Chapter

Euler integral identities

1.1 Introduction

Integral Euler identities extend the well known formula for the expansion of an arbitrary
function in Bernoulli polynomials (cf. [79] or Appendix) and were derived in [30]. To
prove them, the following lemmais needed:

Lemmal.l Leta,be R, a<b, xe [a,b]and ¢ : R — R be defined by

o) =i (3=5)-

Then for every continuousfunction F : [a,b] — R we have

b
F(t)dqa(t):_b%/ F(t)dt + F (x), for a<x<b
[a,b] aJa

and .
/ Ft)dg(t) = —i/ F(t)dt + F(a), for x=a or x=b,
[a,b] b—aJ/a

with Riemann-Stieltjesintegrals on the left hand sides.

Proof. If a < x < b the function ¢ is differentiable on [a, b]\{x} and its derivative is
equal to g%, since By(t) =t —1/2. It hasajump of ¢(x+0) — ¢(x—0) = 1 at X, which
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2 1 EULER INTEGRAL IDENTITIES

gives the first formula. For x =a or x = b the function ¢ is differentiable on (a,b) and
its derivative is equal to p—. It hasajump of ¢(a+0) — ¢(a) = 1 at the point a, while
o(b)—p(b—0)=0, Whlch gives the second formula. a

Here, asin the rest of the book, we write fol g(t)do(t) to denote the Riemann-Stieltjes

integral with respect to afunction ¢ : [0, 1] — R of bounded variation, and folg(t)dt for the
Riemann integral.

Theorem 1.1 Let f : [a,b] — R be such that f("~%) is continuous of bounded variation
on [a,b] for somen > 1. Then for every x € [a, b] we have

%a/:f(t)dt = £(x) — (%) + RY(X), (11)
%a/:f(t)dt — £(%) = a1 (X) + RR(X) (12)
where To(x) = 0, and for 1< m< n
Ton(X) = gml (b_k?)kflsk (E:Z) (10D (5) - 16D a)] (L3)
R = E=2 [T (XY areu,

- 08 s () - () o

Proof. Using integration by parts we have

_ )k _
Ry = O g (20) kv

_ La)k_l/ (1) g (XL
" b f (t)dBy b a) (1.9
For every k > 1 and every x € [a,b) we have
Xx=b L[ X—a e[ X—a) X—t

Also, for k > 2 the above formulais valid for every x € [a,b]. Theidentity (1.4) for k=1
becomes

b

b
1o o [ Xt _/ L X—t
Ri(x) =B} <—b—a) f(t) s f(t)dBj (—b_a).
If x € [a,b), then using Lemma 1.1 and (1.5) we get

_ b
RI(x) — B (%:) [ (b) — f(a)]+bT1a/a F(t)dt — f(x)
— T+ [ tndt— f0
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If x= b, then using Lemma 1.1 we get
Rl(b) = B;(0)f(b)—Bj(1 / f(t)dt — f(a

+%f(a)+m/a F(t)dt — f(a)

b
- %[f(b)_f(a)]+é/a f(t)dt — f (b)

b
bfa/a f(t)dt — f(b).

I
=
g
_|_

So, for every x € [a, b] we have

RE(x) = Ty (x) + bfla/: f(t)dt — f(x), (1.6)

whichisjust theidentity (1.1) for n = 1. Further, for every k > 2

d_./x—t\ k . x—t
aBk<b—a>__b—aBkl<b—a>’

except for t from discrete set x+ (b—a)Z C R, since the Bernoulli polynomials satisfy
4By(t) = kBy_1(t). Using the above formulaand the fact that Bj; (XL is continuous for

k> 2, we get
_(b—a)ft (k-1) L Xt
K /[ab]f B\ ==

- [ ()
_(tzk alk— ab] ( )dfk 2(t)

=R 1(%).
Using thisformulaand (1.5), from (1.4) we get the identity

R0 = =B (55 ) V)~ 1 V@] + RE 400

which holdsfor k= 2,...,n and for every x € [a,b]. So, for n > 2 and for every x € [a,b]
we get

n _ a\k-1 _
R = 3 P (=2 ) 110 80) a4 R,

which, in combination with (1.6), yields (1.1).
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To obtain the identity (1.2), note that

R = Rioo - O e (55) [, 91

n!

