Chapter

Definitions and Basic Results

1.1 Hilbert-type Inequalities with Conjugate
Exponents

Let % + é =1, p > 1. The Hilbert inequality asserts that

o TRy < el (L

holds for all non-negative measurable functions f € L (R+) and g € L1(R.). After its dis-
covery at the beginning of the 20th century, the Hilbert inequality was studied by numerous
authors, who improved and generalized it-in. many different directions. This inequality is
still of interest to numerous authors. The applications in diverse fields of mathematics
have certainly contributed to its‘importance. For a comprehensive inspection of the initial
development of the Hilbert inequality, the reader is referred to a classical monograph [47],
while some recent results are collected in monograph [63].

In this book we refer to the following multidimensional extension of inequality (1.1)
established by Krni¢ er al. (see [63], [99]).

Theorem 1.1 Suppose (Q;,Z;, u;) are o-finite measure spaces, ¥ p =1 pi>1 and
Q—-R ¢ Q= R, fi:Q =R, i,j=1,2,...,n are non-negative measurable
functions. If1I; =1 (Z’i i(xj) =1, then the following inequalities hold and are equivalent

/S2 Hﬁxldu <HH¢>uw,ﬁHp, (1.2)
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where 5 = Y- 111 Q=119 Q = ?:1’#1-9}', X = (X140, %, %), du(x) =

H?:ldnul(xl) d:“’( ) H] lﬁéld‘uj(‘xj) and

wi(x;) = [/ H & )} " (1.4)

j=L1j#i
The above notation will be used throughoutthe whole monograph. In addition, || - || stands

for the usual norm in L"(Q), that is || f]| = [Jo | f(x)|"du (x)]'l , r> 1. Inequalities follow-
ing from (1.2) are usually.referred to asthe Hilbert-type inequalities since (1.1) is a particu-
lar case of (1.2). Further, inequalities related to (1.3) are usually called Hardy-Hilbert-type
inequalities since (1.3).implies the classical Hardy inequality, which will be discussed later.
Inequalities (1.2)'and (1.3) are closely connected in the sense that one implies the other,
hence they are sometimes both referred to as the Hilbert-type inequalities, for brevity.
Peri¢ and Vukovi¢ [77], developed a unified treatment of the Hilbert and Hardy-Hilbert
type inequalities with general homogeneous kernel. Further, regarding the notations from
Theorem 1.1, we assume that Q; =R, equipped with the non-negative Lebesgue measures
dui(x;) =dx;, i=1,2,...,n. In addition, we have Q = R’ and dx = dxdx;...dx,.
Recall that the function K : R”, — R is said to be homogeneous of degree ~s, s > 0, if
K(rx) =t*K(x) for all # > 0. Furthermore, for a = (ai,as,...,a,) € R, we define

S n
:/R»zflK(ﬁ’) [T «/du, i=12, m (1.5)
M J=Lj#
where & = (u1,...,u; 1, 1,ui1,... 1), du=du, ...du;1du;y . . duy, and provided that

the above integral converges.
Utilizing Theorem 1.1 one obtains the following equivalent inequalities with general ho-
mogeneous kernel of degree —s:

/" Hf, ) dx<Hkl/p’ (i) [T I P gy (1.6)
i= i=1

and

1
P

P
n—1
(n—1—s)—Poty,
/R ) )P ( /R ,:,K(x)i]:[l f,»(x,-)d%x> dx,

< . kl/Pi A (= (n—1=s)/pitoy
—H (i i)HHxi fill s
i=1 i=1

(1.7)
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where A;;, 1,7 =1,2,...,n, are real parameters such that Ajj=0for j=1,2,..

o = ¥ Aij, Aif(All,A,g, SAm),i=1,2,...n, andk() i=1,2,...,n,is deﬁned
by (1.5).

