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Abstract

We specify and give numerical results for two lower bounds and eleven upper bounds to the optimal
constant kg = ko (n, o) in the inequality

Wl (020 < ko IVUIS Ul weH'(RY),
forn=1,0<a<1/2;andn>2,0<a<1.
This constant ko is the reciprocal of the infimum A, « for u € H' (R™) of the functional

\V4 « 1—«
PN 41 R P,

||u'||2n/(n—2<x)
where forn=1, 0<a<1/2, andforn>2, 0 << 1.

Tables are given for ko (n, ) and the 13 bounds for n = 2,3,4,5 and 10, and for o« = 0.05,---,0.95 with
increments Ax = 0.005.
Moreover, we give numerical and asymptotic results of the zeros pv of

ln(“:p)+ TP (p) — (1) =0,
p—1 p(p—1)

a4
ﬂ)(x):dxr(rx(;), x >0, T<p<n, n>2

which will be used for the upperbounds k12 (n, «), ki 3(n, o) and ki v (n,«) (nr. 8, 9 and 10).
Figures are given for ko (n, o) and the 13 bounds and for An « = 1/ko (0, &).

1 Introduction
Here, we present the results of some numerical evaluations for the optimal constant kg = ko (n, &) in the estimate
- 1
llon ) (no2a) < o VU3 full;™,  we HYR™), (1)

forn=1,0<a<1/2,andn>20<a<1.
For n =1, k¢ is known explicitly (see Nagy (1941), Lieb & Thirring (1976), Veling (1982) and Veling (2002,
Lemma 2.1, (2.4)))
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k0(1,oc)_2°‘cx°‘/z(1oc)“"‘)/zﬂZoc)uz“)/ZB(z,ZOC) ,  0<a<1/2 (2)

ko(1,1/2) =1,



where B(p, q) is the Beta Function

1
- - I'p)liq)
Bp.a) = | 01— = pEEEL w0 maso 5
0 Mp + a) )
The value ko equals the reciprocal value of the infimum A, 4 of the functional Ay 4:
M.« = inf Ay, with (4)
ueH! (Rn)

1—
Vg fhefl;™"

An,fx =
”u”Zn/(anLx)

, ueH'(R"), where0<a<1/2 ifn=1 and0<oa<l1 ifn>2. (5)

For completeness we list in the next Sections all two lower (ko(o) and ko(m, o)) and eleven upperbounds

@(n) 0() ) k:()(ny OC), ko (Tl, (X) ) kD )1 (T\., 0(), kD 2 (n) (X)) kD 3 (TL, OC) y kI,] (TL, OC) y m(n) OC) y m(n) OC) y kL,V (TL, (X) and
kg (n, «)).

2 Lower Bounds

2.1 Lower Bound 1

1/2
OCOC
ko > kola) = - -2, 0 1. 6
0 > ko(o) [7‘[“6“(1—0()“[111(]1“)] 1 n <a< (6)
2.2 Lower Bound 2
1 ) 20 1/4
ko > ko(n, o) = [ () (n—Zoc)nZ“] , n>2 0<a<l. (7)
= nt \m
3 Upper Bounds
3.1 Upper Bound 1
ng (T n(l—a)\1*" n
ko<kon0( [2 ( T >:| kg (n—l—Zoc)’ n>2 0<a<l, (8)
with x(a) = 4/a*(1 — o), 9)
with o, = 27'[“/2 /T(n/2), (10)
with B(p, q) defined in (3),
oI p 11
and with kg (p) = (ﬂ) (27_[> ] , > + o =1. (11)

See Nasibov (1990, Theorem 1), Nasibov (2005, Proposition 1) and Nasibov & Namazov (2013, Theorem 1).

Remark that ]
n=2 B(L_“):‘x.
104 11—«

3.2 Upper Bound 2

= 1 n ) 2n 12
= — >
ko < ko(n, O() X((X) |:k]3 (TL—ZO() kB (TL+ZOC) HG(X)”H/(n—ZcX) , > 2, O<a< ], (12)

with x (o) defined in (9), kg (p) defined in (11),

Kn—2y,2(Ix])

and with G(X) = W)
X

K, is the Modified Bessel function. (13)



See Nasibov (1990, Theorem 2) and Nasibov & Namazov (2013).
Remark that forn =2, o« =1/2

o) 1/2
16X, = (hj Kémrdr) -y
0

and for n = 3, and general «

_ 2-2a B (3—2a)/3
1G5/ (3-2a) = 2(47.[)(3720()/3 32« - 6 — 60 |
A 2 3 3 -2«
T
because K1/2(x) — \/76xp(—x)_
2x

3.3 Upper Bound 3

= 1 1 n 2n
ko < ko(n, «) <) (1_“)](3 (n—oc) kg <n+20c> Gy /nayy =2, 0< <,

with (o) defined in (9), with kg (p) defined in (11),
and with G(x) defined in (13).

