we write A > 0, if there is a real number m > 0 such that A > mly.

We denote by B*(H) the set of all positive operators and B**(H) the set of all strictly
positive operators (or positive invertible operators) in B,(H). The set B*(H) is the convex
cone contained in By(H).

Now, we review the continuous functional calculus. A rudimentary functional calculus
for an operator A can be defined as follows: For a polynomial p(f) = Zf:o o', define

p(A) = O!()l].] + OC]A + OCQAZ + -+ OCkAk.
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The mapping p — p(A) is a homomorphism from the algebra of polynomials to the algebra
of operators. The extension of this map to larger algebras of functions is really significant
in operator theory.

Let A be a selfadjoint operator on a Hilbert space H. Then the Gelfand map establishes
a x-isometrically isomorphism @ between the set C(Sp(A)) of all continuous functions on
Sp(A) and C*-algebra C*(A) generated by A and the identity operator 15 on H as follows:
For f, g € C(Sp(A))and «t, p € C

(i) Oaef +pg) = a®(f) + BD(g).
(i) @(fg) = P()P(g) and D(f) = (f)".
(iii) | = If11G= sup,egpe) [FOD-

@iv) D(fy) = 1y and ®(f}) = A, where fo(r) = 1 and fi(¢) = 1.

With this notation, we define
f(A) =O(f)

for all f € C(Sp(A)) and we call it the continuous functional calculus for a selfadjoint
operator A. This map is an extension of p(A) for a polynomial p. The continuous functional
calculus is applicable. For example, if A is a positive operator and fj (1) = \/1, then
A2 = f /2(A). If A is a selfadjoint operator and f(7) is a real valued continuous function
on Sp(A) such that f(r) > 0 on Sp(A), then f(A) > 0, i.e., f(A) is a positive operator.
Moreover, if g(t) is a real valued continuous function on Sp(A) such that f(z) > g(¢) on
Sp(A), then f(A) > g(A).

Next, we shall introduce a spectral decomposition theorem for selfadjoint, bounded
linear operators on a Hilbert space H. For the sake of convenience, we recall the following
well known diagonalization of Hermitian matrices in matrix theory.

If A is a Hermitian k£ x k matrix, then there exists a unitary matrix U (i.e., U*U =
UU* = 1;) such that

A=U*AU, (1.1)

where A = diag(44, - - -, Ax) and the A;(€ R) are the eigenvalues of A. If we put

E; = U'diag(1,0,---,00U, E,=U"diag(l, 1,0, --,0)U

Ex

then (1.1) can be rewritten as follows:

k
A=ME +Mo(Ey — )+ + M(Ex — Ex_1) = Y LAE;, (12)
j=1



4 1 FUNDAMENTAL INEQUALITIES AND MOND-PECARIC METHOD

where AE; = E; — Ej_; and Ey = 0. If f(z) is a real valued continuous function on the
spectrum Sp(A), then f(A) may be defined by

k
fA) =" f)AE;. (1.3)

J=1

This result can be generalized to selfadjoint operators on a Hilbert space H.

Let A be a selfadjoint operator on a Hilbert space H and f(¢) a real valued continuous
function defined on an interval [m, M], where m = inf| ;| =1(Ax, x) and M = max =1 (Ax, x).
Then A can be expressed as follows:

M
A=/ AdE;, (1.4)

m—0

where {E; : A € R} is a family of projections such that E; < E, if A < u, Ej4 = E;,
E_. =0and E,, = 1g. Since a selfadjoint operator A on a Hilbert space H is an extension
of a selfadjoint matrix, (1.4) can be naturally considered as an extension of (1.2). Therefore,
we have an extension of (1.3) under the above situation as follows:
M
fA) = F(A)dE;. (1.5)

m—0

Next, we shall introduce a classical Jensen’s inequality as an inequality associated with
a convex function:

Theorem 1.1 (CLASSICAL JENSEN’S INEQUALITY) If f(¢) is a convex function on an in-

terval [m, M] for some scalars m < M, then for every xi, X3, -+, Xx € [m, M] and every
positive real numbers ty, ty, - - -, ty with Z]]le ti=1,
k k
£ | <D ). (1.6)
j=1 j=1

Proof. Since f(t) is convex, then for each point (s, f(s)) there exists a real number /
such that

Ix=5)+f(s) < f(x) for all x € [m, M]. (1.7)
Put so = Y1, 1;x; € [m. M], then it follows from (1.7) that
I(xj — s0) + f(s0) < f(xj) for j=1,2,--- k.
Multiplying this inequality with #; € R, and summing of j we have

k

k
ST 10— s0) + fls0) < D 1.