To obtain a case of the inequalities with the best possible constants it is natural to impose
the following conditions on parameters A;; :

ijji:.anfp,’(Oli*Aii), j%l’, i,je{l,z,...,n}. (1.8)

In that case the constant factors from inequalities (1.6) and (1.7) are simplified-to the fol-
lowing form:

L =k (A), (1.9)
where A = (Zl,gz,...,gn) and
A;=piAy for, i#1 and A; = p,An. (1.10)

Further, by using (1.8) and (1.9),the inequalities (1.6) and (1.7) with the parameters A;;,
satisfying the relation (1.8) become

T, KT Atwax < L TT " Al (111)
+ i=1 i=1

and

n—1 P
/R+ ~1=prn) ( /Rn | (X)Hﬁ(ﬂ)d"x) dx,

1

(1.12)
n—1 ~
* —Ai—1/pi
<L [Tl 7 il
i=1

Theorem 1.2 ([63]) Ler K : R, — R be a non-negative measurable homogeneous fun-
ction of degree —s, such that for every i =2,3,...,n,

K(Lty, ... tiy... ty) <CK(1,t2,...,04...,1,), —1 <1, <1, (1.13)

where C is a positive constant. Let the parameters Xi, i=1,...,n, be defined by (1.10)
and 0 < € < minj<j<,{pi er,'g,'}. If the parameters A;;j satisfy the conditions Y} A;j =0
for j=1,2,....,n,and (1.8), then the,constant L* is the best possible in inequalities (1.11)
and (1.12).

The following result based on Theorem 1.1 can be seen in [88]. Let K : R, — R and
Ajj,i)5.=1,2,...,n, be as in Theorem 1.2. If u; : (a;,b;) — (0,%0),i = 1,...,n are strictly
increasing differentiable functions such that u;(a;) = 0 and u;(b;) = e, then the following
inequalities hold and are equivalent

b| ‘b,l n
/ / Kty (1), un(t) [ L (6)dr -l
ay Jdn i=1



4 1 DEFINITIONS AND BASIC RESULTS

Pi

<LTT| [ ) g7 e (1.14)

Jdpn

P
bn by n— 1 n-1
/ (un(tn))(l —P)(—1- I]nAn [/ / l/l] t] n(tn)) Hfl(tl)dtl .. 'dtn—]] d[n
a, Ap—1 i=1

1
- . o
<L’ H [ / i)~ (1) AT (ti)dti] : (1.15)
where the constants L = k(gz, ... ,Zn) and L are the best possible in inequalities (1.14)
and (1.15).

Since the case n = 2 of inequalities (1:2) and (1.3) will be of special interest to us, we
state it as a separate result. The proof follows directly using substitutions p; = p, p» = ¢,
@11 = @ and ¢, = y. Observe that from ¢, = 1 and @12¢2, = 1 we have ¢; =1/
and ¢, = 1/ (for more details see e.g. [66]).

Theorem 1.3 Lefd +L =1 p > 1, and let Q be a measure space with positive G-finite
measures U and uy. Let K : Q x Q — R and @,y : Q — R be non-negative measurable
Sfunctions.Nf the functions F and G are defined by

) = [ Koy 0)dm0). 6°0)= [ Ko W@dm(, (116

then for all non-negative measurable functions f and g on Q the inequalities

| | k) e (dua) < IoF £l wGell (1.19)

and

p
J6 00w 0) | [ K)o o], duts)
<lloF I (1.18)
hold and are equivalent.
If 0 < p < 1, then the reverse inequalities in (1.17).and (1.18) are valid, as well as the
inequality
q
fre- i oo | [ kst diats
<llwGel. (1.19)

Remark 1.1 The equality in the previous theorem is possible if and only if it holds in the
Holder inequality, that is, if



1.1 HILBERT-TYPE INEQUALITIES WITH CONJUGATE EXPONENTS 5

where C is a positive constant. In that case we have
fx)=Cip7(x) and g(y)=Cy "(y) ae. onQ, (1.20)

for some constants C; and C,, which is possible if and only if

/ F(x)o~9(x)du (x) <o and / GOV P () dua(y) < %, (1.21)
Q Q

Otherwise, the inequalities in Theorem 1.3 are strict.

For homogeneous function K (x,y) we define k(¢t) (see also definition (1.5)) as
k(o) % / KA, 0 du, (1.22)
0

provided that the above integral converges.

In the following theorem the integrals are taken over an arbitrary interval of non-negative
real numbers, i.e. (a,b) SR, 0 < a < b < oo, and the weight functions are chosen to be
power functions.