— R%(X) _ (b— a)nlen (E:i) [f(n—l)(b) o f(nil)(a)]

and apply (1.1). a

1.2 General Euler-Ostrowski formulae

The main results of this section are the general Euler-Ostrowski formulae which generalize
extended Euler identities (1.1) and (1.2), in a sense that the value of the integral is approx-
imated by the values of the function in m equidistant points, instead of by itsvaluein just
one point. The results presented in this section were published in [63].

To derive these formulae, we will need an analogue of Multiplication Theorem, stated
for periodic functions B;,. Multiplication Theorem for Bernoulli polynomials By, states
(cf. [1] or Appendix):

n71mfl k
Bo(mt)=m'" 1 ¥ By(t+ ). n=0 m=>1 (1.7)
k=0

That (1.7) is true for Bj(t) and t € [0,1/m) is obvious. For t € [j/m,(j +1)/m),
1<j<m-1L

: m.t k— |
B () — Byt~ i/m) =P 3 (14 1)
k=0 m
S g (14 X
e (1),
e m
so the statement istrue again. Thus, we have

m—1
B;(rrt):m”fle; H—E , n>0, m>1 (1.8)
k=0 m

Interval [0, 1] isused for smplicity and involvesno loss in generality.

The following theorem is crucial for our further investigations but is also of indepen-
dent interest. Namely, the remainder is expressed in terms of Bj;(x — mt).
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Theorem 1.2 Let f : [0,1] — R be such that f("=1) is continuous of bounded variation
on [0,1] for somen > 1. Then, for x € [0,1] and m e N, we have

1 1M x4k . n
/Of(t)dtzakzaf< >—Tn(x) " mn/ B! (x—mt)d f M D(t),
(1.9)

where

(- 10-1(0)]

] jl m!
Proof. From (1.8) we get
Bj(x—mt) = m"™ 128*<ik—t>

Multiplying this with df ("1 (t) and integrating over [0,1] produces formula (1.9) after
applying (1.1). ]
Formula (1.9) can easily be rewritten as:

/01 f(t)dt = %r:glf (X“‘) To 1(%)

+ L Ol[B;;(x—mt) —Bn(x)]df ™Y (t), (1.10)

with To(x) = 0.
We call formulae (1.9) and (1.10) the general Euler-Ostrowski formulae.

Theorem 1.3 Assume (p,q) is a pair of conjugate exponents, that is 1 < p, q < e,
1/p+1/q=1. Let f:[0,1] — R be such that f(" € Lp[0,1] for some n > 1. Then,
for x € [0,1] and m € N, we have

|/1f(t t_lmjf<x+k)+Tn()
‘/f dt_inif<x+k)+Tn (%)

<K(n,q)- [ ][, (1.12)

<K*(n,q)- [T, (1.12)

where

K(na) = s | [ B0l i’

<na) = o | [ B - Bn(x>|‘*ott]é

These inequalitiesare sharp for 1 < p < < and the best possible for p = 1.
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Proof. Inequalities (1.11) and (1.12) follow immediately after applying Holder's inequal-
ity to the remainders in formulae (1.9) and (1.10) and using the fact that functions B};(t)
are periodic. To provethat the inequalities are sharp, put

(W (t) = sgnB}(x— mt) - |Biy(x—mt)|YP~D for 1< p<e and
fW(t) = sgnBji(x—mt) for p=co in (1.11),

£ (t) = sgn(B(x— mt) — Bn(x)) - [Bj (x— mt) — Bn(x) [/ (P~Y)

for 1< p<e and

£ (t) = sgn(B;,(x—mt) —Bn(x)) for p=ec in (112).

For p=1itiseasy to seethat

te[0,1

‘/ B (x— mt) ()dt’<max|B* |/ Rk
is the best possible inequality (compare with the proof of Theorem 2.2 in Section 2.3). O

Corollary 1.1 Let f : [0,1] — R be such that f(" € L..[0,1]. Let x € [0,1]. If nis odd,
then we have
m—1

= T (n+1)

AV, (113)

andforn=1
1 1t x4k 1)1 1\?%] .,
'/0 f(t)dt—akfbf(?> Sﬁlf("‘é) ]-||f||°°, (1.14)
whilefor n> 3
'/f dt—lmzlf<x+k>+Tn 1(X) (L.15)
L (1 o) - |80+ 2 (B 26) — B2 (3)
="l 1 n n+1 n+1 n+1\A1 )

where x; € [0,1] issuch that Bn(X1) = Bn(X) and X3 # X, except when B,_1(x) = 0. [fx=0
or x=1,takex; =1/2.