J=1 J=1
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Since
k k k
D g = so)+fso) =1 > tix;—s0 D _t; | +f(s0) = f(so),
j=1 j=1 =1
we have a desired inequality. u

We rephrase it under matrix situation. If we put

X1 0 \/E

A= and x = :
0 Xn \/E

then a classical Jensen’s inequality (1.6) in Theorem 1.1 is expressed as

f((Ax, x)) < (f(A)x, x) for every unit vector x.

The following theorem is an operator version of Theorem 1.1 (classical Jensen’s in-
equality).

Theorem 1.2 Let A € By(H) be a selfadjoint operator with Sp(A) C [m, M] for some
scalars m < M. If f(t) is a convex function on [m, M), then

f((Ax, x)) < (f(A)x, x) (1.8)

for every unit vector x € H.

Proof. If we put s = (Ax, x), thenm < s < M. For a given € > 0, there exist a straight
line I(¢) such that (i) I(r) < f(¢) for all r € [m, M] and (ii) [(s) > f(s) — €. Then (i) implies
[(A) < f(A). Hence we have

(f(A)x, x) = ((A)x, x) = I(s) = f(s) — ¢

for every unit vector x € H. Since ¢ is an arbitrary, we have (f(A)x, x) > f((Ax, x)). O

The following theorem is a multiple operator version of Theorem 1.2:

Theorem 1.3 Let A; € Bu(H) be selfadjoint operators with Sp(A;)) C [m,M] (j =
1,2,---,k) for some scalars m < M. Let x|,x2,---,x;x € H be any finite number of
vectors such that Z]/;l lx;|1> = 1. If f(t) is a convex function on [m, M], then

k k
£ @A) | < r@Axg, x). (1.9)

j=1 j=1
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Proof. If we put

A1 0 X1
A= and ¥=| : |,
0 Ax Xk

then we have Sp(A) C [m, M], ||¥|| = 1 and Z;‘:l(ijj., xj) = (A%, %). It follows from
Theorem 1.2 that f((A%, %)) < (f(A~)5g X) and hence we have (1.9). O
As a special case of Theorem 1.2, we have the following Holder-McCarthy inequality.

Theorem 1.4 (HOLDER-MCCARTHY INEQUALITY) Let A € B, (H) be a positive operator
on a Hilbert space H. Then

(i) (A"x,x) > (Ax, x)" for all r > 1 and every unit vector x € H.
(ii) (A"x,x) < (Ax, x) for all 0 < r < 1 and every unit vector x € H.
(iii) If A is invertible, then (A"x, x) > (Ax, x)" for all r < 0 and every unit vector x € H.

Proof. Since the power function f(¢) = ¢ is convex for r > 1 or r < 0, and concave for
0 < r < 1, this theorem follows from Theorem 1.2. O

1.2 Operator convexity

In this section, we consider another operator version of a classical Jensen’s inequality (1.6)
in Theorem 1.1. We rephrase it under another matrix situation. If we put

xt 0 V00
A= and V=

0 x Vim0 0

then a classic Jensen’s inequality is expressed as
F(VFAV) < VIFA)V.

The formulation offers a fresh insight into the noncommutative case. Its noncommutative
version is considered in various way. We shall start with the following definition.

Definition 1.2 A real valued continuous function f(t) on an interval I is said to be
operator convex (resp. operator concave) if

F(A=MDA+AB) < (1 —A)f(A)+Af(B) (1.10)
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(resp.
J((L=2)A+AB) > (1 = 1)f(A)+Af(B)) (1.11)

for all A € [0, 1] and for every selfadjoint operator A and B on a Hilbert space H whose
spectra are contained in 1. Also, the condition (1.10) can be replaced by the more special

condition
¥ <A;B> < f(A)erf(B).