Theorem1.4 Ler % + cl/ =1, p>1, andlet K : (a,b) X (a,b) — R be a non-negative
homegeneous function of degree —s, s > 0, strictly decreasing in both variables. If A| and
Ap \are real parameters such that A| € (1?, é), Ay € (%, ;7), then for all non-negative
measurable functions f,g : (a,b) — R the inequalities

1

/ab /ab K(x,y)f(x)g(y)dxdy
b

< U (k(pAz) — @i (PALX))X]HP(AIAZ)fp(X)dX} ’

q

b
XU (k(ZSqu)<pz(2Squ,y))y"”q(AzA‘)gq(y)dy] (1.23)
and

b
/ (k(2 —s— gAT) —2(2 “s=A,, ) Pylr= D= D+piti=42)
Ja Y )

X [ / K(x,y)f(X)dX} dy

b
< / (k(pA2) — @1 (pAa,x))x' = TPAI=A2) 67 () dx (1.24)

hold and are equivalent, where

a\ 7% 1 N
¢1(a,x) = (—) / K(1,u)u=%du+ (—) / K(u,l)u“'*"‘*zdu,
X 0 b Jo
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a st+o—1 y -0
»(a,y) = (—) / K(u, 1)u* T 2du+ (—) / K(1,u)u"%du.
y 0 b 0

If0<p <1, b=-co and K(x,y) is strictly decreasing in x and strictly increasing in y,

then the reverse inequalities in (1.23) and (1.24) are valid for every A; € (‘ll7 ]qs) and

Ay € (7, %) as well as the inequality

q

| (k(pa) = gu iz, ) Ottt [ / K(x,y>g<y>dy] dx
< / (k(2—s— A1) — (2 — s — gAy1,y) )y SFaL 00 (y)day.

Moreover, if 0 < p < 1, a=0, and K(x,y) is strictly<increasing,in x and strictly decreasing

in y, then the reverse inequalities in (1.23) and (1.24) hold for every A| € ((11, lq‘) and

Ay e ( p) as well as the inequality,

b B b q
/0 (k(pA2) — @1 (pAs,x)) '~ xla=HE-DalAa-ar) [ /0 K(x,y)g(y)dy] dx

b
S/O (k(2—5 A1) — (2 — s — gA1,y))y' 9N A g (y)day.

Setting a =.0, b = o in the previous theorem, one obtains the corresponding inequalities
for an arbitrary non-negative homogeneous function of degree —s.

Corollary 1.1 Let % + é =1, p>1,andlet K: Ry xR; — R be a non-negative ho-
mogeneous functlon of degree —s, s > 0. If Ay and A, are real parameters such,that
A€ (T —) Ay € (] = 1 » ). then for all non-negative measurable functions fyg : Ry <R
the lnequalztzes

/ / (x,3)f(x)g(y)dxdy
L 1
<L { / mx“‘*"“‘”‘z)f”(x)dx} ' { / my“‘*"“f/‘l’g"(y)dy] BENGED)
and
oo p
/ e &5V L [ /0 K(X»y)f(X)dX] dy

<P / xHPATTAL) £ () dx (1.26)
0

hold and are‘equivalent, where L = ko (pAz)ké (2—s5s—qA)).
If 0 < p.<1, then the reverse inequalities in (1.25) and (1.26) are valid for every A, €
(155) and A, € ( ) as well as the inequality

q’ q
oo oo q
/ (a1 =1)+qldr—A) [ / K(x,y)g(y)dy} I
0 0
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<1 /0 Y HAAD ga () gy, (1.27)

Inequalities (1.25) and (1.26), as well as their reverse inequalities are equivalent. More-
over, equality in the above relations holds if and only if f =0 or g=0a.e. on R..

Considering inequalities in Corollary 1.1 with parameters A; and A, fulfilling condition
pA2+qAL =2 -5, (1.28)

the constant L reduces to L = k(pA;). It has been shown that such constant is the best
possible in the corresponding inequalities.

The following result contains a, generalized discrete Hilbert-type inequalities in both
equivalent forms. Krni¢ et al. (see [65]) considered the weight functions involving real di-
fferentiable functions. By H(r), r > 0,is denoted the set of all non-negative differentiable
functions u : Ry — R satisfying the following-conditions:

(i) u is strictly increasing on Ry and there exists xo € R such that u(xo) = 1,

(i) limy e u(x) =00, [Z,(% is decreasing on R..
Theorem.1.5 Let % + % =1, p>1, and let s > 0. Further, suppose that A| €
(max{%,O}, é),Az € (max{%,O}, %), uc€ H(gAy) andv € H(pAy). IfK: Ry xR —
R.is a non-negative homogeneous function of degree —s, strictly decreasing in each argu-
ment, then the inequalities

o oo

Zl Z] K(u(m),v(n))ambn

[u(mnlS+P<A1A2>[u'<m>11"af,,]