If nis even, then we have

(t)dt — Emzlf <X+ k) L T(0)

4) ]|,
m"- (n+1)! te[O 1

(1.16)

A ).

< m “|Bnia(Xa)| =

ax [Bna(t)],
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where By(x;) = 0, and

/f dt—imzlf<x+k>+Tn 1(x)

Hf )l
- mh-n!

(1.17)

(-1 4= 2/2) 8000 + 3 B )

Proof. Put p =< in Theorem 1.3. Inequality (1.13) follows straightforward since it
is known that, for an odd n, Bernoulli polynomials have constant sign on (0,1/2) and on
(1/2,1). (1.14) also follows by direct calculation.

To prove (1.15), assume first that 0 < x < 1/2. For an odd n we have B,(1—t)
= —Bn(t), so we can rewrite K*(n, 1) as

1/2 1/2
| B0~ Baoldt+ [ Ba(®) + Balol
0 0

The second integral hasno zeroson (0,1/2), so we can calculateit easily. Thefirst integral,
however, has two zeros. One is obviously x and the other is x;, where x; € [0,1/2] and
Bn(X1) = Bn(X). When 1/2 < x < 1, the statement follows similarly.

Next, assume 0 < x < 1/2. Since By(t) are symmetric aboutt = 1/2 for an even n, we
canrewriteK*(n,1) as2 fl/z |Bn(t) — Bn(X)| dt. AsBernoulli polynomialsare monotonous
on (0,1/2) for an even n, inequality (1.17) follows. For 1/2 < x < 1 the statement follows
analogously. Using similar arguments we get (1.16). |

Remark 1.1 For m= 1, formulae (1.9) and (1.10) reduceto (1.1) and (1.2), and thus give
al theresultsfrom [30] i.e. the generalizations of Ostrowski’sinequality; especially, (1.14)
produces the classical Ostrowski’sinequality for m= 1.

For m=1and n = 2, (1.17) gives an improvement of a result obtained in [38]. This
was discussed in detail in [30].

Further, taking m= 1 and n = 3 in (1.15) produces a result obtained in [4]. These
results are therefore a generalization of the results from that paper.

Corollary 1.2 Let f:[0,1] — R besuchthat f(" € L1[0,1] andx € [0,1]. For n=1, we
have

/Olf(t t—imzlf <x+k) +BlT(X)[f(1)_ 1) < ”;lll’ (118)
/ f(t dt_i”‘zlf <x+k) ||fr;1Hl <2+ x—%D, (1.19)

For anodd n, n > 3, we have

10, x4k 2|ty
/f dt——Zf( ) ()’<(1—2”1)(2nm)”’ (1.20)
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‘/olf dt—lmzlf <X+k)+Tn 1(X) (1.21)
1M1 2n!
< ol ((1—2—n—1)(2n)n+|8”(x)|)’
If nis even, then we have
m-1
’/f dt—12f<x+k>+w) gnf_“r'ﬂ 1FO]y, (1.22)
'/f dt—lnif<x+k>+Tn 2% (1.23)
£y n n
< (A= 27) Bl + 2778 = Ba(x)]).

Proof. Put p=1in Theorem 1.3. Inequalities (1.18) and (1.19) follow by direct cal cu-
lation. Using estimations of the maximal value of Bernoulli polynomials (cf. [1]), we get
(1.20), (1.21) and (1.22). Finaly, since By(t) are symmetric about t = 1/2 for an even n,
it is enough to consider them on (0,1/2) and there they are monotonous. So the maximal
value of |Bp(t) — Bn(x)| isobtained either fort = 0 or fort = 1/2. Using formula

max {|A[,[B[} = 7 (|A+ B[+ |A—B|),

NI~

(1.23) follows. ]

Corollary 1.3 Let f : [0,1] — R be such that f(" € L,[0,1] and x € [0,1]. Then we have