3.4 Upper Bound 4

ko <kp,1(n,a)=A(n,«), n>2 0<a<l,

0/2 (n—2a)/(2n) n 0/n
with A(n, «) = {M} [] — z(noc} [M] ’

mm(n — 2«) n— ) rE-1-1o
and Wlthe:M) :M
n—2o—an n—2a
3.5 Upper Bound 5
ko <kpa(ma) =AM a)*kma)? n>2 0<a<l,

with A(n, &) defined in (16), ko(n, o) defined in (8),
a(n—2a)

dwith= ————
anc wi 2n—20—an

, defined in (17).
Compare Veling (2002, Theorem 1.7 (1.30)).

3.6 Upper Bound 6

ko <kD,3(nvoc):A(nya)(xkio(n)o‘)]iey TIZZ, 0<0€<1,

with A(n, «) defined in (16), 6 defined in (17),
and with ﬁ(n, «) defined in (12).

Compare Veling (2002, Theorem 1.7 (1.30)).

(14)



3.7 Upper Bound 7

ko < ki1(n, ) =1/ky1(n,«), n>3 12<a<]l, (20)
_ 1\ ™%
with ky 1 (1, &) = ko (n,z) kp(n)~ 07 =2(1 — ), (21)
with ko (n, o) defined in (8),
1/n
, 1 1 r(n)

and with kt(n) = = , 22

= MY T i) [r(;)] (22)

where Cy(n,2) is defined in (31).

See Veling (2002, Theorem 1.7, (1.30), ' =1/2, 8" =1, with the restriction n > 3).

3.8 Upper Bound 8

ko <kra(m, o) =1/ky2(n, ), n>3 oay<a<l, (23)
with ky2(n, &) =ko(n, oy )" * ky(n)~ %2, (24)
with ko (n, o) defined in (8), kt(n) defined in (22),
1_
and with o = — (25)
1— Xy
where oy follows from
axy =ay(n) = L, where py is the solution of (26)
2py
ln(“_p)+ NP p(p) — i+ 1 p) =0, (27)
p—1 pp—1)
d
LT
P(x) = 4 (X), x >0, l<p<n, n>2
I(x)

See Veling (2002, Theorem 1.7 (1.30), 8’ = On (= ay), 6” = 1, with the restriction n > 3). See Section 4 for
numerical values of ooy (M), n=2,---,10.

3.9 Upper Bound 9
ko <kpz(n,o) =1/kvs(n,a), n>3, ay<a<l, (28)

with oty defined in (26),

with ky3(n, o) = ki v (n, ooy )*2kr ()~ 17%2) 1 o) defined in (25), (29)
with kg v(n, «) = [«Cr(n, 20)]" (30)
with Cr(n,s) defined in (31), that is
_ (s=1)/s 1/n
_ /s (TS n _n
Cr(n,s)=n (s]) {GnB(s,n—H s)} , 1<s<n, (31)

and with kr(n) defined in (22), kr(n) =1/Cr(n,2).

Compare Veling (2002, Theorem 1.7 (1.30) and (1.32), 8’ = 0n (= ay), 0" = 1, with the restriction n > 3).



3.10 Upper Bound 10

ko < ki v(n, o) = [oey Cr(m, 200y)] 7, n>2 0<a<oay,
ko < kr,v(n, o) =1/k v(n, o) = [xCr(n,2a)] %, n>2 ay<a<l,

with oy defined in (26), Cy(n,s) defined in (31).

See Veling (2002, Theorem 1.7 (1.32)).
3.11 Upper Bound 11
ko < kg(m, &) =kt (n)%, n>3 0O<a<l,

with kr(n) defined in (22).

See Veling (2002, Theorem 1.7 (1.33), 8 =0, 0” =1, with the restriction n > 3).

(34)



4 Results for the zeros py and xy =n/(2pv)

The zeros py as defined in (27) are given below in the Table 1; oy (n) =n/(2py). The asymptotic expressions
are given in Veling (2002, (2.39))

n/3+5/18+ 0(1/n),
3/4—5/(16n) + O(1/n?),

n — 00,

n — oo,

SO PV,asymp (M) =21/3 +5/18,

S0 &v,qsymp (M) =3/4—5/(16n).

S

Pv

PV,asymp

Pv —PV,asymp

Xy

XV, asymp

Xy — XV asymp

= © 0 ~J O Uik Wi

o

1.6474176e+000
2.3044430e4-000
2.9654018e+-000
3.6283253e+-000
4.2923606e+-000
4.9570820e+000
5.6222549e+4-000
6.2877400e+-000
6.9534493e+-000

1.6111111e+000
2.2777778e+000
2.9444444e4-000
3.6111111e+4-000
4.2777778e4-000
4.9444444e+-000
5.6111111e4-000
6.2777778e+4-000
6.9444444e+-000

3.6306497e-002
2.6665194e-002
2.0957401e-002
1.7214200e-002
1.4582787e-002
1.2637555e-002
1.1143822e-002
9.9621751e-003
9.0048448e-003