1
q

x [i [v(n)]' k) [v’(n)]lqbzl (1.29)
and

i [v(n)](sfl)(p-1>+p(ArAz)v/(n)

n=1

B3, )] ] (130

m=1

hold for all non-negative sequences (am)meN, (b”)neN’ where

L= kP (pA2)ke (2 — s — gAy). (131)

Moreover, inequalities (1.29) and (1.30) are equivalent.
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If the parameters A; and A satisfy (1.28), that is, pA; + gA; = 2 — s, then the constant L
from Theorem 1.5 becomes

L' = k(pA,). (1.32)

Moreover, it has been shown that the constant L* is the best possible in the following
inequalities

o oo

Z] Zl K(”(m)’v(n))ambn <L [ i] [M(m)]71+qul [M/(m)] 1Pa£;| p

1

x li [V(n)]"+”qA2[V’(n)]'qbﬁl EES

and

S S )] )] P (134

1.2 Hilbert-type Inequalities with Non-conjugate
Exponents

First, we introduce n-dimensional extension of conjugate exponents. Let ii=1,2,...n and
let p;, p}, qi, A satisfy

1
pi>1, +—,:1,
i P
|
2_217
=1 Pi (1.35)
In. & 1 1 1 .
A.: 2—, and —:A*—,, l:1,...,n,
n—135p; qi i
1
—->0, i=1,...,n
qi
It follows from these conditions that
1 1 .
—+(1-A)=—, i=1,...,n, (1.36)

qi Pi
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and

M=
|Dd

N

+(1-21)=1. (1.37)

1 4t

Observe that for A = 1 the above parameters reduce to the conjugate case, that is, ¥/
land p;=gq;,i=1,2,...,n.

The following extension from [27] may also be regarded as a non-conjugate version of
Theorem 1.1.
Let Q; be a measure space with o-finite measure y;, i = 1,2 n. Further, suppose that
K:Q — Rand ¢; : Q—R,i,j=1,...,n, are non-negative measurable functions such
that [T} ;_; ¢i; (xj) = 1. If the functions w;, i = 1,2,.. /,n, ate defined by

L
pi

. n 4
;(x;) = [/gl K(x) H 5." (x;)df'(x) (1.38)
' J=ksgi
then for all non-negative measurable functions f; : Q — R, i=1,2,...,n, the inequalities
2 n n
YRS ) ZESTIORS § (T (1.39)
i=1 i=1

and

1

‘ 1 n_l . Pn P
-/Qn <ﬁ /Q”K(X),»l:[lﬁ(xi)d“ (x)) du(x,)

Oun®n ) (Xn (1.40)

n—1

< [T llducwifill i
i=1
hold and are equivalent.

Remark 1.2 Equality in the previous inequalities is possible-if and only if it holds in
Holder’s inequality. It means that'the functions

n

K(X)(P,’ipi(xi) H i‘;_i(xj)wipi*%(xi)ﬁpi(xi), i= 1,2,...1/1,
J=lj#i

and [T, (@i m; f;)7 (x;).are proportional (see also [27]). Hence, we obtain that the equality
in mentioned inequalities can be achieved only if the functions f; and the kernel K are
4
defined by| fi(xt) = Cighi(xi) ™% i)~/ and K(x) = CITL, 0 (x). i = 1,2,...n.
where C and C; are arbitrary constants. It is possible only if the functions
Zqi
019" ()
Il i 0779 ()
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are adequate constants, and

q;

Tiq
[ o )o] " ()t <o, i=1.2....n.
Otherwise, the inequalities (1.39) and (1.40) are strict.

Now, suppose that the kernel K : R, — R is homogeneous of degree —s;'s 0. Taking
into account the notation from Theorem 1.1, we assume that Q; =R, equipped with
the non-negative Lebesgue measures du;(x;) = dx;, i = 1,2,...,n. In.addition, we have

Q=N and dx =dx;dx; ...dx,. If the parameters A;; appearing in functions ¢;;(x;) = x?ij

satisfy relations ¥ A;j =0, j = 1,...,n, then the condition [} ;_, ¢;; (xj) = 1is fulfilled.
Setting the power weight functions in the inequalities (1.39) and (1.40), one obtains the
following equivalent inequalities

2 n . . <
Jor & Gl Tixa

i=1

n 1 n
< Tk (@A) TT Ik et (141)
i=1 i=1

and
/ l/p;
n

n—1 P
/ xn(l7/11711)("7173)717)1&" / o K> (x) Hfi(xi)dxl codXy_1 dx,
R, RY i=1

n 1 n—1
<TT," (qila) [T I g (1.42)
i=1 i=1

where o; = ¥i_; Aij, qiAi = (qiAi, - .., qiAin) and k;(+) is defined by (1.5).