'/ f(t dt—lmzlf <X+k> +Ta(¥)| < ”fr:;HZ (gﬁ;l)ﬂz’ (1.24)
‘/ f(t dt—lEf<x+k>+Tn 1(X)

n 2 1/2
= Hn:f‘ : r|1‘!2 (%Ianl + Bﬁ(X)> :

Proof. Both inequalitiesfollow by direct calculation after taking p = 2 in Theorem 1.3.
a

(1.25)

Itisinteresting to consider which x € [0, 1] gives the optimal estimation in inequalities
(1.15) and (1.17). In (1.14) it is obvious that x = 1/2 is such point. Differentiating the
function on the right-hand side of (1.17) —thisisthe casewhen niseven—itiseasy to see
that it obtainsits minimum for x = 1/4 and x = 3/4 (for n > 2) whileits maximal valueis
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inx=0andx=1 (for n > 4). Of course, the minimal value is of greater interest. In that
case, the quadrature formul ae take the following form

o= (iara(2)-10)
fron=i(iasa(2) o)

Also, if we take these parameters and put them in (1.10), then add them up and divide by
2, we get atwo-point formulawhere the integral is approximated by values of the function
inx=1/4and x = 3/4. The error estimation for this formula can be deduced from the
following, more general, estimation. Using triangle inequality, we get

\/:f m—f‘“z% (£26) 1 (2228)

éz sz (2j—1)(1)_f(2j—1)(0)]
(
< H ((_1)“/2 (1—4|x—1/2|)Bn(X) + +1|Bn+1( )|)

Therefore, this formulagives the best error estimate for x = 1/4.

On the other hand, inequality (1.15) behaves quite oppositely (this is the case when
nisodd and n > 3). Observe that x; is a decreasing function of x and it is differentiable
on (0,1/2). Thisis sufficient since the function on the right-hand side of that inequality
(denoteit by F(x)) obtains the same valuefor xand 1 — x. For 0 < x < 1/2, we get

F/(x) = (—1)™D/2.n(1 - 2|x— xq|)Bn_1(X).

Since F’(x) changes sign from positive to negative when passing through point
o € (0,1/2) such that B,_1(a) = 0, we conclude that F (x) obtains maximal value at o.
Notethat o iscloseto 1/4, but abit smaller. Minimum is then obtained at the end points of
theinterval i.e. for x=0and x = 1/2 (the same valueis obtained at both of these points).

1.2.1 Trapezoid formula

Choosingx=0and x=11in (1.9) and (1.10) when m = 1, adding those two formulae up
and then dividing the resulting formula by 2, produces the Euler trapezoid formulae - and
all the other results - obtained in [25]. Here, we just state the error estimates for this type
of quadrature formulae. Namely, for p = and p = 1, we have:

1
[ fo- 3110+ @] <Crma) 115, m-1.2
0
where

Cr(1,1) = %
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whileform=2,3,4

1
[ f0dt= 3110+ (2] + 5[F(1) — 10| < Cr(ma)- |1,

where
1 1 1
2,1)=—— ) p— 4.1) =
CT( s ) 18\/@7 CT(3a ) 192 CT( ) ) 720°
1 1 1
CT(Z’W):E’ CT(S’W):T\/?’ CT(4a°°)=§4~

1.2.2 Midpoint formula

Form=1andx=1/2in(1.9) and (1.10), we get the Euler midpoint formulae derived in
[23] and of course all other results from that paper follow directly. The error estimates for
this type of quadrature formulae, for p=< and p=1, are:

1
/ f(t)dt — f <%>' <Cw(maq)-[f™|p, m=12
0
where

1 1
CM(lvl): CM(lvoo):év CM(Zal):_a CM(Zaoo)zga

1
47
whileform=2,3,4

1
[ttt =1 (3) = 557 @ - ¥0)] < Cutma)- 17,

where
1 1 7
Cu2,l)=——, Cu(31)=—, Cu(41l =——
M(2,1) 873 m(3,1) 155’ m(4,1) 5760"
1 1 1
CM(27°°)_E7 M(37 ) 72\/§7 CM(47°°) @



Chapter

Euler two-point formulae

2.1 Introduction

In this chapter we study, for each real number x € [0, 1/2], the general two-point quadrature
formula