(1.12)

Notice that a function f is operator concave if —f is operator convex.
A real valued continuous function f(t) on an interval I is said to be operator monotone
if it is monotone with respect to the operator order i.e.,

A < B withSp(A), Sp(B) C I implies f(A) < f(B).

Before we present basic examples of such functions, we prove some lemmas needed
later.

Lemma 1.5 IfA € B*(H) is positive, then X*AX > 0 for every X € B(H).

Proof. For every vector x € H, (X*AXx, x) = (AXx, Xx) > 0. o

Lemma 1.6 If A € B,(H) is selfadjoint and U is unitary, i.e. U*U = UU* = ly, then
fU*AU) = U* f(A)U for every f € C(Sp(A)).

Proof. Put B = U*AU, then B is selfadjoint and Sp(B) = Sp(A). Since B" = U*A™U
for every integer m > 0, we have p(B) = U*p(A)U for every polynomial p(¢). Since there
exist polynomials {p;} such that ||f — p;|| — 0 asj — oo for a given f € C(Sp(A)), we
have

If(U*AU) — U*fA)U|| < ||f(U*AU) — p(U*AD))|
+ ||p(U*AU) = U* piA)U|| + | U* pA)U — U* fAU| = 0

asj — oo and so f(UAU) = U*f(A)U. a

Lemma 1.7 IfA € B(H) and f € C([0, |A||?]), then Af(A*A) = f(AA")A.

Proof. Since A(A*A)" = (AA*)"A for every integer n > 0, we have Ap(A*A) = p(AA*)A
for every polynomial p(¢). Since there exist polynomials {p;} such that ||f — p;|| — 0 as
j — oo fora given f € C([0, ||A]|?]), we obtain Af(A*A) = f(AA*)A. O

Now, we study basic examples of such functions.

Example 1.1 The function f(t) = o + Bt is operator monotone on every interval for all
o € Rand B > 0. It is operator convex for all o, B € R.
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Example 1.2 If f, g are operator monotone, and if o, B are positive real numbers, then
of + Bg is also operator monotone. If f,, are operator monotone and f,(t) — f(t) as
n — oo, then f is also operator monotone.

Example 1.3 The function f(t) = t*> on [0, 00) is not operator monotone though it is
monotone increasing. As a matter of fact, if we put

A:(% i) and B:(ég).,
then A > B and A*> } B? since
A2—32=(‘3‘§) %0

Example 1.4 The function f(t) = t* is operator convex on every interval. To see it, for
any selfadjoint operators A and B,
A’ + B?
2

A+B\*> 1 1
< ; ) = S+ B —AB—BA)= (A~ B > 0,

This shows that the function f(t) = at® + Bt + vy is operator convex for all B,y € R, o0 > 0.

Example 1.5 The function f(t) = t* on [0, o) is not operator convex though it is convex
on [0, 00). In fact, if we put

A:(%}) and B:((l)g).,

AB+B [A+B\’ 1/119
2 _<2>__(97)20'
1

Example 1.6 The function f(t) = + is operator convex on (0, 00) and g(t) = —% is

operator monotone on (0, 00). In fact, for any positive invertible operators A and B

then we have

A1 4 B! <A+B>1

2 2
A"+ BT —4AA + B HB)!
a 2
A V4B ' —4B A 1+ B H 14!
- 2
A '+B ' 2B hH A '+ B H A - A L+ B7Y)
2
=(A l_B 1)(A 1+ZB 1) l(A l_B 1)20

The last inequality holds by Lemma 1.5.
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This fact shows that f(t) = % is operator convex.

Next, let A > B > 0. Then 1y > A"3BA™3. Taking inverse both sides, we have
Iy < A>B~ 'A% and hence A~ < BL Therefore it follows that —A~Y > —B~'and hence
g(t) = —% is operator monotone on (0, o).

To relate this, we introduce the following famous Lowner-Heinz inequality established
in 1934.

Theorem 1.8 (LOWNER-HEINZ INEQUALITY) Let A and B be positive operators on a
Hilbert space H. IfA > B > 0, then A" > B" forall r € [0, 1].