To conclude this section, we restate conditions in (1.35) for the.case whenn = 2. Let p
and ¢ be real parameters, such that

p>1, g1, —+->1, (1.43)

==
_ =

and let p’ and ¢’ respectively be.their conjugate exponents, that is, ;7 + [% =1land é + % =
1. Further, define
1 1
A=—=+ - (1.44)
q
and note that 0 < A < 1 for all p and g as in (1.43). Especially, A = 1 holds if and only if
g = p', that is, only when p and ¢ are mutually conjugate. Otherwise, we have 0 < A < 1.

The two-dimensional version of inequalities (1.39) and (1.40) can be found in [36].
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Theorem 1.6 Ler p, g, and A be real parameters as in (1.43) and (1.44), and let Q| and
Q, be measure spaces with positive o-finite measures Uy and Uy respectively. Let K be a
non-negative measurable function on Q| x L, @ a measurable, a.e. positive function on
Q1, and ¢ a measurable, a.e. positive function on Q,. If the functions F on Qy and G on
Q) are defined by

F=| [ Kxy)w? () dua) " xeQy (1.45)

and
1

GO) = | | K(xy)o " )i (x) " NyeQ, (1.46)

then for all non-negative measurable functions f on Q and g on Q; the inequalities

L[ K et @sw) din i) < o £1,]vGel, (1.47)

and
1
7

{ [werio mx,y)f(x)dul(x)rduz<y>}q <lloFsly (148
Q Q

hold and are equivalent.

Applying Theorem 1.6 to non-negative homogeneous functions K : Q C R xR = R
with a negative degree of homogeneity, one obtains the following result. In this way The-
orem 1.4 from previous section can be extended to the case of non-conjugate exponents.

Theorem 1.7 Let p, g, and A be as in (1.43) and (1.44), and-let K : (a;b) X (a,b) — R
be a non-negative homogeneous function of degree —s, s > O,strictly decreasing in both
arguments. Further, suppose that Ay and A, are real parameters such that A € ( . )

7 ’p
Ay € ( ™7 ) If the functions @i and @, are defined as in'the statement of Theorem 1.4,
thenfor all non-negative measurable functions frand g on (a,b) the inequalities

/ / x)g(y)dxdy

< [ / (k(dd2) ~ (Ao, ))p'x‘f'(lSHP(A'AZ)f”(x)dx] ’

a
1

b 4 4]
x[/ (k2= 5= p'A1) = 22— s— plar,y)) ¥y 79 ‘f(y)dy]

(1.49)

and
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q _d
/

b /
l/ y/ CTIHEAER) o0 A — a2 —s— plArLYy))

q/
/

x ( / "k (1) f(x)dx) q/dy] ’

L

b ) _
< |:/ (k(q/Az) f(pl(q/Az,x)) fxq,(175)+p(A1 Az)fp(x)dx P (150)

1

hold and are equivalent. The function k(-).is defined by (1.22).

Setting @ =0, b = o in Theorem 1.7, one obtains the corresponding equivalent Hilbert-type
and Hardy-Hilbert-type inequalities.

Corollary 1.2 Assume that p, g, and Aare as in (1.43) and (1.44), and K : R, xR, — R
is a non-negative homogeneous.function of degree —s, s > 0. Then the inequalities

/ow /Ow KM0x) f(x)g () dxdy

1
> [/0 xzf?(ls)+p(A1A2)fp(x)dx]1 [/0 y;’,(ls)Jrq(AzAl)gq(y)dy} ! (1.51)

and

1

o g (A — “ ! !
[/0 oD@ AZ)(/O K’l(x,y)f(x)dx) dy}

1
< [/ x;r(lsHp(AlAz)fﬂ(x)dx} ! (1.52)
0

hold for all parameters Ay € (]1;5, ﬁ), Ap € (1;,5, %), and for all non-negative measur-
1
I

1
able functions [ and g on Ry, where L' = kd/(q'A3)k¥ (2 —s — p'Ay). Moreover; these
inequalities are equivalent.

1.3 Hardy-type Inequalities

In 1925, Hardy stated and proved in [47] the following integral inequality:

/0°° (%/Oxf(t)dt>pdx< (%)p/owf”(x)dx, (1.53)