/Olf(t)dt:%[f(x)+f(1—x)]+E(f;,x) 2.1)

with E(f;X) being the remainder. This family of two-point quadrature formulae was con-
sidered by Guessab and Schmeisser in [68] and they established sharp estimates for the
remainder under various regularity conditions. The aim of this chapter is to establish gen-
eral two-point formula(2.1) using identities (1.1) and (1.2) and give various error estimates
for the quadrature rules based on such generalizations. In Section 2 we use the extended
Euler formulae to obtain two new integral identities. We call them the general Euler two-
point formulae. In Section 3, we prove a number of inequalitieswhich give error estimates
for the general Euler two-point formulae for functions whose derivatives are from the
Lp-spaces, thus we extend the results from [68] and we generalize the results from pa-
pers[25]-[27], [83] and [84]. These inequalities are generally sharp (in case p = 1 the best
possible). Special attention is devoted to the case where we have some boundary condi-
tions and in some cases we compare our estimates with the Fink’s estimates ([68], [45]).
In Section 4 we give a variant of the inequality proved in the paper [91] and we use those
resultsto prove someinequalitiesfor the general Euler two-point formula. The general Eu-
ler two-point formulae are used in Section 5 with functions possessing various convexity
and concavity properties to derive inequalities pertinent to numerical integration. In Sec-
tion 6 we generalize estimation of two-point formula by using pre-Griissinequality and in
Section 7 we give Hermite-Hadamard'sinequalities of Bullen type.

11
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2.2 General Euler two-point formulae

The results from this and next section are published in [98].
For k > 1 and fixed x € [0, 1/2] define the functions Gi(t) and F(t) as

Gi(t) = Bi (x—t)+Bj(1—x—t),teR
and FX(t) = GX(t) — Bk(x), t € R, where
Bk(X) = Bk(X) +Bk(1—x), x€ [0,1/2], k> 1.

Especially, we get By(x) = 0, By(x) = 2x> — 2x+ 1/3, B3(x) = 0. Also, for k> 2 we
have By(x) = G}(0), that is FX(t) = GX(t) — GX(0), k> 2, and F}(t) = GX(t), t € R.
Obviously, G(t) and FX(t) are periodic functions of period 1 and continuousfor k > 2.

Let f :[0,1] — R besuchthat f("™1 existson [0, 1] for some n > 1. We introduce the
following notation for each x € [0,1/2]

DO = Z[F() + f (1—X)].

N

Further, we define To(x) = 0 and, for L < m<n, x € [0,1/2]

) = 5 [Tn()+ T (1 -]

where Ti(X) isgiven by (1.3). It iseasy to see that

{f“(*l)(l) — tk-1(g)] . 2.2)
In the next theorem we establish two formulae which play the key rolein this chapter. We
call them the general Euler two-point formulae.

Theorem 2.1 Let f : [0,1] — R besuch that f("1 isa continuous function of bounded
variation on [0, 1], for somen > 1. Then for eachx € [0,1/2]

/01 f(t)dt = D(x) — Tn(x) + RE(f) (2.3

and

/Olf(t)dt —D(X)— T 1(x) +B(1), (2.4)

~ 1

Y di Y. B2 — L [TEx g
R = 3y GOV, R = 5o TR0,
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Proof. Put x=x and x=1—xinformula(1.1) to get two new formulae. Then multiply
these new formulae by 1/2 and add them up. Theresult isformula (2.3). Formula(2.4) is
obtained from (1.2) by the same procedure. |

Remark 2.1 If in Theorem 2.1 we choose x = 0,1/2,1/3,1/4 we get Euler trapezoid
[25], Euler midpoint [23], Euler two-point Newton-Cotes[84] and Eul er two-point Macl au-
rin formulae respectively.