We need some elementary results in operator theory in order to prove it. The spectral
radius of an operator A is defined as

r(A) = max{|A| : A € Sp(A)}.
Notice that r(A) < ||A|| and r(A) = ||A|| if A is a selfadjoint operator. Moreover, it follows
that 7(AB) = r(BA) for all A, B € B(H), since Sp(AB)\{0} = Sp(BA)\{0}. Also, if A is

positive, then A < 1y if and only if 7(A) < 1. An operator A is a contraction (||A[| < 1) if
and only if A*A < 1p.

Proof of Theorem 1.8. Let A > B > 0. Suppose that A is invertible. Put
A={reR:A">B"}.
Then the set A is closed since r — A”, B are norm continuous and 0 € A obviously. The
hypothesis A > B > 0 ensures 1 € A. Therefore, to prove [0, 1] C A is sufficient to show

that r, s € A implies 5* € A.
Ifr € A thenly > A 5B'A~5 = (B5A~%)" (B*A™ %) and hence

JBia

<1
By the same argument, if s € A, then HB%A’% || <1
So, we have

—(r+s) rts —(r+s)

HATBZA ;

—(r+s) ris

—(r+s) r+s = (r+s) —(r+s) . ..
=r(A T B2AT ) by A=+ B2A™4 is positive

—5 — (r+s) r+s — (r+s) s

=r(A’4A REATS A%’) by F(ST) = (TS)

=r (A_TYB%A_TV)

SHA%B%A%

by r(X) < |X]|
< Jataifsia i) <1
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Therefore we have

and hence
A7 >B7, ie, — €A

This fact shows the theorem under the assumption that A is invertible.
Suppose that A is not invertible. For each ¢ > 0, A+ €1y is invertibleand A+ €ly > B.
Therefore it follows from above argument that

(A+ely) > B forall 0<r<1.

By letting ¢ — 0, we have the desired inequality A" > B’. O

Now, we go back to Jensen’s inequality. We show some characterizations of operator
convexity and operator monotonicity based on the ideas due to Hansen-Pedersen. This
leads to some conditions equivalent to Jensen’s inequality.

Theorem 1.9 (JENSEN’S OPERATOR INEQUALITY) Let H and K be Hilbert space. Let f be
a real valued continuous function on an interval I. Let A and A; be selfadjoint operators on
H with spectra containedin I (j=1,2, - - -, k). Then the following conditions are mutually
equivalent:

(i) f is operator convex on I.

(ii) f(C*AC) < C*f(A)C for every A € By(H) and isometry C € B(K, H), i.e., C*C =
k.

(iii) f(C*AC) < C*f(A)C for every A € By(H) and isometry C € B(H).

(iv) f (Z};l C’j»*AjCj) < Z}’;l C; f(A)C; for every Aj € By(H) and C; € B(K. H) with
S GG =k (=1 k.

v) f (Zle C]*AJCJ) < Z;;l C; f(A)C; for every A; € By(H) and C; € B(H) with
S GG ==, k).

i) f (qu P./'AjP./’) < Soiy Pif(A)P; for every A; € By(H) and projection P; € By,(H)
with Y% Pi= 1y (j=1,, k).

Proof. (i) = (ii): Let X = (6‘ g) € By(H ¢ K) for some selfadjoint operator
B € B,(K) with o(B) C I and

U=(g_lé*).,\/= (S_C?) € B(K= H, HeaK),
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where D = /1y — CC*. Since C*D = /1x — C*CC* = 0 € By(H,K) and DC =
Cy/1x — C*C =0 € By(K, H), it follows that both U and V are unitary operators of K & H

onto H & K. Then
vvr_ (C*AC  C*AD
U'Xu = ( DAC DAD+CBC*)

and C*AC  —C*AD
VXV = ( “DAC DAD + CBC* )

So, we have
C*AC 0 U XU+ VXV
( 0 D*AD+ CBC* ) 2 :
Hence, it follows from the operator convexity of f and Lemma 1.6 that
f(C*AC) 0 _ C*AC 0
( 0 f(D*AD + CBC*)) =/ ( 0 D*AD+ CBC* )
U XU+ V*XV
= f f
< SO XU)+ f(VXV) U fXOU+ V' f(X)V
- 2 B 2
~( C f(A)C 0 )
- 0 D*f(A)D+ Cf(B)C* )"

Thus we have f(C*AC) < C* f(A)C by seeing the (1,1)-components.