6.0701063e-001
6.5091652e-001
6.7444485e-001
6.8902311e-001
6.9891612e-001
7.0606054e-001
7.1145831e-001
7.1567845e-001
7.1906759e-001

5.9375000e-001
6.4583333e-001
6.7187500e-001
6.8750000e-001
6.9791667e-001
7.0535714e-001
7.1093750e-001
7.1527778e-001
7.1875000e-001

1.3260630e-002
5.0831867e-003
2.5698490e-003
1.5231128e-003
9.9945530e-004
7.0339854e-004
5.2081118e-004
4.0067485e-004
3.1758674e-004

5

Table 1: The zeros py and oy =n/(2py) for n =2,

Some results for values for «x =1/3, 2/3 and n =2

-+, 10 and their asymptotic approximations.

Here, we give for particular values of & (o« = 1/3 and 2/3) the upper and lower bounds which are applicable.
Compare these with Nasibov (1990, « = 1/3) and Levine (1980, & = 2/3).

x ko ko ko ko ko ko

n=2 o

1/3 7.2493833¢-001 | 7.2431703e-001 | 7.2184608e-001 | 7.2978972e-001 | 7.3987840e-001 | 7.8567080e-001
2/3 6.0129905¢-001 | 5.9737503e-001 | 5.6854280e-001 | 6.4335375e-001 | 6.1742806e-001 | 7.2152108e-001

Table 2: Functional, n = 2, Lower Bounds 1 - 2, Upper Bounds 1 - 3.

fod Ko kp 1 kp 2 kp 3 kr v

n=2

1/3 7.2493833e-001 | 7.3907188e-001 | 7.3132861e-001 | 7.3974392e-001 | 7.7547470e-001
2/3 6.0129905e-001 | 6.8278406e-001 | 6.5623746e-001 | 6.3848696e-001 | 6.1088706e-001

Table 3: Functional, n = 2, Upper Bounds 4 - 6 and 10.

6 Tables, numerical results for « = 0.05,---,0.925 (A = 0.005) and
n=273,4510

In the following tables we give the results of the numerical calculations of the functional kg (1, &) and the lower
and upper bounds, based on the technique described in Veling (2002). Values "0.0000000e+000" has to be
interpreted as "Not Applicable". The lower and upper bounds have been calculated using the software package
Matlab™
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7 Figures
Figures for the lower and upper bounds for ko(n, ) and A, « = 1/Ko(n, ), the reciprocal of the optimal

constant. In the legenda with the figures the lower index "1" stands for one underbar of "ky", two lower indices
"UIW" for two underbars, so "ki10" means ko; the same with "u" for an overbar.

7.1 Lower Bounds for Functional
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Fig. 1: Lower Bound 1: ko, n = 2. Fig. 2: Lower Bound 2: ko, n =2,3,4,5, and 10.

7.2 Comparison Functional with Lower Bounds for Functional
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Fig. 3: Lower Bounds 1 and 2 for ky: kg, ko, = 2. Fig. 4: Lower Bound 2 for ko: ko, n = 3.
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Fig. 7: Lower Bound 2 for ko: ko, = 10.
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7.3 Comparison Reciprocal Functional with Upper Bounds for Reciprocal Func-

Reciprocal k,, k,(2)

2.

Reciprocal km(4)
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Fig. 8: Upper Bounds 1 and 2 for 1/ko: 1/ko, 1/ko,n = .
& pp /ko: 1/ko, 1/ka, Fig. 9: Upper Bound 2 for 1/kg: 1/ko,n = 3.
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Fig. 10: Upper Bound 2 for 1/ko: 1/ko,n =4. Fig. 11: Upper Bound 2 for 1/ko: 1/ko,n =5.
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Fig. 12: Upper Bound 2 for 1/kqy: 1/ko,n = 10.

7.4 Upper Bounds for Functional

1.2 1
11k 4
0.9
i n=2 / B
n=3 /
/ 0.8
0.9F i
0.8F i
0.7
0.6
0.6 4
0.5 7 0.5
0.4F 4
o 0.4 o
0.3+ B n=10
0.2 I I 1 L L L 1 I i L L L L L L L L L
"o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9
a a
Fig. 13: Upper Bound 1: ko, n =2,3,4,5, and 10. Fig. 14: Upper Bound 2: ko, n = 2,3,4,5, and 10.
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ko, n=2,3,4,5, and 10. Fig. 16: Upper Bound 4: kp 1, n =2,3,4,5, and 10.

Fig. 15: Upper Bound 3:
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Fig. 17: Upper Bound 6: kp 2, n =2,3,4,5, and 10.

Fig. 18: Upper Bound 6: kp 3, n
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Fig. 19: Upper

Bound 7: W, n =3,4,5, and 10.

Fig. 20: Upper Bound 8: m, n =3,4,5 and 10.
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Fig. 22: Upper Bound 10: ki v, n=2,3,4,5, and 10.
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k1,1, k1,2, k13, n=3.
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