By direct calculationsfor each x € [0,1/2], we get

-2, 0<t<x
F(t)=Gi(t)=< —2t+1, x<t<l-x, (2.5)
—2t+2, 1-x<t<1

2t -2t +2x° +1/3, Xx<t<l—x, (2.6)

2t? +2x% — 2x+1/3, 0<t<x
Gi(t) =
2% -4t +2x°—2x+7/3, 1-x<t<1

2t2, 0<t<x
FXt) =4 22-2t+2x, x<t<1l-Xx (2.7)
A2 —4t42, 1-x<t<1

and
—2t3 4+ (—6x%+6x— 1)t, 0<t<x
234324 (=62 — )t 4+3x%, x<t<1l-—x
—2t3 4 62+ (—6x% + 6x— 7)t

+6x% — 6x+ 3, 1-x<t<1
Now, we will prove some properties of the functions Gi(t) and F(t) defined above. The
Bernoulli polynomials are symmetric with respect to 1/2, that is

Bi(1—x) = (—1)*By(x), k>1. (2.9)

Also, we have By (1) = By(0) = B, k> 2, By (1) = —B1(0) = 1/2and Byj_1 =0, j > 2.
Therefore, we get Byj_1(x) =0, j > 1 and Byj(x) = 2B3j(X), x € [0,1/2]. Now, we have
szjfl(t) = G)Z(jfl(t)v J > 17 and

F3(t) = G3(t) = (2.8)

R (t) = G5(t) — Baj(x) = G5;(t) — 2B2j(x), x€[0,1/2], j>1. (2.10)

Further, the points O and 1 are zeros of FX(t) = G{(t) — G((0), k > 2, that is
Fe(0) =FR(1) =0, k> 1. Aswe shall see below, 0 and 1 are the only zeros of F;(t) for

j>2and x € [O,%—Z—\l/é] u {2—%7%} Next, setting t = 1/2 in (2.9) we get

Bk (1/2) = (—1)*Bx(1/2), k > 1, which implies that Byj_1(1/2) =0, j > 1. Using the
above formulae, we get Fj_; (1/2) = G3;_,(1/2) =0, j > 1. We shall see that 0, 1/2
and 1 aretheonly zerosof F3j_(t) = G3;_4(t), for j > 2andx € {O, I

Also, notethat for x € [0,1/2], j > 1 G3;(1/2) = 2B, (1/2—x) and

EENEw

FZXJ- (1/2) = )2(j (1/2) — ézj (X) = 2B2j (1/2 —X) — 2Bgj(X). (2.11)
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Lemma2.1 For k > 2 we have G(1—t) = (-1)¥G}(t), 0 <t < land FX(1 —t)
= (—1kFX(t), 0<t < 1.

Proof. As the functions By (t) are periodic with period 1 and continuous for k > 2.
Therefore, for k> 2 and 0 <t <1 we have

Gk(1—t) =B (Xx—1+t)+ By (—x+t)
Bk (X+1t)+ By (1—x+1), 0<t<x,
By (X+1t) + By (—x+1), X<t<1-X,
Bk (—1+Xx+1t)+Bg(—x+t), I-x<t <1,
= (—1*x
Bk (1—x—t)+Bx(x—t), 0<t<x,
Bk (1—x—1t)+Bg(1+x—1t), x<t<1-x,
Bx(2—x—1t)+By(1+x—t), 1—x<t<1

= (~DGX),
which proves the first identity. Further, we have FX(t) = GX(t) — GX(0) and (—1)*G)(0)
= G(0), since G3; 4 (0) = 0, so that we have
R (1-1) = GE(1—1) - G{(0) = (~1)[GL(t) - GK(0)] = (~L)R (1),
which provesthe second identity. ]
Note that the identities established in Lemma 2.1 are valid for k = 1, too, except at the
points x, and 1 — x of discontinuity of F(t) = G(t).

Lemma 2.2 Fork>2andxe [O,%— 2—\1/4 U {2\[, 2} thefunction G%,_, (t) hasno zeros
intheinterval (0,1/2). For 0 <t < 1/2 the sign of this function is determined by

(—1)* G 1(t) > 0, x€ [0 ! } and (—1)*G}, 4(t) > 0, xe [ 1]

2 23 23’2
Proof. For k =2, G}(t) is given by (2.8) and it is easy to see that for each
xe [0.4- ;4]

1
G’3‘(t)<0,0<t<§

and for eachx € {2—\1@ %}

1
Gi(t) > 0, O<t<§.

Thus, our assertionistruefor k= 2. Now, assumethat k> 3. Then2k—1>5and G}, _,(t)
is continuous and at least twice differentiable function. Using (A-2) we get

Cu1(t) = —(2k—1)G3_,(t)
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and
G 1(t) = (2k—1)(2k—2)G5_3(t).