(ii) = (@iv): Let

/11 0 CH
Az . G

X = . eEByH® - -DH), C= . EBK,HST - H).
0 Ax Ck

Then C*C = 1 and hence it follow from (ii) that

k k
FO-CAC) = F(CXC) < C FXOC =Y C F(ANC;.

j=1 Jj=1

(iv) = (vi): Obviously.

(vi) = (i): Let A and B be selfadjoint operators with spectrum in / and let 0 < ¢ < 1.

LetX = (‘3 g),Pz (161 8) and U = <Viﬁ_t \/_IL—IJ Then U is a unitary operator

on H @ H. Thus we have
(SO0 as o)) = FPUXUP+ (o = PYU'XU(Lzon — P)
< PFU'XU)P + (lyen — P)F(U'XU)1ugu — P)

PU*f(X)UP+ (lggy — PYU* fX)U(lygu — P)

_ ((1 — Df(A) +1f(B) 0 )
0 1f(A)+ (1 =0fB) )"
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Hence f is operator convex on [ by seeing the (1,1)-components.
Therefore, we proved the implications (i) = (ii) = (iv) = (vi) = (i).

To complete the proof, we need the implication (iii) = (v) because it is non-trivial in
() = (i) = (i) = (v) = (vi) = ().
(iii) = (v): We only show the case of k = 2, which is essential. Let

Ay 0 i 0 ---0
A, C 0 -
X = Ar and C= 0 1[-1 0

Then C is isometry in B(HE® H & - - ), i.e., C*C = lygng.... Hence it follows from (iii)
that

f(CIAIC + CALC)
f(A2)

=f(C"'XC) < C'fXOC
Cif(ADNCr+ G f(A)C,
(A2)

Thus we have f(CiA|C + C5AC) < Cif(A)Ci + C;f(A2)C, by seeing the (1,1)-
components. o

By Theorem 1.9, we show the following Hansen-Pedersen type Jensen’s inequality.

Theorem 1.10 (HANSEN-PEDERSEN-JENSEN’S INEQUALITY) Let I be an interval contain-
ing 0 and let f be a real valued continuous function defined on I. Let A and A; be selfadjoint
operators on H with spectra contained in I (j= 1,2, - - -, k). Then the following conditions
are mutually equivalent:

(i) f is operator convex on I and f(0) < 0.
(ii) f(C*AC) < C*f(A)C for every A € Bn(H) and contraction C € B(H), i.e., C*C <
1.
(iii) f(; CIAC) < SO, CHf(A)C; for every A € By(H) and C; € B(H) with
35 GG < L
(iv) f(PAP) < Pf(A)P for every A € B,(H) and projection P.
Proof. (i) = (ii): Suppose that f is operator convex and f(0) < 0. For every

contraction C, put D = /1y — C*C. Since C*C + D*D = ly, it follows from (v) of
Theorem 1.9 that

F(C*AC) = f(C*AC + D*0D)

C' f(AC+D f(O)D =C"f(A)C by f(0)<0

IN
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and hence we have (ii).

(if) = (iii): Put X and C as in the proof (i) = (iv) of Theorem 1.9, then C:C < 1y
and hence we have (iii).

(iii) = (iv): obviously.

(iv) = (i): Under the same situation in the proof (iv) = (i) of Theorem 1.9, we have

(FA=gAP %)) = fevxup)

Hence f is operator convex and f(0) < 0. O

Theorem 1.11 Let f € C([0, 00). If f(1) < Oforallt € [0, o), then conditions (i)—(vi)
in Theorems 1.9 are again equivalent to the following condition
(vii)  —f is an operator monotone function.

Proof. Suppose that f is operator convex. Let A, B € B(H),0 < A < B. Then for any
0 < A < 1 we can write

AB=2A+(1 — x)lf—k(g —A).

Since f is operator convex, we have

A
JAB) < Af(A)+(1 = A)f (m(B —A)> :

Since —f(X) is positive for every positive operator X, it follows that f(AB) < A f(A).
Letting A tend to 1, we have f(B) < f(A). Hence —f is operator monotone.