Let us suppose that G5, 5 has no zeros in the interval ( 1). We know that 0 and 1 are
zerosof G4 (t). Let ussupposethat some o, 0 < a < 3, isalsoazero of G, (t). Then
inside each of theintervals (0, or) and (e, )thederlvatlveGXZK 1(t) must have at least one
zero, say B, 0< Pr<aand By, a < B2 < 2 Therefore, the second derivative G5, 4 (t)
must have at least one zero inside the interval (B1,082). Thus, from the assumptlon that

% 1(t) hasazeroinsidetheinterval (0,3), it followsthat (2k— 1)(2k— 2)Gl, _(t) aso

hasazeroinsidethisinterval. Thus, G, _,(t) cannothaveazeroinsidetheinterval (0,3).
To determine the sign of G5, , (t), note that

Gh-1(X) = Bak-1(1—2x).

We have[1, 23.1.14]
1
(—1)*Bx1(t) >0, 0<t < >

whichimpliesfor x {O, i- 27@]

(D) G 1 (%) = (1) Bac1(1-2¢) = (—1)*Bx_1(2¥) > 0

and

( )kGZk 1( ) ( 1) Bok_ 1(1 2X)>0f0rX€ |:2\]}§ %]

Consequently, we have

1 1 1
—1) ey (t >070<t<—forxe{0,———]
( ) 2k 1() 2 2 2\/§

and

1 1 1
—1)KG%,_4,(t)>0,0<t< =forxe |—, =|.
( ) Zkfl() 2 |:2\/§ 2:|

O

Corollary 2.1 Fork>2andxe [07% 2[} thefunctions (—1)F (t) and (—1)KGX,(t)
are dtrictly increasing on the interval (0,1/2), and strictly decreasing on the interval

(1/2,1). Also, for x e [2\/5, %] thefunctions (—1)*"1FJ (t) and (—1)K1G, () arestrictly

increasing on the interval (0,1/2), and strictly decreasing on the interval (1/2,1). Fur-
ther, for k > 2, we have
e [F2(t)] = 2[Bak (1/2 — X) — Ba(X)|

and

tQ%'G 2k(0)] = 2max {[Ba (X)[, [Bak (1/2 = X)[ } .
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Proof. Using (A-2) we get
! !
[(CDF0] = [(~D G40 =241 "Chea(t)

and (—1) 1G4, ,(t) >0for0<t<1/2andxe {O,% 2\/_} by Lemma 2.2. Thus,
(—DKFX (t) and (—1)kG%,(t) are dtrictly increasing on the interval (0,1/2). Also, by
Lemma 2.1, we have B} (1—t) = F)(t), 0 <t <land G} (1—t) =Gj(t),0<t <1,
which implies that (—1)Fj(t) and (— )kG’Z‘k( ) are strictly decreasing on the interval
(1/2,1). The proof of second statement is similar. Further, F (0) = F (1) = 0, which
impliesthat |F (t)| achievesits maximumatt = 1/2, that is

e IF3(0)] = F2(1/2)] = 2|Bac(1/2 — X) — Ba(X)]

Also

max [G(0)] = max (|G (0)] 1G4 (1/2)]} = 2max{|Bax ()] B (1/2 )]}, (212

which completes the proof. ]
Corollary 2.2 Fork> 2, andx € [O,% } [ %} we have
2
LIRS0l = [ 165 0]t =2 1Bac(1/2-3 —Bacy).

Also, we have

/||:2k )] dt = |Bac(x)| = 2|Ba(x |and/|G )|t < 2|BaX)| = 4[Ba()

Proof. Using Lemma 2.1 and Lemma 2.2 we get

! X
| 1e5a0]a

1 1/2
X P —
2’ . G2k_1(t)dt‘—2’ ZkG ()]0

= 2165 (1/2) ~ Gh(0)] = £ 1Ba(1/2 )~ Bax)]

which provesthe first assertion. By Corollary 2.1 and because F3; (0) = F (1) = 0, B (t)
does not changeits sign on theinterval (0,1). Therefore, using (2.10) we get

[ Fsie = | [Tesw] = [ (650 - Bato] o

1
’—m )ékJrl(t)‘o = [Ba(x)|,

Bak(X

which provesthe second assertion. Finally, we use (2.10) again and the triangle inequality
to obtain the third formula |
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