Conversely, suppose that —f is operator monotone. Let C € B(H) be an isometry.
Consider the unitary operator U on H & H given by

C -D
U= (O C* )
where D = /1y — CC*. We put
A0
X = (o o) € By(H & H)

and note that CAC —C'AD
U'XU = (—DAC DAD )

Choose now a constant € > 0 and set

yo (CAC+ely 0
—( 0 2&1,{)7
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where A is a positive constant to be fixed later. We observe that

* _ ely C*AD
Y-U'XU = (DAC 2)L1H—DAD)
81[.1 F
> (F MH) for A1y > DAD,

where F'= C*AD. Furthermore let £, n € H, then

(80 (5)-(9))

= ¢ E|* + (FE, M)+ (F*E, )+ A|n|)?
> el E)> = 2| FIIIIENInIl+ Al

F 2
>0 for A > u
€
For a sufficiently large A we thus obtain
U'XU<Y

and consequently the operator monotonicity of —f implies
U'fOU = f(U'XU) > f(Y)

or written as matrices

( C*f(A)C —C*f(A)D) S (f(C*AC+£1H) 0 )
—Df(A)C* Df(A)D 0 f@A1w) )~

In particular we have C* f(A)C > f(C*AC+ely). Letting € tend to 0, we get the conclusion
of the theorem. |

Corollary 1.12 Let f be a real valued continuous function mapping the positive half line
[0, 00) into itself. Then f is operator monotone if and only if f is operator concave.

Theorem 1.13 Let f € C([0, r)) and r < co. Then the following conditions are mutually
equivalent.

(i) f is operator convex and f(0) < 0.

(ii) The function t — @ is operator monotone on (0, r).

Proof. Suppose that f is operator convex. LetA, B € B, (H) be selfadjoint operators with
Sp(A), Sp(B) C (0, ) and A < B. Then A and B are invertible. If we put C = B~1/2A41/2,
then CC* = B"'/?2AB~'/2 < 1y and ||C|| < 1. Since A = C*BC, it follows from (ii) in
Theorem 1.10 that

f(A) = f(C*BC) < C*f(B)C = A'?B~'2f(B)B 12/
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and hence A~'/2f(A)A~'/2 < B~'/2f(B)B~'/2. Therefore we have A~'f(A) < B~'f(B)
and f()/t is operator monotone.

Conversely, suppose that f(#)/# is operator monotone on (0, r). Since f(¢)/t < f(B)/B
for0 < t < B < r, we have f(r) < (f(B)/B)t. Letting ¢t — 0, we have f(0) < 0. We
will show that f satisfies the condition (iv) of Theorem 1.10. Let P be any projection
and let A be any positive operator with spectrum in (0 r) and Sp((1 + €)A) C (0, r) for a

sufﬁ01ently small € > 0. Put P, = P+¢ly and X, = P} Az Since P, < (1 +¢)ly, we have
A2 P, A? < (1+¢)A. Since

<J—:> (A%PEA%) =f(A%P8A%) (A%PSA%)_l

= fX; X)X Xe) !
= X, X XXX, X!
= X7 f(X XX,

it follows from the operator monotonicity of f(¢)/¢ that

()i
< ({) ((1+6)4)

(1+&) 'AZf((1 + £)A)A?.

X X)X

AN

Therefore we obtain

FXXD) < (L+ )7 XA F((1+£)A)ATX]
= (1+¢&) 'Pf((1+€)A)P,.

Let ¢ — 0. This gives X. X; — A2PA? and hence we have f(APA) < Pf(A)P as desired.
O

From the previous theorem we obtain the following corollary.

Corollary 1.14 Let f € C([0, <)) and f > 0. The function f is operator monotone if
and only if the function t/ f(t) is operator monotone.

Proof. Suppose that f is operator monotone. Since —f is operator convex, it fol-
lows from Theorem 1.13 that —f(¢)/¢ is operator monotone on (0, co). Hence t/f(¢) =
—(—f(@) /1)~ is operator monotone on (0, oc). By the continuity of f, we have the desired
result.

Conversely, suppose that ¢/f(¢) is operator monotone. If we put g(r) = —¢/f(¢), then
g() > 0 and by Theorem 1.11 the operator monotonicity of —g(¢) implies the operator
convexity of g(#) and g(0) < 0. It follows from Theorem 1.13 that g(¢)/t = —1/f () is
operator monotone on (0, o) and this fact is equivalent to the operator monotonicity of

f@. =
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